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ABSTRACT. Multipliers for the classes  H     are studied recently by several

authors, see Duren's book,  Theory of H    spaces, Academic Press, New York,

1970.  Here we consider corresponding problems for the class  N    of holomorphic

functions in the unit disk such that

lim   r2*log+|/(rei&)\d6~   [^ log + \f(ei6) \ dd
y_.J J    U J   0

<   oo.

Our results are:

1. zV     is an F-space in the sense of Banach with the distance function

Pif,g)a±-f*7T\ogil + \fieie)-giei0)\)dd.

2. A complex sequence   A = ¡A   S  is a multiplier for  ¡V     into  H*  for a

fixed   q, 0 < q < cm, if and only if  A    = 0(exp [— Ci/ñ])   for a positive constant c.

3. A continuous linear functional  <A on the space  N    is represented by a

holomorphic function  g(z) =2b z" which satisfies   6    = CXexp [— c/n])  for a

positive constant   c.

Conversely, such a function  g(z) -2b z"  defines a continuous linear

functional on the space  zV   .

1. Introduction.   Let  X and   Y be linear spaces, consisting of complex se-

quences

X a\\aQ, ax, a2, • ■. \\,       Y = \\bQ, bx, b2, ■ ■ • \\.

When  A or   Y is a coefficient space of a class of functions, e.g.   Hp etc., we

write simply as  Hp etc. for  X or   Y.

A sequence of complex numbers   A = ¡A0, Aj, A2, • ■ • S is called a   multiplier

for  X into   Y, denoted as   A £ (X,  Y), ii for any sequence   \a   j £ X we have

¡A a J £ Y.
n   n

Multipliers for  Hp  spaces are studied by several authors, see   [3, p. 99]. We

consider here multipliers for the class   N  , defined below.

2. The class N    as an F-space.  Let D be the unit disk ¡|z| < 15- A

holomotphic function  f(z) in   D  is said to belong to the   class  N of functions of
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bounded characteristic, if

(2.1) T(r,f)aJ-\2niog + \f(reie)\dd
¿TT   J 0

is bounded for  0 < r < 1.  A function  f(z) £ N is said to belong to the  class N

if there holds

(2.2) lim   f027Tlog+\f(reW)\dOa ¡*" log+ \f(ei6)\ dß.

Then, for  0 < p < q < cm,

(2.3) H°°C Hq C Hp C N+C N,

and these inclusion relations are proper  [7, p. 82, where   N and  N    ate denoted

as  A  and  D, respectively].

The class W00 or Hp, 1 < p < cm, can be considered as a Banach space with

the norm, respectively,

(2.4) ll/L-   «P   l/<*>|.     ot      \\f\lp = y-f¿"\f(ei0)\Pdd}1/P,       1<P<cm.

The class  H,  0 < p < 1, does not form a Banach space but is a complete

metric space with the distance function

(2.5) !/-««»-¿ £*!/<«">-¿«">l*<*-

Now for the class   N   , which obviously forms a linear space, we define a

distance function by

(2.6) pif, g) =  l- f02n log(l + \fieiÖ) - gieie)\)dd.
Since

(2.7) log + x < log(l + x) < log + x + log 2,        x>0,

we know that  pif, g) is finite for f, g £ N .

Using the inequalities

log (I + \x + y\)< log(l + |x| + \y\)< log (1 + |x|)(l + |y|)

rZ8) <log(l + |*|)+log(l + |y|),

p(/, g) is seen to satisfy the triangle inequality.

pif, g) a 0 means  f ie'e) = gie10) a.e., which implies  f iz) = g(z) by the

uniqueness theorem of Riesz.

Thus   pif, g) is a distance function.  We will prove the following

Theorem 1. The class N can be considered as an F-space in the sense of

Banach [1, p. 51]. That is, the distance function pif, g) satisfies the following

conditions:
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(i) pif, g) = pif - g, 0).
(ii)  Suppose f, f    £ N     and p(f , f) -■-, 0,   then for each complex number  a,

(2.9) pia.fn,af)-,0.

(iii)  Suppose   a, a     be complex numbers and a   —> a, then for each f (z) £

(2.10) p(aj, a/) —0.

(iv)  N     is complete with respect to this metric.

In the sequel we shall write sometimes  f (8) fot  f(e'ei

Proof,   (i)  is obvious.

(ii) (2.9) is obvious if   |a| < 1.  We suppose   |a| > 1.  We can assume   a > 1.

If  p(f , f) —,0, it is easily seen that / (8) —► fid) in measure.  We can

choose a subsequence  ¡/     S such that  /    Í0)—, f id) a.e. We write  g,   foi f    .
nk nk R nk

There is a closed set  E C [0, 2tt) such that  meas (F) > 2n - e and  g Ad) con-

verges uniformly to  /Ad) on   E as   k —► °°. Then  2vpiaf, agA = fE + j   _, where

f c log(l +a\gkid)- fid)\)dd< f c logia + a\gkid) - fid)\)dd

< f c log add + f c logd + \gkid)~ fid)\)dd

< í log a+ 2npigk, f),

hence we have  piaf, ag^) —> 0.   By the same arguments we know that every sub-

sequence   \g\ of  ¡/  S contains a subsequence   ¡g      S such that  piaf, ctg     ) —, 0
* °7?7 '77 * mh mh

as  h —»cm.  Thus the sequence   ¡/   i itself has the property  (2.9): piaf, af ) —> 0

as    77 —► cm.

(iii) If   a    —» a  we have
77 '

p(aj, af) = J_ f'" log (1 + \(an - a)/ \)dd = ^ +   f^,

where   F  is a closed subset of   [0, 277) such that /(Ö) is continuous on   F, and

meas (E) >2tt- 8. We choose   8 small enough so that   j   clog+|/(ô)| dd < e. Then

fc log(l + \(an-a)f(0)\)dd< f c log 2dd+ j c log+ | (an - a )f | dd

< 8 log 2 +   f      log+ |/(ö)| dd < 8 log 2 + e,
•*E

which shows that (2.10) holds:  p(a /, af ) —-* 0 as   a   —+ a.
r      n '        ' n

(iv) Suppose
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(2.11) p(f   , f    )   —> 0      as   72,  77Z   —» oo.

Then  ¡/ (0)S converges in measure on   [0, 277).  Further, it is obvious that

(2.12) \¡n ^\fn(d)\dd<pifn, 0)<K

for a constant   K, independent of  tz.  Thus, since  / (2) £ N ,

(2.13) f277 log+ |/ irei8)\dd< K.
J 0 " ~~

Applying the theorem of Khintchine-Ostrowskii [7, p. 83], we have by  (2.13) that

/ (z) converges uniformly to a holomorphic function  f(z) on each closed disk

|z|<r<l,   f log+\f (re te)\dd < K, and that f(d) converges to fid), boundary

values of f(z), on  [0, 277) in measure. We will show that

(2.14) fiz) £ N +

and

(2.15) *#„,/■)-*0.

We choose a subsequence ¡/ ((9)! of \f  (0)1 such that / ((9)—* f (0)  a.e. Then

pV./ll)-¿-/02"riog(i + |/(o)-/liW)|VáB

/fe—» te

£ PV     ' /„) + (>    H k is sufficiently large.
k

Thus, if  tz,   and  72 are sufficiently large, we have from (2.11), pif, f ) < 2e, hence

p(/» / )—' 0, which proves (2.15).

Next, since   ¡/    (d)\ converges to fid) a.e. on   [0, 277), there is a closed set
n k

E such that meas (F) > 277 - e and  /    id) converges to fid) uniformly on   E.  We

have   flnlog%ki0)\dd=  /E+/EC."0bviously,   JB log+|/Bfe(0)| ¿0 <

jplog   \f id)\ dd + e, if  k is large.   Further,

Lc^\fnie)\d6
J E k

^ fclo«+l/  id)-fid)\dd+ f c log+1/(0)^0+ fc log 2^0
■'h fe -Je Je

<p(/„ 7/)+ f c iog+\fid)\dd + eiog 2
& -"E

<e+J   c log+1/(0)1^0+ flog 2,     if  ze is large.
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Thus, we have

Jo2" lo*+ ̂(Ö)| dd - So" lo«+ 1/W)l d6+{2 + lo* 2)f-

Since  /      £ /V.+, we get
'"k • ' s

Jo2" io*+l/„A(«ie)l^< /0277 log+\fnid)\dd

< Jo277log+|/(0)|zi0+(2 + log2)6.

Letting  7s —> °° on the left-hand side, we obtain

J0277 log+|/(re¿0)|¿0< f277 log + |/(0)|¿0+ (2 + log 2)r,

for any  e > 0.  This shows that

lim    f^ log* \f(rei0)\dd =   f277 log + |/(0)| ¿0,
r_,[   JO JO

which proves  (2.14), and our proof of Theorem 1 is completed.

Remark 1.  We note that the above properties  (i), (ii) and  (iii) hold for the

class  iV also.  But the completeness (iv) relative to the metric  (2.6) is not

tenable for  N.  In fact, if we put  fn(z) = (z/n) exp [72(1 + z)/(l - z)], then  fn(z) £ N

and   |/ (el0)\ = 1/n a.e., hence

pifn, fm) < log (1  +  I/72 +  I/772)   —0      as   72,  77Z   —» cm,

but / (0) = 0 and f HA) = exp [3n]/2n —» cm as   72 —»cm.

3. Multiplier as a closed operator.  From the proof of Theorem l(iv) we know

that  pif , f)—> 0  implies the uniform convergence of / (z) to /(z) on each closed

disk   \z\ < r < 1.  Hence, if f (z) = 2a{£)zk and  f (z) = 2akzk, we have

(3.1) a(7¡l) — ak (kaQ,l,...)    if p(fn, f) — 0 as tz — <*>.

Let   Y be an F-space consisting of complex sequences   \b,\Q   such that

(3.2) ßt^alb^A—ßalbA in   Y implies  b[n) ^ b k,       k = 0, 1,-

We suppose that addition and scalar multiplication in the space Y ate defined in

the usual way.

Now let  A = ¡A, S be a multiplier for  N     into   Y.  From  (3.1) and  (3.2) we

can easily see that  A is a closed operator.  Thus, by the closed graph theorem,

A is continuous and hence   A maps bounded sets in  zV    to bounded sets in   Y

[l, p. 54]. As an application, we have

Theorem 2.   Let q  be a positive number, 0 < q < <x. In order that A = ¡A, !  be

a multiplier for N     into Hq, it is necessary and sufficient that
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(3.3) \ a 0(exp [- cy/k])

for a positive constant  c.

Remark.   Observe that, while the hypothesis of the theorem contains   q, the

cone lus ion does not depend on  q.

We need some lemmas for the ptoof of Theorem 2.

Lemma 1.   Suppose a complex sequence  ¡A, i  satisfies

(3-4) Afe = 0(exp[-c k\fk])

for any positive sequence  \c A, c   10.   Then we have  A.  = 0(exp [— c\/k]) ((3.3))

for a positive constant  c.

Proof.   If  ¡A, S   satisfies   (3-4),   we  have  obviously   A^  —» 0   and

lim,   ^((l/V&Mog |A, |) < 0.  In order to obtain   (3.3), as is verified immediately,

it suffices to show that  lim, ^^ ((l/\/&) log |A, |) < 0.  We will show a contradiction

under the assumption that

(3.5) Um   ((1/VT) loglA  ',) = 0.
k—ao

Suppose  (3.5) hold.  Without loss of genetality, we can assume that

(3.5') bk = -il/\/~k) log|AJ   1 0    as  ¿-»cm,

taking subsequence if necessary.  From  (3.4), for any sequence  ¡clS, c.   I 0, there

is a constant  A = At     i such that   |A, | < A exp [- ck\Jk], i.e.,

(3.6) (ck-bk)y/I< log 4,

where we note that the constant  A  depends on the sequence   ¡c, S.

Put  c*  = max(2bk, l/$k). Then   r* I 0 from  (3.5'), and we have by  (3.6)

with  c* foi  c,   and with   A* = At   » j for  A,  l/2 \fk < log A*, as   k —»cm, which is

a contradiction, and our Lemma 1 is proved.

Lemma 2.   Put

(3.7) exp[£L±A~|=   g   an(c)znt       o<r<l.

T¿e72 we have

(3.7') log \anic)\ > yfcñ-¥ Oilog n) + O(log c).

Proof.  According to the calculations in   [7, p. 107—108], we have

anic)a ¿ / ,   nl      ecn L£l\

r = o V r!(n-r)l tz  r!   /
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and

P.      "■
(3-8)                               log|fl  (c)|>log    _2]_ e^'Jt   C__

S'   "      '"     ë\p   \(n-p  )! n      pi
Nr7Z                     It r 77

where  p    is the largest integer such that

in which we denote by   0 such a function   O(x) = \/l + x - \/% = l/(\zl + x + yjx).

Then  H <*(*)< I   for   0<x<Y2,  hence

(3.9) H < P / \l~cn~ < 1,       p2/n<c<l,

if (l/cT2)((c + l)/2)2 <%. Thus

log a  (c) >n x log tz - ra + O(log tz) + c/2 + log p    + p   log c - 2*   log p

+ 2p   + O(log p  ) - in - p  ) log (tz - p  ) + («-P ) + O(log(72 - pj) - log tz

= T2  X   log   T2 - p      log (p   /c) +  p      -  in -  p    ) (log   T2  +   log (l   - p    /tí))

+ O(log 72) + O(log p) + c/2

= P   -P    log (p2/cn) + in - p  )p /n + Oip2/'n) + O(log tz) + O(log p  )r 77 r 72 ft    r 77 7777 77 " "r7Z

> 2pn + O(log 72) + O(log pn)    (by (3.9))

> \fcn + O(log T2) + O(log C72) = Ve" + O(log 72) + O(log c),

as required.     Q.E.D.

Remark 3.   Let  ¡c* S,  c* J 0, be a sequence such that

(3.10) 1/V*<c* <1.

Then, from  (3.7 ) we have

(3.11) log|^(c*)|>  Vc¡T(l+o(l)).

Prool ol Theorem 2. Necessity.   By Lemma 1, we have only to show that

¡A, S satisfies  (3.4) for any positive sequence   ¡c, \, c,  j 0.

Let there be given a sequence   ¡cfeS, c^ | 0.   Put   cfe' = min iA, max (1/y/k, C/J)-

If (3.4) holds for this   ¡ck \, we have  (3.4) also for the given sequence   \ck\.

Hence we can suppose

(3.12) l/$k<c   <lA
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Then  c* = 2c2 satisfies  (3.10).

Choose positive sequences  ¡ej and  \8A, (k \0,  8k{ 0.  Let  ¡r^i be a se-

quence such that

(3.13) 1> rk>l -1/k,       rjl,

and

(3.14) (1 -r2)/(l +r2 -2r cos 8)<1     for   |0| > ^ and  r > r^.

Put

(3.1 5) fAz) a exp [c2k(l + rkz)/il - r^)] £ zV+.

We will show that  j/,S is a bounded sequence.  Let   V be a neighborhood of  0;

V = \g £ N  ; pig, 0) < j]\. Let  kQ  be a number such that

(3.16) logil + 8k)+2(klog 2 + c2k<r],

for k > kQ. Take a number  a,  0 < a < 1, such that

(3.17) a expKl + r,   )/(l -r    )] < S     ,  hence a fortiori   ae < <5     .
0 k0 k0 0

Then, for  k < k„,

(3.18) la/*l<S*0

and

(3.19) p(af     0) < log(l +5,   ) < r),    hence a/ £ V.
/Z ft  Q £

For  & > &0 ,

PW,. 0) = 2¿f"„ logil +\afkiei9)\)dd

— r     — r
277 J\0\±€, + 2n J\e)<e,

< log(l +ac) + JL  f (log 2 + log+|/,(c'ö)|W0
1      '        k

< log (1+5,  )+2eklog2 + L j^ log+\fkie>e)\dd

< log d + S¿  ) + 2c-   log 2 + c2 < r/,

hence  pW^, 0) < 77, 4 = 1,2, • • ■ , thus  \&fk\C V, if  a satisfies  (3.17), which

shows that  \fk S is bounded.

Therefore, ¡A[/,]S must be a bounded sequence in  Hq, and we have

(3.20) ll-'WzJll, < L     with a constant   L.
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A[Cj(z) = 2kna('k)z" if fkiz) = 2a<nk)z", and by   [3, p. 98],

(3.21.) |Azzu)|<C   xLxn-!t,/«    if0<9<l,
1 i   n   n     ' —      q ' '

(3.212) < C   x L if  1 < q < o«,

where   C    is a constant depending on  ç.

Using notations of Lemma 2 and Remark 3, a^ = fl (2cfe)r£ = tí„(c^)r¿, whence

we have by (3.11) and (3.13) that lA^'l > |Afej(l - 1 /k)kexp[ckSJ2k\l + oil))], and from

(3.21 A or (3.212),

|AJ < C¿ x L x ¿-1+1/9 exp[-cfeV2fed + oil))] a  Oiexp[-ck^/T]),

where   C     is a constant.  This proves  (3.4) and hence  (3.3).

Sufficiency.  Suppose  A= ¡A, S satisfy  (3.3) for a positive constant  c.   If

/(z) = 2akz    £ N  , we proved in   [8, Theorem 2] that  log   \a,\ = oi\/k), hence we

can write

(322) lflJ £ ^i exptrz^VX]     with a sequence  77, i 0,

where  A     is a constant.  Let  kQ be a number such that  r¡, < c/2  for  k > Z5n, then

we have

(3.23) |Afeflfe| < A2 exp [-c 1/I72]    for k > kQ

with a constant  A      Since   2 exp [- c\Jk/2] < cm, we obtain that   A[/](z) is con-

tinuous on  D = ¡|z| < 1S, hence   A[/] £ Hq, and our Theorem 2 is proved.

Remark 4.   Let  A  be the class of functions holomorphic in  D and  continuous

on  D.  Then the proof of Theorem 2 shows that for a fixed   q,  0 < q < 00, czzc¿

multiplier for N     into Hq  must carry all elements of N     into the class A.

Corollary.   The space  N     is not locally bounded.   That is, every ball B =

Bic) = ¡/ £ N + ; p(/, 0) < c\  is not bounded.

Proof.  Suppose a ball   B(c) of radius   c were bounded.  We choose numbers

i, 8, and  c   so that

(3.24) 0< i(l + 4x log 2)< c,

(3.25) |*C-l|<i    if  |f|<«,

,, ... ( 0<c'2 <c-dl +4x log 2),       c'>0,
(3.26) ;

/2c'2/(l-cos e)<8.

Put

(3.27) gU) = exp[c'2 x(l +z)/il-z)]
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and

(3.28) fT(z)ag(rz)-l,       0<r<l.

Then f (z) £ N +, and

< log (1 + A + ¿ J¡ e]<( log 2 ¿0 + ¿ J fl|<f log* |/J z/0

< r+ 2rlog 2 + ¿ J"|ö|<f log 2 ¿0 + L. £ log* \g(re^)\d6

< e + 4e log 2 + c' 2 < c,

hence   ¡/ S C B(c). Thus evety multiplier  A = ¡A   S should map  ¡/ S into a bounded
r J * tz *■     ' f

set in   H°°.  Thus, if / (z) = 2a  r"z"   we have
' ' r n '

(3.29) |A  z7   r"l < L = L(A)

for every   r,   0 < r < 1, with a constant   L(A) depending on   A.  We have by  (3-7 ),

using the notation of Lemma 2,

(3.30) \aj = |fln(2c'2)| > exp[c' vInil + oil))].

From  (3.29) and  (3.30), it would be concluded that every multiplier  A = (A   S

must satisfy

(3.31) A^ = 0(exp[-c'V2tz])

fot the constant   c  , determined from  (3.24)—(3.26).   But  A* = ¡A*! with  A* =

exp[- c \Jn] is also a multiplier by Theorem 2, which contradicts  (3.31).   This

proves our assertion.     Q.E.D.

In this connection, we notice a result of Duren   [2, p. 24, Theorem l]: A    =

0(n1/q-1/p) implies   A= ¡AJ £ (Hp, W?) for  0 < p < 2 < q < cm.

4.   Representations of linear functionals on the space  N  .  Duren, Romberg,

and Shields   [4] studied representations of linear functionals on the space  Hp,

0 < p < 1.  We now investigate corresponding problems on the space   N  , following

their methods.

Lemma 3.   Let f(z) £ /V+.   Pz^i f\\z) = f(rz) for 0 < r < 1.   Then p(ff, /) — 0

as  r —>1.

Proof.  / (d) tends to f (d) a.e. as   r —»1.   For any   e—» 0, there is a closed

set   E such that meas (F) > 2tt - c and  / (0) tends to /(0) uniformly on  E.  Then
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and

*> 0 = ¿f JT lo*(1 + W« - l^)d6 = ¿(Je + ¿c).

r c < r c log 2 ¿0 + r c iog+1/ (0) - /(0)| dd
Je       Je ^e

< flog 2+  f¿" log* \f(rei0)-f(ei0)\d8.

Since  f (z) £ N  , the last integral —» 0 as   r —» 1, and we get the result.

Lemma 4.   Let f (z) £ N+.   Put f r(z) = f (¿z) for  \£\ < 1.   T¿e7z  \f r\  is a

bounded set in N  .

Proof.   Let a neighborhood   V = \g £ N  ; p(g, 0) < r]\ of  0 be given.  We can

choose   a', 0 < a' < 1, such that  p(a'f, 0) < 77/2.  We write  /(e)(z) = fiei0z),

f (a)(z) ~ f ie' z) = firelSz). Suppose   rQ be sufficiently near to 1 such that

pif, fT) < V/2 for rQ < r < 1. Then

pia!f{0), 0) = piaf, OX27/2,

pWrw aV(e)) = p(a'/rI o!{) < Pifr, n < 77/2.

If  C = re    , we have  /r = / ,$,.   For  r > 7Q we obtain

p(a'/ç , 0) = pia'fr(e), 0) < piâfr(9), tx'/(ö)) + p(a/(ö), O)

= p(a'/r, a'/) + piáf, O) < 77.

For  0 < r < rQ, we can determine   a   so small that  pia f.   0) = p(a / , 0) < 77.

This, if  a = min (a', a"), we get  \af ^ Si m^ , C V.    Q.E.D.

We denote by   (N   )* the dual of the space   /V  .   Then

Theorem 3.   Let  </> £  (/V   )*.   T/jctz /izere z's zz unique function  giz) = £6 zn6/l

szzctj ¿¿zzZ

(4.1) <p(/) =   lim  ^   f27r/(re/i?)g(c-!'ö)z70=  £  a  b
,_1   277   JO      ' & "„     n   «
A 72 = 0

/or /(z) =2a z" £ N  , where the series on the right converges absolutely. Further,

Taylor coefficients   b     of giz)  satisfy

'4.2) b    = 0(exp [— c \f n ])    for a positive constant  c.

Conversely, if a function giz) = 2b z"  satisfies (4.2), giz) obviously belongs to

the class A  and defines a functional </>(/) by  (4.1), which is linear and continu-

ous on the space  N   : c/> £ (N  )*.

We recall that  A  denotes the class of functions holomorphic in  D and con-

tinuous on  D, defined in Remark 4.
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Proof.  Uniqueness is obvious.  Given a functional  cp £ (zV   )*, let  b^ =

c/>(z  ),  k = 0, 1, ■ • ■ .  Since   ¡zfeS is bounded in  N   , ¡èfe! is a bounded sequence

and hence

CM

(4.3) giz)   a    £       bkZk

k=o

is well defined and holomorphic in  D.  Suppose  /(z) = ^-akz   £ N  .  Because /(z)

is the uniform limit of partial sums on each circle   \z\ = r, we have  cpif' ) =

limN^c*0(Sfe = O V*z*)= ~k=0akbkrk-  Since  /, "^/ in  w+ by Lemma 3, we get

(4.4) çS(/) = lim 2V¿</-

As   ¡/f-S is bounded in  N     by Lemma 4, the functional  </> maps   i/r! into a

bounded set in the complex plane, hence

(N \ oo

kaO I        ze = 0

is a bounded function   |£| < 1, thus   \b, } is a multiplier for  N    into  H   , therefore

b,   must satisfy the condition  (4.2) by Theorem 2.  Thus  giz) = 2b, z    £ A and

(4.1)  is deduced from  (4.4). Moreover, we know that

(4.6) ¿_j ab,   converges absolutely

because of (4.2) and the fact that  flfe = 0(exp [o(\//e)]) [8, Theorem 2].

Now, suppose  giz) = 2b, z    satisfy the condition  (4.2).  Then for fixed r,

0 < r < 1, a functional cprif) = 2™=Qakbkrk, fot /(z) = 2akzk £ N+, is defined.

It is easy to see that  </>    is linear and continuous.    But for each fixed  f £ N ,

sup   \d> ij)\ < »o. Thus by the principle of uniform boundedness   [l, p. 52], cp if)

—► 0 as   pif, 0) —► 0 holds uniformly for  0 < r < 1, which implies that

(4J) <M/)=   ümó</)-   lim   Z   <W*=   Z   «A
7-1 r-1   fe = 0 fe = 0

is continuous  (the series on the last member converges absolutely).  Thus the

functional  </> defined by  (4.1), using the given function  g(z), belongs to  (N   )*.

This completes the proof.    Q.E.D.

Remark 5.  Professor M. Hasumi pointed out that the metric used by Gamelin-

Lumer  [5, p. 122], [6, p. 122]; d(f, g) = |||/ - g||| + /f |log + |/(0)| - log + |g(0)|| dd,

where   |||/ - g||| = inf a>Q [a + meas (¡0;  |/(0) - g(0)| > a\)], defines a topology for

log    L = \f; log   |/ |  £ L  ([0, 277])!, which is equivalent to the topology defined

with our metric  (2.6).
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