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ABSTRACT. Let M' be a complex manifold and let McC M’ be an open
pseudo-convex submanifold with a smooth boundary which can be exhausted
by strongly pseudo-convex submanifolds. The main result of this paper is the

following: Given a 3-closed (p, g)-form a, which is C™ on M and which is
cohomologous to zero on M then for every m there exists a (p, ¢ — 1)-form

() which is C™ on M such that u, .= a.

(m)

1. Introduction. In this paper we study global regularity properties of the
Cauchy-Riemann equations in serveral complex variables. This work deals with
forms on manifolds but in this introduction we will describe our results for the
special case of functions on domains in C”.

Given a domain M CC C” and functions a j=1,+--,n, on M we consider
the inhomogeneous Cauchy-Riemann equations:
(1.1) u; =a," i=1,e00ym,

i

where z,, .-+, z are coordinate functions on C”, x = Re (z)), y;=1Im (z].),
u, = %(au/’axj - \/:—lau/ayj) and ug .= l/z(au/axi + \/:Tau/ay].). We are con-

e

J . . . .
cerned with the dependence of u on &; in particular, if the a. are smooth’’

can we find a “*smooth’’ u satisfying (1.1). Since the system (1.1) is elliptic,
the interior regularity is well understood—for example if the a. € C*(M) then any
solution z of (1.1) is in C™(M) since u satisfies the equation Au = 4Z ajzj'
So that our question really is about smoothness at the boundary of M, here we
cannot expect that every solution u is smooth, since u + b is also a solution
whenever b is holomorphic on M. We will assume that bM, the boundary of M,
is smooth; more precisely, we assume that in a neighborhood U of bM there
exists a real-valued function r € C*(U) such that r > 0 outside of M, r< 0 in-
side M and dr £ 0 everywhere, so that bM is given by the equation 7 = 0. We
further assume that M is pseudo-convex, which means that if P € bM and

(al, ..., a") € C" such that 2 rzj(P)aj =0 then
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(1.2) 2 < (Palat >o.
ik

This hermitian form is called the Levi-form. Pseudo-convexity is a natural con-
dition which, among other things, implies that the system (1.1) always has a solu-
tion, provided the a satisfy the necessary compatibility conditions:
(1.3) Yz, T ez

Now we want to distinguish between two types of regularity theorems: glo-
bal and local. By global regularity we mean that, given smooth OL]. on M, there
exists a smooth # on M satisfying (1.1). By local regularity in a neighborhood
U of P € bM, we mean that, given a]., there exists u satisfying (1.1) such that

the set of points in U at which the a. are smooth contains the set in U at which
u is smooth.

Local regularity holds whenever the Levi-form (1.2) is positive definite at
P, in fact if the Levi-form is positive definite at every point of bM then the
unique solution # of (1.1) which is orthogonal to the holomorphic functions pos-
sesses this property (as proved in [7]). Recently there has been great interest
in boundary behavior of solutions of (1.1) on strongly pseudo-convex domains
(i.e. (1.2) positive definite) and quite precise results have been obtained in terms
of continuity and Hélder norms (see [6], [3] and [4)).

When the Levi-form is semidefinite but not strictly positive definite then
further invariants control the question of local regularity (see [8]). If the Levi-
form is identically zero in a neighborhood then local regularity does not hold
(see [8]). On the other hand, here we obtain the following result, which is a spe-
cial case of our main theorem (3.19).

(1.4) Theorem. If M CC C" is pseudo-convex with smooth boundary, a. €
C®M), j=1,«++,n, and if the a. satisfy the compatibility conditions (1.3)

then for each integer m there exists a function u y € C™M) satisfying (1.1).

(m

The question immediately arises whether, under the assumptions of the above
theorem, there exists a solution z € C™(M). This remains an open problem; in

particular, it would be interesting to know whether the solution # which is orthog-
onal to holomorphic functions is smooth.

It is convenient to use the standard notation:
du=2 u_ dz, a=2 adz
z. ] 7 ]
7
(1.5)

da=2 (a_ -a _)dz Ndz,.
j<k 1%, kz . 7

]
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The system (1.1) then becomes —8_u = a and the compatibility condition (1.3) be-
comes da = 0. The questions posed here are studied via the d-Neumann problem
with respect to the type of weights introduced by Hérmander in [S]. The essen-

tial tools are the techniques developed in [7] and [9]. In C” this means consid-

ering the “‘weighted’’ hermitian form:
(1.6) R (8, ¢) = (0g, [,0) + (96, B(/ )
where

[(2) = exp-Yilz|D), B=L¢pdE, 96--3 8
]

and (,) is the sum of the L ,-inner products of the components. Given & we

then show there exists a solution ¢, to the variational problem

(1.7) Rt(¢'1’ ) = (a, /[l,lf), for all ¢,

under the boundary conditions

(1.8) Zrz‘qﬁl:Zrz Y,=0 on bM.
i i

Then a solution of (1.1) is given by
(1.9) u, = @)

and we show that given = then «, € C™(M) if ¢ is sufficiently large.

In case M is a manifold the above outline has to be somewhat modified.
First, to define /,, we must assume that there exists a function with properties
analogousito |z|? (i.e. which is strongly plurisubharmonic in a neighborhood of
bM). Second, in general, the ;cohomology of M is different from zero and this
is related to the fact that then R, is not positive definite. We then consider the
positive definite form Q (¢, ¥) = R (¢, ¥) + (¢, [ %) and solve the variational
problem (1.7) for this form. Using this solution we then obtain the desired solu-
tion of (1.1) under the additional necessary condition that @ is orthogonal to the
“‘harmonic space’’. Throughout this paper we follow the type of program set up

in [8]; for more detailed explanations we refer to [1].

2. The 3-Neumann problem with weights. Let M be a complex hermitian
manifold of dimension 7, and let M CC M’ be an open submanifold of M’ whose
closure, M, is compact. We denote by bM the boundary of M and we assume
that there exists a neighborhood U of bM and a real-valued function r € C™(U)
such that dr £ 0 and 7(P) = 0 if and only if P € bM. We normalize 7 so that

(2.1 ldrl =1 on bM,
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where | | denotes the length defined by the hermitian metric. The sign of r is
chosen so that 7 <0 in M and > 0 outside of M.

By (@79 we denote the space of forms of type (p, g) on M which are C*™
up to and including the boundary, i.e. they are restrictions to M of C™ forms on
M'. We set

2.2 @-2 @ra,

In terms of local holomorphic coordinates z,, -++, z ~on a coordinate neighbor-
hood V we can express ¢ €@ by

(2.3) b=2 ¢, d' N az),

where ¢, € C™(V N M); l=(i1,...,z'p) with 1 <) <.ee<i <m, 1<p<m
]=(il,°°-,jq) with 1 <j; <.+-<j <m, 1<q<m dz':dzil Neooo A dz,
and dz! =dz. A ... Ndz. .
= q
The operator 9: @ = @ is expressed in terms of local coordinates by
6¢>”

_ 9é
@ 33-2 Loz Naz' Nap!d Xl DLk gzl A gz kD,
p

— (k])
azk z,

14

where |I| = p, (k]) is the ordered (g + 1)-tuple consisting of &, and the elements
of | and
0 if A#£B,

(2.5) c‘; = 40 if A has repeated elements,
sign of the permutation A — B otherwise.

Then

(2.6) (@29 c @941 apnd 9% -0,

The hermitian structure induces an inner product on @ for each P € M.
Thus if ¢, ¥ € @ we denote by (&, ¥)p their inner product at P and by (¢, ¥)

the function whose value at P is (¢, l/l)P. In terms of coordinates we have

@.7 (b5 ‘//>=Z¢”‘/’KLS”'KL,
where

g KL~ (dz! A dz), @K A dzh)
(2.8) ik

ikl il i1 .
g Ve IR TR ey 2 (K] and 1] < LI

0 if either |I| £ |K| or |J| #|L],

and g** = (dz, dz), g/l = (dz , d7 ).




GLOBAL REGULARITY FOR d 277

Further if ¢, Y € @ the Lz-inner product and norm are defined by

2.9 B )= [, @ 91aV and 617 = 6, &),

where dV is the volume element induced by the hermitian metric. We denote by
@ the inner hilbert space obtained by completing @ under the norm | ||.
The formal adjoint of d is denoted by 9: @ — & and defined by the require-

ment that

(2.10) (96, ) = (¢, 9)

for all ¢ with compact support in M. Then

(2.11) (@9 @91 and 9% -0.

If P €M we denote by @ the space of forms at P, by T, (and T}) the
real tangent (and cotangent) space to M' at P. Then for each cotangent 7 € T}
with 77 # O the symbol of d is a linear map o (8 ): @ @P given by

(2.12) o,,(a, o =My A 0,

1,0
where 11 ,: &P, @ @2,’1 —’@2,’1 is the projection. The symbol of 9, denoted
by op(9, 7): &P — @P, is then the adjoint of 0,(d, 1) with respect to the inner
product ( , ),. Integration by parts gives us

(2.13) (96, y) = (B, Oy) + fbM(a(o, dr), ) ds,

for all &, ¢ € (i’, where dS is the volume element on bM. We define the space

Dcd by
(2.14) D=1p @0, (@)p)pp =0 for all P € bM}.
Thus we have

(2.15) ®, ) = (b, oY)

whenever ¢ €D and y € @. On T we define the hermitian form 0: £ x D — C
by
(2.16) 0, ¥) = (9 b, AY) + O, 9Y) + (b, Y).

Let & be the hilbert space obtained by completing P under the norm Q(¢, ¢)*.

Since we have
(2.17) 0@, ¢) > [I#l1%,

there is a natural imbedding of L in a‘ Then by a well-known theorem in

hilbert space theory there exists a unique operator F with Dom (F) C .D such that
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(2.18) (e, y) = (Fo, ¢)
for all ¢ € Dom(F) and ¥ €9, and R(F) = &, where R(F) denotes the range of

F. F is called the Friedrichs representative of Q; it is selfadjoint and its in-

verse is bounded. For smooth forms in Dom(F) we have
where O is the complex laplacian defined by

(2.20) O=09 + 9.

In [7] (see also in [9] and [1]) the smooth elements of Dom (F) are character-

ized by the following boundary conditions:

(2.21) Dom(F) N @ ={p € D| 9 € Di.

The space of harmonic forms H is defined by

2.22) H=1p Do, &) = |82

It then follows that H can also be characterized by the following:
2.23) H=1i¢ e@| =0 and 07 =0}=1{pd € Dom(F)| Fp = ¢};

here 9 denotes the L ,~closure of d and 9* its L ,-adjoint (noting that Dom (9%
C ,L) Now we formulate the L -8 Neumann problem as follows:
(2.24) Problem. Find a bounded operator A: d- @ such that
@ R(N)C Dom (F),
an N(N) = K, where JUN) denotes the null space of N,
am KRW) 1 K,
av) if a €@ and o L X, then

(2.25) Q(Na, ¥) = (a0, ) + (Na, ) for all Y €D,

It is clear that if such an operator N exists, satisfying (I) through (IV), then it
is unique. Furthermore, N also satisfies the following:
(A) If H: @ — H denotes the orthogonal projection then whenever a € @,

we have the orthogonal decomposition
(2.26) a=ddNa + 9oNa + Ha.

(B) ON = N3, 9*N = No* and FN = NF.
(C) If a« € and da = 0 (i.e. @ is in the domain of the L, closure of 0)
and if @ 1 H then

(2.27) o= d9Na,

and ¢ = ¥Na is the unique solution of the equation & = 5(}5 which is orthogonal

to J.
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Let A be a C* nonnegative function on M. With A fixed and for each ¢ >
0 we will define the d-Neumann problem of weight ¢; the above problem will then

correspond to t = 0. For ¢ € @

(2.28) (¢a l/,)(t) = (d” e-t)"//), "¢"(2t) = (¢’ ¢)(l)'

Observe that the norms || ”(t) are equivalent to the norm || ||, = || ||, hence a
function is in the completion under any of these norms if and only if it is square
integrable. So that for each ¢ the inner product (2.28) can be extended to (. We
define 9,: @G- @ by

(2.29) 9,6 =eMd(e ™M) = 9¢ — 109, dM)g

so we see that

(2-30) 0(‘,1’ 7]) = 0(09 77).

Further, we have as in (2.13),

(2.31) (385 ¥)y,y = (s ),y + [, (009, AN, e M) s,

so that, when ¢ € .(D, the boundary term vanishes.
We define Q: PxP—>C by

(2.32) 0,(@, ¥) = O, ap),y + (3,8, O, + by ) .

Again, the norm Qz(¢’ ¢)l/2 is equivalent to Q(d, ¢>)% for each ¢t and hence,
for each t, the completion of D under Qt may be identified with and, for

each ¢, the inner product (2.32) extends to J.

As in (2.18), we have for each t and each a € d a unique ¢ € ) such that

(2.33) Qt(¢z’ Y) = (a, l/l)“) forall ¢ € 9.

Then F, the Friedrich’s representative of Q , is defined by Fz¢: = a and
Dom(Ft) = Dom(F) is independent of . We have

(2.34) Ft¢ = Dt¢ + ¢a
where
(2.35) 0,=09,+ 9.

Analogously to (2.22) we define the space of weighted harmonic forms }(t by

(2.36) K =t¢ e D) 08 &) = 612,
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We can now formulate the 9-Neumann problem of weight t with respect to the
function A as follows: Find a bounded operator N : d@— which satisfies prop-
erties I, II, IIl and IV of 2.24 and hence also (A), (B) and (C) with N, F, H, 0, H
and ¢ replaced by Nl, Ft, }(z’ Qz’ Ht and J, respectively, and | and adjoint
are understood with respect to the inner product ( , )t.
Our interest centers principally on property (C) which we can reformulate as

follows:

(2.37) Proposition. If a € & and if @ is in the domain of the L ,-closure of
d with da =0 and if

(2.38) (a, ¥) =0,

wherever Oy =0 and y € D and if for some t the 9-Neumann problem of weight
t is solvable in the above sense, then there exists u such that du = a and the
unique u satisfying this equation which is orthogonal to }(t (in the ( , )(t) inner

product) is given by u = 0tNta.

Proof. We simply observe that if 9 0 =0, i.e. 9(e~*0) = 0, then (2.38)
implies

(a, 6), . =0, hence al}(z’ under (,)

() ()’

and since 9 = 0 we have the desired result by property (C).

3. The main theorem. The concepts of plurisubharmonic and pseudo-convex
are well-known in the theory of several complex variables, we recall them below.
(3.1) Definition. If P € M’ we denote by T},'O the vectors of type (1, 0) at

P, if L € T},’O then in local coordinates we have

29
(3.2 = 7 .
) L ’gl a B_z?

If A € C3(M") we define the complex Hessian of A at P to be the hermitian form

on T;,’O given by
(3.3) LH@&%LAE%

The function A is call plurisubbarmonic at P if the complex Hessian is positive
semidefinite and it is called strongly plurisubbarmonic at P if the complex Hes-
sian is positive definite.

In terms of local coordinates the complex Hessian at P is represented by
the matrix’ ((azh/azjafz_k)’,).

(3.4) Definition. M is called pseudo-convex if for each P € bM the restric-

tion of the complex Hessian of 7 to T},’o N CT,(bM) is semidefinite and M is
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called strongly pseudo-convex if this restriction is positive definite. Here
CTP(bM) denotes the complexified tangent space of bM at P.

In terms of local coordinates, we are looking at the hermitian form,

2
(3.5) (al, ooy a® z <_a__r_._> ajEk,
P

ik 0z].azk

where

(3.6) )3 af<"'> - 0.
- az]. P

]

(3.7) Theorem. If M is pseudo-convex and if there exists a function A on
M' which is strongly plurisubbarmonic in some neighborhood of bM, then there
exist a nonnegative function p € C™(M) and a compact set KC M such that p is

strongly plurisubbarmonic outside of K, and, if for each c >0, M_ is defined by

(3.8) M_=1{P € M| u(P) < c},

then MC CC M is compact.

Proof. We will show that the function p € C*(M) which outside of a suffi-

ciently large compact set K is given by

(3.9 p=-~loglr| + CA,

where C is a large constant, satisfies the properties required above.
Let z,,«--, z be a holomorphic coordinate system with origin on &M and

domain U. Suppose P € U and L € T},’O is given by (3.2). We write

(3.10) L=rp(L) +vp(L),
where

Za™r_ (P) 3
(3.11) vpll) = —e T2, (P) .

2'7‘2 (P)‘Z zj aZ]

Then the vector 7,(L) is in the tangent space at P of the surface r = r(P). The
pseudo-convexity of M implies that there exist ¢ >0 and A >0 such that
SENTA 2
(3.12) 2 Ek(P) (L) (7 (L)), > = A|L|?|HP)]
i

whenever |r(P)| < ¢ and P € U, where

(3.13) ILIZ= 3 |am|.

m=1




282 J. J. KOHN

To see this choose ¢ so small that the points P with |r(P)| <€ are in a smooth
product neighborhood V of bM. Denote by m: V — bM the projection in this pro-
duct. Let k(P) denote the left side of (3.12); since k is smooth we have

K(P) — k(@(P)) = O(|L|?|AP)|)

when |r(P)| <¢ and P € V. This combined with the pseudo-convexity of M yields
(3.12).
From (3.10) we obtain
2u Zr

2+CZ)\ _alzk
z

1 .
ki Zr a’
72 =i

z’.z,e z]?k ].zk
(3.14) =T 1y, _(w r(L) +_ |L(r)|2 +CIN _alak
Z Z ]Zk

. o<|l| (L) AL)] + Muiz;).

The strong plurisubharmonicity of p for small 7 is then a consequence of (3.12),
(3.14), the fact that |L(r)] = |[v(L)|, the estimate

(1/|rD)ALI||WAL)| < large const |7(L)|? + small const (1/r)|u(L)|?,

and the fact that A is strongly plurisubharmonic near 6M. The remaining prop-

erties that are needed are immediate consequences of the definition of p.
Observe that whenever bM has a neighborhood U which is Stein then there

exists a function A which is strongly plurisubharmonic on a neighborhood V CC
U of bM. Namely, let f,, -+, [y be a set of holomorphic functions which sep-
arate points of V and such that the {df } span the whole n-dimensional space of

(1, 0)-forms at each point of V. Then the function

N
- 2
(3.15) A Zl 7|
mz=
is strongly plurisubharmonic on V since
(3.16) ZA —alak= Z Z”mz.al
z. zk my|j ]

In [2] Grauert gives examples of pseudo-convex manifolds on which there
does not exist a function p as described in the above theorem.
To formulate the main theorem we use Sobolev norms on the space @. For

each nonnegative integer s we define the norm || Hs on (@ by

(3.17) 2=~ X X f D¢ |2 av,

v a|<sl]




GLOBAL REGULARITY FOR d 283

where U, is a finite covering of M by holomorphic coordinate systems, ¢§7) are
the components of ¢ (as in (2.3)) with respect to the coordinates in U,; as usual
a a a2n : - = | = cee

D% = a‘ l/ax‘;l e axzn , with x, = Re (z].), Xitn = Im (zj), ji=1, , 4, and
|a| =a, ++-+ +a, . The topology defined by this norm is independent of the
choice of coordinate cover; we denote by (_ the completion of @ under | -
Here we recall the well-known relation between differentiability and the Sobolev
spaces. For each integer 7 we denote by @r the space of forms whose compo-

nents in each coordinate neighborhood U are in C'(U N M), and set @_ = @.

(3.18) Lemma. @s C @S_n whenever s > n. In particular, if ¢ € Zfs for all
s then ¢ € Q.

The principal result of this paper is given in the following.

(3.19) Main theorem. If M CCM' is a pseudo-convex manifold with a smooth
boundary and if there exists a nonnegative function A on M' which is strongly

plurisubbarmonic in a neighborhood of bM, then there exists a number T such
that the d-Neumann problem of weight t is solvable (in the sense of $2) for each

t> T,. Furthermore, for each s there exists a number T such that
~ ~ s ~ ~
(3.20) N@)c@, H@)cA, Hca@
t s s t s s t s
whenever t > T _. Finally, whenever t > T then }(f"q, with q > 1, is finite
dimensional, its dimension is independent of t and it represents the d-cobomology
of M.

As in Proposition (2.37), we obtain the following consequence of the main
theorem by applying Lemma (3.18).

(3.21) Corollary. Under the same hypotheses as above, the operators N,
and H map U_ into &S—-n provided t > T ; in particular they map @ into
@S_n. Furthermore if a € @S, da =0 and (2.38) holds then there exists u € &15

(and hence u € @S_n) such that Qu = . In particular if a € @ with da = 0 and
(2.38) holding then, for each m, there exists a u € @m such that du = a.

4. A priori estimates. Our starting point is the following estimate which is

proved by Hérmander in [5].

(4.1) Proposition. If M CM' is pseudo-convex and if there exists a nonnega-
tive function X on M' which is strongly plurisubbarmonic in a neighborhood of
bM then there exists a function [ € CT(M) and constants T, C and [or each t

a constant Ct such that

(4.2) 612, < €O (b, &) + C Il 2,
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whenever ¢ € DP9 with q>1 and t > T, where | ¢,y and | |, are the norms
defined by (2.28) and (3.17) respectively.

First we have the following lemma which is an immediate consequence of the
ellipticity of Q.

(4.3) Lemma. If g € C3(M) and g € Cy(M) so that g' =1 on the support
of g and if a e@, ¢ €D with

(4.4) 0, ¥) = (a, ¥),,

for all €D and some fixed t, then, for each s >0, there exists a constant
C >0 so that

(4.5) le#lls,, < Clig'all,.

(4.6) Theorem. Under the same bypotheses as Proposition (4.1), for each
nonnegative integer s there exist constants T_ and C_ such that if o € {r-a
with q > 1 and if (4.3) holds with ¢ € D?*? for all € D?*? and t > T, then we

have

(4.7) I#lls < C .

Proof. The argument is along the lines of the proof of Theorem 2 in [9]. We
choose U to be a suitably small neighborhood of P € bM on which there is de-
fined a boundary coordinate system as well as a boundary complex frame, which
we describe below. A boundary coordinate system is a system of real coordinates
ti,+**y 1y, _»7, where 7 is the function defining the boundary described in $2.
A boundary complex frame is a set of orthonormal vector fields, L, -+, L on

U of type (1, 0), such that L].(r) =0 if j=1,++-,2n~1 and Ln(r) =1. We let

w!, -+, ®" be the bases of (1, 0)-forms on U which is dual to Ly,+++, L.

Any form ¢ on U N M can be expressed in terms of the w as follows:
(4.8) =2 ¢,0 Na’,

i i — -7 -7 ..
where ol =0'' A+ Ao anq o) =@’' A -+ A @’%. The restrictions of

forms in D to U N M are then characterized by
(4.9 ¢l]‘bM =0 whenever n €.
If a is a (2n)-tuple of integers we denote by D the operator given by

(4.10) p* = lelglel gt ... gr2n 1a, 2

and if @ is a (27 - 1)-tuple we define D by
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(4.11) DY = (- i)lalalal/atfl N T

These operators will be interpreted as acting on forms on U N M by applying
them to each component in (4.8). Thus if ¢ is the restrictionto U N M of a form
in D then so is D(;¢. Now if £, ¢ € C(°)°(U NM) and ¢ =1 on the support of {,
we wish to prove the estimate
@1t T 108G <C, T ICD%I2, v, a2

lal<s la|<s ’
for a, ¢ € DP+9 satisfying (4.3), where C, is independent of .

Before proving (4.12) we will show how the desired estimate (4.7) follows
from (4.12) and Lemma (4.2). Let U, +-+, Uy be a covering of &M by neighbor-
hoods such as described above, and let éo, 41, ceey éN be functions in C™(M)
such that supp(¢,) CCM and supp (L:j) cu;n M for j=1, -+, N and such that

N
(4.13) _
5 (=1

It follows from (4.12) that

N
(T %2,
j=1 } s

al<

(4.14) N
<C, T TG -00%I2, + 1ELD%I% 4 €, Jal?,

j=1 |a|<s
where supp (4(;) cC M, supp(é}.’) cC U]. NMforj=1,+-+,N and C]' =1 on the
support of Cj for j=0,---,N.

Now since 27=1 C]'IC(; —~ 1| < const 2?;1 (}. then for t sufficiently large the
first term on the right is smaller than the left-hand side of (4.14) and hence can be
“‘absorbed’’. The second term on the right is less that ||g¢|l§ for a suitable
g € Cy(M) and hence can be estimated by (4.5) which yields the desired (4.7).

Now we will prove (4.12) by induction on s. We observe that (4.3) implies

(4.15) Q,(: ®) = (o, @), <IIBIIT,) + I,y

this combined with (4.2) and (4.5) yields the desired result for s = 0 if ¢ is suf-
ficiently large. Suppose that (4.7) has been proven for s — 1. Since ¢ € Pe.a
then CDZ(;IS € DP9 and substituting this in (4.2) we have

2
(4.16) t|1¢pY Bli¢,) < €O (LDY ¢, ¢DY ) + C,[11¢DT HII3
if |y| = s, the last term can be estimated by |ng5||§+1 with a suitable g € Cg(M)

and hence by const Haui using (4.5). Integration by parts gives
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0 ,¢D7 ¢, (D] B)
=0,(¢, D)D) )

+ 040116, 07l + 119, D161, + 107,

@in e lZ Vo (ET0Bg, I'DEg) o (&b, (D] H)

'<S

+ (38l DY, al, ¢pY1B) ,, + (8,8, [1LD], 9), ¢DY1B),

+gpy, I, + 1LDYs *’J@S"?n}'
By (2.29) we have

(4.18) (9, CDZ] =9, (D71 - do®, dn), {71

Note that the first term on the right is an operator of order s and is independent
of t, and that the second term on the right is of order s — 1. Thus the error term

in (4.17) can be estimated by

small const Qt(CDZ«i), CDZQS) + large const ). ||CDﬁqS||(2t)
18] =s
(4.19)
+ CIIL 112

s=1
. . ’
where the first two constants are independent of ¢ and {  has compact support

in UN M with ' =1 on the support of {. By (4.3) and integration by parts,

we have

(4.20) 0 (#, DYL*DY$) = ({D] a, (D] $).

Choosing a covering and a partition of unity as above, summing over y with |y|

<'s and over the partition we obtain, using the inductive hypothesis,

@2 ¢ X IEDYBI%, <const X ILIDPBI2, + cOlal?,

il7|<s i|Blss
where the first constant on the right is independent of f. To conclude the proof
of the desired estimate (4.7) we must control the normal derivatives. Since Q is

elliptic the boundary bM is noncharacteristic and so we have

2@ <eomsefoes e T 10}

|6|=1

(4.22)
(&)

for all ¢ € .(L\,' the constant being independent of ¢. Replacing ¢ with D:qﬁ,
where |0| =s — 1, applying (4.17), (4.19) summing over the partitions of unity

we obtain
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4.23) 2

ifol<s=1

-

i 9r b¢

< const > HC;DZd’” (2,) + C(’)”alli—l’

(1) ]"l'y'ss

again the first constant is independent of ¢. The condition (4.3) implies that
(4.24) a=0,+¢;

this is a determined elliptic system in which the second order terms are indepen-

dent of t, hence in U N M we can solve for 32¢/8r obtaining

R ) 9 6, ..
(4.25) ._.—_Aa + BgD b + > Cgp— D, ¢ + first order terms,
dr? |6]=2 los1 9"

where A, By and Cy are matrices independent of the parameter t. Applying D:
with |o] = s = 2 to (4.25), taking the norm || ”(z) and combining with (4.23) we
obtain

82 o 2
_.quS

(4.26) > 57
T

jloles=2

<oeny
(t)

where the dots stand for the right-hand side of (4.23). By successive differentia-

tions of (4.25) and proceeding similarly we obtain

() %),

for k=1,..., s, where again the dots represent the right side of (4.26). The

(4.27) >

j,|U|ss-k

N

(1) -

desired inequality (4.17) is finally obtained by using the inequalities (4.27) to
replace the first term on the right of (4.21) by the first term on the right of (4.23);
then ¢ is chosen large enough to absorb this term in the left-hand side. This
gives the desired estimate for the tangential derivatives of order s and hence,

by (4.27), also of all other derivatives of order s.

5. Proof of the main theorem. We begin by ‘‘regularizing’’ the a priori esti-
mates of the previous section. That is, we want to show that the derivatives for
which we obtained a priori bounds actually exist.

Throughout this section we will assume that M CC M' is pseudo-convex and
that there exists A € C™(M") which is strongly plurisubharmonic in a neighborhood
of bM.

(5.1) Proposition. For each nonnegative integer s there exists a number
T_ such that for any fixed t > T and o€ 2.9 with g > 1 if ¢, € Po-a such
that

(5.2) 0 b, ¥) =(a,¥),
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for all Y € D then ¢ € Zfs. Furthermore ¢ satisfies the estimate (4.17).

Proof. The proof follows exactly the same lines as $4 in [9). We outline it
here. For 820 let Qt8 be the quadratic form defined by

(5.3) 0%, ¥) = 0,(¢, ¥) + (6, ),

for ¢,y €D, where ( ), denotes the inner product associated with the Sobolev

norm | [|,. Let @s be the completion of D under QIS; this is independent of ¢

and for 8 20 it is also independent of & and -?ijg % 1f a e then, by the

Friedrichs’ representation theorem, there exists a unique q')ls € %'q such that
YR
(5.4) Qb ¥) = (a, ¥,

for all ¥ € 29, Furthermore, if 8 > 0 then ¢,S is a solution of a coercive bound-
ary value problem and hence qStS € ég'q if a € ng'q then qSts € G‘gfz, By the
same method as in Theorem (4.6) it can be shown that if ¢t > T and 6 > 0 then

(5.5) 121l < constflall .

Then we can choose a sequence {0,} with lim 8, = 0 such that the sequence
{V'1(¢>fl foeee ¢tv)} converges in | || ; it is easy to see that the limit is the
unique ¢, satisfying (5.2) and hence ¢, € &g,q N

(5.6) Lemma. For any integer s, @fg'q N Dom (Fl) is dense in Dom (Fl) N
fo.qa in the norm Q, if ¢>1 and t > T _.

Proof. If ¢ € Dom(Ft) N §p.a leca=F ¢, let a, € (79 sych that a =

lim o, in &‘"q, let ¢, be such that Qt(c,b,,, ) =(a,, l/l)(t) for all ¥ € Pp.4,
By the above ¢, € {?*? and we have

0, - b b, - ) <llal 6, - ¢l < o, VOB, — b By — D)

which proves that ¢ = lim ¢,, in the norm Q,.

(5.7) Lemma. If ¢ > 1 and t sufficiently large then }(tp,q is f[inite dimen-
sional and there exists C > 0 such that for all ¢ € DP9 with ¢ 1 }(f'q we
bhave

(5.8) 6112, < CUlaglIZ, + I9,2l2,).

Proof. From (4.1) and Lemma (4.2) we have

(5.9) I, < CUidplZ, + 19812, + llgF )2,
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where g € Co(M). If ¢ € }(f'q then the above reduces to ||¢||(2t) < Cllgq.')llil
This implies that unit sphere in }(f,q is compact and hence }(f"q is finite dimen-

sional. Further, we have
(5.10) lgF (@2, < const (06]1% + [99]1% + gl ,)-

So (5.8) is deduced by the usual contradiction argument, i.e. take a sequence
¢, LHP with [|¢,],, =1 and

5.11) I, 12, > vU13 12, + 19,6,12),

then combining this with (5.9) and (5.10) we have ”¢v"(z) < const[lgp, |l _, for
v large. This shows that a subsequence of the {¢,} converges in L, and be-
cause of (5.11) also in Q, to an element ¢ but ¢ 1 }(f"q, ¢l =1 and, by
(5.11), ¢ € }(f'q which is a contradiction proving that (5.8) must hold.

(5.2) Proposition. For each s there exists a number T _ such that if q >
1 and t 2T _ then }(f’q CGS and if a 1 J‘(f’q then there exists a unique ¢ €

$p.a 0 Z’fs such that ¢ L }(f'q and
(5-13) Qt(¢’ ¢) - (¢7 l/f)t = (CL, ¢)t
for all ¥ €.

Proof. The proof is by the same method as is (5.4) of [9]. Let 0,,-, 0y
be a basis of }(f"q, g > 1. For each positive v and ¢, ¥ € §0.9 we define the
quadratic form P:/ by

N

G14)  PY$) = 0,y ) - (s ), + = 3 6000 9,y
1=

Ve write

(5.15) p=0¢" +¢,
where ¢’ 6}(5"‘1 and ¢" 1 }(f""; then

(5.16) PU$, 8) =0 (0", 8" = (8" 8",y +v7 91,y
hence by Lemma (5.7) we obtain

(5.17) I, < const P, ¢);

note that this constant depends on v. Proceeding as in Proposition (5.1), we

conclude that for sufficiently large ¢, if @ € ag,q, g > 1, then there exists a

unique ¢, € §#.4 such thar
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V|
(5.18) P, 9 = (as ),
for all Y € @p,q and &, € a(g.q. Furthermore

(5.19) lp,ll; < constflaf,

where the constant again depends on v. It is easy to see from the derivation of
(5.19) that there exists C > 0 such that

(5.20) e, i < Clall + e,
for all v.

Now we shall prove that }(" 2 C &’ If dim }(” 9 = 0 there is nothing to
prove, otherwise set 6, =0 and assume 91 € a for j=0,v, k with £ <N;
we shall construct 8 € }(f 4N afs with [|0] = l and (6, 9}.)([) =0 for j<k. In

S, Let a €

this way we will construct a basis of }(f"’ which is contained in
5 such that & is orthogonal to 0]. for j <k but so that @ is not orthogonal to

6k+1' Let ¢, satisfy (5.18), then the sequence {|é,ll} is unbounded, for if it

were bounded we could by (5.20) find a subsequence converging toa ¢ in || | _;

and then ¢ would satisfy

(5.21) Qt(¢’ ‘/’) - (¢a l'/l)(t) = (a, (l,)(z)

for all ¥ € Po.a, Setting =0, It the left-hand side is zero for all j and the
right-hand side is different from zero for j =k + 1, which is a contradiction.

Thus the sequence {ll¢,[I} is unbounded and hence we can find a subsequence
{é, } such that lim [|¢, || = =. Setting Bi = ¢, /I, |l, it follows that
i z i [ i

(5.22) P ) = (a5 /1, |l

From (5.20) we see that ”)8,“5 is bounded; now choose a subsequence of the ,32.
such that its arithmetic means converge to 6 in || || and such that the subse-
quence converges to ¢ in || ||__;. Then 6 € ?fs, 161 =1 and Qz(g’ Y) = (6, ¢)
so that 0 € }(f'q. Further setting ¥ = 9m in (5.18) we have,

(5.23) v (b, 0 )% =(a,0)

and hence ¢>V is orthogonal to 0. for j= 1&. -+, k sothat 0 is also orthogonal
to 9 for j=1, , k. Therefore }(f'q Cas.

If al }(1’ ‘1, a € as, we proceed as above to find ¢, satisfying (5.18).
Now, however, the sequence §U¢'VX|H is bounded, for if it were unbounded then
we could construct 3 as above but now 8 1 }(f'q, IBll =1 and B € }(f’q which

is a contradiction. So that by (5.20) we see that there is a subsequence of the ¢,

which converges in I ﬂ _; to ¢ and whose arithmetic means converge in I HS
to ¢ so that ¢ efDP N Z‘fs, ¢ 1 }(f”q and ¢ satisfies (5.13) as required.
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(5.24) Lemma. Let Lt =F, - 1, then the range of Lz is closed if t is suf-
ficiently large.

Proof. It suffices to prove that there exists a constant C > 0 such that for
every ¢ € Dom(Fz) with ¢ 1 }( we have

(5.25) l|¢llm CilL 2l )

We write Dom (F ) = @ Dom (F ) N .9 and denote by LP*9 the restriction of
L, to Dom (F ) A $2.9. Then Ll is the direct norm of the LP:9 and (5.25) fol-
lows by provmg it for each Lf'q separately. The case g > 1 follows from the
construction given above, or we can deduce (5.25) directly from (5.8) by noting

that
(5.26) 1612, + 19,817, = (L2 9 b) .

To show that the range of Lf' is closed we %roceed as in [7). Namely,
we first observe that if 6 € Dom (L %) then 96 €

to 90 and obtain

?." thus we can apply (5.8)

(5.27) 160112, < CllL?-%6)12,,.

Furthermore, since L0 s selfadjoint its range is dense in the orthogonal com-
plement to }(p, . Hence, if ¢ 1 }(p 0 and € >0 there exists 0 € Dom (Lp % so
that ||¢ — LP’OGII <e¢ soif p€ Dom(LP %) we have

1612, < 16, L200) | + bl < 1811, 161,y + el 8l

< L2 0] IL200] , + ell Bl < ILP 0] ) + bl + 120D

which concludes the proof.

We can now define the-operator N, required in the main theorem (3. 19).
Namely, we set Nz(}(z) =0 and Na = 915 if a=L ¢ with ¢ 1 }'( Proposition
(5.12) and Lemma (5.24) show that N, is well defmed and sausfxes the required
regularity as well as the properties (I) through (IV) of (2.24). The further prop-
erties (A), (B) and (C) of (2.24) then follow easily from the properties (I) through
(IV) and the regularity (cf. [7] of [1]).
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