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HEEGAARD SPLITTINGS OF HOMOLOGY 3-SPHERES (*)

BY

DEAN A. NEUMANN

ABSTRACT.  We investigate properties of Heegaard splittings of closed 3-mani-

folds which are known for simply-connected manifolds and which might provide the

basis for a general test for simple-connectivity.   Our results are negative:   each

property considered is shown to hold in a wider class of manifolds.

1. Introduction. The problem of determining whether or not a given manifold

is simply connected appears frequently in the study of 3-manifolds. It would be

extremely useful to have a general method for deciding this question. We investi-

gate several properties of Heegaard splittings which might provide the basis for

such a simple-connectivity test. Our results are generally negative: properties

which have been known for simply-connected manifolds actually hold in a wider

class of manifolds.

The author wishes to thank the referee for many helpful suggestions.

2. Definitions and notation.    In this paper all spaces and maps are assumed

to be piecewise linear; any subspace which appears is assumed polyhedral.
o

If M is a manifold, we use   M to denote the interior of  M  and  dM fot the

boundary of M. A submanifold S C M is said to be properly embedded if S n dM =

dS. A regular neighborhood of a subspace P C M is denoted by NÍP). Here regu-

lar neighborhood is used in the sense of [9, Chapter 31.

We are concerned with connected orientable 3-manifolds. A closed 3-manifold

with trivial fundamental group is called a homotopy 3-sphere. A homology 3-sphere

is a closed 3-manifold with trivial first homology group.

A 3-manifold is a handlehody of genus  n if it is homeomorphic to a regular

neighborhood in  F     of a finite connected graph of Euler characteristic 1—72.    If  H

is a handlebody of genus  n,  then there are disjoint discs   D., • ■ • , D  ,  properly

embedded in   H,  such that  H - N i\JD .) is a 3-cell.   Any such system of discs is

called a cutting for  H    The boundaries   m . = dD . of the cutting discs are called

meridians for  H.
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A system j/j, • ••,<* j of disjoint simple closed curves on dH, whose union

does not separate dH, is called independent. If IttZj, ••■ ,m \ and [/,, ••• , / \

are independent systems on  dH satisfying

(1) I. n tt2¿  is a single (crossing) point, and

(2) l. nTT2;=0  if i/ j,

we say that  [ttzj , • • • , ttz   \ and  Í lx, • • • , /   !  are transverse.    If the   ttz ■ are also

meridians for  H,  the   /. are called canonical longitudes for  H and  [722,, • • •, ttt   ,

/j, ■ • •  , /   \ is called a meridian-longitude system for  W.

It is known that any closed (connected orientable) 3-manifold can be decom-

posed as the union of two handlebodies of the same genus, which intersect in their

common boundary [8, § 63 J :

Ma H U H',       dH a H n H' = dH'.

Such a decomposition is called a Heegaard splitting of M.   Alternately, we may

view  M as obtained from the two handlebodies by identifying their boundaries un-

der a homeomorphism d> : dH —' dH.   Since the resulting manifold is determined up

to homeomorphism by the images  w. = cpim . ) of a system IttZj, ■ • • , ttz   1  of merid-

ians for  H,  the handlebody  H,  with the Heegaard curves w., < * • , w    on  dH,

completely describes   M;  we say  \H; w x, • • • , w  \ is a Heegaard diagram of  M.

3. Embedding Heegaard diagrams. The following result, due essentially to

Moise (see [2, Theorem 8] and the references cited there), does provide a neces-

sary and sufficient condition for simple-connectivity:

Let \H; if,, ... , w  \ be a Heegaard diagram jor the closed 3-manifold M.

M  is simply connected if and only if there is an embedding cp : H —'S    with the

4>iw )  bounding disjoint surfaces in Si - cf>itl).

However, it is unlikely that this condition could ever be easily checked.   If

one is after a usable criterion it is natural to consider slightly weaker embedding

properties.   For example, Haken has described an algorithm which completely de-

cides the following question [2, §2Cj:

Given a Heegaard diagram \H; w.,..., w  \ for a closed 3-manifold M,  is

there an embedding  cp : H —* S    with each ct>iw.) homologous to zero in  S   - cpihl)?

A necessary and sufficient condition for the existence of such an embedding

was found.   Checking it in any particular case involves an easy computation in

terms of the intersection numbers of the Heegaard curves with the curves of a

meridian-longitude system for  H.    Because of Moise's theorem one would expect

that this algorithm would provide at least a partial test for simple-connectivity. If

n,(M) were trivial then certainly such an embedding would exist; presumably, if
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M were not simply-connected, it might not.   It turns out, however, that all homology

3-spheres have this embedding property:

Theorem 1.   Let \H; w., • • • , w  \ be a Heegaard diagram for a closed 3-mani-

fold M.    Then there is an embedding cp : H —> S    with each q>iw.) homologous to

zero in S3 - cp(fi) if and only if H¿M) = (O).

Proof.   To prove that  Hj(M) = (O) implies the embedding property we use the

"meridian-longitude theorem" of Papakyriakopoulos [7, Theorem 32.31«   This pro-

vides a cutting  \D., • • • , D   \ fot  H and transverse longitudes   /,,•••,/    on  dH,

with each  /. homologous to zero in  M — H.

We also need the following:

Lemma.   Suppose  M  is a homology 3-sphere, H C M a genus n handlebody,

and x., • • • , x    are independent simple closed curves on  dH each homologous to
o   n

zero in M - H.    Let x. e H,((9W) denote the class of x. (with some fixed orienta-
Z 1 Q Z

tion), a denote the inclusion dH C M — H, and [F,, ■ • • , F  ] denote the subgroup

of Hx(dH) generated by F., • • • , F .    Then [Fj, • • • , F ] = ker (a.,.).

By assumption  [x,, • ■ • , F ] C ker (ot^);  we prove the opposite inclusion.

Choose disjoint simple closed curves  y,,...,y    on  dH suchthat \x x, • ■ ■ ,x   ,

y., •.. ,~y   \  is a basis for  H^idH).   Since  a^ is onto and aAx) = 0 for each  z,

a^iy ), • • • , a-Ay ) generate  Wj(/M - H) = Z © • • • © Z  (72 summands).   Any set of

72 generators for this group is a basis.   Hence if   x = 2 a F. + 2 b .y~. is in keriot^),

so that  0 = a^(x) = 2 b .a^y •), then we must have each  b ■ = 0.   Thus  ker (a^) C

[Fj, ... , F ] and the lemma is proved.

Here we apply the lemma to the systems  \w¡, ••• , w  \ and {/,, ••• ,1A to

obtain

(1) Lw..w ] = ker(aj= [/".,•••, T]CH,(dH).
L n v 1 77 1

Now, there z's a homeomorphism cp : H —> H   of H onto a "standard" genus  72

handlebody   H  CSi, taking the  D-   to cutting discs   D.   fot H   and taking the   /.

to curves bounding discs in  Si - H.    Then, if ex     denotes the inclusion  dH C

S3 - H', we have  [<pAl ,), • • • , <f>Al)] = ker (a^ ).   But, because of (1)

[cp^iwA., • •• , dj^iw )] = [cp^il^), ••• , d>A¡ )]'   ^n particular, each qAw .) is homol-

ogous to zero in Si - H , as desired.

We use the lemma again to prove the converse:   Suppose that there is an em-

bedding cbiH) = f/' C P with each q>iw.) homologous to zero in S3 - H•   From the

exactness of the Mayer-Vietoris sequence

0 — Hx(dH') -fH^-H') ®HA\H') —0
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we see  that  f/,((9H') = ker(a^) © ker(ßfjA.   As above, this means, for any cutting

{Dv ... ,DJ of H,

HxidH' ) a [<f>Awx),... , cßAwA © C^Gäj), - - - , <p^Un)]

(where   ttz . = dD .).   This is preserved by  <p-  Lu';  hence, in  M,

H.idH)= [w  , ••• , zz/  ] © [ttz., ••• , ttz  ] = ker(aj ©ker(fí  ).
1 1 Tí L fj -t- '     ^

It follows (using the Mayer-Vietoris sequence in  M analogous to the one above)

that  HtiM)= (0).

At this point a natural way to proceed is to try to use more of the strength of

Moise's theorem.   If we do not demand too much, we may still get an effective

test.   We examine one possibility in the temainder of this section.

Let  \H; Wj, • • • , w   i be a Heegaard diagram of a closed 3-manifold  M  and

let iff : H —> S¡  be an embedding.   Denote the image of xfi by  H' and let a denote

the inclusion  dH C S-1 - H.   Each of the simple closed curves  ifriw .) determines

a conjugacy class   Cilf/w¿) C II,((?'/').   Let  G denote  1^(5    - H') and  G    the pth

term of the lower central series of  G,  defined inductively by

G, = G,    G   a [G, G     ,].
1 P p -I

Definition.   We say that ip is a p-embedding of \H; w.,..., w   i  if, for each

z,  we have

aACtyw.)) C Gp.

Thus we have a sequence of successively stronger embedding properties of

Heegaard diagrams.   Note that Theorem 1 says that any Heegaard diagram of a

homology 3-sphere admits a 2-embedding into  S .   Moise's theorem implies that

the diagram of a simply connected manifold admits a p-embedding into  S    for any

p.   Beyond this we have only the following partial result:

Theorem 2.   For each integer p > 2  there exists a Heegaard diagram of a

non-simply-connected homology 3-sphere  M    which admits a p-embedding into S  .

We construct  M    by removing and replacing a regular neighborhood  Mik) of a

knotted simple closed curve  k in  S  .   The resulting manifold depends only on the

image of the meridian of Mik) under the attaching homeomorphism  dMik) —>

diS   — mik)).   It this surgery curve is not homotopic to the original meridian, this

process is called an elementary surgery (along k) on  S     [lj.   We first describe a

method for constructing a Heegaard diagram for any homology 3-sphere obtained by

elementary surgery on S   .

Heegaard diagrams for manifolds obtained by elementary surgery.    Compare

[3], [4].   Suppose the homology 3-sphere  M  is obtained from $    by an elementary
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surgery along the knot k C S . We first place k on the boundary of an unknotted

handlebody H C S , so that it is homologous to zero in the complement of H. We

can do this for any given knot type, for example, as illustrated in Figure 1.

(a) (b)
Figure 1

In (a) we have  k projected onto the boundaty of a 3-cell; in (b) we add handles to

accomodate the over-crossings and "twists" about the handles to make   k homolo-

gous to zero in the complement.

Now let A   be the union of a disc   D and an interval   / as shown in Figure 2.

We can embed  A x S    into  H so that A x S    O dH = \a\ x S    = k.   The centerline

k   of D x S    has the same knot type as  k does, so we can obtain  M by removing

D x S    and replacing it differently.   In terms of the (somehow oriented) coordinate

circles  ttz = dD x \0\,   1 = \b\ x S    the surgery curve must have the form  m + ql

iq £ Z), because  H AM) was assumed to be trivial.

Figure 2
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But there is a homeomorphism  cp of H — (D x S   )   onto itself, taking any such

simple closed curve onto ztz.   We obtain  f/> by simply cutting H — (D x S  ) along

the annulus  1 xS   ,  "untwisting" the  q  longitudinal windings of the given curve,

and reattaching.

Finally, let  Zj , ■ • • , /    be the boundaries of the discs of a cutting for S    — H

and let w, , • • • , w    be the images of these curves under  <p\.   Then  \H;w.,- •• ,w \

is the Heegaard diagram of a closed 3-manifold, say  M .   Since  cpil.) = w ., cf> ex-

tends to a homeomorphism  çS    of S    — ÍD x S   ) onto  M   — (D x S   ).   But  <p    car-

ries the surgery curve onto the original meridian; hence there is a further extension

to a homeomorphism of M  onto M .   It follows that  \H; w.,•■■, w   ! is the desired

Heegaard diagram of M.

Construction of M •    We construct a Heegaard diagram for  M    and the desired

p-embedding simultaneously.

ip = 3) We start with a trefoil knot k2  on an unknotted handlebody of genus 3,

as shown in Figure 3(a).   If we add another handle to  provide for the link, we can

place the "double"  &,   of k2  on the resulting handlebody  H ,   (see Figure 3(b)).

If we read along  zs,   from the point  * in the direction indicated by the arrow, then,
T O

in terms of the generators a, b, c, d of G = IljíS3 —H4) shown, we obtain the fol-

lowing expression for k   :
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AI3   is defined to be the tesult of a 1-1   surgery along k,   (that is, the surgery

curve is a 1-1 curve in terms of the coordinate circles (ttz, l) of our general con-

struction above).   The Heegaard curves  10      • • • , w,  for the diagram obtained are

the images under the twisting homeomorphism of the canonical longitudes  /.,••. ,

/4  shown in Figure 3(b).   Hence, we consider  F4  as it is already embedded in S3.

Expressed in terms of   a, b, c, d,  the  w . are products of conjugates of w  and

1 \ }      °
w~ .   Thus, if a denotes the inclusion  dHA C S¡ - 1¡A,  we have  a*(C(w Af) C G,  for

each  i,  as desired.

ip > 3) To get MA we simply repeat the above construction with  k,   in place

of k2.   M     is then defined by the obvious induction.

Finally, we note that none of the  M   's is simply connected, since each was

constructed by elementary surgery along an iterated double of the trefoil, and all

doubled knots are known [5J to have property  P   (a knot  zeÇZS    is said to have prop-

erty  P  if no simply-connected manifold can be obtained by elementary surgery

along  k).

If we define (p)-embedding analogously, replacing  G    with the  pth derived

subgroup G(p' of G:

G(0)=G,      G<P),[G(P~1\ G(P-%

we have the corresponding result:

For each  p > 0 there is a non-simply-connected homology 3-sphere  M,   , with

a Heegaard diagram which admits a (p)-embedding into S   .

The construction is similar to the one above.   We start with the trefoil of Fig-

ure 3(a); instead of doubling we compose two identical copies as illustrated in

Figure 4.    The resulting simple closed curve is  k/^)-   ^ ^  denotes the fundamen-

tal gtoup of the complement of the genus-6 handlebody, embedded as shown, then

Cik.A C G     .   It follows that any Heegaard diagram obtained by applying our gen-

eral construction to  ze. .  is automatically  (2)-embedded.   Hence we can take  M,2.

to be the result of a 1-1 surgery along k,2..

We obtain k. .   and  M, , by repeating this with k,     „  in place of the trefoil

knot.

Again each  M. .  is non-simply-connected because each  k, . can be shown to

belong to a class of knots which are known to have property   P 15].

4.   Generalization of a theorem of Papakyriakopoulos.

Theorem 3.   Suppose  M  is a homology 3-sphere with Heegaard diagra

\H ; w .,■■-, w   1.   Then there is a meridian-longitude system  ,772 j, •

I, , .... I   \ for H, with each  I. homologous to w    on  dH.
1 ' '     77     ' z ° z

772

772
n
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This was proved by Papakyriakopoulos [7, Theorem 35.5] in the case that M

is simply connected. The referee has informed the author that the generalization

to homology 3-spheres has also been proved by   F. Waldhausen (1965, unpublished).

For the proof we need the following two results:

(A) A72y automorphism of the free group  F = F ia . , ■ • ■ , a )  of rank n  is a

composition of automorphisms of the following three types:

(I) a\~* a\a2     ai^"ai k'^  ^'

(II) a, —> a . a . —» a,    a. —» a .       ii ¿  I, j),
v     ' 1 ; ; 1 z l '

(III) a, — z?:1       a.-* a. (ifi  I).
11 z z

(B) A?zy basis  \b. , • ■ ■ , b \ of F/F2   is the image, under the natural projec-

tion of a set of free generators \b., • • • , b  S of F.

(A) is a version of Nielsen's Theorem [6, Theorem Nl, p. 163J and (B) fol-

lows from [6, Corollary 3-5-1].

Proof of Theorem 3. By Papakyriakopoulos' "meridian-longitude theorem",

there is a meridian-longitude system  !ttz' , • • ■  , ttz'^, l^, ■ ■ - , I \    for  H C M  with
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o

each  (\ ~ 0 in  M - H.   There is an  embedding  çù:   H —> S     so that the complement

of  CùiH) = H    in 5     is a handlebody, and taking the given meridian-longitude sys-

tem onto the "standard" system for H .   By the lemma of the preceding section,

each  q^iw .) is homologous to zero in S    — H .   If we can find a new meridian-longi-

tude system  Wl, • • • , m , Zj , • • • , /  Î for  H' C S3  with  /. ~ <p(tzz.) on  dH',  then

the preimage under  cf> of this system is the one required for H C M.

So, we assume that H CS', that [m. , « • • , m', I.', ■ ■ - , I' \ is the "standard"

meridian-longitude system, and that w. ~ 0 in S — H. We show, in fact, that there

is a meridian-longitude system  Ittz. , • ■ • , ttz   , /j ,•••,/   I  for  H with
T O

(1 ) /. homotopic to zero   (/ .  =! 0) in S   — ft, and

(2)  /. ~ w. on  dtf.
v    '      z I

We first establish some notation.   Let  a  and  ß denote the inclusions

dH C S3 - H, dH C H, respectively.   The  ttz'  bound disjoint properly embedded

discs D . C H, which form a cutting for H and therefore determine a basis

!«,, • • •  , a   I  for  n,(z7), which we now fix for the remainder of the argument.   We

identify  IL ÍH) with  F(ö , , • • • , a   ).

A simple closed curve  s   on  dH determines a conjugacy class  Cis) in  IL (H);

as words in the  a .,  the elements of this class are exactly the conjugates of any

given "reading" of s   with respect to the   ttz..   Also,  s  determines elements  s   of

H¡((9f) and   j8+(s ) of  HliH).   In terms of the generators  aj, • • • , ¡F    of z7j(tf)

corresponding to fl ,,•■•, a   ,  jS^s") is just the abelianized reading of s.

Finally, if g is any element of Il^F) (that is, any word in the a I), let g de-

note the corresponding element of HAH) (under the natural homomorphism:    a^af).

Now, r/S^MZ,), •• • , ßjAJ )\ is a basis for rYj(H). By (B) there are generators

g,, ••• , gn  of  IljiH) with

g.«/3„(«Z.) (Z-=1,...,7Z).

We claim that

(*) For any set   lg,> ■•• ,g   ! of generators of Il^H), there are canonical

longitudes  I  , • • ■ , I    on  dH satisfying

(1) /. at 0 272 S3 -H, and

(2) ßJQ-gr
By (A), the  g . may be obtained from a., • • • , a     by a finite sequence of

Nielsen transformations.   Hence, by induction on the length of this sequence, it is

enough to prove   (*) for the result of a single Nielsen transformation.

Hence, suppose that  (?.,•••  , b     are generators of  IIj(H),  that we have  ca-

nonical longitudes  k^, •■• , k     on  dH  satisfying

(1) /.  ^0inS3-H, and

(2) ¿aT) = ̂ ,
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and that gp • • , gn are obtained from ¿>j, ••• , b by a single Nielsen transfor-

mation

Case 1°. (gj =èlC>2,g2=r72,... ,g„=è„).

By assumption there are disjoint properly embedded discs E ,,•■-, E in H,

transverse to k,,•■-, k   .   Since  k, U • • • \J k    <J dE, U  ■ • • U dE     does not
1 ' 72 1 n 1 rz

separate   dH, there is an arc   y from kl  to z«2  whose interior misses this set.   A

small regular neighborhood in  dH  of k^ u y U z£2  has three boundary components,

two of them isotopic to k^  resp. k2.   Since we can join either side of k2  with a

given side of k^,  it can be arranged that the remaining boundary component (ap-

propriately oriented) has a reading, with respect to the original ttz . ,  which is a prod-

uct of a conjugate of the reading of k^   and a conjugate of the reading of  k .  De-

note this oriented simple closed curve by  /  .   Then the system

C,z—  /£,•••,/      =72
12 2 n n

satisfies 2.   It remains to be seen that the   /. are canonical longitudes for  H,

homotopic  to zero in the complement.

Figure 5

For the former we construct a cutting  F, , • • •  , F    for  H, transverse to the

I-,  as follows.   Let  8 be one of the subarcs of  /j   joining Fj   to  E -.   Let N  be

a small regular neighborhood in  H  of E . U <5 UE,.   The closure of one of the

components of  dN Cl H  is a disc,   F2,  disjoint from  /*,   and transverse to  ¡2  (see

Figure 5).   The system

I*  F2'  Fl
EV , P.

is then the required cutting.

3       °
For the latter, note that since  k.   and  ze?  both bound discs in S    —H,  so

•   ■       • 3       °
does   /..   The remaining longitudes were assumed to be trivial in S    -H.
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Cases 2   and 3 ■   For the Nielsen transformation of type II we simply relabel

the given longitudes; for the one of type III just change the orientation of k..

The theorem now follows:   Since the  /. are canonical longitudes, there is a

transverse meridian system  Ittz., • • • , ttz   \.   We have arranged that

ßA$ = It = ßAw.).

Since   /. ~ 0 in  S   — H, we also have  aAl.) = 0 = a Aw .).   But, just as in the
l ' *     z *       t

proof of Theorem 1, we see that  keria^) Cl ketiß^) = (0), so the two preceding

equalities give us   /. ~ w    on  dH as required.
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