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EXISTENCE OF SOLUTIONS
OF ORDINARY DIFFERENTIAL EQUATIONS
" WITH GENERALIZED BOUNDARY CONDITIONS

BY

STEPHEN R. BERNFELD(!) AND V. LAKSHMIKANTHAM

ABSTRACT. An investigation of the existence of solutions of the nonlinear
boundary value problem x' = fQty x, y), y' = g(t, x, y), AV(a, x(a), y(a)) +
BW(a, x(a), y(a)) = CI’ CV(b, x(b), y(b)) + DW(b, x(b), (b)) = C,, is made. Here
we assume g, f: la, bl x RP x RI—R? are continuous, and V, W:[a, bl x R? x
R? ~ R are continuous and locally Lipschitz. The main techniques used are the

theory of differential inequalities and Lyapunov functions.

1. Introduction. We investigate the existence of solutions of the nonlinear

boundary value problem

(L.1) x' =f(t,x,y), y' =gl x ),
(1.2) AV(a, x(a), y(a)) + BW(a, x(a), y(a)) = C,,
(1.3) Cvib, x(b), )’(b)) + DW(b, x(b), y(b)) = Cz,

where f: [a, b] x R? x R9 — R? is continuous, g: [, b] x R? x R — RY is con-
tinuous, V, W: [a, 8] x R? x R? — R are continuous and locally Lipschitz in x

and y. For the special case in which x and y are scalar, f(¢, x,y)=y,A=C=
1, B=D=0,V =x,and W=y we have the classical two point boundary value problem

(1.4) xt —glt,x,x') =0, x(a):Cl, x(b):Cz.

This problem has been shown to have a unique solution when g satisfies a
Lipschitz condition (see Picard [7]). Many others have since refined the esti-
mates on the interval of existence in terms of the Lipschitz constants. Another
more recent approach has been to show that the uniqueness of solutions of (1.4)
implies the existence of solutions (see Lasota and Opial [5) and Jackson [1]).
In a very recent paper Waltman [8] used these two previous methods to show

the existence and uniqueness of solutions of (1.1), (1.2), and (1.3), when
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262 S. R. BERNFELD AND V. LAKSHMIKANTHAM

A=D=1 and B=C=0. A principal tool in his first approach is the comparison
theorem of Perov (3], [6]). Here he assumes that both [ and g as well as V and
W satisfy a global Lipschitz condition. In his second approach he shows exis-
tence from uniqueness. Thus in both cases he obtains simultaneously the exis-
tence and uniqueness of solutions of boundary value problems.

We are interested in obtaining the existence of solutions without any global
Lipschitz conditions as well as without an explicit uniqueness assumption on
boundary value problems. Using the Perov comparison theorem and the theory of
Lyapunov functions and differential inequalities we obtain the existence of solu-
tions of (1.1) satisfying the more genera.l(boundary conditions (1.2) and (1.3). We
do not assume uniqueness of initial value problems for (1.1) nor of a comparison
system associated with (1.1). This extends the work of Perov who considered
the special case in which V =x and W =y. He also assumed uniqueness of sol-
utions of a comparison system associated with (1.1).

Examples are provided with nonlinear boundary conditions to exhibit the
utility of our approach. Using our results we are able to ascertain the existence
of solutions of two examples provided by Waltman [8] without having to determine
whether solutions of boundary value problems are unique. By the proper choice

of a comparison system we are able to obtain the existence of solutions of (1.1),

(1.2), and (1.3) for any a and b&.

2. Results. Let R” denote the Euclidean n space and |- || any convenient

nom in R”. We shall consider the system of differential equations
S) x! =/(t:x:)')7 y! =g(t,x,y),

where f: la, bl x R? x R? — R? is continuous, and g: la, b] x R x RT — RY is
continuous. We assume throughout that solutions of all initial value problems of
(S) exist on la, bl.

Let there exist two functions W(t, x, y), V(t, x, y) such that w, v: la, b) x
R? x R4 — R are continuously differentiable. Assume that

(2.1) for each ¢ the range of V and W is all of R and the set (W~ 1(c Na
V= Xc,) # & (the empty set) for all real numbers ¢, and c;

(2.2) |V, %, 9) | + | Wty x, y)| — o as | x|l + |y | = o uniformly for ¢ €

la, b).
The derivative of V along solutions of (S) is

°)% ov
v'(t, x, y) =a%-‘-/(t, x,y) + <_é;-(t’ x, y)) (e, x, y)) + - <b7 (¢, x, y)) (g, % Y.

vative of W along solutions of (S). Let

¢(t) and the

A similar expression holds for the deri
x(t) and y(t) be a solution of (S). We now consider the polar angle

polar radius p(t) in the V-W plane. Thus
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p() = W2e, x(), y(0)) + V2(e, x(2), y(2)),

(2.3) #(2) = sin~! W(e, x(¢), y(1)) . and
pl2)

WG, x(0), y(1)
tan $0) = 200, NO)
We thus obtain from (2.3),
8'(0) = VG, x(2), y(OW ' (2, x(2), y(1)) - W, x(2), YW ' (&, x()0)) _
V2. W2

The following assumptions on V' and W' will play a major role in applying the

comparison theorems:

8,6, Vi W + F(e, v, W< v’ < Fie, v, W)+ 8, v, W),
(2.4)

S, V. W) + G, Vv, W <W' < G, V, W)+ 8, v, W),

where F;, G.: la, 61 x R2 — R are continuous and positively homogeneous in V
and W (thatis F (¢, CV, CW)= CF (¢, V, W), Gt, CV, CW) = CG¢, V, W) for all
C>0); and d: la, 5] x R? — R are continuous such that

80, Vi W/([V] + W) — 0 as |[V]+ W=, i=1,234,
(2:3) uniformly for ¢ € [a, b].
Define
P(t, V, W =G, v, W) if V>0,
=G, V, W) if V<0
P, V, W) =F)t, V. W) if W>0,
=F (L, Vv, W) if W< 0
0,6, V, M =G, Vv, W) if V>0,
=G, V, W) if V<O
0, V. W=F @V, W if W>0,
=F,(e, v, W) if W<O.

From (2.4) an easy computation yields

VO, V, W) —WQ (£, v, W)+ 8%, v, W) <vW' —wv'
2.
26 SVP(, V, W)= WP (2, V, W) + S, v, W),

where
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8, v, W) = Ve, (e, V, W) - wag(t, vV, W), Vv>0,W>0,
= Vo, vV, W) - W3 (:, v, W), V>0,W<o0,
=V, V, W)~ w‘o‘a(z, V,Ww), V<o,W>o0,
=Ve,(, V,W)-W3,(:,V, W), V<0,W<o,

and

8%, v, W) = Ve, (e, v, W) - W3 (¢, V, W), V>0,W>0,
=V, Vv, W) - W63(t, V,W), V>0,W<0,
= V&,(t, V, W) - W8 (5, V, W), V<0,W>0,
=V, (¢, V, W) - wa, (e, v, W), Vv<o,W<o.

In view of (2.6), we now define our comparison systems

(2.7) A'=0,A,B), B'=0,tA B and
(2.8) $'=P (4,8, T, T" =P(t,S,T).

Observe that the systems (2.7) and (2.8) may have a discontinuity along the
lines A=0,B=0 and §$=0, T =0 respectively. We assume that all solutions
of (2.7) and (2.8) exist on la, b] and are differentiable everywhere except along
the previously mentioned lines. We also observe that P, P,, O, and Q, are
positively homogeneous in their last two variables.

Let 6(z) and ¥(z) be the polar angles corresponding to (2.7) and (2.8) respec-
tively; that is r2(t) = A%(¢) + B2(2) and r(t)sin0(2) = B(1), r(t)cos 0 (¢) = A2).

(A similar definition holds for ¥(t).) Differentiating the expression tan@ (1) =
B(£)/A(t), we obtain from the homogeneity of Q; and Q,
r cos 0 Q,(t, rcos 0, r sin 60)~rsin0Q,(t rcos 0, r sin 6)

0'@) =
2

(2.9)

= 0,(, cos 6, sin 6)cos 0 - Q,(t, cos 6, sin 0)sin 6

“r(, 6).

Similarly
$' (1) = P,(t, cos ¢, sinyp)cos ¢ - P (4, cos ¥, sin Y)sin Y
(2.10) def
=G, ¥)

Let us now consider the boundary value problem written in polar form

(s) xt =t %y ¥ =gl x Y,
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V(a, x(a), y(a)) sin a — W(a, x(a), y(a)) cos a =0,
2.11
( ) V(b, x(b), y(b))sin B — W(b, x(b), y(6))cos B=0,

where 0 < a<7 and 0<B < 7.

Before stating our main existence result we will need conditions which es-
sentially guarantee that solutions of (2.7) and (2.8) do not satisfy the boundary
conditions (2.11). This assumption is essential in order to use the shooting
method to solve (S) and (2.11). Denote by 6*(¢) and 6~(¢) the polar angles of
(2.7) satisfying 0%(a) = a, 0~(a) = a + 7. Similarly define ¥*(t) and ¥~(¢) to be
the polar angles of (2.8) satisfying ¢ *(a) = o and ¥~(a) = a + 7. We use the
following hypotheses concerning the solutions of (2.9) and (2.10):

(H,;) The maximum solutions lll;(t) and Yy(t) of (2.10) such that !ﬁ;‘(a) =
a,yYyla)=a+ 7 satisfy

Yr)<B+k+Dr and Yyu) <B+(k+2n

for some integer k.
(H,) The minimum solutions 9;(1) and 9;(2) of (2.9) with the initial con-
dition 0;(a) =a, 0-(a) = a+ 7 satisfy

0,(6)>B +(k+Dm, 67(5)>B+kn

for the same integer k.

We are now able to state our main existence result.

Theorem 1. For any V(t, x, y) and W(t, x, y) satisfying (2.1), (2.2), and
(2.4) there exists a solution of the boundary value problem (S), (2.11) if (H,)
and (H,) hold.

Remarks. For the special case in which V(¢, x, y) = x, W(t, x,y) =y,
Fit,x,y)= F,{t, x,9), Glt, 2, y) = G,(t, x5 y), 33(1, x,y)=8,(t, x,y),
8,(t,x,y)=8,(t,x,y) and f{t, x,y) = F (t, x,y) + 8,1, x, y), gle, x, y) =
G(t, x,y) + 8,(t, x, y) we obtain the results of Perov. Perov assumed the

added restriction that solutions of
x! =Fl(t, xy), y' =Gl(t,x,y)

are uniquely determined by the initial conditions. Then since systems (2.9) and
(2.10) are uniquely determined by initial conditions we see that (H,) and (H,)

are equivalent to the fact that there exist no solutions of (2.7) and (2.8) satis-
fying the boundary conditions (2.11). (That is solutions starting on the line with

slope tan o at t=a never hit the line with slope tanf3 at ¢ =1b.)

Corollary 1. Let the hypotheses of Theorem 1 hold. Then there exists a

solution of (S) satisfying the boundary conditions
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2.12) R, Vla, x(a), y(a)) + R,W(a, x(a), y(a)) = C,
R,V(), x(b), y(8)) + R W(b, x(b), y(8)) = C,,

for any real numbers R,, i=1,2,3, 4, and C;,i=1,2.
3. Proofs. We will need the following lemmas to prove Theorem 1.

Lemma 1. Let F: R® 3% R be continuous. Then for any closed bounded in-

terval 1= [¢, dl there exists a connected subset S C R™ such that F(S)= I

Proof: We first show the result is true for the case where F: R ®% R. Let
I =lc, d] be any closed bounded interval. Pick any x, € F~!(c) and define the
sets S={F~1(c)} and S = {F~Xd)}. We may assume without loss of generality
that §N [xo, ) £ & (otherwise we would look at § N (=, xo] and proceed in a
similar manner). Define §; =8N [xo,oo); then S, is closed and x, NS, = &.
Let y, = inflx: x € $;} and let x; = supix: x € TN ["0’ yo)}. From our con-

struction we obtain
F([xl, )/0]) = [C, d],

thus proving the case where » = 1. Assume now F: R™ ®® R. Then there exist
sequences {x.},{y,}, x;» ¥, € R™ such that F(x,) — +e and F(y,) — —e°.
Construct an arc in R” by linearly connecting the points x; to y,, X, t0 %,
and y; to y; for i=1,2-... Then F maps this arc onto the real line. Since
the arc is homeomorphic to the real line we have reduced the problem to the case
where F: R ™9 R. This concludes the proof of Lemma 1.

The next lemma is essentially Knesser’s funnel theorem [21.  Recall we

are always assuming all solutions of (S) exist on la, bl.
Lemma 2. Let (x(1), y(t)) be a solution of (S) satisfying the initial condi-
tion x(a) = x,, y(a)=y,. Let T be a compact, connected set in R? x R9. Then

the set
U (x(t, a, x), ¥(t, @, ¥o)
(xo,yo)eT; t€[a,b]

is compact and connected.

The next lemma follows from Lemma 2 and can be found in (3, p. 172] for
the scalar case.

Lemma 3. Let x(t), y(t) be a solution of (S) such that x(a) = x, and yla)
=yq. Then there exists a function m(u) fulfilling

e, @ x) + Iyte @ yo)ll 2 mlixoll + yo D

where lim,_, ., m(u) = oo,
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The next lemma may essentially be found in [9, p. 22].
Lemma 4. Assume all solutions r(t) of
(3.1) rt =K, n),

where K: la, bl x R — R is continuous, exist on la, bl.Then for each €>0
there exists 8(€) > 0 such that for each solution ¢(t) of ' = Klt, 1) + 8(2), where
&(t) is continuous and |8(t)| < 8, there exists a solution r(t) of (3.1) with ra) =
dla) satisfying |r(t) - pt)| <€ forall t € la, b).

We are now able to prove Theorem 1.
Proof. For any constant ¢ let (x(a, c), y(a, c)) be a point in R? x R sat-

isfying the boundary condition (2.11) at ¢ = a such that
(3.2) Vg, x(a, ¢), y(a, ) =c cosa, Wla, x(a, c), y(a, ¢)) =c sina.

The existence of such a point for each ¢ is due to (2.1). Let (x(¢, ¢), y(¢, ¢)) be
any solution of (S) through (x(a, c), y(a, c)). Let

W, ) = W(t, x(t, ), y(t, ¢)) and V(1 ¢) = V(s x(2, ), y(t, o).

As before &(t,c) and r(t, c) are the polar angle and polar radius, that is W(¢,c)
= rlt, ) sin Pz, c), V(1, ¢) = 1, ¢) cos lt, ¢), and 7%z, ) = V¢, x(z, ), Yz, €))
+ Wt x(t, ¢), y(t, ¢)). Thus

Hla, c) = {
Hence from (2.3) and (2.6) we have
é'(t, ¢) <[r?cos ¢ P (4, cos ¢, sin @) - % sin ¢ P (t, cos @, sin H)/r?

a if ¢ > 0.

a+m if ¢c<O0.

(3.3) + 8¢, 7 cos ¢, r sin q.‘))/r2
= G(t, @) + 81, 7 cos @, 7 sin @)/r2.

Define

8, ¢) = 184z, v, ©), Wi, o)) . 18%, V(t, ), W(s, |
VAt ©) + Wi, o) VA, o) + We, c)

From (2.5) it follows that for each 8% > 0 there exists by > 0 such that when-
ever V¢, )+ Wt ) > p, then |8z, o) < 8* forall ¢ € [a, b).

From (2.2) there exists an r; > 0 such that || x| + ||y [ > r, implies
Ve, x, y) + Wz(t,x,y)> p, forall t € la, b]. From Lemma 3 there exists an
ry > 1o such that if [|xg || + llyg | > 7, then [[x(t, @, x)| + [ y(t, @, y )| > 7 for
all t € [as b]. Thus Vz(t, x(ta a, xo), y(f, a, yo)) + "Vz(t, x(l, a, x0)9 y(f, a, yo))
> po-

Let
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N2> Ve, x, y) + w2, x, y)).

sup
el s li<ryieelaed
We may assume without loss of generality that cos a # 0. Thus for any point
(%9, ¥o) such that V(a, xo, y() = tN ((xy,y,) exists from (2.1)) we have | x, | +
llygll > 7, and hence |8(¢, )| < 8*.

From (3.3)
(3.4) ' (t, ) <G, Pt ) + 8, o).
Let y;l(t) and yy(¢) be the maximum solutions of
(3.5) y' =G4, y) + 8 )

such that yy(a) = a and yula) = a+m.
From (Hl) we may pick € > 0 so small that

(3.6) 1/1;1(17) <B+k+Da-e lﬁ;i(b) <B+k+27—-e

From Lemma 4 there exists &(¢) > 0 and solutions t/l+(t), ¢ =(2) of (2.10) such
that for |8(¢, c)| < &(e)

(3.7) lym@ -7 <€ and |yz(®) -y~ )| <e

Now (3.7) holds for any (x,, y,) such that V(a, X0, ¥o) = N, or equivalently for
c=+N/cos a, since we may pick N so large that 8% < &(c).

We now apply the theory of differential inequalities to (3.4) and (3.5) since
these systems are continuous everywhere except for those polar angles which are
multiples of #/2. The usual theory will thus go through (see [4]) and we obtain

#(t, ) <yy) if c>0 and

(3.8)
B2, ) < y,;(z) if ¢ <0.

Thus, for ¢ = + N/cos a, we obtain from (3.6), (3.7) and (3.8) at ¢ = b
#(b, c) < y,;(b) <Yt +e< l/l;(b) +e<B+(k+ .
For ¢ ==N/cos a

#b, c) <yy(B) <Y=(b) + €< Uy +e< B+ (k+ 2.

By applying this previous analysis to the minimum solutions of (2.9) we get
using (H,) that for ¢ = +N/cos a, ¢(b, c) > B + k7 and for ¢ = —N/cos a
#(b, c)> B+ (k+ 1)m. We thus conclude that for ¢ = +N/cos a
(3.9) B+kn<¢lb, c)<B+(k+1)n

and for ¢ = -N/cos a

(3.10) B+k+1r<db c)<B+(k+ 2



SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS 269

From (3.9) and (3.10) we see for sufficiently large N that the points

+ N
v<b, x<b, N ) y<b, N )),W(b, x(b, ) y(b, N ))
cos cos a Ccos A cos a
o 2o 2 vl oo 22 e 2)
cos a / cos cos A cos a

lie on different sides of the straight line V sin 8 — cos 8= 0 in the V-W plane.

and

Applying Lemma 1 at ¢ = @ we have the existence of a connected set S C R?
x R? such that V(a,s)=[-N,N]. By Lemma 2 the set

U It g x), v a y)}
(xgs¥g) €S
is a connected set for each ¢ € [a, b]. Since V and W are continuous functions
the set

(x 9)65“/“" x(b, a, xo), y(b, a, yo)), Wb, x(b, a, x,), ¥(b, a, y,))
070

is connected in R2. Thus there exists a point (xo, yo) € § such that

Via, x%, y&) = N* and W(a, x¥, y) = N*tan a

for some N* € (=N, N), and the solution x(t, a, xp)s ¥t a, tz) of (S)

satisfies
V(bo x(br a, xa‘ ): y(b: a, xa‘ )) Sin B - W(b, X(b, a, xg )D )’(b, a, xg )) cos B = 0.

This completes the proof of Theorem 1.

Proof of Corollary 1. For C, = C, = 0 (2.12) and (2.11) are equivalent. Ob-
serve that V + k, and W + k, will satisfy the hypotheses (2.1) and (2.2) when-
ever V and W satisfy them.

Moreover the homogeneity of F, implies that |F1.(t, V,W)| < VV2 + W2 for
all ¢ € la, b] and for some A > 0. Thus

IF 6, Vi —k, W —k,)) = F e, V), WI|/(VE 4 W2) — 0

as V2+ W% — oo, A similar result holds for G,. Hence if V and W satisfy
(2.4) then V,=V+ kl and Wl =W+ k2 satisfy the same inequality where now
for example VI' < Fl(t,'VI, W1)+ gl(t, Vi Wl), where gl(t, Vs W1)=

Sy (ts Vy=kps W= k) +|F (t,V =k, W, — k)= F(t,V ,W,)| and thus satis-
fies (2.5). Hence (2.4) holds for V, and W, and the hypotheses of Theorem 1
are verified.

4. Examples and concluding remarks. The assumption that V and W be

continuously differentiable can be weakened to continuous in ¢, x, and y and
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locally Lipschitz in x and y. To see this observe that if V is locally Lipschitz,

we can define the derivative of V along solutions of (S) as

DV, x, y) = lim sup b=t + b, x + bft, %, y), y + bg(t, x, y)) = V(t, x, y),
bh—0

and moreover [see 9] it follows that
D*V(s, x, y) = lim sup b= + b, x(t + b), y(t + b)) = V(4, x, y).
bh—0
Similarly we can define D,V to be

D,v(t, x, y) = lim i:lf b=V + bfGe, x, y), y + ghlt, x, ¥)) = V{2, x, y)
bh—0

= l}i)m o”‘lf BV + b, x(t + B), y(t + b)) = V(2 x, y).

Similar definitions hold for D*W and D ,W. As in the proof of Theorem 1 if we
define () = tan™ "(W/V) then we may compute D*¢() in terms of D*W, D W,
p'v, D,V. As before D*$(t) will be continuous everywhere except for multiples
of /2. The proof then proceeds exactly as in Theorem 1 where now in (2.4) we
replace V' and W' with the appropriate Dini derivative depending on the sign of
V and W.

The following examples will, in general, have nonlinear boundary conditions.
By proper selection of the comparison system we will often not have to restrict
the time interval.

Example 1. Consider the boundary value problem

' =x+fly), ¥y’ =2y+gl);
x%(a) - y(a) = C x(b) = C,.

(4.1)
1 k]
We will show there exist solutions for all @ and b. Assume f, g: R — R are

continuous and
(4.2) VOGN — 0 as |y| — e, |g(x)|/Ix] = 0 as |x| — o

Define V = x, W=x2—-y. We are thus interested in finding solutions of (4.1)
subject to W(@) = C,, V(b) = C,. We notice that V and W satisfy (2.1) since
the level curves V = &k, and W =k, intersect in R? for every k; and k,. Itis

is not difficule to see that (2.2) is also verified. Now

Vi=x' =x+[(3) =V + [(3),

W' = 2xx !~y = 2% 4 /() - 2y - glx)

2y — 2W + 2xf(y) - 2y - g(x) = = 2W + 2xf(y) - g(x).

Let Fi=F,=V,8,=8,=/(),G,=G,=-2W, and §, =3, = 2xf(y) - glx). In

view of (4.2) | 2x/(y) - g(x)| /(|x2=y| + |x]) = 0 as |x? -y |+ |x| — o and

thus (2.5) holds. Define P,=Q,=V and Q,=P, =-2W. Hence systems (2.7)
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and (2.8) are the same. Because solutions of (2.9) and (2.10) are unique (due to
the linearity of P, and Q)), then from the remarks following Theorem 1 and from
Corollary 1 it is sufficient to show there exist no solutions of

(4.3) vi=v, Ww'=-2w,
satisfying
(4.4) W) =0, V() =0.

It is clear that there exist no solutions of (4.3) and (4.4) for any @ and b.
We now apply our results to a third order system.
Example 2. Consider the boundary value problem

(4.5) x' =x +sinz, y'=x+y, z' =Wz,

subject to the boundary conditions
(4.6) x(@) =1, y() - z%p) = 0.

Define V=x-1, W=v-z2 A litle computation yields (2.2) and (2.1) since

the level curves of V and W always intersect. Observe also that
Vi—x'=V4l+sinz and W' =y’ - 2zz! =y+x-22 W4Vl

Now let F1=F2=V,GI=GZ=W+V,53=BI=1+sinz, and 0,=0,=1. A
simple computation shows that &, i =1, 2, 3, 4 satisfy (2.5). Thus in order to
show the existence of solutions of (4.5) and (4.6) it is sufficient to show there ex-

ist no nontrivial solution of
(4.7) vi=v, W =w4vVv, V@=0 Wb =0.

This follows immediately from the fact that (4.7) yields V'=0 and W'= W. Clear-
ly no nontrivial solution of (4.7) exists for any @ and b.

In [8] Waltman considered two types of existence theorems for the nonlinear
boundary value problem. In one result he assumed that /, g, V, and W all sat-
isfy a global Lipschitz condition while in another result he needed uniqueness of
the boundary value problem in order to get existence. Our theorem will apply to
those examples given by Waltman. We will neither require the boundary conditions
to satisfy a global Lipschitz condition nor require the uniqueness of the boundary
value problem in order to show existence. Of course in general there may be many
solutions which solve the problem.

Example 3 (Waltman [8]). Consider the boundary value problem

1

x'=siny, y'=x-y.

x(a) - y(a) = 0,  x(b) + y(b) + x(b)/(1 + x%(b)) = 0.
Let

Vex-y, W=x4+y+x/(1+x2.
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Clearly V and W satisfy (2.1)and (2.2). Now

’

V' =x' -y’ =siny-(x-y)==V +siny,

and
w' ' ' 1- x2 . v (1 - xZ) . .
=X +y +—-——Smy= +-—-——slny+smy.
(1+x%)? (1 +x2)?
We may let 8, =8, =siny and §,=0,=(1- x2)/(1 + x?)? sin y + sin y. It fol-
lows that 81‘ satisfies (2.5). Thus we have reduced the problem to showing that

no nontrivial solution of
(4.8) vi=-v, W' -v;

with V(a) = 0, W(b) = 0 exists. This follows immediately since the point V =0
is an equilibrium point. Thus there exists a solution to the boundary value prob-
lem for any a and b. For this problem our proof is much shorter since we do not
have to verify the uniqueness of boundary value problems.

We again consider another example due to Waltman.

Example 4 (Waltman (8]). Consider the problem

. v
x’=x+2ysm2x, y' ==
2
2

yl@)=c, x()-y¥b)=cC..

+ sinzx,

Lete V=y-C,W=x-y?~C,. Then

e _ 7

v =y =5+sin2 2

C
x=‘§/+sin X 4+ =3

2 2

W'=x' -2y’ =x + 2ysin’x —y? - 2y sin x=x-—y2=W+C2.

Thus, since V and W satisfy (2.1) and (2.2), and (2.5) is satisfied for 0, = 83 =
sin’x + Cc/2, 82 = 84 = C, it is sufficient to show there exist no nontrivial solu-
tions of V'=V/2, W' =W, satisfying V(a) = 0 and W(b) = 0. This follows imme-
diately. Once again it is not necessary to determine whether there exists unique-
ness of boundary value problems.

Example 5. Consider the boundary value problem

(4.9) xt =1, y'=pl%
where
(4.10) x(a) =0, x%b) - y(b)=0.

If we let V=x, W=x2-y,then
vi=1, W'=2xx'-%ly|’%|y|%sgny=2x—%sgny.
Our comparison system is

(4.11) vi=o0, Ww'=2v
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with V(a) = 0 and W(b) = 0. Obviously there exist no nontrivial solutions of
(4.11). Moreover V and W satisfy (2.1) and (2.2). Thus there exist solutions of
(4.9). For this example Waltman’s result does not apply since it can be shown
that there exists more than one solution of the boundary value problem (4.9),
(4.10).

In the previous examples our comparison systems have essentially been lin-
ear. In our next example the comparison systems are not linear and in fact have
a discontinuity along a certain curve. Of course, we do require the positive ho-
mogeneity of our system.

Example 6. Consider the boundary value problem

-V +)’2 —x>0,

)', y:x,

) +y, yz-x<0,

+ f(x),

N

yHa) - x(@) =0, y(b)=0.

Assume f: K — Ris continuous and |flx)| — 0 as |x|— . It is not difficult
to see that solutions exist and are continuously differentiable except at the curve
y 2 = X.

If we let V=y2-x, W=y, then

2yf(x) -/ (y2 -x)2 yz, y2 - x>0,
V’:Zyy' -x' = 2yf(x), y2=x

'2)’/(")+V(y2—x)2-y2, y2~—x<0,

4 + f(x).
2
Hence
=V LWy 2, V>o,
vi=10o, V-0,
+\/V2+W2+ Zy/(x), V<O,
W
= - + (x)-
5 f

Thus, since V and W satisfy (2.1) and (2.2), and (2.5) is satisfied for 31 = 33 =

2yf(x), &, = 34 = f(x), it is sufficient to show that there exists no nontrivial solu-
tion of
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_\/V2+W2, V>0,
v' =)o,

L\/whwz, V<o,

k]

w' =

Nl=s

satisfying V(a)= 0, W(b) = 0. This follows immediately by considering the two
cases W(a)> 0 and W(a)< 0. Once again there are no restrictions on the length

of the interval [a, bl
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