
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume  181, July 1973
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ABSTRACT.   Probability measures on a real complete linear metric space

E  are studied via their Fourier transform on  E    provided   E   has the approxima-

tion property and possesses a real positive definite continuous function   ♦ (-*)

such that   ||x|| > e  implies   4>(0) — Q(x) > c(c )   where   c(() > 0.    In this setting we

obtain conditions on the Fourier transforms of a family of tight Borel probabili-

ties which yield tightness of the family of measures.   This then is applied to

obtain necessary and sufficient conditions for a complex valued function on  E

to be the Fourier transform of a tight Borel probability on  E.   An extension of

the Levy continuity theorem as given by  L.   Gross for a separable Hubert space

is obtained for such metric spaces.   We also prove that various Orlicz-type  spaces

are in the class of spaces to which our results apply.    Finally we apply our

results to certain Orlicz-type sequence spaces and obtain conditions sufficient

for tightness of a family of probability measures in terms of uniform convergence

of the Fourier transforms on large subsets of the dual.   We also obtain a more

explicit form of Bochner's theorem for these sequence spaces.    The class of

sequence spaces studied contains the   I     spaces   (0 < p < 2)  and hence these

results apply to separable Hilbert space.

1.   Introduction and basic terminology.   Throughout we assume  E  is a real

complete linear metric space.   Then E  has an invariant metric and letting

||x|| = diO, x)  we see   ||.||   has all the properties of a norm, except possibly homo-

geneity.   We will refer to  ||.||   as a quasi-norm.

The algebraic dual of E  is denoted by Ea  and the topological dual by  E .

The Borel sets of a topological space are the minimal sigma-algebra con-

taining the open sets.   Here all measures on a topological space are assumed to

be   Borel measures unless otherwise specified.

A family of probability measures  \pa: a e A\  on the Borel sets of a topologi-

cal space is tight if for every  e > 0  there is a compact set  K  such that p. ÍK) >

1 - e  fot each a £ A.   If \ua: a £ A\  is a tight family of probability measures,

then it is obvious that each measure is tight.   The converse is not necessarily

true.   It is also true that every probability measure on the Borel subsets of a

complete separable metric space is tight.
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Suppose  (X, Ct)  and  (Y, J3)  are two measure spaces and / is a measurable

map from  (X, Cl) to  (Y, iß).   Then for each measure  p on  (X, Ct)  we obtain the

measure  p! on  (Y, SB)  by defining  p!{B) = p{f" ]{b)).

We use the notation    T  to denote the transpose of a linear map  T.

If p  is a Borel probability on E  we define the Fourier transform of p on  E ,

the topological dual of  E, by

¡l{y) =   fE  e''<>•*Vfo*).

In particular, if 11 is a tight Borel probability and  E     contains enough linear func-

tional to separate the points of E, then by the argument in [8, p. 407 and p. 414]

it follows that p determines  fi uniquely on the Borel subsets of E.

The linear metric space  E  has a basis  \b   \ if for each x £ E there is a unique

sequence of real numbers  j/3   j  such that

lim x-Yßb
á-^   c  n   n

77 = 1

It then follows that  F  is separable and we will write the expansion of x as

S""   ,  ß {x)b     to emphasize that the coefficients generate coordinate functionals
77 =1   fn 77 r °

on  E.   It is clear that these coordinate functionals are linear and it is known that

they are continuous as well.

If  E  has a basis  \b   S  we define for N = 1, 2, ■ • •   and  x £ E

PNfo) =   Z  ßk^bk,        QN{x) = x- PN{x).
fe=î

We call the sequences  ¡P    |  and  \QN\ the canonical projections on E.   Further,

since the quasi-norm 5UPN IIVI generates the same topology on  E  (a

simple application of the open mapping theorem) we have

||PN*!|<||*||     and     !|QNx||<2|fo||..

Hence the canonical projections on  E ate equicontinuous and the sequence   ¡PN\

converges uniformly to the identity on compact subsets of F.

A generalization of the basis concept is that of the approximation property.

We say  E  has the approximation property (metric approximation property) if there

is a net of continuous (equicontinuous) operators  J77   : A € A]  of E   into F   such

that the range of each  77.    is finite dimensional and fo. : À £ A|  converges to the

identity map uniformly on compact subsets of F.

If there exists a real continuous positive definite function $fo)  on  E  such

that for any e > 0  and   ||x|| > e we have  $(0) - <£>(*) > c(c)  where  c(c) > 0,
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then we say that the quasi-norm   ||-||   on E   is accessible with respect to $.   We

henceforth assume $  is such that $(0) = 1.

The class of all real linear metric spaces  E  with the approximation property

and having an accessible quasi-norm is not known (to me anyway).   There are,

however, a number of interesting examples such as  L   [0, l]  (1 < p < 2), any

Hilbert space, and various other Orlicz spaces including the real sequence spaces

/    (0 < p < 2).   We will discuss these examples in more detail in §§4 and 6.

The author is pleased to acknowledge a number of conversations with L.

LeCam regarding the results of this paper.   In particular, in [7, p. 247] Theorem

2.1 is briefly indicated; my contribution has been to supply some of the details.

Finally, the extension of the Fourier transform of a probability measure on  E  to

a random variable on Ea  is found in [7]  and is used in the formulation of the

continuity theorems of V5.   Special cases of this type of extension were pre-

viously used in [2J and [4] and the connection is made explicit in §5.

2. Tight families of measures on E. The result we establish here is es-

sentially that stated (without proof) in [7, p. 247].

Theorem 2.1.   Let E  be a real complete linear metric space having the

approximation property via the net of operators  \n   : À £ A j, and assume the

quasi-norm on E  is accessible with respect to $.    Let  \p  : a £ A\  be a family

of Borel probability measures on E  each of which is tight and suppose

(i)   l/x *: a. £ A\  is tight for each À e A, and

(ii)   lims supQ limx fE, [1 - ßa(\y - 'n^Widy) = 0,

where  P  is the cylinder set measure on  E    with Fourier transform í>(x)  072  E.

Then  \pa: a £ A\  is tight.

Before the proof of Theorem 2.1 we provide a basic lemma.

Lemma 2.2. Let \p'- a £ A\ be a family of Borel probability measures on

a complete metric space (E, d). If ¡or every ( > 0 there exists a Borel map n

from  E   into E  with the properties

(1) supa/xjx: d(x, nx) > f j < e and

(2) \pf. a £ A\  is tight,

then \pa: a £ A\ is tight in E.

Proof.   Fix í > 0  and choose   n as in (1) and (2).   Then by (2) there exists

x, ,. • •  , x     in  77(F)  such that  /¿"(U • _i s(* ■ > f)) > 1 - í  for all  a £ A.   Here

six ,8) = \y: diy, x) < 8\.   Using (1) we obtain  int apf[y:diy,  ny) < ej > 1 — £, and

by (2) along with our choice of x   , ■ ■ ■ , x     we have intap.a({J'._Ay: diny, x) < e\)

> 1 — (.   Hence since  six., 2f D \y: diy, ny) < ii Cl \y: diny, x .) < c\ we obtain
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inf/M   U  sfoy. 2en > 1 - 2f.

Since  ( > 0  was arbitrary and  E  is a complete metric space it follows in a stan-

dard manner that there exists a compact set   K  such that  inf aplx{K) > 1 - c.   Hence

Sfxa: a £ A\  is tight as was to be shown.

Proof of Theorem 2.1.   In view of (i) and Lemma 2.2 we need only show (1)

of Lemma 2.2 holds.   Now  <5(0) = 1   and since   ||x|| > t implies   1 - $fo) > cic)

where  c{e) > 0  we have

u   \x : IIx - 77 x|| > fi < p   jx : 1 - 0(x - 77 x) > cfo)!
'    CL I' 5      " —   '    CL S

(2.1) 1     , 1     ,
<- [l - 3>(x - n x)]p„ fox) = lim- [1 - 3>fo. x - 77 x)]»   fox)
"cfo) JE s        a X  cic)JE X s      ra

where the last equality follows since  pa   is tight, $ is continuous, and   ¡77. (x) -

x|| —> 0  uniformly on compact subsets of  E .   Further, since  77.    is a continuous

linear map from  E  into E with finite dimensional range it follows that the trans-

pose    77,   (À € A)  maps  F    into E     and has finite dimensional range.   Thus we

have

(2.2)

/B[/^»--^V"<V>W)^)

/.
where the interchange of integrals and the last integral make sense because the

functions are tame functions.   Combining (2.1), (2.2), and (ii) we have (1) of

Lemma 2.2 and hence  {p^. a £ A\ is tight as was to be  shown.

3.   Bochner's theorem.   The first result is a version of Bochner's theorem for

spaces satisfying the conditions of Theorem 2.1.

Theorem 3.1.   Let  E  be a real complete metric space having the approximation

property via the net of operators  \rr   : k £ A\, and assume the quasi-norm on E

is accessible with respect to $.    Let  P denote the cylinder set measure on E

determined by $.    Then a complex valued function  f defined on E     is the

Fourier transform of a tight Borel probability measure on E  iff

(1) m is positive definite on E'  with  l'(O) = 1,

(2) V  is continuous on E    with respect to the topology generated by uniform
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convergence on compact subsets of E, and

(3)   limssupaf3z [l-Wnay-tnfnsy)]Pidy) = 0.

Proof.   Let p. be the cylinder set measure on  E determined on the algebra of

cylinder sets by  XV.   Then by (1), p. exists since (2) implies  *P  is continuous on

the finite dimensional subspaces of  E .   For each a e A  let  <i    =/i   a.   Then pa

is a Borel probability measure on  77aE C E   and has Fourier transform fia= ^ °  na

on  E'.   Then for any s e A  the family   {p s:   a e Ai  is tight since the measures

have support in the finite dimensional subspace  n (E) and their Fourier trans-

forms  û"s = 1* ° 'z7   °'77    are equicontinuous on    n £'.   To see this last remark

simply apply (2) obtaining  limaz2as = f «  jr ■   We now use (3) obtaining for  a,

s e A that

[.,    t t
r      r 2<x, zr, y—  i   y

fE[l-e * *     ̂ U,)

(3-D

lim/E,  [l-pai'nxy~lnsy)]P(dy)

t_  ..,

Pidy)

= lim jE [1 - 0(z7Ax - nsx)]pLaidx) = J£ [l - <&(* - t^xH^Wx)

= [l   - <J)(zT    X  -  77   77    x)]/Z-(rix)
«/ £ CL 5"     CC r

/,[/..

i{x, ir   v-   ir     rt yL
[1-e a a    ^   ']PWy) pidx)

^^'-^v-'^'yW)).

The interchange of integrals in (3-1) is allowable since the functions are tame

functions whenever the cylinder set measures  p and  P  are involved.   Thus (3)

implies (ii) of Theorem 2.1 and hence by the above  \pa: a e Ai  is a tight family

of Borel probabilities on E.

Now    77   y  converges uniformly to y  on compacts of  E  for each y £ E , and

hence   limap.^y) = ^iy).   Thus  \pa\ has as a limit point a tight Borel probability

measure  y with Fourier transform   *P.    To see  y is unique simply observe that

y is uniquely defined by  *P  on the minimal sigma-algebra (1  containing the

cylinder sets of E.   Then since the linear operators  \n   : A £ AS  are continuous

with finite dimensional ranges and they separate points it follows that E    sep-

arates points in   E.    Hence we can argue as in [9] to obtain the uniqueness of  y

on the Borel sets.

Conversely, if p is a tight Borel probability on  E with Fourier transform  f

on  E    then it follows easily that (1) and (2) hold for W.   Now
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L, ^ - ^C^y - foafo,y)]Pfoy) = L [1 - $foa* - 77snax)]p{dx)
(3.2) fc

=   f   [1 - 0(x - 77 x)V fox) + 8{K, a, s)
J K so.

where   \8{K,  a,- s)\ < 2pJ,E - K).   Fix c > 0  and choose a compact set such that

p(E-K)<c.   Then pa{K) = ^"-{K) = p.{rr~a \rr¿K))) > p{K) > 1 -e  so   \8{K,a,s)

< 2e.   Since  $  is continuous and  \rr  \ converges uniformly to the identity on  K

it follows that

lim sup   f    [l - Ofo - 77sx)]foafox) = 0.

Combining this with (3-2) we have (3) holding.

Corollary 3.2.   Let  E  be a real complete linear metric space with a basis ana

assume  E  has an accessible quasi-norm with respect to $.    Let  P denote the

cylinder set measure on  E    determined by $  and ¡P.,i,JC>    S  the canonical pro-

jections on E.    Then a complex valued function W defined on E    is the Fourier

transform of a tight Borel probability measure on  E  iff

(i)   1*  is positive definite on E    with  *H{0) = I;

(ii)   *r  is continuous on E    with respect  to the  topology generated by uni-

form convergence on compact subsets of E; and

(iii)   limNsupMkN fE,[l -VitPMtQNy)]P{dy) = 0.

The proof of Corollary 3-2 follows immediately from Theorem 3-1 since    P

- 'PAP., = 0  for Al < N  and  *P JOu  for M > N.
M      N M   *- N —

4.   Applications to various Orliez spaces.   If  a is a nonnegative function on

[0, oo) we say  a satisfies the  A  -condition if there exists a  K > 0  such that

a(2t) < Ka{t) fot all t > 0.

If (fi, p) is a measure space.and a is a nonnegative function defined on

[0, oc) we let La{p) denote the space of all real /¿-measurable functions on Í1

such that

(4.1) p(f)= faa{\f{w)\)p{dw)<°°.

If a is increasing on  [0, oo)  and satisfies the  A  -condition then for all

s, t  we have a{\s + t\) < K[a(|s|) + a(|/|)]  where  K  is the constant in the  A2"

condition.   Hence, in this situation, the space   L  (¡A) is a real  linear space.

Now we assume  a satisfies the  A  -condition on  [0, oo),  a is continuous and

increasing, a(/) =0 iff /=0, and lim        a{t) = + oo.   Then it is possible to make

L  {p)  into a real complete linear metric space with the quasi-norm

fo-2) ||/!|    = infle->0:p(//f)<f|,
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and we also have that  p(f ) —» 0  iff   \\f  ||    —>  0.   If, in addition,  a is convex on

[0, oe)  then  L  (p)  can be made into a Banach space with norm

(4-3) ||/||2 = infle >0:p(//f)< l|,

and again   ||/  |L —» 0  iff p(f ) —> 0.   Furthermore, let  ß(t)  be defined on [0, oo)
72      ¿ TZ

and complementary to a in the sense of Young [10, p. 77].   Let  Lpip) denote

those  /^-measurable functions such that

Í4.4) Pßig) = ¡Q ßi\giw)\)pidw) < »o,

and for / £ L   ip)  define

(4.5) Wfl sup

PÁgW
J>

Then L   ip)  is a Banach space in the norm and is equivalent to the

(4.6)

We can also prove the Holder type inequality

Jfll/fl^<il/ll3W(g)       if£La(p))

where  N(g) = sup\f hgdp: pih) < l\.   In particular, if A   is a set of finite measure,

then

NixA ) = sup < fA h dp : pih) < 1 >

(4.7) < sup|z,(A) + fAn[]h^{l hdp:pih) < l|

<piA) + supji J   ai\h\)dp: pih)< l\ <piA) t- -

where   y > 0  is such that  ait) > yt  tot t > 1   (such a  y > 0  exists because  a(/)

is a convex function on  [0, oo)  such that  a(z) = 0  iff t = 0).   For indications as

to the proofs of these remarks the reader might consult [3] ,[8], and [10], .

We now indicate how the theorems of  §§2 and 3  apply to the spaces L ip).

By the previous remarks  L  ip)  is a real complete linear metric space in the

quasi-norm (4.2) or, in case  a is convex, in the equivalent norms given by (4.3)

and (4.5).   Hence to apply our earlier results we must show that  L  ip) has the

approximation property and that the quasi-norm or norms are accessible with re-

spect to   some positive definite function in the sense of §3.

We first examine the question of accessibility.

Theorem 4.1.   Let  a be an increasing function on [0, oo)  such that

lim ^m0.ii) = », ait) = 0  iff t = 0, and
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(4.8) ait) =  I     x~2 sin2txM{dx)       (0 < ; < oo)

where  M  is a measure on [0, oo) which is finite on compact subsets and such that

f^x'2 M{dx) < oo.    // for each f £ L a{p)

(4.9) $(/)= f™ e-spVUds)

where  m  is a probability measure on  [0, oo)  not concentrated at zero, then $(/)

is a real continuous positive definite function on  L   (/¿)  such that  O(0) = 1.

Furthermore,   L  {p)  is a real complete linear metric space in the quasi-norm (4.2)

or, in case  a. is convex, a Banach space in the equivalent norms given by (4-3)

and (4.5), and the quasi-norm or norms are accessible with respect to  $.

Remark 4.1.   It is well known that the condition (4.8) along with the conditions

on the measure  Al   are equivalent to saying  expj- a(/)¡  is an infinitely divisable

one-dimensional characteristic function.

Proof.    First of all observe by (4.8) that  a is continuous and a satisfies the

A^-condition on  [0, oo).   Then, by the initial remarks of this section, L  (/¿)  is a

complete linear metric space (or Banach space if  a is convex) and convergence

in  L  (/¿)   is equivalent to p-convergence.   Hence  $  is continuous and the quasi-

norm on norms are accessible by $  if we can show  í>  is positive definite on

L  (p).   This follows immediately as in, for example, Theorem 3-2 of [4] since  a

satisfies (4.8) which is equivalent to  expi- a{t)\  being infinitely divisible.

We now examine the spaces  L   {p)  with respect to the approximation property.

Our results in this direction are in the next three theorems.  Their proofs follow

easily from the results of [3] and [ll] so are not included.

Theorem 4.2.   Let a be a real convex function on [0, oo)  which satisfies the

A-,-condition and a{t) = 0  iff t = 0.   Then  L   {p.)  is a Banach space with the

approximation property.

We say a measure space  (£1, p)   is separable if there exists a countable

collection of sets  C   of finite  /¿-measure having the property that if A   is an

arbitrary  /¿-measurable set with  p{A) < oo  then for each  e > 0  there exists  C £ (/

such that p{A - C) + p{C - A) < e.

Our next theorem provides examples of spaces to which Corollary 3-2 applies.

Theorem 4.3.   Let (£1, p)  be a separable o-finite measure space and assume

a is a real convex function on  [0, oo)  which satisfies the  ^-.-condition and a{t) =

0   iff t = 0.   Then  L  (/¿)  is a Banach space with a basis.
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Theorem 4.4.   Let  (Í1, p)  be a purely atomic measure space such that pi\w\) =

1  for w £ Í2.   Let a be an increasing continuous function on [0, oo) satisfying the

S. -condition,   ait) > 0  for  t > 0,  and such that   ait)   is asymptotic to

H?*-   sin txMidx) at  t = 0  where  M  is a measure on [0, oo)  which is finite on

compact sets and such that fTx~   MÍdx) < oo.    Let

(4.10) y</)=/QM|/|)*

where

(4.11) A(i) = j™x-2sin2lx Midx)        (0 < 7 < oo),

öTZisf assume  \it)  bounded away from zero on any interval [8, oo) yor <5 > 0.   Then

L  if) is a real complete linear metric space with the metric approximation property

and- L  ip.) has an accessible quasi-norm with respect to

(4.12) <K/) = J~ e—MfkM

where  m  is any probability measure on [0, oo) not concentrated at zero.

Remark 4.2.   It follows easily that if  (fi, p.)  is a purely atomic measure space

and ÍÍ  is countable then the space  L  (f)  in Theorem 4.4 has a basis.   For ex-

ample, the  /     spaces  (0 < p < 2) ate of this type.

5. The continuity theorem. The continuity theorems we obtain are analogous

to those for Hubert space and the / (0 < p < 2) spaces in [2] and [5]. Following

Theorem 5-2 we will indicate briefly how our results apply to those in [2] and [5].

Suppose  E  is a real complete linear metric space and  p is a tight Borel

probability measure on  E.   Then there exists a net of probability measures

\p, '■ b £ B\  each with mass at only finitely many points in  E  such that  (ft. i

converges weakly to p.   Then if A   is any uniformly equicontinuous and bounded

subset of the uniformly continuous functions on  E  we have

lim sup    j     fdp   -    f    ¡dp
b    fey\Jb Jh

= 0.

Hence by Proposition 6 of [7] it is possible to extend the definition of the Fourier

transform of p to  Ea.   That is, if p is a tight Borel probability measure on E

and {¡i, i   is a net of probability measure each concentrated at finitely many points

then p Ay) = Le    y,x    pfdx)  is defined for each y £ Ea.   Further, in [7] it is

shown that \p , i is a Cauchy net in quadratic mean with respect to any probability

measure  P  on Ea  having a continuous Fourier transform $  on  E, and if p. =

l.i.m.,/ji,   then
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(5.1) f      piy)P{dy) =   f    <Dfo)/¿fox).
JEa JE

It is quite clear that the definition of p   as a random variable is independent

of the choice of the discrete sequence  \pA  converging weakly to p.   Moreover, if

F  has a basis  \b   S  with canonical projections  \P    j  then it is easy to show that

it is possible to choose the measures  \p,\  so that they all lie in  UN   , P NiE).

Hence in the case of the  /     spaces  (0 < p < 2) the extended Fourier transform

of a measure on  /    which was defined in [5] and extended from  /_   to  R°°  (the
f> P

space of all real sequences) is a special case of that which we work with now.

More will be said about   /     spaces later.P     r

Theorem 5.1.   Suppose E   is a real complete linear metric space such that

E  has the approximation property with respect to the net of operators  \n   : À e Aj

and E  has an accessible quasi-norm with respect to 0.    Let  P  denote the prob-

ability on  FA  determined by  $.    Then a sequence of tight probability measures

\pA °n  E  converges weakly to a tight probability measure  p  iff

(1) lim p, = p on  E , and

(2) for a cofinal subset  A     of A  we have the sequence of extended trans-

forms p   ~   ^,   À £ A , converging in P-probability lo p       a.

Proof.    In view of (1) and the arguments of Theorem 3-1 if we show  \p,\  is

a tight sequence of probability measures then  \p, j  has a unique limit point  p

which is tight.   Further, since (1) holds we have  i/¿, A S  converging weakly to

p"X   fot each  À £ A.   Hence by Lemma 2.2 it suffices to show for each  e> 0

there exists a  À t y\  such that  sup, p. \x £ E: \\x - n.x\\ > c\ < c.   Fix  ( > 0.

Since F  has accessible quasi-norm with respect to 0  we have a  e(e) > 0  such

that

pk\x £ E : \\x — 77^xl| > ej

(5.2) < -L   T   [j _ cKx - n x)]p.{dx) < J_   f   [1 - «x)VÍ" V*)
c(f)  JE A ze -    /   \   jE r-kA()   JE *    '^        '   -   c(e)

T5 Je  l/  a Ll - -i<X-y>^^y)\p~nHdx) = ~   f       i
Ac) Jb  lJEa \ c{e) JE<*

1 - p'~nHy)]P{dy)

where the interchange of integrals is allowable by (5-1).   Thus for À e A.   (2)

implies

lim pAx £ E : \\x - n.x\\ > c\
<_L   f      [l-uA'~\y)]Pidy)

civ  JEa

(5-3) 1

= -r-r   i,. [1 - 0(x - 77. x)]p{dx)
cie) JE A
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where the last equality involves an interchange of integrals similar to that in

(5-2) and is justified as in (5-1).   Since  p  is a tight measure on  E  and   \n. i

converges uniformly to the identity on compacts we have a  AQ   such that  A £ A

and  À > A     implies

(5.4) pr jE [l - OU - nKx)]pidx) < e.
cíe) JE

Combining (5-3) and (5.4) we have a  kQ  such that k > k„  and  A > A_, À eA

implies

(5-5)
sup   pfx £ E : ||x - 77.x|| > ei < c.
k>k

Since each  p,   is tight it follows that there exists a  A.   such that  A> À  , A £ A

implies   sup, p, \x £ E: ||x - z7.x|| > f < c   Thus   \p,\  is tight and as remarked

above  \p, !  converges weakly to some tight probability p.

Now assume  \p,\ converges weakly to  p.   Then (1) holds and to show (2)

holds we show  p , ~"* i  converges in mean square to p  -"zX   for each  A e A.

~X .   ThenFix  A e A  and let  ¥fc = pt'^'X , W = P

(5.6) f;^-fi2*-L»A*-Lv*-Lv**L^
Í-Í2.

and since each measure  p     is tight it follows that  p, ~  *■   is the weak limit of

discrete measures  \p,   C- b £ B\.   Hence, as indicated prior to (5-1), \p ,   , !

converges in mean square to V     and the functions being bounded implies

Hra   f a WP-U" Í JIlm L L eÍ{y'X~Z>^dxKb(dz)
k     JEa k     JEa\_b

= lim lim  J"    \f (D(x- z)pkibidx)pKfdz)
k       b

r       r l — "i '_"\

= lim   I     J     0(x - z)pk    Kidx)p:k    *idz)
k

= jE fE $(* - z)fi'~\dx)p'"THdz)

dPiy)

where the last equality follows because  \p,  x p,\  converges weakly to p \ p.

Similarly, lim,  f     V fV dP = lift, /      W.ÇrfP . f     íf¿P= A   and hence by (5.6)
7' k  J r;d k kJ  pCl k J p 22 '     V

we have (2) holding.

In Theorem 5-1 it is condition (2) which is somewhat unusual.   For example,

in [2] and [5], (2) was replaced by the simpler condition that p ,   converges in



304 J. KUELBS

probability to p .   In our next theorem we are able to obtain this result provided

we make additional assumptions on  E  and  <£.   We remark, however, that these

assumptions are available in the setting of [2] and [5] as we will show after

Theorem 5.2.

Theorem 5.2.   Suppose  E  is a real complete linear metric space and that  E

has the metric approximation property via the net of operators  fo.: À £ A\,   E  has

an accessible quasi-norm with respect to 4>, and for each x £ E,   y > 0, and À 272

a cofinal subset  A    of A,   <$>{yn.x + (x - 77. x)) < (J)(x _ 77 »x).    Let P   be the prob-

ability measure on Ea  determined by $ and assume P    7.X   is absolutely con-

tinuous with respect to P  where   T     : = y rr.   + (/ - fo   ) for y > 0 and À e A  .

Then a sequence of tight probability measures  \p,\  converges weakly to a tight

probability measure p iff

(1) lim, p, = p on  E ,

(2) \p A  converges in  P-probability to  p   on  Ea.

Proof.   The proof of the necessity of (1) and (2) is exactly as in Theorem 5-1.

To show that (1) and (2) are sufficient it suffices (as is explained in the proof of

Theorem 5-1) to show that for e > 0  there exists a À  such that  sup, pAx £ E:

\\x - 77. x|| > e\ < e.   Now let t > 0  be given.   Then there exists a  cfo ) > 0  such

that for  A e A    and  y > 0

pk\x : \\x - 77xx|| > e\ < pk\x : 1 - Ofo - tt^x) > c{e)\

< pk\x : 1 - <5(y77Ax + (x - 77Ax)) > c{e)\

= —--   I     [l - 0(y?7.x + (x - 77.x))]/t, fox)
cfo)   JE * A fe

1       r    \  r      r i(y,yn.x + (x-n\x)> \

¿5 L [I - AW'"«
T

where the last equality follows as in (5.1).   Thus, by (2) and that  P y'    « P,
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lim pAx : ||x - 7T,x|| >f|<i   Í      [1 - pfy)]pTy'Hdy)
cíe) JE<*

f    [1 - $(y?7xx + (x - 77 x))]pidx).
ie) Je A *

Since  p. is tight and the operators   Í77. : A e A\ ate equicontinuous it follows from

the continuity of $  on  E  that there exists  AQ , yQ > 0  such that for  A e A[7 A > AQ,

and  0 < y < yQ

\E [l - $(y?7xx + (x - 77xx))]/iUx) < e • cíe).h
Thus there exists a kQ  such that for  A e A     and  A > AQ

sup   p,\x : \\x - n^x\\ > e \ < e.
kzkQ

The proof of the sufficiency is now completed as in Theorem 5-1.

Suppose  E  has a basis \b   \ with coefficient functionals \ß   \.   Then the

map x —>{ß (x)S  is injective from  E   into  R°°, the space of all real sequences,

and  E  can be viewed as a sequence space.   Now each sequence  \y !  in  R      in-

duces a linear map y  on  E  by defining

and then extending y   linearly to all of E.   Hence  R     can be injected into the

algebraic dual  Eu  and the dual  E    of E  can also be viewed as a sequence space

via the injective mapping y —► {y(è.)i  from  E    to  R°°.      Now if 0  is a continuous

positive definite function on E  there is then a unique Borel probability on  R°°

and we can work with  R     instead of  Ea.   For example if p. is the Fourier trans-

form of a probability measure  p on  E  and  E    is viewed as a subset of R°°, then

p. can be extended as a random variable to  R°° as in the discussion around (5.1).

We denote this extension by p   as before.

We now fix some notation for the following corollary which implies the continu-

ity theorem of [5] for the  /    spaces, 0 < p < 2.

Let Ea denote the space of real sequences  x = jx.j such that S°° 1 ct(|x.|) < 00

where  a is an increasing continuous function on  [0, 00)  satisfying the  A?-

condition, a(/) > 0 for / > 0, and such that  ait)  is asymptotic to A(/) =

¡q°x~2 sin2txMidx)    (0<'<oo)atr =0  where  M   is a measure on  [O, 00)  which is

finite on compact sets and such that ff x~    Midx) < 00.   Let $(x) = e~y^x'  where

00

yU)= Z A(|x.|)      ix£Ea).
z = l
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Further, assume kit)  is bounded away from zero on [8, oo)  for each  S > 0  and

that  e~Afo''   is  Lebesgue integrable on  (- oo, oo).   Let P  denote the product

probability on  R°° determined by <£(x)  and let   T     N     ylP'N + U - 'PN)  be de-

fined on  P°°  where  \PN\ denotes the canonical projections in  E   .   Since
Il T

e-\(.\t\)   -¡s integrable it follows that  P   7',N « p  for each  y >0  and integer  N,

Let p denote a probability measure on   E a.   Then  p has an extended Fourier

transform p   on. R°°.   This extension can be obtained as in the discussion around

(5-1), or by the method employed in [5] when  ait) = tp  (0 < p < 2).   In both cases

we obtain the same random variables on  R    .

Corollary  5.1.   Let  a, A, $, and Ea be defined as above, and let  P denote

the probability on R°° determined by í>.    Then a sequence of probability measures

\p,\  on  E    converges weakly to a probability measure p on  E    iff

(1) limp, = p on E , and

(2) \p A  converges in P-probability to  p   on   R°°.

Proof.   The corollary follows directly from the argument used in Theorem 5-2

by replacing the algebraic dual of  Ea by  R°°  as we have indicated, and using the

canonical projections  \P„S  in  Ea.   That is, Ea has the metric approximation prop-

erty with respect to the canonical projections   \PN\; fot x £ E     y > 0  and each

V ®(ypNx + (x - pnx)) - $(x - V); and if Ty n is as above then pTy,N is

absolutely continuous with respect to  P.   Hence the argument used in Theorem 5-2

is valid.

Remark 5.1.   If a{t) = Kit) = tP, 0 < t < 2, then Corollary 5-1 immediately im-

plies Theorem 3-1 of [5].

6.   .Application to sequence spaces.   Throughout this section we will be deal-

ing with the sequence space  Ea consisting of real sequences  ¡x.j  such that

.£•_] a(fo|) < 00  where we assume

(6.1) a is an increasing continuous function on [O, 00)  satisfying the A  -

condition.

(6.2) ait) > 0  for / > 0 and a{t) is asymptotic to K{t) = f^x~2sin2txAlfox) (O <

t < 00)  at  t = 0 where  Al   is a measure on  [O, 00)  which is finite on compact sets

and such that /^°x~   Alfox) < oo; and  K(t) is bounded away from zero on  [5, 00)

for each  8 > 0.

(6.3) <tfo) = e-y{x) where  yfo) = S~=J A(|xJ) and x = \x.\ £ Ea.

(6.4) P.   is the cylinder set probability on  Ea , the space of continuous lin-

ear functionals on Ea, which is determined by the continuous positive definite

function $(x)  on E   .

As pointed out in §4, E    is a complete linear metric space and, by Theorem

4.4, $(x)  is a positive definite continuous function on Ea such that the quasi-
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norm of Ea is accessible with respect to $.   In particular, if  ait) = A(/) = tp,

0 < p < 2, we have  E   = lp  and  P^   is the canonical stable cylinder set measure

on  lpl.

An operator T  on  Ea   to E a is said to be an Sa-operator if  T can be repre-

sented by an infinite symmetric positive definite matrix  (/..)  such that

S°°_   ait2.) < oo.   The  ra-topology on  Ea   is that generated by the seminorms

(Tx, x)     as  T  varies over the  Sa-operators.   To verify that the  Sa operators map

E„   to E„ simply note that since  it.)  is positive definite we have  it.) < t..t..

for i, j = 1, 2, • • •  and hence for x = e E     we have  Tx

That is, since  a satisfies the   A?-condition we have

í2~=lV.iinE(

Z t..x.
il  i

7=1

< oo  since  ¡/

<Z aidt'A)<M   Z   *(/*)
—    i-^ Z 2 ^"^ l l

i = \ !=1

£ E „ andwhere  z7 = S"" , / 2 |x.

E'   to £    and  ÍTx, x)      is a seminorm on   E    .

e E   .   Hence  T  maps

Lemma 6.1.    Let  a satisfy (6.1) and (6.2) ara«? A  be as in (6.2).   Le/  Z ,

Z  , ... èe independent identically distributed random variables defined on the

probability space  (Í), A, P) with common Fourier transform  e~   m*> ,   - oo < / <

Le/  T = (/..)  fee ö S -operator and suppose  T       (Z) = S2m .       , t. Z Z..    Then
i] a n ,m z,7=tz+1z;zz

for each e > 0

(6.5)

! roo f.    Let

lim    PÍTnmÍZ)>e)= 0.
m>n

Vl   îor  n = I, 2,  • •. and define   V    = Z     if   |Z  I < c

and  Y   =0 otherwise.    Then   PÍY    = Z ) = P(|Z   I > c  )  and by [6, p. 196],
TZ TZT2 1T2IT2 /L,r^j,

since  a ^ À and  a is increasing on  [0, oo),

P(\Zn\>Cr><1cn$l,Cn[l-e-^Uv

rl/c /,   \   r\/c

~7c     T     " [l-e-a(^]27zz<7c af— " 4, = 7a(|<     |W).
n  J q —       n     \c    IJ q *  nn>

\ nl

S e E   it follows from the Borel-Cantelli lemma thatSince  ||/

P\ lim  [T       (Z)- T       (y)] = OU 1(6.6)

Now for f > 0

(6.7)      p(7;_m(z) > f < p(rn)m(y) > (/2) + P(|rn>m(z) - rB>m(y)| > f/2)



308 J. KUELBS

and by (6.6) the last term can be made arbitrarily small by taking  m > n  suf-

ficiently large.    Further,

777 -.777

(6.8) P{TnjY)>(/2)<2-    XZ   t^Y,)--    Z     ^EiY2)
i, j =77+1 Z = 72+l

where the last equality follows since the  \Y \  ate independent and symmetric.

Now by [6, p. 196]

(6.9) F(y2)<3|z-    l'Hl-« ""' 2)] <Ma{\t    fo)/|,    I
n    —     >  nn> - '   nn]       ' '  nn<

where  Al   is a nonnegative constant.   Combining (6.7), (6.8), and (6.9) we have

(6.5).

With the aid of Lemma 6.1 we now provide sufficient conditions for condition-

al compactness of families of probability measures on E a in terms of the corre-

sponding Fourier transforms on  E'a.   Of course the results of §§2 and 5 are

already along these lines and apply to the  E a spaces, but the results we obtain

now are of a somewhat different type.

Theorem 6.1.   Let \p,\  be a sequence of probability measures on  E    and

assume (6.1), (6.2), (6.3), and (6.4) hold.    For each  S -operator T let

(6.10) UT = {x £ E': (Tx, x) < IS.
7 a -

If for each  e > 0  there exists an S ̂ -operator  T    and an integer k    such that

6 sup      sup    \l-pkix)\<c,
*■       i; k>k     jflij,

then \p,\  is conditionally compact.

Proof.   Let  \P    \,\Q   \ denote the canonical projections on  F   .   Since the
m        *~m r     ' a.

hypotheses imply that \pA is equicontinuous at zero in P Ea fot each integer

TTz we need only verify (ii) of Theorem 2.1 to show \p, \ is tight and hence con-

ditionally compact.

Let  i> 0 be given.   Choose an  Sa -operator T    and   k    such that (6.11)

holds.   Then

lim sup lim ¡E, [l - pkilPmy - 'P„y)]PxUy)
77       k'Zk        777 O.

(6.12) = lim  sup  lim J     [l - pkitPm lQny)]Pxidy)
77     Ze2Ze      m a.

< e+ lim lim 2Pjy £ F': {TAP   'Qy.'P    tßy)>l|
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In view of the definition of P^   and Lemma 6.1 we have

(6.13) Hm Um Px\y £ E'a: iT(tPm *Pj, <PJPny) > 1} = 0.
77 772

Now each p,   is tight and  Ea has the approximation property with respect to

{PI  so

(6.14) "    k<k(   m
lim sup lim f     [1 - pki'Pmy - 'Pny)]Pxyy)

k<k       777 a.

= lim  sup  lim   f       [l - <t>(P   x - Px)]pAdx) = 0.
1 I p 772 tí tc

77       k<k

Combining (6.12), (6.13), and (6.14) we have

lim sup lim fE¡   [l-pkAPmy-lPny)]Px{dy)<e
72        k      m a

so \p A  is tight as was to be proved.

Remark 6.1.   Let  \p : a £ A\ be a family of probability measures on F    and

suppose  \p   : a £ A\  is equicontinuous at zero in the  ''„-topology.   Then (6.11)

holds for all a £ A   and some Sa-operator  Ta and hence  \p  : a £ A\  is condition-

ally compact.

Theorem 6.2. Let \p,\ be a sequence of probability measures on E and

assume (6.1), (6.2), (6-3), and (6.4) hold. Suppose for each c > 0 there exists

an integer k    and an S ¿operator T   such that, for {T x, x) < 1   and k > k ,

(6-15) \pk{x) - pk (x)\ < c.

Then  \p,\  is conditionally compact.

Proof. Again it suffices to verify (ii) of Theorem 2.1. Let f > 0 be given

and choose an S   -operator T    such that

(6.16) sup       sup       \pkix) - pk (x)\ < c.
kzk( (Tfx,x)<l e

Then

lim sup lim /   Ü-tk?Pm'Qmy)lP'¿Jy)
Ean    k>k,   ma £

(6.17) < lim lim/    [1 - pk {>Pm !Qny)]Px{dy)
n       m        ' a £

+ (+ 2 lim lim P.\y £ £' :{T'P    lQy,lP    !Oy)>l|
A   J cl Cm    ^n-7 m    ^n7
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by the same reasoning used to establish (6.13) and (6.14).   Combining (6.14) and

(6.17) we see (ii) of Theorem 2.1 holds and hence  \p  \ is conditionally compact.

Remark 6.2.   If [p,\ is a sequence of probability measures on  E    such that

\fi, i converges uniformly on a set of the form  {x £ Ea : ÍTx, x) < 1 \ where   T  is

an 5a-operator then Theorem 6.2 implies  \p, \  is conditionally compact.   Of

course, if \fiA  converges uniformly on all of Eait follows that \p, )  is actually

compact.

In our next result we obtain sufficient conditions for a complex valued

function defined on Ea   to be the Fourier transform of a probability on E   .   In

case  a(/) = /     then  Ea= /    and it is known [2] that they are necessary as well.

If a(/) = tp  (l < / < 2)  the sufficiency result is known from [l], but it is not known

whether the conditions are necessary for p < 2.

Theorem 6.3.   Suppose (6.1), (6.2), (6.3), and (6.4) hold.    Further, assume  qb

is a complex valued function defined on Ea   such that

(i)   cpiO) = 1, (p is positive definite, and

(ii)   cb  is   r ¿continuous.

Then there exists a probability measure  p  on   E    such that  p. = (p.

Proof.   Let  \P   i, \Q   i denote the canonical projections on Ea.   Let  p,   de-

note the probability measure on  P,Ea whose Fourier transform is  ßfx) =

coi'P  x).   Since  \p,\ is then equicontinuous at zero in lP   Ea   tot each integer m

it suffices to show (ii) of Theorem 2.1 holds.   Take  e > 0  and choose an  S -

operator such that  ÍTx, x) < 1   implies   |l - çS(x)| < e.   Now   'P   y - lP y =

lP    'O  y   tot y e E'   and
m   x.nj j a

lim sup lim ¡e,   [l-pkitPmtOny)]Pxidy)
n       k       m et

(6.18)      =lim sup ̂  fE, [i - #'W2„y)]/W
n       h       m cl

< e + 2 lim sup lim P. {x £ E" : ÍT'PfP    'Oy.'P^P    'Oy)>lj,
— r A a k       m   ^nJ k       m    ^n-'

n        k       m

Choose  zz     by Lemma 6.1 such that for all  r, n >nQ

(6.19) PAX e E'■: ÍT'P  l0 x, lP 'Q x) > 1\ < e.
A" a. r   ^n r   ^-n

Since  'P fP    lO y = 0  if k < n and  lP  lQ  y  where  r = min (zé, m)  if  k > n we
k       m   ^-nJ — r   ^ ny

have by (6.18) and (6.19) that (ii) of Theorem 2.1 holds.   Hence  íp¡) is con-

ditionally compact and since   lim, fi   = e5  on  Ea, i.e. 'P.x —> x  in the  ra-

topology for each x  in Ea , it follows that. 1ft, i  converges weakly to a measure;

call it p, and p. = (p.   Thus the theorem is proved.
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Remark 6.3.   If the  5a-operator  T  chosen in the proof of Theorem 3-3 can

be taken sô that t.. = 0  for  i / j it is then possible to obtain Theorem 6.3 di-

rectly from Theorem 6.1.   That is, then  {Tx, x) < 1   implies  {TP,x,  P  x) < 1   for

all k = 1, 2, • • •   and hence (6.11) holds for all p    on  {x: (Tx, x) < l\.

In case  E= 1-.  it is known [2] that the conditions of Theorem 6.3 are neces-

sary as well as sufficient.
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