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CONSTRUCTING ISOTOPIES ON NONCOMPACT S-MANIFOLDSi1)
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ABSTRACT.    We consider the question "When are two homeomorphisms

of a noncompact 3-manifold onto itself isotopic?"   Roughly, the answer is when

they are homotopic to each other.   More precisely, this paper deals with the

question for irreducible 3-manifolds which either have an infinite hierarchy or

have such a hierarchy after the removal of a compact set.   Manifolds having the

first property are called end-irreducible; the others are called eventually end-

irreducible.   There are two results for each type of manifold depending on

whether the homotopy between the two homeomorphisms sends the boundary of

the manifold into itself or not.

0.   Introduction and acknowledgements.      We consider here the problem of

when two homeomorphisms of a noncompact 3-manifold are isotopic.   Waldhausen

[13] has answered this question for compact, irreducible 3-manifolds which admit

a hierarchy—roughly the answer is—when they are homotopic.   We prove noncompact

versions for manifolds which either have an "infinite hierarchy," or which have

such a hierarchy after removing a compact subset.   For the first class it will not

be necessary to assume the homotopy is proper.   For the second class of mani-

folds, in §3 we show it is essential that the homotopy respect the fact that the

manifold has a hierarchy only far out, i.e., it must be proper.

The proofs of these theorems are quite long.   §§1 and 2 and the main lemma

in §3 prove lemmas that are used in all of the results.   §3 contains the results

in the eventually end-irreducible case and §4 contains the results for end-irre-

ducible manifolds.   The reader might find it helpful to read a sketch of the proof

in [l8l-   Also the author has a preprint version with a fuller exposition.
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Lastly, I recognize my debt to the Radcliffe Institute for its financial support and

encouragement during the last two years and to the woman's liberation movement

for having motivated me to think deeply about what I wanted from life.   It is to my
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that this paper is dedicated.

1.   Preliminaries.   We adopt the following conventions regarding terminology.

By a manifold we will mean an orientable triangulable 3-manifold M.   A surface

in   dM  is just some subsurface of dM.   The results of Bing [3l and Moise [12]

show that triangulability assumptions are not a serious restriction.   Unless stated

otherwise our surfaces and manifolds are connected.   Also, unless stated to the

contrary, a surface  F  in a manifold M is properly embedded, i.e.,   F O dM C dF.

If X is a finite polyhedron in a manifold M (surface  E) we let  UiX) denote a

regular neighborhood of X  in  M   (in   F) in the sense of J. H. C. Whitehead [15].

Moreover, in general, choose a triangulation in which all subspaces, previously

mentioned in an argument, are subcomplexes; construct its second derived, and

take the closed star of the object in question.   In the presence of a product struc-

ture, we will sometirries require that  Lli ■ • ■ ) is in some sense compatible with

the product structure.   This will be indicated in the text.   We use  cl(X) to denote

the closure of X in   Y,   where  X is any subspace of a space   Y.   I will denote the

unit interval.

If X is a space, an isotopy of X is a homotopy  }: X x I —* X such that

/ : X —> X  defined by  J Ax) = fix, t) is a homeomorphism for each  Z  in  /.    When

we say "Let /   be an isotopy of a homeomorphism h ■ ■ ■ ",  we will mean that

/„=/>.    A homotopy  H: X x I —> X is rel a subspace  Y  of X  if Hiy, t) = Hiy, t')

for Z  and Z    in  /  and y  in   Y.    The same thing is meant by the phrases fixed on

Y  and constant on   Y.

Let  F  be a surface (properly embedded) in a manifold  M.   If we cut  M  along

F,   we obtain a manifold M.   (M  is not necessarily connected.)   We will also refer

to M as the space resulting from splitting  M along  F.   m has two copies Fx

and  F      of  F  on its boundary.   Denote by p: M —> M  the map which identifies

Ej  and  E2.

Let  E  be a surface in a manifold  M.    Since  E  and M  are orientable,  F

disconnects any regular neighborhood  UÍF).   A homeomorphism  A of M  such that

¿(F) = F  interchanges the sides of F if it maps points close to  F  in one com-

ponent of  UÍF) - F into points in the other component.

As mentioned in the introduction the isotopy results are proved for irredu-

cible manifolds. 'Such manifolds can be dealt with nicely by using incompressible

surfaces.   We now define these terms and state some properties (without proof)

that will be constantly used.   We follow Waldhausen [l3l for the definitions and
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properties, but extend them to include noncompact surfaces and manifolds.

A system of surfaces in  M  consists of finitely many pairwise disjoint sur-

faces in  M.    Let  F  be a system of compact surfaces in   M.    F is incompressible

in  M  if both of the following conditions hold.

(1) If A  is a disc  M with  A n F = <9A,  then  dA  bounds a disc in   F.

(2) There does not exist a ball   B  in  M  such that  B n F = dB.

It is known that a system of compact surfaces is incompressible in  M if and

only if each component is incompressible in M.    Also, if  F  is a surface in  M

different  from   the   2-sphere,    F   is   incompressible  in   AI    if  and  only  if

ker(77.(F)     >nxÍM)) =0.   If F is a boundary component of a manifold M, F is incompres-

sible if in addition to (1) and (2),  F is not a plane.   M is boundary-irreducible if dM

is incompressible.   A manifold  M  is irreducible if every 2-sphere bounds a ball

in  M.

Let  M  be a manifold and  F  a system of incompressible compact surfaces

in  M.    Let  UÍF) be a regular neighborhood of  F.    Then

(a) cl (M - UÍF)) is irreducible if and only if  M  is.

(b) ketin xiM ') —> 77. (Al)) = 0  for each component M ' of cl (Al - (7(F)).

Suppose  Al  is an irreducible manifold which is either compact with nonempty

boundary or noncompact.   Then  AI  is asphetical, i.e.,   nXm) = 0  for /' > 2.

We will also need the notion of parallel surfaces.   First, suppose   F  and  G

are compact surfaces in  Al.    By an ambient isotopy of M carrying  F  onto  G, we

mean an isotopy  ] : M x I —► zM  of the identity to a homeomotphism  / .   such that

] Af) = G.   Now suppose   F  and  G  are compact surfaces in  Al  or <3A1.    F  is

parallel to G  if and only if there is an embedding e: F x I —> M  such that  F =

e(F x O)  and  G = ciclidiF x l) - F x 0)).   Notice that if  F  is parallel to   G,   then

G is parallel to   F.    Also, if  F  and  G ate parallel and both are in  A1,   then they

are isotopic by an isotopy which is constant on  dAI.

The first proposition permits us to isotope the homeomorphism on new sur-

faces of a hierarchy without changing the map where it has already been isotoped

to the identity.

Proposition 1.1.   L<?Z  M  be an irreducible manifold.    Let  C  be a compact

irreducible manifold contained in  M  and suppose   F  is a system of compact in-

compressible surfaces in  C.    Let  G  be a closed incompressible surface in  C

so that  G Ci F = 0-

Further, let  h  be a homeomorphism of Al,   such that

(1) bF. = F . and h does not interchange the sides of F .

(2) h  is homotopic to the identity by a homotopy  H  such that  HÍG x /) C C.

(3) biG) is incompressible in  C.

Then there is an ambient isotopy of  C  which is fixed on   F U dC  carrying   biG)

onto  G.
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Proof.   This proof is quite similar to one by Waldhausen [13, Corollary 5.5].

Put hiG) in general position with respect to  G by an isotopy which is fixed on

F U dC,   and change  h  and  H  according to this isotopy.   Now  G intersects  hiG)

transversally and G O hiG) consists of pairwise disjoint simple closed curves.

The rest of the proof exhibits a set of "nice"  isotopies of C which first

move hiG) completely off  G.   We will show at that point that hiG) is in fact

parallel to G and our conclusion follows.

We apply Proposition 5.4 in [13] to obtain "pieces,"   (j  and hG,   of G  and

hiG) respectively, and an embedding /: (ï x / —* C  such that /(Sx  0) = hG C

hiG), f(cl(d(à x I) - £ x \0\))= & C G.   Moreover G O hG = dhG and either hG n

G * dG  or both  G and hG are discs.

If G and hG are both discs, then denote by  B  the ball /(ox /)•   One can

show that each component of  F lies entirely outside this ball.   Hence each com-

ponent of  F  is contained in the complement of  B.    If F.   is a component without

boundary, the incompressibility of F.  guarantees that it, too, lies outside of B.

Thus we can push  hG out across  G  by an ambient isotopy of C  which is

fixed outside a small regular neighborhood of  B.    This isotopy reduces the num-

ber of intersection curves of hG and G.

We now take up a pair (G, hG) with G n hG = d(hG) and hG O G = <3g  and

such that  G /= G.   Denote by  D  the set /(G x /)•   By tl3, Corollary 3.2] we see

that any closed component F.  of F  must lie outside of D.   The same argument,

used when  G  is a disc, shows that each  F.  with nonvacuous boundary lies out-

side of D,   too.   Therefore, there is an isotopic deformation of hG  fixed on

clihG - hG) and on   F U C  which takes hG onto  G.   Now push off hG  slightly

to the other side of  G.    Again we have reduced the number of intersection curves

of G O hG.    Since the number is finite this procedure terminates with G O hG =

0.   We-get /(fj x iOl) = G  and consequently  hG = hiG).   Recalling that / is an

embedding,  /(& x /) = D  is a manifold in  C bounded by  G U hG.   If  F. is a

component of F  with nonvacuous boundary, then   F    lies outside of D since

F n dD = F n (G U hiG)) =0-   If  F .  is closed and is contained in  D,   then by

[13, Corollary 3-2]  F.  is parallel to  G.

This cannot occur, for if p is a simple arc in the region bounded by  G and

F.  with an endpoint on each of G  and F -,  then  hp has its endpoints on each

of hiG) and  F..   But  h does not interchange  the   sides of  P..

We have shown that all components of F  lie outside of  D.   This completes

the proof.

2.   Homotoping H  to projection onto a surface.   In order to isotope h to the

identity we will use certain theorems that say roughly, "If the homotopy  H has

certain properties, then we can isotope h  to a "nicer map."    '   In particular, we
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will see that if the restriction of H to a surface  F  is projection onto  F,  then we will

be able to construct isotopies which are fixed on  E.

A homotopy  H: X x I —>X is called projection onto X or projection onto the

first factor if Hix, s) = x  for every x in  X  and s  in  /.

In the first part of this section we answer the question:  If h is the identity

on dM,   when and how can we homotope  H  so that H \dM x I is projection onto

dM?   (Cf. Propositions 2.1, and 2.2.)

The second and third parts prepare the way for surfaces in  M;   Part 2 for

closed surfaces  F  and Part 3 for surfaces with nonvacuous boundary.

Part 1.  F   is a boundary component.   If X  and   Y  are spaces and f: X —> Y

is a map we say / is a proper map if for every compact subset  C of  Y, f~   (C)

is compact in  X.    Given a homotopy  H: X x I —* Y,   for each  Z  in  /  we define

the map H: X —> Y by  H((x) = Hix, t).   H  is a proper homotopy means that H

is a proper map not just that  H    is proper for each  Z.

Proposition 2.1.   Let  F  be a surface with vacuous boundary, different from

a plane, an open annulus or a torus.    Let H: F x I —> F  be a homotopy with

HQ = H x= identity.    Then there is a homotopy  K: F x I x / —* F rel F x dl of H

to projection onto  F.    If H  is a proper map, then   K may be chosen to be proper.

Before proving Proposition 2.1 let us discuss the three excluded cases.   We

wish to define the homotopy   K: F x I x 1 —» F of H to projection onto  F.   K must

be fixed on  F x dl.   Thus  K is already given on   (F x / x iOi) U (F x / x Í1 !) U

(F x dl x /).   Therefore if x  is in  F,  K is defined on  di\x\ x I x /)■   We can ex-

tend  K to all of \x\ x I x I only if the loop  K \ di\x\ x I x I) is not null homotopic.

If  F  is an open annulus or a torus, it may happen that  K \ di\x\ x 1 x I) is not

null homotopic.   For example if  F  is an open annulus and À is a simple closed

curve representing the generator of 77.(F), then  H could be rotation of the an-

nulus 72  times around in the direction of A-   Similarly for the torus.   For the plane,

K would exist for a similar rotation but could not be chosen proper.   For these

spaces we have the weaker Proposition 2.2 which first "undoes" the rotation by

an isotopy which goes  72  times around in the opposite direction.   Precisely, we

get

Proposition 2.2.   Let  F  be a plane, a torus, or an open annulus.    Let H:

F x I —> F  be a homotopy (proper homotopy) such that HQ = H , = identity.   Then

there is an isotopy  ] : F x I —> F  of the identity to itself so that "H  followed

by J"  is homotopic (proper homotopic) rel F x dl to projection onto F.

Lemmas 2.3 and 2.4 prove Proposition 2.1 fot closed surfaces.

Lemma 2.3.   LeZ  F  be a closed surface different from a torus and H: F x 1
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—• E  be a homotopy of the identity to itself.    Then for any x  in   F,   the loop

H | \x\ x I is null homotopic.

Proof.   Let   a be in  ttAF, x).   Let / represent   a.   Denote by  y  the homotopy

class of H | U| x /.    Define  g: I x / —> F by gis, t) = H if is), t) for s  and  Z  in  /.

The homotopy class of the loop g \ dil x I) is the identity of 77,(F, x).   But

[g\dilx l)] = aya-1y-A

Hence 1 = [g | (dl x /)] = aya- y-1. But a was arbittary. Therefore a lies

in the center of n xiF, x). Since F is not a torus, the center of n.ip, x) is triv-

ial.   Thus  H | \x\ x I is null homotopic.

Lemma 2.4.    LeZ  F  be a closed surface and let H: F x I —> F  be a homotopy

of the identity to itself.   If there is a point xQ  in  F such that the loop H\\xA

x /  is null homotopic then  H  is homotopic  rel F x dl. to projection onto  F.

Proof. Let À be a simple closed curve containing x . Assume À is not

trivial if F is not a 2-sphere. In the case of the 2-sphere the proof is Step 1

followed by Step 4.

Step 1.   We assert that there is a homotopy   K of H rel F x dl to a map  K

such that   K A X x /  is projection onto  À.   As we define   K we will show whete

we may choose the range of  K.    Although this is not necessary when  F  is com-

pact, we will need this kind of information when we consider the noncompact

case.

Let  UÍX) be a regular neighborhood of X.   We begin by defining   K on

(F x dix 1) u(F x ixfOj) U (Xx 1 x\l\) U (clip - U(X)x Ix l).

For any  s  and I  in  /,   let

K(x, s, 0)

K(x, 0, t)

K(x, s, 1)

K(x, s, t)

We show now that we can define   K on  X x I x 1.   K is already defined on the

loop d(x„ x / x /)•   Since H \ xQ x I is null homotopic the loop  K \ dixQ x I x /)

is null homotopic.   Thus we can extend  K to all of Uni x I x I.   The complement

of x    x / x /  in  X x I x I  is an open 3-cell.   We can extend  K over the rest of

UÍX) x I x I by using the homotopy extension theorem.

Step 2. We start afresh; now assume that H is' given so that H \ X x I is

projection onto A- We can homotope H to a map which is projection onto the

first factor in a chosen regular neighborhood  U \X). (Omit this step for the 2-sphere.)

H (x, s) for x  in  F,

Kix, 1, t) - x     fot x  in  F,

x for  x  in À,

Hix, s) foi x  in cl(F- UiX)).
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Applications of the homotopy extension theorem and simple obstruction theory

arguments will produce a homotopy   K of H to the desired map.   One can insure

that K(U '(A) xIxl)CHiU '(A) x /).

Step 3-   (Omit for the 2-sphere.)   Let  P be a collection of properly embedded

disjoint arcs in  cl (F - UÍX)) so that  F - [cl (F - (7(A)) U \p\ p is in   P\] is an

open disc.   We assume  H \ UÍX) x 1 is projection onto  UÍX) and construct a homo-

topy  K rel F x dl of H  to a map  Kx  so that  Kx \ UÍX) U \p \ p £ P\ is projection

onto the first factor.   Again the argument is simple and again we can choose   K

so that  Kip x I x 1) C Hip x /).

Step A.   We now assume  H  is projection onto the first factor on A = UÍX) U

{pipe P\.   cl (F - A) is a disc with some boundary points identified.   We define

a homotopy   K ': A x / x / —> W(A x /) rel cHA x /) of H  to projection onto A  sub-

ject to the appropriate restrictions.

The homotopy K: F x I x I defined by K \ A x I = H and K | A x / = K ' is

a homotopy rel F x dl of H to projection onto F. This completes the proof of

(2.4).

The preceding two lemmas prove (2.1) for closed surfaces.

Lemmas 2.6 and 2.7 prove Proposition 2.1 for the noncompact case.   We will

need the following version of the homotopy extension theorem, which is implied

by the usual proof.

(2.5)    Lez  X and  Y  be complexes and let X    be a subcomplex of X.   Sup-

pose  K'  is a proper map of X x \0\ U X    x /  into  Y.    Then there is a proper map

K: X x 1 —► Y extending   K .    Furthermore   K can he chosen so that  K(X x I) =

K'iX x lOi u X ' x /)-

Let X be a noncompact complex.   A collection  \X.\  fot i  an integer is an

exhausting sequence for X if

(1) X.  is compact for each  z.

(2) X. C X°  ,   for each   i.

(3) (j~i K=X.
If X  is a surface or a manifold there exists an exhausting sequence for X

such that

(1   )   X .  is a compact connected manifold (surface) for each z.

(2 ')   Each component of X - X.  is unbounded for each  i.    We get such an

exhausting sequence by first taking regular neighborhoods of each  X.   oí some

arbitrary exhausting sequence.   Now each  X.   is a manifold (surface) —   though

not necessarily connected.   Let  X x  be any component of X y   Let  X.  be the

component of X .' containing X¿_ ,.   The reader can check that  (XT is an ex-

hausting sequence satisfying (l ');  we add all bounded components of X - X¿  to

X..   One can show this new set is still compact.
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If  H: X x I —> X is any homotopy, by choosing subsequences of  X.  we may

insure

(3')//(X. x /)CX° ,.
I z + l

If H: X x I —► X  is a proper homotopy, then again by choosing subsequences

we get

(4'a)   H(dX.x /)C X°+1-X._r

(4'b)   H~l(X.)CX.   , x /.
z z + l

The statements of Lemmas 2.6 and  2.7 refer to exhausting sequences sat-

isfying (1   ), (2  ), (3  ), and (4 ) where applicable.

Lemma 2.6.   Let F be a noncompact surface without boundary and assume

F  is neither a plane nor an open annulus.    Let  H: F x I —» F  be a homotopy of

the identity to itself and let \F \ be an exhausting sequence as given above.

Moreover, suppose  F.   is not a disc or an annulus.    Then for each  i and for each

boundary component  X of F   and each point x on  X,   the loop H\\x\ x I is null

homotopic in  HÍX x /)•

Proof.   This proof borrows ideas from Epstein's paper [6].   We remark first

that we can apply results from [6, pp. 91—92] to  77.(//(A x /), x) by noting that

HÍX x l) is a strong deformation retract of a regular neighborhood of //(A x /).

Let A be a boundary component of F. and let x belong to A.   Let H \ \x\ x I

represent y in 77. (//(A x /), x).   As in Lemma 2.3 define g. : I x I —* //(A x /) by

g As, t) = HiXis), t).   As in 2.3 again,  g | dil x l) represents  [A]y[A]     y~ 1   in

n,ÍHÍX x l), x), so [A] and y lie in the same cyclic subgroup of nAHiX x /), x).

We conclude  y = [A]"  for some nonnegative integer and show now that 72 = 0, i.e.,

H I ixi x / is null homotopic.

If  F.  has more than one boundary component let ß be an element of nA.F., x)

represented by a simple closed curve  p which is homotopic to another boundary

curve of F ..   If F. has only one boundary component let ß  be a generator of

n,ÍF., x) represented by a meridianal simple closed curve p.   Using the function

g    we get that  y = [p\m  in  nxÍHÍp x /), x).   Using the natural maps nAjdiA x /), x)

—* n,ÍF■  ,, x) and n,ÍHÍA x /), x) —• n,ÍF .   ,, x) we have that, in  77,(F .   ., x),
1    z+I 1 1     z + l ' 1     z + l

y = [p]m  and y = [A]".   But t7.(F., x) —» n xiF .   ,, x) is a monomorphism by (2  )

and hence y = [A]" = [p]m holds in  tt^F^ x).   But  [A]" = [tt]m  only if n = m = 0.

Lemma 2.7.   Let  F  be a noncompact surface without boundary.    Let H: F x

I —> F  be a homotopy of the identity to itself and let \F \ be an exhausting se-

quence satisfying (1 ') — (3 ') above.   If for each i and every component X of F.,

there is a point x  in X so that the loop H \ \x\ x I  is null homotopic, then  H  is

homotopic rel F x dl to projection onto F.
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If H: F x I —> F is a proper homotopy assume \F .}  satisfies (1 ') - (A').

Suppose there is a function ?z(z),  such that n(i) < i and that nii) —> °° as  z' —» ■»,

so that for each boundary component A of  F.  there is a point x in  A such that

the loop H | \x\ x I is null homotopic in  F - Pn(i).   Then  H is proper homotopic

to projection onto  F.

Proof. We follow the proof of Lemma 2.4 making the necessary modifications

for the fact F is noncompact. We construct the homotopy K: F x I x I —> F oí H

to projection onto  F.

Step 1.   Let  H  be the homotopy (proper homotopy) given in the hypotheses.

There is a homotopy (proper homotopy)  K: F x / x / —► F  rel F x dl of H to a map

K,   so that  K. | A x / is projection onto A for each boundary loop of each  F ..

Denote the collection of all boundary loops by  Q.   Let |l/(A)| X £Q\  be a

collection of pairwise disjoint neighborhoods.   We first define  K on    [(F x dl x /)]

u[(Fx/xloDl u[(cl(F- U \UiX)\ X £Q\)xIxl] U [(ÍA | A £Q\xIx\l\)}.   For

s  and Z in  /,   define

Kix, s, 0) = Hix, s) for x in F,

Kix, 0, z) = Kix,  1, t) = x for x in F,

Kix,s,l) = x for x in (Ji^ e ö!>

K (x, s, t)= H ix, s) for x in cl (F - (J i U (X)\X £ Q\).

Repeat the argument given in Step 1 of (2.4) for each  A in  Q.   This defines the

desired  K,   if we do not assume   H  is proper.   If H  is proper, we want  K to be

proper.   To see that we can guarantee this we note that for each  A of F.,  there

is an x in  A such that  H \\x\ x I is null homotopic in   F - F   ....   Recalling that

the loop  K \ di\x\ x I x i) is homotopic to  H \\x\ x I we can extend  K to  jx| x /

x /  such that  Ki\x\ x / x /) C F - F  ....   To extend  K over X x 1 x 1,   the reader

can check that the obstruction lies in  zt  ((F - F  , ..) U //(A x /)), which is trivial.

Hence we can extend  K over A x / x / so that KÍX x I x /) C (F - Fn  A u HÍX x /)•

Now using (2.5), the proper homotopy extension theorem,   K  can be extended over

UiX) x / x /  so that  KÍUÍX) x I x l) C (F - Fn,{)) U ÍHÍUÍX) x /)).   It is easily seen

that K is a proper map.

We carry out Steps 2, 3 and 4 as in the proof of Lemma 2.4 making the ap-

propriate changes for noncompactness.

Part 2.   Closed surfaces.

Proposition 2.8.   LeZ  C be a compact irreducible manifold with nonvacuous

boundary.    Let  F  be a closed incompressible surface in C.   Assume that if F

separates  C,   then  F separates dC.    Let h: F —> C  be a homeomorphism of F

onto itself and let H: F x / — C be a homotopy of h  to the inclusion function.

Then there is a homotopy of H tel F x dl to a map of F x I  into  F.
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Proof.   Let  UÍF x dl) be  F x ([O, e] U [l - e, l]) for some c < Vi.   Identify

points in a regular neighborhood  UÍF) in  C with  F x [ - e, e] so that x  in  F

corresponds to  (x, 0).   There is a homotopy  H    which is homotopic rel F x dl

to H and has the property that H '"   (F) C\ U '(F x dl) = F x dl where  U '(F x dl) =

F x ([O, r] U [l — t, i])-   Since it suffices to show that  H     is homotopic  rel F x

dl to a map of  F x / into  F,   we will denote  E    by  H  and start anew.

Applying the proposition on p. 60 of L13], we can homotope

H | cl (F x / - U'iF x dl)) rel d[cl (P X I - I/'(F x (9/))]

to a map (which we will continue to denote by   H) which is transverse with respect

to  F and so that  H~ Hf) n cl (F x / - ÍJ'(F x /)) = F, U • ■ • U F     where   F.
1 777 J

is  a  system  of incompressible  surfaces  in   F x /.    We may regard  this

homotopy  as  a homotopy  of   H   rel U '(F - dl)   so that  afterwards   E-HE) n

F x / = Fj U • ■ • U Fm U F x dl.    Each   F.  is  closed  and  is parallel  to

F x 0.    By  a  commutative diagram   (H\F.)^  is  an  isomorphism.    Therefore

by   [13,  Lemma 1.4.3],   H | F.   is  homotopic  to  a homeomorphism.    Let

LKU^ljfO denote a regular neighborhood of Lf™ |F..   Using the homotopy given

above on each side of the regular neighborhood around  E .  and connecting up to

a homotopy which is essentially our original one on  cl (E - UiiJ™   F.)) we can

homotope  H rel F x dl to a map which we still call  H  so that H \ F. is a homeo-

morphism for each i.   Moreover, it is still the case that H~   (p) = F x dl UF, U

••• UF .
77Z

Any two components of  F X dl U F, U • • •  UF     bound a domain homeomorphic

to  F x I.   We will denote such a domain by   F x /    where /    is some subinterval

of /.    Assume we have numbered the  E.  so that no  F.  lies in the region bounded

by  F. U F.   ,.   Let  C be the manifold (not necessarily connected) obtained from

C  by splitting along F.    For each region bounded by  F . u F.   .,  there is a lift-

ing of E | F x / ' —» C to a map H\F x 1 ' : F x I ' —>C.

Case 1.   Assume  C  is boundary irreducible.

We have ker(E | F x /  ) = 0.   Furthermore because  F  separates  dC whenever

F  separates  C,   the component of C  containing  (H \ F x I  )(F x /') has more

boundary components than just  p~   (F).   Hence using [13, p. 67] H \ F x / '   cannot

be homotopic to a covering.   Therefore each  H \ F x 1    is homotopic  rel F x dl '

to a map into  d(c).   It follows that each  H \ F x I ' is homotopic  rel F x dl' to a

map into  F  and hence  H is homotopic  rel F x dl  to a map into  E.

Case 2.   C and hence  C  does not have irreducible boundary.

There is a system  [A.j  of properly imbedded discs in  C so that

cl(c"- E(U A.)) is boundary irreducible and so that H: F x I —> C is homotopic

rel F x dl to a map into  p(cl(c - i_/(U-A.)).   We are now reduced to the previous

case.

Note to Proposition 2.8.   Acutally it was unnecessary to assume  F is in  C.



CONSTRUCTING ISOTOPIES ON NONCOMPACT 3-MANIFOLDS 247

We could have assumed that  F  was a component of dC  such that  F /■ dC.   We

will use this later.

Lemma 2.9.   Let  F  be a closed surface different from a 2-sphere.    Let H:

F x 1 —> F be a homotopy of a homeomorphism h  to the identity.    Then H  is

homotopic rel F x dl to an isotopy.

Proof.   Define g: F x I —> F x I  by  gix, t) = (H(x, z), z).   Since g | F x 0 and

g | F x US  are homeomorphisms, by [13, p. 67] there is a homotopy rel F x dl of

g  to a homeomorphism.   Applying [13, p. 69] this last homeomorphism is homotopic

rel F x dl to a level-preserving homeomorphism.   Compose these homotopies with

projection onto the first factor to conclude the proof.

Some of the main results use invariants of proper homotopy type. We make

use of the space of ends in the next lemma so we introduce it here. For a more

complete exposition see [4]-

Let  X  be a locally-finite complex.   Proper maps  b, b ': [0, °°) —* X are said

to determine the same end of X provided for C compact and  Z  sufficiently large,

bit) and b  it) are in the same component of X - C.    This is an equivalence re-

lation and we call the equivalence class of  b an end of X.   The set of ends is

denoted by  2n(X).

If /: X —> Y is a proper map, then / induces (by composition) a map eA[)'-

nAX) —► ttAy).   If / and g  are proper homotopic then RQif) = En^g)-

Lemma 2.10.   Suppose  M  is a noncompact irreducible manifold and G  is any

closed surface in  M different from the 2-sphere.    Let  H: M x / —> Al  be a proper

homotopy of a homeomorphism  h  to the identity such that  HÍG x I) is contained

in  G.    iln particular hiG) = G.)   Then  h does not interchange the sides of G-

Proof.   If Al - G is connected, let  A be a closed cutve which intersects  G

transversally in one point.   If h  interchanges the sides of G,   then  h  will change

the intersection number of G  with  A  which contradicts the fact that  h  is homo-

topic to the identity.

Suppose  G  separates  M.    Then  M - G = A u B.    Assume  B  is unbounded.

If  A   is bounded, clearly  I.Aa) = A.   If A   is unbounded, we argue as follows.

Since  h  is proper homotopic to the identity,   nAh) is the identity and hence maps

ends of A  to themselves.   Again ¿(A) = A.    Thus in either case h does not in-

terchange the sides of G.

Part 3.   Compact surfaces.   The next three lemmas are  imbedded in proofs

from [13]-

Lemma 2.11.    Let  Al  be an irreducible manifold and H: M x / —» M  be a homo-

topy of a homeomorphism h  to the identity.   Suppose  H\dMx 1  is projection on-

to dM.
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Let F be a system of compact surfaces in M which are properly imbedded

and incompressible in some compact irreducible submanifold C of M. For each

component  F.  of F assume hip ■) = F..

Suppose  G is a compact surface with nonvacuous boundary in  M such that

G  is properly imbedded and incompressible in  C.   Assume also that  G O F = 0.

Suppose  HÍG x I) is contained in C.

Then there is a homotopy of H \  G x I tel 'diG x /) to -a map of G x I into

C - UÍF), where   UÍF) is some chosen regular neighborhood of F.

Lemma 2.12.   Let  G  be a compact incompressible surface with nonvacuous

boundary in an irreducible manifold C.    Let  h  be a homeomorphism of G onto it-

self and let H: G x I —» C be a map with H   = h, H x = inclusion and H\dG x I =

projection onto  G.    Then there is a homotopy of H rel ¿KG x /) to a map which

takes  G x I into G.

Lemma 2.13. Let G be a compact surface with nonvacuous boundary. Let

H: G x I —» G be a homotopy rel dG of the identity to itself. Then H is homo-

topic rel diG x ¡) to projection onto G.

Lemma 2.14.   Let M be an irreducible manifold and F a compact surface in

M with or without boundary.   Suppose   UÍF) and U '(F) are regular neighborhoods

of F  in M with  U '(f) contained in the interior of UÍF).   Let H: M x I —» M be

a homotopy of a homeomorphism  h  to the identity.   Suppose h | U  (F) is the iden-

tity,   H \ F x I   is projection onto  F,  and H \ dM x I  is projection onto dM.    Then

there is a homotopy K: M x I x 1 — M of H rel diM x l) U (F U c1(A1 - UÍF))) x I

to a homotopy  H ' such that  H  \ U '(F) x /  is projection onto  U  (F).

Proof. By setting up the desired end result and using the homotopy exten-

sion theorem one can produce the homotopy one needs.

3.   The Main Lemma and the isotopy result for eventually end-irreducible

manifolds.   The isotopy results we have proved are for noncompact irreducible

manifolds which are either end-irreducible or eventually end-irreducible.   As

mentioned in the introduction, end-irreducible is a condition on ends playing a

role similar to the condition of incompressible for boundary components.   By re-

moving some boundary components of compact manifolds with irreducible bound-

ary,  one  gets  many examples of end-irreducible manifolds.   Nontrivial examples

will be constructed later in this section.

Since the definition of end-irreducible involves defining the new proper fun-

damental groups of E. M. Brown and since we use only the facts given in (3.1)

below about end-irreducible manifolds the reader is referred to [4] and [5] for

definitions.

Let X be a subcomplex of  Y.   So as to avoid confusion we (in the case   Y
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is a manifold) use the word frontier of X  to mean cl(X) - X,  and we write Fr(X).

If C is a compact submanifold of a manifold  Al  we say  C is frontier-incompres-

sible if each component to  Fr(C) is an incompressible surface in  M.

(3.1) L5, to appear].   Lez  M  be an end-irreducible manifold.   There exists an

exhausting sequence  \C  \ for M such that

(1) C     is a compact submanifold of M.

(2) Fr(C^)  is a system of properly imbedded surfaces in M meeting no com-

pact component of dM.

(3) Fr(C   )  is incompressible in  M.

(A)   C     is connected,
n

(5)   All components of M - C    are unbounded.

Finally for the notion of a hierarchy for an irreducible compact manifold  D,

we follow Waldhausen in Ll3l-   Notice that (3) of (3.1) and the fact that any com-

pact irreducible manifold with nonvacuous  boundary  has a hierarchy gives us an

infinite hierarchy for an irreducible and end-irreducible manifold.

In the proofs presented in the next two sections, a key theorem is

(3.2) [13, p. 76]. LeZ C be a compact irreducible manifold. Let F and G

be incompressible surfaces in C. Suppose there is a homotopy carrying F onto

G which is constant on dF. Then there is an ambient isotopy of C carrying F

onto  G which is constant on  dC.

Main Lemma.    This proposition forms the heart of the proofs of all the isotopy

results which follow.   It allows us to teduce the proofs to Alexander's theorem by

showing that one can isotope  h  to the identity on part of a hierarchy without

changing the homeomorphism where it has already been isotoped to the identity.

Proposition 3.3. Let M be a noncompact irreducible manifold and C be a

compact submanifold of M. Let D be a compact irreducible manifold in M — C

such that  FriUiD)) is a system of incompressible surfaces in  M - C.

Suppose  H: M x I —» M  is a homotopy of a homeomorphism h  to the identity.

Assume  H restricted to dM x I U UiFriD)) x I  is projection onto the first factor,

for some regular neighborhood UÍFÁD)) of Fr(D)  z'72 -Al - C.    Moreover assume

HiD x /) C M - C.

Suppose  D ., E . C D, U(E.) C D ., D .   , = cl (D . - U(E .) for j = 1, •■ • , n  is a
rr ill 1       7+1 1 1    '       '

hierarchy for D x = cl (D - UÍFÁD))).

Then

(1) there is an isotopy J: M x I —> M,  fixed on  dM  and on   (M - D) U

E(Fr(D)), with /, = h and so that J Q\ UÍE.) is the identity for each j.

(2) "J followed by H" is homotopic rel d(M x l) U (M - D) x / U UiFriD))

x I to a map whose restriction to  UÍE.) x I  is projection onto  U(E.) for each j.
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Proof.   We begin by showing there is an ambient isotopy of M  taking  E     onto

h(Ex) which is fixed on  dM U (M - D) u UÍFÁD)).

First we show that H \ E x x /  is homotopic  rel diE . x /) to a map into

cl(D - E(Fr(D))).

Denote by   F  the system   Fr(D) of incompressible surfaces in  M - C.

H \ diE x x I) is trivially transverse with respect to  E.    Thus by [13, p. 60]  there

is a homotopy of H \ E x x I rel diE x x l) after which  W7j'(f) is a system of in-

compressible surfaces in  E, x /.    (H e ,   denotes H|E, x /•)   On the one hand,

these surfaces must be closed because  HidiE . x /)) O F =  0.   On the other hand,

since  E    has boundary each surface in  HZ  (F) must have boundary.   Hence

H7j  (F) =  0.   It follows that E(E j x /) is contained in  D - F.   Now push

H(EX x I) out of  U(F) and into  cl(D - UÍFÁD))).

Since h \ UÍFÁD)) is the identity and h globally is a homeomorphism, we

have  hiE A is contained in and is incompressible in  cl(D - UiFriD))).   Applying

(3.2) now to H £ x: E    x I —< cl(D - UÍFÁD))), Ex   and hiE A, we get an ambient

isotopy of cliD - UiFriD))), fixed on  <3(cl(D - UiFriD))), which takes  Ej   onto

hiE A.   Extending this isotopy to all of Al  by making it fixed elsewhere gives us

the ambient isotopy of M  taking  E    onto hiE x).   We change  h  and H  according

to this isotopy and we begin again assuming that in addition to satisfying the

hypotheses of the theorem,  hiE A and HÍE. x /)  are contained in   cl(D - UiFriD))).

Applying (2.12) with E x= G,   H \ E , x / = H,   and  h \ E. = h  we can homotope

H | E. x / rel diE , x /)  so that afterwards  Eg. (E . x /) is contained in  E ..   Thus

h | E.   is homotopic in  E    to the identity.   We can now use [6, p. 99] to get an

isotopy on  cl(D - UÍFÁD))) to a map which is the identity on a chosen regular

neighborhood  U\E A; moreover this isotopy can be chosen fixed outside a neigh-

borhood  U '(E.) containing  UÍE A in its interior and it is fixed on d(cl(D - UiFriDv)).

We can trivially extend this isotopy to all of Al.    Again we change h  and H ac-

cording to this isotopy and we continue, but assume now in addition that h \ UÍE A

is the identity where   UÍE ,) is a regular neighborhood of E x  in cl(D - UiFriD))).

By (2.13), EJE.x/ is homotopic rel diEx x /) to projection onto E ,. Con-

struct a homotopy K of H : M x I —> M rel Al x dl U cl(M - UÍE x)) x I to a map Kx

(which we will still call H), so that H\EX x I is projection onto E,. By (2.14)

we get that H \ UÍE.) x / is projection onto  UÍE x).

Summarizing, we have isotoped  h  so that h\ UÍE,)    is the identity and homo-

toped H  so that H | UÍE A x I is projection onto   UÍE A.   Moreover we have chosen

the isotopies and homotopies carefully enough so that the hypotheses of (3.3)

still hold.   Replacing  D  by   D    = cliD - UÍE A), we note that all the hypotheses of

(3.3) are still satisfied.   Hence by induction on the length of the hierarchy for D

we are done.
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We come now to the main results of this section.   The proof uses Waldhausen's

isotopy theorem for compact manifolds with nonvacuous boundary.   See [13, p. 8l).

If M  is Euclidean 3-space the correct version of the isotopy result appears

in Epstein's paper:

(3.5) [6, p. 96].   Let h: R    —» R     be an orientation preserving homeomorphism

of Euclidean 3-space.   Then there is an isotopy of h  to the identity.   (This is the

same as saying h  is proper homotopic to the identity.)

Our results in this section pertain to eventually end-irreducible manifolds.   A

noncompact manifold  Al  is eventually end-irreducible if M ¿ R     and there exists

a compact submanifold  D  such that M — D  is end-irreducible.   Removing the

boundary from a compact 3-manifold gives one an eventually end-irreducible mani-

fold.   A more significant class of manifolds which are all eventually end-irreduc-

ible are the uncountably many different contractible open subsets of R     con-

structed by   McMillan  in [llj.   These manifolds are patterned after the one de-

scribed by Whitehead [14] as a counterexample to his "proof" of the Poincaré

conjecture.   It can be constructed as follows:   Let /: R    —> R     be a homeomor-

phism of R     such that fiTQ)= Tx  where  T„   and  T,   are solid tori and  T„  is

linked inside of T..   Then  Al = (J .f AT A is a "Whitehead" example.   The above

function f: M —► M  shows that the assumption in 3.6 is necessary.   Since  M  is

contractible / is homotopic to the identity.   By the construction given in [17] /

cannot be proper homotopic to the identity (and hence it is not isotopic to the

identity).

Theorem 3.6.   Let  M  be an irreducible, eventually end-irreducible manifold.

Let h: M —> Al   be a homeomorphism which is proper homotopic to the identity via

the map H: M x I —> M.   Suppose that  HidM x /) C dM.    Then h  is isotopic to the

identity.

If H | dM x I  is projection onto dM,   then the isotopy from  h to the identity

may be chosen constant on  dM.y

Proof.   Step 1.   Changing h and H on the boundary.   Since  H \ dM x I is a

proper map, by [6, p. 99] there is an isotopy  ] : dM x I —* dM  oí   h \ dM  to the

identity.   By results in § 2 we may continue the proof assuming that H: M x 1 —> M

is proper homotopic  rel M x dl   to a map whose restriction to  dM x I is projection

onto dM.

Step 2.   Changing H and h  on a single component  F  of FriC     ).   Choose a

compact submanifold C„  of Al  such that  M - CQ  is end-irreducible.   Let  Cn =

C ' uhiC'A.   Now choose an exhausting sequence  \C x\, i = 1, 2, • • • ,  satisfying

(3.1) for each component of M - C„.   In addition assume the  C.'s have been chosen

so that
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(a) E(Fr(C')x ()CC '.- C,
Z Z + l l  '

(b) E((zM - Cj)x 1) nc0= 0,

(c) HiC' x I)CC°.',.
I z + l

Let  C. = C-.   U  CQ  for z = 1, 2, • • •  .   (a), (b) and (c) above hold when we

replace the  C.'s  by the  C.'s.

(1) We denote  cl (C 2        ~ (^2n-ll ^y  ^tz*   ^et  ^  be a component of  Fr C2  .

We show there is an isotopy on  M of i rel cl (Al - S  ) U dM  to a homeomorphism

(which we continue to denote by h) so that ¿(F) = F.

The  C. 's  were chosen so that HÍF x l) C S .   Hence by (3.2) there is an

isotopy of S  ,  fixed on  dS     carrying ¿(f) onto  F.    Extending this isotopy so

that it is constant outside S  ,  we change  h  via this isotopy so that now ¿(F) = E.

(2) Let  F  be a closed component of Fr (C ,  ).   Next we show there is an
1 ¿n

isotopy of ¿  to a homeomorphism which is the identity on  F.

We will prove the above by changing E until we are in a position to isotope

¿.    Let  Hp  denote the map H \ F x I.    First, there is a homotopy of HF  constant

on  F x dl after which  H AF x l) is contained in  E.    This follows from (2.8) with

S   = C.   After this change of HF,  we apply (2.9) to homotope  HF rel F x dl to an

isotopy  J: F x I —► F  oí h\ F  to the identity.   One can now construct a proper

homotopy   K: M x / x / —> M rel cl (Al - Sn) x / U ¿KAI x /) of E  to a homotopy   K.:

M x I —' Al   so that  K x\ F x I = J.   Hence we have   K. : M x I —» M , a homotopy of

h  to the identity, which agrees with  H on  dM  and outside of S  .   Moreover

K, | F x / is an isotopy of h \ F to the identity of F.   It follows, now, from (2.10)

that h  does not interchange the sides of F.    Thus given a regular neighborhood

UÍF), h  is isotopic  rel cl (Al - UÍF)) to a homeomorphism  h '  so that h ' \ F  is the

identity.   Moreover h     is homotopic to the identity via a homotopy  E   : AI | / —> M

so that  H   | F x /  is projection onto  F.    We start afresh with h     and  H     as our

new h  and H.

Step 3. Changing h and H on UÍF). In order to prepare the way for future

isotopies, change h to be the identity in a chosen neighborhood UÍF) and H to

be projection there.

At this point we will isotope  h  to be the identity on the other components

of Fr C,  .

Step A.   Istoping h  to the identity on all closed components of Fr C?  .   Let

G  be another closed component of Fr C2  .   Applying (1.1) with  C = S  ,  we can

petform an isotopy of h rel cl (Al - S  ) U U '(F)  so that afterwards  ¿(G) = G.    We

may now apply (2.8) to  HG: G x 1 ~* S     to homotope  HG rel G x dl to a map whose

image is contained in   G.   We can now proceed from Step 2(2) using regular neigh-

borhoods  UÍG) and  U '(g) of G in Sn  such that  U '(g) C UÍG) and UÍG) n (7(f)

= 0,

We have a new homeomorphism h which is the identity on    U  (G) and a new
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homotopy  H  which on  U  (G) x /    is projection onto  U  (G).   Since  U  (G) O

idM U U '(F)) = 0   we note that h  and H have not been changed on  dM U U '(F).

Moreover since  (7(G) is contained in  S     we have not changed h  and  H outside

of S  .   Thus by induction we can conclude that h  is the identity on a regular

neighborhood of the union of the closed components of  Fr C-.   .

Step 5.   Isotoping h  to the identity on components with boundary.   We need

to carry out a similar process for components of Fr C       which are not closed.

These components meet the noncompact boundary components of dM.    Let  G be

one such component.   Denote by  F  the system of closed components of Ft C

and let  UÍF) denote a regular neighborhood of  F  on which  H is projection.

(1) We assert there is an isotopy on  AI  fixed on   (/(F) U cl (Al - S  ) u dM

which carries  ¿(G) onto  G.    By (2.11), with  S    = C  and  F =    all closed com-

ponents of Fr C 2     there is a homotopy of Hc rel diG x l) so that afterwards

H AG x /)  is contained in  S   - (7(f)-   Using (3.2) we have an isotopy on

cl (5    - (7(F)),  fixed on  (cl(S    - (7(f))),  which carries  ¿(g) onto   G.    Extend
n 72

this isotopy trivially to all of  M,   and our assertion follows.

(2) Changing h  and H  by this isotopy we proceed assuming  ¿(G) = G.

Using a procedure similar to the one used for closed components, there is an

isotopy of h  fixed on  (Al - (7(G)) U dM  to a homeomorphism which is the identity

on  U '(G)-   The results of Part 3,  ? 2 give us a homotopy of H  to a map which

is the projection map when restricted to  (7  (g).   It can be done so that H is not

changed on   (M - UÍG)) x I u ¿KAI x /)•

It is clear that (2.11) permits us to make an induction on the number of com-

pact surfaces with boundary in  Fr C     .   We conclude that, for each positive in-

teger n,   H is proper homotopic rel cl (M - S  ) x / U dM x I to a map H   : M x I

—> M  such that  H   | (/(Fr C     ) x /  is projection onto the first factor.   Moreover

(H ')„   is isotopic  rel cl (zYf - S  ) u AI  to ¿,  and  (E '). = identity.
72   0 r n 72    1 '

Step 6.   Fitting together the homotopies and isotopies to bring the proof to

an end.   There is a well-defined map E  ,   where E    = U E    uE | Cn x I onr 77      72 '        U

M x I.   Using the proper homotopy extension theorem for each homotopy of  //  we

have that  H 'ÍS    x /) C HÍS    x /)•   This and the fact that H is proper show that77      77 72 r      r

H     is proper.

Using a similar argument we can show that h  is isotopic  rel dM  to a map

which is the identity on   (7(Fr C     ) for every ?2.

We continue with the proof assuming E | UÍFi C     ) x I  is projection onto

(/(Fr C2  ) for each  ?2.    By choosing a hierarchy for each shell one can apply

Proposition 3-3 and obtain a homotopy of ¿  to a map which is the identity on all

but a collection of disjoint open cells of M - C  .   Let A  be the closure of one

of the above open cells,   h | dA.  is the identity.   Therefore by Alexander's theorem,
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¿ I A  is isotopic rel dA to the identity.   Thus we may isotope  h rel dA, for all

such cells  A,  to a homeomorphism which is the identity on   cl (Al - C  ).   Also

there is no obstruction to homotoping H  so that it will be the projection map when

restricted to one of these cells.

At this point h | cl (M - C A =  identity and H | cl (/M - C A x I = projection

onto the first factor.   To finish the proof, we note that since we chose the   C.'s

so that HÍC . x l) is contained in  C.   ,,   HÍC2 x /) is contained in  C, ;  E | diC A
i z+l 3 3'       ' 3

x / is projection onto  dC,.   Therefore, by [13, Theorem 7.1], h \ C,  is isotopic

rel dC,  to the identity.   Extending this isotopy trivially to all of M  we have that

h  is isotopic to the identity.

Corollary 3.7.   LeZ  M  be a noncompact irreducible, eventually end-irreducible

manifold with compact, irreducible boundary components.    Let H:Mx I —> M  be

a proper homotopy of a homeomorphism  h  to the identity.   Then h is isotopic to the

identity.

Proof.   See the note following (2.8) to reduce ourselves to (3.6).

4.   Isotopy results for end-irreducible manifolds and a twisted /-bundle theorem.

For the next theorems we will not assume that H is proper.   As shown in the ex-

ample given in § 3, we must make some additional hypotheses on the manifold.

We assume that Al  is end-irreducible.

Lemma 4.2 is our replacement of (2.10).   For this we need Brown and Tucker's

generalization of [13, Theorem 6.l]-

(4.1) [5, to appear].   Let  M and N  be irreducible, boundary-irreducible, and

end-irreducible manifolds.   Suppose  N  is noncompact but that boundary components

of M are compact.   Finally suppose there is a proper map f: ÍM, dM) —' ÍN, dN)

so that nAf) is a monomorphism.    Then there is a proper homotopy of f ias a

map of pairs) to a map f    so that either (a) or (b) holds:

(a) /,   is a finite sheeted covering map.

(b) There are closed surfaces  F  in  M and G  in N  so that M  is a vector

bundle with zero section  F,  f.   is a covering of F  onto  G,   one component of

N — G has closure G x [O, °°) and f Ak, t) = if Ak), \t\) where \t\ is with respect

to some Riemannian metric on M. Furthermore, if f \ dM is a local homeomorphism,

then the homotopy may be chosen constant on  dM.

Lemma 4.2.   Let M  be an irreducible, end-irreducible manifold, and G an

incompressible closed surface in  M.    Let E: AI x / —> Al  be a homotopy of a

homeomorphism h  to the identity.   Suppose hiG) = G and H AG x /) C G.    If M

is homeomorphic to  G x R,  where  R  is the real line, assume h  is orientation

preserving.    Then h  does not interchange the sides of G.
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Proof.   If Al - G is connected the proof is the same as for (2.19).

If M - G  is disconnected, let A   and B  denote the closures of the compon-

ents of Al - G.    Then  nxÍM) = 7Tj(A) *n (G   ^(ß).   If this is nontrivial, i.e.,

nAG) —» 77.(ß) is not surjective, and our conclusion is assumed false, then the

argument Waldhausen gives in  [13, Lemma 7.4, p. 83] shows this leads to a con-

tradiction.

If our representation of n (Al) is trivial and we assume that ¿(A) = B  then

nA\g) —• 77j(A) is also an isomorphism.   We will show that this implies  M = G x R.

We claim that A is homeomorphic to G x [0, «>)• The inclusion map z':G—>A

induces a homotopy equivalence between G and A. Let i~ :A —> G be a homo-

topy inverse. Let f: A —> [O, °°) be a proper map so that /(G) = 0. Then the map

i~ x f:A —> G x [O, °°) is proper. Moreover (z x f)l is an isomorphism. Thus

we apply (4.1) to conclude that i~ x / is homotopic to a homeomorphism. Hence

A - G x [0, <x>). Thus we get M = G x R, and since h is orientation preserving

on all of Al,   it cannot interchange A   and  B.

We have two isotopy results for end-irreducible manifolds.   They correspond

to (3.6) and (3.7); depending on whether or not  HUM x /) is contained in dM.

Precisely, we show

Theorem 4.3.   Let  M  be a noncompact irreducible, end-irreducible manifold.

Let H AM x I, dM x l) —* (Al, dM) be a homotopy of pairs of a homeomorphism  h

to the identity.   Assume that if F is a boundary component of M which is a plane

or an open annulus h\F  is orientation preserving.   Assume further that h is orien-

tation preserving if M  is a bundle over a closed surface ipossibly nonorientable)

with fiber  R.    Then  h  is isotopic to the identity.   If H \ dM x I  is projection onto

dM,   the isotopy of h  to the identity may be chosen constant on  dM.

Theorem 4.4.   Let M   be an irreducible, end-irreducible manifold with dM -/ 0.

Suppose  M  is boundary-irreducible and has no boundary components which are

planes.    Let  H:M x / —> Al  be a homotopy of a homeomorphism h  to the identity

such that for each boundary component  F,   H \ F x I is a proper map.   If M  is a

bundle over a noncompact surface ipossibly nonorientable) with fiber I,   assume

h  is orientation preserving.    Then h  is isotopic to the identity.

The assumption that H \ F x I is proper is essential; for let  M  be a solid

torus with two disjoint longitudinal curves removed from its boundary.   dM con-

sists of two open annuli.   The rotation of the torus which takes one annulus onto

the next is homotopic to the identity.   Clearly since it interchanges boundary com-

ponents it cannot be isotopic to the identity.

Proof of Theorem 4.3 when all boundary components are compact.   The first

step is exactly the same as Step 1 of Theorem 3.6.   We can go on assuming h

and H  are fixed up on  dM;  h has been isotoped to a homeomorphism which is the
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identity on  Al  and H has been changed so that when restricted to dM it is pro-

jection onto the first factor.

Choose an exhausting sequence \C \ for  M  satisfying (3.1).   In addition,

choose  \C \  so that  HÍC. x l) is contained in  C.   ,.   We will define our isotopy

of h to the identity by an inductive procedure.   That is, we will isotope  h  to the

identity on  C._. rel dM.   Then we will construct an isotopy which is fixed on

C._.   and  dM  and changes  h\C.  to the identity.   Hence all these put together

give a well defined isotopy of h  to the identity.

Let us assume  h | UÍC._ A is the identity and E | UÍC _Axl is projection

onto the first factor.   We now fix h  and E on the shell  cl((7(C.)- UÍC.    ,))•   Let
z z— 1

c0 = 0-

(1) Let  F. , • • • , F,   be the components of  Ft C..   By (3.1), each F. is closed

and incompressible in  Al  and hence certainly in  C. We apply (1.1) with  C =

C .        the system  F = Fr UÍC._ x) and  G = F x.   (Use (4.2) to see that  h  does not

interchange the sides of the components of F.)   We obtain an isotopy of C.   .,

which is fixed on  dC.   . U Fr U(C._A carrying ¿(F.) onto  F ,.   Since  Fr UÍC._A

separates   C.        and one of the components of the complement is   UÍC •_,) and

the isotopy is fixed on dUiC._ A = Fr UÍC _ .)_ we actually have an isotopy on

cl(C.   , - UÍC.    A) rel  the boundary which takes  ¿(F.) onto  F,.   We extend this
i+1 i— 1 ' 1 1

isotopy trivially to all of Al.    Changing h  and E  by this isotopy we continue under

the assumption that ¿(F.) = F..

(2) We would like to homotope  f/p.: F, x / —► C.   . rel F. x dl to a map in-

to  F j.

Case 1.   C    has more boundary than  F..   We apply (2.8) to get our result; for

if dC / F ,,  then if F x  separates  C.   .   it also separates  dC.     .

Case 2.   dC.  is connected.    Discard it from our exhausting sequence.   If one

can find a subsequence of \C \  so that each member has nonconnected boundary

we apply (2.8) to homotope  ffp,   and continue with the proof.   If dC. is connected

for each  z,   but still we can find a homotopy of H \dC. x I rel dC. x dl to a map

into  dC.,  we again have that (2) is true and we go on.   We consider at the end of

this proof the case in which  dC.  is connected for each  i and there is no homotopy

of E | dC   x /  to a map into dC..   Thus except for the last mentioned case we now

have a homotopy of Hp , rel F. x /  to a map into  F..

The rest of the proof is now quite similar to the proof of Theorem (3.6).   This

proves (4.3) except for the case in which  dC. is connected for each  i  and H \ dC.

x I is not homotopic  rel dC. x /  to a map into  dC..   This can occur only when

dM = 0.   In fact this happens only when  Al is a bundle over a nonorientable closed

surface with fiber R  and h  is orientation-reversing.   That is, this cannot occur

under the hypotheses.

We first show that  C.  is homeomorphic to a bundle over a nonorientable closed
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surface with fiber /.    Since  HidC. x I) is contained in  C.   ,,  and both  dC.  and
l z + l z

hidC.) are incompressible in  C by (3.2) there is an isotopy of M  fixed out-

side of C     j  carrying hidC.) onto  dC..   Change  h  and H  according to this

isotopy so that now hidC.) = dC..   Let  F be a homeomorphic copy of dC.,  and

define the map H  : F x I —► C.   ,   as the restriction  H | dC. x 1.   Given a regular

neighborhood of  F x dl  in  F x I there is a homotopy of H    rel F x dl  so that

afterwards E '" l(dC. C\ U(F x dl)) = F x dl.   Follow (2.8) exactly up to Case 1.

Summarizing, we have homotoped H ' tel F x dl  so that  E '"   (dC.) = F x dl U

F, u ••• u F   ,  where each  F .  is an incompressible surface in  F x /  which is
1 m i *

parallel to  F x 0.   In addition, at this point assume H    has been homotoped so

that the number of  F.'s  is minimal.   Let us denote by  C.   ,   the result of split-
i ~~_, ' + '

ting Ci   x  along dC{.   Lift H  \p x I    to  C.   ,.   We continue independently of (2.8)

now.   We apply [l3, Theorem 6.l] to each of the H '\ F x I '.   If each one was

homotopic  rel F x dl    to a map into  dC.   ,  this would imply  E   : F x I —* C.   ,

was homotopic to a map into dC..   We assumed at the start that this did not occur.

Hence some  E   | F x /    is homotopic to a covering map.   (In fact, since the number

of  F.'s  is assumed minimal, we have that all of the  E  | F x /  's  are homotopic

to coverings).   The covering maps go onto the component of C.   ,  homeomorphic

to  C..   Since  H   \ F x 1    is a homeomorphism on each component of F x dl  ,  it

is homotopic to a 2-1 covering.   By L13, p. 70] we can conclude that  C.  is a

bundle with fiber / over a nonorientable closed surface.

Later in the proof we will need that all of H   | F x /  is homotopic  rel F x dl

to a 2-1 covering.   It suffices to show that if ttt  is the minimum number of  F.'s

then  77Z = 0.   If this were not so, two adjacent liftings of E   | F x /     are homotopic

to coverings.   Denote them by  f/.iFxi. —' C.  and E 2: F x I, —* C.    Then  E.

followed by  H2 is homotopic to a map into  dC..    This contradicts our minimality

assumption.

Next we show that  M is homeomorphic to a bundle with fiber R  over a non-

orientable closed surface.   In fact if B. is the bundle with fiber R  associated

with the bundle  C.,  then  Al  is homeomorphic to  B. by a homeomorphism which

"extends" H: dC   x I —> C ..

Let  A be a loop on  dC.,  and let p be a path in  cl(C.   . — C.) from  dC.   .

to the base point of A.   Then twice around  ipXp~   ) is homotopic to a loop in

dC.   ,   since  n,idC.   ,) has index 2 in  77. (C.   ,)•   But using the fact that dC.
z+l lz+1 lz+I & l

is incompressible in  C.   ,   and Van Kampen's theorem one can show that

77,(cl(C.   , - C.)) —> n.iC.   A is a monomorphism.   Therefore A is homotopic in
1 z+l z 1      z+l r r

cl(C.   , —-C.) to a loop in dC.   ,.   By [13, Lemma 5.l] cl(C.   , - C.) is homeo-
z+l z r z+l7' z+l z

morphic to dCx I.   Similarly for each shell.   Hence  Al  is homeomorphic to an

R-bundle over the same nonorientable closed surfaces as  C .   The argument given
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on p. 83 of L13J shows that if h is orientation preserving, we reach a contradiction.

Proof of (4.3) when some component of dM  is noncompact.   h \ dM  is isotopic

to the identity.    Proceeding as in the previous theorem of this section we may

assume h \ dM  is the identity and that H  is projection onto  dM.

Now that H is fixed up on the boundary, the only difference remaining in the

noncompact case is that if !C S is an exhausting sequence satisfying (3.1), Fr C

may contain components which are not closed.   (2.11) takes care of such surfaces.

Proof of Theorem 4.4 when all components of dM are compact.   Using [13,

Theorem 6.l] one can reduce this to (4.3).   For the proof of (4.4) when we allow

noncompact boundary components we need a noncompact version of [13, Proposi-

tion 4.1]-

The twisted-bundle result.   We will say  /: ÍM, dM) —> (zV, dN) contracts as a

map of pairs if / is homotopic by a homotopy of pairs to a map g: (M, dM) —>

idN, dN).   If Z  is a homeomorphism of M onto itself we say  N C M is  t-invariant

or invariant under t  if  z(/V) = N.

Proposition 4.5.   LeZ  F  be a noncompact surface without boundary, different

from a plane.    Let  M  be a manifold with connected boundary.   Suppose f: F x I —*

AI  is a 2-1 covering map which is proper.    Then  M    is a bundle with fiber I over

a nonorientable noncompact surface.

Proof.   From the hypotheses of the theorem it is easy to see that f\ F x 0

and ¡\ F x 1  ate homeomorphisms onto the boundary of AI.    Thus we can regard

F  as the boundary of Al  and identify points of F  so that  (x, O) corresponds to

x  in  F  via / | F x 0.   We denote f\F x i,   i' = 0  and   1,  by /.  and regard them as

homeomorphisms of  F  onto itself.   /„   is the identity function.   At the beginning

of Step 1 we refer to /..   The above function is the one we mean.

Let t: F x I —> F x I denote the covering transformation.   We will construct

a fibering of  F x /  which is invariant under Z  in order to prove the result.   We

handle the case where  F is an open cylinder at the end.

The bulk of the proof consists in producing an exhausting sequence for  F x I,

which is invariant under Z  and whose frontier components consist of annuli which

are pairwise interchanged under  t.   After that, the proof uses the techniques of

the compact version in   LI 31-

Step 1.   We begin by constructing an exhausting sequence \G  \ for F  which

consists of compact connected surfaces which are invariant under f x   and such

that  F - G    has only unbounded components.   Let  ¡F   !  be an exhausting sequence

for E  consisting of compact connected surfaces.   Since   F  is not an open annulus

assume  F,   is not an annulus or disc.   Small deformations of the  F.'s  will insure

that dp. and  f ,idiF.)) intersect transversally.   Hence   F . U f ,ÍF.) is a surface.i '1 i ' i'\i

Moreover, if 72  is sufficiently large,   F    U f A.F  ) is connected.



CONSTRUCTING ISOTOPIES ON NONCOMPACT 3-MANIFOLDS 259

By eliminating the first few  F.'s,   ÍF. u/,F.}  is an exhausting sequence of

connected surfaces which are invariant under /,.   If for some tz,   F — \F    U f AF ))'1 n u| 1    n

has some components with compact closure we add them to F U f Ap )■ Since

there are only finitely many boundary components of F u f ,P this set is still

compact.   Let us denote the resulting exhausting sequence by  i G   f.

Step 2.   We now modify  G, x I  so that the resulting set which we will denote

by  C    is a Z-invariant set whose frontier components are annuli which are inter-

changed by  t.   C.   will be the first member of the exhausting sequence we want.

(1) Let  A be a boundary loop of  Gx.   We can deform  A x /  so that afterwards

A x / n z(A x /) consists only of simple closed double curves and double arcs.

(2) Denote A x / by A,. Intersections of the frontiers occur only when one

annulus is an A^ and one is a tA . We wish to alter the A^ so that tiAx) = A .

We first modify the  A.   so that whenever A. n tA„ is nonvacuous A.   n tA    = Av
,  . n A fj. \ fj, \

or dAy

It is not difficult to first change  G. x / U ZG. x /  so that the intersections

of the resulting annuli are only noncontractible intersection loops or only arcs

which intersect both  F x 0 and  F x 1.   Clearly the intersection arcs occur only

for pairs  A^,   tA _i(A) for some  A in  G,.   The same is true of the intersection

. ' i
loops since  F  is not an open annulus.

(a) A. O tA     consists of simple closed curves which are parallel to  A x 0.

(a-1)   A = p.   Take a small regular neighborhood   UÍA.   U tiA^)) which is

invariant under Z.    FtiUiA^ U zA.)) contains  two incompressible annuli  A '  and

A" which intersect both  F x 0 and  F x 1.   Each frontier component is either a

torus or an annulus.   If it is an annulus with both boundary loops on   F x 0  say,

then it would disconnect A x 0  from  A x 1.   This would be possible only when   F

is a torus.   But F is noncompact.   Therefore our assertion about  A     and A     is

true.   If tiA  ) = A   ,  then /(A   ) (/ is the covering map) would be a 2-sided Moebius

band in  Al.   Since  M is orientable this cannot occur.   On the other hand if tiA  ) =

A   ,  this would contradict the fact that  G,   is invariant under  /,.    Thus we have

shown that (a-1) cannot occur; i.e.,  A = p.   Note that this same argument also

shows that  tiA.) /- A, .    We shall keep this in mind for a later argument.

(a-2)   X / p.   In this case since we have shown that at most one pair of

annuli intersect;  A^ U tA     and  tAx U A     are disjoint sets.   Let  E(AA U tA A be

a regular neighborhood of AA u tA     so that tiUiA^ U tA ))n UiAx u tA A = 0.

As in (a-1),  Fr UÍAX U tA) contains two incompressible annuli  A     and A     each

one intersecting both  F x 0  and  F x 1.   Since  t(UÍAx U tAA) n UÍAk U tA  ) = 0,

tA ' O A ' = tA " O A " = 0.   Replace A  with one of the A   's modified slightly so

that <9A'=Ax0uAxl.

(b) A^ Cl tA     consists only of arcs, each of which intersects both  F x 0 and
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F x 1.   First of all it is not possible that A. O tA     consists of just one arc p;

for since Ax   intersects  tA     transversally along  int p this would imply that  A

has intersection number 1 with itself.   But  F  is orientable, so this is impossible.

Therefore two consecutive arcs p  , p2  on  A.   cut off discs  D  and D    on A.

and zA     respectively.   It is not hard now to eliminate at least p.   and py

Thus we have modified the frontier components  A.   of G. x /  so that fot each

boundary loop A,  tA. = A     and X / p.   We call this modified set  C..   It qualifies

as our first term of an exhausting sequence \C \ for  F x /  so that each  C.  is a

connected manifold which is invariant under Z  and whose boundary components

are annuli which are interchanged by  I.

By [l3, p. 68] there is an isotopy of F x /  constant on  F x dl which makes

all the components of  FrCx   vertical.   Instead let us use the inverse of the isotopy.

to change the product structure on  F x I.

Step 3.   We now provide an inductive procedure for constructing the  C.'s.

Having constructed  C.,  first choose ttz  sufficiently large so that  [Fr(G    x /) U

FtitiG    x /))] O (C. U G.   . x /) =  0.   Now change  G    x I U ¡(C    x /) as we
m Z Z + 1 O 772 771

changed  G. x / U ÁG. x l) to construct  C.   ..    We use [13, p. 68] to "straighten

up"   Fr C.       in  cl (F x / - C .)•   In fact, we can regard the isotopies as taking

place in shells of the form  cl (G  ,.   ,. - G   ,..) x /,   which contain the frontier of
r tz(z + 1)        7z(z)

only one of the  C.'s.   Thus we can combine them to get a global isotopy of  F x /

so that for each n  Fr C    is vertical.   Moreover,  \C \  exhausts  F x 1,   since at
72 ' z

each stage of the construction we chose  C    so that it contained our original

G. x /.
z

Step A.   We begin to construct the fibering of  F x /  which is invariant under

Z.   We first do it on regular neighborhoods of the frontiers of C .

Fix 72.    Let A   be a component of Ft C  .   We make  Z | A  fiber preserving by

deforming Al x /  near  tiA) by an isotopy which takes  z(A)'s   "natural" fibering

to the one which is defined by  t: A —» tA.   Using this isotopy we can get vertical

neighborhoods   (7(A) and  UitA) such that  AUiA))= uitA) and such that  z| (7(A)

is fiber preserving.

Step 5.   We make  Z  fiber preserving on the rest of F x /,   exactly as Wald-

hausen suggests in [13, Proposition 4.1]-

We are now finished except when  F  is an open annulus.   A similar but much

simplified proof will work.

An outline of the proof of (4.4) when some component is not compaet.   If

H \dM x I —> M     is homotopic  rel dM x dl to a map into  dM,   then by (4.3) the

result follows.   If however there exists a noncompact component  F  of <3A1  such

that E | F x /  is not homotopic to a map into  E,   then we show that either

(a) H \ F x I is homotopic to a homeomorphism of  F x /  onto  M,   or

(b) H \ F x I is homotopic to a 2-1 covering of F x /  onto  Al.
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Case (a) occurs if we assume  ¿(F) / F,   while (b) occurs if ¿(F) = F.    In

either case we get a contradiction.

Proof.   We begin by assuming there is a noncompact component  F  for which

H: F x I —> AI  is not homotopic to a map into  F.

Part 1.   We show E  is homotopic to a covering of F x /  onto  Al.    Essentially

we are mimicking the proof of [13, Theorem 6.1].

Choose an exhausting sequence \C  j  for Al  satisfying (3.1).

(1) There is a proper homotopy of E to a map which we continue to denote

by H so that H~ (C ) is a compact manifold with incompressible frontier com-

ponents.   One can do this using (2.13) and the fact that  E  is proper.

Let \D   \ be an exhausting sequence for F x I with each  \D   S  a component

of H~liC  )■
n

(2) We show that for every 72,   and every component  G  of  Fr D , H\G: —>

Fr C    is homotopic rel dG to a covering.   For if we argue as in [13, p. 78] one

can conclude that E  is homotopic to a map into  F rel F x dl.    We are assuming

E | F x / is not homotopic to a map into  F;  so (2) follows.   Thus  E  is proper

homotopic to a map which is a covering when restricted to  Fr D     fcr each  72.

Furthermore since  HÍD    O (F x /)) O E(int Fr D  ) =  0,  E | dD     isa local homeo-
72 72 ' 77

morphism.

(3) Next we prove H: F x I —> M  is proper homotopic rel F x dl to a covering.

Choose hierarchies for Sn = C „ S    = cl (C     , - C  ), n = 1, 2, ■ ■ ■ ;  let
0 1 77 72 + 1 77 ' '

Sl = S ,   F. CS',   UÍF.)CS',   S' + l = cliS' - UiF.)), j = 1, • • • , k .
n n ; n ; n        n n ; ' n

(a)   Fix 7z;  we will show that  E | E-KdC   uU*»    UÍF.)) D D    ~* S    is
v ' ' n j-\ 1 n n

homotopic to a local homeomorphism.   By the above it is true for j = 0.   Suppose

we have proved it for all /' < /.    By [13, p. 60] there is a homotopy of  E:

cl(D     ,-D) — S    =cl(C     , - C  ) tel dicliD     ,- D   )) so that afterwards  E
77 + 1 72 72 72 + 1 7Z 77 + 1 72

is transverse with respect to  F, and so that H~   (F.) is a system of incompres-

sible surfaces in  cl (D     ,-D   )•   Then  ket (E*) = 0;  it follows that if G  is any
72 + 1 72 * ' '

component of H~   ÍF ) either E | G: —» F, is homotopic to a covering — in which

case (3) follows — or we have one of two   things occurring:

(i)   G is a disc and hence so is  F, and the covering map  E | dG  is not a

homeomorphism, or

(ii)   by [13, Lemma 1.4.3L G is an annulus and E | G: ÍG, dG) —> (F;, dF A

contracts to  id F,, dF ,)•   Note that here  HÍdG) is contained in one boundary curve

of Fr

Both (i) and (ii) above allow us to choose a simple arc p which is properly

embedded in   F x /  so that  HÍdp) is one point and E | p: (p, dp) —* ÍF, HÍdp))

contracts.   This implies that  E | F x / —* Al  is homotopic to a map into  F.   We

have assumed this is not so.   Thus we conclude that E  is proper homotopic
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rel dÍF x l) to a map which is a covering on all but a collection of 3-cells of

Ex/.    Hence for each 3-cell C,   E restricted to C is homotopic  rel dC to a

homeomorphism.   Since E  is proper and Al  is not  R 3,   E is actually proper homo-

topic to a covering on all of  Ex/;  i.e.,  E is surjective.

Thus we conclude the proof of Part 1, that is, if F  is not a plane, and E:

F x I —> M  does not contract then  E  is homotopic  rel F x dl to a homeomorphism

or a 2-1 covering of F x / onto Al.

Part 2.   We show that the conclusion of Part 1 leads us to a contradiction.

(a) Suppose  E  is   1-1,  then  M = F x I.   In this case we are assuming h is

orientation-preserving.   Using H : F x I —> M,   identify  F  with  F x 0.   Then

¿(F x O) = F x 1.   ¿|FxO followed by projection of M  onto  F x 0 is a homeo-

morphism h     of  F x 0 onto itself which is proper homotopic to the identity.   By

(3.3) h   : F x 0 —» F x 0 is isotopic to the identity.   Therefore h ': F x 0 —>

F x 0 is orientation-preserving; but then so is ¿:Fx0 —» Fx 1.   Since h  inter-

changes  F x 0  and F x 1,  ¿:  M —> M  is orientation-reversing.

(b) If E  is  2-1,  by (4.5) Al  is a bundle with fiber /; hence we have  h  is

orientation-preserving.   See [13, p. 83] to see that leads to a contradiction.
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