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HERMITIAN VECTOR BUNDLES AND
VALUE DISTRIBUTION FOR SCHUBERT CYCLES(1)

BY

MICHAEL J. COWEN

ABSTRACT. R. Bott and S. S. Chern used the theory of characteristic differ-
ential forms of a holomorphic hermitian vector bundle to study the distribution
of zeroes of a holomorphic section. In this paper their methods are extended to
study how often a holomorphic mapping into a Grassmann manifold hits Schubert
cycles of fixed type.

I. Introduction. Let f{: X — Y be a holomorphic mapping of complex mani-
folds X and Y, and let W be a subvariety of Y such that /'l(W) is a set of iso-
lated points. Value distribution theory describes the behavior of [~ V(W) when X
is noncompact and has an exhaustion by compact sets. For example, the theory
gives conditions under which [~ Yw) is nonempty. The central result of value
distribution theory in several complex variables has been a First Main Theorem,
an integral formula relating the size of [~ Y(W) with the growth of f. Wu [14] con-
sidered the case where Y is either compact Kaehler or C”, and W is a point.
Hirschfelder [8] and Stoll [12] consider the following situation: Let 7, o be proper,

surjective, holomorphic, regular maps
[eg

B— Z

T
Y

where B, Z are complex manifolds, Y is compact and Z is compact Kaehler.
Then W = 7(0 ~(2)) for z € Z. They allow W to have arbitrary codimension and
require f'l(W) to be an analytic set of codimension equal to codim W. Their result
is proven by letting X = /*(B, 7), and considering the diagram

Xt.B_ 7

o

x L,y
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They then apply a generalization of Wu's results to the map 7 0o0: X — Z, and
integrate over the fibres of X. Bott and Chern [2] take a differential-geometric
point of view: Y is a holomorphic vector bundle E over X, [/ a holomorphic section
s of E, and W the zero section of E.

We generalize the Bott-Chern situation as follows: Let E be a holomorphic
vector bundle of dimension m. Fix integers 0 <a; <---<a < m such that
2(m - a,) =dim X and put Y = @a i Es W= flegseees e, M) € @a n E|
rank{el, gy, }<a for 1 <i < n}. A holomorphic sectlon S of @a o E has
a Schubert zero of type (al, vera ) at x €X if S(x) € W; the Bott-Chern case is
when n =1, a; = 1. We prove a Fxrst Main Theorem for Schubert zeroes, but only
when E has sufficiently many sections V, i.e. V is a subspace of the space of
holomorphic sections of E, dim V = m + n, such that the sections in V span the
fibre E_ for each x in X. We first construct an analytic fibre bundle X over X
and a holomorphxc vector bundle Q over X fibre dim Q dim X. If S € @a n
is considered as a section of @ o E, then S induces a holomorphic sectlon g
of Q such that the Schubert zeroes of S are determined by the zeroes of 5 Ve
would like to apply the First Main Theorem of Bott and Chern to the section 5 ,
but X is in general a singular analytic space. Hence we first show that the Bott
and Chern theorem holds on analytic spaces. We then integrate the result over the
fibres of X to prove a First Main Theorem on X.

We could have approached the problem from the Stoll-Hirschfelder point of view,
since V induces a holomorphic map ey V— Pn(V), where Pn(V) is the Grassmann
manifold of n-planes of V. The map e,, sends x to the subspace of V consisting
of the sections in V which vanish at x. Then we construct

A F

]

Pn(V)
where F is a flag manifold and (A, 0), (A, 7) are analytic fibre bundles over F
and P (V) respectively. By definition X is e} (4, 7). For £ €F, roo~X®) is
a Schubert cycle of type (a;,-++,a ) in P (V). Given S e, ,, V we can define
a flag 5‘3(5) € F such that (S has a Schubert zero at x if and only 1f ev(x) €
(o =1 R©®). However, A is not in general a manifold, so that we cannot immedi-
ately apply the First Main Theorem of Stoll and Hirschfelder. Further more, this
situation is highly geometric, thus the Bott-Chern approach seems more natural in
our case.

The plan of this paper is as follows: In $II we review the definition of charac-
teristic forms of a holomorphic hermitian vector bundle. In particular we need to
recall that a hermitian structure on the holomorphic bundle E induces the Chern
forms cj(E) of type (j, j) for j= 1,-++, m = dim E. In SIII we give a simplified

proof of the Chern duality formula and use it to prove Bott and Chern’s Theorem I:
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Let E be a holomorphic, hermitian vector bundle of [ibre dimension n over a
complex manifold X, dim X = n, and let BXE) ={e € E| 0 <|le| <1} with m:
B*(E) — X the projection. Then there exists a real form p on B*(E) of type
(n-1,n-1) such that n*c (E) = dd°p/4n. Further if E is nonnegative then p
may be chosen nonnegative.

(Note. d€ = i@ - 9)).

The Generalized Gauss-Bonnet Theorem and First Main Theorem of Bott and
Chern are revised somewhat and shown to hold on analytic spaces in SIV and §V.
The proof consists largely of integrating Theorem I.

We discuss Schubert zeroes and prove the First Main Theorem for Schubert
zeroes in SVI. Finally, in SVII we give sufficient conditions for almost all sections
Se @a n V to have the same number of Schubert zeroes, or equivalently for a
holomotphlc map f: X — P (V) to hit almost all Schubert cycles the same number

of times.

_II. Hermitian vector bundles and characteristic classes. A connection ona C™-
vector bundle induces on the base manifold certain closed differential forms whose
de Rham cohomology classes are independent of the original connection. When the
connection is the canonical one defined by a hermitian structure on a holomorphic
bundle, then the refined cohomology classes are independent of the hermitian struc-
ture and there is an explicit formula showing the behavior of these forms under de-
formation of the hermitian structure. The details and proofs are all found in Bott
and Chern [2]; see Griffiths [6] for the principal bundle approach.

E denotes an n-dimensional C”-bundle over a C*™-manifold X, T = T(X) is
the tangent bundle, A’(X) is the space of complex valued differential j-forms, and
A(X) = 2 A7(X). If T'(E) denotes the C™-sections of E, then A(X; E) = A(X)
®

A0(X) I"'(E) is the space of differential forms on X with values in E.
Definition. A connection on E is a differential operator D: I'(E) —

[(T* ® E) such that D(fs) =df -s + [ - Ds whenever [ € A%(X), s e T'(E).

Relative to a fixed connection D on E we construct the Chern forms of E as
follows: Let s = {si }, i=1,-++, n, be a frame of E!U, U open in X; i.e. the s;
are smooth sections such that {si(x)} form a basis of E_ for each x € U. Then
Ds, =% 0,5 0:‘;’ e AYU), and O(s; D) = ||0i]. | is the matrix of connection 1-
forms. The curvature matrix K(s; D) = "Kij || is the matrix of 2-forms defined by

= d0 - 2 0., k , i.e. K(s, D) =d0(s, D) - 0(s, D) A 6(s, D). We define
a global form c(E. D) -3 ¢, (E, D) € AKX), ¢ (E, D) € A% (X), by (£, D)], =
det (1 + (i/2m)K(s; D)). Thxs is well defined because it is independent of the
choice of frame s on U and hence agrees on overlaps. If s’ is another frame on
U, s =2A. g Ai;’ € A%U), i.e. s' = As, then Ds' =0(s’, D)s" = (dA + AB(s, D))s, so
dA + AB(s, D) 2 0(s") DA and hence AK(s, D) = K(s', D)A, so det(1 + (i/27)K(s, D)) =
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det (1 + (i/2m)K(s', D)). Note in particular the curvature matrix K(s, D) represents
an element K[E, D], the curvature of E relative to D, in A%(X, Hom (E, E)). The
form c(E, D) is the (total) Chern form, and c; (E, D) is the jth Chern form, relative
to D.

We define characteristic forms in a similar manner: Let M_ denote the space
of nx n complex matrices. A k-linear functional ¢ on M_ is invariant if
¢(xl’ ceey xk) = qS(yxly'l, e, yxky'l) for all y € Gl(n, C), x; €M _. The space
of all k-linear invariant forms will be denoted by Ik(Mn)' Given ¢ € Ik(Mn)’ U
open in X, we extend ¢ to a k-linear map ¢U: M, ® A(U) — A(U) by
¢U(x1wl’ ceey kak) =¢lxp,eee, xk)w1 NewviNw,, x, €M , w, € A(U). Now con-
sider k elements -fi € A(X; Hom (E, E)) and let ¢ € Ik(Mn)' Then there is a well-
defined form ¢>(fl PRI fk) € A(X) which has the following local description: if
s is a frame over U then ¢(fl, ceey fk)lu = qSU(fl(s), cee, fk(s)) where fl.(s) is
the matrix of «fi relative to s, and hence fi(s) €M ® A(U). We set ¢((£)) =
o, -+, E); a characteristic form of the connection D is ¢((K[E, D)), for & €
Ik(Mn)‘ Polarizing the determinant we get det € In(Mn) by

det(xl,...,x")=i > 1(=1)°x! . X

.. i
o= 7(Hot1) X €M,

n

7(n)o(n)’
such that det((X)) = det (X). Thus the Chern form is a characteristic form. The
desired independence on the connection of the characteristic (de Rham) classes

follows from the following two propositions:

Proposition 2.1. Let D be a connection for E over X, ¢ an invariant form on

M, then o((KIE, D)) is closed.

Proposition 2.2, Let D, be a smooth 1-parameter family of connections on E,
then the function s — d(Dts)/dt, s € T(E), is A%X)-linear and hence determines
an element bt € AXX, Hom (E, E)). Further, if € ,k(Mn) then

" UKLE, D) = d f* $U(KIE, D,J; D)

where (€5 ) = s, 8¢, Neay* " ).
Corollary 2.3. The cobomology class of ¢((K[E, D)) is independent of the

connection on E.

Proof. If D, and D are two connections on E, then D,= tDy + (1- t)Do is
a 1-parameter family of connections.

Remark. By putting 0(s, D) = 0, s a frame of U, a connection can always be
defined locally; patching together by a partition of unity shows the existence of
connections on any bundle, so the characteristic classes are well defined topologi-

cal invariants of the vector bundle.
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A real valued C* function N: E — R defines a hermitian structure if the re-
striction of N to any fibre defines a norm, i.e. {z, v)’c = BiN(u + v) — N(u) - N()}
+ %N + iv) - N(@) = N()} for u, v € E_, defines a hermitian inner product on E .

On a complex manifold X, let A?*4(X) be the forms of type (p, ¢), d=0+3,
9: AP+9 _, aP+1.a F. AP _, AP.a+1 AT(X) = 3 AP+4(X), p+ g = r. This decom-
position of A(X) induces a corresponding decomposition of A(X; E) into
AP:9(X; E) = AP*%(X) ®40.x) I'(E) and hence any connection D on E splits ca-
nonically into the sum D’ + D" where D': I'(E) — A}:%(x; E), D": T'(E) —

A%N(x; E).

Proposition 2.4. Let N be a hermitian norm on the holomorphic bundle E.
Then N induces a canonical connection D = D(N) on E which is characterized
by the two conditions:

(1) D preserves the norm N, i.e. d{s, s') = (Dsys") + (s, Ds'), s, 5" €
I'(E);

(2) if s.is a homomorphic section of E|, then D"s =0 on U.

Note. (s®0,s'®6) =0N8"-(s,s"); 6,0 € A).

Locally D(N) has the following form: let s be a holomorphic frame on U,
N =N(s)=[(s;»s)|l. Then 6(s, DIN)) = ON- N-L.

Proof. See Bott-Chern [2].

Corollary 2.5. Let E be a holomorphic bundle with hermitian norm N, and
let 0, K denote the connection and curvature matrices of D(N) relative to a holo-

morphic frame over U. Then on U one has

0 is of type (1,0), 00 =0 A0,
K = 36, bence K is of type (1, 1) and 9K =0,
oK = - [k, 6l.

Note. Since K is of type (1, 1), the characteristic classes are of type (p, p).

If E is a line bundle, then a holomorphic frame is simply a nonvanishing sec-
tion s, so 6 = 9 log N(s), and ¢,(E) = (i /2m)d log N(s).

We define the refined cohomology groups HP2(X) = ker d N APP(X)/F KaP=1P=1(x))
and wish to show that the refined characteristic classes are independent of the

choice of norms.

Proposition 2.6. Let N, be a smooth family of norms on a holomorphic bundle
E. Then the function (s, s ) =d(s, s ) /dt is bermitian linear over A°(X) and
hence determines a sectzon L, e F(Hom (E E)) by the formula (L (s), s )
(d/dt)(s, s >Nz’ sy s’ e(E). If ¢ is any invariant form in 1,(M ), n = dim i?
then

® GUKLE, N ) =30 [ UKIE, N} L)
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where (]51(({:, 7])) = 21- ¢(§, R | {:’ 7](1«)7 6" M) f).
Proof. See Bott-Chern [2].

Independence of the refined characteristic classes now follows by setting N, =
(1 - t)NO + N, where N and N, are norms. We let ¢(E) denote the refined Chern
class of E, that is the refined class of ¢(E, N) for some norm N; a partition of
unity argument shows that such an N always exists, and hence &(E) is well-de-
fined.

III. Chern duality. We wish to prove the Chern Duality formula: &(E) =
E(E[)E(EH) where 0 — EI —E — EII — 0 is an exact sequence of holomorphic
vector bundles. Let N be a norm on E, then N induces N, on E; by restriction
and N, on E| by identifying E; with E;‘, the orthogonal complement of E |, as
C* bundles. Put c(E) = c¢(E, N), o(E;) = c(E,, N,) for i=1, II then we have

Proposition 3.1. There exists a form & in A(X) such that
cE) = c(E)elE ) = 0 9E.

The proof is a simplification of Bott and Chern’s, and is based on a deforma-

tion of N to N,,. First, we define the orthogonal projections P;: E — E , i=
I, II, and interpret them ds elements of I"'(Hom (E, E)). Now put (u, U>z =
t(PIu, PIv) + (Pnu, PII”) for u, v €E_ and 0<t<1. Then clearly N, is a her-

mitian norm and N, — N,  as ¢t — 0. We compute K (E) at x € U relative to a holo-
morphic frame s of E|U such that {s;,++, s} is a holomorphic frame of E| and
s (x), cey S (x) is an orthonormal basis of E Write N = N(s) = ( A B ) where
M= s I s A= 1,0 s IEZE, S B = I, ol
Put Ny =N, (s) where s’ is the holomotphxc frame of E, s' = {P[I z+k§n koI

_1 on U.
is easy to check that [[(Ps Sip P k>" = AN"lA* Hence

N,=N/(s)=t|(Ps,, Pis)l + <P yys ;5 Pys

N A* 0o 0

-1
A ANI A* 0 NII

Note. At x, A=A*=0, N =1, N =1 _, so NANTIA®) = 9ANTA* -

ANTION NT1A* + ANT10A* = o Ba(AN"lA*) = - 0AJA* + JAOA*, and NT' =
(1701
0

0
! k)' Therefore at x
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3 -1 =173 ~1
K[s, Nt] =dON,N7 "+ NN7ON,N;

tdoN | t00A* ) ((l /DI 0
t00A  — tdAJA* + tJAJA* 4 56N” 0 I

<zaNl taA*) /01 o\ /N, toA*\ /(1/D1 0
+

1A ON 0 I t0A ?)NH 0 1

90N, + ON ON| + tOA*A  t30A + tON OA* + t9A*IN |
G0A + OAGN| + ON A  (GAGA* + 30N + N ON

But at x, K[E, N;J = 99N +ININ, and KIE, N J=3N ON + 3N IN,,s0 pur-
ting P.KIE, NP, = K_[E, N ], iy j =1, I similarly for K [E, N, we have

111

K[EI, NI+ tOA*9A tK. . [E, N1
KIE, Nt] = .
%

K. [E, N1 KIE

1 NII] + tdAdA

Ir

The whole point is that

K[E, N|] 0
K[E, N o] =
K, [E. N1 KIE, Ny

111 r
so that

lim c(E, N)) = lim det (I + (i/2mKIE, N,]) = c(E)c(E ).
t-0 t—0

In order to apply Proposition 2.6 to this deformation, we compute L . Since
(d/dt)(u, v), = P, Pw) = ((1/)Pu,v),, then L, = (1/)P. Thus

: c(E, Dt) = éaf: det 1((1 + xKIE, Dt]; K(l/t)PI))dt, K = i/2m,

for 0<t<1. If we could set t =0 we would be done; however, the integral will
not in general converge. In fact, K[E, Nz] = KIE, NO] + t¥, where ¥ €

A%(X; Hom (E, E)) is independent of t. Therefore det!((1 + xKIE, Nt]; (K/I)PI)) =
E;‘___‘ol a.t’1, a; € A(X); note these are the same @_’s as in Bott-Chern, i.e. the
specific choice of deformation is immaterial. Now a = det!((1 + KIE, N,J; «P))
so the integral converges if and only if @ = 0; but a is a closed form, so it can
be deleted from the integral. To see this, define det’((£; 7)) by det(( + Ap)) =
S Mdet 7 ((&; ) for & n € AVU(X, Hom (E, E)). But
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I+ AxI + K[E |, N 0

det (1 + «KLE, NO] + )\KPI)) =det (

K, ,[E. N] I+AKIE , N/

= det (I + Ml + kK[E |, N De(E ) =(Z‘, @+ )\K)k—jci(EI)> o(E ),

so

k—1
a,= det 1((1 + «K[E, No]; KPI)) =K ( Z (k - j)cj (EI)> c(E”)

j=0

which is closed. So now we can integrate from 0 to 1 and get c(E) - C(EI)C(EII)
(_9-6{22;} a~l.a,} and putting €= 3771 a=la_ we have c(E) - c(E)c(E}) =
dd¢. Q.E.D.

In order to prove Theorem I (see Introduction) we must compute the highest

degree term of ¢ in the case dim E =k =1, but this is just

(/t)det '(KLE, Ny) + t¥; P )

KIE, N1+ %, +A ¥,

~(k"/t) SA! term of det<

K.. [E, Nl K[E

It o Nyl + ¥

1111

. -
= (&"/t)det (K[E;, Ny b+ W, ) = "3 det (KIE , N L ¥, )Y
where ¥ =K}, ”[E, N) - KIE |, N ] = JAGA* in the notation of the proof of

Proposition 3.1. So we have shown

Proposition 3.2, Let 0 — E,—E — E|| — 0 be an exact sequence of holo-
morphic vector bundles, and let c(E) and c(E,), i=1, 1, denote the Chern forms
induced by a norm N on E. Then if dim E; =1, cn(E) - CI(EI)Cn—l(EII) =
k{E72 1 det/ (QUE ); — A [ED)} where QIE ) = «K[E,, N\ ), @ [E]=
kK II[IE; N] and - A = Q [E] - QLE, ). Hence if E| admits a nonvanishing holo-

morphic section s, then
-— n_l .
¢,(E) = k99 {log N(s)c, _,(E )+ 3~ det/((QLE, }; A [E))}.
j=1

Now, this proves Theorem I except for the positivity statement. In fact, let m:
E — X be the projection map; then #*E, as a bundle over E, has a canonical sec-

tion s given by s(e, x) = e, for e € E_. If B¥(E) denotes the set fe € E| 0 < N(e)
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<1}, then s is nonzero on B*(E) and letting E, over B*(E) be the bundle spanned
by s, we have cn(n*(E)) = kdd & by the latter part of Proposition 3.2. But the Chern
forms are functorial, so n*cn(E) =kdIE.

bR

We must now discuss the “‘positivity”’ of &. Actually there are two notions

of positivity we will use; both need only be defined pointwise. First, a form a €
APP(X) is strongly positive at x if and only if there exist forms ¢ € AP 0(x)
such that a = i 2 qS /\¢> at x. A form @ is said to be posztwe written a >
0, if and only if i —»? a(Ul, Uy Upyeee, Uy 20 forall Upseees U, e T1:%(X),
the holomorphic tangent space at x.

Remark 0. “‘Positive’’ is used to mean ‘‘nonnegative’’.

Remark 1. If o is strongly positive then a is positive.

Remark 2. If dim X = p, i.e. if a is top dimensional, then in local coordinates
we can write Q = i"z(fdzlf\---/\dzp A dEl Aol d—z_p where @ €A0(U); then a
strongly positive < a positive @ >o.

Remark 3. f: X — Y holomorphic implies: if a € A?*P(Y) is positive (strongly
positive), then f*a is positive (strongly positive). It is easy to see that @ €
AP?(X) is > 0 if and only if f*a is > 0 for all holomorphic imbeddings f: M —
X, M a p-dimensional complex manifold.

We will show & can be made strongly positive under suitable conditions on E,
though in fact we only need £ > 0. Later, when we fibre-integrate ¢, we will get
a form which is only > 0, not strongly positive.

Definition. Let @ be an n x # matrix of forms of type (p, p). Then Q is
(strongly) positive at x, written { > 0 if there exist # x m matrices N _ of forms
of type (p, 0) at x such that = (i?? 2N A N¥)E

Note. See Griffiths [6] for a dlscussxon of pos1t1vity for ) which generalizes
positivity for forms (not strong positivity as we have done). This definition is the
transpose of the one in Bott-Chern; but the bundles they say are positive are in
fact not positive according to their definition.

If A is an n X n nonsingular matrix then Q >0 at x if and only if AQA* >
0 at x. So for & € A?2(X; Hom (E, E)), E a hermitian bundle, we say £ is posi-
tive (£>0) if the matrix of &, relative to an orthonormal base of E , is positive.
This is well defined, since a unitary matrix has A=l o Ax,

Definition. A holomorphic bundle E with norm N is positive if the real curva-
ture form QLE, N] = kK[E; N] is strongly positive on X.

Theorem 3.3. Let E be a hermitian bundle of dimension n, £” positive ele-
ments of Az’p(X; Hom(E, E)), r=1,-++, n. Then det (fl, ey, &M e Ag"’p" is > 0.

Proof. We can assume &7 = (i2°N" A (N)%)!, where N = (N:j) isan nxm;

matrix of (p, 0) forms at X. Then
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det (51, .. f )— - Z D 1)7'50'(1)7(1) "alo(n)f(n)

flcrr

1 . o T N
== Z . Z(—D N7y Nouys, Ny Notmi,

7 tolp

Z-pzn( l)pzn(n—l)/Z 1'
n:

lof 7 ~1 n
Z ' Z(-l) - )Nr(1)1 : r(b)JNon)]I "Na(n)in

1,22 P
_Llat oy (Z(-l) Ny, .Ng(n)jn)

n:

]1""’1,‘

A <; (- 1)UN}'(I)]'I NZ(n)J )

> 0;

in fact det (&Y, .., &7) is strongly positive.

Corollary 3.4. If £, € ALN(X; Hom (E, E)) are positive, then the forms
det’((£; 7)) are positive. If fz '3 >0, > 7' >0 then det’ ((&; 7)) Zdetj((fl; 7))

Proof. det’ ((£; 7)) can easily be seen to be det (‘fl’ ceey fn) where j of the
{"i’s are set equal to 7, the rest to £, Also, detj((tf'; 77)) = detj((f' +(&- f'); 1]' + (1] - T]I)))=
det’ ((€'; 7")) + positive forms.

Note. In particular if Q[E; N1> 0 for E a hermitian bundle, then c(E) is
strongly positive.

Now consider again the sequence 0 — E; — E — E ;| — 0 of holomorphic
vector bundles. Define Qi[E], i=1,1I to be the form P, K[E]Pl. interpreted as a
section of AI’I(X; Hom (El., Ei))' Then in the notation of the proof of Proposition
3.1, at fixed x € U, we have QIE|] - Q [E]l = - xdA*d 4, QIE ] - Q [E] =
-kdAIA*so (UE) - Q [ED’ = - (1/2m)(i0A*T A)', i.e. (QIE|] - Q[ED* <0 and
Q[EH] - QH[E] = (1/27)(i0A A" > 0, i.e. subbundles are less positive, quotient
bundles are more positive than the original bundle.

Now we have, in Proposition 3.2, cn(E) = kd d{log N(S)cn—l(EII) + &1, where
= 2::11 (l/i)deti((Q[E“]; QII[E] - Q[EH])). Assume E is a positive bundle, i.e.
Q[E] > 0; then Q[E]1>0, so QE ] =Q,[E]+ (QE ] - Q,[ED) >0 which implies
that ¢ _, (EII) > 0. & can be written as

n—1
> L idec(@IE, ) QL] - @ [ED)

i=1 "'
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which has indeterminate sign. Let &, = 2:’;1 (l/i)deti((Q[En]; QLE 1), then
fo =3 (l/i)(?)cn—l(EII) so fo is closed. But:

dec’(QLE, ) QIE, 1) 3 dec’(QLE J; QLE ] - , [ED),
so fo -£>0 and 5650 = 0. Therefore,

(3.5) c, = (dd®/4m){log N~ Ws)e, (B + (&g =N

and the bracketed term is > 0 whenever log N~ 1(s) > 0, i.e. when N(s) <1. This

completes the proof of Theorem I.

IV. Generalized Gauss-Bonnet on analytic spaces. The formula in Theorem I
is integrated to give the Generalized Gauss-Bonnet Theorem. The proof is due to
Bott and Chern, but an approximation which they use is not obvious, and thus has
been given further elaboration. The proof of the Gauss-Bonnet Theorem is then
seen to go through for the case of an analytic space.

Let E be a holomorphic n-dimensional bundle with hermitian norm N, over
the compact complex n-dimensional manifold X with boundary dX. We consider
X — 0X as an open subset of a complex n-manifold Y, with X-0X=XCY. Then
E and N are actually assumed defined on the extension Y of X. Letting E; =E
minus the zero section and 7: E — X the projection, we have already seen that
the identity section of 7*E over E gives rise to a nonzero section on E and for-
mula (3.5) defines a definite form p on E such that dd“p/4m = n*c_(E). Putting
n(E) = d°p/4n we have ﬂ*cn(E) = dy(E).

Let s be a smooth section of E with an isolated zero at x € X, We define
the order of the zero at x, zero(s, x), as follows: Let B, be a disc of radius € >
0 relative to complex coordinates centered at x, and let /8 EIB8 — E_xBg be
a trivialization; ¢: EIB8 — E_ is ¥ projected on the first factor. For small
enough ¢, € <0, ¢ ©s maps dB, into E_ - {0} and zero(s, x) is by definition the
degree of ¢ 0s: 9B, — E_-1{0}. Note. B, and E_-10} are complex domains
and have a canonical orientation, which induces orientations on (9B6 and the unit

sphere S(E’x); E, -0 can be retracted to S(Ex), so the degree is well defined.

Proposition 4.1 (Generalized Gauss-Bonnet). Let s be a smooth section of
E such that s is nonvanishing on 0X and the zeroes of s are isolated.
Then X zero(s, x) = [y cn(E) - [ax s*n(E) where x ranges over the set of

Zeroes Xq 99 X o] Ss.
1° s X /

Proof. Let i E,- {0} — E, be inclusion, x € X. Consider the form j*n(E).
It is closed since d(j*7) = j*¢ _(E) = ¢ (*E) and j*E is a trivial bundle with flat
metric on E - {0}, so cn(j*E) = 0. The cohomology class of j*7(E) is then a
multiple of the orientation class of E - {0} defined above, say *nE)=a_.

(orientation class), a. € R.
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Let X_ be X minus the interiors of discs B: of radius € around the x.. Let
8 be chosen small enough so that s is nonvanishing on X, 0 < €< &, hence s
defines a section of E over X, Then s*ﬂ*cn(E) = cn(E), so cn(E) = ds*n(E) on
X, Applying Stokes’ Theorem,

c E S* E‘ s* E‘ E s* E .
J;(( 71( ) faxe ‘( ) fOX ( ) J;Bi ‘( )
laking limits, we have

fxcn(E)_ faXS*TI— 2 Jim f ,s*1(E).

€0

Assume further that & is chosen small enough so that E|Bi is trivial, and let d)l.:
Elgi - E,_ be trivializations as in the definition of zero (s, xf).

Claim. llmt, 0 faBl s*n(E) = lim_ faB’ s*¢p.* 7*n(E). (This is not entirely
clear, as asserted in Bott and Chern.) Let N be a new hermitian norm, equalling
N on a neighborhood of aB but with N = 7*j*N on BS/z By the homotopy
theorem, Proposition 2.6, there exists a C form & on BS such that cn(E N) -
c (E N ) =df on B’é, by the construction of £ it is clear that £=0 on a neigh-
borhood of 0B%. By Stokes’ Theorem, fBzS c (E,;N)—c (E,Ny)= /g f 0. Let

=7(E, N,) on E | pi- Then by the functonahty of m, My = P*; *77(5, N) on
EolBg/i Again by Stokes’ Theorem,

0= fB%cn(E, N) - c_(E, Ny)

- lim fBg B;C"(E N) = c,(E, No) = lim f o s*dy(E, N) - s*dn(E, N,)
= [ *E N~ s*g(E, N~ Lim [ (s*(E, N) — s*9(E, N,))
"Bs €0 aB
— [ is*nE, N) = s*p(E, N —Lim [ (s*n(E, N) - s*¢*j *n(E, N))
0318 €0 OBIG

= lim f (s*p*j*n — s*q).

€-0 aB;
So lim,_, f«?Bé s*n = lim,_, 5 s*é *j*p
Therefore
- * ko0 _ . * .
fxc'l(E) f s*p = th faBis = Zi;_.na faBis b, xj.*7
€ €

=- Zli_rflo f s*p, * (ai - orientation class of E_ - {o})
€ 3B, i

== a, - zerol(s, x)).
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This completes the proof of Gauss-Bonnet, except for showing that a =-1
1

Lemma 4.2. j*n = — the orientation class of E_ - {0} for x € X; i.e. a_=-1,
x x

Proof. Fix x € X. By the functoriality of 7(E), j*n depends only on the
hermitian inner product on E , hence it suffices to exhibit a manifold M without
boundary and a holomorphic vector bundle F over M with hermitian norm such
that E_ is isometric to F_for some fixed m € M and j _*7(F) = - (the orientation
class of F_—10}). Let us further assume that M has a section s of F such that
s is zero only at m, zero (s, m) =1, and that fM c"z(F) =1. Then fM cn(F) -

Som s*0(F) = - a zero(s,m) so 1=-0a =-a_,and we are done. Since these
examples are needed for the result on Schubert cycles, we give their construction,
found in Bott and Chern.

Let V be a complex inner product space of dimension m and P (V) the Grass-

mann manifold of n-planes of V. Over P (V) we have the canonical exact sequence
0—-S (V) =P (VIxV -0 (V)—0

of holomorphic vector bundles, with § (V) the subbundle of P (V) x V consisting
of all pairs (4, v), A € Pn(V), v € V such that v is an element of the n-plane A.
The quotient bundle is Q (V). The bundle P (V) x V is given the hermitian struc-
ture of V in each fibre, and Sn(V) and Qn(V) have the induced structures. Note
that since Pn(V) x V has zero curvature, the bundle Qn(V) is (strongly) positive.
Each v € V determines a holomorphic section s of Q (V) defined by the projec-
tion into Q (V) of the constant section x — (x, v), x € Pn(V), of P(V)xV.
Assume that m = n + 1. Consider the n-dimensional manifold P,(V) and the
n-dimensional hermitian bundle QI(V) over PI(V). If v#0 €V then s, vanishes
only at (v), the subspace of V spanned by v. It is easy to check that zero
(sv, (v)) = 1. Furthermore, we can choose the original hermitian structure on V so
that V/(v) has any given hermitian structure, for fixed v € V, i.e. (Q (V) @ has
any given hermitian structure. To complete the proof of Lemma 4.2 we need only
show that IPI(V) ¢ (0,(V)) = 1. By Chern duality in the sequence 0 — S,(V)
— PI(V) xV— QI(V) — 0, we have c(Ql(V))- C{SI(V)) =1, so Cn(Ql(V)) =
(- "¢, (5,(V)) as cohomology classes. Let fvgss-+s v, | be an orthonormal base for
v, let W = the span of v,,--+, v_and put U= P,(V) - P|(W); note P (W) has mea-
sure zero in P (V) The open set U has coordinates (z cee, Z ) — (v, +
27 zp), the line spanned by vy + X7 ) z.v, and v, + 27| z v defines a non-
vamshmg section of S,(V)|U so c,(s (V)) = (1/277)38 log N(v0 + 2 zv)=
(i/2m) 39 log(1 + ||z|l2) on U. Therefore

/5 (@) - fPI oy D (5, ()

- /- 1)"< ‘>(aa log (1 + 2] ).
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Since (39 log (1 + ||z *)” depends only on |z, i.e. is invariant under the unitary

group, we compute it at a point z such that z; = ||zll; 2, =-+-.= 2 =0. Then
[dz dz, + ... +dz dz 2 n
(39 log (1 + ||z]|))" = 1! > I | - dz dz,
1+ =]l L+ Jlz)|®)

[ 4'151z1'z1 dEZdzz Foeeet a’z_ndzn n

+
[ @+ ]j2)1%)? L+ =)

n!

=— dz . d
(1+ “zl|2)n+1

z, .. dz dz_.
1771 n n

So

i \" n! _ —
fPl(V)C"(Ql(V)) = fU (Z) Wdzldzl e dzndzn

and using polar coordinates, this is just

1

! 1\

n; :( 2 ) r2"=1dr . (the volume of the unit 2n — 1 sphere)
1+7r

(See Bott-Chern for another derivation of fcn(Ql(V)) =1.) Q.E.D.

To see that the Generalized Gauss-Bonnet Theorem also holds on analytic
spaces with boundary, we must first define differential forms, hermitian vector
bundles, etc. on an analytic space. We define A?*4(X) for X a complex analytic
space, according to Bloom-Herrera [1]; see also King [10].

If X is an analytic space, we denote by R(X) the regular set of X. For X a
subvariety of a complex manifold M, let ], A?*¥(M) = {r € A?+9(M)| i*r = 0} where
i: R(X) & M is inclusion, and define A?+9(X) = A?+9(M)/] ,AP*%M). We define
A" (X) similacly, and A7(X) = 2 _ AP+9(X). Let 7 € A"(M), then the following
are equivalent (Bloom-Herrera):

(1) #*r = 0, where i: R(X) & M,

(2) g*r =0 for all smooth maps g, and all smooth manifolds N, g: N — M
such that g(N) C X.

It is not obvious that (1) implies (2), for example when g is a map of N into
the singular set of X, but this equivalence shows that A?*9(X) and A"(X) are
independent of the imbedding. By patching together, we can then define A?*%(X)
and A"(X) for any analytic space, and using property (2) it is clear that if 7 €
A(Y) and f: X — Y is C* then we can define f*r € A(X). If 7 € A?»%(Y) and
f: X — Y is holomorphic, then [*r € A?*4X). Also { commutes with 4, for [ a
C* map, and with d and d for [ holomorphic.
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A form 7 € AP2(X) is positive, 7> 0, if 7 restricted to R(X) is positive. This
is equivalent, just as (1) is equivalent to (2) above, to g*7 > 0 for all holomorphic
maps g and all complex manifolds M, g: M — X. Hence if X and Y are analytic
spaces, [: X — Y is holomorphic, and 7 € A??(Y) is positive, then f* > 0. The
definition of strong positivity for forms on analytic spaces is the same as that for
forms on manifolds, i.e. 7 € AP*?(X) is strongly positive if for each point x € X,
there exists a neighborhood U of x and forms 0 € A?*%(U) such that 7 =
#s 9] A 9’ on U. Strong positivity is defined smularly for matrices of forms, see S1II.

If E is a holomorphic vector bundle over X, then E is itself an analytic space,
so the definition of a hermitian norm makes sense, and we can define the curvature
matrix relative to a holomorphic frame, and hence define characteristic forms, just
as we did in S$IL In order to show that Theorem I holds on analytic spaces, we
need only show that we can define p(E) a C™ form on E, so that p(E|p ) =
P(E)lR(E y- But if 0 »E — E — E[| — 0 is an exact sequence of holomorphic
vector bundles on X an analync space, and N is a hermitian norm on E, then N,
and N, are hermitian norms, and the orthogonal projections P, and P are smooth
operators (the matrices of N; P P relative to smooth frames are clearly smooth).
Hence the deformation N for 0 <t < 1, 1s a hermitian norm, so the form & of Prop-
osition 3.1, i.e. 2;’; i'la ;» Where det L((1 + «KIE, N (k/ 1)P)) = E"' a, £ is
defined on X, and c(E) — c(EI)c(EII) = 09 &, since the restrictions to the regular
set are equal by Proposition 3.1. The definition of a positive bundle is the same
as before, so if E > 0 and we define p(E) by

n—1

PLE) = log N, _,(E,)+ F £ der(OIE, 1 01F D)
j=1

1
- Zi ]—(— det ((QIE, ); QUE ] - Q[ED)
1=

then p(E) > 0 on the space B*(E) =1{e € E| 0 <N(e) <1} and n*c (E) = dd“p/4m,
since this holds on the regular set.

In order to prove Gauss-Bonnet on analytic spaces, we must define spaces
with boundary and show that Stokes’ Theorem holds.

Definition. Let Y be an n-dimensional space. Then X C Y is an n-dimen-
sional analytic space with boundary 90X, if X — 0X is open in Y, X is the clo-
sure in Y of X — 90X, and X N R(Y) is an n-dimensional complex manifold with
boundary 0X N R(Y). If p € A®™(Y), v € A2~ (Y), then we define [y p» [, v
by anR(Y) i and fOXnR(Y) v respectively, if these integrals exist.

Remark. A smooth submanifold M™ of R(Y) has locally finite m-volume if
M N K has finite m-volume whenever K is compact in Y. If p € A™(Y) has com-

pact support then fR(Y) p always exists, since R(Y) has locally finite 2n-volume;
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see Lelong [11] or Stolzenberg [13]. But if X is an analytic space with boundary,
0X N R(Y) need not have locally finite 27 — 1 volume.

Proposition 4.3 (Stokes’ Theorem on Analytic Spaces). Let Y be a paracom-
pact complex analytic space of dimension n and let X CY be an n-dimensional
compact complex space with boundary 0X such that 0X N R(Y) has locally finite
2n — 1 volume. If 1 € A"~ 1Y) then Jax 7=Jx dr.

Proof. Since there exist C* partitions of unity on Y, the result need only be

proved locally and follows from:

Proposition 4.4 (Stokes’ Extended). Let K be a compact subset of R™, M a
smooth n-manifold in R™ with locally [inite n-volume, such that M — M (closure
in R™) bas the following properties: M — M = d U 8 where

(i) (M, 9) is a (not necessarily compact) manifold with boundary.

(ii) d N K bas finite n —~ 1 volume.

(iii) 6 N K is compact.

(iv) The image of 8 under each coordinate projection (x -+, xm) — (xil’

cey xi,,) bas measure zero.

Then, for any n — 1 form 7 on R™ with support in K,

farz fMdT'

Proof (Stolzenberg [13]). For each increasing multi-index I, |I| =2 - 1, let
. R™ — R”~1! be the associated projection (xl, ceey xm) — (le’ sy X, )
Wnte @nK,=9dnK-T7 11,6 N K) and (MNK),=MN K- I, (Sn K)).

For any smooth function f, w1th support in K, and integer j < m,

[T PO RN Sy

For each I choose a sequence of smooth functions ‘I’; on R”™ ! such that
0< ‘l” <1, ‘I" =0 ona nelghborhood of I1,(6 NK) and ‘I’ — 1 uniformly on
compact subsets of R*~1_ H 6 N K. Then set <D = ‘]" OH,, write 7= X rdx s
and define 7 = pX n (D:ndx . Smce the form 7_ vamshes 1dent1cally on (varymg)
neighborhoods of & N K, we can apply the usual Stokes’ Theorem, so that Iu ar_
= fa T

Now

I 1 I I .
i mexr’q)"‘dx =Zf<anx>,’l®md" —'Zf(anm,’ld" - Jir

i}

Also, dr_ =2 ®! d(T,dx’) since d®! A dx! = Iy (9! A dx  N.e <N dx 1) 0.
m m m m n=

Thus
1 I 1
fMdrm =2 f(MnK) 0] d(rdx)—» Z j;MnK)d(r,dx)z fMdr.
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Hence [, dr= far.

Remark. In the proof of Proposition 4.3, we let 6 = X N Sing(Y).

The proof of Gauss-Bonnet involved two parts: first applying Stokes’ Theorem
to X minus little balls around the zeroes of s, then a local analysis at the zeroes.
If the zeroes of s are contained in the regular set of a complex.analytic space,
then the proof will still go through, since we have shown that Stokes’ holds, so we

have

Proposition 4.5 (Generalized Gauss-Bonnet on Analytic Spaces). Let Y be a
paracompact n-dimensional complex analytic space, and X CY a compact n-dimen-
sional analytic space with boundary 90X, such that dX N R(Y) bas locally finite
2n — 1 volume. Let E be a hermitian, holomorphic n-dimensional vector bundle
over Y and s a smooth section of E such that the zero set of s intersected with
X is a set of isolated points contained in (X — dX) N R(Y). Then = zero(s; x) =

fx cn(E) - lix s*n(E), where x ranges over the set of zeroes Xypeees % Of s in X.

V. The First Main Theorem. The Generalized Gauss-Bonnet Theorem of the
previous section shows that if X is a compact analytic space (without boundary)
and E is a holomorphic, hermitian vector bundle over X with » = dim X =
fibre dim E, then a C° section of E with isolated zeroes in R(X) has exactly
Ix Crz(E) number of zeroes. If X is noncompact, then a C™ section has no restric-
tion on the number of zeroes. However, if X has an exhaustion by compact analy-
tic spaces with boundary, and the section s is holomorphic then we can find the
asymptotic distribution of zeroes by integrating the Gauss-Bonnet Theorem to get
the First Main Theorem. The proof is due to Bott-Chern, except for Lemma 5.3,

whose proof in Bott-Chern does not seem correct even in the dimension 1 case.

Definition. An exhaustion function 7 on X a complex analytic space is a C™
. + . .
real-valued function such that 7: X — R is onto and 7 is proper. Put X = {x €
X|r(x) < 7.

Remark. If 7 is an exhaustion on X and 0: Y — X is proper and surjective,
then 7 ©0 is an exhaustion on Y.

Fix r an exhaustion on a complex space X. Sard’s Theorem applied to R(X)
shows that X  is a compact analytic space with boundary 9X_={x € X]| 7(x) =7}
for almost all 7 in R, Since X has locally finite 2n-volume, a theorem of Federer
[4, p. 188] shows that 8Xr has locally finite 2n — 1 Hausdorff measure for almost
all . If M™ is a submanifold of R?, then the m-dimensional Hausdorff measure
of M is the same as the m-volume of M, up to a constant (see Stolzenberg [13]).
Hence there exists a set C in R* such that R* — C has measure zero, and for
all r € C, X is a compact analytic space whose boundary aX’ has locally finite

2n — 1 volume.
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Let E be a holomorphic hermitian vector bundle of fibre dimension n over X.
The characteristic function T(r) of E is defined by T(r) = [{ fxt cn(E) dt.

Let s be a section of E having only isolated zeroes contained in R(X). The
counting function N(r, s) is defined by N(r, s) = f6 zero (s, Xt) dt where

zero (s, Xr) = 3 zero(s, x), x ranging over the zeroes of s in the interior of X.

Theorem 5.1 (First Main Theorem). Let X be a complex analytic space with
exhaustion function 7, and E a positive holomorphic hermitian vector bundle of
fibre dimension n = dim X. If s is a holomorphic section of E with isolated
zeroes in R(X), and ||s| <1, then

_ 1 c 1 c
T() = NG, s) = eraxrd TAA- Efxr)xdd T

where A = s*p(E), for almost all r (i.e. for r € O).

Proof (Bott-Chem). Let " C R(X) x R be the graph of 7|y, and let W be
the region in R(X) x R which is above I' and below R(X) x {r}, W ={(x, )] r(x)<¢
<r,x €R(X), t €RY, for fixed r € C. The natural projection W — X is denoted by
0. Then by Fubini it is clear that T(r) = [, a*cn(E) dt with W given the product
orientation on R(X) x R and dt volume element on R.

Suppose s £0 on X , then ¢ (E) = (1/4m)s*dd°p(E) on X, so T(r) =
(1/4m) [y, d(o*s*d°p N dt). The boundary of W consists of R(X) x {r} and I, the
graph of rlR(X,)‘

Note. T" has locally finite 2n-volume, since the injection of R(X) into I, by
x — (x, f(x)), is locally lipschitzian and thus has locally finite Hausdorff measure;
see Stolzenberg [13].

By choosing a partition of unity on X X R* and applying Theorem 4.4, Stokes’
Extended, we have T(r) = (1/4m) [, 0*s*dp A di. But dt is zero on X x {rl; so
we have T(r) = - (1/4n) fr’ o*s*d®p A dt. Identifying I" with R(Xr) we obtain

1 1
TG) = = — s*dp Ndr = - — dSs*p N\ dr.
(r) y fxr p i fxr p

Keeping track of degrees it is easy to check that d7 A d“A = d((d°r)\) — Ad d°r
for any function 7 and (n=1,n—1) form A. Using Stokes’ Theorem once more,

we Obtall’l
= — d - Md 7T = — d 7 /\ —_—— Md T

where A = s*p(E), if s has no zeroes in X.
Assume now that s vanishes at isolated points x5+, x in X’, where X
. . € . .
eR(X), j=1,-++, m, and we allow x; to be in 3Xr. Let X be X minus discs
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Bl.(e) around the %, and let W(e) be W with the solid cylinders Cl.(e) above these

discs removed. Then

1 .
= — dC
T(r) . :irg W(G)o*s ddp A dt,

and just as above we apply Stokes’ Theorem to get

1 . c '

- = - dr — *s*dp A di

T(r) ﬂiin(;{ axedr/\)\ xe)\/\d r Zfaci(e)os p
r r

! *s*d° N\ dt
+ Z fa(Cl.(e)nW)o s

. - . n
where X' is the sum over the zeroes interior to X, and 3" the sum over the
zeroes on JX . It is easy to show using the Generalized Gauss-Bonnet Theorem

that

lim o*s*dp Ndt
es0 7¢O

==(r- r(xz.))zero (s, xl.) if x, interior to X, (i.e. T(xi) <r),
and

I - ~0
lim fa(Ci(e)nW)o s*dp Ndt=0 if x; € 0X .

But N(r, s) = 2(r - T(xl.)) zero (s, xl.) so

477 €0

(5.2) T() = NG, s) = = lim[ arAA- [ A /\dd"r], A= s*p(E).
axf x¢

We apply the following lemma which will be proved below:

Lemma 5.3. (i) The form Add‘r is absolutely integrable on X (ii) The form
d°r A X is absolutely integrable on 09X . (iii) lim,_, JaBeo) |dr A A| = 0.

Thus we may pass to the limit in (5.2) and have

_ 1 c 1 c
TO) - N, )= — axrd rAN- EIX,)‘ Add°r.  Q.E.D.

Corollary 5.4. Let E be a positive hermitian bundle over an analytic space
X, n=dim X = fibre dim E, where X has exhaustion function 7. Let s be a holo-
morphic section with isolated zeroes in the regular set of X, and |s|| < 1. Then

N(z, s) < T(#) + (1/47) fxr A A dd°r, forall r € R*; A = s*p(E).

Proof (Bott-Chern). Since E > 0, by construction of p(E) we have that
s*p(E) > 0 whenever |s|| < 1. But the induced orientation on dX_ for the Stokes’
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Theorem is characterized by: a real (2n — 1) form & on X restricts to a positive
form on axr, relative to the induced orientation, if and only if dr A & is positive
on X near ax But if A is a positive (n — 1, n — 1) form, then dr A d°T A X is
positive for any C° real valued function 7, hence fax d°r AA> 0 where A =
s*p(E). Thus for all r € C we have T(+) - N(, s) > - (1/4m) fx XA A dd°r, but, by
Lemma 5.3(i), fx A d°T is a continuous function of r, and certamly T(r) and
N(r, s) are continuous in r, hence N(r, s) <T(r) + (1/477)f )\ A dder, for all r in R".
Definition. Let E be a positive hermitian bundle over an analytic space X
with exhaustion 7. If cn(E) > 0 at some point of X, then the deficiency of a holo-

morphic section s with isolated zeroes in R(X) is defined by

&(s) =1 -Tim {N(r, s)/T(N}.

Definition. An analytic space X is pseudo-concave if it has an exhaustion
function 7 such that dd°r <0 for large values of 7, i.e. there exists ry+3 -dd“r
<0 off X .
> 70

Corollary 5.5. Let E be a positive hermitian bundle over a pseudo-concave
analytic space X, with cn(E) #£0. If s is a holomorphic section with isolated
zeroes in R(X) and |s| <1, then N(r, s) < T(r) + constant (constant depends on
s) and bence 0 < 8(s) < 1.

Proof. Choose r,-3-dd7<0 off X_,then A A ddr <0 off X, for A=
s*p(E), so N(r, s) < T(r) + (1/4n) fxr ANdder.

We conclude this section with the proof of Lemma 5.3.

Proof of Lemma 5.3. Since A > 0, we need only show (i) and (iii), because
d°r A M is positive on 6X and (5.3) then shows lim__, X€ dST AN T@) -
N(ry s) + (1/4m) fx AA ddcr We first investigate the local "behavior of p, then we
see how A = s*p behaves We are only concerned with the behavior of p on
E|R(X)’ since s has zeroes only in R(X). Let U be a coordinate patch of R(X)
with coordinates z,-++, z_, such that E has a holomorphic frame s;5+++, s _on
U. Then EIU has cootdmates (z, w) = 2 w;s, (z) Fix a# 0 € C. Then a mduces

a map a: E, — E, multiplication by a on the flbre We have already shown that

p=1log N~ (s)cn_l(E“) + Z]" 1det’((Q(E”); QE )
j>0

- i 7M1V det/ (QUE | ); QUE ) - Q(E)))

where s is the identity section of 7*E over E. It is easy to see that (a*E ,
a*N )= (E}, N, (@*Ep, a*Np) = (E 5 Ny and (@*E, a*N) = (E, N), all as hermi-
tian bundles. Therefore a*c (E; ) =c,_ 1(E”), OL*Q(EH) = Q(Eu), and

a*(d, (E) =, (E) but N(s(z, w)) = Ial’zN(s(z, aw)). Put ¢ (E“) =
Z/IJKL(Z’ w)dz izl awXdw" , and f -¢=3 gI]KL(z’ w)dz dz]ddez—[/L. Then
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it is clear that if we put @ = 1/||w|, then at (z, w), with w £ 0, we have:

p = (log [[wll* + log N(s(z, w/|wlMX/,r o w/ )] ~IKI=ILlazlaz LauKamt
+ Xk w/ D]~ 1K= It azlaz  awk it

Let s be a holomorphic section of E with an isolated zero at x € R(X) and put

U= Beo’ with €, small enough that E has a holomorphic frame s,,-+-, s . Then

for € <€, the /”KL(z, w/||lw|), gl]KL(z’ w/||w||)s and N(s(z, w/||w|)) are all

bounded on EOIBG’ and defining f: B€0 — C” a holomorphic function, by s(z) =

2 [(2)s (2), we have that

X = Xlog If 126 xcr, + ¥y ) 17K =1L azlaz Tap Kap b

where the ¢, and ‘PUKL are bounded functions on B,.

The proof of (iii) involves Stokes’ Theorem, thus we also want to describe dA.
Consider the form dp. Since a*d log N~ Ys(z, w)) = d log la)? + d log N~ Y(s(z, aw))
=dlog N~ Y(s(z, aw)), then a*d log N™ (s)=d log N~ 1(s) and hence a*dp = dp.
Just as above we then have dA = Z GUKLH/H'-'K"'L'dz'dEjd/Kd/_L where |I] +
|71 + |K| + |L| = 2n — 1, and the eleL.

Assume we have proven the following lemma:

are bounded functions on B,.

Lemma 5.6. Let [: B, — C" be holomorphic, with [~ 10) = 0. Then the (n,
n) form (logllf IDIf1I™ 1K1~ 'lez'di']d/ Kd/_L is absolutely integrable on B, where
1]+ 1Kl = ny [J] + L] = s and |K| + L] € 20 = 1.

From the description of A above, it is then clear that A A ¢ is absolutely in-
tegrable on B, for any smooth (1.1) form ¢, and hence (i) has been proven. In ad-
dition, we see that dA A ¥ is absolutely integrable on B, for any smooth 1-form L 5

Consider [z A AW, for ¥ a smooth 1-form. Following an idea of Stoll [12],
we let g: R* — li"' be a C™ function suchthat 0 < g<1,g=0 on [0, %], and
g=1 onll, ). Define x5 a real valued function on B, by x 5(2) = g(ll /(2)]|/8).
Then X5 is C”, 0< 6 <1, and satisfies the following conditions:

(1) xsz) =1 if ||/ (2] >8,
@) xs(z) =0 if ||If ()] <8/2,
dx s = (1/8)%' (7 1/8)MIf I

3 — —
_ _L81<HLII_> 2df;+ 14l '
28) ) 4l '
Note. (1/8)g"(|/11/8) = 0 if ||| > &, hence
1o M) <L '<IVH) <«
25)° ( s /|2 \s /|- n

where ¢ is a constant.
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Consider

Sfdf +7.df.
IMAx Adysl < — DNAWA 22 F
’ ||/|| T

< ”/”Z(lk/\‘l’/\d/ |+ ANAY AT
since |[|/|f|| < 1. We can apply Lemma 5.6 to A AW A df/||/||, and hence [A A
¥ A dxsl| is dominated by an integrable form on B, for all 9.

We apply Stokes’ Theorem tofaB XsA AW to get faB XsAANY = fB dxs NA AW 4
fB XsdA AW+ fB XsA A dV¥. Now NAav and dA AV are absolutely mtegrable and
X5 — 1 as 8 — 0. By the Dominated Convergence Theorem, we then have |, Be X5 N ANWY
— 0, fB XsdA /\‘P—»fB dA A, ande XS)\/\d‘P—»fB ANdY as 3—-»0 But
XSIB -1 for small enough d, hence faB A ANV = fB dA /\‘I’+fB A A d¥ which implies
IOB )\ A¥ — 0 as € — 0. This proves (111)

Remark. If the Jacobian of f is not zero at zero, then for purposes of conver-
gence we can assume that { is the identity map and only have to show that
(log )~ IKI - ILI dz,-+-dz,dZz ---dz  is absolutely integrable on B, where |K| + |L| <
27 — 1. But this is clear, since the volume of the sphere of radius r is of order

27=1 and

f; log r dr = ¢loge—e.

In order to prove the equidistribution theorems in $VII, we need only use
Lemma 5.6 when the Jacobian of f is nonzero at 0. When the Jacobian of [ is
zero, the result is quite difficult. Stoll, see [12], gives a very lengthy proof. The
following argument, due to James King, is considerably shorter; but uses the deep
result of Hironaka on resolving singularities.

Proof of Lemma 5.6. Step 1. Consider the subbundle Y = §; (V) contained in
P, (V) x V defined in S1v, 5V =, L) v €L, L aline in Vi, where V = C".
Let 71 Y — V be the inclusion of Y in P, (V) x V followed by projection. Then
the zero section of Y is a projective space and equals 7 -1(0). The map
ﬂ‘y__n—l(o) is biholomorphic onto V — {0}; thus m: Y — V is the blow-up of zero
in V. Let z;,+++, z_ be coordinates in C”; and let U, CP 1(C™) be the set {L €
PI(C”)l L=A(z),++»2 )), z, #0}. Put W, =$ (V)lu , then the W, are coordi-
nate patches on Y, with coordmates (¢, Wyseees wz geesys W )—-v (t(wl, s Lyeeesw )
(wyseees Lyeeeyw ))

Let F"’ denote the graph of /, where / B, - {0} — Y is the map induced
by /|B€_{0} Let I' = F » closure in B, x Y, then rc F"' U (10} x 7~ 1(0)). Now
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(I—"\’U({O}xﬂ'l(O)))ﬁW izt wp,- S W s, W ) € B, x C"| t—/(z)—O,
/(z)w -/ (2) =0, #£il, hence Mu ({0} x 7~ 1(0)) is an analytrc space. Let
("’1’ <y W, 50, w ) be an element of (10} x 7=10N N W,. Then it is easy to
check since /|B is an open map for small enough ¢, that there exists a sequence
z% — 0 such that /(z ) # 0 for each a, and f(z )// (2%) — w;, for j#i. Thus
Cnw, > (l_"\' U({OE x 7= 1(0))) NW,soI'= F” v o} x 7~ 1(0)) Note. I' is a
n- drmensronal irreducible analytic space.

Consider the map p: I' — B, defined by plz, /(z)) =z, p({0} x 7= 1(0)) =
then p is a proper holomorphic map. By a partition of unity argument, in order to

prove Lemma 5.6 it suffices to prove that
|p*og I 191y 1)~ 1K ="tz ap <ty

is locally integrable on I'. We can assume that I = (1,..., n - |K|), so that we

need only show
lo*(tog I/ 107 1=K =1ELaz arKar Ly A

is locally integrable, where x is a C™(n - |K| - 1, n - |L|) form, and it clearly
suffices to show the resulton I' N W,.

On I'nw,, p*l712% = 1421 + IGoyy-ees wn)llz) = |t2g2, where g #£ 0 is locally
bounded; p*df, = dt; and p*df. = w dt + tdw , for 2 < i <n. Therefore,

2 _lKl—'L“d d Kd—l-‘ =10g|t|2+log |g|2 *d A *(d Kd—L
P*{(log I/ I )”/ " 2 f o df ! (|t”g|)|KI*TL‘[ praz, /A p (df ®df 7)),
where

prdf Kdf b =
(a) [e| K+ L1 =200, K" aF g’ if K, =1,L,=1,
(b) |t|lKl+"~l“1ddewa.L‘l+ terms in (a) if K, #1,L, =1,
(c) |z||Kl“|"‘Ia'dewL +terms in (a), (b) if K #1,L, £ 1.

Hence we need only show that

log |t
el

are locally integrable, where X, X,» X3 are forms with locally bounded coeffi-
cients of type (n — 2, n — 1), (n, n — 1), and (n, n) respectively.

Step 2. The subvariety {t = 0} of ' W has codimension 1, but is not in

, and \108\‘|X3l

’ dt—Xz

log |¢| _
o1 d
2 didt dz | x,

general a submanifold, i.e. ¢ is not a coordinate. Hence we resolve the singulari-
ties of ' N W, to get an n-dimensional complex manifold M and a proper holomor-
phic surjection ¢: M — I' "W such that ¢>|M_¢_ 1{0} is biholomorphic onto

I'n W, - {t = 0}, and ¢'lft = 0} is a divisor with normal crossings, i.e. there
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exist local coordinates y;,+-+,y on M such that ¢~ Y =0}= ly =+ry, =0}
locally. (Actually we need only resolve around each point of {z = 0}; see Hironaka

[7).) Thus ¢*: = ay‘;l .- -y:k where a is never zero and is locally bounded; a,,

s ay > 1.
It suffices to show that
log |y, | log |yl
— dyid&_j¢*d21X4 ’ . X5 and llogb’ib(é‘
lyl ly;] |yl

are locally integrable on M, where X4 Xs5» Xg 81 forms with locally bounded
coefficients of type (n — 2, n — 1), (n, n), and (n, n) respectively. But ¢*z,
vanishes on ¢~ !{t = 0}, hence b*z, =By, whete B is locally bounded.
Therefore dy ¢*dz) =y -y, dy,dB + 2 Byl Y+ ¥y ,;dy;. Hence it
actually suffices to show that |((log |y,|)/|yl |)x5| and Ilog ly, |x6 are locally
integrable, which is clear since x, X are of the form gdy dy;---dy dy , where
g is locally bounded. Q.E.D.

VI. Schubert zeroes. We define the Schubert zeroes of a set of sections of a
holomorphic vector bundle E, and when E has sufficiently many sections prove
a First Main Theorem for Schubert zeroes. This can then be interpreted as a state-

ment of how often a holomorphic map into a Grassmann manifold hits a fixed Schu-

bert cycle.
Let E be a holomorphic vector bundle over a complex space X. Fix integers
0<a;<.-<a <m=dimE and let S= (s S va, ) be a holomorphic sec-

tion of @ E A point x in X is a Schubert zero of O, of type (“l’ < an), if
rank{s (xgl .. ; (x)} <a, for i= 1,..., n. This is of course the dual notion
to the class1cal Schubert cycle Let V be a complex vector space of dimension
m+ n, Pn(V) the Grassmann manifold of n-planes in V, and €a flag L, C---

ai+
CL » where L a; +i is a subspace of V of dimension a; +7. Then a Schubert

c.yclent)f type (al, cha, ) of P (V), which will be denoted by (al, cey an)(g), is
defined by (al, ey a )(S‘Z)—{L €P(V)l dim (L nL,. )>z,1<z<7z¥

A Schubert cycle of type (“l’ s a ) is an analyuc space of complex dimen-
sion @; ++--+a_, and if we fix a flag L C...cL .=V, dim L = j, then the

set of all Schubert cycles of P (V) relatxve to this flag, give a cell decomposition
of P (V) into cells of even dxmenswn, see Chern [3].

We give an example showing the connection between Schubert zeroes and
Schubert cycles, which will later be used in proving the equidistribution theorem.

Definition. A holomorphic vector bundle E, of fibre dimension m over a com-
plex space X, has sufficiently many sections V if V is a finite dimensional sub-
space of the space of global holomorphic sections of E and if we consider the evaluation map
e_: V — E_ which sends a section s €V into its value s(x), then e : V —E_

is onto for each x € X.
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Let E have sufficiently many sections V, dim V = m + n, and let k(x) be the
kernel of e . Then k(x) € Pn(V) and the map x — k(x) defines a holomorphic map
e, X — Pn(V). Let s,---, Sa,+n
flag £S) in v by putting L, (5) = (sl, e, ) where (,---,) denotes
span. Then rank{s,(x),- l (x)} <a, if and only if k(x) "L, . hasdimen-
sion > i; therefore x € X is a Schubert zero of &= (Sl, sy, a +") of type (al’

) an) if and only if ev(x) is in the Schubert cycle (al, cee,a )(ﬁ(S))

Alternately, let f: X — Pn(V) be a holomorphic map. We can assume that

be independent sections in V, and define a

there is no v £ 0 € V such that, for all x € X, v is in the n-plane f(x). For if
there are such v, put W= {v| v € f(x) for all x € X}, dim W = p, then f induces
/ X—P (V/W) and /' does satisfy the assumption. Let dim V = m + n, and
put E = /*Qn(V), where Qn(V) is the m-dim quotient bundle defined in the proof
of Lemma 4.2. Then each v €V induces a holomorphic section s, of E and V
as a space of sections of E has dimension m + 7z, since v # 0 implies s #0 by
assumption. Let (al’ cee,a )(Q) be a Schubert cycle in P, (V) and let La.“. be
spanned by v,---, v, 40 for 1 <i<mn Then [(x) €(ay,---,a )(£) if and only
if x is a Schubert zero of (51" o, S“n +") where s; is the seCtloﬂ induced by Vg
Thus, “‘hitting Schubert cycles in Grassmannians’’ and “‘having Schubert zeroes in
bundles with sufficiently many sections’’ are equivalent notions.

Remark. There are two types of redundant conditions in the definition of Schu-
bert cycles or zeroes:

(1) If a; = m, then rank{sl(x),- e saiﬂ.(x)} <a, forall x €X,and
dim (L N La,~+i)2i for all L € P (V).

(2) If a;=a,,,,then rankis (x),--., Sa,<+1+i+1(")§ <a,;,, implies
rank {sl(x), e, sai“.(x)} <a;,and dim (L n Lai+1+z’+l) >i+1 implies
dim (L N Lai+i) > i

Hence, in order to maintain the equivalence of Schubert cycles and zeroes as
constructed above, we may require the introduction of extraneous sections of E
(or subspaces in flags of V). For example, if E has sufficiently many sections V,
and s, € V, then the zeroes of s, are the same as the Schubert zeroes of (sl, ey,
S M) of type (0, m,...,m) for any sections Sys++5S_ . In the above equiva-

lence we require s,,---,s . tobe independent as sect;Zns, whereas for Schu-
bert zeroes of type (0, m,---,m) it would be more natural to require that s; = 0
for j>1.

We now return to the case of an arbitrary holomorphic vector bundle E over a
"/a +n) € ®a,,+n E|
rank {/1, Y +1¥ >a, for some i, 1 <i< n} Then E(a , an) is an analytic
Gl (m, C) fibre ‘bundle over X with fibre C” (g, an)

complex space X, and define E(a,,...,a )=1{(f,--
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Proposition 6.1.

n
0 if g<2) (m~a)-2
~ 1
HUC™a,, -, a,) =

n
C if g=23 (m-a)-1
1

and the map ®: CEm=ai) _ {0} C™aysees an) induces an isomorphism in
cobomology in dimension <2 Z(m — a; ) -1, where ® is defined as /ollows: let
{el, e } be the standard basis for C™ and let z = (z!

1
al 1, Py zm;o--;
Z; L7 E ) be coordinates for C2M=%) thon ®(z) = (e} se s
1
zie, ; m
a1 BT a1 a2 2

Proof. Let U = C*?*" with basis {”1’ cres U, +,,}’ and W = C™ with the

above basis fey,-++se L Put V=U@®W and K= P, _ (V). Define K, =1L ¢
n
K| dim (L N W) > 1} and K, = {L € K| dim(L N {uy,--) ua_“.))zi forall 1 <i
1
< n}. Then K, is a Schubert cycle of type (ay,eeesa smeess m). We identify

anptn
W +n) Then under thlS identification, W(aly ceya )- K- K, NK,. We would
like to apply Mayer-Vietoris to the pair {K - K K~ K }, but in order to find the
generators for the cohomology of (K - Kl) N(K - Kz) = K- K; N K,, we must

first find generators for the cohomology of K — K, and K - K; N K,. From the

Da,n wathK K, by sending (w,- W, )—-»(u twyyeee, U +

Schubert cell decomposition of K, we have that HK) — H¥(K,) is surjective, and

0 if q>2<Zai+mn),
C if qzz(Zaiern),

Hq(Kz) ~

so by duality:

(i) H (K K ) ~H (K) if p<2m(a +n)—2(2a +mn)=22(m—a ) and
0—H (K K )—»H (K)—-»C—DO is exact if p <2 z(m—a ).

Smce K, is an 1rreduc1ble analytic variety in K, and K, has codim 1 in K,
we see that Kl N K, is a variety of dimension p3 a,+ma - 1 hence
Hzm(a"+n) p(K N K ) ~0if p<2Z(m- a, ) + 2 so again by duality

(ii) H,(K-K; N Kz) ~H,(K) if p<2 E(m—az)

Consider the flag L, C...CL =V where Li is the j-dimension space

ap+n+m

spanned by the first j of

., e +u

fe. +u,,--v,e  +u . e + ;
1 1 ai+l i+l ai+1+1

..z e +u ,e s u T
b 9 b ? b 1
an__1+1 an_ m a,+n
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All Schubert cycles will be with respect to this flag. Then if (bl, cees b,

+n
is a Schubert cycle with 2‘;"” b < 23 (m - a,) then "

g if (b, .- ,banm),é(o,... ,0,m—a_y ..., m—a,),

® )NK, =

N “"ban+n

ta} if &), -0 ub, )=0,-..,0,m=a, ... ,m-a)),

a in
with & = (L, u, oeesu, YeP,  (V)=K. Let Ky be the union of all
Schubert cells (relative to the above flag) of dim < Z(m — ai). Then K; —{a}C
K - K,, and since a d K,s then K; CK - K, NnK,.

Remark. The obvious choice of flag would have been for L to be spanned
by the first j of lejs-+-se ru,  »-v+su} butthen Ky N(0,-e0s 0, m—a ,
ceeym— al) would lie in K;, and we would not have K; C K~ K; N K,; hence
we shift the flag.

Since HP(K) =~ HP(K3) if p<22(m- ai) we have by (ii):

(iii) HP(K - K} N K,) =HP(K,) if p<2 2(m-a,).
But K; - ta} is homotopic to K, minus an open Schubert cell of dimension
2(m - a,), so that Hﬂ(K3 —{ad) ';HP(K) if p<2Z(m-a,), and 0 —
Hp(Kfs —fa}) — Hp(K) — C — 0 is exact if p=2 2(m-a,). By (i) we have

(iv) H?(K - KZ) = HP(K3 —{a]) for p<22(m - ai).

Finally, it is clear that {0,-++, 0, m~a_,-++, m—-a;) N (K- K,) =
®(C2(m=4i)) and that ®(0) = a. Now we apply Mayer-Vietoris to the pairs {K —
K> K= K,} and {@(CEm=20)), K, — ®(0)}:

H?(K - K, N K,) — HP(K - K}) @ H?(K - K,)

l

T(m—a

HA(K,) —— HH@ECE ) @ HP(K, - 90))

— HP(K - K, U K,) — H?*Y(K = K| N K,)

— 2@~ joh) — oK),

By (iii), (iv) and the five-lemma we get that H?(K - K, v K2) K
H?(C 2m=4 _{0}) is an isomorphism if p+1 <2 Z(m — al.). Q.E.D.

From this point on, we assume that the integers 0 <a, <-.-<a <m are
chosen to satisfy the additional condition that £(m - a_) = dim X. If S= (s

Sy ,) is a holomorphic section of €, ., E, then off the Schubert zeroes,

)

S is a section of E(al, ceey an). Let x € R(X) be an isolated Schubert zero of 5,

then we define the multiplicity of the Schubert zero, denoted by
zero(s(al, ceey an); x), as follows: let B . be adisc of radius €> 0 relative to complex
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coordinates centered at x, let ¢: ElBs — C™ be a trivialization, and let
m ; e
¢: D, e ElBg @ , C™ be the induced trivialization of @anm E. For

small enough €, € < 3 ¢> o maps dB, into C”’(al, ooy an), and
zero(S(al, *»a_); x) is the degree of ¢ 05 0B, — C™a,,++5a ). In SIV we
showed that there is a canonical choice for the generator of Hp’(lch) and of
HP(CEm=4i) _{0}) for p =22 (m - a;) - 1. Thus, via the map ®: Cczim=ai) _{o}
— Cm(al, tees an) we define a canonical choice of generator for
H(C™a 5.+, an)), p=23(m- ai) -1, so the degree is well defined.

Let E be an m-dimensional holomorphic hermitian vector bundle, and 0 < a,
<---<a_<m integers. Definea (2(m-a ), Z(m-a,)) form clay,--+, a )E) by
C(al, ya )(E) det ((c —a; z+;(E))n,,-l)

Note. The definition of c(al, <oy an)(E) is motivated by the classical defini-
tion of the Poincaré dual to a Schubert cycle; see Hodge and Pedoe [9].

If X has an exhaustion function 7, and dim X = 2 (m — al.), define the charac-

teristic function T(al,-- <y a )(r) of E by
T(ay, - “’(’)-ffx e a,) (B) dr,

Let S be a holomorphic section of @a +n E, such that the Schubert zeroes of O
n
of type (al, ceey an) are isolated and contained in the regular set of X. Define the

counting function N(S(al, ceey an); r) by

N(c%(al, e, a)r) = f:) zero (5((11, e, an); X,) dt

where zero(®(a,,--+,a ); X,) =2 zero (May,+++5 a ); x), x ranging over the Schu-
bert zeroes of & in the interior of X,

Remark. If dim X = m, and (a,,-- a, )=(0, my+++, m) with n> 1, then
c(al, ey a )(E) =c (E) T(al, - )(r) = T(r), and N(S(al, . an); ) =
N(sy; 7), where T(7) and N(s,; r) were defmed in $Vv.

We would like to prove a First Main Theorem for Schubert zeroes, along the
lines of Theorem S.1, that is to find a positive form A of type (p-1,p-1), p=
dim X = 2(m - @), such that T(ays 5 a o) — N(S(al,- ceva )i =] X, dSr A
~ [x_ Add“r. To do this for an arbitrary bundle E, we would first have to prove
an analogue of Theorem I, i.e. find a form p on E(al, TR an) satisfying at least
the following two properties:

(1) 'ﬁ‘*c(al, ceey an)(E) =dd on E(al, . an), where 7: ®an+n E—Xis
the projection.

(2) p can be chosen positive on an open subbundle of E(al, e, an) (i.e. on

)

an analogue of B*((E)), if E satisfies some sort of “‘positivity’’ condition.
This is a difficult problem, since even when one can find solutions to (1), as

in the case dim E = n < 3, there may still be no indication how to solve (2). When
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E has sufficiently many sections, however, we can prove a First Main Theorem,
without the analogue of Theorem I.

For the remainder of this section, we assume that E has sufficiently many
sections V, dim V = m + n, and that V is given a hermitian norm || ||. The quo-
tient bundle Qn(V) over Pn(V) then has an induced norm (see proof of Lemma 4.2),
and hence E =~ eV*Q"(V) has an induced norm. Let F = F(al, ceey an) be the
flag-manifold of all n-tuples £ = (La IREARRE La ) of subspaces of V such that
La S CL, 4n and dim L aj+i =%t i 1< i <n Then F is a homogeneous
space of GI(V) and hence a complex mamfold of dimension 2 (a +l-a._ 1)
(m+n- a; -~ i), where a,=0. In addition F is a compact symmetric homogeneous
space of the isometries I(V) of V. Let A ={(£, L) € F x P (V)| dimLNL

> i} and consider

a; +i

AL F

w

P (V)
where o, 7 are the obvious projections.

Lemma 6.2. Let L° be a fixed n-plane in V, and put G1(V, L°) = {g € GL(V)]|
g(LY) = L°}. Then (A, n) is an analytic G1(v, L°) fibre bundle over P (V) with
/zbreﬂl(L)—{£€F|d1m(L, ﬁL)>z,1<z<n}

l

Proof. Let Y =7~ }(L®), then Y is a subvariety of F and GI1(V, L°) acts
analytically on Y. Since GI(V) is a principle analytic G1(V, L®) bundle over
P (V), then (4, ) is the Y associated bundle of G1(V).

Lemma 6 3. Let £° be a fixed flag in F, and put G1(£°, V) = {g € G1(V)|
g(L® ) =L, » 1 <i<nl. Then (A, 0) is an analytic fibre bundle over F, with
/zbre o'l(g ) (al, coosa )&, a Schubert cycle.

Proof. Let Z = (a,---, an)(g °), then GL(E°, V) acts analytically on Z.
Since G1(V) is a principle analytic G1(£°, V) bundle over F, then (A, 0) is the
Z associated bundle of GI(V).

Since dim A = mn + dim #~ 1(L°) by Lemma 6.2 and dim A = dim F + E"
by Lemma 6.3, we have

1

n
dim 7~ ML) = dim F = ¥ (m - @) = dim F - dim X.
i=1

Hence if we define an analytic fibre bundle X over X bv
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A

ie. X, %) = e, *(4, m) then X is an analytic space of dimension: dim X +

dim #~X(L°) = dim F. Consider the obvious projection maps 7.: F — P i“.(V),

1 <i<mn,and put Q(F) = (@ 117 *Qal I(V)) ®...0 (®a —a,_ 1417 *Qa +n(V))
Then fibre dim Q(F) = dim F, and Q(F) has a hermitian norm induced by the norms
on Q. +1(V)’ 50, g0 (V), and hence induced by the norm on V. Furthermore,
o(F) > > 0, since each Q (V) > 0. Let 6 = ¢, *0*Q(F), then Jisa posmve
holomorphic hermitian vector bundle over X and fibre dim Q dim F = dim X. If

s ) are sections in V, then & = (Sl’ cees S, M) induces a holomorphic
n

1”°° a,+n
. S‘ v Yoy . ..
section of 0O, 8: X — 0, as follows: since s. 1s an element of V, then it in-
duces a holomorphic section of Qa.“.(V), for each 7, and hence induces a holomor-
. 1
phic section s;. of ev*o*ﬂi*Qa,“.(V). Then S is the section (si, R
1

ay+1’
n n
cee, S cee, S ) of
’a,_1+n’ >Captn

Lemma 6.4. Let (x, £) be in X, i.e. let e (x) be in (al, ceey an)(g), then g
has a zero at (x, ) if and only if (CITRAERR Sa, 4 € i4i? 1 <i<n. Thus if the
s, are independent in V, then O bhas a zero at (x, %) zf and only if S bas a Schu-
bert zero at x and£=£(5), where L aj+ ‘(8)— (sl,---,s ).

Proof. si(x, £)=0 < s, isinthe a, + i plane 7,00 o&x, 9) s €m,
ool(e (x) 9) s, €L,
Remark This shows that if the s, are independent, then S has isolated Schu-

a; +i

bert zeroes precisely when g has isolated zeroes.
Definition. 8 is generic if the following conditions hold:
(D) fspheeess, } are independent sections in V.
(2) The Schubert zeroes of O are isolated and contained in the regular set R(X).
(3) If x is a Schubert zero of &, then rank{s (x),---, Sa, LaWi=a,1<i<n.
Remark. We show in SVII that almost all & € @anm V are generic.
Lemma 6.5. If & is generic, then the zeroes of S are isolated and contained
in R(')\(J), and zero (5(a1, veey a"); xo) = zero (g; (xo, LN, where %, is a Schu-

bert zero of 8.

Proof. Since d is generic, we can by renumbering assume that

/h. N 1<i<n,

rank {51("0)’ o Sa1+1 Xolsts Sai+i-l(x0)’ Sai+i(x0)} =4 ==
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and that sai“.(xo) =2 b;.s].(xo), where the sum is over 1 <j<a +i, j#a; +1,
-»a, + i. By standard facts about degree, using the connectivity of the general

linear group, the multiplicity of the Schubert zero remains unchanged if we replace
1’ S -2 b;’s].),

1
Sby (sl,---,sa, s Sbh.s.;eee;s PR P

- s
10 Tar+l ivq ap_1+n a,+n—

and similarly for g Hence we can assume that s +i(x0) =0,1<i<n, so that
1

e lx,) = <Sa1+l’  Se m ). Choose s_ ptnal “t0y S ., in V suchthat {s ...,
s fisabasisfotV Let z'=(zi,..., 22 cee, 2t z/\\ z!

m+ - > Tap+l? > Tap+n—1" “a,4n’ “ajy4nsl’
cae, ) €C™, and put z = (z!,..., 2 € C™", then the map of C"”’ into P (V)
by z — L(z) =(s a1+ 2z, s,, e Sg nt pX z;‘s]) gives holomorphic coordi-
nates centered at e (x o). Put u](z) =s. if j#a;+1,---,a +nand u, [2)=
Sapit p3 zls], 1< z< n, then for each z, {u (2), - U, (z)f isa ba51s for V.

min—a;—
Letw] (w? ,w  )yeC™" ,whenai_l+z§]§ai+z,andput

a; +z+1’” m+n
+ i .
= (..o, w*"*™ € C9mF Then the map from C¥™F _, F, given by w —

g(z, w), for fixed z € C™", gives holomorphic coordinates in F, where g(z, w) =

(Lal+1(z, ) PR L, iz w) €F, Lz, w) = (L peie Wz w), u _1“(2) +

) wjf-“"u](z) b (D) Tuity (z)) The map (z, w) — (L(2), &z, w)
gives holomorphic coordmates in P (U) >< F centered at (e (x ), £(8)) since the
Jacobian of this map is easily seen to be never zero.

Note L(2) = (u (2), -+, u (2)) hence (L(2), £(z, w)) € A if and only

ay+l a,+n
. . . ~
1fw]. _Oforjaéa + 1y ~,a +n,anda+z<]<m+n If we put ¥ = w,
a
subject to the condition that w ' —Ofora +i<j<m+mn, 7;éa + 1, s a +om,

then (z, W) — (L(2), &z, ) gives holomorphxc coordinates in A centered at
(e (xy), £(9)). Since Sa1+l(x0) == san+n(x0) =0 the s, with j#a;+ i, form
a frame for E in a neighborhood U of x, and we can find holomorphic functions
[; on U, such that s .= 2/ e the sum over j#éa +1,--+,a +mn Ifin

1
addition, U is a coordinate ne1ghbothood then (x, o) — (x L(f(x), w)) gives

holomorphic coordinates in X centered at (x_, £(8)). We can further assume that

07
x is the only Schubert zero of S in U. If we trace through all the identifications
and apply Proposiltion 6.1, then it is clear that zero(a,,- -+, a); xy) =

deg(/a1+2’.“’ /m+n;”' ’ /a FOFS L /:zn+n
for jay+1,---,a +m so there are S(m+n-a,-i)-2(n-i)=2(m-a)

of the /'”s here.

) at X0 where /i is only defined

Consxder the section u! of ev*a *171. Qa +1(V) defined by u’ (x, W) =
u]':(/(x))/L [(f(x), D). Then tu, FIRTRLEE m } is a frame of e Vo "zQa,'+i(V)'
Now s]=u]. 1f ita,+i 1<z<n,hence si=u}. Butif a, l+i<j<a +i-1,
then si(x, W) =-3 wku'(x, ), since u, (2) + £ w! u (z) eL . (z, w). Denote by
s ?:p the sum over p<j<gq, j#a, + 1 -+, a_+ n. Since u (/(x)) =S

3! /;(x)sj, then

ai+i
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m+n
Sai+i(x’ W) = uai+l.(x, w) - Z f](x)s](x’ w)
j=1
“i+i i( r\,) aig:—l ; i( 7n+n’ ; . ~,
= — - - 1
dw ulx, w . [{)sie, w) = 3" [iluilx, w)
i=1 j=a;+i+l
a.+i—1
n . 1
a.+i ~ P .
—_ 1 1 ~.
B > wak+kuak+k(x' w)- X /;.(x)s]’.(x, w)
k=i+1 j=1
m+nl
. .~
- X [fiehuilx, w);
j=a +i+l

a;+i . . .
note w,'" =0 if k# a,,+i+1,--+5a +n We define a homotopy Ste, w, 1)
. ™~ 3 3 . 3 . .
into O by s;.(x, W, 1) = s:.(x, W) ifa_;+i<j<a,+i-1,and

‘zi"'i—1 m+n N
i ~ i ~ iV (T V(Y
sy ow )=l x, w) -t > [i®)si(e, w)~ 3" [i(@uilx, w).
! : j=1 j=a,+i+l

1f S(x, W, )= 0, then six, W) =0 if a,_ +i<;<a,+i-1, which implies thar
s?(x,&’):O if 1<j<a,+k, jfay--+sa +n,sothat si.“.(x,%’, t) =

A . 1
s;i“.(x',\@, 1) = s;i+i(x, %). But then g(x, @) = 0, which happens only at (x,, 0),
hence &(x, W, #) is zero only for (x, W) = (x‘o, 0). For purposes of computing the
order of the zero we can replace Ste, ¥ by

n
~ o 1 ~ a1+1 1 ~
S, 0. 00« (- Sl B, - Tl B, - Tt e, e )
k=2

m4n
~. a _ +n ~.
- zl f]l(x)ujl(x» w); «ee __Zwkn 1 uZ(x, w), .-,
j=a1+2

an+n—1 n ~ m+n' n 7( "‘)
- Zwk uk(x, w),- ) /].(x)uj x, w)).

7=an+rz—l

i

~ a;+i+l?""
obvious frame for @, and by then permuting the frame, we see that
zero (S, (xo, L©)) is the degree of the map (x, W) — ((/;Hz, ceey f:nm; e f inal?
Ceee, /Zm)b’ %) which is the same as the degree of the map x — (/‘111+2’ S ) m’m;

; Z,,+n+1’ ooy /:’nm). Hence zero (; (xo, AN = zero(&al,- oy an); xo). Q.E.D.

In order to investigate the relationship between cp(@'), p =dim 5, and

Finally, using the frames {u . ufnmi of e *o *"i*Qa;+i(V) to give the

c(al, ooy an)(E), we must first discuss the fibre integral. Let #: Y™ — Z” be an

analytic fibre bundle with compact fibre Wk, k=m—n, where Y, Z, W are all
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analytic spaces. The fibre integral m,: A?P+9(Y) — AP~%:9=k(Z) is the adjoint of
n*, that is [, Y An*¢ = [, m, b N ¢ where ¢ € AP9(Y), q_’>.€ A™Pm=4(7) and
¢ has compact support. The fibre integral is defined as follows: by a partition of
unity argument it suffices to consider the case Y = Z x W, where Z is a subvariety
of a domain U, in C’, W is a subvariety of a domain U, in C®, and ¢ € A?-%(y)
has compact support. Let z;,--+, 2 be coordmates in C jWyse ey w, coordi-
nates in C°, then ¥ has an extension l/l e APUU, x U, ¥ =

3 l//”KL(z,_ w)dwXdwldz'dz! where the ¥ kL are smooth Then 7Y is the

restriction to Z of

[tl=p—k, |J|=a—k (fW¢’]KL(Z’ w)dw" div )dzdé‘ )

|K | =k, |L | =k
which is a smooth form. The adjoint property is then clear. If f: Z' — Z is holo-

morphic, and we consider the diagram

/I

v Iy

where Y' = [*Y, then it is also clear that 7, o(f/')* = f* on_. Note. The fibre

integral exists under very general conditions, see [4], [10], [12].
Lemma 6.6. Let p = dim X = dim 5, then c(al, e, an)(E) = %’*cp(g).

Proof. Consider the diagram

—v-bA—o'—rF

1

——»P(V)

then cla,---, an)(E’) =e,*clag, -, an)(Qn(V)), and cp@') =e, %o *cp(Q(F)), so
we need only show that c(al, DRI an)(Qn(V)) =m0 *cp(Q(F)). Let g be an ele-
ment of I(V), the isometries of V, then g acts on F;(V), on F, and on A, and the
action of g commutes with 7 and 0, so g*m,0 *cp(Q(F)) =m.g¥o *cp(Q(F)) =

7,0 *c (g *0Q(F)). But g*Q(F) = Q(F) as hermitian bundles, so ¢ (g*Q(F)) =

c (Q(F)) and 7,0%c (Q(F)) is invariant under I(V). Similarly, g c(al, a )(Q (%))
= c(al, - an)(g *Qn(V)) =clay,---, an)(Qn(V)) so clay,-++,a NQ (V)) is in-
variant under I(V). Since P (V) is a symmetric homogeneous space of I(V), then
it suffices to show C(al, O an)(Qn(V)) =70 *CP(Q(F)) as cohomology classes.

° _ .
Let £° € F, with La 4= <U1’ ’ va,~+i> and put s;= Su7~’ the section of
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0 (V) induced by v;. Then § induces a section & = (Sl’ coy s:lel; cee

sZn_IM ey sa ) of Q(F), and S' has a zero only at fe. By taking local coor-
dinates in F, i.e. w — £(0, w) in the notation of Lemma 6.5, it is easy to check
that zero (g £°) =1, and by applying the Generalized Gauss-Bonnet Theorem 4.1,
we see that [ c (Q(F)) = 1. We show that 7, 0%c (Q) is Poincaré dual to

(al, ~ya )(go) C P (V) i.e. if @ isa closed (g, q) form on P (V), g=ay+---+a,

we must show that

f(al,-- a, )(90)¢ fp ()™ x0%c,(Q(F) A ¢.
By fibre integrating,

Jo e @ENA 6= [ e @A T = [ e QFNos.

But ¢ is closed, and from the adjoint property it is clear that fibre integration
commutes with exterior derivative so do,n*¢ = o, n*dep =0, i.e. 0,7*¢ is a con-
stant function on F. Since o,7*¢ = (0, 7*$)L°), and Jr e (Q(F)) =1, then
fp (vy TFo¥e (Q(F))A ¢ =(o 77*¢,)(S‘3 )—fg-l(fo ¢ = f(al' fa,)(£°) ¢. Thus
7, 0%c (Q) is dual to (a cesa )(£ ). But from algebraic geometry, we know the
dual of (a Ny )(E ) is clay, -, an)(Qn(V)), see Hodge and Pedoe [9].
Remark. The f1bte integral of a positive form is clearly positive, so we have
shown that Q(al, ceey an)(E) > 0, since b is a positive bundle.
Let X have an exhaustion 7, then by fibre integrating the First Main Theorem

N .
on X, we get the desired result on X.

Proposition 6.7 (First Main Theorem for Schubert Zeroes). Let S= (Sl’° ceys, )
be generic, with ||s]|| < l/an +n as elements in V, 1 <j<a +mn. Then

T(a

c 1 c
l,...,a")(r)—N(S(al,.. a)r)_ axdr/\)\—z;fxr)\dd 7,

where A = 'ﬁ'*g*p(@), for almost all r. If 7 is pseudo-concave, then N(g(al, eepa i)
< T(al, ey an)(r) + C, and if c(al, vy an)(E) £0 then 0< 5(5((11, ceey an)) <1,

where
3(5(:11,- N an)) =1- ﬁ{N(S(al,- .o an); N/Tlay, -+ an)(r)i.

Proof. Let ¥ =7 o7, then ¥ is an exhaustion, and 7 is pseudo-concave if 7
is pseudo-concave. The norm N) <X N(s') < 2 "M ||sk|| <1, and the zeroes of
are isolated and contained in the regular set of X

We apply Theorem 5.1 to g and get that, for almost all r,

TG) - NG, ) = [ @A A_Lfm Add°T,
47 ax 4 X
r
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where X = g*p(,’é), and hence X > 0. By fibre integrating, we see that -
_ r r ~ e
T(r) = fo f?{l cp(Q)dt = fOth"*CP(Q)dt
t

= f;fxtc(al’ ey a,)(E)dt = T(ay, -, a)();
and

N(g, r) = f:) zero (g, ')\(Jt)dt = f; zero (S(al, cee, an); Xe) = N(S(al, - ,an); r)

by Lemma 6.5. Furthermore,

fa} ATAN = fa% AN = [ dT AT,

r

and
[, Ndder= [ X AT = o Tk A dac.
X X r
T T
If ¥ is pseudo-concave, then N(z, g) < T(r) + ¢ by Corollary 5.5, so
N(S(al, ceey an); 7) < T(al, ceey an)(r) + ¢, and the deficiency satisfies 0 <
8(5(:11,- sy an)) <1.

VII. Value distribution theory of Schubert zeroes. Thus far we have considered
the distribution of Schubert zeroes for only one set of sections S at a time. In this
section we show that if X is pseudo-concave then almost all S have the same num-

ber of Schubert zeroes.

Theorem 7.1. Let X be an irreducible complex space with pseudo-concave
exhaustion 1. Let E be a holomorphic vector bundle of fibre dimension m over X,
and V a vector space of holomorphic sections of E, dim V = m + n, such that

:V — E_ is onto at each point x € X. Let & = (sl, SN Sa,,+n) be an element of
@an+ v, wbere Sprttte Sy, @r€ holomorphic sections, independent in V, and
(al, csa ) is a fixed set o/ integers, 0 <a; <---<a < m,such that 2 (m ~ a, ) =
dim X. If c(al, s a )(E) £ 0, then almost all 5 bave the same number of Scbu-

bert zeroes of type (al, sy a ) i.e. 3(5(a <y a )) 0 for almost all Se @

Remark. Almost all & consist of independent sections in V, so we can restrict
our attention to such O. If 8, &' consist of independent sections, then we say S
is equivalent to S if ) = £('). We have already seen in SVI that the set of
equivalence classes is in 1-1 correspondence with F, and if S, &' are equivalent
then N(S(al, cesa ) 7 =N (al, ey an) ; 7) so we define N((al, ey a )(ﬁ) ) =
NSay,-=+sa R for £ = &), similarly 8((a,,---, a )(f)) = 8ays---sa R
Hence it suff1ces to show that 8(a ,«-+, a )(Q)) =0 for almost all £ € F. We
define £ generic if € - L® for d generic; this is well defined since S equivalent
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to &', and & generic, implies &' is generic. Then Theorem 7.1 follows from the

following three propositions.

Proposition 7.2. S is generic for almost all Se @ .V, or equivalently, e
is generic for almost all LeF. I fact S has only Scbubert zeroes of multiplicity
1 for almost all §, i.e. ey, hits (ala < an)(g) transversely for almost all £ € F.

Proposition 7.3. If w denotes the invariant normalized volume form on F, then

fF N((a19 Ty dn)(g); T)(L)(g) = T(ﬂ'l 1°° an)(r).

Proposition 7.4. For each e generic in F, there is a constant co > 0 such
that N((ays- -+, an)(g); N<T@ap, 50 )0) +c

and cp is integrable on F as
a function of L.

£

Proof of Theorem 7.1. We denote 8((a,---, an)(g)), Nays---, an)(S?.); r)
and T(a;,+,a )r) by 8(9), N() and T respectively. By Proposition 7.4, we
have 0 < 8(£) <1 for almost all £. But by Fatou’s Lemma,

J0@0® < [ tim (1~ N@Y/T + co/Tho(®)

<lim f (1-NE®)/T + Cg/T)(;)(g) = lim (f cfm(g)/T) =0

Therefore [ 8(§)w(§) <0 which implies 3(3) =0 for almost all £.
Proof of Proposition 7.2. Let Y, C X be the set {(x, £ € X]

dim (e (x) nL, ; )< i for some 7,1 <i< n} Then Y, is a subvariety of X of
codlmensxon > 1 Let Y, C R(X) - Y, be the set {(x, E) e R(X) - ll =20,
where g is not transversal to the zero section of Q} Then by Lemma 6. 4

F — e oo (Y VY, U Sing (X)) consists of generic ,andif £=2©) e

F — ev
ey, is transversal to (al, ey a )(Sf) If Y, is a subvariety of R(X) - 1 of

Oo(Y uY,u Smg(X)) then & has nondegenerate Schubert zeroes and

codim Y =1, then Y U Y U] Smg (X) is a countable union of submamfolds each
of dxmensmn less than dim % dim F, and hence ev OU(Y uY,u Sing X)) has
measure zero in F.

Using the notation of the proof of Lemma 6.5, we consider the map (x, W) —
(x, £(f(x), »)). We take the coordinates w — 53(0, w) in F and compute the

Jacoblan of &,00: (x, W) — £(f(x), D) relative to the coordinates (x, %) in
R(X) - Y, and it is clear from the proof of Lemma 6.5 that the Jacobian is non-
a1+2( x)yees /m+n(x)"";

(x)y e, /:'n+n(x)) is nonsingular at x, i.e. if and only if O is transversal

singular at (x_, 0) if and only if the map x — (f
g 0 y

n
a,+n+l
to the zero section of 0 at (xo, 0). Thus Y, is the zero set of the determinant

of d(Z, a)IR(X) o RX) -y Y, is connected then either Y, = R(X) - v Y, or
Y, has codimension 1. But if Y, = R(X) - Y, then for p =dim F, cp(@J) =
'e"v*o*rp(Q(F)) =0 on RX) =Y Y, and hence on X, implying that cla,---, a )E)
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= ?r'*cp‘@’) =0 on X contrary to assumption. Hence Y, has codimension 1 if

R(X) - Y, is connected, thus we need only show X is irreducible. Since the

fibres of (A, o) are Schubert cycles and are irreducible, then A is irreducible.

But this implies that the fibres of (A, @) are irreducible, hence X is irreducible.

Thus 'é’v OO(Yl U Y, USing (X)) has measure zero and almost all £ are generic.
Proof of Proposition 7.3. It clearly suffices to show that

[zero(ap e, a)®% X))@ = [ elay, -, a) @),

r

where
zero((a, -+, a)) ®); X,) = zero (S(al, ceena); X))

for any S such that £ = £O). By Proposition 7.2, for almost all L.
zero((a,,+++, a )(53)‘ X ) is the number of times a neighborhood of £ is covered
by o ©¥, I"' Thus Je zero((al, ya )(53) X )m(g) = fx, ¥)*0*0. Now o =
cp(Q(F)) was shown in the proof of Lemma 6.6, thus fx c(al, ya ) (E) =
f')‘( c (6)_&; &, *o*c (Q)

Proof of Proposmon 7.4. Given £° € F, assume we can find a neighborhood
W of £° in F such that to each £ € W there corresponds L) e ®an+n V with
the following properties:

(i) L8N = L.
(i) 1f &) = (51(5‘3), cee, Sa,,+n(£)) then ||s].(£)|| <1/a_+n as elements in
VvV, 1<j< a, +mn.
(iii) (1/4ﬂ)fax dcr A g(g)*p@’)w(g) is integrable on W, as a function of £.
By Proposition 6 7,if Lewis generic, then

1 N ~
“ e cr “ee DA _ e * d <
Nlay, - @)@ N < Tlay, 5@ )0+ = [ S(®)p(Q)dac?
™o
1 Y o
- T(a,, ...,an)(r)+zﬂ.f}, AT A S(©)*p(0)
o
+N((ay, -, an)(g); rg) = Tlay, -+, a)(rg).
Therefore
N(a,, - a)®; )< Ty, -, a )(r)+4—"j;}, a7 A S(@)%p(0)
o
+N(a,, -, an)(g); 7o)

But N((a,,--+, a )X®); r,) is integrable on W by Proposition 7.3, and therefore
putting
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-l [ AR Ny 4 )@ )

we have N((a,---, an)(g); N<Tlay,-++5a )0+ co where co (&) is integrable
on W. The proposition then clearly follows from a partition of unity argument.
Note that 4% A g(ﬁ)*p(@) is positive on 3X

To construct L), let Vst UL be an orthonormal basis of V such that
° . . . o .
i (yl, e, Uai+i>’ 1 < i< n. Coordinates in a neighborhood of L% in F are
. a,+
given by z — L(z), where z = (z1,..., 27", 27 = (za aip1? T zi,,m) for

az._1+z§]§ai+z,and

1_1+l a +l
)= <Lai_1+i__1(z), v it Zn T v B

Put 8(z) = 1/p (5,(2),+ -+, s, \2)) where s (z) =v;+ % zlv, and p is a large
constant. Then we can find nexghborhoods W U of £° with U contained in the
coordinate patch such that WCU and S(Z) satisfies (ii) on U. Now we can also
consider g(z) as a section of Q(F), so that g(&)*p(Q) =¢,%o *S(z)*p(Q(F))
We wish to show fw(fax d°Y A€, *o *g(z)*p(Q(F)»w(z) is finite. Let
=@, 007 W) noX and H, = (“' °00)"MF - U) NJX, . Since
e *0 *g(z)*p(Q(F)) A a)(z) isa C* form on the compact set W x H,, it suffices
to show that fw(le dr N& %o *g(z)*p(Q(F)))co(z) is fm1te
Consider the section si of m*Q,., ;(V) on U, by si=v/L, . ;(2) for
k=a +j+ 1, mn. Then the s;e forma frame of 77] Qa] (V) on U, and
hence we get the obvious frame for Q(F) = (@qu 7 Qal l(V)) o -
(@an_an 141 *Qa n (V). Fix z' €W, then s i(z"), c0031deted as a section of
"‘Qa i+ V), evaluated at the point z€ U is {v +2(z") uki/L aj+ (z) =
(X&' -2/, (=)= 3(z' - 2)is}, when a,_; + i< j<a,+i. Thus from the

a;ti
proof of Lemma 5. 3 we have

Sy p(0(F))
= X (log 12" - 21y kL + Yk e DKLl =KL gtz azK az

where ¢I]KL’ ‘I'”KL are bounded functions of z € U, z' € W.
We can apply Fubini’s Theorem since d7 A &\ *0 *g(z')*p(Q(F))w(z) is posi-

tive on H, x W, and we have

fW (fH ld‘—"rb A 'e\J"“/ O*g(z I)*P(Q(F))) olz /)

= fH Id"?ﬂewv*a* (fz, ewg(z')p(Q(F))w(Z’)> .
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Since the ¢I KL> lP, kL are bounded functions, we will be done if
=IKI=ILl (¢ ' =IKI=1ILl (s

fw(log =" - z“z)uz - z| o(z") and fwllz - z|| w(z") are bounded

functions of z € U. But w(z) = a(z) dz dZ where a is a bounded function of

z €U and dz = dz | ---dzq, g =dim F. Now

[ ogll=" - 2012 =" ~ =) ~1KI=1 L lazaz

A o Bl S A
z" +zeW

which is bounded since dz'dz’ is of the order of lz'12971, and
IK| + |L] <2g — 2, g = dim F. Q.E.D.
Using the equivalence between Schubert zeroes and Schubert cycles we can

rephrase Theorem 7.1 as follows:

Theorem 7.5. Let X be an irreducible complex space with pseudo-concave
exhaustion 7, and let f: X — Pn(V) be a holomorphic map, where V is an m + n-
dimensional complex vector space; Pn(V) is the Grassmann manifold of n-planes
in V. Fix integers 0<a; <... Sa _<m such that dim X=3(m -a, ). Then |
hits almost all Schubert cycles of type (al, ceeya ) the same number of times,
i.e. 3((011, ceesa )(Q) =0 for almost all £ €F, if eztber of the two following
equivalent condztzons hold:

(1) f*clayse--s a XQ (V) is not identically zero on X.

(2) [ is transversal to (al,- <oy an)(g) at a point x, € X, for some Lin F.
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