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HOMEOMORPHISMS WITH POLYHEDRAL IRREGULAR SETS. I

BY

P. F. DUVALL, JR. AND L. S. HUSCIR1)

ABSTRACT. Homeomorphisms on open manifolds with polyhedral irregular

sets are studied. For high dimensions, necessary and sufficient conditions for

certain codimension three irregular sets to be tame are given.  Several examples

of homeomorphisms with wild irregular sets are given.

1. Introduction.  A homeomorphism  A  on a metric space  ÍX, d) is regular

ipositively regular) at x if, for each ( > 0,  there exists  8 > 0  such that  dix, y) < S

implies that  aXhAx), h'iy)) < e fot each integer   i ii > 0).  Two homeomorphisms, hQ

and ¿j, on a space  X ate  topologically equivalent  if there exists a homeomorphism

k of X  onto itself such that  hx = k~  h„k.   B. V. Kerékjartó [22]  showed that

homeomorphisms on the 2-sphere which are regular except possibly on a finite

number of points were topologically equivalent to fractional linear transformations

of complex numbers.  S. Kinoshita ([24],'[25]),  T. Homma and S. Kinoshita [15],

and L. Husch ([18], [19J, [20]) extended these investigations into higher dimen-

sions.  S. Kaul [21]  investigated homeomorphisms which fail to be regular on com-

pact zero dimensional sets.

Suppose  M  is an open manifold which is an open mapping cylinder neighbor-

hood of some continuum   PCM.   By using the product structure of  M — P,   it is

possible to define a homeomorphism i  of M  onto itself such that h  is regular

everywhere except on  P and is positively regular everywhere.   The metric on  M

is to be the metric induced from the metric of the one point compactification of  M,

M u jooj.  Note, in addition, the extension of  h  to  M u S°o|  is not regular at  °°;

we shall say "h  is not regular at  <x>".

In this paper we investigate homeomorphisms of open manifolds   M  which are

regular except at  °° and on a compact polyhedron   P and explore to what extent

we obtain a converse to the above construction.  Our main question is whether  P

need be tamely embedded in  M.   The answer is no by Theorem 7.1.  We define a

property of continua,  AFG,  which provides a necessary and sufficient condition

for certain  h, M  and  P (Theorem 4.9) so that  P  be tamely embedded.
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In §2 we have the préliminaires and in § 3 we define AFG and develop the

theory of continua having AFG. §4 and §5 contain the proof of the necessity and

sufficiency of AFG in taming polyhedral sets.  In §6 we consider mapping cylinder

neighborhoods and in § 7 we have several examples related to extending this theory.

2. Preliminaries.   If  U is an open connected «-manifold with a finite number

of ends [13J»  let  U^ = U  u <°°S be the one-point compactification of  U.  We note

that, in general, the regularity of a homeomorphism depends upon the metric.  How-

ever, if the space we are working with is compact, then regularity does not depend

upon the metric.  Hence when we consider open manifolds, we shall consider the

metric induced from the one point compactification. We say that a homeomorphism

is not regular at °o  if the induced homeomorphism  h^ of   U^ is not regular at  °o.

[if we do not assume that  U has a finite number of ends, then we can consider the

Freudenthal end point compactification  U^ of   U.   If h  is a homeomorphism of  U,

then there is induced a unique homeomorphism h^of  U^.  If h^ is regular except

on   U^ - U,  then it follows from [2l]  that  U  has eithet one or two ends (see [ll]

for details).  Hence there is no loss of generality in assuming that  U has a finite

number of ends and we shall only consider such  U  in this paper.]

Let   U be a connected open «-manifold and let  P be a /e-dimensional con-

tinuum in   U,   k + 2 < «.

Proposition 2.1.   Let h  be a homeomorphism of U  onto itself such that h  is

regular on   U - P  and is not regular on  P  U i°e|.   For each compact set  C C U — P,

either  lim.      „ h'iC) = °°  and lim.     „ h'iC)  is a nonempty subset of  P  or

lim. h\C) = oo  and lim.      „ h'iC)   is a nonempty subset of P.
l_,-J-OO i—. —oo t-    J i

Proof.   Let   UQ be the decomposition space obtained from   U^ by collapsing

P to a point and let zr: U^ —> UQ  be the natural projection.  Define  ¿Q: (70 —« UQ

by  h Affix)) a nihix)) for each x £ U and  ¿^(77(00)) = 77(00).   Note that  hQ  is a

homeomorphism of  ¡70   onto itself.  It is easily seen that  hQ  is regular on  UQ -

\uiP), 77(00)5.  Since  h0iiriP)) = AP) and  h0irri°A) = -ni<*>),  hQ  fails to be tegular at

ttÍP)  and  77(00) [l6].  Hence, by [24],  for each compact set  C Ç UQ - \niP), 77(00)!,

eithet  lin^.__00 hlQiC) = 77(00)  and  lim;_+(x} h'QiC) = AP)  or  lim¿_+00 hlQiC) = 77(00)

and  lim. hliC) = 77(F).  The result now follows easily.
1—•—00      u

Corollary 2.2.   // for each compactan  C C U - P,   lim .^_00 h'iC) = <*>,  then

for each compactum  C C U,   lim .__      h'iC) C P.

It follows from the proof of Proposition 2.1 and [l6]  that if we assume that

P  has a finite number of components then   P  is connected.

For each  x £ U,   let  0(x) = c\\hlix)}^Q  and   Kix) = f|7=0 0{-h'ix))- Suppose

y, z £ Oix),  y = limn_+00 hl"ix),    z   =   lii%_ + oc h'"ix);    define     y  ■ z =

lim„^+oo h'n+,nix). The following was shown in [l0].
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Proposition 2.3.   // h  is positively regular on  U,   then

(i) CXx) is a topological semigroup with the multiplication defined as above;

(ii) Kix) is an ideal in  0(x) and hence is a topological group;

(iii) if y £ K(x), then   0(y) = K(x).

Corollary 2.4.   // h  is positively regular on  U  and h\P is the identity, then

for each x £ U,   lim .^       hAx)  exists and the function f(x) = lim.     ^ h'(x)  is a

retraction of V  to  P.

Proof.  Suppose  x £ U and let z £ K(x). Hence  z = lim. h "(x);  since
Z —+00 >

hiz) = z,  by 2.3 (iii),   Kix) = \z}.  It follows that  lim . hlix) exists.  By Prop-

osition    2.1 and positive regularity,  fix) £ P for each  x £ U.   The continuity of /

follows from positive regularity.

Proposition 2.5.   Lez"  U  be a connected open n-manifold and let  P be a k-

dimensional continuum in  U,   k + 2 < «.   Let h  be a homeomorphism of U  onto it-

self which is regular except on  P U  ,ooj, h\P  is the identity and h  is positively

regular everywhere.   Then

(i) P is an absolute neighborhood retract;

(ii) the inclusion  P Ç U  is a homotopy equivalence;

(iii) the natural projection  p  of U - P  onto the orbit space  U  of k\ U - P  is

a covering map;

(iv)  U  is a closed n-manifold;

(v) / induces a map f: U —> P such that fp = /.

Proof,  (i)  Follows from Proposition 2.4.

To show (ii),  by [35, p. 405],  it suffices to show that the induced map /  :

it .ill) —» 77 (P)  is one-to-one.  Let À be a mapping of the z'-sphere  Sl  into   U such

that  /A is inessential.  There exists  e > 0  such that if  digix), fX(x)) < e fot all

x £S ,  then  g  and /A are homotopic.  By Corollary 2.2,  there exists  / such that

d(h'X(x), /A(x)) < f for all x £ Sl. Hence  A  is inessential.

(iii) and (iv)   follow from  [23] and [24]. We leave (v) for the reader.

We shall assume familiarity with either [17]   or  [40].  Let /: N"-*Mm be an

embedding of a manifold into a manifold;  / is   locally flat if for each x £ N",

there exists a neighborhood  U of fix) in Mm such that the pair ill, U n fiN"))

is homeomorphic to either ÍRm, R") or ÍRm, R") where  R' is Euclidean  z'-space

and  Rl+ is Euclidean half-z'-space with usual inclusions.  An embedding f: P—>M

of a polyhedron  P into a manifold AI  is   locally flat if for some triangulation   K

of  P,  f restricted to each open simplex in   K is locally flat.  /: P —» M  is   locally

tame  at x £ P  ii there is a neighborhood   ii  of  p  in  M  and a homeomorphism  k

of  cliU)  onto a subpolyhedron in  M  such that  /e(cl(fJ H /(P)))  is a subpolyhedron.

/ is   locally tame  if it is   locally tame  at each x £ P.
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3.   Local homotopy properties for embedded continua.  In this section, we

study the 1-dimensional homology and homotopy of the local neighborhood system

of a continuum embedded in an ENR, Euclidean neighborhood retract—i.e. a retract

of some open subset of some finite dimensional Euclidean space.  The notion of

AFG  defined below was suggested by the studies of UV properties in [3], [28],

[29] and 1-ALG  in [14];   some of our proofs are similar to those in the above

papers.

Definition 3.1.  Suppose that A   is a continuum embedded in the ENR  X.  We

say that A   has property AFG  if there is a neighborhood  W  of A   such that if  U

is any neighborhood of A,    L/C W,  there is a neighborhood   V  of A   such that

V C U and, whenever f: S    —» V is a map such that /#:  HX(S  )   -> Hxill)  is the

zero map, then  / extends to a map of the disk into  U.

We first show that AFG is a topological property.  The following lemma is a

result of standard local homotopy properties of ENR's.

Lemma 3.2.   Let X  be an ENR,  A C X,  a continuum.   Let W  be a neighbor-

hood of A  and f:  W —> X a map such that f\ A ~ 1 ,   ("~" means  "is homotopic

to").   Then for each neighborhood U  of A   there is a neighborhood V  of A  such

that f:  V —> U  is homotopic to the inclusion  V C L?.

Theorem 3.3.  Suppose that  A  and B  are continua embedded in the ENR's

X and Y respectively, and suppose that A  dominates  B.   If A   has the property

AFG,   then  B has the property  AFG.

Proof.   Let p: A —> B  and  r¡:  B —> A  be maps such that pr¡ ~ 1„.  By the

neighborhood extension properties of  ENR's [4],  we may extend  17 to n  :  WQ—>

X,  where  W„   is a neighborhood of B.   Let  W be the neighborhood of A promised

by AFG  and let  Wj  be  -q*~liw).  Extend p  to p*:  W2 — Wx, where  W2   is a

neighborhood of A   in  W.   Let  U be a neighborhood,   B C U C Wx,  and let   Ux =

p*~   ill).  Let  Vx C Ux  be a neighborhood of A  promised by AFG,  and let

VQ C U be a neighborhood of  B  promised by 3.2 for  U and p r\  .  Finally, let

V2 = VX n p*~Hv0) and let   V = VQ O r¡*-%(Vz). Suppose that  /:  S1 — V  is a

map such that f#: HX(S  ) —> Hxill) is the zero map.  It follows that  r\ f extends

to a map of the disk into  U x  so p  r¡   f extends to a map of the disk into  U.   But

p  77 / ~ / in   U and the proof is complete.

Corollary 3.4.  For continua, the AFG  property depends  only on homotopy

type.

Proposition 3.5.   // A   has the homotopy type of a finite complex,  A  has

property AFG   if and only if t7j(A)  is abelian.
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Proof. By 3.3,  we may assume   that  A   is a subcomplex of some Euclidean

space.   If 77j(A)  is abelian, let  W be the interior of a regular neighborhood of A.

If  U C W  is any neighborhood of A,  let   V be the interior of a regular neighborhood

of A,   V C U C W.  If /:  S   —> V  is null homologous in  U,  it is null homologous and

thus null homotopic in  W,  since  nxiW) at nxÍA) SÉ HÁW).

If 77xiA) is not abelian, let  /:  S    —> A   represent a nontrivial commutator in

77j\A).  Then   /  is null homologous but not null homotopic in every regular neighbor-

hood of A,  so that  A   cannot have property AFG.

Remark.  3.5 is not true for arbitrary  A.   For example, if A  is the sin x      circle

with a simple closed curve attached at a point,   nXÍA) U Z,   But  A   does not have

AFG.

Suppose that A   is a continuum in the ENR X,  then the collection \ll\ U  is a

a neighborhood of A |  is directed by inclusion, and we have the corresponding in-

verse system  \H xill); z'^S where the  Hxill) are the singular homology groups with

Z coefficients and the bonding maps are induced by inclusion.  We let  H .(A) be

the inverse limit of this system.   Similarly, choosing a base point   * e A,   we de-

fine 77,(A, *)  to be the inverse limit of groups  ttAll, *).

Proposition 3.6.   // X  is an ENR, and A C X   is a continuum with AFG,  then

fr,(A, *)  is abelian.

Proof.   Let  A C . . • C U     , C(J    C • . .  be a cofinal sequence of neighborhoods
— —     77 + 1 —     n — ^ o

of A   in  X.   The Hurewicz map  h   : tt,ÍU  , *) —< H Al)  ) gives a commutative
r 77 1 77 1 n       D

diagram

nx(A,*)

HX(A)

TT, (U    ,   *)
1 72 '

*W

"iK-v*ï

77-1

W-r

where h   is the inverse limit of the  h  .  If we choose the   U     so that  I), = W and
72 77 1

U     ,   is the  V guaranteed for   fi     in the definition of AFG,  it follows that

h  /image (z'+)  is monic, which implies that h   is monic, so that tt(A, *)  embeds in

the abelian group  H,(A).

R<
-i

rk. 3.6 is false if rrx is replaced by tTj. Let AQ be the sin x curve

union an isolated point in R , and let A CR be the suspension of AQ. Then A

is  AFG,  but  77j(A)  is free on two generators.

Recall that an inverse limit system is said to be   essentially constant if it

has a cofinal subsequence
h h G,   such that  /.: image (/j)

image (/.)  is an isomotphism for each   i.   For such a system, the projection of the
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inverse limit onto image (/.)  is an isomorphism for each  i.  We will need the follow-

ing proposition in the next section.

Proposition 3.7.  Suppose that A   is  AFG,  A   is embedded in the ENR X,   \l)a\

is the collection of neighborhoods of A,  and * £ A.   If \H .ill )i  is essentially con-

stant, then  \tt Alla, *)\  is essentially constant, and h : 77,(A, *) —* H AA)   is an

isomorphism.

Proof. Let U. 2. (7- 2, ••• be a cofinal sequence of neighborhoods of A guar-

anteed by the definition of essentially constant for \Hxil)a)\. We may assume that

the   L/.'s are chosen as in the proof of 3.6.  Then we have

Jr.'72 + 1
-    "¿u„> *>

"l^TZ-l'*)

72- 1

'72-1

72 + 1 HAU  )
1 72 —     "lK-0

77-1

where  h     is the Hurewicz map and  i , j    ate induced by inclusion.  As before,

h     imageu     ,)  is monic, and since  h   j     , = i     ,h     ,   and  h   , ,   is onto,
77  ' fe        J72+l n'n + l 72 + 1     77 + 1 ,2+1

h    iUmage  /     ,) = image in.,.  Therefore we have

-* image (/n + 1) image (/'J

72-1

...      --image (z'n + 1)     -°—••     image (z'^) -    ■■■

where  h , h  _,, i    ate isomorphisms.  The proposition follows.

Proposition 3.8.   With the same notation as above, if A   is an ENR, then

\trAUa, *)!  is essentially constant and if,(A, *)  == 77j(A, *).

Proof.  As before choose a cofinal sequence   U x 7¿ U2 2 • • • •  By standard

properties of ENR's we may choose the  U .'s so that there is a retraction p:

U.  —* A  and the diagtam
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is homotopy commutative.  Thus we have a diagram

nxiA, *)

395

rrAu    ,, *)
1 72 + 1 '

where  p^ is induced by  p and  z'+, j^ ate induced by inclusion, PA* = L,   AP*. = /*•

A straightforward diagram chase completes the proof.

4.  Sufficiency of AFG.  Let   U be an open connected «-manifold, let  h be a

homeomorphism of  U  onto itself such that  h  is regular except at  oo and, on a com-

pact polyhedron   P  of dimension  k < « — 3,  h is positively regular everywhere and

h | P  is the identity.  Let f: U —> P  be the retraction given in Corollary 2.4,   let

q: U - P —> X  be the natural projection onto the orbit space of  h\U — P  and let

/: X —> P  be the map induced from /.

If  G  is an Abelian group and   K  is a group of operators of  G  generated by  ze,

let

GK=G/\il-k)g\ g £ G],       GK=\g£ G\ k(g)ag\.

Proposition 4.1.   If p £ P,   let \U .}.  .   be a neighborhood basis at  p  of con-

tractible open sets in  P  such that  U .  , C(|. for all  i.   Then  \H Af~   U )\  is es-
r l+l    — l    ' 1    ' 2

sentially constant and H Af~   p)  is isomorphic to the integers.

Proof.  Let  Z be the group generated by the map induced by  h \ f~   U   - U . on

H Af~   U . - U ).  From Serre [32] we get a short exact sequence

0 Hxif
-1

U. ui)z-HA'r1ui)^H0if-Ajj-uiY 0

It is easily seen that the inclusion maps induce a commutative diagram

0 -^ Hxif~1Ui - U.)z — r/ji/-1^.) -* Haif-Ali - LL)Z - 0

o -, Hxif-Aii+l - i/.+1)z - H,(r 1i'!+1) - w0(rlL,z+i - iyz+i)z - °

Since  /_1(./.  is contractible,   Hlif~lU. - LL) == H2if~lUi, f~lV'.- U ).  By

[35, p. 342], H2(f-lU., flU.- U.) == r7*j2(LC) and, by [35, p. 340], H^iU )&

H"~2iu) == 0.  Hence  HAf^U . - U ) St 0  and  H,if~ 1 U . - U )7  == 0.
c l I  - l I I   ' i i  Z.

Note that if  M  is a connected orientable manifold and h is an orientation-

preserving homeomorphism of M  onto itself,  h  induces the identity map on HQiM);

hence
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HQ(f-lU^U.)z *H0{f-lU.-U.).

From the above diagram it follows that inclusion induces an isomorphism

H.if-'u^^H^f-'u).

1 roposition 4.2.   For each  i,   the inclusion induces one-to-one homomorphisms

Hlif~1U) -^ HxiX).

Proof.   The result follows from the following commutative diagram

0- IIx(f-lUi-Ui)z-,Hl(rUli) *>Ho(f-Hji -ll)2-. o

0-+Hx(U-P)z ->   //,(x) _  HAU-PY + o

Proposition 4.3.  Suppose  f   ip) has AFG for some p £ P;  then there exists

a neighborhood basis at p of contractible open sets  \U  \._.   in  P such that

U ■   i ^ H . for all i and, if o  is a loop in f~   U .   .   such that o  is homologous to

zero in f~   U .,   then o is homotopically trivial in f   U ..

Proof.   Let  \U .].  ,   be a neighborhood basis at  p  of contractible open sets in

P such that  LC   i C U . for all  i.  Given  U . there exists an open set   V such that

f~  ip) C V C /"   U . and if o is a loop in   V  such that o is homologous to zero in

/"   U .,  then o is homotopically trivial in  /"   U .,  It    follows from usual compact-

ness arguments that there exists  j such that /"*   L/C V.   The desired sequence is

a subsequence of \U  S_j.

Proposition 4.4.  Suppose f~   ip) has AFG for some  p £P and let [L/J°°_j

be as in Proposition 4.3.   Then for each   i,   the inclusion map induces the zero

homomorphism  ttxif~   U    j - U .^A, —> rrxif~   U . - U ).

Proof.  Consider the following commutative diagram:

k ■

^r'^+i uiJ ^Tt.if-AC-U^

«i+l

^(r1^,) n.if-AL)

H.   ,
2+1

H.

H,if-Aii + X)-
Ki

■* //,(/- Ac)
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where  k ., k., K. ate induced by inclusions,  q . = q\f~   U . - U .,  and  H . are the
III J 1  l 7    l   1 II I

Hurewicz homomorphisms.

Suppose  o errxir1Ui + x- U. + x);  since  H,(/_ lU. - U ) = 0,  Hxq k (ff) = 0.

^1   2^2 + 1       = ^  implies, by the previous proposition, that  k .q .   xio) = 0.  Since  q .

is one-to-one,   ze (ff)  is homotopically trivial.

Proposition 4.5.  Suppose  Bx C B2  are open subsets of P;  then fr.

rrxif~lÍB2) - B2, f~1ÍBl) - B x) -, rr ¿B 2, B x)  is a bisection.

Proof.  Suppose  A: [0, l] —» B2  represents an element of ttXÍB2, B,);

A()0, 1¡) C Bj.  Cover A([0, lj)  by a finite number of contractible open sets   V,,

• • • , V    such that each  V . C B2.  Let   K be a simplicial complex such that   \K\ =

[0, l]  and o £ K implies  A(ff) C V . for some   i.

If ff is a 0-simplex, let A'(ff)  be any point in /""   (A(ff)) - A(ff).  If o is a 1-

simplex and bdry ff = |ffj, ff2 Î,  define A': o —» /"   V . - V . to be any path from

A (ffj)  to A (ff2)  where  A(cr) C V ..  Clearly  pA    and A represent the same elements

of 77^62, B,).  Hence  f^ is onto.

Suppose A.: [O, l] -. /-I(ß2) - B2  such that A.([0, 1 \) C /" Aßx) - B ¡, i =

0, 1,  and suppose there exists  A: [O, l]    —»  B2   such that  A(x, z) = qp ix)  and

A(z, t) £ Bx, i = 0, 1;  x, t £ [0, 1].  Cover A([0, l]2) by a finite number of con-

tractible open sets   V.» • • •, V , • • •, V     such that V., .... V cover A(i0, li x [O, l])

and   V . C  B  ,    i = 1, ■ • ■ , r,    and   V . Ç B 2,   i = 1, ■ • • , s.   We may assume that

V . C V .   C B-   where   V '.   is contractible and each loop in / ~   V , - V .  is homo-
2 —     2   —     / 2 r       ' 2 2

topically trivial in /"   V.   —V..

Let   K be a simplicial complex such that   \K\ = [O, l]  , K contains two sub-

complexes   L  , Lj   such that   |L.| = [O, l] x iz'i,   i = 0, 1,  and ff e K implies  A(ff)

C V.  for some   i.   If ff is a 0-simplex in   K - ÍL x U  L2),  choose  A (ff) e

f~  iMo)) - A(cr);   if ff is a 0-simplex in   L .,  choose  A'(ff) = A.(ct).   If ff  is a 1-

simplex in   K - (L , U   L2),  let  W be the component which contains  A(ff)  of the

intersection of all   V 's which contain  A(ff).  Define  A (ff)  to be any path in

f~l\fl _ W which agrees with  A'(bdry ff).  Note that if ff £ \0, 1} x [0, l],  A'(ff) C

f~1Bx - Bj.  If ff is a 1-simplex in   L .,  let  A'(ff) = A..(ff).   Let  ff be a 2-simplex in

K and suppose   A(ff) C V..  Hence A'(bdry ff) C /"   V . - V . and by hypothesis

A'(bdry ff)  is homotopically trivial in f~   V.   - V..  Hence we can extend  A    to ff.

Therefore  Aj   and A2  represent the same element of  tz j(/~   B2 - B 2, f     B\~ B \)

and /+ is one-to-one.

Theorem 4.6.   // f is AFG  (i.e.   ¡~l(p)  has  AFG for all p £ P) and B   is an

open connected subset of  P,   ¡hen there exists for each  p £ B  an exact sequence

1 _ jr/- Ap) - nxif-\B)) lu ttxB — 1.
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Proof.   Let  \U .\°°_x  be as in Proposition 4.3 except that   L/, C B.   From the

homotopy sequence of the pair (/"   B, f~   U .),  we get an exact sequence

nxf-lU.^TTxf-lB^TTx(rlB, f-lt/.)_L

By Proposition 4.1,  \Hx(f~lU)\ is essentially constant; by Proposition 3.7,

'"■jV      U )\ is  essentially  constant and hence,   for   z> 1,   image   /.=

image!/: w^Hp)) -> nJ-1ÍB)\.

By Proposition 4.2, inclusion induces a one-to-one map  Hj~Xip) —> H J~liB).

Hence by Proposition 3.7, ;' is one-to-one.

We have the following commutative diagram

ttJ-'b "iif-lB,f

l.

TTXB

'B - B, f~AJ. - U.)1 i i '

->-    TTxiB,   UA,

Since   LC  is contractible, the map  a,  induced by inclusion, is an isomorphism.   By

Proposition 4.5,  /% is an isomorphism and, from [35L  q^ is an isomorphism; hence

f*\nAf~   B, f~   U) is an isomorphism.   It follows that the kernel of fAnif~   B =

kernel of  a and f^\nxf~   B  is onto.

Theorem 4.7. // / is AFG, p £ P, B is the open star of p in some triangula-

tion of P such that each component of ß - ¡pi is simply connected, then f~ B is

homeomorphic to the interior of a compact manifold provided n > 6.

Proof.  Let us first consider the case when  ß - ¡pi  is connected.  Let  B =

(J°° ,B .,  where  B . is the closed star of  p in some triangulation (compatible with

the triangulation in the hypothesis) of  P,   B.Ç int B¡ + r  By Proposition 3.7,

77,/-1(p) —» Hxf~1ip)  is an isomorphism and, from Proposition 4.1,  rrxf~   ip)  is

isomorphic to the integers.   By Theorem 4.6,  for each   i,   rrxf~  (B - BJ  is iso-

morphic to the integers and the inclusion maps induce isomorphisms

Zj-i(B)2L ttJ-\B-Bx) 3 771/'-1(B-B2)^ ••••

Note that f~l(B) has one end  t and, in the tetminology of Siebenmann,  fx   is

stable at  e [33]  (essentially constant at  e [34])  and  ttxie) S integers.

We will now show that the end e is tame [33]; i.e. /"_1(ß - B) is dominated

by a finite complex  [33, p. 23].  By [35, p. 342],

H.(f-l(ß _ß.),/-i(B ~Bi)~(B-Bi)) S H^-'iB-B;).

By [35, p. 322], H"-Kb - B) S ÏÏq'((B - B()+), where (ß - B )+ is the one-point

compactification of ß - B .  But  B - Bt  is homeomorphic to the product of a
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— +
compact polyhedron with the real numbers.  Hence  HqÜB — B ) ) is finitely gen-

erated and hence the homology of the pair (/"   (ß - B .),  f~   ÍB - B ) - ÍB - B .))

is finitely generated, and since the homology of /~   (B - ß .) is finitely generated,

the homology of /"   ÍB - B ) - ÍB - B ) is finitely generated.

Since q\f~ ÍB-B)-ÍB-B) is an infinite cyclic covering space and nxf~ (ß - ß .)

^ integers, it follows that /"   (ß - B .) - (ß - B .)  is simply connected.  Hence

/-1(B - B) satisfies condition NF/e  of Wall [37, p. 6l]  for all  k > 2  and, by

Theorem B of [37],  satisfies condition Fk for all  k > 2.   By Theorem E of [37],

f~  (B - B .)  satisfies condition Dk for some   k (for example,   k>2n + 2). Hence

by Theorem F of [37],  /" *(ß - B ) is dominated by a finite complex (in fact, has

the homotopy type of a finite complex).

The theorem now follows from [33]  (although the results in [33]  are stated

for differentiable manifold, they are also valid for topological manifolds, see [38]).

If B — ¡pi is not connected, we consider each end of B  separately.

Corollary 4.8.   // /  is AFG and P  is a manifold of dimension  k -/ 2 (not

necessarily triangulable),  then for each open k-cell B   in P, f~  (B)  is homeo-

morphic to the interior of a compact manifold provided n > 6.

Theorem 4.9.   Let  U  be an open connected n-manifold,   n > 6,   let h  be a

homeomorphism of U  onto itself such that h  is regular except at °° and on a

compact polyhedron  P  of dimension  k < n — 3,  h  is positively regular on all of

U and h\P  is the identity.   If the components of the link of each point in  P  in

some triangulation of P are simply  connected and if f,   the map induced on the

orbit space of h\U - P  to  P,   is  AFG,  then  P  is locally flat in  U.

[Note that this theorem is not as general as the one stated in [41]; we had

found an error in an earlier version of this paper since [4l] appeared.]

Proof.  We will show that   U — P  is 1-LC at each point of  P,  i.e.  if  p £ P

and  V,   is an open subset of  U  containing  p,  then there exists an open subset

V2  of  U  such that  p £ V2   and each mapping of  S     into  V2 - P is null-homo-

topic in  V, - P.   Let   Vj  be given.  Let  B  be the open star of p  in some tri-

angulation of  P  such that  B C Vj.  By Corollary 4.8,  f~   B  is homeomorphic to

the interior of a compact manifold.  Let  Bn  be a codimension zero compact sub-

manifold (with locally flat boundary) of f~   B which is a deformation retract of

f~   B.   From obstruction theory it follows that there exists a map g: BQ —> S

such that g  induces an isomorphism of fundamental groups.   Let  s £ S     and

homotope  g  to a map g    such that g    is transverse regular with respect to  s

[38, p. 245]- Hence (g )~  is)  is a codimension one submanifold of BQ. Since

77, bdry B„ —> ir.ß»   is an isomorphism,  (g )"   is) n  bdry B„   can be assumed to
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be a submanifold.   Pick a component  Bj   of (g )~   is)  such that each component

B2   of  q~   Bj   separates  q~   B   .  We can perform surgery on  B2   so that we can as-

sume that  TTXB2   is trivial and hence each component of  q~   Bn - B2   is simply

connected ([38], [5]). Let B    be the closure (in U) of the component of q~lBQ -

B2  whose closure intersects   P.   There exists by Proposition 2.1 an integer k such

that  h (bA C Vj.  Let   V' 2 = int h ÍB A and note that  V 2 - P  is simply connected

and hence   U — P  is 1-LC at each point of  P.

Let K be a triangulation of P such that each each simplex in K lies in an

open «-cell in U. By [8] (see Theorem 3 and "added in proof"), each simplex of

K can be tamed in its open «-cell and hence is locally flat in   U.

Corollary 4.10.  If f is AFG,  « > 6,  and U  is a PL-manifold, then  U  is

homeomorphic to an open mapping cylinder neighborhood of P.

Proof. By [8], there exists a homeomorphism e of U onto itself such that

e(P) is a subpolyhedron of U. Let N be a regular neighborhood of e(P) in U;

there exists r> 0 such that ehre~l(N) Ç int N. By [36] and [40], N - eÄre_1(N)

is homeomotphic to bdry zV x [O, 1); hence U - P is homeomorphic to bdry N x

(0, 1) and the conclusion follows from the fact that a regular neighborhood is a

closed mapping cylinder neighborhood.

Corollary 4.11.   Let  U  be an open connected n-manifold, n > 6,   let h  be a

homeomorphism of U  onto itself such that h  is regular except at °° and on a

closed subset  P which is a polyhedron of dimension k < « — 3,  h  is positively

regular on  U and h\P - identity.   If the components of the link of each point in  P

in some triangulation of P are simply connected and if f, the map induced on the

orbit space of h\U — P,   is a proper AFG  map, then  P   is locally flat in  U.

Corollary 4.12.   Let h  be a homeomorphism of S",  « > 6,  such that h  is reg-

ular except on 2, a k-sphere,  k < « - 3,  h  is positively regular except at some

a £ 2, and h \ 2  is the identity.   If k / 2  and the map induced on the orbit space

of h I S" — 2  is AFG,   then  2  is locally flat in  U and hence flat.

Corollary 4.13.   Let  U  be an open connected n-manifold,   n>_6,  let h  be a

homeomorphism of U  onto itself such that h is regular except at <» and on a com-

pact manifold P  of dimension  k < « - 3,  k / 2 (P  is not necessarily triangulable),

h  is positively regular on  U and h \ P = identity.   If f, the map induced on the

orbit space of h\U — P,   is AFG,  then  P  is locally flat in  U.

5. Necessity of AFG.

Theorem 5.1.   Let  U  be an open connected n-manifold, let h  be a homeo-

morphism of U  onto itself such that h  is regular except at  00  and on a compact

locally flat polyhedron  P  of dimension k <n - 3,  n>6, h  is positively regular
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on U and h\P  is the identity.   Then f,   the map induced on the orbit space on

h\U - P  to P,   is AFG.

Proof.   Let  p £ P and let  NQ  be the open star  of p  in   P for some triangula-

tion   K of  P.  Consider  N = f~  (/V„). We claim that  N is homeomorphic to

Euclidean «-space.  For let  C be a compactum in  N and let /V,   be an open «-

cell in N which contains  p.   There exists a subdivision of   K  such that the closed

star N2  of p with respect to this subdivision contains  fiC)  in its interior.  Since

P  is locally flat,  N2   is locally flat and hence  N - iV-   is 1-LC at each point of

N2.  From [8],  it follows that the hypotheses of Newman's engulfing theorem [3l]

are satisfied and hence  zV. can be engulfed by /V..  Therefore there exists an open

«-cell ¿V    in  N  which contains  Nv  By Proposition 2.1,  there exists  r such that

hA\C) C N.   and hence   C C h~riNA.  By [6], zV  is homeomorphic to Euclidean «-

space.

Since  N n P  is locally flat in  N,   77j(/V - (zV O  P))  is trivial and 77j(/~ 1(NQ))

is isomorphic to the integers.

Let  V be an open subset of f~   (zV) which contains  /""   ip).  Let zV*  be the

open star of  p  in   P for some subdivision of   K such that f~   (zV ) C V.   It is easily

seen that the inclusion induces an isomorphism  nAf~  ÍN )) —> ̂ ,(/~   (zV))  and,

since there groups are Abelian,  / is AFG at  p.

6. Mapping cylinder neighborhoods.   For those familiar with uv and UV prop-

erties of continua [3], [28], [29],  we note that for a continuum, uv     and AFG is

equivalent to UV  .  Hence from Proposition 4.1, Theorem 5.1,  [8] and [27],    we

have the following.

Theorem 6.1.   Let g  be a proper onto map from a locally compact metric space

Y to a polyhedron  P  of dimension k.   If the open mapping cylinder of g  is an «-

manifold,  n > 6,  « > k + 3,  then  P  is locally flat in the open mapping cylinder of

g  if and only if g  is AFG.

7. Some examples.   In this section, we construct some examples of homeo-

morphisms with wildly embedded iriegulat sets.

Let ll  be a neighbothood of a subset  A   of a space  X;  ll   is an iterative

neighborhood of A   if there exists a homeomorphism  h  of  U - A   onto itself such

that the natural projection of ll - A   onto the orbit space 0 is a covering map and

0 is Hausdorff.

We recall an example due to Whitehead [39].  Let  T'q Ç Tq  be solid tori con-

tained in the 3-sphere as shown in Diagram 1.  There exists a homeomorphism  kQ:

Si - S3  such that  kQ(T0) = T'0 .  Let  UQ = s\  AQ = fl,>0 *j(T0) and  BQ =

ll   - [J      kAT )•uo     Uz<0    ow 0
Define inductively   U     to be the suspension of the decomposition space
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Magram

U     ,/\A      ,, B      ,\ obtained from  U     .    by shrinking  A       ,   and  B      ,   to distinct
72—1 72—1 72—1 72— 1 ' 6 72—1 72—1

points.   Let  q  : (II   _,/\A   _ x, B  _ x i) x [— 1, l] —» ll     be the natural projection,

A    = q ia      , x [— 1, 1]), and  ß    = q  ib      , x 0) where  a      ,   and   b      ,   ate the
77 ^72       72-1 72 ' 72       77-1 72-1 72-1

points in ll      ,/JA      ., B      ,i which correspond to A      .   and  B      ,, respectively.r 72—1 72—1 77—1 r 72—1 77—1 r J

(Note that  B     is a point for « > 0.)  Let

Tn - 1niTn-lX ^ MDu ^n-ZK.-!'   ß77-l!) X ([" l> ~ 1/2] U [l/2'  l])

and

Tn = 1n{Tn-l  X [" l> l]) U (V l/K- 1'  ßn-li) X Œ" *> ~ 2/3] U t2/3>  l])"

There is a homeomorphism  k     of   ll     onto itself such that  k (T  ) = T , A    =

f|    „ ¿¿(T  )>  and  ß    =11    - IT  n -fe'(T  ). We have the following facts.1    "Z>0        77        72 72 72 v-r2<0        77        72 &

(i) ll    - ß     is an iterative neighborhood of A     in ll   .
77 72 B 77 72

(ii) U     is an  in + 3)-sphere and  (ll    - B  )/A    x R  is homeomorphic to  Rn +
72 r 77 72 72 r

by [30] and   [2]  if « = 1  and by [l] if « > 1.

(iii) rr,(ll    — A   )  is infinitely generated and hence A   ,  « > 0,  is a wildly

embedded arc in   ll    [7].
72

(iv) a    x [- 1, l]  is a cellular wildly embedded arc in  (ll    — B  )/A    x R [7].
n ' ' 77 72 77

Theorem 7.1.   For each n > 4  and 1 < k < « — 3,   Z¿ere exists a homeomorphism

h  of the  n-sphere S"  onto itself, a k-cell D  wildly embedded in S",  x £ S" - D

such that h  is regular except on D U ¡xi,  positively regular except on \x\ and

negatively regular except on D.   Moreover,   D  is cellular in S" and if h  is orienta-

tion-preserving and n~>_6,  then  h\S" — D  can be embedded in a flow.

Proof.  Let  B  be the unit ¿-cell with center at the origin in  R   ;  each point in

R   , except the origin, can be expressed uniquely in the form  ((/>, i) where  </> £

bdry B,  and  / > 0. Consider R" = (ll      ,    , - B      .    A/A      ,    , x Rk and let D =
' 72— ft— 1 72— ft— 1 72—ft— 1

¡a      ,    , i x B.
77— ft— I

Define h: R" -> R" by
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hi[x], 0, t) = i[hn_k_xix)], tpAÁit-D),     t>i,

= (!>„_«_,(*)]> 0. '). t<i,

*>K-k-v<p> f>= K-ft-i- *. ^ - O),        i >i,

where x e 11   _,_ ,-(A      . _ j   uß   _¿_j'>  [*]  is the corresponding point in

(lIn_/e_,-B   _ k_ j)/An_jfe_ j,  (q>, t) £ R     and è      .    .   is the homeomorphism

which is given in the definition of iterative neighborhood,  h has a unique exten-

sion to the ra-sphete  S" = R"  U ¡oo}.

¿  is the desired homeomorphism.  To see that  h/S" - D can be embedded in

a flow, we refer the reader to [18].

As another application of the iterative neighborhood construction, we have

Theorem 7.2. For each « > 5, there exists a closed connected n-manifold M,

disjoint closed connected submanifolds, N. and N~, of M, and a homeomorphism

h of M onto itself such that h is regular except on N. U N2 and M - (/V, U N2)

does not have the homotopy type of a finite complex.

Proof.   Let  M = S2 x (ll      ,/¡A      „ ß      ,}),  N, = S2 x [ß      ,]  and  zV, = S2 x
72— 2 71—2 72— 2 1 72—2 l

[A      A- Define  h: M -» /M by

Ms,[x]) = (s, [*„_2(x)]),      *(s. an_2)~is. an_2),      his, bn_2) = is. bn_2)

for s £ S     and  x e 11      , — (A      ,   U ß      ,).  ¿  is the desired homeomorphism and
72— 2 n— ¿ 72— 2 r

note that  77j(zV1 - (/V.   U NA) is infinitely genetated.

There are also homeomorphisms of  S     with wild irregular sets.  In the next

example, we modify a construction due to Kinoshita [25] and simplified in [26].

Theorem 7.3.   There is a homeomorphism h  on the 3-sphere S     and an arc A

in S     such that  h   is regular on  S - A,   not regular on  A   and A   is not tamely em-

bedded in  S  .

Proof.  (We express our gratitude to Professor C. Sikkema for correcting an error in

an earlier example.)  Let  f: S   —> [O, l]  be a map such that /"   (0)  is a disk,

/"   (l)  is a point and  /"   (c),   c £ (0, 1),  is a simple closed curve.   Let  M  be the

mapping cylinder of / and let  tt: iS2 x [0, l] U [0, l]) — Minis, 0) = nifis))) be

the natural projection.  Note that   int M  is homeomotphic to  F     and rrdO, lj)  is

locally tame at each point.

Let  k: E    —> (0, 1) be an order-preserving homeomorphism and let  A: F   —»

F    be defined by  A(x) = x - 1.  Define   t: int M —> int M by
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Anis, y)) = nis, kXk'Hy))       is, y) £ S2 x (0, l),

r-(z7(y))= 7r(y) y £ [0, l].

Note that  í is a homeomorphism of  int M  onto itself.

Let <p: [0, 1] -» /_1(0) x [k(0), k(l)] be an embedding such that </>([0, l]) n

S2 x kii),  iaO, 1,  tinicpil))) = 77(0(0)),  and </>([0, l]) fails to be locally tame only

at cpil).  If  M^ = int M   U ¡ooi  is the one-point compactification of  int M,   let  a. =

¡77(0), ooi  U U^-oo i'^dO, !])•  By [9],  a is cellular in  M^. Hence there is a

map g  of M^ onto itself such that gio) = 77(0) and g | M^ - a is a homeomorphism.

Define  h: M^ —» M^ by  hix) = gt g~  (x) where  z" (x) = x  for x 6 int M  and

¿'(oo) = 00.   Let A = g7z([0, l]).  Since g_1(A) = 77([0, l]) U a, A   fails to be locally

tame at  gniO) [25]-  h is the desired homeomorphism and A   is the desired arc.

Corollary 7.4. For each « > 3, there is a wild in — 2)-cell D _2 in S" and a

homeomorphism h of S" such that h is regular on S" — D 2 but not regular

on D     ,.
71-2

Proof.  The arc  A   in Theorem 7.3 can be chosen so that  S A   is wild in

S   +    at the points corresponding to the suspension of g7r(0).  Let  D, = A,   è    the

homeomorphism in Theorem 7.3, and  p, = gnil).  Having chosen  h  _,, D   _,,  and

p      , ,  let  h    = suspension of h    -,   and let  D     _,   be  2D     ,,  then  h    satisfiesr77— 1' 72 r 72—1 71—2 77—3 72

our conditions except that it is regular at the suspension points. To correct this,

let B = 2P , and let p: S" —* S"/B be the quotient map. Let h = ph _lp~ >

D      _, = piD     A, and  p    = pip      ,)•  Then  h    and D     ,   satisfy the necessary71—2 r 71—2 r71 r    r77— 1 71 72—2 J '

conditions.

Theorem 7.5.   // A   is a tame arc in  E  ,   then there exist infinitely many dis-

tinct topological types of homeomorphisms on E  which are regular and properly

discontinuous on E — A,  are not regular on A U ¡ooi and are positively regular

on  E   .

Proof.  Suppose  h  is a homeomorphism of F     and A   is a tame arc in  E
■i i

such that  h  is regular on  F    - A,   not regular on A,  positively regular on  F

and h\ A   is the identity.  Note that /"   (bdry A)  is an invariant of the topological

type of h,  where  / = lim .     M hl;  i.e.   if  k = A77A-     and g = lim .     x kl,  then

g~  (bdry A)  is homeomorphic to /"   (bdry A).  It is easy to define a homeomorphism

h     of  E     onto itself,   « = 0, 1, 2, • • ■ , which has the desired properties listed in

Theorem 7.5 and such that the components of /"   (bdry A),  / = lim .^+00 hl ,  are

homeomorphic to  [O, + 00)   u M+^_00 D . where  C . is the cone over  « points,   C .

n C . = 0   for  i 4 j,   C. n [0, + 00) = \x I x = i ¡f   i > 0  and  x = 1/(2 - i) if  i < 0\

and  lim .      „ diam C   = 0.
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Theorem 7.6.   There is a homeomorphism h  of S    x R     onto itself which is

regular on S    x (P    - ¡0i), is positively regular everywhere,  and such that

lim.^+(xj h'ix) a S   x \0\ for each x £ S    x F   .

Proof.  Let  k: S   —> S    be rotation through an irrational multiple of 77 radians,

and let  hix, t) = (ze(x), t/2). It is easily seen that  h satisfies the desired

conditions.

Theorem 7.7.   There is a homeomorphism h  of S     onto itself which is regular

except on a 1-sphere  2,  is positively regular except at point s £2 and h\2  is

the identity and 2 is not locally flat in S .

Proof.  This example can be obtained from the example in Theorem 7.3 by

shrinking a locally tame invariant arc whose boundary is  ¡00, g7z(l)i.
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