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ABSTRACT. Multipliers for the classes H? are studied recently by several
authors, see Duren’s book, Theory of HP spaces, Academic Press, New York,
1970. Here we consider corresponding problems for the class N of holomorphic
functions in the unit disk such that

2 ; 2 ;
lim [ 108" 110e®) a0 = [P 105 |f(e )] a6 < .
o

Our results are:
1. N is an F-space in the sense of Banach with the distance function

Py 0= 5 [ [T 108 1 + 1) gle?®) )0 -

2. A complex sequence A = {)\"f is a multiplier for N* into HY for a
fixed g, 0 < g < oo, if and only if )\ = O(exp [~ cvR]) for a positive constant c.
3. A continuous linear functional ¢ on the space N* is represented by a

holomorphic function g(z) = Ebnz which satisfies bn Oexp [ cval) for a
positive constant c.

Conversely, such a function g(z) = Eb 2™ defines a continuous linear
functional on the space N*.

1. Introduction. Let X and Y be linear spaces, consisting of complex se-
quences

X={{a0, al’ azy"'uy Y={{b09 b17 bzy"‘ “0

When X or Y is a coefficient space of a class of functions, e.g. H? etc., we
write simply as H? etc. for X or Y.

A sequence of complex numbers A ={Xj, A, A, ---} is called a multiplier
for X into Y, denoted as A € (X, Y), if for any sequence {a_} € X we have
{)\na"} €Y.

Multipliers for H? spaces are studied by several authors, see [3, p. 99]. We

consider here multipliers for the class N+, defined below.

2. The class N* as an F-space. Let D be the unit disk {|z| <1}. A

holomorphic function f(z) in D is said to belong to the class N of functions of
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bounded characteristic, if
1

(2.1) TG, f) = ﬁfoz" log*|/(re'®) | 40

is bounded for 0 <7 <1. A function f(2) € N is said to belong to the class N*
if there holds

. 4 i6 = (27 ot/ (010
2.2) lim [ 108" 171G ) a0 = [T 10g" /()] 8.

Then, for 0 < p <g < oo,

(2.3) H*c Hic H? c NYC N,

and these inclusion relations are proper [7, p. 82, where N and N* are denoted
as A and D, respectively].
The class H® or H?, 1 < p < o, can be considered as a Banach space with

the norm, respectively,
1 rom ;0 1y
@a W= swp Y@L o 7l =f [ U0} ", 1<pe.
) su I, = Jy " e <p

The class H? 0 < p <1, does not form a Banach space but is a complete

metric space with the distance function

1 rom . .
(2. I~ oll? = i6y _ 6y 46.
2 17 - gl2 = 5= [ 1) - gle™®)]? b
Now for the class N+, which obviously forms a linear space, we define a

distance function by

1 . .
(2.6) o(fs @) = — fz” log (1 + [f(e?%) = g(e)]) db.
. 2m Jo
Since
(2.7) log*x < log(l + x)<log*x + log 2, x>0,

we know that p(/, g) is finite for /, g € N™.

Using the inequalities

log (0 + Ix + y|) <log (1 + |x] + [y]) < log (1 + |xD(1 + [y])

(2.8) < log (1 + [x]) + log (1 + [y]),

p(/, g) is seen to satisfy the triangle inequality.
p(/, ) = 0 means [(e'?) = g(e’?) a.e., which implies [(z) = g(z) by the
uniqueness theorem of Riesz.

Thus p(f, g) is a distance function. We will prove the following

Theorem 1. The class N* can be considered as an F-space in the sense of
Banach (1, p. 51). That is, the distance function plf, g) satisfies the following

conditions:
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(i) p(f, g) = p(f - g, 0).
(ii) Suppose |, [, € N* and p(/n, {)— 0, then for each complex number a,

(2.9) plaf,, af)-—0.

. (iii) Suppose a, a  be complex numbers and a, -- a, then for each f(z) €

(2.10) pla,f, af) — 0.

N

. + . . , .
(iv) N7 is complete with respect to this metric,

In the sequel we shall write sometimes /(6) for /(&€

Proof. (i) is obvious.

(ii) (2.9) is obvious if |a| <1. We suppose |a|>1. We can assume a >1,

It p(f , [)—0, it is easily seen that {,(6) — [(6) in measure. We can
choose a subsequence {/nk} such that /nk(e) — f(0) a.e. We write g, for /nk.

There is a closed set E C [0, 27) such that meas (E) > 27 — ¢ and gk(G) con-

verges uniformly to f(0) on E as k — o. Then 2mp(af, agk) =Jg+ where

EC?

Joc log (L +alg,(0) - /(®)db < fEC log (@ + a|g,(0) - /(O)]) d6
< [ clogados fEC log (1 + g, (9) - /()6

<eloga+2mplg,, f),

hence we have p(af, agk) — 0. By the same arguments we know that every sub-
sequence {g 1} of {f } contains a subsequence {gm}yi such that p(af, Otgm}’) —0
as b — co. Thus the sequence {f } itself has the property (2.9): p(af, af ) —0

as 77 — oo,

(iii) If a — a, we have

1
plafraf) = 5— [ log (1 + |(a, ~a)/])d6 = fE+ fEC,

where E is a closed subset of [0, 27) such that f(6) is continuous on E, and
meas (E) > 27 - 8. We choose & small enough so that fEClog+|/(0)| d0 < e. Then

fEC log (1 + |(e —a)f/(O)])d6 < fEClog 2d0 + fEC log*|(a, —a)/|d0

<8log2+ fEC log*|f(0)|dO< b log 2 + ¢,

which shows that (2.10) holds: p(a f, af) — 0 as a, —a.
(iv) Suppose
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(2.11) p(f,» /m) — 0 as n, m — o
Then {f ()} converges in measure on [0, 27). Further, it is obvious that

27
(2.12) [ 10811, @00 < b7, 0) < K
for a constant K, independent of n. Thus, since /n(z) € N+,

27 :

(2.13) fo log* |/ (re®)| d6 < K.
Applying the theorem of Khintchine-Ostrowskii [7, p. 83], we have by (2.13) that

/n(Z) converges uniformly to a holomorphic function f(z) on each closed disk
|z} <r<1, flog+|/(re 6)| df < K, and that [n(e) converges to f(6), boundary
values of f(z), on [0, 27) in measure. We will show that

(2.14) f(z) e N*
and
(2.15) e, f)—0.

We choose a subsequence {/nk(e)} of {f_(6)} such that /nk(e) -— f(0) a.e. Then

oy 1) = 5 [27 Log (1 + 1f(6) - £ ()b
<lim oL [ 10g (1 + 1, © =1, a8
k—>0

< p(/,,k, )+ e if k is sufficiently large.

Thus, if 7, and 7 are sufficiently large, we have from (2.11), p(f, /) < 2¢, hence
p(/, ) — 0, which proves (2.15).

Next, since {fnk(e)} converges to [(0) a.e. on [0, 27), there is a closed set
E such that meas (E) >27 — ¢ and | k(@) converges to /(0) uniformly on E. We
have fg”log |/ k(@)la’@ e+ f c- Obviously, [glog |/ (0)|d6 <
[glog |f (0)]d0 + ¢, if k is large. Further,

+
fEC log Vnk(f’”d@
< fEC log*/,, ()~ /()] 40 + fEC log*|/(6)] d6 + fEC log 2d
< p(/nk, )+ fEC log*|7(6)| 46 + € log 2

<€+ fEC log*|f(60)|d6 + € log 2, if k is large.
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Thus, we have
[ tog? r, ©1d0 < [ tog* 10|46 + (2 + log 2)e.

Since /”k € N, we get

J‘OZW l°g+l/,,k(fei0)|d0$ f0277 108+l/,,k(0)|d0

< [ 77 1og* |1(0)| 6 + (2 + log 2)e.

Letting k — oo on the left-hand side, we obtain

JOZﬂ log*lf(reieﬂ df < J‘0217 log*|/(6)|d6 + (2 + log 2)e,

for any € > 0. This shows that

. 4 i _ (27, 4
lim [T 10g*1/ (e Ndo= [ 1og*f(0)] o,

which proves (2.14), and our proof of Theorem 1 is completed.

Remark 1. We note that the above properties (i), (ii) and (iii) hold for the
class N also. But the completeness (iv) relative to the metric (2.6) is not
tenable for N. In fact, if we put [ (2) = (2/n) exp [2(1 + 2)/(1 - 2)], then [ (z) € N
and I/n(eie)l =1/n a.e., hence

P(fn, /m)s log(1+1/n+1/m) =0 as n,m — o,
but /n(o) =0 and fn(l/z) =exp[3n]/2n — = as n — .

3. Multiplier as a closed operator. From the proof of Theorem 1(iv) we know
that p(f , /) — O implies the uniform convergence of f,(z) to f(z) on each closed
disk |z| <7 <1. Hence, if f (z) = zag’)z" and f(2) = Zakzk, we have

(3.1) a™ —a (k=0,1,--+) if p(f,[) =0 as n — o,
Let Y be an F-space consisting of complex sequences {b,}7’ such that
(3.2) B™ =™} =L =1b,} in Y implies b{™ —b,, k=0,1,....

We suppose that addition and scalar multiplication in the space Y are defined in
the usual way.

Now let A ={A,} be a multiplier for N* into Y. From (3.1) and (3.2) we
can easily see that A is a closed operator. Thus, by the closed graph theorem,
A is continuous and hence A maps bounded sets in N* to bounded sets in Y
[1, p. 54]. As an application, we have

Theorem 2. Let q be a positive number, 0 < q < . In order that A =)} be
a multiplier for N* into HY, it is necessary and sufficient that
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(3.3) A, = Olexp [~ cVE])
for a positive constant c.

Remark. Observe that, while the hypothesis of the theorem contains g, the
conclusion does not depend on q.

We need some lemmas for the proof of Theorem 2.
Lemma 1. Suppose a complex sequence {)\k} satisfies
(3.4) )\k = O(exp[—ck\/z])

for any positive sequence {c,}, c, |0. Then we have A, = Olexp [~ cVED ((3.3))
for a positive constant c.

Proof. If {)\k} satisfies (3.4), we have obviously A, — 0 and
Iim,__ ((1/vk)log |\, ]) < 0. In order to obtain (3.3), as is verified immediately,
it suffices to show that lim, _ ({1 /\E) log |A, ) < 0. We will show a contradiction

under the assumption that

(3.5) Tm ((1/ V&) logA, ) = 0.

k—00

Suppose (3.5) hold. Without loss of generality, we can assume that

(3.5") b, ==(1/VE)logIA,| 1 0 as & — o,

taking subsequence if necessary. From (3.4), for any sequence {Ck§, < 10, there
is a constant A = A{ck} such that |A,| <A exp [- ck\/7<], i.e.,

(3.6) (c, - b )VEk<log 4,

where we note that the constant A depends on the sequence {Cki.
Put ¢} =max (26, 1/y/k). Then c¥ |0 from (3.5"), and we have by (3.6)
with cf for ¢, and with A* = A{Cl*e* for A, % & <log A*,as k — o, which is

a contradiction, and our Lemma 1 is proved.

Lemma 2. Put

(3.7) exp [% 1

Then we have

—

N

+z]= z an(c)z", 0<c<1.
- n=0
(3.7 log la_(c)| > Ven + O(log n) + O(log c).

Proof. According to the calculations in [7, p. 107-108], we have
n

al)= 3 (”_' oo L s’.)

7=0 \ 7l (n—1)! n r!
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and

p 14
(3.8) log |an(c)| > log <_”_'.___ ec/2n ¢ ,
p, ! (n- pn)! nop!

where p is the largest integer such that

c + I\2 c+1 1 fc +1\2
b, < (2)””" 2 =\/—C—"®(E(2 ))

in which we denote by ® such a function ®(x) = VI + x — Vx = 1/(VT1 + x + /x).
Then % < ®(x) <1 for 0<x <Y, hence

(3.9) Y<o/Ven<l, p/n<c<l,
if 1/cn)((c +1)/2)? <%. Thus
log an(c) >nx logn—n+ O(log n) +c/2 + log p,+ b, logc—2n logp,
+2p +Ologp )-(n~p )logn—-p )+(n-p )+ Ollogln—p))-logn
=nxlogn-p log(p2/c)+p —(n=p )(logn+log(l-p /n)
+ O(log n) + Ollog p_) + /2
=p, - b, log(p2/cn)+ (n~p )p /n+ O(p2/n) + Olog n) + Ollog p,)
>2p, + O(log n) + O(log p_) (by (3.9))

> Ven + Ollog n) + O(log cn) = Ven + Ollog n) + O(log ),

as required. Q.E.D.
Remark 3. Let {c}}, ¢} |0, be a sequence such that

(3.10) 1/\E<cf <1,
Then, from (3.7 ") we have

(3.11) logla,(c}) > \/c: E(1 + o(1)).

Proof of Theorem 2. Necessity. By Lemma 1, we have only to show that
{A,} satisfies (3.4) for any positive sequence {c,}, c, | 0.

Let there be given a sequence {c,}, ¢, | 0. Put ¢, = min (4, max /¥, ).
If (3.4) holds for this {c,; }, we have (3.4) also for the given sequence {ck}.
Hence we can suppose

(3.12) 1/{k<c, <%.
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Then cf = 2c£ satisfies (3.10).
Choose positive sequences {¢,} and 18,1, ¢, | 0, 8, | 0. Let {r,} be a se-

quence such that

(3.13) l>rk21—l/k, ,le,

and

(3.14) (1 =72/ + 72 = 27 cos 6) <1 for |6] > € and r>r.
Put

(3.15) [ (2) = exp [ci(l +7,2)/(1 - r.z)le N*,

We will show that {f,} is a bounded sequence. Let V be a neighborhood of 0;
V={genNt plg, 0) < p}. Let ko be a number such that

(3.16) log(1 + Sk) + 26, log 2 + ci <7,
for k> k. Take a number @, 0 < a <1, such that

(3.17) aexpl(l + 7, /(1 —r, )]1<8, , hence a fortiori ae <95, .
0 ko= ko = ko

Then, for k< kg,

(3.18) laf, | < B,

and

(3.19) plaf,, Q) _<_ log(1 + 8ko) <7, hence afe€V.
For k> &,

1 i
Paf O = 5= [7 log (1 + |af, ()] db
1 1
= Z;J.[B]zek T f[e]«k
<log(l +ae) + ilﬂ. fla!“k (log 2 + log*|7,(e?®))) a6

1

= j_”ﬂ log*|f,(e9)] dg

<log(l +8k0)+ 2¢, log 2 +
< log(1 +8’°0)+ 26kolog 2+ CZ <7,

hence plaf,, 0)<n, k=1,2, ..., thus {af, } C V, if a satisfies (3.17), which
shows that {/,} is bounded.
Therefore, {Al/, ]} must be a bounded sequence in HY, and we have

(3.20) AL/ ]I, S L with a constant L.
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A[/k] (z) = ZAnaik)z" if fk(z) = Ea’(zk)z", and by [3, p. 98],
(3.21 ) MalEl<c o x Lxn*/e i 0<g <1,

(3.212) SquL if 1< g< oo,
where Cq is a constant depending on 4.

Using notations of Lemma 2 and Remark 3, a'(f') = an(ZCi)r,': =a_(c})ry, whence
we have by (3.11) and (3.13) that P‘k“ik)' > Al - 1/k)*exp [ck\/Z—k(l + 0o(1))], and from
(3.21)) or (3.21)),

Al<ChxLxk™! +1/q expl—c, V2E(1 + o(1))] = Olexp[-c, VE]),
‘ k q k k

where C‘; is a constant. This proves (3.4) and hence (3.3).
Sufficiency. Suppose A ={A.} satisfy (3.3) for a positive constant c. If
f(z) = Ealezle € N*, we proved in [8, Theorem 2] that log+|ak| = o(\/k), hence we

can write

(3.22) la,| <A, exply,VE] witha sequence 7, L0,

where A is a constant. Let &, be a number such that 7, <c/2 for k > kg, then

we have

(3.23) |Aga,l <A, expl-cVE/2] for k> kg

with a constant A,. Since 2 exp [ - c\k/2] < 0, we obtain that Alf1(z) is con-
tinuous on D = {|z| <1}, hence Alf] € HY, and our Theorem 2 is proved.

Remark 4. Let A be the class of functions holomorphic in D and continuous
on D. Then the proof of Theorem 2 shows that for a fixed g, 0 < g < oo, each
multiplier for N* into H? must carry all elements of N* into the class A.

Corollary. The space N* is not locally bounded. That is, every ball B =
B(c)={f € N+; p(f,0) < c} is not bounded.

Proof. Suppose a ball B(c) of radius ¢ were bounded. We choose numbers
€,8,and ¢’ so that

(3.24) 0< el +4xlog2)<ec,
(3.25) leg-ll<e if |CI<3,
12<c- el 2), >0,
(3.26) 0<c¢ c-el+4xlog2) c
2¢'?/(1 = cos ) < 8.
Put

(3.27) g(z) = exple'2 x (1 + 2)/(1 = 2)]
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and

(3.28) /r(z) = g(rz) -1, 0<r<l1.
Then f(Z) € N+, and

1
p(/,, 0) = —f log (1 + 1/, Dd@‘ 161ze T 27 f|0|<€

1 1 .
<log(l+9+ o flm“ log 246 + o flal« log* |/, | 46

1 1 m + 14
S e+ 2elog 2+ f|6[<e log 2d8 + 5 [ log* |glrei®)| db

§e+4elog2+c’2<c,

hence {f } C B(c). Thus every multiplier A ={A } should map {/ } into a bounded

set in H%. Thus, if f(z) = Za_r"z", we have
(3,29) A a, < L=LA)

for every r, 0 <7 <1, with a constant L(A) depending on A. We have by (3.7"),

using the notation of Lemma 2,

(3.30) la,| = la,(2c' )] > exp e’ vZn(1 + o(1))].

From (3.29) and (3.30), it would be concluded that every multiplier A = {)\n}

must satisfy

(3.31) A, = Olexp[—c Vv 2n))

for the constant c¢', determined from (3.24)—(3.26). But A* = {)\;’;} with )\: =
exp [~ ¢'\/n] is also a multiplier by Theorem 2, which contradicts (3.31). This
proves our assertion. Q.E.D.

In this connection, we notice a result of Duren [2, p. 24, Theorem 1]: A, =
o(n 1/q- l/p) implies A = {7\”§ € (H?, HY) for 0<p<2<g<os.

4. Representations of linear functionals on the space N*. Duren, Romberg,
and Shields [4] studied representations of linear functionals on the space H?,
0 <p <1. We now investigate corresponding problems on the space N*, following

their methods.

Lemma 3. Let {(z) € N*. Put [ (2) = {(r2) for 0 <r<1. Then p({, [) — 0

as r—1,.

Proof. / (6) tends to f(0) a.e. as 7 — 1. For any ¢ — 0, there is a closed
set E such that meas (E) > 27 — ¢ and /7(0) tends to f(0) uniformly on E. Then
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P 1) = T 1o+ 11,0 - (@O0 = - (f, + [ )
and

J‘EcngC log 2d6 + fEC log*|/(0) - (9)] 46

<elog 2 + JOZW log*|f(re?®) - f(e?9)]| d6.

Since /(z) € N7, the last integral — 0 as 7 — 1, and we get the result.

Lemma 4. Let f(z) € N*. Put /g(z) = (&) for || <1. Then {fg} is a
bounded set in N*.

Proof Let a neighborhood V-igenN; plg, 0) < n} of O be given. We can
choose a’, 0 < a’<1, such that p(a’f, 0) < 7/2. We write f(0)?) = [(e’ez)
/7(6)(,2) /(e’ez) /(re’ez) Suppose 7, be sufficiently near to 1 such that
p(f, 1) <1/2 for ry <7 <1. Then

p(a'[(e), 0) = P(O“I/’ 0) < ’7/2’
Pl oy &1 0y = PCT,s ) <P, 2 <0/ 2.
If {=re'? we have fr= f,(6y For r>ry we obtain
P(a'fg , 0) = P(a’f,(e), 0 < P(a'/,(e)’ c‘If(e)) + P(a'f(e), 0)

= p(alfr, Cl,'f) + p(a'f’ O) < .

For 0 <7 <7y, we can determine d’ so small that p(a"/g, 0) = p(a”/r, 0) < 7.
This, if & =min(a’, a)weget {a/§}|§|<1CV Q.E.D.
We denote by (N)* the dual of the space N*. Then

Theorem 3. Let ¢ € (NY*. Then there is a unique function g(z) = 3p z" €A
such that

.1 2m ;6 -6 ko
(4.1) = — : 4 =
(4.1) &(f) rh—~ml 5 fo [(re*?)gle=2%)do ngo ab
for [(z) = Za z"€ N*, where the series on the right converges absolutely. Further,
Taylor coefficients b of g(z) satisfy
4.2) b, = Olexp~c V7)) for a positive constant c.

Conversely, if a function glz) = b 2" satisfies (4.2), g(z) obviously belongs to
the class A and defines a functional ¢(f) by (4.1), which is linear and continu-
ous on the space N*: P € (N+)*.

We recall that A denotes the class of functions holomorphic in D and con-

tinuous on D, defined in Remark 4.
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Proof. Uniqueness is obvious. Given a functional ¢ € (NH)*, let b, =
¢>(zk), k=0,1,.... Since {zk} is bounded in N+, {bk} is a bounded sequence

and hence
(4.3) gld) = X bz*
k=0

is well defined and holomorphic in D. Suppose f(z) = Zakzk € N*. Because f(z)
is the uniform limit of partial sums on each circle |2| =7, we have &(f) =

limN_‘w¢(22’=0akrkzk) =325, akbkrk. Since f{ — [ in N* by Lemma 3, we get

(4.4) &(f) = lim1 > akbkrk.

As {/;} is bounded in N* by Lemma 4, the functional ¢ maps {/¢} into a
bounded set in the complex plane, hence

N )
(4.5) ¢>(/§) = Ibim ¢<Z akékzk> =) akbkék = F({)
— k=0

k=0

is a bounded function |{| <1, thus {b,} is a multiplier for N" into H®, therefore
b, must satisfy the condition (4.2) by Theorem 2. Thus g(z) = Ebkzk € A and
(4.1) is deduced from (4.4). Moreover, we know that

(4.6) > a,b, converges absolutely

because of (4.2) and the fact that a, = O(exp [o(\/&)]) [8, Theorem 2].
Now, suppose g(z) = Ebkz'z satisfy the condition (4.2). Then for fixed r,

0 <r <1, a functional ¢ (f) = Zlioakbkrk, for [(z) = Zakzk € N*, is defined.

It is easy to see that ¢ is linear and continuous. But for each fixed [ € N+,
sup_|$,(f)| < eo. Thus by the principle of uniform boundedness (1, p. 521, ¢ (/)
— 0 as p(f, 0) -— 0 holds uniformly for 0 <r <1, which implies that

(4.7) (/) = Lim ¢,/ = Lim k};‘,o ab,r* = go ab,

is continuous (the series on the last member converges absolutely). Thus the
functional ¢ defined by (4.1), using the given function g(z), belongs to (N)*.
This completes the proof. Q.E.D.

Remark 5. Professor M. Hasumi pointed out that the metric used by Gamelin-
Lumer [S, p. 1221, [6, p. 122]; 4(f, g) = ||f - glll + g" |log+|/(0)| - log+|g(0)|| do,
where ||| - glll = inf ,_,[a + meas ({6; |/ (6) - g(6)| > a})], defines a topology for
log "L = {f; log*|f| € L([0, 2]}, which is equivalent to the topology defined
with our metric (2.6).
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