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ABSTRACT. Let B be a real separable Banach space, and let » be a prob-
ability measure on 8(B), the Borel sets of B. The characteristic functional
(Fourier transform) ¢ of u, defined by ¢(y) :fB exp{i(y, 2} du(x) for y € B*
(the topological dual of B), uniquely determines w.

In order to determine u on B(B), it suffices to obtain the value of
fBG(s) du(s) for every real-valued bounded continuous function G on B. Hence
an inversion formula for 4 in terms of ¢ is obtained if one can uniquely deter-
mine the value of fBG(s) du(s) for all real-valued bounded continuous func-
tions G on B in terms of ¢ and G. The main efforts of this paper will be to
prove such inversion formulae of various types.

For the Orlicz space E_ of real sequences we establish inversion formulae
(Main Theorem II) which properly generalize the work of L. Gross and derive as
a corollary the extension of the Main Theorem of L. Gross to E  spaces (Corol-
lary 2.2.12).

In PartI we prove a theorem (Main Theorem I) which is Banach space gener-
alization of the Main Theorem of L. Gross by reinterpreting his necessary and
sufficiént conditions in terms of convergence of Gaussian measures.

Finally, in Part IIl we assume our Banach space to have a shrinking
Schauder basis to prove inversion formulae (Main Theorem III) which express
the measure directly in terms of ¢ and G without the use of extension of ¢ as
required in the Main Theorems I and II. Furthermore this can be achieved with-
out using the Lévy Continuity Theorem and we hope that one can use this

theorem to obtain a direct proof of the Lévy Continuity Theorem.

0. Introduction. Let (B, || *||5) be a real Banach space with Schauder basis
{bni. Let B(B) denote the Borel sets of B, that is, the o-field generated by the
!open sets. The characteristic functional (Fourier transform) ¢ of a probability
measure g on B(B) defined by ¢ly) = Jgexp lily, x)}dulx) for y € B* (the topo-

logical dual space of B) uniquely determines p.
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144 G. GHARAGOZ HAMEDANI AND V. MANDREKAR

In order to determine p on B(B), it suffices to obtain the value of
JpG(s)duls) for every real-valued bounded continuous function G on B. Hence
an inversion formula for p in terms of ¢ is obtained if one can uniquely deter-
mine the value of fBG(s)d;L(s) for all real-valued bounded continuous functions
G on B interms of ¢ and G. The main effort of this paper will be to prove such
inversion formulae of various type for different Banach spaces B. The Main
Theorems I, II, III give inversion formulae which express fBG(s)dp(s) in terms of
¢ and G.

In case B is a real separable Hilbert space the following Inversion Formula
was proved by L. Gross [7, Theorem 4}.

Theorem. Let A be a Hilbert-Schmidt operator with dense range on a real
separable Hilbert space H. Let p be a probability measure on H and f(t), a
positive admissible function on (0, «). Let h(t) be a positive function on (0, =)
and denote by v the measure n °©A~' where n is the canonical normal distribu-
tion on H. Let ¢ be the characteristic functional of p and denote by C, the
positive square root of I + t2((t)2AA™. Let E, denote expectation with respect
to the canonical normal distribution. In order for the inversion formula

o) Jiy 6()dpts)

- lim Do)der C)E {l6y)™ (Jy 6Uespl- /s, ) aix)) "}

t— 00
to hold for all real-valued bounded continuous functions G the following two con-

ditions are necessary and sufficient:

0.2) /(t)ztrace (C: 2AA¥) = 0 as t — oo.

(0.3) The measures b(t)exp [~ t2}|C:15||2/2]dp(s) converge weakly to pas t-oo.

Furthermore if (0.2) and (0.3) hold then (0.1) also holds for any bounded measur-

able function G which is strongly continuous almost everywhere with respect to k.

The condition (0.3) of L. Gross although valid for Hilbert space seems to
depend heavily on the symmetry structure of the space. We reinterpret this condi-
tion for a general Banach space in terms of convergence of certain Gaussian
measures. In terms of this reinterpretation the theorem can then be extended
to a Banach space with Schauder basis as follows. Using the fact that
B has a Schauder basis, we can, following ideas of J. Kuelbs [12], imbed
B measurably in a real separable Hilbert space H,, whose norm is weaker than
the Banach norm || * "B We then treat the probability measure pu on B as a

probability measure on d,. This enables us to get the necessary and sufficient
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conditions for the inversion of p regarded as a measure on H, using essentially
ideas of L. Gross [7}. However this method allows one to obtain such a formula
only for G bounded and continuous on H,, which is a proper subclass of the G’s
required. To circumvent the problem we have to use essentially the notion of A-
family introduced by J. Kuelbs and V. Mandrekar [13], which exhibits the detailed
structure of the probability measure p on H, which is actually supported on B.
In Part I, such an inversion formula is obtained for any Banach space with
Schauder basis.

Our initial objective in Part II is to prove a theorem which generalizes Theorem
4 of L. Gross [7] in his form. For this purpose we will need to restrict ourselves
to Orlicz space E , of real sequences since in this case the form of the character-
istic functional of a Gaussian measure is known (see [13]). We further assume
that the function a(*) associated with E ; possesses a particular property rela-
tive to one-dimensional Gaussian measures to obtain an analytic condition for the
inversion formulae and we also give a precise generalization of the main inversion
formulae of L. Gross [7, Theorem 4] to Orlicz spaces of real sequences.

Finally, in the third part we let (B, | *||g) be real Banach space with shrink-
ing Schauder basis {bn}. Since {bn} is shrinking, the coordinate functionals on
B form a basis for B*, and hence we may consider B* as a Botel measurable
subset of I, the vector space of all sequences of real numbers with topology of
coordinatewise convergence. Also we shall let n be the canonical normal distrib-
bution on H, so that, for each x € H,, n(x) is a random variable on B¥, and let
P, be the countably additive cylinder set measure on B* induced by the above
family. Then we shall prove a theorem (Main Theorem III) which gives a class of
inversion formulae different from that of the Main Theorem I. In Main Theorem I we
have an extension of the characteristic functional to /, whereas in the Main
Theorem III we. have no extension of the characteristic functional. Furthermore,
since fbn} is shrinking, it is possible to prove the theorem without using the Lévy
Continuity Theorem and we hope that one might be able to use this theorem to

obtain a proof for the Lévy Continuity Theorem.

I. INVERSION FORMULAE OF THE CHARACTERISTIC FUNCTIONAL OF A
PROBABILITY MEASURE ON BANACH SPACES WITH A SCHAUDER BASIS

1. In this section we present for the sake of completeness some standard con-
cepts and definitions. For further details the reader is referred to (71, [1] and [16]).
1.1.1. Definition. (a) Let S be a complete separable metric space and let
M be the space of positive finite measures defined on the o-field generated by the
open subsets of S. A sequence p  of measures in M is said to converge weakly
to a measure p in M if Jsfdp, — [¢fdp for every bounded continuous function

f on S. We will denote this convergence by uni ue If {;tt: t €(0,0)} is a
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family of measures in M, then we say ®, LA | as t — oo, if for any sequence
{tn§ approaching infinity, ;lnl» e

(b) A sequence p  of measures in M is said to be conditionally compact
(tight), if for every € > 0 there exists a compact set K€ in S such that pn(Kf) >
1 - ¢ for all n.

1.1.2. Definition. Let (Q, F, P) be a probability space and let X be a ran-
dom variable on ) taking values in S. Then X is said to be distributed as v if
v=PoX~L A family of S-valued random variables {Xt: t € (0, =)} is said to
converge in distribution to an S-valued random variable X as t — o if P OXt'l
Lp °oX~! as t — =. We will denote this convergence by X, 3, X as t — oo,

The following definitions are due to I. Segal and are taken here from [7].

1.1.3. Definition. A weak distribution on a topological linear space L is an
equivalence class of linear mappings F on the (topological) dual space L* to
real-valued random variables on a probability space (depending on F) where two
such mappings F, and F, are equivalent if for every finite set of vectors
Yt sy in L™ the sets {Fi(yl), ceey Fi(yk)§ have the same distribution in
Euclidean space R* for i =1 or 2.

1.1.4. Definition. (a) A weak distribution m on a Banach space B is said to
be continuous if, for any sequence(3) {y,} C BY, “yk”B* — 0 implies m(y,) con-
verges to zero in probability.

(b) A weak distribution m on a topological linear space L is a measure if
there exists a probability measure p defined on the o-field S generated by weakly
open subsets of L such that the identity map on L*isa representative of m.

1.1.5. Definition. If m is a weak distribution on a locally convex topological
linear space L and A is a continuous linear operator on L with adjoint A¥, then
the weak distribution y — m(A *y) will be denoted by m oA~

1.1.6. Definition. A measure p on a locally convex topological linear space
L is defined to be Gaussian if, for every continuous linear functional T on L,
T(x) has a Gaussian distribution. p is called Gaussian with mean zero if, in
addition, T(x) has mean zero for every T.

1.1.7. Remarks. (a) One special example of a weak distribution on a real
separable Hilbert space H is the canonical normal distribution (with variance
parameter one). This weak distribution is that unique weak distribution which
assigns to each vector y in H* a normally distributed random variable with mean
zero and variance |y|2. It follows from the preceding property that the canonical
normal distribution carries orthogonal vectors into independent random variables

[7, p. 4). It is known that some of the theory of integration with respect to a

(3) For y € B*, “y"B* =Sup"x”le Iy(x)l (see, e.g., [18, p. 1601).
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measure can also be carried out with respect to a weak distribution. For details
we refer the reader to [9] and the bibliography given there.

(b) By Corollary 3.2 of [7], if m is a continuous weak distribution on a real
separable Hilbert space H and A is a Hilbert-Schmidt operator, then m oA"l s
a measure on H. Hence n ©A~! is a measure on H if n is the canonical normal
distribution on H, since in this case n is clearly a continuous weak distribution
on H. We will use the same notation, namely, n oA~ for the weak distribution
noA~Y and its corresponding probability measure p (see Definition 1.1.4).

1.1.8. Definition. The characteristic functional (Fourier transform) of a prob-
ability measure p on the Borel subsets of a linear topological space L is the

function ¢(*) on L™ (the topological dual of L) given by

Ply) = J; explily, x){dulx) for each y € L%

We shall also need the following definition from [20, p. 190].

1.1.9. Definition. An operator from a real separable Hilbert space H into H,
which is linear, symmetric, nonnegative, compact, and has finite trace is called
an S-operator.

If T is an S-operator on f, then it is well known that T has the representation

(1.1.10) Tx = 2 Alx,e e
n=1

where {en¥ is some orthonormal subset of H, )\n >0, and 2:::1 A, <o

1.1.11. Definition of 7-topology. Let X be the class of all S-operators. The
7-topology on H is the smallest locally convex topology generated by the family
of seminorms p .(x) = (Tx, x)% on H as T varies through 3 [18, p. 172].

1.1.12. Definition. A tame function on a real Hilbert space H is a function
of the form f(x) = ®(Px) where P is a finite-dimensional projection on H and ®
is a Baire function on the finite-dimensional space PH.

For such a function we denote by {~ the random variable corresponding to f
as is done in [7}. It is clear that a function f on H is a tame function if and only
if there is a finite-dimensional projection P on H such that f(x) = f(Px) for all
x and such that f restricted to the finite-dimensional space PH is a Baire func-
tion. Then we note that its expectation with respect to the canonical normal dis-

tribution (with variance parameter one) is given by
~) _ —k/2 _ 2
E (™) = @02 [expl- |x]12/2)dx

when the integral exists where k is the dimension of PH and dx is Lebesgue

measure on PH. (For further details, see [7].)
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1.1.13. Remark. Let H be a real separable Hilbert space and let {P].} be any
sequence of finite-dimensional projections converging strongly to the identity
operator. If a complex-valued function f on H is uniformly continuous in the
topology 7 then hm » in Prob(f o P ) exists with respect to the canonical nor-
mal distribution and equals ~ 07, Theorem, p. 5). Now if, for each j, E [(/ OP) ]
exists and if hm’_mEn[(/ o P) ™1 exists then, following L. Gross [8], we say that
[ is integrable with respect to the canonical normal distribution. That is, for a

uniformly 7-continuous function f on H which is integrable we denote

(1.1.14) E (/™) =lim El(f oP)“]

j—00
2. We shall study here Banach spaces with Schauder basis. We need some
preliminary results for measures on such spaces. We start with the following
definition from [3, p. 67].
1.2.1. Definition. Let B be a Banach space. A Schauder basis {6} in B
is a sequence of elements of B such that for each x in B there is a unique se-

quence of real numbers {ai}, depending on x, such that
n

- Z ab
i=1 B

the series 2:‘;1 aibi is called the expansion of x in the basis fbi}, and the co-

lim
72400

efficient a, = B,(x) is the ith coordinate of x in the basis {b}.

Throughout this part B will denote a real Banach space with Schauder
basis {b_} such that without loss of generality e, llg=1 [3, p. 68]. We will
write the expansion of x as 2:=1 Bn(x)bn and this emphasizes that the coeffi-
cients generate coordinate functionals on B. It is clear that these coordinate
functionals are linear and it is well known that they are continuous as well [3,
p- 68). Further it is possible to assume without loss of generality [3, Theorem 1,
p. 67] that

Z B, (x)b

n=1

(1.2.2) lxll g = Sup

B

1.2.3. Definition. Let B be a Banach space with Schauder basis. Then we
say that A € I; is adequate for B if
(i) for all x € B, 7. A\, BX(x) is finite;

(ii) for all x there exists a nonnegative constant C, such that
(o)
2 2
> )\i,Bl.(x) <G llx]l -
i=1
Here [ denotes the space of bounded sequences. We note at the outset that if

B is a Hilbert space then A = (1,1,1, --+) is adequate and then C) = 1.
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1.2.4. Remarks. (a) For every Banach space with a Schauder basis, A € 1;
is adequate, since sup, |B, (x)| <K|lx| g [3, p. 68] and C, = 7., A,.

(b) If B =1, (the set of sequences x = (x}, x,, --+), with Slx P <o) (p 2 2)
then A € I* o/ 2 is adequate with C, = [|A] p

Lo/2
If A€ 10o is adequate for B then for that A we define the inner product

(1.2.5) (x,y) =2 ABLx) B,y) forall x,y in B.

i=1
Let x|, = (x, x)” then l|x||A < C)‘HxHB. Let H, be the Hilbert space obtained
by the completion of B under the norm | |,.

Upon replacing y by b, in (1.2.5) we get (x, b )= kﬂk(x) Since A, >0,
,Bk(x) is uniformly continuous in x in ||| k-topology on B, and since B is dense
in H,, Bk( ) can be extended uniquely to a continuous linear functional Bk( )

on H,. Furthermore it can easily be seen that for x,y € H,,

()= X & B,08, 6.

n=1
From (1.2.2) and the fact that 8, is a ||* | ,-continuous function on B, it
follows that HxHB is a measurable function in || - ||A-topology, and hence B is a

Il - ||A-measurable subset of H,. Therefore if p is a measure on B, it can be re-
garded as a measure on H, via wA) = p(A NB) forall A € fB(H)

Let v be a Gaussian measure with mean zero on (B, B(B)). Then by argument
similar to Lemma 2.2 of [12], v is a Gaussian measure on H,, and therefore there
exists a nonnegative, symmetric trace class operator (that is, an S-operator) T,

on H) such that

(Tt 2y, = f 00 avty)

for x € H,, and that v is uniquely determined on H, by the operator T,,. These
results are well known and appear, for example, in [20). Furthermore, T, has

the representation (1.1.10), that is,

(1.2.6) T,0) =3 n,(,8,)k,
k=1

on H, where {gki is an orthonormal sequence in H, and 7, >0, Ek My < oo
1.2.7. Remarks. (a) Since B is separable, B(B) is the same as o-field gen-
erated by the weakly open sets and the latter one is the same as o-field generated
by the field of the cylinder sets.
(b) Since T, is an S-operator, T? is a Hilbert-Schmidt operator on H,, and

-y . . .
hence n OTV/2 is a measure on Hy. But T uniquely determines v, so by
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Definition 1.1.4, v is the probability measure on H, corresponding to the weak
distribution 7 o T} %,

(c) Since n OT;%(B) =1 and | ”B is | “Ameasurable, we get that n © T:%
is a countably additive probability measure on B.

The following ideas are given in [13].

1.2.8. Definition. If A € l; and lp:t € Al is a family of probability measures
on B such that .

K, x € B: Z )\n,BZ(x)<oo =1

n=1

for each t € A we say A is sufficient for the family {yl: t €Al

Every A adequate for B in I:o is sufficient for any family of probability
measures on B.

1.2.9. Definition. A family of probability measures {u,:t € A} on B is a
A-family for some A € l; if A is sufficient for {ut: t € A} and for every €, 6> 0

there is a sequence {GN} such that

g, {x € B: > )\nﬁi(x)<8$>l—e
n=N+1
implies

> B,

<k(8)$ >1-(e+ eN) for all ¢
ﬂ=N+1 B

p.l;xeB:

where limy €y =0 and & is a strictly increasing continuous function on [0, )
with £(0) = 0.

A family of probability measures {pt: t € (0, =)} on B is said to be a A-family
as t — oo, if for any sequence {tn} approaching infinity, the family {ytn: n=1,
2, «+-}is a A-family.

It is quite clear that any family of probability measures on a real separable
Hilbert space is a A-family with A=(1, 1, -+) and k(&) = §".

For x € B, N=1,2,..., we define

N 00
Pyr=3 B, Q= 2 Bk,
k=1

k=N+1

and for y € B N=1, 2, -+, we define
N
l,z:l

1.2.10. Definition. If fyt: t € A} is a family of probability measures on B
and A € 1; then we say the family of c.f.’s {qS/_L l('): t € A} is A-continuous at
zero in BY if
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(i) for every integer N the family {q’> ( ):t € A} are equicontinuous at
zero in P (B ), and
(ii) th Sup, lim, ]N (1 -Re o, ( )] = 0 where
Tyl = LPNWPMB* [+ &\, B, dy)
and (f)‘(N, k, *) is the Gaussian product measure on (PN+le - PN)B* with each

coordinate y(bl.), N +1<i <N +k, Gaussian with mean zero and variance A.

1.2.11. Lemma. Let B be a Banach space with a Schauder basis and suppose
(1) r e l;, and is adequate for B;
(ii) {p: ¢ € (0, o)} is a A-family as t — oo of probability measures on B;
(iii) p, LA p on Hy as t — o where p is a probability measure on B.
Then p.t!—*y on B as t — oo,

Proof. Let {tn} be a sequence in (0, =) such that t, —o as n —oo. Then
(iii) implies that He, ly on H,, that is, {ytn: n=1,2 .-} is compact on H,.
Since {ut :n=1,2, ...} is compact on Hy and P, is continuous it follows that

n
{”t,, °P;,1: n=1,2,--+} is compact on Hy forall N=1,2,---, which is equiv-
alent to saying iyt OP;,l: n=1,2,+-+} is compact on B forall N=1, 2, -+ .
n

Thus the c.f.’s {¢ _l(‘ ):n=1,2, -} are equicontinuous at zero on PN(B*)
/J'anPN
[15, Corollary 2, p. 193] and since

® -1y) = ¢

Ke,0 Py (Pyy)

P-[n

the equicontinuity at zero on PN(B*) of {1,75#! (*)in=1,2,---} follows. Hence
n

condition (i) in Definition 1.2.10 is satisfied. Now let € be an arbitrary positive
number and choose a compact set K, in H, such that By, (K)>1-¢/2 for n=

1,2, ... With R* denoting k~d1men51onal Euclidean space, we get

In,ell = Real ¢, ()] = kafHA(l ~ cosly, My, @&, k, dy)
< kach (1 -cos(y, "))“zn(d")fx(""' k, dy) +e§

1 2 €
< 3 kafo (y, %) #tN(dx)f)\(N’ k,dy) + >

Also, Fubini’s Theorem and the evaluation of the integral with respect to

fA(N’ k, *) give

N +k
2 _ 2
ka K (y, x) uln(dx) = fKe Nzl Alxip'n(dx).
+
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Thus we have

hm]N k[I—Real ¢ (y)]( 1 Zf )\x #l (dx)+—
N +1
Since K is compact in the sequence space H,, for each € > 0 there exists an
N > N, such that sup eK‘(E;; )\lxl?) <e. This and the above inequality imply that
given € >0 there exists N, such that for N >N

sup lim In, k[l — Real qﬂt O] <e.

Thus condition (ii) of Defm1t10n 1.2.10 is satisfied, and hence {¢ C)rn=1,

2, -++} is A-continuous for A € l adequate for B. This together "with the
assumption that {,.Lt. t € (0, =)} is a A-family as ¢t —w imply [13, Lemmas 2.3,
2.4] that {”t n=1,2,...}is conditionally compact on B. Hence e, ¥, ;1
on B since {p :n=1,2,..-} is conditionally compact on B and Py, © P'l 5
pePy ! for all N =1,2, -+ [1, p. 35]. Since this is true for any sequence {t }

w1tht—»ooasn—'°cwe et LA on B ast —
n get K, ® .

3. Throughout this section we assume A € 1; and adequate for B, a Banach
space with a Schauder basis. Suppose [ is the space of all real sequences with
the topology of coordinatewise convergence and P)‘(‘) is the product probability
measure on ! such that the ith coordinate is Gaussian with mean zero and vari-
ance A, where A={A} € I:o as above. If p is a probability measure on B then
A adequate for B is sufficient for pu. For y € | we define the “‘stochastic linear

functional’’ on B in the following manner:

(y, x)¥ = hmz B (xly, = l1m Z B x)y ;.

N i1 i=1
Then as in [13, p. 119],

1.3.1. Lemma. The stochastic linear functional.

N ~
(1.3.2) (y, x)¥ = lim > By,
N ;-1
is Borel measureable on | x B and if F = {(y, x): (y, x)% exists and is finite},
then P, x u(F) = 1.

1.3.3. Definition. If p is a probability measure on the Borel subsets of B
with the c.f. ¢, we define the extended characteristic functional ¢ ( ) on I

as follows:

¢ () = fB explily, x)¥}dulx)  (yel)

following [13, p. 119]).
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Then ¢%( *) is a Borel measurable function on / which is defined almost
everywhere with respect to the measure P, . Furglermore, since each y € B*
generates the unique sequence of real numbers y ={y(6)), ---, yB,), - -} we
may consider B* as a linear subset of / under the J. Kampé de Fériet map [11,
pp- 123—127], and hence the terminology extended c.f. since,fory € B* and x € B,
(y, X = (y, x) which implies that ¢(y) = ¢N(y%).

1.3.4. Remark. Let p be a probability measure on B with c.f. ¢; then as
was shown earlier, p can be regarded as a probability measure on H,. Let ¢ be

the c.f. of p when p is regarded as a measure on H,; then
= ; xC g*
Yly) = fHA explily, x)}du(x) for all y e H¥C B*C L.

By Theorem 1 of [7, p. 7], ¥ is uniformly 7-continuous on H;, and hence by

Theorem of [7, p. 5], the random variable l/lm (that is, the Gross extension of /)

is well defined with respect to the canonical normal distribution » on H,. Fin-

ally from (1.3.2), the fact that p(B) =1, and Lemma 4.3 of [14] modified for this
L . ~ N .

situation, it follows that Y/(y) = ¢ (y) almost everywhere with respect to P,.

4. Let v be a Gaussian measure on (B, B(B)) with mean zero and A € I;
be adequate for B. Let T, be as described in Remark 1.2.7. Let f(¢) be a real-
valued function defined on (0, ) and denote by C, the positive square root of
I+ tzf(t)zTV on H,. Let p be a probability measure on (B, B(B)), and define

p,(4) = ‘.}7 fA h(t)exp[- tznct_lS“f/Z]d}t(s), A e B(B),
where b(t) is a positive function on (0, =), and
(1.4.1) a,= J, boexpl= 22lcy 52 /20 duts).

Following Gross [7], a real-valued function f(t) defined on (0, «) will be
called admissible if t f(t) — ~ as t — . We are now ready to state and prove
the Main Theorem I.

1.4.2. Main Theorem I. Let
(i) B be a Banach space with Schauder basis" {bi} and M\ € l; be adequate
for B (fixed);
(ii) p be a probability measure on (B, %(B)) with the c.f. ¢;
(iii) f(t) be a positive admissible function on (0, =), and b(t) be a positive
function on (0, );
(iv) X be a B-valued random variable distributed as v where v is a Gaussian
measure on (B, B(B)) with mean zero and the property that T, is positive-definite;
(v) Y, and Y be B-valued random variables distributed as p_and p respectively;
(vi) EP)‘ denote the integral with respect to P, on I
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Then for all real-valued, bounded, | * | g-continuous functions G on B the follow-
ing are equivalent:

@ [ G)duls) = lim b(e)det C JE

1 —00

(1.4.3) A& 0)(f, ciwmes -y, 21 o)
(b) lp,:1€(0, =) is a Afamily as t — =,

(a) /(t)CI'IX?»O ast —o

(b) Ytg"Y as t — oo,

(1.4.4)

Proof. We shall first show (1.4.3) implies (1.4.4). Let G be a real-valued,

bounded, || * || g-continuous function on B, and observe that

Ep, {qs* (ty) ( I, 6U@lexpl- itfte)y, 1™ dv(x))}

= fl< fB ity )T dy(s)) ( fB G(f()x)e — it/ D)%)~ dy(x)>} dP,(y).

it(y,s)” g=it/()(y,x) G(f(t)x) is jointly measurable since it is a

We note that e
product of a jointly measurable function of s, x and y with a It IIB-continuous
function of x namely G(f(t)x). Since it is bounded and all the measures are prob-
ability measures by Fubini’s Theorem [19, p. 140}, the Dominated Convergence

Theorem, and the definition of P, we have

E {4 00 ([ 6Uemexpl iy, M1t )

= fBJ;3 G(f()x)exp - t2||s - f(e)x|| i/z]dy(x) duls).
Now from 1.2.7(c) and the fact that u(B) = 1, it follows that the above is equal to
fH f G(f@)x)exp[- 22|s — f(t)x|| §/2] dn o T;l/’ () duls).

We note that G is II ||A-measurable (that is, measurable in the | " || A-topology)
since the norm |x|| B is el )‘-measurable and G is ||| p-continuous; and T/ isa
Hilbert-Schmidt operator on H,. Hence by Lemma 4.1 of [7] we have that the above equals

(det c )foLx (/(t)C X +s — :ZS)dn o T;%(x)b(t)exp [- tzuct_lsui/Z]d#(s).

Again from 1.2.7 (c) and the fact that p(B) = 1 we get that this is
__L_. . -1 -2 2=l 2 d '
Get C) [Lf, 600cT 'x + 5 = €7 2) b Wexpl- 27 s |13/ 2 dpls)
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We may now start with the assumption that for all real-valued, bounded, ||* HB-con-

tinuous functions G on B we have

(a) fBG(s)d/z(s) = tlig fB [IB G(/(I)Ct_lx +5 - Ct_zs)dv(x)]

(1.4.5) * bexpl-£2|C7 ‘sni/z] duls)

(b) ipt: t €(0, =)} is a A-family as t — oo,

Putting G =1 in (1.4.5)(a) we get
1 2 -1 2
1= 11_1.2 J;B h(t)exp [~ ¢ Ic; SHA/Z]dp(s).

Hence from definition of a, we have (1.4.6).

(1.4.6) 1= lima,

t—00

Using (1.4.6) we obtain

(1.4.7) IB G(s)du(s) = tl_ig: JB-‘;B C(f(t)Ct-lx + - CZ_Z)S) dv(x)dp (s)

for all real-valued, bounded, |* HB-continuous functions G on B. From (1.4.7),
it follows that

(1.4.8) vo (/(t)Ct'l)-l g, o(] - Ct‘z)‘l ¥, p onB ast —s o

Since G is bounded on B and v is a probability measure, the measure
G(f(t)x) dv(x) is a measure of bounded variation on B, and hence a measure of
bounded variation on H,. Therefore by Theorem 1 of [7, p. 7] the Fourier trans-
form of G(f(¢)x) dv(x) is uniformly r-continuous, and hence the Gross extension of
its Fourier transform is well defined [7, Theorem, p. 5). Similarly the Gross exten-
sion of the Fourier transform (c.f.) (') of u when regarding p as a measure on
(H,, 93(”')«)) is well defined. Now from Remarks 1.3.4 and 1.2.7(c), it follows that

pr{qS'“\"(ty)( [}, 6Uemexp - itf(e)y, 2 dv(x))}
(1.4.9) ~

= Ep)‘{‘/’(l)’)m<foG(/(t)x)exp[— itfeNy, x)]dn o T;Vz (x)) }
Let {P].} be a sequence of finite-dimensional projections on H, converging
strongly (that is, in || [|,-topology) to the identity operator. Then using the fact

that P].’s are continuous together with the Lebesgue Dominated Convergence
Theorem we obtain

pr{ ‘/'(ly)'”( fHAcq(t)x)exp [ itf(t)y, )dn o T % m)”}

=lin F ’,,x{«//(zpiw( IHAG(/(t)x)exp [ itf(e)XPy, )dn o T3 % (x))“}.
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Now using the fact that the integral of a tame function with respect to the product
measure P, is the same as its integral with respect to the canonical normal dis-

tribution n on H,, we get

EPA{!p(ty)“( S G RIexpl iy, 2 077 (x))”}

- tim £, fy Py ( Sy G @Iexple itfleXPy, Nl o T3 (x))“}

where by E we mean integral with respect to the canonical normal distribution
n on H,. '
From Remark 1.1.13, it follows that

;ixi En{lp(zpjy)“ < f H)‘G(f(t)x)exp (- it/()(Py, x)ldn © T;‘/? (x)> }

- En{l,b(ty)"' ( Sy, 6U@Rexp - i/, N o T3 (5 ))”} :

Hence from (1.4.9) we get

E,,A{qs* (ty)( J,, Glemlexp - itf )y, )] M:))}

1.4.10 . ~
(1.4.10) = En{¢(zy)~< fHAG(/(t)x)exp[- i)y, ) dn oT;/Z(x)) }

Now from (1.4.3)(a) and the fact that || [|,-topology is weaker than [ * || g-topology

on B we obtain

fH G(s)duls)
A
~ lim h(0)(det Cl)En{ Pley)™ ( Sy, GUORexple tf)y, 2)an 073 m)’”}

100

for all real-valued, bounded, | * ||k-continuous functions G on #,. Therefore by
Theorem 4 of [7] we have

(a) f(t)ztrace(Ct-va) — 0 as t — oo

(1.4.11) (b) the measures h(t)exp[- t? ||Ct— Is Ili /2]du(s) converge weakly

to p on Hy as t — oo.

Now (1.4.11)(a) implies [7, Corollary 3.4] that

(1.4.12) /O 'x 20 on Hy as t -,

and (1.4.11)(b) together with (1.4.6) imply (Definition 1.1.2) that

(1.4.13) Y, 3, Y on H, ast —o.
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By the assumption, {yt: t € (0, )} is a A-family as ¢t — co. This, together with
(1.4.13), satisfies the hypotheses of Lemma 1.2.11, and hence the conclusion of
the lemma which is Yz 2 Y on B as t — » gives us (1.4.4)(b).

To get (1.4.4)(a) we note that, it is easy to verify using the facts that T, is
positive-definite (and therefore T, has positive eigenvalues) and #f(t) — o as
t — oo, that C-2 converges strongly to the zero operator as t — . One need
only express ||C x" 2 in terms of an orthonormal basis in H,\ which diagonalizes

T, Hence I -C, 2 converges strongly to I, and clearly
(1.4.14) y{xéB:(l—C;'z)xn -+ x when xn—»x}=

From (1.4.14) and (1.4.4)(b), it follows [1, Theorem 5.5, p- 34] that

(1.4.15) U-C;7, 2y onB ast—w.

Let /(I)C 1X be distributed as v then (1.4.8) and (1.4.15) imply [16, Theorem
2.1, p. 58] that for any sequence ¢  approaching infinity, v, :n =1, 2, ...} is
conditionally compact on B. Now by Lemma 3.1 of [13], {V 7§ is a )\-famxly for
any A € Ioo, adequate for B. Since this is true for any sequche {tn§ approaching
infinity we conclude that {Vt: t € (0, )} is a A-family as t — o of probability
measures on (B, B(B)). From this and (1.4.12) it follows, by Lemma 1.2.11, that

f(t)C:IX 20 onB as t — oo,

which is (1.4.4)(a).

We now proceed to the proof that (1.4.4) implies (1.4.3). (1.4.4)(b) implies
(Definition 1.1.2) that, for any sequence L, = o {ut n=1,2,...} is compact,
and hence it is a A-family for any A € I oo? adequate for B [13, Lemma 3.1}. Thus
{u pite (0, <)} is a A-family as ¢t — oo, hence (1.4.3)(b) holds.

Furthermore, from (1.4.4)(b), it follows that

(1.4.16) hm at=1.

100

Let G be a real-valued, bounded, | * HB-continuous function on B, and let
B, = h(t)det Ct)EP)‘{r,ﬁ&(ty)(J;B G(f(t)x)exp [ itf()y, )] dv(x))} - fB G(s)duls).

From (1.4.16) we get

B,

i ing,
- lim - h(0)det C )E {& (ty)( I, Gomexpl- itf)ty, x)*du(x)»
z_.oo

- fB G(s)dy(S)-
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By the argument used to obtain (1.4.7) we have

A417) lim B, =lim [, [ GUOIC] ' + (= €7 D))y ) - f 6(s)dpl).

00

We note that (1.4.15) and (1.4.4)(a) imply [16, Lemma 1.1 and Theorem 1.1,
p. 571 vo (/(t)Ct_l)_l *p, ol - Ct—z)_l ¥, 4 on B as t — %, which can equiva-
lently be written as

(1.4.18) J;IB G(/(t)Ct'lx + (- c; Z)S)dv(x)dpt(s) . fB G(s)duls) as t — o

for all real-valued, bounded, || * ||B-continuous functions G on B. From (1.4.17)
and (1.4.18) we get lim,_ ﬁt = 0 which completes the proof.

1.4.19. Remark. We note that in order to obtain the above Inversion Formulae
we used the facts that B is a Banach space with a basis for which there exists
an adequate A € l;. In view of this and condition (1.2.2) we obtain that every
measurable subset of B is a measurable subset of the associated Hilbert space
Hy. We shall now consider Inversion Formulae which give exact generalizations
of the formulae due to Gross [7]. The spaces for which this can be done are E
spaces recently studied in [13]. For these spaces with Schauder basis adequacy
for A € l; can be obtained easily but (1.2.2) is not valid in general. However,

it is known [13, §7] that each measurable subset of E . isa measurable subset of H)\‘

II. INVERSION FORMULA FOR ORLICZ SPACES OF REAL SEQUENCES

1. We introduce the definition of the Orlicz space E , following [13, §6]
Let a(s) be a convex function on [0, =) such that a(0) =0, a(s) > 0 for
s > 0. Further, assume

(2.1.1) a(2s) < Mals)

for all s > 0 and some M < oo.
We define E ; as the space of all real sequences satisfying 2;’.":1 O«(xf) < oo,

Let I'(s) = a(s?), and for any sequence x = {x .} of real numbers define

lxllp = sup {20 lxpy,l: Ay, <1
Y izl i=1

where A is the complementary function of ' in the sense of Young [21, p. 77].
Then by Theorem 6.3 of [13], the space (E, | * “I‘) is homeomorphically isometric
to Orlicz space S [21]. It is a Banach space under | * "I‘ and possesses Schauder
basis {bn} where b is the vector with one as the nth coordinate and other coor-
dinates zero.

Following [13], we shall denote by E , the Hilbert space I, or an E space

where a(*) satisfies (2.1.1). We assume that CLC(‘), the complementary function
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of a(*) in the sense of Young, satisfy (2.1.1). Notice that if E ;= [, then a
natural choice for the function @ is a (s) =s. Hence aC(S) =0 on [0, 1] but
ac(s) = o for s > 1. Thus ac(') does not satisfy (2.1.1) when E = lz and this
is a special case which is easily handled.

We will let S, S, denote the Orlicz spaces given by a(*) and a (') re-
spectively. Then the dual space of S, can be identified as Sa , and since a ( )
also satisfies (2.1.1), except when E = 12’ it follows that the dual of S, o is S
[21, p. 150]. In view of Young’s Inequality we obtain that A € S;c is adequate
for E

For each vector A = ()\1, Ay eee) € S we define the space H, as all
sequences X = (xl, Xy .+) such that Ew )\x < oo, Then H, is a Hilbert space
with |z, = (272, A xz)/ and the inner product (x y) = L Ax . Inthe
special case Ea— l2 we have S"*c =1_ and for s1mp11c1ty we take )\ =(1,1, )
Then H, =1, and we shall assume without loss of generality that als) = s.

The following lemma is proved in [13, p. 136].

2.1.2. Lemma. E , is a Borel subset of H, for each A € S; . Furthermore,
c

every Borel subset of E ,is a Borel subset of H,.

We note that from Lemma 2.1.2, every probability measure p on E  can be
regarded as a probability measure on H,. Furthermore every countably additive
measure on H, is countably additive on E ,

We use the fact that every linear operator on E’; into E , can be represented
as an infinite-dimensional matrix to give the following definition.

2.1.3. Definition. A linear operator from E:_ into E , is an a-operator if the

matrix of the operator, {ll.].f, is symmetric, nonnegative-definite with 22, alz. ) <eo.

2.1.4. Lemma. Let T be an infinite-dimensional matrix {t, } such that T is
symmetric, nonnegative-definite and Zl -1 a(t ) <o, Then T defmed for y € E , by

(Ty), =3 /i].y(b].)
j=1
is an Q-operator on E into E

Proof. Here {bn} is the basis for E , mentioned earlier. Clearly T is linear,
and the proof will be completed as soon as we show T is well defined, that is,

Ty € E , for each y € E . Since T is symmetric, nonnegative-definite, it follows that

[(Ty),] <Z le; 1y )] < Z the% ly(6 )| = t'/ZZt/2 ly ()|

ii"jj
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By assumption Z a[(t‘/2 - 2°° OL(t ) is finite, hence {l]/;} € E, But

y € E* ft/} €E, 1mply [21 Theorem 3 p 82], that 2 t/ |y(b )] = A < oo,
Hence I(Ty) | < <A t/2 Since a(*) is increasing we get a(l(Ty) |2) < ofA? t; )
Now using the fact that al*) satisfies (2.1.1), for some k finite, a(A? tii) 5
Mka(tl.i). Therefore

o 0
> a(|(Ty),|?) < M* )3 al; ) < o,
i=1 i=1
which implies that Ty € E ;, and hence the proof is completed.
We know (Lemma 2.1.2) that E  is a Borel subset of H) and the | llr-topology
is stronger than | * || a-topology on E ;. Hence it follows that H: is a subset of
E*

o+ We now identify H: with H, and prove the following lemma.

2.1.5. Lemma. Every a-operator T on E’; is a trace class operator on H,.

Proof. Since T is an a-operator on E’y we get 2%, alt;;) <e which implies
{tii} € S, and since A= {)\ii ESaC it foll ows [21, Theorem 3, p. 82] that
3%, A,t,; is finite. Observe that trace, T = 2%, A\t,;, which is finite, hence
T is a trace class operator on H,.

2.1.6. Remark. Let T be an @-operator on E’; corresponding to a Gaussian
measure v on E (13, Theorem 5.2). Then T is a nonnegative, symmetric trace-
class operator on H'A (Lemma 2.1.5). Hence T% is a Hilbert-Schmidt operator on
H, and this implies (Remark 1.1.7(b)), v=no° T™% isa probability measure on
H) where n is the canonical normal distribution on H,. Furthermore the form of
the c.f.’s of 7 © T~ and v [13, Theorem 5.2] gives that the probability measure
noT™% is countably additive on (Ea, B(E a)).

2. In this section we prove a theorem which gives a class of inversion formulae
for a probability measure on the space E , extending some work of L. Gross in [71.

Let P)\(.) be the product probability measure on I, the space of all real
sequences with topology of coordinate convergence, such that the ith coordinate is
Gaussian with mean zero and variance A, where A = {)\ e + . Each A € S
adequate for E j and for y € | we defme the * stochastlc lmear functional’’ o

E , in the following manner:

a
N
s .
(2.2.1) (y, )~ = lganiyl.
i:l
The stochastic linear functional ()', x) = lim, E:‘J:l x,y; is Borel measurable

on I xE, and P x y{(y, x): (y, x) exists and is finite} =
Now let T be an Q-operator on Et, then by Lemma 2.1.5, T is a trace class

operator on H,. Denote by C, the positive square root of I + 12/(1)27' on H,
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where f(¢) is a positive admissible function on (0, =) [17, Theorem, p. 265}. Let
p be a probability measure on (E,, B(E 2)» and define

u,(4) =?fl? fA bWexpl- 2[C 152 /2)duts), A e BE,),
where h(t) is a positive function on (0, =), and
a, = fEa b(Dexpl- 12| Cy 1|2 /20 dpls).

From Main Theorem I, we obtain

2.2.2. Main Theorem II. Let
(i) E, beasin §2.2and A€ S}, ;
(ii) p be a probability measure on' (E o BE D)) with c.f. ¢;
(iii) f(t) be a positive admissible function on (0, ), and h(t) be a positive
function on (0, );
(iv) T be a positive-definite a-operator on E’:;

(v) X be an E jvalued random variable distributed as v =n © T-%

where n
is the canonical normal distribution on H,;

(vi) Yz and Y be E rvalued random variables distributed as K, and p
respectively;

(vii) Ep denote the integral with respect to Py, on L

Then for all real-valued, bounded, |* ||r-continuous functions G on E , the

following are equivalent:

@ [ Gls)dpls) = lim )des C )y Ep,
2.2.3) . {gﬁ ([, GUmexpl- itf)y, 2] dv(x))}

(b) {p;: €0, )} is a Afamily as t — oo,

@ e x%0 ast—w
(2.2.4) 7
b) Y, SY as t — oo.

We now put another condition on @, and prove the following lemma to reduce
(2.2.4)(a) in the form similar to that of L. Gross [7, (10), p. 36].

2.2.5. Lemma. Let
(i) E, be as in $2.2and \ € s;c;
(ii) T be a positive Q-operator on Ez;
(iii) X be distributed as v =n oT~% where n is the canonical normal dis-

tribution on H,.
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(iv) Assume further that there exists a constant C such that

(2.2.6) fj: alu?)dplu) < Ca[fj: uzdy(u)]

for all Gaussian measures p cn (= o0, + ) with mean zero.

Then the following are equivalent:
(2.2.7) MO 'x 20 as 1

20

(2.2.8) Y af(OHCTT),) —0 as t—w

i=1
-2 -2
where (C7°T),; = (C;“Tb, bf)Hx'

Proof. We shall first prove that (2.2.7) implies (2.2.8). Let {tn} be a sequence
in (0, =) such that t, — = as 7 — . Let f(tn)Ct'IX be distributed as v, ,
n

then Y is defined on (E ,, 53(Ea)) and by (2.2.7), {v‘n: n=1,2, -} converges
weakly on E , to 50. Since E , is a Borel subset of H,, {th: n=1,2,++-} can
be regarded as probability measures on f,, and since topology of H, is weaker
than that of E j, v

W
converges weakly on H, to 8,. Hence v, =06, on H) as

t

n tn
n — oo implies [7, Theorem 2, p. 8] that

(2.2.9) 21 A )HC T, = traceHA(/(tn)ZC:nzT) —0 asn— o

Also, from condition (2.2.6) and the fact that {Vt } is compact on E , we get (13,
n
Theorem 9.1] that for each € > 0 there exists an N, such that

o0

(2.2.10) Y ale )AC;’T), ) <€ forall t.
i=Ng "
Therefore (2.2.9) and (2.2.10) imply that, in view of the fact that A, >0,

0
Z a(/(tn)z(ct-nzT)ii) —»0 as n— oo
i=1
For the converse, let {tni be a sequence in (0, ) such that t, —e as
n — oo. Then for sufficiently large 7,
o0
(1.2.11) > olfe JUCTIT) ) <oy m2g
i=1

For n>n, f(tn)C ;‘nZX has characteristic functional exp {—%lz(tn)(C;ZTy, y)H)\}
for y € H, regarded as a Gaussian measure on H, and hence, by continuity of the
characteristic functional and (2.2.11) and Lemma 5.4 of [13], exp{—%/z(tn)(C;zTy. y)i,

y € E, is the characteristic functional of the Gaussian measure f(tn)Ct'zX on
n
E .. Now Lemma 5.3 of [13] implies (2.2.7).
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2.2.12. Corollary. If, in addition to (i)—(vii) of Theorem 2.2.2, the function
a(*) satisfies (2.2.6), then the following are equivalent:

(a) fEa G(5)dp(s) = lim b(t)dec € )y, E p,

(2.2.13) {qﬁ(ty) ( [, GU@Rexp - itf0)y, x1] dV(x))}
| ®) Hp,:1€(0, )} is a Mefamily as t — o,
( > ((OC7%T),) —0 -
(2.2.14) ? 2_:1 AOTC Dy !
® v, %y as t — .

Proof. By Lemma 2.2.5, condition (2.2.14)(a) is equivalent to (2.2.4)(a), hence
the proof follows from Theorem 2.2.2.

2.2.15. Remark. In case the matrix {tij} of the a-operator T is diagonal, con-
dition (2.2.14)(a) would be replaced by

ol [OF»
o ———ti 0 ast od.
(2.2.16) E} <1 + tzl(t)ztii - S -

2.2.17. Definition. If 2 <p < o then a linear operator T from lq(l/p +1/qg=1)

into lp is an S -operator if T can be represented as an infinite symmetric, nonneg-

4
ative definite matrix {ti].§ such that E?:l (tz.l.)p/2 is finite. Here, by nonnegative
definite, we mean that 2;“]:1 L %2 0 for all ("1’ EPPRER xn) € R" and all
integers n. Thus for p = 2, an §,-operator is an §-operator.
For p > 2, Ip is an E _ space (Orlicz space) with a(s) = st/2 [21, p. 78]
Furthermore, for this a(*), condition (2.2.6) is satisfied. The a-operators on
Et: I: are the same as § -operators, and S;c = (l:/z)+. Now Corollary 2.2.12

gives us the following corollary.

2.2.18. Corollary. Let p > 2, and let
(i) T be a positive-definite S -operator on I*;
(ii) p be a probability measure on (Ip, g(lp)) with c.f. ¢;
(iii) f(t) be a positive admissible function on (0, ), and b(t) be a positive
function on (0, =);
(ivyv=n oT~"% where n is the canonical normal distribution on Hy;
(v) EP denote the integral with respect to P, on I8
Then for all real-valued, bounded, lp-continuous (that is, continuous in Ip

norm) functions G on lp the following are equivalent:
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(a) f G(s)dyls) = lim he)dee C )y Ep

1—00
(2.2.19) . {qs%y)( J, ct@nexpl- itty, ] dvu))}
p -
(b) {#t: t €(0, )} is a A-family as t — oo,
(a) Z [/(t)]p[(ct— ZT)ii]p/z —0 ast 5
(2.2.20) o

(b) The measures {yt: t €(0, o)} converge weakly to p on lp as t —» oo,

2.2.21. Remark. (a) If the matrix {li].§ of the § -operator T is diagonal, then
(2.2.20)(a) would be replaced by

v/ 2
(2.2.22) 2 [/(z)]p(——,(l—)z—) 00 ast e

(b) It can easily be shown that in Theorem 4 of L. Gross [7] one can, without
loss of generality, assume the Hilbert-Schmidt operators in (10) and (11) of [7, p.
36] to be diagonal.

(c) In the special case E =1, we have S, =/_ and for simplicity we take
A=(1,1,-.-.), then Hy = 12 Now using Lemma 4 3 of [14], and the fact that
T* is a Hilbert-Schmidt operator on [, whenever T is an §,-operator on /,, we
get Theorem 4 of [7].

(d) From (b), it follows that, in case of Hilbert space, condition (2.2.22) is
restatement of condition (10) of [7, p. 36}.

III. INVERSION FORMULAE FOR BANACH SFACES WITH A
SHRINKING SCHAUDER BASIS

1. In this part of the paper we prove inversion formulae for Banach spaces
with a Schauder basis which is shrinking. We obtain the inversion formulae of the
form of the Main Theorem II in terms of the characteristic functional instead of its
extension and without the use of the Lévy Continuity Theorem, and hope that one
might be able to use this theorem to give a proof of the Lévy Continuity Theorem.

We start with the preliminaries. Some of the concepts given below are due to
L. Gross and taken by us from his work in [6].

2. A tame (cylinder) set in a real separable Hilbert space H can be described
as a set of the form C = P~ !(E) where P is a finite-dimensional orthogonal pro-
jection on H with range R, say, and E is a Borel set in R. The cylinder set
measure v (see [6, p. 32]) associated with the canonical normal distribution is

called Gauss measure on H, and for the above tame set C we have
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UC) = (2m)~#/2 fb o-lxl?/24,

where k is the dimension of R and dx is Lebesgue measure on R,.
3.2.1. Definition. A seminorm ||x||, on H is called a measurable seminorm
if for every real number € > 0 there exists a finite-dimensional projection P, such

that for every finite-dimensional projection P orthogonal to P, we have

(3.2.2) Prob (||Px[|7 > €) < e

where HPxIIT denotes the random variable on the probability space (Q, m) corre-
sponding to the tame function |Px ||l and Prob refers to the probability of the in-
dicated event with respect to the probability measure m associated with the can-
onical normal distribution.

Observe that the condition (3.2.2) can also be written as
be: [|Px]l; > e <e

where v is Gauss measure on H (see [6, p. 33]). We note that a measurable norm
is a measurable seminorm which is a norm.

3.2.3. Definition [3, p. 69]. A Schauder basis {b.} in a Banach space B is
called shrinking basis for B if, for each S in B, lim _ pn(,B) =0 where
p,.(B) = norm of B restricted to the range of x — 37, B,(x)b; that is, p _(B) =
Sup{Bx): 27_, Bx)b, =0 and |x| 5 <1}

Throughout this part B will denote a real Banach space with a shrinking
Schauder basis {bnz such that IlanB = 1. As before we will write the expansion
of x as 2, B (x)b_, and |x|| g = lim, _ ||2 1 B, |l g. Each A€ I is
adequare for B. Let H, denote the completion of B under the inner product
(1.2.5) for, A €1].

Let n be the canonical normal distribution on H: into the set of all random
variables defined on B*, that is, for each x € H:, n(x) is a random variable on
B* which is distributed normally with mean zero and variance ||x||H* . We identify
HA with H, , hence for each x € H,, n(x) is a random variable on B distributed
normally with mean zero and variance "x" \

The basis elements b,’s can be considered as coordinate functionals on B*
[3, Lemma 1, p. 70]. Then n(b,)) = (b, *) is a random variable defined on B*
which is distributed normally w1th mean zero and variance Hb || 2 b, 5)=

Let P, be the cylinder set measure on the field e generated by tame sets of

B* mduced by the above canonical normal distribution on H,.

3.2.4. Lemma. P, is countably additive on C.
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Proof. Without loss of generality we assume “}31.”3* = 1. By Lemma 1 of
(3, p. 70], {B,} is a basis for B”, hence we have ||y||B* = lim 127, bi(y),Bl."B* .

Let "}’“,, = ”2?=1 b,-(}')ﬁiHB* and observe that

n —00

n

Bly: lyligs <el = Bly: lim Iyll, <et>Pdy: lim 3~ [6(y)| <ep

n—oo n=e o1
Let X(y) = lim  3%_.16,)], then X is a random variable on B* since
E{E:.'=1 [bi(y)]zl =322_ A, <ET_| A <o, and the series is a series of independent
random variables ([15, p. 234] and [2, Theorem 9.5.5]). In view of the property of
Laplace transform, Theorem 6.6.2 of [2], we observe that the distribution of X
is absolute normal with mean 27, E[|6 (y)|] and variance 27, A,. Hence the

distribution of X puts mass around zero, and therefore
(3.2.5) Ply: llyl g« <el>PiX <el>o0.

From the definition of H, we see that H>;= H, is a dense subset of B*, and B
is the completion of H, in the Banach norm I lIB* on BY. Furthermore, ||y||n
is a tame function on H, and hence it is a measurable norm.
From (3.2.5) and the fact that “y“n is a nondecreasing sequence of measurable
norms on H,, it follows that ||y||B* is a measurable norm on H, [9, Corollary 4.4}
So far we have shown that |IyIlB* is a measurable norm on H, and B* is the
completion of H, in this norm. Hence by Theorem 1 of (6], P)\ is countably addi-
tive on C.
Let x € B,y € B*; then

(v, %) =ylx) = y(Z Bi(x)bi> =Y Blyb) =3 Bxb ).
i=1 i=1 i=1
It follows that (*, x) = £, B.(x)b () is a random variable defined on B* which

is distributed normally w1th mean zero and variance X7, = A Bz(x) under P,.

Now let x € H)\’ y € B* and define the stochastlc linear functlonal” (y, x)

as follows:

N ~
(3.2.6) (v, %) = 1515;_2 B2 ()

X
where as before [3 is extensxon of B, to H,. From (3.2.6) we have (y, x) =

y(x) for x € B, y€B

3.2.7. Lemma. The stochastic linear functional

~ N ~
(y, x)¥ = lim X B, (x)b )

00 .
=1

is Borel measurable on B™ x H,y and if
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F={(y, x): (y, x)™ exists and is finite},
then P, x u(F) = 1 where p is a probability measure on H,

Proof. Similar to Lemma 4.1 of [13].
Let p be a probability measure on B, then p can be regarded as a probability
measure on H,. Let i/ be the c.f. of u when p is regarded as a probability

measure on H,; then

Uly) = fH e F gu(x) forall ye H.
A

Now ¥ is a function defined on H:g B*, and we would like to extend  to be
defined on B ~
A

For each x €H,, (y, x)  is defined on B* a.e. P,, and is equal to y(x)

with p measure one for each y € H;:. We call

fH i ) (yeB®)
A

the extension of i to B*. Clearly on Hi we have [, ei(y'x)~dp.(x) =
Ty e’ ) gu(x) = ¢r(y). Since p is actually defined on B we have
A

z'(y.x)s ) — i(y.x)£
fH)‘e du(x) = fB e du(x) a.e. P,.

A
But (y,x) =(y,x) forall x €B, y € B¥, hence

(3.2.8) fH)‘ei(y"‘)zdu(x)z J;a ei(y"‘)dp(x) = ¢ply) a.e. P,

where ¢ is the c.f. of p when p is regarded as a protability measure on B. Thus
c.f. of a probability measure u on B when considered as a random variable on
B* is equal almost everywhere P, to the extension of the c.f. of p when p is
regarded as a probability measure on H,.

3.2.9. Remarks. (a) Let I be as before. Since {bn} is a shrinking basis for
B, the coordinate functional B ’s form a basis for B* [3, Lemma 1, p. 70]. Hence
there exists an isomorphism U* from B* to a Borel measurable subset of I, say
Q* 11, §2, pp. 123-127]. Therefore B can be identified with a Borel measurable
subset of /, and hence P, can be regarded as a countably additive cylinder set
measure on / through’this identification.

(b) By (a), Lemma 4.3 of [14], and the fact that P, sits actually on B* we
get ¥(»)" = ¢(y) a.e. P, where y(* )~ is Gross extension of the uniformly 7-

continuous function Y(*) with respect to the canonical normal distribution 7 on H,.
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In view of the above remarks and A € l: being adequate for B, the following
theorem giving inversion formulae for a probability measure on a Banach space B
with a shrinking Schauder basis follows from Main Theorem I. It differs from the
Main Theorem I in the sense that (3.2.11)(a) is stronger than (1.4.3)(a). This
can easily be seen since P, (B*)=1 for A € II. Furthermore, we do not use the
Lévy Continuity Theorem in the proof, since in this case the analogue of Lemma
1.2.11 can be obtained from Theorem 2.1 of [4}. We hope that one might be able
to use this theorem to get a proof for the Lévy Continuity Theorem in this case.

Let v, T,, Ct’ K, and a, be as in Part I.

3.2.10. Main Theorem IIl. Let

(i) B be a Banach space with shrinking Schauder basis {bii and N € I:;

(ii) = (v) be as in Main Theorem I;

(vi) Ep denote the integral with respect to PA on B (see Lemma 3.2.4).
Then for all real-valued, bounded, | * | g-continuous functions G on B the follow-

ing are equivalent:
@) J, Gls)duls)
(321D - lim b(0)det C )E p, {q&(ty) ( J,, 6exexp - itf0y, ) dvm)}

(b) {p.t: t €(0, )} is A-family as t — oo.

@)NM?X&Oasbﬂm

(3.2.12)
(b) hﬂy as t — oo,
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