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HERMITIAN VECTOR BUNDLES AND

VALUE DISTRIBUTION FOR SCHUBERT CYCLES(i)

BY

MICHAEL J. COWEN

ABSTRACT.  R. Bott and S. S. Chern used the theory of characteristic differ-

ential forms of a holomorphic hermitian vector  bundle to study the distribution

of zeroes of a holomorphic section.   In this paper their methods are extended to

study how often a holomorphic mapping into a Grassmann manifold hits Schubert

cycles of fixed type.

I. Introduction.   Let  f'• X —> Y be a holomorphic mapping of complex mani-

folds   X and  Y, and let  W be a subvatiety of  Y  such that /"   (W)  is a set of iso-

lated points.  Value distribution theory describes the behavior of /"   (W) when  X

is noncompact and has an exhaustion by compact sets.   For example, the theory

gives conditions under which /"   (W)  is nonempty.  The central result of value

distribution theory in several complex variables has been a First Main Theorem,

an integral formula relating the size of  / ~   (W) with the growth of /.  Wu [14] con-

sidered the case where   Y  is either compact Kaehler or  C", and  W  is a point.

Hirschfelder [8] and Stoll [12] consider the following situation:   Let r, o be proper,

surjective, holomorphic, regular maps

a
B-> Z

'I
Y

where  B, Z  are complex manifolds, Y  is compact and  Z  is compact Kaehler.

Then  W - Ao ~   (z)) for z £ Z.  They allow  W to have arbitrary codimension and

require  f~  i.W) to be an analytic set of codimension equal to  codim W.  Their result

is proven by letting  X = f*iB, A, and considering the diagram

X-L-, B-^Z

n . I'
X -U Y
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They then apply a generalization of Wu's results to the map /    ° o: X —► Z, and

integrate over the fibres of X.  Bott and Chern [2] take a differential-geometric

point of view: Y  is a holomorphic vector bundle  E  over  X, / a holomorphic section

s of E, and W the zero section of E.

We generalize the Bott-Chern situation as follows: Let  E be a holomorphic

vector bundle of dimension  ttz.  Fix integers  0 < <z, <• • ■< a    <m such that

Km - a.) = dim X and put  Y= (ft E, W = \(ex, • • •, e ) £ ®„        E|
i r ^xyanJtn 1 an+n ^^an+n      '

tank \e,, • • • , e        . \ < a . for  1 < z < «}.  A holomorphic section «  of (I) E  has
1 zz¿ +z    —     z —     — r ^dsan + n

a Schubert zero of type (a., • • • , a  ) at  x e X  if ö(x) £ W; the Bott-Chern case is

when  72 = 1,  ax = 1.  We prove a First Main Theorem for Schubert zeroes, but only

when  E  has sufficiently many sections   V, i.e.   V  is a subspace of the space of

holomorphic sections of  E, dim V - m + n, such that the sections in   V span the

fibre  E     for each x  in  X.  We first construct an analytic fibre bundle  X  over  X

and a holomorphic vector bundle  Q  over  X, fibre  dim Q = dim X.   If ö £ (£) V

is considered as a section of   (J9 E, then o  induces a holomorphic section ö

of Ç , such that the Schubert zeroes of u are determined by the zeroes of u .  We

would like to apply the First Main Theorem of Bott and Chern to the section « ,

but X   is in general a singular analytic space.  Hence we first show that the Bott

and Chern theorem holds on analytic spaces.  We then integrate the result over the

fibres of X   to prove a First Main Theorem on  X.

We could have approached the problem from the Stoll-Hirschfelder point of view,

since   V induces a holomorphic map  e,,: V —► P ÍV), where   P (v)  is the Grassmann
A *■       v n n

manifold of 72-planes of   V.  The map  ev  sends  x to the subspace of  V  consisting

of the sections in  V which vanish at  x.  Then we construct

A -¿Af

d
pn(v)

where  F  is a flag manifold and (A, o), (A, r)  are analytic fibre bundles over  F

and   P (V) respectively.   By definition X  is  e*(A,r).   For £ £ F,  roo'1^)  is

a Schubert cycle of type  (a,, • • • , a  )  in  P (v).  Given «   £ © V we can define
' Jr 1 n n ^an\n

a flag L(ö) £ F  such that  o  has a Schubert zero at  x   if and only if  e Ax) £

t(o~  (L(o))). However, A   is not in general a manifold, so that we cannot immedi-

ately apply the First Main Theorem of Stoll and Hirschfelder.   Further more, this

situation is highly geometric, thus the Bott-Chern approach seems more natural in

our case.

The plan of this paper is as follows: In 'JII we review the definition of charac-

teristic forms of a holomorphic hermitian vector bundle.  In particular we need to

recall that a hermitian structure on the holomorphic bundle  E  induces the Chern

forms   c (E) of type   (/',/') for  /' =   1, • ■ • , zrz = dim E.  In §111 we give a simplified

proof of the Chern duality formula and use it to prove Bott and Chetn's Theorem I:
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Let E  be a holomorphic, hermitian vector bundle of fibre dimension n  over a

complex ma'nifold X, dim X = 72, and let B*(E) = \e £ E\ 0 < ||e|| < 1| with   n:

B*(E) —> X  the projection.   Then there exists a real form p  on  B*iE) of type

in - 1, 72 - l) such that n*c (P) = ddcp/4n.  Further if E  is nonnegative then p

may be chosen nonnegative.

(Note.  dc = z'(rJ - <9)).

The Generalized Gauss-Bonnet Theorem and First Main Theorem of Bott and

Chern are revised somewhat and shown to hold on analytic spaces in §IV and §V.

The proof consists largely of integrating Theorem I.

We discuss Schubert zeroes and prove the First Main Theorem for Schubert

zeroes in §VI.  Finally, in §VII we give sufficient conditions for almost all sections

o £ u7 V to have the same number of Schubert zeroes, or equivalently for a

holomorphic map f : X —> P (v)  to hit almost all Schubert cycles the same number

of times.

. II. Hermitian vector bundles and characteristic classes.   A connection on a C   -

vector bundle induces on the base manifold certain closed differential forms whose

de Rham cohomology classes are independent of the original connection.  When the

connection is the canonical one defined by a hermitian structure on a holomorphic

bundle, then the refined cohomology classes are independent of the hermitian struc-

ture and there is an explicit formula showing the behavior of these forms under de-

formation of the hermitian structure.  The details and proofs are all found in Bott

and Chern [2]; see Griffiths [6] for the principal bundle approach.

E denotes an 72-dimensional C°°-bundle over a C°°-manifold  X,  T = T(X)  is

the tangent bundle, A1 (X)  is the space of complex valued differential /'-forms, and

A(X) = 1 AJX).  If TiE)  denotes the  C°°-sections  of E, then  A(X; E) = A(X)

®   „        r(E)   is the space of differential forms on  X  with values in  E.A0(X) r

Definition.   A connection on  £  is a differential operator  D: ViE) —>

HT*® E) such that Dif s) = df ■ s + / • Ds whenever /  £ A°iX),  s £ FÍE).

Relative to a fixed connection  D  on  E we construct the Chern forms of E  as

follows:  Let s = \s . \,   i = 1, • • ■ , 72, be a frame of  E\¡J,  U open in  X; i.e. the  s .

are smooth sections such that  |s.(x)i form a basis of  E     for each x £ U.  Then
l x

Ds . = S 8 ..s ., 6 ..  £ Al(V), and  dis; D) = \\d .. II   is the matrix of connection 1-
1 i]   j       i] "   ij "

forms.  The curvature matrix  Kis; D) = ||K..||   is the matrix of 2-forms defined by

K.. = dd .. -1, 6 .,   h$,., i.e.   Kis, D) = dOis, D) -dis, D) A Ois, D). We define
ij ij k    ik        kj

a global form c(E, D) - 2 c. (E, D) £ A(X), c.(E, D) eA2y(X), by ciE, D)\ ö =

det(l   + (z'/277)K(s; D)).   This is well defined because it is independent of the

choice of frame  s  on   fi  and hence agrees on overlaps.   If s'   is another frame on

U,s'.=ÏA..s., A.. £A°iU), i.e. s' = As, then Ds' = Ois', D)s' = idA + AOis, D))s, so

dA + Adis, D) = Ois', D)A and hence AK(s, D) = Kis', D)A, so det(l + ii/2n)Kis, D)) =



192 M. J. COWEN

det(l + ii/2n)Kis , D)). Note in particular the curvature matrix   Kis, D) represents

an element  ÜB, D], the curvature of  E relative to  D, in A   (X, Hom(F, E)).  The

form ciE, D)  is the (total) Chern form, and  c.iE, D) is the /'th Chern form, relative

to D.

We define characteristic forms in a similar manner:   Let M    denote the space

of 72 x 72  complex matrices.  A ^-linear functional  0  on  M     is invariant if

4>ixx, • • • , x A = qAyxxy~   , • • • , yx ,y~   ) for all  y £ Gl in, C),  x .  £ M  .  The space

of all /e-linear invariant forms will be denoted by  1 AM  ).  Given 0 e I AM  )>  U

open  in    X, we  extend   cb   to a   ze-linear map    0..: M    ® A((7) —* A(U)   by

(^^(xjzzzj, ■ • ■ , x,wk) = 0(xj, • • • , x,)wx  A ... A id,  x.   eM   , tzz.  eA((i).  Now con-

sider k elements ¿;.  6 A(X: Hom(E, E)) and let <¿ £ /,(zM ).  Then there is a well-
z k      n

defined form  (biç x, • • • , ç,) £ Aix) which has the following local description:   if

s  is a frame over  U then 0(£,> ••• , £¡)\t) = «/Jyi^jis), • • ■ , € kis)) where  £ As)  is

the matrix of ¿;. relative to s, and hence  ç As) £ M    ® AiU). We set 0((^)) =

(biç, • ■ ■ , ç); a characteristic form of the connection  D   is  0((K[p, D])), for q> £

I AM ).  Polarizing the determinant we get det £ I ÍM  ) by

det(X\...,X")=-I  £(-l)r(-iyaXr1mcrm...X"   _  .,       X' £ M   ,
wi r(i)o-(i) r(«)cr(,2)' „'

such that det((X)) = det(X). Thus the Chern form is a characteristic form. The

desired independence on the connection of the characteristic (de Rham) classes

follows from the following two propositions:

Proposition 2.1.   Let D  be a connection for E  over X, cb an invariant form on

Mn, then (biiK[E, D]))  is closed.

Proposition 2.2.   Let  D    be a smooth 1-parameter family of connections on E,

then the function s —» diD s)/dt, s £ ViE), is A  ix)-linear and hence determines

an element D, £ AliX, Hom(p, E)).  Further, if ó £ 1 AM  ) then
t '    r k      n

h (bHK[E, Dl)) = d(bcb\iK[E, Dl; D))dt
a t J a <■        t

where (bliiç~ ; r,)) = £a <f>(Ç, • • • , 7j(a), • • • , ¿f ).

Corollary 2.3.  The cohomology class of d)iiK[E, D]))  is independent of the

connection on E.

Proof.  If Dj  and DQ  are two connections on E, then D   = tD, + (l - t)D. is

a 1-parameter family of connections.

Remark.  By putting  dis, D) — 0,  s  a frame of   fi, a connection can always be

defined locally; patching together by a partition of unity shows the existence of

connections on any bundle, so the characteristic classes are well defined topologi-

cal invariants of the vector bundle.
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A real valued  C     function  N: E —» R defines a hermitian structure if the re-

striction of N to any fibre defines a norm, i.e.   (u, v)    - M\Niu + v) - Niu) - Niv)\

+ A\Niu + iv) - Niu) - Niv)\ for  u, v £ E   , defines a hermitian inner product on  E  .

On a complex manifold X, let Ap'q(X) be the forms of type  ip, q), d = d + d ,

d:Ap-q-+Ap + l-q, d: A"-9— Ap-q+1;  Ar(x) = 2 AP'"(X), p + q = r. This decom-

position of A(X)  induces a corresponding decomposition of A(X; E) into

Ap'q(X; E) = Ap'q(X) ®A0(X) r(E)  and hence any connection  D  on  E  splits ca-

nonically into the sum  D' + D" where  D': FÍE) -+A1 <°ÍX; E),  D": riß) —.

AO-HXjE).

Proposition 2.4.   LeZ  N  be a hermitian norm on the holomorphic bundle  E.

Then  N  induces a canonical connection D = D(/V)  on E which is characterized

by the two conditions:

(1) D  preserves the norm N, i.e.  dis, s ) = (Ds, s ) + (s, Ds ), s, s   £

r(E);

(2) if s .is a homomorphic section of E\,., then D  s = 0 on  U.

Note,   (s ® $, s' ® $') m 0 A W . (s, s'); 9,6' £ A(U).

Locally   D(N) has the following form:  let s be a holomorphic frame on   U,

N = N(s)= \\(s. , s.)\\. Then Ois, DÍN)) = dN -N~l.

Proof.  See Bott-Chern [2].

Corollary 2.5.   Let E  be a holomorphic bundle with hermitian norm N, and

let 9, K denote the connection and curvature matrices of DÍN) relative to a holo-

morphic frame over  U.   Then on  U  one has

9 is of type  (1, 0), 99 = 9 Ad,

K = 7)9, hence  K is of type  (1,1) and dK = 0,

dK = - [K,  9].

Note.  Since   K is of type  (1, 1), the characteristic classes are of type (p, p).

If E  is a line bundle, then a holomorphic frame is simply a nonvanishing sec-

tion  s, so 9 = d log N(s), and  cAE) = (i/2n)ddlog N(s).

We define the refined cohomology groups HP'P(X) = ker d O Ap'p(X)/oróXAp-1'p-l(X))

and wish to show that the refined characteristic classes are independent of the

choice of norms.

Proposition 2.6.  LeZ  N    be a smooth family of norms on a holomorphic bundle

E.  Then the function   (s, s ) - d(s, s ) N /dt  is hermitian linear over A  (x) and

hence determines a section L   £ r(Hom(E, E)) by the formula   (L is), s )N   =

id/dt)(s, s ) N , s, s   £ r(E).  // cb is any invariant form in  I AM  ),  n = dim E,

then

\aÓÜK[E, Nt])) = dd fbcbHiK[E, Ni; LA)
\b » Ja ' '
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zzzèez-e d>l((£; rj)) = 1. cbiÇ, • • • , £, r¡( ¿), cf, . . . , cf ).

Proof. See Bott-Chern [2].

Independence of the refined characteristic classes now follows by setting  N   =

(l - z)/V„ + (V.   where  /V»   and  /V,   are norms.  We let  c(E) denote the refined Chern

class of E, that is the refined class of  c(E, N) for some norm  N; a partition of

unity argument shows that such an  N always exists, and hence  c(E)  is well-de-

fined.

III. Chern duality.  We wish to prove the Chern Duality formula: c(E) =

c(E,)c(E..) where  0 —> E   —> E —> E,. —> 0  is an exact sequence of holomorphic

vector bundles.  Let  N be a norm on  E, then  N induces   N    on  E. by restriction

and  N.. on E.. by identifying  E.  with E., the orthogonal complement of  E., as

C°° bundles.   Put  c(E) = c(E, N), c(E .) = c(E ., N .) for  i = I, II then we have

Proposition 3.1.   There exists a form ç in A(X) such that

c(E)-c(Ex)c(Exx) = cddc-.

The proof is a simplification of Bott and Chern's, and is based on a deforma-

tion of N  to N...  First, we define the orthogonal projections   P.: E —► E .,   i =

I, II, and interpret them ás elements of r(Hom(E, E)).  Now put   (u, v)   -

t(P u, Pxv) +  (Px]u, P¡xv)   for  u, v £ Ex  and  0 < Z< 1.  Then clearly N    is a her-

mitian norm and N   —> N . as   Z —> 0.  We compute   K (E) at x £ U relative to a holo-

morphic frame  s  of  E|„  such that  {s,,.--, s ,\ is a holomorphic frame of E    and

s.(x), • • • , s  (x)  is an orthonormal basis of E   .  Write  N = Nis) = i A   „   )  where

N.= Us., s")\\k .  ., A- ||(5.   oS.>||?"î   fe ,,B- ||(s.   ,, s.   ,)||"-fe,   on   Í7.
I        II x    z'      ;    nz,; = l » x    i+k        7''lz=l,  ; = 1 " N     z + K        ;+Ze'"z,; = l

Put  zVIT = N,,(s') where  s'  is the holomorphic frame of  E,T, s' - \P,,s .   An~, .  ItII II r II 11   i+tz z = l

is easy to check that  ||( PjS;.  fe, Ps.  fe)|| = A/V~  A*.  Hence

rV, = Nt(s) = ilKPjS., PjS .)|| + \\(Pus ., Pn5 .)||

..("'    A' )A° °\
\A      ANxlA*J     \0    zVn/

/Voze. At x, A = A*= 0,  Nx = /fe, /Vn - In__k so ¿(A/VT^A*) = dAN~lA* -

A/V-^zVjzV" M* + AN"1(9A* = 0,  zJ^A/V'M*) = - <9AäA* +■ ¿MdA*, and  /V-! =

zd/O'fe 0    ,
\    n i        LI heretore zzz  x

0 >n-k
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K[s, N(] = ddNt rV~ 1 + dNtN7 ldN( N~ l

/tddNx tddA* \/H/t)l    0\

\tddA      - tdAdA* + tdAdA* + ddNu A    0       I /

/tdNx   tdA*\/(l/t)l    0\/tdNx     tdA*\/(l/t)I    0\

KtdA      9Nn/\   0       lJ\tdA     dNxx/\    0        //

+

/ddN,+ dNxdNx + tdA*dA     tddA + tdNxdA* + tdA*dNxx\

\ddA + 3AdNx + dNudA        tdAdA* + dâN]x + dNudNu /

But at x,  K[EX, Nx] = d~dNl + dNldNx and K[Eu, A/,,] = dNudNu + dNu^Nn, so put-

ting  PtK[E, NtlP. =  K..[E,  N(],  i, /= I, II, similarly for  K ..[E, N], we have

/K[EX, N] + tdA*dA tK    [E, zV] \

K[E,/Vt] = l ).

\      Kul[E, N] K[EXX, Nu] + tdAdA*/

The whole point is that

/ K[EX, Nx] 0 \

K[E,N0]=i

\KXIX[E,N]    K[EXX,NU]/

so that

lim   ciE, N) = lim det (/ + ii/2n)K[E, N,]) = ciEAciE.A.
í-0 '        z-0 ' ' ll

In order to apply Proposition 2.6 to this deformation, we compute  L     Since

(d/dt)(u, v)( =  (Pjzz, Pxv) = ((l/t)Pxu,v)t, then  L( = (l/r)Pj.  Thus

1 c(E, Dt) = SaJ'detUd + kK[E, D(]; kU/OPj))^,       k = z/2tt,

for 0 < Z < 1.  If we could set  Z = 0  we would be done; however, the integral will

not in general converge.  In fact, K[E, N ] = K[E, NA + zW, where f £

A2(X; Hom(E, E)) is independent of z. Therefore det'Ul + kK[E, N(1; (k/í)P,)) =

S"~    a.t'~  , a.  £ A(X); note these are the same  a.'s as in Bott-Chern, i.e. the
7=0       7 7 7

specific choice of deformation is immaterial.  Now aQ = det ((l + kK[E, NA; kP~))

so the integral converges if and only if aQ = 0; but  aQ  is a closed form, so it can

be deleted from the integral.  To see this, define  det ;((cf; 77)) by det ((t + A77)) =

1 zVdetJ((¿;; 77)) for <f, n eA1'ïiX, Hom(E, E)). But
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det ((1 + kK[E, NA + XkPA) = det

¡+ XkI + kK[Ex, nx] 0

KU[[E, N] I + XK[EXX, Nxx]/

= det (I + XkI + kK[E,, N^JE^ = (¿ (1 + Xk^'cAE^ c(En),

so

aQ = det H(l + kK[E, Nq1; kP,)) = k (   £ ik - j)c. (£,) ) ciEu)

which is closed. So now we can integrate from 0  to   1  and get  ciE)   - ciE Jc(E   )

dd\ll-\a-l.aa\ and putting f = 2£-| a~lßa we have ciE) - ciEx)dEu) =

?<9cf.     Q.E.D.

In order to prove Theorem I (see Introduction) we must compute the highest

degree term of  cf in the case  dim E   = k = 1, but this is just

ÍKn/t)detAiK[E. N0] + íW; P ))
0J T       '      V

!(k[ex, nx1 + t^lx + x
\l  term of det I

\       k1u[e. Ni K[ElVNn]+^unn

= U"//)det (K[EU. Nu1 + tWxx a) = Kn X det'((K[Eu, Nn1; Vu „»i'"1

where  XVU u = K¡x X¡[E, Ni - /C[EIT, zV,,] = ¿MoM* in the notation of the proof of

Proposition 3.1.  So we have shown

Proposition 3.2.   Lez  0 —► E   —> E —» E.. —> 0  be an exact sequence of holo-

morphic vector bundles, and let c(E) and c(E .),    t'a I, U, denote the Chern forms

induced by a norm N  on  E.  Then if dim E   = 1,   c (E) — cAEAc  _.(E   ) =

Kdd\^.n.-\ det;((ntEn]; - An[E]))j where 0[E J - KK[En, !¥„], QjE] =

kK.   ,,[E; /V]  zZTzri - A.. = Í2   [e] - Q[E..].   Hence if E. admits a nonvanishing holo-

morphic section  s, then

ciE) = Kddhog Nis)cnXiEu) + £ det'((0[En]; AntE]))[.

Now, this proves Theorem I except for the positivity statement. In fact, let 77:

E —► X be the projection map; then 7r*E, as a bundle over E, has a canonical sec-

tion s  given by  s(e, x) = e, for  e £ E   .  If  B*iE) denotes the set  \e £ E\ 0 < Nie)
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< l!, then s is nonzero on B*iE) and letting E. over B*iE) be the bundle spanned

by s, we have c (?t*(E)) = Kdâé; by the latter part of Proposition 3.2. But the Chern

forms are functorial, so  tt*c (E) = xdd£.
n

We must now discuss the "positivity" of <f.  Actually there are two notions

of positivity we will use; both need only be defined pointwise.  First, a form  a £

Ap,piX) is strongly positive at x  if and only if thete exist forms  d> .  £ Ap'  (X)
2 — ^

such that  a. - ip  S . cb .   A r/>.   at  x.  A form  &   is said to be positive, written  a. >

0, if and only if  tJp2 diU x, ' ■ ■ , U  , //,,•••, V p) > 0 for all   U x, • ■ • , Up £ T^°ix),

the holomorphic tangent space at x.

Remark 0.   "Positive" is used to mean "nonnegative".

Remark 1.  If  a  is strongly positive then  a.  is positive.

Remark 2.  If dim X = p, i.e. if  a is top dimensional, then in local coordinates

we can write  a = ip Qdz. A. ..Adz    Adz, A . . . A dz     where (Î £ A°iu); then  a
i p t p

strongly positive   <=> a  positive <=> u > 0.

Remark 3.  /: X —> Y holomorphic implies: if  a e Ap,piY) is positive (strongly

positive), then  ¡*cl  is positive (strongly positive).  It is easy to see that  a. £

Ap'piX) is  > 0  if and only if f*a is > 0 for all holomorphic imbeddings  / : M —►

X,  M  a /5-dimensional complex manifold.

We will show ç  can be made strongly positive under suitable conditions on  E,

though in fact we only need ¿f > 0.   Later, when we fibre-integrate  ç, we will get

a form which is only > 0, not strongly positive.

Definition.  Let 0 be an 72 x 72 matrix of forms of type (p, p). Then fi is

(strongly) positive at x, written ÎÎ > 0, if there exist  n x m matrices   N    of forms

of type  (p, 0)  at  x  such that Q = (ip22f N, A N*Y.

Note.  See Griffiths [6] for a discussion of positivity for fi  which generalizes

positivity for forms (not strong positivity as we have done).  This definition is the

transpose of the one in Bott-Chern; but the bundles they say are positive are in

fact not positive according to their definition.

If A  is an  72 x 72  nonsingular matrix then 0 > 0  at x  if and only if  AOA* >

0 at x.  So for cf £ Ap'piX; Hom(E, E)),  E  a hermitian bundle, we say <f is posi-

tive  (cf > O)  if the matrix of  cf, relative to an orthonormal base of E   , is positive.

This is well defined, since a unitary matrix has  A~    = A*.

Definition.  A holomorphic bundle  E  with norm  N  is positive if the real curva-

ture form n[E, A/] = kK[E; Ni is strongly positive on X.

Theorem 3.3.   LeZ  E  be a hermitian bundle of dimension n, çr positive ele-

ments of Ap'piX; Hom(E, E)),   r = 1, ■ • • , 72.   Then det (Ç l, • • • , ¿J ") £ Apn<pn is  > 0.

Proof.  We can assume  fr = ii p2 Nr A ÍNr)*Y, where  Nr = ÍNr.)  is an  nxm'
ij r

matrix of (p, 0) forms at X.  Then
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det(£p •■■>£„) = —.   £ (-^(-^fotDrd) ' -- ^o-(„)t(„)

■b   n        V \^ z    i^z    iVnil m1

7

•zj'zz      y^ y^ z   iy^(_ A'ui       mi        .../v"      n*L >
jz ¿*       Z-v-i/ *  ""rdii/Vny,     ™TMj™oxn)jn

¿p2"(_l)^2"("-1)/2 —

72!

Z      Z(-in-iK1(i);V--^)7„<(i)zV--/v"(77)7„

-2   r   (K-r^,);V--^„J
M '   n

>V'-'*n   "'r

1     A   2
-   V

a(Z(-dX(i);i . N"
"oi„)j

> 0;

in fact  det (<f , ■ ■ • , çr) is strongly positive.

Corollary 3.4.   If ç , r¡ £ A   ' ÍX; Hom(E, E)) zzre positive, then the forms

dety((¿j; r¡)) are positive.  If £> Ç' > 0, 77 > 77' > 0  zèezz det'((£; 77)) >det7((f'; r?')).

Proof.   det7((Ç; 77))  can easily be seen to be  det (¿f., • • • , Ç  ) where  j of the

cf.'s are set equal to 77, the rest to f. Also, det;((cf; 77)) = det;((f + (cf- cf'); r¡' + (77 - 77'))) =

det7 ((ç   ; 77 )) + positive forms.

Note.  In particular if 0[E; Ni > 0 for  E  a hermitian bundle, then  c(E)  is

strongly positive.

Now consider again the sequence  0 —► E. —» E —> E.. —> 0  of holomorphic

vector bundles.  Define 0 .[E],  z = I, II to be the form kP. K[ElP. interpreted as a

section of A   '  (X; Horn (E ., E .)).  Then in the notation of the proof of Proposition

3.1, at fixed  x £ U, we have  ü[Ex1 - 0,[e] = - kc9A*o\4,  Í2LE,,] - fi^E] =

-k5"AÓM* so (Q[E,] -Çlx[E]Y = -il/2jr)iidA*d AY, i.e. iü[E¡] - Ù^EW < 0  and

Í2ÍE,.] - Q..[e] = (l/27r)(z't9A ¿MO' > 0, i.e. subbundles are less positive, quotient

bundles are more positive than the original bundle.

Now we have, in Proposition 3.2, c (E) = k9 d Slog Nis)c  _j(E..) + Ç \, where

cf = 2^-j1 (l/z')det!((n[En]; nn[E] - QlEj)).  Assume  E  is a positive bundle, i.e.

Q[E] > 0; then  QIT[E] > 0, so  QÍEu] = Üu[e] + ÍÍÍEu] - fijE]) > 0  which implies

that  c     , (EtT) > 0.  ç can be written as
77-1 II     —

"-11

£   i(- D'det'WiltE   ]; Q[E] - il   [E]))
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which has indeterminate sign.  Let cfQ = ^""j1 (l/z')det'((íí[En]; 0[E   ])), then

¿f   = S (l/z)(n)c      AEu) so ¿f    is closed.   But:
U z      n— 1      11 0

det¿((n[En]; QtEH])) > det'((a[En]; n[E„] - %[E])),

so f0 "^ - °  and ^^0 = °-  Therefore,

(3.5) cn = iddc/An)\log /V-1(s)cn_1(En) + (f0-f)l

and the bracketed term is  > 0  whenever  log/V-   is) > 0, i.e.  when Nis) < 1.   This

completes the proof of Theorem I.

IV. Generalized Gauss-Bonnet on analytic spaces.  The formula in Theorem I

is integrated to give the Generalized Gauss-Bonnet Theorem.  The proof is due to

Bott and Chern, but an approximation which they use is not obvious, and thus has

been given further elaboration.  The proof of the Gauss-Bonnet Theorem is then

seen to go through for the case of an analytic space.

Let  E be a holomorphic 7z-dimensional bundle with hermitian norm N, over

the compact complex 72-dimensional manifold  X  with boundary dX.  We consider

X— dX as an open subset of a complex 72-manifold   Y, with  X - dX = X C Y.  Then

E  and N  are actually assumed defined on the extension  Y  of X.  Letting  E~ = E

minus the zero section and  77: E —> X  the projection, we have already seen that

the identity section of 77*E  over E  gives rise to a nonzero section on  E_  and for-

mula (3.5) defines a definite form p  on  E.   such that ddcp/4n= n*c (E).  Putting

77(E) = dcp/An we have  77*c (E) = drjiE).

Let s be a smooth section of E  with an isolated zero at x £ X. We define

the order of the zero at x,  zero(s, x), as follows:  Let  B    be a disc of radius  t >

0 relative to complex coordinates centered at x, and let  <A:E|R    —>E    xBt be

a trivialization; (b: E|„    —>£     is  if/ projected on the first factor.   For small

enough e, e < 8, 0 ° s  maps dB    into  E    - |0| and zero(s, x) is by definition the

degree of (b ° s: dB   —» E    - ,0i.  Note.  B£ and    Ex - Í0Î are complex domains

and have a canonical orientation, which induces orientations on c9B    and the unit

sphere SÍE  );  E    - 0  can be retracted to SÍE ), so the degree is well defined.

Proposition 4.1 (Generalized Gauss-Bonnet).   LeZ s  be a smooth section of

E such that s  is nonvanishing on dX and the zeroes of s are isolated.

Then   2 zero(s, x) =   L. c (E) - f gx s*r¡ÍE) where x ranges over the set of

zeroes x,,■•• , x     of s.

Proof.  Let j '■ E   — Ï0i —» E.  be inclusion, x £ X. Consider the form j*r/iE).

It is closed since  dij*r¡) = j*c (E) = c (j*E) and  j*E  is a trivial bundle with flat

metric on  E    - |0!, so  c  (j*E) - 0.  The cohomology class of j*r]iE)  is then a

multiple of the orientation class of E    - Í0î defined above, say  j*r)ÍE) = a.x •

(orientation class), a    e P.
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Let  X, be  X  minus the interiors of discs  B' of radius e around the x ..  Let
c c i

8 be chosen small enough so that  s  is nonvanishing on  X   ,  0 < e < 8, hence  s

defines a section of  En  over X.  Then s*n*c (E) = c (£), so  c (E) = ds*rjiE)  on
0 e 72 72 77 '

X .  Applying Stokes' Theorem,

/*/.<*>- /ax/**E) = LS**E)-Z fdBiS**E)-
Taking limits, we have

JW£)- /*•**--£& Lis**E)
3B*

Assume further that 8 is chosen small enough so that  E|ßz  is trivial, and let  cb.:

E|Rz —> E      be trivializations as in the definition of zero (s, x.).lßS

Claim,  lim    0 /jgt s*niE) - limf  Q Jißz s*q> .*j*r¡ÍE).  (This is not entirely

clear, as asserted in Bott and Chern.) Let  N„  be a new hermitian norm, equalling

N on a neighborhood of <3Bg, but with  Nfl = n*j*N  on  Bg/2-   By tne homotopy

theorem, Proposition 2.6, there exists a  C°° form if on  B§  such that  c ÍE, N) -

c (E, NA = z/ç  on  Bg-, by the construction of f it is clear that  f = 0  on a neigh-

borhood of dB\.  By Stokes' Theorem, /gi cnÍE, N) - ciE, NQ) = (Bßi f = 0.   Let

77    = 77(E, NA on  E0|ßz.  Then by the functoriality of  77,  77Q = (b*j*r¡ÍE, N)  on

E„|Bz    .  Again by Stokes   Theorem,
'8/2

(E, N) - cniE, N0)

lim    f c  (E, /V) - c(E, zVn) =  lim    f s*dn(E, N) - s*dn(E, N A
-~°   JB'S-B'(   " °       e-0  Vg-B^ °

f      (s*77(E, A/) - s*r¡(E, NA) - lim    f     (s*r,iE, N) - s*rjiE, N ))
Jr3B's e-0   JaB^

f      z(s*77(E, N) - s*r¡iE, N)) - lim    f     (s*tj(E, /V) - s*cb*j*r,iE, N))

dB\ i-0   JdB'(

r

lim    I     As*(b*j *r¡ - s*rj).
c   . n      «7 -. n Zf-o  "aßf

So  lim,      f     .  s*q = limc  n f     . s*(b*i*ri.
^-•0 ■> ¡IB1 e-"0 J dB'       "    I     I

Therefore

lxc"(£)- /axs*'?=-£Um/„.-^--Ega ¡,Bi**+i*u*n
dB dB

- Y* lim    r      s*ctS. * (a. . orientation class of E     - )0i)
^^ f-.0   I      i * 1 x-

(    U J dB '

- yj a    . zero (s, x.).
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This completes the proof of Gauss-Bonnet, except for showing that  a     = - 1.
x i

Lemma 4.2.  j*v = - the orientation class of E    - \0\ for x £ X; i.e.  a    = — 1.

Proof.  Fix x £ X.  By the functoriality of 77(E), j*r¡ depends only on the

hermitian inner product on  E   , hence it suffices to exhibit a manifold  M without

boundary and a holomorphic vector bundle  E  over M with hermitian norm such

that  E    is isometric to E    for some fixed  m £ M and   i  *r¡ÍF) = - (the orientation
x m 'm    '

class of  E    — ¡OÍ).  Let us further assume that  M  has a section  s  oí F  such that
772

s  is zero only at  m,  zero  (s, m) = 1, and that  fM c (F) = 1.  Then  /„ c (F) -

Lu s*r¡ÍF) - - a     zero (s, m)  so  1 = - a    = - a  , and we are done.  Since these
Jdm I 772 ' 772 X

examples are needed for the result on Schubert cycles, we give their construction,

found in Bott and Chern.

Let  V be a complex inner product space of dimension  ttz and  P (V) the Grass-

mann manifold of zz-planes of   V.  Over  P (V) we have the canonical exact sequence

0 _♦ S  (V) —> P (V) x V —> 0  (V) —» 0
72 72 ~72

of holomorphic vector bundles, with S (V) the subbundle of  P (V) x V consisting

of all pairs   (A, v), A  £ P (v),  v £ V such that  v is an element of the 72-plane  A.

The quotient bundle is   Q  (V).  The bundle   P (V) x V  is given the hermitian struc-

ture of  V  in each fibre, and S (V) and  Q (V) have the induced structures.  Note
n ^n

that since P (V) x V has zero curvature, the bundle Q (V) is (strongly) positive.

Each v £ V determines a holomorphic section s of Q (V) defined by the projec-

tion into 0  (V)  of the constant section x —» (x, v), x £ P (v), of  P (v) x V.
^ 72 n 72

Assume that  m = n + 1. Consider the 72-dimensional manifold  P.(V) and the

72-dimensional hermitian bundle  0 X(V)  over  P.(V).  If  u/0 £V then s    vanishes

only at   (v), the subspace of  V  spanned by  v.  It is easy to check that zeto

(s , (v)) = 1. Furthermore, we can choose the original hermitian structure on   V  so

that  V/(v)   has any given hermitian structure, for fixed  v £ V, i.e.  (QAv)) has

any given hermitian structure.  To complete the proof of Lemma 4.2 we need only

show that fp./y. c iQi^V)) = !•   By Chern  duality  in  the  sequence    0 —» SxiV)

-. PxiV) x V-» QxiV) -> 0, we have AOxiv)) ■ ASxiv)) = 1, so cJ,QA.V)) =

i- l)"cj(5j(V))   as cohomology classes.  Let  \vQ, • • • , v  i be an orthonormal base for

v, let  W = the span of  vx, ■ • • , v    and put   V = PAv) - PAW); note   PAW)  has mea-

sure zero in  PA.V).  The open set   U has coordinates  (z.,- • •, z ) —> (vQ +

S" . z.V.), the line spanned by  vn + 2" . z.V., and  Z7„ + 2" , z.V. defines a non-
z=i      1   1 r '       0 7=1      !   1 0 2=1      l   l

vanishing section of SXÍV)\U  so  cxiSxiV)) = ii/2n)dd log/V(y0 + 2 z.v) =

ii/2n) dd log(l + ||z||2)   on   U.  Therefore

fpx(vf¿Q^»= IPi(v)(-A"icxisxiv))r

= U-An(^jiddiogii+\\z\\2)r.
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Since  (d â log (l + ||z||   ))" depends only on   ||z||, i.e. is invariant under the unitary

group, we compute it at a point z  such that z. = \\z\\, z- = • • •= z    =0.  Then

idd log (1 2))" =
dz dz. + + dz dz

n     n

1 +

dz dz

II2 Ü4..

dz.dz_ +■ • •+ dz dz
2       2 72       r.

|2l2
dz  dz

2ï2Ld + IMI2)

(1
|2\72+1

dz ,d.
11

i + iNr

■ • • dz dz

So

/»,««'.«■»»-/«(¿)";
(1 + ||z|

and using polar coordinates, this is just

72+1

2)72 + 1
dz ,dz

1"   1
i/z  zfz

ÜL   f °° Z—i— V
77"j0\l77/)

272-1
dr ■ (the volume of the unit  2n - 1 sphere)

272

77"   -272

= 1.

(See Bott-Chern for another derivation of / c ÍQXÍV)) = I.)    Q.E.D.

To see that the Generalized Gauss-Bonnet Theorem also holds on analytic

spaces with boundaty, we must first define differential forms, hermitian vector

bundles, etc. on an analytic space.  We define  Ap'q(X) for X  a complex analytic

space, according to Bloom-Herrera [l]; see also King [10].

If X  is an analytic space, we denote by  R(X)  the regular set of X.  For  X  a

subvariety of a complex manifold  M, let  JXAP,q(M) = \r £ Ap'qÍM)\ i*r = 0\ where

i: P(X)  c_ M  is inclusion, and define  Ap'qiX) = Ap'qiM)/]xAp -qiM). We define

AriX) similarly, and Ajx) = 2 Ap'qix). Let r £ AAm), then the following
' p+1=r b

are equivalent (Bloom-Herrera):

(1) i*r = 0, where  i: R(x) c_, M,

(2) g*r = 0  for all smooth maps g, and all smooth manifolds   N, g: N —» M

such that giN) Ç X.

It is not obvious that (1) implies (2), for example when  g  is a map of  N  into

the singular set of X, but this equivalence shows that Ap'q(X) and Ar(X) are

independent of the imbedding.  By patching together, we can then define Ap'q(X)

and Ar(X) for any analytic space, and using property (2) it is clear that if  r £

Ar(Y)  and  /: X-> Y  is   C°° then we can define  f*r £ AjX).  If r £ Ap<qÍY) and

/: X —<■ Y  is holomorphic, then f*r £ Ap'qix).  Also / commutes with  d, for / a

C     map, and with  d and  d   for / holomorphic.
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A form r eAp,p(X) is positive,   r > 0, if r restricted to  P(X)  is positive.   This

is equivalent, just as (1) is equivalent to (2) above, to g*r > 0 for all holomorphic

maps  g  and all complex manifolds  M,  g: M —> X.  Hence if X  and   Y  are analytic

spaces, /: X —* Y  is holomorphic, and  T £ Ap'piY)  is positive, then f*r > 0.  The

definition of strong positivity for forms on analytic spaces is the same as that for

forms on manifolds, i.e.   r £ AP,P(X)  is strongly positive if for each point  x £ X,

there exists a neighborhood   U  of x  and forms  d.  £ Ap• (U) such that  r =
2 _ 7

z     S (9 .A 0 . on U. Strong positivity is defined similarly for matrices of forms, see SHI.

If E  is a holomorphic vector bundle over X, then  E  is itself an analytic space,

so the definition of a hermitian norm makes sense, and we can define the curvature

matrix relative to a holomorphic frame, and hence define characteristic forms, just

as we did in §11.  In order to show that Theorem I holds on analytic spaces, we

need only show that we can define  p(E)  a  C     form on  E.   so that p(E\R(X') =

p(E)|r(E   y  But if 0 —» E   —> E —► E    —-> 0  is an exact sequence of holomorphic

vector bundles on  X  an analytic space, and N is a hermitian norm on  E, then  N.

and  /V.. are hermitian norms, and the orthogonal projections   P,  and  P^ are smooth

operators  (the matrices of Af.., P., P..  relative to smooth frames are clearly smooth).

Hence the deformation  N , for 0 < z < 1, is a hermitian norm, so the form cf of Prop-

osition 3.1, i.e.  2^-j1  i~la., where  det'Ul + kK[E, N¡\;<Jt/t)PA) - S?^1 a.Z¿~:, is

defined on  X, and  c(E) — c(E.)c(E   ) = ddf, since the restrictions to the regular

set are equal by Proposition 3.1.  The definition of a positive bundle is the same

as before, so if  E > 0  and we define  piE) by

72 — 1     .

p(E) = log N-lis)cn_xiEn).+   •£   T det'((iï[En]; Q[EH]))

/=!   7

"-1 1

-  £ - (- l)7det'((0[£n]; ü[En] - «„[E]))

7=1    '

then p(E) > 0  on the space   B*iE) = \e £ E| 0 < N(e) < 1] and 77*ck(E) = ddcp/An,

since this holds on the regular set.

In order to prove Gauss-Bonnet on analytic spaces, we must define spaces

with boundary and show that Stokes' Theorem holds.

Definition. Let Y be an 72-dimensional space. Then X C Y is an 72-dimen-

sional analytic space with boundary c9X, if X — dX is open in Y, X is the clo-

sure in Y of X — dX, and X O P(Y) is an 72-dimensional complex manifold with

boundary  t9X O RÍY).  If p £ An'niY), v £ A2n~1iY), then we define fx p, fdX v

by  ¡xriR(Y) f1 an<^ ííXnü(y) v resPectlvely. if these integrals exist.

Remark.   A smooth submanifold  Mm  of  P(Y)  has locally finite m-volume if

M n K has finite 7Zz-volume whenever   K is compact in   Y.  If p £ An,nÍY) has com-

pact support then   L„. p always exists, since   P(Y)  has locally finite 272-volume;
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see Lelong [il] or Stolzenberg [13].   But if X  is an analytic space with boundary,

dX n R(Y) need not have locally finite  2tz — 1   volume.

Proposition 4.3 (Stokes' Theorem on Analytic Spaces).   Let  Y  be a paracom-

pact complex analytic space of dimension n and let X C Y  be an n-dimensional

compact complex space with boundary dX such that dX O P(Y)  has locally finite

2n - 1  volume.  If r e A2"~lÍY) then fdX r = fx dr.

Proof.  Since there exist  C°° partitions of unity on   Y, the result need only be

proved locally and follows from:

Proposition 4.4 (Stokes' Extended).   Let  K  be a compact subset of Rm,  M a

smooth n-manijold in Rm  with locally finite n-volume, such that  M — M (closure

in Rm)  has the following properties:  M — M = 9 U 8 where

(i) (M, d)  is a inot necessarily compact) manifold with boundary.

(ii) d Ft K has finite n - 1   volume.

(iii) S Ci K is compact.

(iv)  The image of 8 under each coordinate projection  (x., ■ • • , x   ) —> (x .  ,

■ • • , x. )  has measure zero.
ln

Then, for any n — 1  form r  072  Rm  with support in  K,

dr.
MJ ê J A

Proof (Stolzenberg [13]).  For each increasing multi-index  /,   |/| = 72 - 1, let

II,: Rm —* R"~     be the associated projection  (x,, • • • , x   ) —» ix .  , • • ■ , x .        ).

Write id r\K), = d n K-nr1 01,(5 n K)) and (M n K), = M n K- II71 (11,(3 n K)).

For any smooth function  /, with support in   K, and integer  /' < 777,

( f dx'=   f /zzx'and    f   / dxl dx' =   f    fdx'dx'.
Ja J(anK), Jm Jm '

For each / choose a sequence of smooth functions W on R"— such that

0 < vr1' < 1, W' h 0 on a neighborhood of 11, (S n K) and ¥' —> 1 uniformly on

compact subsets of R""1 - 11,(5 n K).  Then set $'   = W   ° n,, write t = S r.zZx',
r I m m I 1

and define  r    = S r, $   z/x .  Since the form r     vanishes identically on (varying)
772 I        772 772 J J O

neighborhoods of 5 n K, we can apply the usual Stokes' Theorem, so that  fM dr

J d      722

Now

t    =   Zf      tA1 dx1 = Y f Tfl'dx'^T.Ç,      „r,dx'=LT-
m JànK   '   m ^J(änK),   '   m ^J(anK)¡  I Jd

Also, dr    = 1 $' d(r.dx') since d<bl   A dx' = II* (dV1   A dx, A...A dx     A = 0.

f dr    = T f ¥ dÍT.dx') — Y; f d(r.dx') =   f  dr.
Jm   772    ^J^nKjj   m     f ^^J(Mnfc),    ' Jm

Thus
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Hence JM dr = ^t.

Remark.  In the proof of Proposition 4.3, we let 5 = X Pi Sing(Y).

The proof of Gauss-Bonnet involved two parts:  first applying Stokes' Theorem

to X  minus little balls around the zeroes of s, then a local analysis at the zeroes.

If the zeroes of  s  are contained in the regular set of a complex analytic space,

then the proof will still go through, since we have shown that Stokes' holds, so we

have

Proposition 4.5 (Generalized Gauss-Bonnet on Analytic Spaces). Let  Y  be a

paracompact n-dimensional complex analytic space, and X C Y a compact n-dimen-

sional analytic space with boundary dX, such that dX O P(y)  has locally finite

2t2 — 1   volume.  Let E  be a hermitian, holomorphic n-dimensional vector bundle

over Y and s  a smooth section of E  such that the zero set of s  intersected with

X  is a set of isolated points contained in (X - dX) O RÍY).   Then S zero (s; x) =

/v c (E) - JdX s*7]iE), where x ranges over the set of zeroes xx, • • •, x     of s in X.

V. The First Main Theorem.  The Generalized Gauss-Bonnet Theorem of the

previous section shows that if X  is a compact analytic space (without boundary)

and E  is a holomorphic, hermitian vector bundle over  X with  72 = dim X =

fibre dim E, then a C°° section of E with isolated zeroes in  P(X) has exactly

jx c (E)  number of zeroes.  If X  is noncompact, then a  C°° section has no restric-

tion on the number of zeroes.  However, if X  has an exhaustion by compact analy-

tic spaces with boundary, and the section s  is holomorphic then we can find the

asymptotic distribution of zeroes by integrating the Gauss-Bonnet Theorem to get

the First Main Theorem.  The proof is due to Bott-Chern, except for Lemma 5.3,

whose proof in Bott-Chern does not seem correct even in the dimension 1 case.

Definition.  An exhaustion function r on  X  a complex analytic space is a  C

real-valued function such that  r: X —> R    is onto and T is proper.   Put X   -\x £

X\rix)<r\.

Remark.  If  r  is an exhaustion on  X  and o: Y —> X  is proper and surjective,

then  t °o is an exhaustion on   Y.

Fix  r an exhaustion on a complex space  X.  Sard's Theorem applied to  R(X)

shows that  X    is a compact analytic space with boundary  dX   = \x £ X\ r(x) = r\

for almost all r in  R  .  Since  X  has locally finite 272-volume, a theorem of Fédérer

[4, p. 188] shows that  t9X    has locally finite  2n - 1  Hausdorff measure for almost

all  r.  If  Mm  is a submanifold of  Rp, then the Trz-dimensional Hausdorff measure

of M  is the same as the m-volume of  M, up to a constant (see Stolzenberg U3J).

Hence there exists a set   C  in  R     such that R    — C  has measure zero, and for

all  r £ (_,   X    is a compact analytic space whose boundary  dX    has locally finite

2?2 — 1 volume.
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Let  E  be a holomorphic hermitian vector bundle of fibre dimension  n  over  X.

The characteristic function  T(r)  of E  is defined by   T(r) = /Q fx   c (E) dt.

Let s  be a section of  E  having only isolated zeroes contained in  R(X).  The

counting function N(r, s)  is defined by  N(r, s) = fQ zero(s, X ) dt where

zero(s, X) = S zero (s, x),  x ranging over the zeroes of 5  in the interior of  X .

Theorem 5.1 (First Main Theorem).   Let  X  be a complex analytic space with

exhaustion function T, and E a positive holomorphic hermitian vector bundle of

fibre dimension n = dim X.   // s   is a holomorphic section of E  with isolated

zeroes in R(X), and ||s|| < 1, then

T(r) - N(r, s) =  —  f      dcrAX-~ f     Xddcr
An->dXT AnJxT

where  X = s*p(E), for almost all  r ii.e. for  r £ c).

Proof (Bott-Chern). Let  F C p(X) x R  be the graph of T\R,X) and let  W be

the region in  P(X) x R  which is above  F and below  P(X) x \r\,  W =[(x,z)| rix)<t

< r, x £ RÍX), t £ R!, for fixed  r £ C.  The natural projection  W —» X   is denoted by

o .  Then by Fubini it is clear that  Tir) = fw o*c (E) dt with  W given the product

orientation on  P(X) x R and dt volume element on  R.

Suppose  s/0  on  X , then  c  (E) = il/An) s*ddc piE) on  X , so  Tir) =

(I/477) fw dio*s*dcp  Adt).  The boundary of  W  consists of  RÍX) x \r\ and  T , the

graph of r\R(Xry

Note.  F has locally finite 2?2-volume, since the injection of  P(X)  into F, by

x __» (x, Ax)), is locally lipschitzian and thus has locally finite Hausdorff measure;

see Stolzenberg [13L

By choosing a partition of unity on  X x R    and applying Theorem 4.4, Stokes'

Extended, we have   Tir) = A/An)few o*s*dcp A dt.  But  dt  is zero on  Xr x Sri, so

we have  Tir) = - (l/4 77) j_   o*s*dcp Adt.  Identifying  F   with  P(X ) we obtain
I 7 T r

T(r) = - — (    s*dcp AízY = - —  f    dcs*pAdr.
An J xr Art J XT

Keeping track of degrees it is easy to check that  dr A dcX = d(idcT)X) - Xddcr

for any function  r and  (n - 1, n - l) form X.  Using Stokes' Theorem once more,

we obtain

T(r) = .1  f   d(idcr) A X) - Xddcr   = L  f      dcr A A - -L f    Xddcr,
An JxT An Jaxr 4nJ *r

where  À = s*piE), if  s  has no zeroes in  X.

Assume now that s  vanishes at isolated points  xx, • • • , i^  in  X^, where  x.

£ P(X),  /' = 1, • • • , ttz, and we allow  x . to be in  dXr.  Let  X* be  X^ minus discs
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B  (e) around the  x., and let  Wit) be  W with the solid cylinders   C AA above these

discs removed.  Then

Tir) =  — lim   f        o*s*ddcp A dt,
An e-0  JW(0 y

and just as above we apply Stokes' Theorem to get

T(r)=—lim |f     dcr AX-   [   XAddcr-Y'[        o*s*dcPAdt
An t~0 \JdX( Jxt ^ Joc^O

r r

+ y." f        o*s*dcA dX

where  2    is the sum over the zeroes interior to X , and  S    the sum over the

zeroes on  t9X .   It is easy to show using the Generalized Gauss-Bonnet Theorem

that

lim    f o*s*dcp A dt
e.O   hci{()

= - (r - r(x.))zero (s, x .)    if  x. interior to  X   (i.e. r(x.) < r),

and

lim   f ,r- , ^   u,A*s*d°P Adt = 0    if x. e dX .
<r_o J a(C.(e)nlf) r i r

But  N(r, s) = 2 (r - Kx . )) zero (s, x .) so

(5.2) T(r)-N(r, s) = — lim \ [      dcrAX-f    X A ddcr~] ,       X=s*p(E).
An e-*o lJdXe Jxe

r r J

We apply the following lemma which will be proved below:

Lemma 5.3. (i)  The form Xddcr is absolutely integrable on  X .  (ii)  The form

dcr A X  is absolutely integrable on  dX . (iii)  lim     0 fSB(f\ \dcr A X\ = 0.

Thus we may pass to the limit in (5.2) and have

T(r) - Nir, s) = — f      dcrAX- — f    XAddcr.       Q.E.D.
4„JdXr AnJxr

Corollary 5.4.   Lez  E  be a positive hermitian bundle over an analytic space

X,  72 = dim X = fibre dim E, where X  has exhaustion function t.   Let s  be a holo-

morphic section with isolated zeroes in the regular set of X, and \\s\\ < 1.   Then

Nir, s) < Tir) + il/An) fx   X A ddcr, for all r £ R + ;  X = s*piE).
r

Proof (Bott-Chern).  Since  E > 0, by construction of piE) we have that

s*piE) > 0  whenever  ||s|| < 1.   But the induced orientation on dX   for the Stokes'
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Theorem is characterized by:   a real (2t2 — 1) form f on X restricts to a positive

form on  t9X , relative to the induced orientation, if and  only  if   dr A  f   is  positive

on  X near dX .  But if À  is a positive  (72 — 1, 72 — 1) form, then  dr A dcr A A  is

positive for any   C     real valued function  r, hence  J", v   dcr A X > 0  where  A =

s*p(E).  Thus for all  r £ £ we have  Tir) - Nir, s) > - il/An) |x   AA ddcr, but, by

Lemma 5.3(i), fx   Xddcr is a continuous function of r, and certainly  T(r) and

N(r, s) are continuous in  r, hence Nir, s) < Tir) + il/An) f    A A ddcr, for all r in R+.

Definition.  Let  E  be a positive hermitian bundle over an analytic space  X

with exhaustion r.  If  c (E) > 0  at some point of X, then the deficiency of a holo-

morphic section  s  with isolated zeroes in  P(X)  is defined by

Sis) = 1 -Um"{Nv-, s)/T(r)i.

Definition.  An analytic space  X is pseudo-concave if it has an exhaustion

function  T such that  ddcr < 0  for large values of  r, i.e. there exists  rQ • 3 . ddcr

< 0 off X   .
rQ

Corollary 5.5.   Let E  be a positive hermitian bundle over a pseudo-concave

analytic space X, with  c (E) / 0.  If s   is a holomorphic section with isolated

zeroes in  R(X) and \\s\\ < 1, then  Nir, s) < Tir) + constant icons tant depends on

s) and hence 0 < Sis) < 1.

Proof.  Choose  rr,.3-ddcT < 0  off  X    , then  A A ddcr < 0  off X    , for  A =
0 - r0> - r0

s*piE), so Mr, s) < Tir) + il/An) /v     A A ddcr.~ . .        '0

We conclude this section with the proof of Lemma 5.3.

Proof of Lemma 5.3.  Since A > 0, we need only show (i) and (iii), because

ricr A A  is positive on  dX   and (5.3) then shows  lim     „ /,Ye dcr A A —» Tir) -

Nir, s) + (I/477) jx   X A ddcr. We first investigate the local behavior of p, then we

see how A = s*p behaves. We are only concerned with the behavior of p  on

E\R(X), since  s  has zeroes only in   R(X).  Let  U be a coordinate patch of P(X)

with coordinates  z,, • • ■ , z  , such that  E  has a holomorphic frame  s,,•••, s     on
In * In

U.  Then  E\.. has coordinates  (z, w) —► X w.s.(z).  Fix  <x^0 £ C. Then a. induces

a map  a: E„ —> E„, multiplication by  a on the fibre.  We have already shown that

p = log N- 1U)cB_1(E   ) + L / - W((il(En); 0(En)))
/>0

- ; - H- l)Met'((il(En); Q(Ej,) - iîM(E)))

where  s  is the identity section of tt*E  over  E.  It is easy to see that  (a*E.,

a*N{)= (E,, NA, (a*En, a*Nu) = (Eu, Nu), and (a*E, a*N) = (E, N), all as hermi-

tian bundles.  Therefore  a*c     ,(E   ) = c     AE,,), a*Q.iE   ) = íí(E..), and
72— 1 II 72— 111 11 11

a*Qn(E) = Q„(E), but  N(s(z, »)) = |a|-2/V(s(z, auz)).   Put  c     .(E,,) =

S /, ,KL(z, w)dz'dz^dwKdw   , and tf   - tf = S g,,KLiz, w)dz dz1 dw   dw   .   Then
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it is clear that if we put  a = l/||tzz||, then at  (z, w), with  w / 0, we have:

p= (log HI' + log N(s(z, w/\\w\\)))Y,f1}KL(z, w/\\w\\)\\w\\-\K\-\L\dzldz]dwKdwL

+ y,g,]KLiz, w/\\w\\)\\w\\AK\AL\dzldz¡dwKdwL.

Let  s  be a holomorphic section of B  with an isolated zero at  x £ R(X) and put

U = B(  , with £„   small enough that  E  has a holomorphic frame sx, • • • , s  .  Then

for e < eQ, the  f¡,KLiz> u//\\w\\), g,jKL^z' w/\\w\\), and Nisiz, w/\\w\\)) are all

bounded on  EJg , and defining / : B     —> C"  a holomorphic function, by siz) =

2 f.iz)s Az), we have that'i        i

A=L(l°g||/||2i IJKL WWM
-  K

\L\dz'dz]dfKdf TL

where the  (b,,K,   and I',r*cr,   are bounded functions on   B .

The proof of (iii) involves Stokes' Theorem, thus we also want to describe  dX.

Consider the form  dp.  Since  a*d log N~   isiz, w)) = d log \a\   + d log N~Hsiz, aw))

= <i log zV~ 1(s(z, aw)), then a*zs? log N~ 1is) = zt" log N~ 1(s) and hence a*zzp = dp.

Just as above we then have  dX = 2 0       L||/ ||_IKI - ,LIí¿z'¿ IJdfKdfL  where   |/| +

l/l + |K| + |L| -2b- 1, and the

Assume we have proven the following lemma:

UKL  are bounded functions on  B,.

Lemma 5.6.   LeZ / : B   —» Cn  be holomorphic, with f~  (0) = 0.   Then the (n,

n) form  (log\\f \\)\\f \\~ iK[~ *U dz'dF] df KdfL   is absolutely integrable on   B^ where

\l\ + \K\ = n,  l/l + \L\ = 72, and \K\ + \L\ <2n - 1.

From the description of A above, it is then clear that A A </> is absolutely in-

tegrable on  B    for any smooth (1.1) form cb, and hence (i) has been proven.  In ad-

dition, we see that  dX A 1*  ¡s absolutely integrable on  B    for any smooth 1-form  *r.

Consider /„   A A *!', for W  a smooth 1-form.  Following an idea of Stoll [12],

we let g: R    —» R    be a  C°° function such that 0<g<l,g=0 on  [0, Vil, and

g = 1   on [l, =°).  Define  Xl  a real valued function on  B(  by X§(z) = g(||/(z)||/5).

Then X s  's  <^°°'   ^ S ^ S L ar,d satisfies the following conditions:

(1) XgW = l    if ||/(*)||>«.

(2) XS(*) = °    if  ll/(2)||<S/2,

¿Xs = (l/S)zs'(||/ll/5Vll/||'

- ifidfi + rldfl

Í28V \ 8  )

Note.  (l/5)g'(||/||/5) = 0  if   11/11 > 5, hence

J-g'(lLt) <^g'(m)\<Ai_
(28f \ 8 I    - 2||/1|      \ 8  )   - ll/ll

where   c  is a constant.
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Consider

Ia AxA¿xsl <
If.df. + f.df.

AA«PA      '    '      '    '

S-pZd^AïA^l + lÀA* A3?;|)

since   l/J/ll/ll < 1.  We can apply Lemma 5.6 to A A f A äf./\\f\\, and hence   |A A

^ A (¿Xsl   is dominated by an integrable form on  B( for all 5.

We apply Stokes' Theorem to / ^ Xs A A <P to get /       y5AAf = /B   iiXsAAA? +

/Bf ^ A * + fBf *SA A ̂  Now A A ̂  a«d ¿A A * a« absolutely integrable, and

Xs —» 1 as 5 —<■ 0. By the Dominated Convergence Theorem, we then have /ß ¿^  A A AÇ

- °> /Bf *SrfA A * — fB( dX A % and /flf vaA Arff-./^ A A ¿Ç as 5 -A But

XslBf = 1 i« small enough 5, hence J- ^ X A «P = fßf «/A A I» + /    A A ¿<P which implies

i" Bf A A * -* ° as f -» °- This proves (iii).

Remark.  If the Jacobian of / is not zero at zero, then for purposes of conver-

gence we can assume that / is the identity map and only have to show that

(log r)r~ dzx..-dzdz...dzn is absolutely integrable on  B£, where  |K| + |L|<

2b — 1.   But this is clear, since the volume of the sphere of radius  r is of order

2,2-1
and

"t

I log r dr - t log i

In order to prove the equidistribution theorems in §VII, we need only use

Lemma 5.6 when the Jacobian of / is nonzero at  0.  When the Jacobian of / is

zero, the result is quite difficult.  Stoll, see [12], gives a very lengthy proof.  The

following argument, due to James King, is considerably shorter; but uses the deep

result of Hironaka on resolving singularities.

Proof of Lemma 5.6.  Step 1.  Consider the subbundle   Y = Sj(V)   contained in

Pj(V) x V defined in §IV, Sx(v) = \iv, L)\ v £ L, L a line in  V\, where  V = C".

Let n: Y —* V be the inclusion of  Y  in   PAv) x V followed by projection.  Then

the zero section of   Y  is a projective space and equals  tt-   (0).  The map

»71 ,        is biholomorphic onto  V - iOj: thus  n: Y —* V  is the blow-up of zero
I V—77-— 1(0)

in  V.  Let zv • ■ ■ , z    be coordinates in  Cn; and let  U . C P,(C") be the set  ,L 6

P,(C")| L = (iz,,.-., z )), z. ¿ 0!.   Put  W . =S.(V)\n  , then the  W. are coordi-
II l 72 2 I * O | I

nate patches on   Y, with coordinates  it, wx, • • •, w. , • • •, w ) —» (¡Wj, • • •, 1, • • •, w^l,

(w.,- ■• , I,- ■ • , w  )).
1 77 ^ r^

Let   P> denote the graph of /,  where / : B( - \0\ —-► Y  is the map induced

by f\B _j0j. Let T = fy, closure in B£ x Y, then r Ç Fj> U (jOl x 77_1(0)). Now
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U(I>u (i0ix77-U0)))n w. = \(z, t,w,,...,w.,.-.,w leßxCI t- f.iz) = 0,
7 z 1 i n € ' >i

f.(z)w .- f.iz) = 0, / / i\, hence  P> u (JO! x 77_ !(0))  is an analytic space.  Let

(izzj, • • • , w. , • • ■ , w ) be an element of (jOi x n~   (0)) C\ W ..  Then it is easy to

check since f\ß    is an open map for small enough e, that there exists a sequence

za -*0  such that f.izA 4 0  for each  a, and /.(za)//.(za) — w , for /' ^ z.  Thus

To W. D (r~ u(l0!x z7-!(0))) nW.  so  r= Fy u(iOSx77-'(0)).   Note.  F is a

72-dimensional irreducible analytic space.

Consider the map p: F —* B(  defined by  piz, f iz)) = z,  pi\0\ x Z7     (0)) = 0;

then p  is a proper holomorphic map.  By a partition of unity argument, in order to

prove Lemma 5.6 it suffices to prove that

|p*i(log||/||2)||/||-|K|"|L|^'^^/^/rLi|

is locally integrable on  F.  We can assume that  / = (l, • ■ • , 72 - |K|), so that we

need only show

ip*{(iogii/n2)ii/ii-iKi-iLUz1rf/icz/rL]A xi

is locally integrable, where  X  's a   C°°in — \K\ - I, n — \L\)  form, and it cleatly

suffices to show the result on  F C\ W..

On  T n Wx, p*\\f\\2 = \t\2il + \\(w2,-.. , wj\\2) = |z|2g2, where  g / 0 is locally

bounded; p*ri/1 = dt; and p*z^/. = w dt + tdw ., fot 2 < i < n.  Therefore,

P*Kiog||/!|2)||/HKl-|L|- "KjrL*   lo8l'l2 + lo«lsl2^~  A „*,,,*

where

df^\ = ^V\2^og\g\2 A

(l.llgDiKUiM

P*df Kdf

J\-2dtdwK'drdwL f   K.(a) |i|

(b)\t\\K\+\L\-ldwKdTdwL'

(c) \t\\K\+\LUwKdwL + terms in  (a), (b)       if  Kx / 1, L, / 1

Hence we need only show that

,-1,1^ = 1,

+ terms in (a)     if  Kx / 1, Lj = 1,

log |ni
za/iiiz: i/zjXi

loeli
dt   X; and     |log|z|x3l

are locally integrable, where  Xi' X2' X3   are f°rms wi£h locally bounded coeffi-

cients of type  (72 - 2, 72 - l), (72, « - l), and  (72, n) respectively.

Step 2.  The subvariety  \t = 0\ oí F n W     has codimension   1, but is not in

general a submanifold, i.e.   Z  is not a coordinate.  Hence we resolve the singulari-

ties of  r n IV,   to get an 72-dimensional complex manifold  M  and a proper holomor-

phic surjection  </>: M —>• F O IV j   such that d>\M_d^-l\o\  is biholomorphic onto

T n iv ¡Z = 0!, and
L-ll Z = O! is a divisor with normal crossings, i.e. there
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exist local coordinates  y., • • •, y     on M  such that q>~   \t = 0\ = \y. • • • y, = 0\

locally.  (Actually we need only resolve around each point of  \t = Oj; see Hironaka

[7].)  Thus  cb*t = ay x    - - . y   k where  a  is never zero and is locally bounded; z7,,

,ak>l.

It suffices to show that

|log \yT

\Vi\ lyyl
dyxTy-.(b*dzxXi

log |y;|
and   |log|y¿|x6l

are locally integrable on  M, where  x4> X5' Xg   are forms with locally bounded

coefficients of type (n — 2,n — 1), (n, n), and  (72, 72) respectively.  But <7J*z,

vanishes on (b~  jz = 0}, hence </>*z, = ßy, • • • y,   where ß is locally bounded.

Therefore  dy.cb*dzx = y, • • • y ¡dy Jß + 2y#. ßyx - ■ • y. - - • ykdy .dy ..  Hence it

actually suffices to show that   |((log |y .|)/|y . |)xJ   and   |log|y.|xr|   are locally

integrable, which is clear since  y , Xf   are °f tne form gdyxdyx • • • dy  dy  , where

g is locally bounded.     Q.E.D.

VI.  Schubert zeroes.  We define the Schubert zeroes of a set of sections of a

holomorphic vector bundle   E,  and when  E  has sufficiently many sections prove

a First Main Theorem for Schubert zeroes.  This can then be interpreted as a state-

ment of how often a holomorphic map into a Grassmann manifold hits a fixed Schu-

bert cycle.

Let  E  be a holomorphic vector bundle over a complex space  X.  Fix integers

0 < a, <• • • < a    < 772 = dim E  and let S = (s,,•••, s ) be a holomorphic sec-
-    1 -        -    „ - 1' n+a„ V

tion of ^        E. A point x in X is a Schubert zero of v, of type (a., • • • , a  ), if

rankis.(x), • • • , s        Ax)\ < a . for  i = 1, • ■ • , 72.  This is of course the dual notion

to the classical Schubert cycle.  Let  V be a complex vector space of dimension

772 + n,  P (v) the Grassmann manifold of 72-planes in  V, and i_  a flag   L        . C- • .
72 r °      a\ +1

C L ,  where   L        . is a subspace of  V of dimension a . + i. Then a Schubert
.    an+n a¿+i r 1

cycle of type  (a., • • • ,a  ) oí  P (V), which will be denoted by  ia x, • • • , a  )(i-), is

defined by  ia,,.--, a  )(£) = \L £ P (v)\ dim(L D L n     .) > z, 1 < i < n\.
'I 72 Í21 ZZ¿ +2       — —        —

A Schubert cycle of type  (a., • • • , a )  is an analytic space of complex dimen-

sion  a ,+•••+ a  , and if we fix a flag  L, C • ■ • C L = V, dim L . = /', then the1 72 & 1 772+72 7

set of all Schubert cycles of  P iv), relative to this flag, give a cell decomposition

of  P (V)  into cells of even dimension; see Chern [3].
72

We give an example showing the connection between Schubert zeroes and

Schubert cycles, which will later be used in proving the equidistribution theorem.

Definition. A holomorphic vector bundle E, of fibre dimension 772 over a com-

plex space X, has sufficiently many sections V if V is a finite dimensional sub-

spare of the space of global holomorphic sections of E and if we consider the evaluation map

e  : V —* E     which sends a section  s £V   into its value  s(x), then  e  : V —► E
v X 'XX

is onto for each x € X.
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Let E have sufficiently many sections V, dim V = m + n, and let k(x) be the

kernel of e . Then k(x) £ P (V) and the map x —> k(x) defines a holomorphic map

e,,: X —► P (V).  Let  s,... -, s be independent sections in   V, and define a
V 72 1 a72+"

flag £(S) in V by putting L . (S) = (s x ,■■■, Sfl .), where (,•■•,) denotes

span. Then rank js,(x), • • • , s . (x)¡ < a. if and only if k(x) n L . has dimen-

sion  > z; therefore   x e X  is a Schubert zero oí  o = (sx, • - - , s ) of type   (flj,

• • • , a  ) if and only if  ey(x) is in the Schubert cycle  (a,, • • - , an)(j_(S)).

Alternately, let  /: X —, P (V) be a holomorphic map.  We can assume that

there is no  v /= 0 £ V such that, for all x £ X,  v is in the 72-plane  f(x).  For if

there are such  v, put   W = \v\ v £ jAx) for all  x £ X\, dim W = p, then  / induces

f : X —► P _Ö(V/W) and  /  does satisfy the assumption.  Let  dim V = m + n, and

put  E = f *Q  iV), where   Q  (V) is the m-dim quotient bundle defined in the proof

of Lemma 4.2.  Then each  v £ V   induces a holomorphic section   s    of  E and   V

as a space of sections of  E has dimension  m + n, since  v / 0  implies   s    ^ 0 by

assumption.  Let  (a,,..., a  )(i) be a Schubert cycle in   P (V) and let   L       . be
r I ' 77 ' 72 a¡+z

spanned by   iz j, ■ • • , v       ., fot  1 < i < 72.  Then  /(x) e (a  ,. ■ • , a  )(3l) if and only

if x is a Schubert zero of  (s ,,■■■, s ) where  s,  is the section induced by   v .
i an +72 7 7

Thus, "hitting Schubert cycles in Grassmannians" and "having Schubert zeroes in

bundles with sufficiently many sections" ate equivalent notions.

Remark.  There are two types of redundant conditions in the definition of Schu-

bert cycles or zeroes:

(1)  If  a. = m, then  rank \s x(x), ■ ■ ■ , s       .(x)\ < a . for all  x £ X, and

dim (L n La    . ) > i fot all  L £ PJ.VÏ

ran

(2) If  a. = a.   , , then  rank \s ,(x), • • • , s Ax)\ < a    ,   implies
l Ï + 1 1 " f r" 1 T ' T I — £ + i

k [s  (x), • ■ ■ , s       (x)| < a, and  dim (L n L .  A > i + 1   implies
1 £Z,+Z -       2 ai+l +!+!      - r

dim(L r\L       .) > i
a,+i    -

Hence, in order to maintain the equivalence of Schubert cycles and zeroes as

constructed above, we may require the introduction of extraneous sections   of  E

(or subspaces in flags of   V).  For example, if  E has sufficiently many sections   V,

and   s x  £ V, then the zeroes of  s x ate the same as the Schubert zeroes of   (s,, • • • ,

s        ) of type   (0, 77Z,. . . , ttz) for a72y sections   s     ■ ■ ■ , s        .In the above equiva-

lence we tequire   s,,■■■, s to be independent as sections, whereas for Schu-
n              1 '              m +72 r '

bert zeroes of type   (0, ttz, •• -, ttz) it would be more natural to require that  s   = 0

for  ;' > 1.

We now return to the case of an arbitrary holomorphic vector bundle   E over a

complex space   X, and define   Eia   , ■ ■ ■ , a  ) = j(/, ,•••,/        ) £  © E|
r r I 7z ; 1 'an +72 an+n

tank (/,, • • • , /       I > a. for some   z, 1 < i < n\.  Then    Eia  , ■ ■ ■ , a  ) is an analytic

Gl(r72, C) fibre bundle over  X with fibre   Cm(a     . • • , a  ).
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Proposition 6.1.

Hq(Cm(ax,...,an))^

if   a < 2 /. (m - a.)

1

if   a = 2 ^ (ttz - a.) - 1

1

and the map 0: C2,(m~ai) - JOS —» Cmiax, ••• , a  )  induces an isomorphism in

cohomology in dimension < 2 £(772 - a .) - 1, where $  is defined as follows:   let

ie,, • ■ • , e    \ he the standard basis for Cm and let   z = (z       ,,•••, z1 •••• •
1 m «1 + 1 m' '

za   +i>-••> zTm)  be coordinates for C'z{m-ai>, then <S>iz) = iex,-■-, e     ,

Sm        z1e - - •-■ e ...    p      1m        ?np  )
al+lZje,> >ea„_l+V      '  ean>Zan + l z,eJK

Proof.  Let   U = C   "       with basis   izz,, ■ ■ • , u }, and  W = Cm with the
1 an+n

above basis  \e,, • ■ ■, e   \.  Put V = U ® W and  K= P        iv). Define  K, =\L £
1 772 ZZ„+72 1

K\ dim (L n W) > li and  K2 = |L e K| dim (L !",<«,, ••• , "a.    ■» > i for all  1 < i

<n\. Then  K2   is a Schubert cycle of type  iax, ■ • • , a  , m, ■ ■ ■ , m). We identify

©W with  K - K,   by sending  iw,,••-, w )—* (u, + w.,■■•, u^        +
a„+n 1      ' »1 an+" 1 1 a„+72

izz ).  Then under this identification, W(a,, ■ ■ ■ , a  ) = K - K, C\ K,.  We would
a„+72 ' ' 1 72 1 ¿

like to apply Mayer-Vietoris to the pair  \K - K,, K - KJ, but in order to find the

generators for the cohomology of  (K - Kj) O (K - K2) = K - Kx O K2, we must

first find generators for the cohomology of   K - K2  and  K - Kx n K2.  From the

Schubert cell decomposition of  K, we have that  Hqik) —» HqiK2) is surjective, and

HqiK2)^

[O      if    q>2\Ta.  + 77272 J,

[C    if  q = 2\y a{ + mnj,

so by duality:

(i) H iK- KA =H (K) if p < 2m(a   +«) - 2(2 a. + ttztz) = 2 2 (ttz - a .) and
x '       p 2 p r n 1 1

0_»/V (K- KA —»E (K) -*C -.0 is exact if p < 2 Km - a .).p 2' p r 2

Since   /C   is an irreducible analytic variety in   K, and  K,   has  codim 1   in  K,

we see that  K,  O K-   is a variety of dimension  X a . + ma    — 1, hence

//2m(a"+")"'í'(K1 O K2) =i 0  if  p< 2 2(t7z - a.) + 2  so again by duality

(ii) H iK- Kx n K2) ^HpiK) if  z5 < 2 2 (ttz - a.).

Consider the flag   L, C- • -C L = V where   L . is  the  /-dimension space& 1 C7„+72 + 772 7 J f

spanned by the first  /  of

+ 1 + "a       ,+72' ' "' ' ezz    + "zz   +77.'  ea   +1'



HERMITIAN VECTOR BUNDLES FOR SCHUBERT CYCLES 215

All Schubert cycles will be with respect to this flag.  Then if (b., ■

is a Schubert cycle with  £."      /?.<£? (ttz-a) then' 1 7 —       I I

(0       if (bx, ... ,ba +n)/(0,... ,0,TT2-an, ...

(bx,

a„+n

•«,),

,bn       nL =a   +72 2

[aj    if (&j, ... ,fea      ) = (0, ••• ,0, ttz -an, ■■■ ,m-ax),

with a = (L
«1+1'

" ) e P„ ^ (V) K. Let  K,  be the union of all

Schubert cells (relative to the above flag) of dim < 2(ttz - a .).  Then  K. - ¡a¡ C

K - K2, and since  a d Kx, then   K? C K - Kx n Kj.

Remark.  The obvious choice of flag would have been for  L    to be spanned

by the first  i of \e,,••■, e   , u , - ■
' ' 1 772 a„+72

'I but then  K. O (0, - • ■ , 0, ttz - a  ,
¿ 72

• • •, ttz - a A  would lie in   K,, and we would not have   K, CK-K. nL; hence

we shift the flag.

Since  HpiK) S HpiKA  if p < 2 Urn - a .) we have by (ii):

(iii) HpiK - K   n K A S HP(K,) if p < 2 lit. a .).

But  K   — \a\ is homotopic to   K,   minus an open Schubert cell of dimension

Km - a), so that HÍK, -\a\) séHiK) if p < 2 XU - a), and 0 —>
z pip I

HiK% -|ai)_»E (K)-,C
2>       3 i>

0  is exact if p = 2 S (ttz - a .).   By (i) we have

(iv)  HP(K - K2) = HP(K3 - \a\) for p < 2 Km - a.).

Finally, it is clear that (0, • • • , 0, m - a   , • • • , m - a A O (K — Kj) =

(^(çZim-a,•)) anj tnat (^(g) _ a_  Now we apply Mayer-Vietoris to the pairs  \K -

Kx, K-K2\ and ¡$(C2('

HpiK -K, n /O —,

-«,-)>
, K, -<D(0)1:

EP(K- Kj)©H?(K- K2)

EP(K3)
2(m—a.)

-» //"(«WC ' )) HpiK, -<D(0))

E"(/C - Kx U K2) — Hp + 1(/C - Kx n /C2)

I
2(m-z2.)

Ep((D(C '   -|0|)) // P + i (Kj.

By    (iii),    (iv)    and    the    five-lemma    we    get    that    HpiK -  Kj   U K2) i

HP(C *<m-*i> - ¡01)  is an isomorphism if p + 1 < 2 Urn - a.).     Q.E.D.

From this point on, we assume that the integers  0 < aj <•••< a    <ttz  are

chosen to satisfy the additional condition that £(7; . ) = dim X.   If S = (í

• • • , s )  is a holomorphic section of   ff) E, then off the Schubert zeroes,
an + n v ^^an+n

o is a section of  Eia,, • • • , a  ).  Let x 6 RiX) be an isolated Schubert zero of o,
1 72

then    we    define    the    multiplicity    of    the    Schubert    zero,    denoted    by

zero(S(fl., • • -, a ); x), as follows:  let B    be a disc of radius e > 0 relative to complex
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coordinates  centered at   x,  let  4>'- £|rr—» Cm   be a trivialization,  and let

</>: ffi„        E|„„ —> © Cm  be the induced trivialization of  ff) E.   For
^    ^an+n      ' B S VL/a„+72 ^«„+72

small    enough    6,  e < S,    0   °  o    maps     c9ß     into     Cm(öt , • • •, a  ),    and

zeroiMaj,.. . , a); x)  is the degree of cb o §: <9ßf _ C^zZ;,... , a  ).   In §IV we

showed  that  there   is  a  canonical  choice  for the generator  of   Hp(dB )   and   of

Eí,(C2(m-a¿)_¡0|) for  p = 2£(m-a.)- 1.  Thus, via the map <&: C 2(m"a¿ > - ¡01

—> Cm(aj, • • • , a) we    define    a    canonical    choice    of    generator    for

HpiCmiax, • • • , a  )),  p = 2Km - a .) - 1, so the degree is well defined.

Let  E  be an m-dimensional holomorphic hermitian vector bundle, and  0 < a,

<• • •< a    < ttz  integers.  Define a  (S(t?z - a .), S(tt2 - a .)) form  c(ax, • • • , a )(E) by

c(a,,-..,a )(E) = det((c      n      .   .(E))n .  A.
1 n m — a¿ — i +j 2,7 = 1

Note.  The definition of c(a,y • • , a  )(E)  is motivated by the classical defini-
t 77 '

tion of the Poincaré dual to a Schubert cycle; see Hodge and Pedoe [9].

If X  has an exhaustion function  r, and dim X = ~Lim - a .), define the charac-

teristic function  Tiax, • • • , a )ir) of E by

T(ax, ■■■ , an)(r)=   F  f    c(ax, ■■■ , a„)(E) dt.

Let  ö be a holomorphic section of ff) E, such that the Schubert zeroes of ö
f . ^a72+"

of type  (a .,•••, a  ) are isolated and contained in the regular set of X.  Define the

counting function  N(o(ax, • • • , a  ); r) by

N(Hax, ■■-, an); r) = J^ zero ($(«,, • • • , aY, X () dt

where  zero (S(a,, • • • , a  ); X ) = S zero i&iax, • • • , a  ); x), x ranging over the Schu-

bert zeroes of o in the interior of X .

Remark.  If dim X = ttz, and  (a ,,•••, a  ) = (0, ttz, • • • , ttz)  with  rz > 1, then
In —

eia,, • • • , a  )(E) = c   (E),  T(a,,---,a )(r) = Tir), and  MS(a,, ■■■, a  ); r) =
1Z2 772 1.72 172

N(sx; r), where  T(r) and N(sx; r) were defined in §V.

We would like to prove a First Main Theorem for Schubert zeroes, along the

lines of Theorem 5.1, that is to find a positive form  A of type  (p - 1, p - l),  p =

dim X = SU - a .), such that  Tia,, ■• ■ , a  )ir) - NiKa.,--- , a ); r) = f y  dcr A X
l 1 72 * 72 f-f

- fx    Xddcr.  To do this for an arbitrary bundle  E, we would first have to prove

an analogue of Theorem I, i.e. find a form p  on  Eia., • • • , a  ) satisfying at least

the following two properties:

(1) n*cia.,---, a  HE) = ddcp  on  E(a,,---, a  ), where  n: ffi E — X  is
in in n **

the projection.

(2) p can be chosen positive on an open subbundle of E(ax, • • • , a ) (i.e. on

an analogue of  B*(iE)), if E  satisfies some sort of "positivity" condition.

This is a difficult problem, since even when one can find solutions to (1), as

in the case  dim E = 72 < 3, there may still be no indication how to solve (2). When
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E has sufficiently many sections, however, we can prove a First Main Theorem,

without the analogue of Theorem I.

For the remainder of this section, we assume that  E  has sufficiently many

sections   V,  dim V - m + n, and that  V is given a hermitian norm  || ||.  The quo-

tient bundle  O  (v)  over  P (V)  then has an induced norm (see proof of Lemma 4.2),Ä 72 72 r

and hence E S e,.*0 (v) has an induced norm. Let E = Fia,, ■ • ■ , a  )  be the
V   *- n In

flag manifold of all 72-tuples  £ = (L       .,•••, L )  of subspaces of V  such that

L       , C • • • C L and dim L        . = a . + i,  1 < i < n.  Then  F is a homogeneous
¡z, +1 a72+" ai +' ' ~    —

space of Gl(v)   and  hence a complex manifold of dimension  5." (a . + 1 - a._j)"

(ttz + 72 - a. - i), where a   = 0. In addition  F  is a compact symmetric homogeneous

space of the isometries   I(V) of  V.  Let  A = {(£, L) 6 F x PjV)] dim E n La   +.

> z ! and consider

A -^+F

77

p.00

where  a, 77 are the obvious projections.

Lemma 6.2.  Let L    be a fixed n-plane in  V, and put Gl (V, L°) = ¡g e Gl(V)|

g(L  ) = L   J.  Then (A, 77)  z's a?z analytic Gl (V, L°) /z'zjz-e bundle over P ÍV) with

fibre 77- ̂ L0) = ¡f £ F I dim U-a        O L°) > i,   1 < z' < 72 1.

Proof.   Let   Y = 77" Hi.0), then   Y  is a subvariety of  E  and  Gl ÍV, L°) acts

analytically on   Y. Since G1(V)  is a principle analytic Gl(V, L°) bundle over

Pj-V), then (A, 77) is the  Y associated bundle of G1(V).

Lemma 6.3.  Let £°  be a fixed flag in F, and put Gl (£ °, V) = \g eGl(V)|

8^a-+t   ~ ^a+i' ^ - l - n^'  Then (A, o)  is an analytic fibre bundle over F, with

fibre o~  (£   ) = (ax, • ■ ■ , a  )(£ °), a Schubert cycle.

Proof.  Let  Z = (ax,---, aj(£   ), then Gl (£ °, V)  acts analytically on Z.

Since  G1(V)  is a principle analytic  Gl (£  , V) bundle  over  E,   then  (A, o)  is the

Z  associated bundle of G1(V).

Since dim A = 77272 + dim 77~  (L  ) by Lemma 6.2 and dim A = dim F + 1" , a
' 2 =1        2

by Lemma 6.3, we have

72

dim 77~ X(L°) = dim E - £ (772 - a.) = dim F- dim X.

z' = l

Hence if we define an analytic fibre bundle  X   over X bv
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.^
~ e
X —¡L-,A

77 77

xA+ p iv)
n

i.e. (X, "n) = ev*iA, n) then  X  is an analytic space of dimension: dim X +

dim 77~   (L   ) = dim E.  Consider the obvious projection maps  77.: F —> P        (V),

1 < z < 72, and put  QiP) = (©ai+1 ^„^(V)) ©• ■ •© ^aJa^^/Q^JV)).

Then fibre  dim Q(p) = dim E, and  Q(F) has a hermitian norm induced by the norms

on  Q       X(V), • • • , Q ÍV), and hence induced by the norm on   V.  Furthermore,

¡2(E) >0, since each "gfl.     (V) > 0.  Let Q = e" v*o*QÍF), then Q  is a positive

holomorphic hermitian vector bundle over X, and fibre  dim Q - dim E = dim X.  If

s,, • • • , s are sections in   V, then  o = (s ,,•••, s )  induces a holomorphic
1' an+n ' a72+"

section ö   of Q-, ö : X —» Q, as follows:   since  s    is an element of  V, then it in-

duces a holomorphic section of Q ÍV), for each  i, and hence induces a holomor-

phic section  sl. oí e.Jo*n. *0 (v).  Then   ö   is the section   U ,,•••, s        ,,
r ; V i    ^ctj+i 1 a\+l

) of ¡j., • • • , s
.1+72 «72+"

Lemma 6.4.   Let ix, i_)  ¿>e zw X, i.e. let eJx)  be in (a,, • • ■ , a  )(Jl), z/>e?i ü

has a zero at (x, 5l)  if and only if  (s., ■ • ■ , s        .) C L        .,   1 < i < n.   Thus if the

s . are independent in  V, then o   has a zero at (x, X.)  if and only if ö has a Schu-

bert zero at x and JL = i_(ö), where  L        . (d) = (s .,•••, s        .) .
Ci ̂    4" I Í Ci j  + Z

f.  s'.ix, i.) = 0 <=> s . is in the  a . + i plane  n . ° o ° e\,(x, £) <=> s    £ n.
„7 j i r z V , i

Pi

°o-(e,.(x), £) <=> s .  e L
V z a¿+2

Remark.  This shows that if the  s . are independent, then ö has isolated Schu-

bert zeroes precisely when  ô   has isolated zeroes.

Definition,  o  is generic if the following conditions hold:

(1) ¡s,,..-,s 1 are independent sections in   V.

(2) The Schubert zeroes of ö are isolated and contained in the regular set P(X).

(3) If x  is a Schubert zero of S, then rank ¡s,(x), • • • , s        Ax)\= a., 1 <i <n.

Remark.  We show in WII that almost all S £ © V are generic.

Lemma 6.5.   // o  is generic, then the zeroes of O   are isolated and contained

in RÍX), and zero i&ia,, •••, a  ); x.) = zero (S ; (xn, L(d))), where x.   is a Schu-
t 72 U ' U U

bert zero of d.

Proof.  Since  ö  is generic, we can by renumbering assume that
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and that s        Ax A = 2 b'.s Ax A, where the sum is over  I < i < a . + i,  i ^ a, + 1,
<j,- +z     u j   i     o — '        i '        l

• • • , a . + i.  By standard facts about degree, using the connectivity of the general

linear group, the multiplicity of the Schubert zero remains unchanged if we replace

d by  is,,'••, s     ,   s       , — 2. b .s .;•••; s , • ■ - , s ,, s —¿<bns.),
' 1 «1 «1+1 7    7 a„_l+72' a„+n-l-     a„+n ;    j

and similarly for S.  Hence we can assume that s ^xq) - 0> 1 < z < «» so that

eVU0)=  <Sa1+l'---'   Sfln+72)-   ChOOSe   San + n + V->  Sm+n   in   ^   such that   ¡Sj,---,

s        1  is a basis for  V.  Let z' = iz\, • • • , z1      ,,■•■, zl .. zl       , z1 ,,
772+72 1' «1+1 a„+72— 1'        «„+" «„+77 + 1

• . • , zz'      ) £ Cm, and put z = iz1, • • • , zn) £ Cm", then the map of Cmn  into  P (v)
m +72 * r n

by z —> Liz) =(s       , +Sz.s.,...,s + £ z"s .)  gives holomorphic coordi-' «1+1 J     ; «72+" 7     76 F

nates centered at  e,,(x_).   Put  a.(z) = s .   if  i / a, + 1, • • • , a    +72  and  zz       .(z) =
V      V 7 ; ' 1 72 «,' + z

s       . + X z'.s .,   1 < z < 72, then for each  z,   ¡zz,(z), ■ • • , zz       (z)S   is a basis for   V.
a¿+l 11—— 1 772+72

T t     i i       \       ¡-.m+n—aj—i .       . .
Let tzv . = w'      .,,••■, izz'      )  el , when  a.   . + z < z < a . + z, and put

7 a,+2 + l 272+72 2—1 -   '   —        2 r

u; = (w1, ..., w"n+n) £ CdmF.   Then the map from  CdmF -. F, given by w —

¿l(z, izz), for fixed  z e Cmn, gives holomorphic coordinates in  F, where x(z, zzy) =

(L       ,(z, w), ■ ■ ■ , L iz, w)) £ F,   L       ,(z, w) = (L .     (z, tzz), « .(z) +
«1+1 «„+72 z7, + ! «,_l+z—1 a¿_i+i

S t/z. !~      zz .(z), • • • , u       iz) + X w .'    u iz)).  The map (z, w) —» ( Liz), Jl(z, izz))7 7 <*i + ' 7 7 r

gives holomorphic coordinates in  P iv) x F centered at ieAxA, i_(d))  since the

Jacobian of this map is easily seen to be never zero.

Note.   Liz) = (u       ,(z), • • • , u iz))  hence  iLiz), =l(z, w)) £A   if and only
a+i «l+l «72+"

if w A     =0  for   z / a . +• z, ■ • • , a    +72, and   a. + i<i<m+n.  If we put  w = w,
J ' l 72 1 '  — r

subject to the condition that  w . '     =0  for a. + i<i<m+n,   i / a . + z, ■ ■ •, a   +72,
' J l 7 72

then (z, 277) —» iLiz), i_(z, 2z))  gives holomorphic coordinates in  A   centered at

ie.ixA, £(§)).  Since s        Ax A = • • ■ = s ix A = 0  the  s ., with   i ¿ a . + i, form
V     0 «1+1      0 «72+"     0 7 l

a frame for  E  in a neighborhood   (7 of x_, and we can find holomorphic functions

/ '  on   U, such that  s       . = - X / 's ., the sum over   i -/ a, + 1, • • • , a    + 72.   If in
' ; a, + i ' }   J ' 1 "

addition, (/  is a coordinate neighborhood, then  (x, w) —» (x, i_(/(x), w))  gives

holomorphic coordinates in  X  centered at (x , Md)).  We can further assume that

xQ  is the only Schubert zero of S in   Í7.   If we trace through all the identifications

and apply Proposition 6.1, then it is clear that  zero(d(a., • ■ • , a  ); x ) =

deg(/       -,,■■■, f        ;■■•;/" ,,•••,/"     )   at  xn, where  / !  is only defined
&    '   Z21+2' '   m+72' '   '   iZ„+72+l '   772+72 0' '   ; '

for   / -¿ a, + 1, ■ ■ ■ , a   + n, so there are X (ttz + 72 - a . - i) - X (72 - z) = S (ttz - a .)
' .1 72 ! 2

of the  / "s here.' 7 .

Consider the section  u'. of  e*o*n  *Q       .(v)  defined by  az(x, w) -

u'.(fix))/Lai + iifix),uA.  Then \uai + ! + v---"ul+n\  is a frame of 'ey*o*n ^^Jv).

Now  s . - u .   if  1' / a . + i,   1 < i < 72, hence  s'. = ul..  But if a .   , + i < j < a .+ i - 1,
j j ' 2 ' -      -     ' 7 ; z-1 -  ' -      1

then  s'(x, w) = - 2 ztz7,zz!.(x, tzz), since  a.(z) + S w'uAz) £ L       .(z, tzz).  Denote by
J rC       K. J re       K. Ci j -\-1

S ° ^  the sum o vet  p < j < q,   j / a, + 1, • • ■ , a   + n.  Since  u       A fix)) = s       . +
;=p r - ' - "     > 1 72 a, + 2   ' «, + !

S   / lix)s ., then
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7?2 +n

Sa.+/X'  W"> = Ua.+i^X'  W) -   Y. /)•(*)*}(*.  w)

7 = 1

a .+z — 1
a.+i

£>,'    uAx.w)-    Z     fAx)sAx,w)-       Y'    f'.ix)uÀx,w)
7 = 1 y=a;.+z' + l

«.+'-1
a +t

*«I+J * k jml

m +n

-       £'      f\(x)u\(x, w);

7=«;+z' + l

note w   '     =0ifzé^a.,+z'+l,...,a    +tz.  We define a homotopy  d(x, w, t)

into Q  by sz (x, w, z) = s* (x, w)  if a ._, + i < j < a . + i - 1, and

a.+i—1
Z 272+72

»'     .(x, w. Z) = z/     .(x. w)- I    Z'  flA*)slAx, w)-      Y'    f)ix)u'.ix, w).
! ! ;' = 1 7=a.+i+l

If d(x, w, t) = 0, then  s\ix, w) = 0  if a.   , + i < z < a . + i - 1, which implies that7 2— 1 —   ;    —        2 r

s Ax, w) = 0  if  1 < / < a, + k,  j / a,, • • • , a    + n, so that s1     Ax, w, t) ~
t. — ' k ' L     ~, n (¡i + i

s'     {x, w, 1) = s1     Ax, w).  But then  d(%, w) = 0, which happens only at  (x   , O),

hence  d(x, tzt, z)  is zero only for (x, uO = (x„, 0). For purposes of computing the

order of the zero we can replace  d(x, w) by

£(x, w, 0) =   (- ^w{u\ix, w),... ,-X>-l«¿(*. £), - ¿ z/^z^+¡>, w)

m+n

£' /JU)«;Hx. 2); •■•;-ZV1    «*(*.^.---.

-¿Zwln+"   ^kix,w),-   X' /7(*)«?(*. -))•

= «, +2

= CZ    +77 — 1

Finally, using the frames  ¡zz!     .,,•••, zz!      S  of  t?..*CT*z7. *Q        iv) to give the
'' 6 £J,+2 + l' 772+72 V 2      *" « ; + Z &

obvious     frame    for    Q,    and    by    then    permuting    the    frame,    we    see    that

zero(S, ixn, £(S))) is the degree of the map (x, w) —► ((/       ,,...,/       -...-{"U O r J   ZZ1+2 1   772+72 '   '   CZ^+72+1

• ■•,/"     ), Si)  which is the same as the degree of the map x —» (/1     -,,•••,/'      ;
' 772+72 & r ; a\+l ' m+n

•••;/" .,...,/"     ).  Hence  zero (S; (xn, £(§)))= zeroioXa.,..-, a );xn).    Q.E.D.
'   '   a„+72 + l '772+72 '0 1 ^72 0

In order to investigate the relationship between   c io),  p = dim Q,   and

ciax, • • ■ , a )(E), we must first discuss the fibre integral.  Let  77: Ym —> Z" be an

analytic fibre bundle with compact fibre   W   ,  k - m — n, where   Y, Z, W are all
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analytic spaces.  The fibre integral  77^: Ap'qÍY) —* Ap   k'q   kiZ)  is the adjoint of

77*, that is fY if/ A n*cb = [z njj A (b where  if, £ Ap-q(Y), cb £ Am-p'm-qiz) and

(b has  compact support.  The fibre integral is defined as follows:  by a partition of

unity argument it suffices to consider the case   Y = Z x W, where  Z  is a subvariety

of a domain    Ux   in  C, W is a subvariety of a domain   (7,   in  Cs, and if/ £ Ap,q(Y)

has compact support.  Let z.,•••, z    be coordinates in  C"; w,, • • • , w     coordi-
l 72 r\j IS

nates   in    Cs,   then    if/    has   an   extension    ffr   £ Ap'°(f7,   x  U7),   if/ =

lib iz, y)dw      dl"      rlr,   A rrz dz J   where the  4>irK,   are smooth.  Then  n^ifj  is the

restriction to  Z  of

z
|/|«*-A.|/|.«-

|K|«*.|L|«fc

(j///KL(z' w)dwKdwL\ dz'dz-J,

which is a smooth form.  The adjoint property is then clear.  If / : Z

morphic, and we consider the diagram

« '    /'

Z  is holo-

z'_L

where   Y' = f*Y, then it is also clear that 77^  o (/ )* = / * °n^.  Note.  The fibre

integral exists under very general conditions, see [4], [10], [12].

Lemma 6.6.   Lez  p = dim X = dim Q, then  ciax.

Proof.  Consider the diagram

, a )(E) <Vp(e).

X A

— r iv)

then eia., ■ )(E) = ev*c iax,---,a)iQniv)), and  c p(Q) = ey*o *cpÍQÍFY), so

we need only show that  ciax,- •• , a )ÍQ  (v)) = 77^0" *c (¡2(e)).  Let  g be an ele-

ment of  I(V), the isometries of   V, then g  acts on   P(v), on  F, and on A, and the

action of g  commutes with  77 and cr, so g*n¿j*c ÍQÍF)) = n^g*o*cpÍQÍF)) =

n*o*ct)k*Q<-FA-  But  ¿?*Q(E) » ¡2(E)  as hermitian bundles, so  cpig*QÍF)) =

cp(¡2(E)) and  77*0" *c (¡2(E))  is invariant under /(V). Similarly, g*ciax, •••, aJÍQ^V))

= eia,,---, a )ig*Q  ÍV)) = c(a.,..-, a  )(0  (V))  so  cia.,---,a  )(Q  (v))  is in-
1 72      °       *• 72 1 72      ^72 1 72      ^77

variant under  I(V).  Since P (V)  is a symmetric homogeneous space of  1(V), then

it suffices to show  c(a,,---,a  )iO  (v)) = n. o*cÍ0ÍF)) as cohomology classes.
1 n    ~- n * p *■

Let £     e E, with  L°     . =  (v,, • • • , v       .)   and put s . = s    , the section of
a¡+i V ZZ.+2 r ;        „ .
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¡2  ÍV)  induced by   v..  Then  o  induces a section S = is .,•••, s       ,;■■•;
" 1 ■£■ »   0 «1 +1

s" , ••• , s"       )  of  OÍF), and d   has a zero only at i. .   By taking local coor-
a„_l+n «„ + 72 a,      A  • ■ .   .

dinates in E, i.e.  w —► ̂l(0, w) in the notation of Lemma 6.5, it is easy to check

that zero(d, X.  ) = 1, and by applying the Generalized Gauss-Bonnet Theorem 4.1,

we see that J_ c (Q(p)) = 1.  We show that nJl.o*c (Q) is Poincaré dual to

(a,, • • • , a )(=L ) C P (v), i.e. if 0 is a closed (a, q) form on   P (v),  q = a, + • • • + a   ,
1Z2 tt ~ 72 J 1 72

we must show that

f^i.---,«^^- Jpnm»*°*cp(Q(F)) A<f>.

By fibre integrating,

}p (v)n*a*cP{Q{F)) A(f) = Ia °%(e(F)) a "*<!>   = fF Cp(QWK»*<P-

But  0  is closed, and from the adjoint property it is clear that fibre integration

commutes with exterior derivative so  do^n*d> = o^n*d(b = 0, i.e. o^n*(b  is a con-

stant function on  E.  Since  o^n*cb = (ct^tz*;/>)(£   ), and  Jp c (CJ(E)) = 1, then

Jp„(V> "*°*^(ß(F)) A 0 = (^77*</,)(£°) = /a.1(f 0) 77*0 = ;(ai.^)(£0) 0.  Thus

77#tT*c  (Q)  is dual to (a., • • • , a  )(£   ).  But from algebraic geometry, we know the

dual of  (a,, ■ • • , a )(Sl   )  is  eia,, • • • , a )(0  (v)), see Hodge and Pedoe [9].
1 72 1 77      ^ 72 °

Remark.  The fibre integral of a positive form is clearly positive, so we have

shown that  Q(a., • • • , a  )(E) > 0, since  Q  is a positive bundle.

Let  X have an exhaustion  r, then by fibre integrating the First Main Theorem

on  X, we get the desired result on  X.

Proposition 6.7 (First Main Theorem for Schubert Zeroes). Let d = (s,, • • •, s

be generic, with   ¡Is. II < l/a   + n as elements in  V,  1 < i < a    + n.   Then
" "  7 " —       fa — ' —    72

Tiax, ..., a)(r) - N(S(a     ... , a); r) = i- J     ^AA-if    Aa^r,
" 477 JdXr An J xr

where X = 77 ̂ S*piQ), for almost all r. If t is pseudo-concave, then N(H.ax,- • •, a ); r)

< Tia,, • ■ ■ , a )ir) + C, and if eia,, ■ • ■ , a  )(E) ¿ 0  then 0 < 5(S(a,, • • • , a )) < 1,
— 1 77 ' 1 72 — 1 72        —

where

S(S(a.,-.. , a  )) = 1 -îïrn"j/V(S(a.,..., a  ); r)/Tia,,---, a  )(r)\.
1 72 1 72 1 72

Proof.   Let 'r = r ° 77", then  r"  is an exhaustion, and 'r   is pseudo-concave if  r

is pseudo-concave.  The norm  /V(d) < S N(s') < £,*," ||s   || < 1, and the zeroes of

y .     . '        ~
d   are isolated and contained in the regular set of X.

We apply Theorem 5.1 to d   and get that, for almost all  r,

Tir) - Nir, Î) = —   f ̂  <F? A Á - — f     Xddc?,
an   J ? v Arr J *v

a„+n

dX 477 ^  x
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where A = tf*piO), and hence A > 0.   By fibre integrating, we see that

t '

= fofxtC{ai>--->anKE)dt=T(aV--->Ün)ir>,

and

N(t, r)= J^zeroiS; XAdt = /'„zero (cS(a x, ■ ■ . , aj; Xe) = N($iax, ■ . • ,an); r)

by Lemma 6.5.   Furthermore,

^a-crAA=   f    tzVzAA.   J     dcTAn^,
dX J ax xr

r r

and

f     JUWcr = f     A A rzJ*a'a"rr = J^  n\\  A ¿a^r.
JX J   X r

r t

If T'  is pseudo-concave, then  Nir, d) < T(r) + c by Corollary 5-5, so

Nibia,, • • • , ß  ); r) < T(a,, • • • , a  Xr) + c, and the deficiency satisfies  0 <
1 72 — 1 72 ' —

§(§(«.,..., a )) < 1.
l 72        —

VII. Value distribution theory of Schubert zeroes.  Thus far we have considered

the distribution of Schubert zeroes for only one set of sections  d at a time.  In this

section we show that if  X  is pseudo-concave then almost all d have the same num-

ber of Schubert zeroes.

Theorem 7.1.   LcZ  X  be an irreducible complex space with pseudo-concave

exhaustion  T.   Let  E   be a holomorphic vector bundle of fibre dimension  m  over X,

and V a vector space of holomorphic sections of E,  dim V = m + n, such that

e   : V —► E     is onto at each point x £ X.   Let o = (s,,-••, s )  be an element of
XX r 1' '       «72+"

©V, where s,, • • • , s are holomorphic sections, independent in V, and
«„+" 1 «72+"

(a,, ■ • • , a )  is a fixed set of integers, 0 < a, < • • • < a    < m, such that Zim - a .) =
1 72 ' ZO_l__7,_ ,

dim X.   // ciax, • • • , a )(E) ^ 0, then almost all a have the same number of Schu-

bert zeroes of type (a,, ■ • ■ , a  ), i.e. 8\bia, ,•••, a ))= 0 for almost all o e©        V.
1       J L l n 1 72 ' «72+"

Remark.   Almost all d consist of independent sections in  V, so we can restrict

out attention to such  S.  If d, d    consist of independent sections, then we say d

is equivalent to d    if £(o) = £(d ).  We have alteady seen in §VI that the set of

equivalence classes is in   1-1   correspondence with  E, and if d, d    are equivalent

then  Ni&ia,, • • • , a  ); r) = /V(S (a,, • ■ • , a  ) ; r)  so we define  Niia, ,•••, a  )(£); r) =
i 72 1 72 1 72

Nioia, ,•••, a  ); r) for 1 = i(d),  similarly  Siia, ,•••, a )(£)) = 8ioia, ,•••, a )).
1 72 J 1 72 1 72

Hence it suffices to show that  Siia,, • • • , a )(£)) = 0 for almost all  5l £ F.  We
1 72

define £  generic if £ = £(d) for d generic; this is well defined since d equivalent
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to d , and d generic, implies  S    is generic.  Then Theorem 7.1 follows from the

following three propositions.

Proposition 7.2.   d  z's generic for almost all   d £ @ V, or equivalently, £

z's generic for almost all £ £ F.   In fact S has only Schubert zeroes of multiplicity

1  for almost all o, i.e.   ey hits  (ax,---,a )(£)  transversely for almost all £ £ F.

Proposition 7.3.   // co  denotes the invariant normalized volume form on  F, then

L Niia,, • • • , a  )(£); rU£) = Tier,,..., a Xr)." I 72 1 72

Proposition 7.4.   For each £  generic in F, there is a constant c„ > 0  such

that Niia, ,•••, a  )(£); r) < Tia, ,•••, a  )ir) + c„   and ca   is integrable on  F as
1 n — 1 72 £ £ °

a function of £.

Proof of Theorem 7.1.  We denote Siia,, • • • , a  )(£)), Niia,, • • • , a  )(£); r)
In in

and  Tiax,-- • , a  Xr) by §(£), /VUt)  and  T respectively.   By Proposition 7.4, we

have  0 < §(£) < 1   for almost all 5l.   But by Fatou's Lemma,

fp 5(£)co(£) < /plimU - N(£)/T + cf/T)co(£)

< lim j"F (1 - /V(£)/T + c£/T)û7(£) = lim (^ cf o»(£)/T^ = 0.

Therefore  fF 5(£)ûj(£) < 0  which implies  S(£) = 0 for almost all £.

Proof   of   Proposition   7.2.     Let    Yx C X   be   the    set    ¡(x, £)  e X|

dim(e,,(x) C L        ) < z  for some   z, 1 < z < 72!.  Then   V.   is a subvariety of  X  of
v a, + z —    — 1 ^ '

codimension > 1.  Let   Y2 C RiX) - Yj  be the set  ¡(x, £) £ RÍX) - Yx\ £ = £(S),

where  d   is not transversal to the zero section of Q\.  Then by Lemma 6.4,

E - e"v °o (Y,  U Y2 U Sing(X))  consists of generic  £, and if £ = £(S) e

F — e'v °ct(Y. U  Y2 U Sing(X)), then  S has nondegenerate Schubert zeroes and

ev is transversal to (a.,-•-, a )(£).  If  Y2   is a subvariety of  P(X) - Y,   of

codim Y2 = 1, then   Y.  U Y2 U Sing (X)  is a countable union of submanifolds each

of dimension less than dim X = dim E, and hence  e„ °ct(Y    u V2 U Sing(X)) has

measure zero in  F.

Using the notation of the proof of Lemma 6.5, we consider the map  (x, w)     *

(x, £(/(x), w)).  We take the coordinates   w —» x(0, w) in   F and compute the

Jacobian of 'ev °o: ix,w) —> £(/(x), w) relative to the cootdinates  ix, w) in

R(X) - Y., and it is clear from the proof of Lemma 6.5 that the Jacobian is non-

singular at  ixQ, O)  if and only if the map x —» (/        2(x), • • ■ , fm+nix); • • • ;

f" ,(x), • ■ • , /"     (x))  is nonsingulat at x„, i.e. if and only if d   is transversal
'   an+77 + l '   772+72 ° 0' '

to the zero section of Q  at  (xfi, 0).  Thus   Y/   is the zero set of the determinant

of  aXev °tf)|R(x)_y •   If  R^ - yi   is connected, then either  Y2 = R(X) - Yx   or

Y2  has codimension  1. But if  Y2 = RÍX) - Yx, then for p = dim F, cAc) =

e'v*o*cp(QiF)) = 0  on  P(X) - Yx   and hence on  X, implying that  ciax, • • • , aJiE)
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= tf^.cAC) - 0  on  X contrary to assumption.  Hence   Y-.   has codimension   1   if

RiX) - Y,   is connected, thus we need only show  X  is irreducible.  Since the

fibres of (A, a) are Schubert cycles and are irreducible, then  A   is irreducible.

But this implies that the fibres of (A, 77)  are irreducible, hence  X  is irreducible.

Thus  e"v °tr(y. U  Y2 U Sing (X)) has measure zero and almost all £  are generic.

Proof of Proposition 7.3.   It clearly suffices to show that

JFzero((af,-...,an)(£); Xr)co(£) = /     c(flj, ...,*B)(E),

where

zero ((a ,, • • ■ , a  ) (£); X ) 5 zero (d(a   , • ■ • , a^); X )

for   any    d    such    that    £ = £(d).    By    Proposition    7.2,    for almost all   £.

zero ((a,, • ■ • , a  )(£); X )  is the number of times a neighborhood of £   is covered

by a °evl£.  Thus jp zero ((a v • • • , aJiS.); X )coi£) « J~   ev*o-*w. Now w =

c  (Q(e)) was shown in the proof of Lemma 6.6, thus  Jx   ciax, ■ ■ • , a ) (E) =

Proof of Proposition 7.4.  Given £    e F, assume we can find a neighborhood

W  of £     in  E  such that to each £ e W there corresponds  d(£) £ m V with
«77+"

the following properties:

(i) £(§(£)) = £.

(ii) If S(£) = (s.(£), • • • , s (£)) then   ||s .(£)|| < 1/a    +72  as elements in

v, 1 < ; < <*„ + »•
(iii) (I/477)/d£r   a,c'5v A c5(£)*p(Q)(y(£) is integrable on  W, as a function of £.

By Proposition 6.7, if £ £ W is generic, then

N((a     ..., a  ) (£); r) < T(a     ■ ■ ■ , aA (r) + —L     $i%.)* piQW'?
An J x

= T(ax, . . ■ , a)(r) + —  (       dc7 A %(t)*p(Q)
An J x

r0

+ N((ax, . ■■ , an)(£); rQ) - T(ax, ■■ ■ , an)(rQ).

Therefore

N((ax, ..., «)(£); r) < T(a     ...,a)(r) + l-   f      dc? A $(£)*p(Q)
n An Jdx

+ N((ax,...,an)(£);r0).

But  N((a,,.--, a  )(£); rA is integrable on  W by Proposition 7.3, and therefore

putting



226 M. J. COWEN

477   •> iX
= j- /„   ^ A fe*p(Q) + N((a j,..., an)(£);r0)

'o

we have  /V((ßj, • • • , a )(£); r) < TÍflj, • • • , a  )ir) + c„   where  CpCij(£)  is integrable

on   HA   The proposition then clearly follows from a partition of unity argument.

Note that  dc7 A §'(£)*p(Q)  is positive on  <9Xr  .

To construct  d(£), let v,,•••, v be an orthonormal basis of  V such that
1 722+72

^■i.,s ^l'"''"».!,)!   1 < z < 72.  Coordinates in a neighborhood of £    in  E  are

given by  z —> £(z), where  z = (z  , • • • , z n     ), z' = (zJ     .,,•••, z'      )   for
° ' a,+z+l m+n

a .   , + i < z' < a . + z, and
z— i — ; —    2

L„ » =
«    +2

_    a.    . +2 __    «   +2'    \

L ■   AA, v .+YzA~l    v.,.-.,va^.+-Ylz.1    v)

Put d(z) = l/p (s,(z), • • • , s (z))  where s .(z) = v. + S z'v,   and  p  is a large
1 fl72+" ' 7   p0        k    k.   _

constant.  Then we can find neighborhoods   W, U   of   =L ,  with   U contained in the

coordinate patch such that  W C U and d(z) satisfies (ii) on   U. Now we can also

consider t(z) as a section of  QÍF), so that l'(£)*p(g) = e'v*o*Íbiz)*pÍQÍF)).

We wish to show  /w(/d£     «*? A e'v*o*t(z)*p(Q(F)))û)(z)  is finite.  Let

H. = (e,. off)-!(U) Ot9X       and  H9 = (c,   °ff)-1(E - Í7) Oc9X    .Since
IV r(f 2 V r0_

e'v*o*e(z)*pÍQÍF)) A dj(z)   is a   C°°   form on the compact set    W x H2, it suffices

to show that jw(jH    dc7 A ^v*o*ï(z)*p(Q(P)))a(z)  is finite.

Consider the section  s\   of  77 *Q       .(v) on   (/, by  si = v,/L        (z)  ffe        «7+7
or

/e = a . + /' + 1, • •• , m + 72.  Then the  s{   form a frame of 77 *Q       iv)   on   U, and
j     ' k i  ^cij+j

hence    we    get    the    obvious    frame    for     OÍF) = (©       ,rt,*Q       ,iv)) ® • ■ • ®
° "~ ^^iï 1+1       1    ^zzi+l

iff) , 77 *0 (v)).   Fix  z    e W, then  s7 (z ), considered as a section of
^«„-a„_l + l     72  ^«„+72 ;

77 *0       .(V), evaluated at the point  z e (7  is   \v . + Kz ),,vA/L       Az) =

(2(z' - z)( tv,)/L   .   .(z) = S(z   - z);s', when  a .   . + z' < ; < a. + z.  Thus from the
ß      ft Mît? PC      zX Z ^ '

proof of Lemma 5.3, we have

%(z')*p(Q(F))

= Z(logll^--|lV,,KL+^KLX-1)|K|+|L|llZ'-Zr|KhlLU'^^K^L'

where 0,rfl-L' ^'ííkl  are hounded functions of z e (J,  z    elf,

We can apply Fubini's Theorem since  dcrr   A e'^o *b iz')*pÍQÍF))üAz)   is posi-

tive on  H. x W, and we have

Íw(L d^A 't^^VßWiW')

= inf^v*«* (hJtz'WQiF)^'))-
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Since the 0/iKLi  ^ukL     are    bounded    functions,    we    will    be    done    if

yiog||z'-z||2)||z'-z|rk|-|LWz')  and fjz' - z\\~ IkI ~ IlW)  are bounded

functions of z £ U.  But w(z) = a(z) dfc ¿z  where   a   is a bounded function of

z £ U  and  dz = az, • • • dz   ,  q = dim F.  Now
1 1    '

,,(io«ni2)i«'r|K|"|I'l^''ff'

/,

/ zAzeW

which    is    bounded    since     dz dz       is    of    the    order    of      ||z ||   °      ,    and

\K\ + \L\ < 2a - 2, q = dim E.    Q.E.D.

Using the equivalence between Schubert zeroes and Schubert cycles we can

rephrase Theorem 7.1 as follows:

Theorem 7.5.   LeZ  X  be an irreducible complex space with pseudo-concave

exhaustion t, and let f: X —► P (V)  be a holomorphic map, where  V is an m + n-

dimensional complex vector space; P iv)  is the Grassmann manifold of n-planes

in  V.  Fix integers 0 <a, < • ■• < a   < m such that dim X = S(ttt - a .).  Then f
° —       l   — —      72  — 2 '

hits almost all Schubert cycles of type (a,, • • • , a  )  the same number of times,

i.e. 8iiax, • • • , a  )(£) = 0 for almost all £ £ F, if either of the two following

equivalent conditions hold:

(1) f*c(ax, • • ■ , a  )(Q (v))  is not identically zero on X.

(2) f is transversal to (a,, • • • , a  )(£) at a point xn £ X, for some £ in  F.
l n U ;
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