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SCATTERING THEORY FOR HYPERBOLIC SYSTEMS WITH
COEFFICIENTS OF GEVREY TYPE (})

BY

WILLIAM L. GOODHUE

ABSTRACT. Using the techniques developed by P. D. Lax and R. S. Phillips,
qualitative results on the location of the poles of the scattering matrix for sym-
metric, hyperbolic systems are obtained. The restrictions placed on the system
are that the coefficient matrices be of Gevrey type and that the bicharacteristic

rays tend to infinity.

Introduction. In a series of papers and a mongraph, P. D. Lax and R. S.
Phillips [5a, b, c] have developed a scattering theory for symmetric hyperbolic
systems of partial differential equations. Of primary concern in all scattering
work is the location of the poles of the scattering matrix, and in particular, how
their location depends on the scatterer. Using the techniques developed by Lax
and Phillips, it will be shown that if the bicharacteristic rays tend to =, then
for coefficient matrices of Gevrey type, the poles of the scattering matrix are
bounded away from the real axis, with the possible exception of a finite segment
centered at the origin. A similar result holds for the acoustic equation with a
potential of Gevrey type.

The author wishes to express his gratitude to Professor P. D. Lax for his

guidance and advice during the period in which this paper was researched.

I. Review of scattering theory for symmetric hyperbolic systems; statement

of results. The “‘perturbed’’ system under consideration is the following one:

9 N
—ulx, ) =2 Allx) Fy ulx, ) + B(x)ulx, 1) = Gu,

(1.1) ! =1 i
u(x, 0) = /(x)9
where u(x, t) is an n-vector depending on x = (xl, cen, xk) and ¢t. The nxn

matrices A’(x), B(x) are assumed to satisfy the conditions below:
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(A1) The coefficients of {A7(x)I¥ ) and B(x) are infinitely differentiable,
and moreover, if {A’(')};‘zl represents a set of constant coefficient matrices, the
matrices A%(x) — A{) and B(x) have support contained within the ball |x| = p.

(A2) The matrices A’(x) are Hermitian and B(x) + B*(x) = E:L‘=18Aj(x)/8xj,
so that the operator G, defined on the Hilbert space H = [LZ(Rk)]", is skew-sym-
metric.

(A3) The propagation speeds for the system (1.1) are all nonzero and distinct;
i.e., for any nonzero k-vector &, the matrix 2;‘21 & A¥(x) has distinct, nonzero

i
eigenvalues {rMx, -f)};“zl which may be ordered so that

1, O> o> 206, O>0> 24 (6, O > oo > r(x, é).

(A4) The operator G possesses the unique continuation property. In particu-
lar, we assume that the complex characteristics of G have multiplicity one.
(A5) The number of space dimensions & is odd and, therefore, the unper-

turbed system

9 ko9
a—z/(x, t) = Z A{) ——ulx, ) = GOU,
(1.2) ! =1 7 0%,

vlx, 0) = f(x)

satisfies Huygen’s principle.
A classical result [Sa] states that there exists a well-defined, one parameter,
unitary group of operators V(t), defined on X, such that

(1.3) V:H—H,  f(x) — olx, o).

Or, in other words, che problem (1.2) is well-posed in the space H. Lax and
Phillips [5a, b] have demonstrated that associated with the group V(¢) and the
space H are two subspaces of H, D, and D_, satisfying
M V@)D, CD,,V(-D_CD_, for t >0,
a Nvep, ={ot= Nvi- o |
an YUviap,=H=Uvenp_.
The subspaces D% and Df are now defined to be V(p)D, and V(- p)D_ respec-
tively. It can be shown that the dimension of the null space of G (denoted by N)
is finite and that {U(~ rD%: ¥r> 0} is dense in H' =K O N.
The wave operators

(1.4) Wy =s-lim U= V(2

t—to00

are defined next, where

(1.5) U:H—H, fx) - Ulx, 1)
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is the solution operator for the system (1.1), and it follows from the above ‘‘density

lemma’’ that (see [5al)

Theorem 1. (i) The wave operators W, exist.
(i1) Range (W,) = H' = Range w_).
(iii) The scattering operator S = WIIW_ exists and is unitary on H.

To study U(z) more closely, a new operator

(1.6) Z(t) = PRUG)P?

4 .
is defined, where Pi’ are the orthogonal projections onto (D':) respectively.

The following results are essential in what follows. (See [5al.)

Theorem 2. (1) Z(t) forms a one parameter, strongly continuous semigroup
on KP=H'© (D£ & D?).

@) lz@] < 1.

(3) The infinitesimal generator of Z(t), designated by B, has a discrete
point spectrum in the half plane Re A < 0 if we agree to assume that zero is not
an eigenvalue of G.

(4) (id) is an eigenvalue of B if and only if A is a pole of the scattering
matrix.

Consequently, the spectrum of B plays a central role in what follows .

It is well known from the theory of strongly continuous semigroups [4] that
both D(B) and n:":l D(B") are dense in K. Suppose we knew that for some
time T >0

(B1) Z(T): K — D(B).

Then, by the closed graph theorem, BZ(t) is a bounded operator for all ¢t > T,
and a simple calculation shows that if A = £ + in € o(B), then £ < K - log|y| for
some positive constant K.

Now suppose, however, that for some time T > 0

(B2) z(1): K* — N D(B™.

n=1
Then there exists a sequence of positive real numbers IMR)T_, such that for
for each k and all time ¢> T

(1.7) IB*Z(2)|| < M(k).

Proposition 1. If M(k) = CH*¥*))?”, where C and H are positive constants,
y> 1, then o(B) lies to the left of the curve ¢ = C, - C2|77|1/7, where C, and
C2 are positive constants.
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Proof. If A €0(B) and M(k) = CH*(k!)”, then from (1.7) we may conclude
that

(1.8) IIm A|EeT ReX < |A1keT Red < chb(R1)” < CHA(R)RY,
where the last inequality follows from Stirling’s formula. Setting
f(k) = k log |Im A| + TRe X — log C — & log H - (ky) log &,
we note that f(k) < O for all &> 0. It is easily shown that f(k) obtains its max-

imum value for k = k_, where ylog k_=log|ImA| — log H — y and therefore

0>/(kc)= TReA - log C+ k_y > [(k)
or

TReA < log C —(y/eX1/H)V” |Im A|Y”  Q.E.D.

Since o(B) must lie in the left half plane, we have shown that the eigenvalues

of B lie in the hatched region of Figure 1.

Im A
|

W

The theorems below, which will be proved in the report that follows, answer the

~ |Im A| ™~ |Re )tly

Re A

two questions:

(I) When is condition (B2) known to be true?

(I1) Assuming (B2) holds, what additional conditions are required to give us
the estimate (1.7) with M(k) = CH*(k!)”?

Theorem 3. If the bicharacteristic rays of (1.1) tend to infinity, then
(a) Z(T) is compact for all T > T,>0. (See [sbl.)
(b) Condition (B2) is valid for some T > T.> 0.
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Theorem 4. If each of the coefficient matrices A’(x) and B(x) satisfy the
Gevrey condition
1.9 sup  ID°F(| < chl*lalne,  us 1,

xefx: |x|<P

then there exist constants C, and H, such that for all time T sufficiently large
(1.10) IB'Z(T)|| < C Hi(m3#-1,

II. Question I: The proof of Theorem 3. Before proceeding to the proof of

Theorem 3, we cite two useful lemmas. (For proofs, see [5bl.)
Lemma 1. Let

q,(x) € CH(RY)  such that 0 < q,(x) <1,

1 for |x| <y
g, () =
0 for |x| > 27,

and define the operator Q. on H to be Qn/(x) = (qn(x)l)/(x), where | is the n x
n identity matrix. If we set X = U(2p) - V(2p),

(6] Qp+2cpx X,

(1) XQ,, 4cp=X, where ¢ = max, Jel=1 T Ix, &.

Lemma 2. Using the notation of Lemma 1, for T > 4p,

U(T - 4p)Q XP_.

(2.1) z(T) = P ,XQ pa2cp

p+dcp

From Lemma 2, a straightforward calculation shows that

BZ(T) = P XQ GU(T - 4p)Q XP_

P+dcp p+26P

and in general

(2.2) B'z(T) = P, X0 G'U(T - 4p)Q XP_

pP+bcp +2cp

At this point we must digress for a moment and recall the definition of the
Riemann function for the equation (1.1). A distribution valued matrix R(y, s; x, t)

is called the Riemann function for (1.1) if it satisfies
(0/0t - G)R(y, s;x, ) =0, s<t,
(2.3) R(y, s; x, s) = 8y - x)I,
R(y, s; x, 1) =0, s>t

Given the existence of the Riemann function, the solution to (1.1) may be then

written as



342 W. L. GOODHUE

.4) alx, 1) = UG = [RGy, 0 x, Dfy) dy.

It is known (see [1], [3b], [7]) that R(y, 0; x, ) has its singular support along the

bicharacteristic rays {xl).‘(t)} which satisfy the Hamiltonian system
(2.5) dx?(t)/dt = rg .(x, &), df:.‘(t)/dt =- r: (x, &)
i i

and emanate from (y, 0). These rays are said to tend to infinity if for sufficiently
large time, the rays lie outside any given bounded set. For the system at hand,
this is equivalent to the existence of some fixed time T _ so that any ray lying
inside |x| =a at time ¢ = 0 will fall outside |x| =& (b >a) for ¢ > T_.

Suppose, then, that the bicharacteristic rays tend to infinity and that f(x) has
its support within the ball |x| = 2(p + 2cp). For sufficiently large time T, the
rays all lie outside the ball |x| = 2(p + 4cp) and, therefore, R(y, 0; x, T - 4p) is
C*” in x, |x| < 2(p + 4cp), for |y| < 2(p + 2cp). From (2.4) we conclude that
U(T)f(x) is C* for |x| < 2(p + 4cp), and since the coefficients of G are infinitely

smooth, the expression on the right-hand side of (2.2) is well defined; i.e.,
B'Z(T) exists for each I. Note, moreover, that since R(y, 0; x, T) is C*, (2.1)

and (2.4) taken together imply that Z(T) is compact, since the kernel in (2.4) is
C®. This concludes the proof of Theorem 3.

III. Question II: The proof of Theorem 4. Since P, and P_ are projections
and the semigroups U(¢) and V(¢) are norm preserving, it follows from (2.2) that

(3.1) IB'Z(D <4110, 40,6 UT = 4p)Q 5 -

Lemma 3. Let a = p + 4cp, B=p + 2cp. Then

l 1 )2 %

(3.2) ||BZ(T)| <4 <J.|x|52adx flylﬂﬁ dy |G'R(y, 0; x, T - 4p)| > .
Proof. Let g(y) € H and g(»)" = Qﬁg(y). Then

UT - 4p)Q pgly) = flylSZB R(y, 0; x, T - 4p)gy)* dy

and
2

o Gtult - 4p)Q ggll? < flxlszadx“lylszﬁ G'R(y, 0; x, T - 4p)g(y)* dy‘

2
1 . 4
< flxlszadx {flylSZB |G'R(y, 0; x, T - 4p)||g(y) Idy}
) . - 2 2
< Jiejaza® (fmm’ﬂc Ry, 03 x, T = 4p)| dy) lell?.

Since g(y) is arbitrary, if follows that
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Y%
1 l . _ 2
10,G'U(T — 4p)Q 4]l < <f|x|szadx stmdy\G R(y, 0; x, T — 4p)| >

and, in light of (3.1), the lemma is proved.

We have reduced our problem, therefore, to obtaining estimates on the Rie-
mann function. The type of estimates that we desire were originally produced by
A. Friedman [2], and more recently extended by the present author [3a, bl. To
summarize these results we first need the following definitions [6].

Let {H(q)}‘;l be a montone increasing sequence of positive real numbers
satisfying

(a) H(1)>1.

(b) For all integers p, q, 0< p < g< o, (Z)H(p)H(q ~ p) < AH(q) for some
constant A > 1; we define H(0) = A

(c) Forall q>1, there exist constants 3 and K such that (H(g + 1)/H(q))
<KyB2.

(d) 200 (H(q)/H(q + 1)) < oo,

If Q 1s an open set in R¥, C(H(q), Q) will denote the subset of C3(Q) in
which

sup [D¥()| < ckl®lH(|al]),

x€Q
where the constants C and K depend only on the choice of function f(x) € C;(Q).
The classical example of such functions are the Gevrey functions of type p> 1
which correspond to the sequence H(g) = (g!)".

Let V be any open, bounded set of points in (x, t) whose closure does not
intersect the characteristic conoid emanating from (y, 0). Set V7=V N {r: 0<¢
< o} and denote by Wz the cylinder {(x, #): 0<t <0, |x| <K}. For R, such
that {closure Vi N {t = 0} C {|x| <Ry}, choose R, 0 <R <R, so that the domain
of dependence of W is Contamed within the domain of dependence of W % and
such that V€0 C Wy f for some ¢, > 0. Then we have

Theorem 5. (See [21, [3bl.) If the coefficient matrices A’(x), B(x) of (1.1)
belong to C(H(q) W %) then the Riemann function Ry, 0; x, t) belongs to
C(H(g), V) with Hg) < H(39)/q!.

We introduce two notational conveniences. For glx, t) € LZ(ka [0, «))

(3.3) lgter Ry = f 1o Il D17,

al=n

(.49 gty 012, = ‘ T ID%(x, Dl
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Theorem 6. If f(x, t) € C*(R* x [0, 1)) and satisfies
(3.5) MG Dl gy < CKH(n),
then under the hypotheses of Theorem 5
(3.6) 16 /-5 Dl g, < CKH(a).

If we temporarily assume this result, it follows from Theorem 5, that if the
rays tend to infinity, then for sufficiently large time T, the rays lie outside |x|
=2a and

3.7) 1G™R(y, 0; x, T = 4p)| 5y < CK"H(n)

provided A’(x), B(x) € C(H(q), |x| < p + 8). Combining this estimate with (3.1), the
proof of Theorem 4 is now complete. It remains to verify Theorem 6.
Proof. If we agree to retain only the order of derivatives which appear in the

following calculations, then by Leibniz’s formula, for |a| =n

DUG/) = 2 2( JOMATND™ 141 + ):( )o'BYXD™" 1

j=1 [=0

n k
~ 10PNy < 2 (7)[21 14 g D™= 1l gy + nD’Bu(R)nD"-'/u(RJ.

Using Hélder’s inequality

n n k ) v/ k . 14
ID%G111 2%, s[z (,){(Z1 ||D'A*nfm> (71 b=t ‘/ufm>

=0

2
+ llDlBll(R)llD"'I/"(R)}]

k

n n k ) 14 nmls 1
— 6712, < <2 [?:o (1){<7‘1 IID’A’IIfR)> (Z Ip “/n(R,)

2
R IID’BII(R)llD”"/ll(R)}]) .

If we set C(1)? = 2;7:1 IlIAj||(2R), then

RN IRES> (D, Wy B o M

Using the estimate (3.5) and the similar estimates for C(/) and ||B| in (3.8),

we obtain the estimate
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~ro
(3.9) 61l gy < CK™WH(n + 1)

~N
where C, K and W depend only on the constants appearing in the other estimates.

We now make an induction hypothesis; i.e., for all » we assume

IG*/|| . < CK™**why(n 4 k), k=1, 2
(R)—- n + ) =1, 2y sy m

o)

Then, using (3.8)

A6 iy < 2 (T)ICW, 1167 gy + 18y 167N

~oNw
< CKm+n+lwm+1M(n +m+ 1)

This verifies the induction hypothesis for £ =m + 1, and if we now set n =0,
we have ||G’"+1/||(R) < C(Kw)™*'H(m + 1), thereby completing the proof.

Corollary 1. If A’(x), B(x) € C((¢V)*, Q), with Q Dix: |x| < p} and p> 1,
then the scattering matrix 3z) associated with the system (1.1) is meromorphic
in the complex plane, with all the poles lying in the upper half plane above the
curve

Imo = C, - C,|Req|VCH-D),
with C, and C, positive constants.

Proof. The result follows immediately from Theorems 2 and 4.
Remark. Lax and Phillips have shown [5c] that their techniques for scat-
tering theory are applicable to the acoustic equation
k
(3.10) u,(x, 1) = Dulx, 1) - g(x)ulx, 1),  £>0, x €R%,
ulx, 0) = f(x),  ux, 0) = glx),

where g(x) € Lz(Rk) and is assumed to have compact support. The bicharacter-
istics for this equation are straight lines and consequently condition (B2) is
known to hold. Moreover, if it is assumed that g(x) € C((k!)*, supp (¢(x))), the

following result may be proved in a manner analogous to the above.

Theorem 7. [3al. If 3(z) is the Heisenberg scattering matrix associated
with (3.10), then &z) is a meromorphic function of z, with a [inite number of
poles in the lower balf plane on the imaginary axis and poles in the upper balf

plane above the curve

L -1
Imo=C, - C,[Req|V3#=1, ¢, C,>0.
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