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A CHARACTERISTIC ZERO NON-NOETHERIAN FACTORIAL RING
OF DIMENSION THREE(!)

BY

JOHN DAVID

ABSTRACT. This paper shows the previously unknown existence of a fi-
nite dimensional non-Noetherian factorial ring in characteristic zero. The ex-
ample, called **J’’, contains a field of characteristic zero and is contained in
a pure transcendental extension of degree three of that field. [/ is seen to be
an ascending union of polynomial rings and degree functions are introduced on
each of the polynomial rings. These are the basic facts that enable it to be
seen that two extensions of J are Krull. One of these extensions is a simple
one and the other is a localization of / at a prime ideal P. In the case of the
latter extension, it is necessary to show that the intersection of the powers of
P is zero. As ] is the intersection of these two extensions, a theorem of Nagata
is all that is needed to show then that J is factorial. It is easily proved that

J is non-Noetherian once it is known to be factorial.

0. Notation and introduction.
(a) Notation. (i) k is any field of characteristic zero.
(ii) x, y, ag, o ,+++, @y, -~ are algebraically independent variables
over k.
(iii) s is the set map from Z* to Z* given by
s=2, s@=3, s@)=stz-2)..."sQs(1).n, n>3.

(iv) For N=2,3,..., I;\J is the following ideal in klx, Yy Qg A pyeeey aN]:

' s(2) s(3) s(4) ...
Iy= (xa1 -y, xay +aj ) - ag, xag 057 —ay, xa 03t - Ay, ,
s(i=1) s(N)
x0,_y Ty —a e xay v ag Y = ay o)

’{ = (xal - y).
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316 JOHN DAVID

For N=1, 2,+--, R0=k[x, Yy ao], RN=k[x, Vs ao"“’aN]/I;\l’

(v)For N=1, 2,+-- we define a map
}JN: k[x, Y, ao, al’ ceey aN] -’k(x: Yy, ao)
as follows:

bylklx, y, a ] = idk[x,y,ao]’ bylay) = y/x

For i=2,3,:-, hyla,))=(- blsv(i)(ai-l) + bN(ai-z»/x’ We now have the follow-
ing exact diagram:

0 — ker bN —_— k[x, Yy, ao, , aN] —N_; k(x, Y ;1,0)
/

\ /¢N
RN

and so we get the map ¢, = ;N’
(vi) For N=1, 2,..- define

]N=¢I;I(RN)’ ]_l=]0=k[x: Y a’o]’ ]= ]N.

L Cs

(b) The major result concerning |.

Theorem 9. | is a non-Noetherian factorial ring of dimension three in char-

acteristic zero.

General method of proof. We first show that ¢, is an isomorphism and ] is
a polynomial ring in three variables. We use this isomorphism freely to make the
calculations easier. We show that x is a prime element in ] and that =] N
J1/x]. Next we show J[1/x] is Krull; indeed it is a quotient ring of a polynomial
ring in three variables. We then complete the major task, to show that J x) is a
rank one discrete valuation ring. We accomplish this by proving N (x)! = (0). We

introduce degree functions on ], called

(N) (N) (N)

deg , degBN, degﬁN_ -
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Note that [, is a polynomial ring in three variables x, By, By_;- We look at
expansions of an arbitrary element @ of | in J, for N large enough and show that
if there exists N such that s(N + 1) > deg%\’) a then x(eg (1) goes not
divide a in J. Also we show that there does indeed exist such an N for each a of
], by looking again at expansions of & in J  for m sufficiently large, and noting
the rate of growth of s. Consequently we get N =0. It may be noted here
that characteristic zero is essential for these arguments.

That | is Krull follows immediately. That | is three dimensional and non-
Noetherian involves some simple combinatorial arguments.

Remark. The author wishes that | be called an ‘*Ericka ring’’, and that the
class of rings into which | logically falls be called the class of ‘‘Ericka rings”’.

This class is those rings, commutative domains with identity, derived by adding
some variables to a field ringwise and then ‘‘dividing out’’ infinitely often, as in

the case of J.

(c) Two theorems.

Theorem 1 (Nagata [1, p. 21]). Let A be a Krull ring, S a multiplicatively
closed set in A, 0'¢ S, generated by prime elements of A. Then if S~ 14 is fac-

torial, so is A.

Theorem 2 (Samuel [2, p. 28]). Let A be factorial, a, b € A with (a, b) = 1.
Let X be a variable over A. Then aX - b is prime in A[X].

1. The maps ¢, are coherent injections, x is prime in ], and ] is a three di-

mensional domain.

Lemma 1.1. X is prime in R, for all i.

Proof. It suffices to show that Q = (ai(z)- Qg a;(3) =gy, AN =N o)

is prime in k[ao, QApyeeey O“N—I]' We will show something stronger:

klag, «-«y o _11/0 = klay_ ]
in a natural way, and we will use induction on this.

kla, al]/(ai(z) - a,) is a domain, by Eisenstein, and thus

¢: Klay, a1/ — ag) — kla,]

induced by a, ai(z), a, P ag,

1
Assume ¢: klag, a , -, am]/(a-;&)_ ag, -, al (m+1) _ am_l)_.k[am]

and id, is an isomorphism.

m
induced by
=P s(isp+])
a b ab sl , 0<p<m-1,
b m =" =
and id,[, ] is an isomorphism. Then
m
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s(2) as(m+2) _
(N ]/( —Ovoa e m+1 am)

2 —_
g(l) (Bla.y o, am]/(aim —agy s af”(m+l) _ am-l))[am+l]/(a;(-t’~’zl+ ) am)

~ S‘(m +2) -
=~ ,, kla la . 1/(a —a )=V .5,
where the composition of the two isomorphisms is the map ¢':

1. .
¢ is natural, i.e.

(b+i+1) .
ql)(a)——l— S e ’ OSpSm—ly

¢'@)=0a_, ¢'@@ V=2 and ¢'|, =

m+1

By Eisenstein, V
k[am+ 1] induced by

is a domain. From dimension theory we have V ., = g,

a afn(:"l"‘z), a . a id

m+1 m+1? k*

Thus the composition of all these isomorphisms (1), (2), (3), gives us the natural

isomorphism to satisfy the induction assumption, and to prove the lemma.

Lemma 1.2. ¥ 1 - d[jf_Nl)+ Tny_,mRy_;y N22.
Proof. Suppose there exist b,, q € klx, y, 0’(.1\;. l)aN_l] such that as(_Nl)_
S -

=gx + hy(xa; —y)+eeot by_qxay_y+anys aN-s)' Since

a
N-2
s(N-1)>1, the ay_, term on the left cannot be cancelled and the equation is

impossible.

Proposition 1. Let B,=0a,, B, = y/ %, B, = (- BS(Z) + Bo)/%, B;=
(- B39 4 B,_,)/x fori>3. Then $p(@,) =B, and dy: Ry — Jy_1[By) is an
isomorphism and R is factorial of dimension 3. Thus it follows that the ¢y are

coberent in the sense that [ C ]y, and the following diagram commutes:

R——-——Oj

=

N-1

where R — Ry is the natural map.

N-1
Proof. By induction on N:
N = 0: Clear.
N=1: ¢,: klx, y, g, al]/(xal —y) > klx, y, ay, y/x]= ]O[Bl] is an isomor-
phism by Theorem 2.
Since klx, y, QAo» y/x] = ]0[,31] is clearly a polynomial ring in three variables,
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it is factorial of dimension 3. Thus R, is also.

Now we assume N >1 and that the proposition is true for N -~ 1. First we
show that ¢,: Ry — ]N-_I_[BN] is an isomorphism: We have ¢, _,:Ry_, —
Jn_ an isomorphism and ¢y _ ;2 Ry_, X1/Gxx + aS(N) Ay ) —

In- I[X]/(xX+ BS(N) Bn.,) is an isomorphism. Since Ry _, is assumed fac-
torial, by Theorem 2 and Lemmas 1.1 and 1.2, [: R [X]/(xX + as(N) ‘N_Z)—v
Ry is an isomorphism where

(@)=a, i<N, I,=id,
i 7 k
XN=x, y=y IX)=a

Thus the map & Ry — Ju_ [X]/(xX + BS(N) Bn.,) where €= gN—l o=l s
an isomorphism. Since by mducuon In_1 is factorialand &y _ 1t Ry_1 — In_y
is an isomorphism, from Lemmas 1.1, 1.2 and Theorem 2, we can conclude that

0: [y o1 (XX + BIUY = By _5) — Ty [By]

is an isomorphism where

=1 X =
cr|]N"1 id and YlX1=8,
Therefore ¢ =0°e Ry — ]N-l[ﬁN] is an isomorphism.
To complete Proposition 2, we must show that R, is a three dimensional

factorial ring. To show R, factorial, we observe that
¢: k[x: Y aoa sty aN] ‘—'k[x, aN-l’ O’N]

by (inductively)
Ploy_,) = xoy + aS(N)

¢,( ay_ K) _xl/l( K+2) +(/1(CLS(N K+2))

l'blle,[x,aN N ] _ld

is such that ker ¢y D ’II\I‘ So we get the following exact sequence

Y
RN —_ k[x, aN-l’ aN] —-*0.

As shown above, Ry is a domain; if we can now show it to have dimension less
than or equal to three, then ¥ will be an isomorphism and R, factorial of dimen-
sion 3.

By induction Ry = In_1 Byl =Ry IXV/(EX + a,j(_"’l) -ay_,)and Ry_,
is a three dimensional domain. Ry must be of dimension three, since all the R;

are affine rings. Hence R, is factorial of dimension three.
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Remark 1.1. ], is a polynomial ring in three variables. This follows from
the fact that ¢ is an isomorphism (Proposition 1).

Corollary 1.1. x is prime in J.

Proof. By Proposition 1 and Lemma 1.1, we have x prime in [ for all N
since ¢y (¥) = x. Thus x is prime in | = U In:

Corollary 1.2. | is a three dimensional domain.

Proof. Since ] C k(x, y, o), it is a domain. Now suppose there exists a
chain of prime ideals of length greater than 3 in ], say P, & Pi+1’ i=1,2,3,4.

Since for all N, J, is three dimensional, it must be false that Jy NP, o= Pl.“ﬂ
Jn» for all i and all N. By the *‘pigeon-hole” principle, there exists j such that

P]. NJy=P;, 1 N ]y infinitely often. This implies that P, =P ,, since | =

+1?
U]K and Jp C Jp,1p 2 contradiction.

Therefore dim J < 4. That dim ] = 3 follows from the proof of the next lemma
and the fact that klx, 1/x, y/x, a, /x] is three dimensional.

2. ] is factorial.
Lemma 2.1. J[1/x] is factorial.

Proof. We first calculate J,[1/x]:
T/ = s, y, g, Bs - oo Byl /4]
= klx, 1/, y/x, ay/x, (4/x)5D — (ay/x)x) - 1/x,
(/25D — (0, /D /2)P) — y/x) < 1/, -]

= klx, 1/x, y/x, ao/x].
Since this is a ring of quotients of a polynomial ring, a factorial ring, it too is
factorial. Thus since it is seen that Jy[1/x]= J,[1/x] for all N, M, J1/x] =
Jyl/x] for all N. Thus Jl1/x] is a factorial ring.
Remark 2.1. J[1/x] is Krull. This follows from Lemma 2.1.

Lemma 2.2. ] = Jl1/x] n J(xy (We are using Corollary 1.1.)

Proof. Since | is contained in both J[1/x] and J(xy We will show that Jit/x1n
JySJ- Let ae JU/xl 0],y write

a=r0+r1/x+---+rN/xN, r. €l

as a minimal expression in N. Assume N >1. Since a € ], there exists s € |

such that sae]andx*{'s. Since s(cch'1 --rOxN‘1 —rlxN'z- —rN_l)=

™ . s/x, Y, .s/x€].
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Since x is a prime not dividing s, x divides ry in ], and the expression for & is

not minimal—a contradiction. Hence the lemma.
Lemma 2.3. J(xy is @ rank one Dur.

Proof. The following equivalences hold: ], is rank 1 Dvr < ] ,is 1-dim
=NE)Y= '

Now we must show that [ 1(x)? = 0; this will be done in two parts:

Part 1. Let 0 #a€ J. Then there exists N such thata € J, and a =
Zci].kjriB{VBf;,_ ;- Since J_ is the polynomial ring klx, B,>B, 1) by Remark 1.1,
fora' €] :

(m) 4 (m)
deg' ™, degB d, K=m, m-1, are well defined

where deg(’:")a is the degree of a considered as

a polynomial in the variable x in J ; and

degﬁ o is the degree of a' considered as a poly-

nomial in the variable By in J , K=m, m - 1.

We shall show in this part that if s(N + 1) > deg fﬁljv) a, then

(N)
x(degx a)+l

’

does not divide a in J_, for all m > N. Now let ¢, = deg%\,) = deg%vN) L &

= deg( )a and assume s(N +1)>¢,. Simply, we must show that a expressed
as a polynomial in J , m > N, has a nonzero term d x m,B mB ; Where
d, #0€kand a, < tz—i.e., the sub deg,(‘”')a is less than or equal to 1.

Clearly x3*1 does not divide a in Jn- We have a as it appears in Jy,qt
N +1))&
a= 2 c, ’BN(xBN+1 + BS( +1)

_ Z c.. l+wBN+ /31+5(N+1)(k w)y

itk iTkw
O<w<k;i,j,k

where 0 # dijkw € k since k is of characteristic 0. There exist i, j, such that

€ ioviosts #0and j,>maxlj|3 ist. c it # 0} It is easy to see that (j,, t,) is the
unique element of the set {(j, k)| 37 s.t. i o #0andj+s(N+Dkis max1mum}
because s(N +1)>¢t,. Now if we express a as a polynomial in B in INg1 it

will look like

io+S(N+l)t2
a= By cho+ 1o O;ébo,/0€]N+l,

where deg(g”)/ < jo + s(N+1),and PEA hyin Jy . |- Therefore

xt3+1 ,fam ]N+l
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We now write o as it appears in [y, ,*

_ w4y w+s(N+2)( +S(N +1)(k=w)=-v)
& 0 Z “ije* N+2 B ! ¥ v dijlewv’
<w<k
Osvsj+s(N +1)(k=w)
where 0 £ d”kwv € k.
Clearly,
Chen (N + 2)(j, + sV + D)
de a=sWN+2); +s(N+ 1)
gBN-}l ]0 2
and
(N+2)(o+s(N +1)t2)
azBf\l+l+ 10 2 °b1+/17 Oiéblx f1€]N+2a
where .
(N +2)
deg Byt fi <s(N+2)(, +s(N + 1))
and
+l+ X
bl in ]N+2'
13+l .

Therefore x 4 ain Ing2e

In general, we see that, in Iner

A = C..
Oswigsi;sizo ijk
(*)  wsg,_((wy,eenw 1, S(N4l),eee s(N4r=1),j,k)
xi+2%=1w8 ,BN Be (wy,eee,w  s(N41),00,5(N 47),], k) ) )
+7 N+r- l]k.w‘»"'.w,’

(a) where for fixed j, &, 8,(0,2-+, 0, s(N+1),+--,s(N+71),7, R)>

g, @y -v, a, S(N+1),--+, s(N +7), j, k) if there exists ¢ such that @, > 0, and
()]
gr(0,°'°, 0, s(N+1),+++, s(N+7), jo» tz)

> max{g (0,+++, 0, s(N+ 1),-++, s(N +7), j, k)
s.t. either k# ¢, or j # j, and 3i s.t. Cijk’éO}

since s(N +1)>¢,. Putting (a) and (b) together we see that

o= BP(r) . 1_‘_/'-1’ 04b

N4r=1 r—1’ /r-—l 6-’Nq.r’
where
(N +7) .
deg a=g(0y+evy0, S(N+1),+ee,s(N+7), g, t,) = P(r),
BN 4r-1 T
(N +7) t,+1
3 .
deg By . /'r_1 < P(r), and «x *br-l in ]N+r'
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Thus x37" 1 ain INgr for all r.
This completes Part 1 of Lemma 2.3.
Remark 2.2. A bound on the value of g, can now be established: s(N +7)--
s(N + 2)()§1 +s(N + l)tz); this can be seen by using (a) and (b) in Part 1, above.
Part 2. Let 0 # a € ] such that a € ], and write

ok
o= Z cijkx’B;\J,BN_l.
We shall show that there exists m such that s(m) > deg(g'lia. Let 7> 0. We

will rewrite a in terms of BN+7’ BN” 1»and x in Jy . We note that a bound
N+
( i r_l,S(N+l),"',

for deg BN+
s(N+r- 1) ], k). This follows from (*¥) of Part 1. By Remark 2.2, we see that such

a bound is

a is bounded by a bound for g, _,(w,---, w

-— PRy d a + + .
S + S + egB eg]BN S

So if we let m = deg{f)a+ (degW) (@s(N+ 1)+ 1 and let

{m—N—l
r = sup

0
in the above, then s(N + 1)> deg(gh),a, if 7= 0as s(g)> q for all g, or s(m) =

s(N+r+1)> deg(g;:)ra= deg(';;i)l aif r £ 0.

This completes Part 2 of Lemma 2.3.

Putting both parts together, we see that if 0 £ a € ], there exists C such that
x¢ 4 ain Jy for all N. Thus a ¢ N (x) since | = UJp JpC Ip > and there-
fore n(x)i = 0. The proof of Lemma 2.3 is complete.

Proposition 2.1. ] is a Krull ring.
Proof. The proposition follows from Lemmas 2.2, 2.3 and Remark 2.1.
Proposition 2.2. ] is factorial.

Proof. By Corollary 1.1, S = {xX| K > 0} is a multiplicative system generated
by a prime element. From Lemma 2.1 we have S~ 1] factorial. So by Proposition

2.1 and Theorem 1, J is factorial.
3. J is non-Noetherian.
Lemma 3.1. Let n>1. Then x 'i’B
Proof. Suppose so. Since 8, - %8, ,, = BS('”'Z), by Corollary 1.1, x | B

n+l n+l
in J. Since f Bn+p+2 = BS("“’* Do > 0, we may deduce in a similar
fashion

n+d n+p+1
1 x|B,, in ] for m>n.
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We claim this implies x? | B, for all p in ], which is impossible in view of Lemma
2.3.
Let p > 0.

_ s(n42)
'Bn—xBn+2+ Bn+’ll+

= x(x,Bn+4 + BS("+4)) + (xB

s(n+3))s(n+2)
ﬂ+3 + Bn+2 )

n4+3

_ )2 s(n+6) s(n+5))s(n+4)
=x (xBn+6 + Bn+5 ) + x(xﬁw5 + Bn+4 )

F (B, s + BN 1 (1B, + BTSN srad)

In view of (1), this implies the claim.
Remark 3.1. Let s € J. We define the constant term of s to be that of its
representation in any [ it belongs to. This is well defined in view of the par-

ticular embedding of J in [ ;.

Lemma 3.2. Let s € | with nonzero constant term. Let n> 0. Then

S'Bn+1 e/(Bn’ﬁn—l' x)]r, r>n+ L

Proof. Induction on 7: Since (B, B,_1» ¥, 1 =B, ¥)], 1»and J ; is
a polynomial ring, the statement easily follows for r =n + 1.

Since (B,,, x)]n+2 = (B:i"l*z), )y and J ., isa polynomial ring, the
statement again follows for r=n + 2.

Suppose there exists 7 > n + 2 such that s,Bn+1 € (sz(:;'z), x)],. Then there

exist b, c € | suchthatsf | + bB:i"l‘*z) =cx. Thus B, (s + bBiinl"'z)'l)=cx.

s(nt42)-1
n+l *

Since ], is a polynomial ring in the variables x, B,_;» B,» and Bn+1 is a function

of those variables without constant term, this is impossible.

Since x is prime by Corollary 1.1, by Lemma 3.1 it must divide s + bf3

This concludes Lemma 3.2.

Proposition 3.1. Let S be a multiplicative system in | such that S "M =g
where M = (x, y, Qg Bl’ *c 'Bk’ +e<)]. Then S~ 1] is non-Noetherian.

Proof. Claim: S™!M is not finitely generated. Suppose it were. Then there
exists n such that a set of generators of S™'M lie in T Since M N I, <
&, B, Bn_l)s-l], it follows that S™'M = (x, B, Bn__l)s_l]. This says that there
exists s € § such that s,BMl € (x, Bn, Bn—l)]' Since S "M=g ,and | = U]m,
Jp €y s in view of Lemma 3.2 we have a contradiction.

This completes Proposition 3.1.



A CHARACTERISTIC ZERO NON-NOETHERIAN FACTORIAL RING 325

4, Conclusions.

Theorem 3. | is a three dimensional non-Noetherian factorial ring, in char-

acteristic zero.
Proof. This follows from Propositions 2.2 and 3.1 and Corollary 1.2.

Corollary 4.1. There exists a three dimensional non-Noetherian quasi-local

factorial ring in characteristic zero.

Proof. Let P = (ap, Bl,- .., Bk’ -++)]. Since J/P = klx] a domain, P is
prime. By the arguments of Proposition 3.1, P cannot be finitely generated, much
less be principal. Since P &G M, we deduce that M has height three. In view of
Theorem 3, and Proposition 3.1, (] \M)'I] is our example.
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