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CLOSED HULLS IN INFINITE SYMMETRIC GROUPS
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ABSTRACT. Let Sym M be the symmetric group of an infinite set Y. What
is the smallest subgroup of Sym M containing a given element if the subgroup
is subject to the further condition that it is also the automorphism group of some
finitary algebra on M? The structures of such closed hulls are related to the
disjoint-cycle decompositions of the given elements. If the closed hull is not
just the cyclic subgroup on the given element then it is nonminimal as a closed
hull and is represented as a subdirect product of finite cyclic groups as well as
by a quotient group of a group of infinite sequences. We determine the conditions
under which it has a nontrivial primary component for a given prime p and show

that such components must be bounded abelian groups.

1. Introduction. Let M be an infinite set, and let @ be some member of
Sym M, the symmetric group on M. It is not difficult to describe those n-ary
operations on M which commute with a. By definition, @ is an automorphism
of a finitary universal algebra A on M precisely when @ € Sym M commutes with
each operation [ of A; that is, when (xl, N xn)/a = (xla, v, xna)/ for all
possible x, € M. If a € Aut A then (a), the cyclic subgroup of Sym M with gen-
erator @, is a subgroup of Aut A. But sois (@)”, the closure of (a) in Sym M
under the Karrass-Solitar topology [S]. Here, the closure W~ of a subset W of
Sym M is the set of all y € Sym M, each of which coincides with some & = 8(y, F)
€ W on each finite subset F of M. We write F|y=F|8. Jdnsson ([3], [4]) has
shown that the closed subgroups of Sym M are precisely the automorphism groups
of the finitary algebras on M. For a simplification of this result see [2]. This
closure is known [S] to turn Sym M into a totally disconnected, noncompact topo-
logical group in which the closure of a subgroup G is a subgroup, abelian if G

is, and in which all the proper normal subgroups are dense. Further, each finite
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subset of Sym M is closed in this topology. Hence (@)~ emerges as the smallest
closed subgroup of Sym M in which a given permutation & lies, the closed bull
of a in Sym M. If (@) is of finite order it is closed, but if () is of infinite
order, an examination of the disjoint-cycle decomposition (ci.c.d.) of a [7] shows
that in some, but not in all, cases (@) is closed. If (a)~ # (a) then (@)~ as a
group is isomorphic to a certain subdirect product of finite cyclic groups of
strictly increasing orders. We find a faithful representation for such groups as
factor groups of subgroups of the group of integral sequences. These closures
may have nontrivial torsion subgroups; we determine precisely when this is so,
identifying primary components and showing that these last are bounded. The set
of all such (@)™ £ (a) will be shown to have no minimal members, and each ap-
propriate subdirect product will be isomorphic to some (@)~ # (a).

We adopt the dual notation x, = x(i) in order to avoid excessive use of dou-
ble subscripts and superscripts. No further mention will be made of this nota-
tional convention.

2. Closures of cyclic subgroups.

Theorem 1. If o € Sym M where M is infinite then the distinct lengths of
the nontrivial cycles in the disjoint-cycle decomposition of a can be arranged
into a strictly increasing sequence : m, <m, <.« if and only if (@)~ £ (a).
In this case, (@)~ is a subdirect product of the cyclic subgroups Z(mi) of orders

m..
1

Proof. If a moves only a finite number of elements of M then a is of fi-
nite order so that (a) is closed. Likewise, suppose that @ moves an infinite
number of elements of M but that there is an upper bound on the distinct lengths
of the cycles in the d.c.d. of a. Let these distinct lengths be m  <.-- <m .
Then a is of finite order [m e, m ] (least common multiple) so that (CL) is
closed.

Suppose that the d.c.d. of a has at least one infinite cycle, say (--+, x
X0y Xp5t «2). If y €(a)” then xpy =x,a” = = x, for some integer n = n(y, x )
Let F {xo, y} where y € M\{x }. Then there exists an integer m such that
Fly= Fla"‘ from which Xgy =% OL =x_. Thus, m =7, and yy = ya” for every

y €M. We have y = a”, and (a) is closed
In the one remaining case, the distinct finite lengths m . of the nontrivial

cycles in the d.c.d. of @ can be arranged into a strictly i mcreasmg sequence

1,

¢ my <m, <..., where 1< m,. It may be that there are at least two cycles

of the same length 7> 1 inthed.cd. of @, say (x;,+++, %) and Gpeeesy)
Suppose that y € (@), and consider F = e, oo x, Yis***» ¥} There exists
an integer g such that F|y=F|a? Let g(r) be the r-residue of ¢; that is,
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q(r) =9 mOd r With O_<_ q(f) <r. Then {xl’ ct xr}l}’: {xl’ ey, x,}|aq(r)- Like'
wise, {yl, cen, yri ly = {yl, cee, yr” a?™ 5o that Fly= F|aq(’), Conversely, if
Fly=F|a™ where 0 <m <r then m = q(r). From this last, one readily shows
y coincides with a?(") on each cycle of length 7 in the d.c.d. of a.

L a

Consider an initial segment my<eee<m, of M. Choose cycles al, .o

in the d.c.d. of @ where a_ has length m_ for each i € k¥ (={1,..-, k). Let

k

C, =set (a ), the subset of those elements of M that are moved by the cycle a;
let F f 1 C;» a finite subset of M. There exists an integer 7 such that

F ly= Fk |a™. Let n; denote the m -residue of n. As above, it does not matter
which particular @ of length m, is chosen from the d.c.d. of @: y coincides
with @™ on each such C, = set (a ). Specifically, the finite set of simulta-
neous congruences x =n.mod m, i € k" has a solution x = n. By the Yih-hing
(Stieltjes) theorem [1, p. 58, p. 64] [6, pp. 31-32], the greatest common divisor
(mi, m].) of m. and m, divides n,-n. It is convenient to write m = (mi, m].) =
m,.» so that m . | (n, - n].) for all 7, j such that 1 <i<j<k. This divisibility
result holds even if each n, is replaced by n, + k.m._ for integers k.. Thus

y €{(a)” generates an infinite sequence of residue classes U(y) = (n; + (m),

ny +(m,), «++) where (m) is the integral subgroup generated by m . and where
(a) each n, + (m) lies in Z(m ), and (b) n,=n mod m . for each palr of distinct
positive integers i and j. Two distinct members of (a)" will produce two dis-
tinct values of 2. Under component addition the set of all sequences & satisfy-
ing (a) and (b) is a group G(M).

Conversely, if & = in, + (m, M e G, define Z(G) € MM by xE@) = xan®
if x lies in the set of any @, in the d.c.d. of a where |set (a )| =m; other-
wise, let x=(8) = x. Clearly, S(®) € Sym M. If F is any finite subset of M let
F, be the subset of all x € F that lie in cycles a, of length m, in the d.c.d. of
@. Since F is finite, there exists a largest posmve integer ¢t such that F,
nonvoid, or each F, is void. By the Yih-hing theorem, there exists an integer
n such that »n = n; mod m, forall i € ¢* (in the former case). For such i,
F,|E@) =F, Ia"(’) F, Ia”. Further, (F\ Ui‘:l F.)|E(8) is the identity map
on F\U’ F,, asare a and a”. We now have F|=(8) = F|a”, from which
2(8) e (a) . It is easy to see that Z(U(8)) = § for each & € (a)~ and that
UED) =& for every $ € GIM). Ac once, the map ¥ from (@)~ onto G(M) is
an isomorphism with inverse =. Observe that A(ak) = {& + (m )} so that if
tn; + (m)} € G then {n, — & + (m )} € GIM) for each integer k. That is, in the
ith component each residue class of m_ must appear for some member of G(),
and this last is, accordingly, a subdxrect product of the direct product HZ(m ).

Since there are instances of subdirect products which are cyclic, we must
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proceed with caution. (For instance, the cyclic subgroup generated by (1 2 23

34, 45, ++*) inthe direct product TIZ(p) (over all primes p) is a subdirect prod-
uct.) We produce a specific y € (@)™ \(a). Let R = (r,, 7,5 +++) be any sequence
of positive integers. Let 6= G, ®) = (s,, s,, +++) be the sequence of integers

1.

s; where s, =m and where, for i>1, s;=[m ;) .., mio1ye ()

We need an intermediate step for dealing with these least common multiples.

o’m

Lemma 1. A sequence R of positive integers exists for which rp =1

and, for all positive integers i, if s, € &, R) then [Sl’ ooy s 1< S,

’72=2:

1°

Proof. 1If ry=1and r, =2 then s, =m,. Suppose that o

been defined with the requisite properties. Since I is strictly increasing there

STy have

exists a least positive integer Tk 41 Such that [51’ oo "Sk] < [mr(k)+l’ ceey,
mr(k“)]. That is, [s,, -, sk] <s,,;- O Observe that R, as constructed here,
is strictly increasing.

Returning to the main proof, consider a sequence B = (b, b, -++) of integers,

29

to be specified later. Let 7, = 1 and suppose that integers 7, «--, n, have

1’
been constructed with the properties (1,) for 1 <i<j <k, s |, —n.) (where
S;i= (si, s].) =s, ].), the sz.’s taken as in Lemma 1; and (2k) n; # bimod s, for
, # C . .
all i €k”. Lett; . =(s, ., Si4y) for 1<i<j< k. Then tils: palss
likewise, L |s]., so that ¢, | S | (n, - n].). By the Yih-hing theorem, there is a
solution x = xp .1 of the set of simultaneous congruences
_ . #
4y ¥=n; mods;, ., €K,

and Si ksl l(n]. - xj+1) for all j € k#. Define

k41 if Xy 41 # bgyy mod sy,
Mee1 =
by +lsppeeess,],  otherwise.
In the first instance, we have a new finite sequence mys e, my, my ) subject to
) . i = cee, s
(1k+1' and (2k+1) In the second instance, Ml =Xkt St [Sl’ . .sk]

M LR ] #
for some integer c. From the fact that Siksl ](c:sk+1 + [Sl’ , Sk]) forall i €k
we see that n, , is also a solution of (A).

Incase n, , =b, mods, , thens, , |lsy> -+, s,). By previous con-
struction, however, [sl, oo, sk] <sp,1- Thus, n, . £ bk+1 mod s, ., and N
has been constructed inductively in such a way that S |, - n].) and n, #

b .mod s, for all pertinent i and j.

Note that 1 <m, < ™, (1) since r, = 1. If i >1 there exists a unique posi-
tive integer d; such that

(B,) Mod(i)-1) < i S raa)y
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For completeness, we take d, =1, r; = 0, and m; = 1. Note that Y= (dl, dy, - )

is a nondecreasing sequence depending only on M and R and not on N and B.
Specify the sequence B in any way such that b, = (- D-[(1 - 9)/2). For
each positive integer &, bd(Zk) =k and bd(Zk-l) =1~ k. The range of the com-
posite sequence BY (with values bd(t)) is thus the entire set Z of integers.

Observe that the map Z from G(M) to (@)~ has an obvious extension to a
map (also indicated by E) from MZ(m) to MM, Let & € [1Z(m ) be given by
© =lny ;) + (m)}, the n’s defined inductively as above. Denote Z(9) by y.
First, y € Sym M; for, if x € M is fixed by a, x € Im . If xa £ x then x € C,=
set (@) for some cycle o, of length m > 2 in the d.c.d. of a. Denote this
particular cycle by (xlx2 cee xm(i)-) where x, =x. Now choose the unique solu-
tion y = u of the congruence y = (1 - "d(i)) mod m; that obeys 1 <u < m,. Then
xy= xua" =x  where n = PN and where 1 <v < m such that z + M4y =
vmod m,. But z=1-~ Pyt EM; for some integer c, from which v = 1mod m_.
The only possibility is that v = 1 whence x y=x, =x. Again, x €Im y, and y
is epic.

It is also monic; for, suppose xy = yy, where x,y € M. If x and y were in
different cycles of the d.c.d. of a, then, by the definition of y, xy and yy
could not be in the same cycle, contrary to their being equal. That is, xy =
xa” =ya”™ = yy for n = 740y Since, however, a™ as a permutation is monic,

x =y; Y is monic as well as epic, and y € Sym M.

To show that y € (a)~, recall that s, .. . |(»

d(i),d()
the least common multiple of all m, such that r

d) ™ "agp) But sy s

Wi-1* 1<k <TGy and 7 is

in this last interval, as (B,) attests. Then m, 'Sd(i)’ m | Sacy from which

m |Sd(i),d(j)! (nd(i) - nn(].)). We now have € G(M) so that y = E(D) € (a)~.
To show that y ¢ (a), consider sample cycles a of lengths m; where j is

restricted by Tatiy-1 < j < Tatiy possible since R is strictly increasing Let

C —set(a) and let Fi= UC,] Taiy-1 t b “**5 Ty Then F? Iy’—

F’ la™ where n=mn,.; for, all these last described j have the property that

d] =d.. We need an auxiliary result.

Lemma 2. For an integer v, F'|a? = F'|a” where n=n if and only if

d(i)

v= "d(i)mOd S a(iy

Proof. If v = 7ayMmod Sy and if x € F' then xa’ reduces to xa”, n =
ny;y Conversely, if F '|a¥ = F'|a” then v = nyymod m; forall j=r,., |
+1, «oo, TG Hence v = nd(i)mod [mr(d(i)—l)+l’ e, m'(d(i))]. But this last
is just s O

da(iy
Return to the main proof, and recall that, for all pertinent 7, n; # bl.mod S ;.
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In particular, 7, £ bd(i) mod s, ;. By Lemma 2, F? |y # Fila”, n= 24y »
i=1,2,+--. If y were in (a)then y = a® for some integer k. But Im(B9) = Z,
so that there exists a positive integer i for which bd(i) = k. In particular, since
y=ak, Fi|y=Fi|ak, contradicting what has just been proved. O

We know that 8 € (@)~ if and only if B coincides on each finite subset F
of M with some a™, m =m(B, F). It is possible if (@)~ £ (a) to reduce the num-
ber of F’s that must be considered. Each x € M lies in a unique cycle a[x] of
the d.c.d. of a. Let m[x] be the length of a[x], finite by Theorem 1. Consider
those finite subsets F =1{a ,---,a 1 (norepetitions allowed) of M with the
property that there is at least one possible ordering 21y " Dt 41) of the
a;’s such that if » > 0 then m[ai(n+1)] | [m[ai(l)]’ cee, m[ai(n)]]‘ Call such F’s
a-good subsets of M.

Theorem 2. If o € Sym M, M infinite, if (@)™ £ (a), and if B € Sym M has
the property of coinciding on each a-good (finite) subset F of M with some a™,
m =m(B, F), then B € (a)~.

Proof. If 8 € (Sym M)\(a)~ the Jonsson result ([3], [4]) gives us a finitary
algebra A on M with Aut A =(a)”, an operation [ of rank » of A, and a set U
of n+ 1 elements a, € M, possibly with repetitions, such that (al, cee, an)/ =
a,, butthat (a8, .-, a B)f £ a, B If the set U has repetitions, discard
duplicates to obtain a finite subset F={b ,.--, by .1} of M with no repetitions.
E+l = %1t Since (ala’ T ana)/' = an+la’
m[an“] must divide the least common multiple r of all the mla.] where a, £

We lose no generality in taking b

@, (if there are any such i’s). But m[ble+l] = m[an“], and [m[bl], e, m[bk]]
=r. Hence F is an a-good subset of M.
If B were to coincide with some a™ on F then 8 would coincide with that

m
a™ on U. Hence (aIB, cee, “,,18)/= (ala”’, cee, ana”’)/ = (al’ cen, an)/a’" =
m
a
n+l1
contrapositive of the required result. O

= an“,B, ruled out in the preceding paragraph. We have established the

3. Representations. In this section we shall represent. G() faithfully as a
closed hull and as a factor group of a group of integral sequences. Again take
m, > 1, and let N be my <m, <e-.. Let V(T) be the set of all sequences € =
(tg, ¢, +++) of integers for which My (et t].) for all 7, j subject to
1 <i<j. Then V(M) is a subgroup of the group [1Z of all integral-valued se-
quences ©= (s, s;5+++). Let W(I) be the set of all G for which m; [ g+
et sz.), a subgroup of V(M. Let X(M) = v &)/W(M), an abelian group.

Theorem 3. G(M) and X(M) are isomorphic and can be represented faith-
fully as a closed hull ()~ £ (a) in Sym M.
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Proof. For {n,+ (m)} € GM) construct an integral sequence T = (z, ¢, )

. _ : i -
by setting ty == and, for i>1, t;=n, , —n. Then Zu il TP for all

integers i and j subjectto 1 <1 5 j. By construction, S € V(M). If we replace
each n, by an alternate representative n  + c m_ for integers c , we then have

S = (t(;, tll, -++) where t(; =t +c,m, and where, for i>1, t; _t +C My T
c,m.. Since the sequence (eymy, cymy —cym,+) e W), each @ € GM) de-
termines some ¥(8) = T + W) in X(M). It is clear that ¥ € Hom (G(M), X(T).
If 8= {ni + (ml.)} € ker ¥ then ty=cym, .and, for i>1,1,= Cin1Miv1 — €M
for appropriate integers c,. But ni1= 2;=0 t, forall nonnegatxve integers i,

so that = 8 =0, and ¥ is monic.

i+1 T Sia™igr .
For preassigned € + W(T) € X(M), define iy = ZLzo t, for all nonnegative

integers i. From the definition of V(I), m; 12 .t for all integers { and j
7+l u=i u

subject to 1 <i <. Since 27 sity=m,—n, wehave m . [(n,~n. )

+1 7’
Hence 8 ={n_ + (m )} € G(M), ‘I’(@) =T+ wl); ¥ is epic and is thus an 1somor-
phism from G(Wl) onto X(M).
Given M, construct a € MM as follows: First choose a countable (but not

necessarily proper) subset L of distinct elements X of M for positive integral

i and j. Let
X4l if X=X and 1 <j<my,
Xo= {4 x; if x = Xi m)y
x otherwise.

Then @ € Sym M, and the nontrivial cycles in its d.c.d. are the a,= (xil’ ey,
X, m(i))‘ Thus X() is faithfully represented by (@)~ # (a), and each L gives

a distinct representation. O

Corollary. If the set m, of M is a relatively prime set of integers then G(M)
is isomorphic to the direct product Tl Z(ml.j\.

The corollary shows that, even though @ is of infinite order in Sym M, (a)~
may have nonzero torsion elements. One could conjecture that the infinite order
of a would predispose each nontrivial primary component to have elements of

arbitrarily high order, but the facts are otherwise.
4. Torsion elements.

Theorem 4. If 8 =in + (m )} € GN) then 8 is a torsion element if and
only if the set of all m(m,, nl.)’l is bounded. In that case, the order of 8 is
the least common multiple of the distinct m{m, n)” L

Proof. If the order |&| of @ is finite then n;|8| = 0mod m, so that
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-1 = -1 ;| = eee, 1 = -1
nm, n)"1|8|=0mod mfm, n)~", i=1,2,..+. Since u,=nSm, n,)”" and
v, =mm, ni)'1 are coprime, each v, divides |8|. Hence the v, are bounded
and finite in number. Conversely, if the v, are bounded let their distinct values

be c,,+++,C ” and let ¢ = [cl, oo, cr]. Each v; equals some ity and n,c =

(1) for some integer e, , from which n.c = [mi, ni]el.. Since, however,
ml| m,, "i]’ n,c = Omod m; for i=1,2,---, and 8 is periodic with order di-
viding c.

Should |@| < ¢, there would have to exist some prime p dividing ¢ such that
exp, 18] < exp, ¢ = k. Since exp, ¢ = max; exp, c,, there will be some c; with
exp, ¢, = k. There must be some integer a for which j(a) =i, and 7, |8 | =g m,
for a suitable integer g . It follows that u, |8 = v,4, =9q,¢;  Since u, and v,

are coprime, p* |c, implies that p* |18, a contradiction. Hence |8|=c. O

Theorem 5. A necessary and sufficient condition that G(M) have a nontrivial

p-component is that 1 < l.u.b.iexpp m, where this last is finite.

Proof. Let k = l.u.b.,exp m. be finite and at least 1, and let exp, m; be
denoted by k,. Let u(1), u(2), - -+ be the distinct indices i for which k; = k.
This set U of u(¢t)’s may be finite or infinite, but U is nonempty since 1< k.
Ve write m, = pk(i)bi where (p, bl.) = 1. Select integers x, such that x, =0 if
i ¢ U but where Xy u(1) <P, and (p, xu(l)) =1.

If (1) is the sole member of U the selection of the xi’s is deemed to have been

is chosen subject to 0 <x

completed. If not, consider the set (finite or infinite) of simultaneous congruences
© *u(@iPuti) = *uti+1)butivry mod P

Since each (b]., p) =1, and since X,y has already been chosen, the system (C)
can be solved recursively (but not uniquely) for the x  .’s.

Let =, *pk’lx b, fori=1,2,-.-. Now n w(1) = Omod m (1) would imply
that plx w(1) contrary to choice. Thus, at least one n; # Omod m.. Forall i,
pn, = p xb,. If k, <k, x,=0 and pn, = 0. Since Muuy =P bu(t), one has
u(e) As a member of Nz@m,), 8 = in, + (mi)} has order p.

We now show that @ € G(M), so that this last has a nontrivial p-component.
1) If &, k <k then x,=0 =x; and 7, =O=n so that m, |(n -n) 2) If
k,<k= /a then m, ~p’°(’)(b b), andn -, —p k=1(x b, -xb)— -‘xb
Smce k; <k m, |(n —n) (3) If k; -k k then m. —pk(b b)whxle n, -
n; = pk- 1’xb —xb) From (C), kl(n —n) But (b] b)l(xb -xb), and
(p, b, b ) = 1 Agam y My m,|(n, — n]) and we have treated all the conceptually

bn (= Omod m

dlfferent cases. Thus & € G(), as required.
Conversely, if @ € G(M) with |8 | = p where @ = {n, + (m)} choose the n;
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subject to 0<n. <m. By hypothesis, m, | pn; i=1,2,-+-. Let the prime de-

composition of m; be pk(’) '(1) . q;(j). If n,#0, n, = pl(i)q-;(l) A

j
where ¢ =1 or where c is a ptoduct of one or more prime powers for a prime or
primes not in the set {p Gy veer 4, }. Since m; |pn we have k <l+1,and 1<

r, <s, for each t € j". Smcem>n,0<m-n—q’”)

qr(l)ple(z) I(P pw(z) s(1)=r(1) qJS(]) r(])c) where w(i) —l —k +1 >0, If
w(i) > 0, pk(’) | (m -n ) and pk(‘) | . ;» incompatible with 0 < n; < m, and m, lpni.
Ve have [, + 1= k

If n, ;éO—n then m; |n where 7, —pl(’)b (,b)=1 and m,
p""“(k‘(’) RGN (p b') = 1 Then mm(k k)<l =k, ~ 1, so that k <k,
this case. If m. and m. are both nonzero then n—n = pmin (D), 1) d, and

= pmin LD+ IG)+D) ! , giving p|d. No generahty is lost in assuming &, <
k., so that d = pl"k(')(n n]\ Since p|d, pk(’)l(n —n.). That is,
pi“)l(p’*(”-lbl._pkﬁ) 'h), from which p| (b, - pk0)= k(i)b].). If k; <k we
would have to conclude that p | h;, contrary to supposition. Thus &, = k]. when-
ever n; and n, are both nonzero. Let the common value of these ki’s be de-
noted by k, so that lLu.b.; k; =k, a finite value. Since 8 # 0 some 00y £0

whence li(0)+ 1= ki(O) = k. At once, k> 1.

Corollary. Each p-component of GM) is bounded.

Proof. If 8 =in, + (m)} € G(N) has order p”, then, by Theorem 4, p” =
[CI’ cee,C ] where the c;’s are the distinct values of the various v, =
m/(m , n ) Then p? =c., , for some t where c. i) = Vpe Letus write n, =
pl(t)nt: and m, = pk(t)
pmxn (k(t),l(t))(mt

j(t)

’
mt where P d1v1des neither 7, nor nt We have (mt, "z) =

) 7, ") = mtvt =mp~ b sothat b= k, - min (kt, lt). At once,
kt > h. Since, however, Theorem 5 gives k > kt where k = Lu.b., exp, m; we

have k& > bh.

5. Nonminimality. For an infinite set M, let C be the set of all subgroups
of Sym M of the form (@)™ # (a).

Lemma 3. If (a)~ € C then those members B of (a)™ with the property
that {B)" =(B) are precisely the torsion elements of (a)~.

Proof. Surely all the torsion elements 8 of (@)~ have the property that
(B) is closed since each of these generates a finite, hence closed, cyclic sub-
group. Conversely, suppose that 8 € (@)™ with () closed. Reference to the
proof of Theorem 1 shows that there are only two possible cases: (A) the cycles
in the d.c.d. of B have bounded lengths, or (B) 3 has at least one cycle of
infinite length. But elements with (A) are known to be torsion (see proof of

Theorem 1); and elements B with (B) cannot lie in any (@)™ # (a), since all
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the cycles in the d.c.d. of such a 3 are powers of the necessarily finite cycles
of the d.c.d. of a. O

Theorem 6. Let M be an infinite set, and let C = C(M) be the set of all sub-
groups of Sym M of the form (a)~™ £ (a). Then C has no minimal members.

Proof. Let p be some prime divisor of m; of M where G(l) represents
(@)™ # (@), as in Theorem 1, proof. Then a? € (a) and (a?)~ < (@)~. Since a
is no torsion element of Sym M, neither is a?. By Lemma 3, (a?)™ £ (a?) so
that (a?)™ € C. Since G(M) is a subdirect product of the Z(m,)’s where the
m.’s are the members of M, there exists some y € (a)~ for which the first com-
ponent 7, + (ml) of U(y) (see proof of Theorem 1 for notation) is 1 + (ml). Let

a, be a cycle of length m, in the d.c.d. of @, and let C, = set (@ ). If y were

1
to lie in (@)™ then C, |y =C, |a?®, Let ay=(ey»++x ). Then x, =x,y
since A(y) = (1 + (m,), *, %, «++). Hence x, = x,aP®, possible only if pk =1
modm, . Since p |m1 we have a contradiction, so that (a?)” is a proper sub-

group of (@)~ which also belongs to C. O
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