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TORSION IN K-THEORY AND THE BOTT MAPS
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ALBERT T. LUNDELL(1)

ABSTRACT. The nonstable Bott maps b’:: U(n) — QZU(n +1) for the unitary
group are studied as to their behavior under iteration. They are then used to de-
fine and compute the coefficients of a spectrum. The corresponding cohomology
theory is developed and compared with reduced complex K-theory. In this con-
text the Chern character is induced by a map of spectra. The complex e-invari-
ant appears as a coboundary in the long exact sequence of a cofibration.

In [11] the author defined maps b':: Um) — Q2U(n + 1) which are deformations
of the classical Bott homotopy equivalence b: U — Q?U [4], i.e., the composite
Uln) — Q2U(n + 1) — Q2U is homotopic to the composite U(r) — U — Q2U. The
maps br: are natural with respect to the inclusions U(k) C U(n) for k <n. The
maps b’: may be used to define homomorphisms B : 7 (U(r)) — 7 _,,(U(n + 1)) as

the composite homomorphism
1

b -
7 (U) = 7 (@206 + 1) =5 1 (U + 1)),

The advantage gained by using the maps B is that they give information on the
nonstable homotopy of U(n) not available from the classical Bott maps, and they

agree with the classical results in the stable range. For example, the results of

(11] show that the map B : 7 (U(n)) — a_, (U(n + 1)) is an isomorphism for 7 <
2n -1, and B : ”zn(U(”)) - nz("*l)(U(n + 1)) is a monomorphism.

This work applies these deformed Bott maps to the complex K-theory. L'he
method is to define a spectrum using the maps b': and to develop the correspond-
ing cohomology theory together with its relationships with K-theory and rational
cohomology. The paper ends with an application which interprets the Adams
e-invariant.

The paper is organized as follows. We first develop properties of the maps
B, needed for later computations. We then construct a long exact sequence of
cohomology theories analogous to the exact coefficient sequence in ordinary
cohomology. $$3 and 4 contain the definition of the spectrum, calculations of

its homotopy and the interpretation of the resulting cohomology theory in terms of
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60 A. T. LUNDELL

K-theory, rational cohomology, and the Chern character. The final sections
contain some multiplicative properties of the cohomology theory, its behavior under
the Adams operations, and an interpretation of the e-invariant.

Preliminary announcement of some of these results appeared in [12], although
the reader should be cautioned that we have changed the indexing of the spectrum
in this work for convenience in applications. Thus in [12], most of the results
will differ from the ones here.

We work throughout in the category of finite CW complexes with basepoint. We
use Q to denote the additive group of rational numbers, and Z to denote the group
of integers.

1. The Bott maps. For n > 1, let U(n) be the unitary group, the group of com-
plex 7 x n matrices with A™! =A4* for A € U(n), and regard U(n) C U@ + 1) as
the subgroup of matrices of the form (1 0) for A € Un). Let U = U(x) =
U L U) and U(0) = {1} CU(1). For n> 1, let SU(n) be the subgroup of matrices of de-
terminant 1, Clearly SU(n) C SU(n + 1) and we may define SU = SU(c0) = U L SU).

We thus have chains of inclusions U(0) CU(1) C ... CU@®)C.-. C U(oo) =U, U(0)
=SU(1) CSU) C-+- CSUm) C--. CSU(x) = SU CU. It follows that for 0 <k <
I <m < o, the Bott map [11] may be regarded as a map of triples

bl (U(m), U, UGR)) — (Q2SU(m + 1), Q2SU( + 1), Q25U + 1))
Note that & (U(0)) C Q2su(1) = pt.

Lemma L.1. For 0 <k <m < o there is a homotopy ladder with commutative
squares

ce s 1 (UD), UR)) ————> 7 (Um), UR)) 7 (UGm), UD) ——— 7 (U(D), UR)) = ...

LT,

CT (U 1), Uk D)) = (Um 1), Uk +1)) — 7 (Ulm+ 1), UL+ 1)) = 7 (U +1), Ulk+1)) — ...,

r+2 r+2 7+l

Proof. Let B_ be the composite map
I

: 7 (Ulm), UR) —"5 7 (QZSU(m +1), Q%SUk + 1)) ——2> 7\ SUGm + 1), SUk + 1))

~ 7 +2(U(m +1), Uk + 1)),
where 92: 77'+2(SU(m +1), SUE + 1)) — ﬂr(stU(m +1), Q2SU(& + 1)) is the usual

natural isomorphism. O
In the case k=0,m >0, B_: 7 (Um)) —a . (Um + D).
Let 1<7<n <o and let Bl generate 7 (U(n)) =~ Z. Inductively define
B,.=B,_ 1B, 1 .- D €T, _ (U(n)) = Z for 2<r <n, ie, B, =B, _ B, _,
. Bn—r+l(Bl,n-r+1) Accordmg to [11, Proposition 3.2}, B, generates
7, _,(U(®)). From naturality of the Bott maps B, if #,: Un) — Un + k) is the
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inclusion, ik*(Br,n) = 'Br.nﬂe’ and if i: Uln) — U is the inclusion, i*(Br’n) =B,

a generator of 7, _ 1(U) > Z
In- 1(827=1) be the class of the identity map, and let T, _, €
y,_1(UMR), Uln - 1)) be such that p,T, _ =¢, |, where p: Uln) —sn-1 4

the usual fibration. Finally, let y _, =9dv, € "Z(n-l)(U(n -1)) EZ oy

Let L1 €7

Proposition 1.2. For each n > 1, B (T, _|)=nee T, , and B _ (y )

=n€ € 1V, where ¢ =+ L.

Proof. Consider the diagram

0 — my (UG L2 7wy (U, Ul = 1) =2 7y, _1(Un = 1)) =0

B B B

n n n-l

O, (Wt D) s (Ut D), V) ———> 7, (Uw) =0,

2n+l
Since 172(”,_ 1)(U(n -1)) = Z oy j*(,Bn‘n) =€ (n- l)!Tzn_ 1» Where € =+ 1.
Similarly j, (6n+l,n+l) =€,42!C, 4 Since Bn(ﬁnm) = 'Bn+1,n+l’ commutativity
of the diagram yields Bn( Cope l) =ne € 0, 4 and B _ l(yﬂ_ 1) =ne€ 1Y, O

Corollary 1.3. For n>1land r>0, B _,B_, ,---B (T, )=
€pin + 0/ - DNT, o\  and B, B . ,---B _ o)) =
S (CR LU I V)2 =

We next investigate the effect of the Bott maps on composition elements. We
need two technical results which are easily proved using standard homotopy

theory arguments.
Proposition 1.4. Let (X, A, B) be a triple, let o€ u (X, A), and let 8=
SB' € m_,,(D", §*"1). Then daoB)=daoB'. O

Corollary L.5. If (X, A) is a pair a € n (X, A) and SB € m , (D", sn-1y,
daoSB)=daopf e 7 (QX,Q4). O

We now apply these technical results to the Bott maps.

;Proposi!ion 1.6. If 6o € 7 (Un), UK)) where { € m (D™, s™=1) and
I3 ﬂm(U(n), U(k)), then Bn(e of) = Bn(e) OSZC.

Proof. The map 0% 7 ,,(Uln + 1), Uk + 1)) — 7 Q2 + 1), Q2U + 1)) is
an isomorphism and az(Bn(O) 082 = aan(G) of= b’:*e of= b':*(e o) =
aan(O of). © ’
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The following theorem gives results on the nontriviality or vanishing of iter-
ates of the Bott maps.

Theorem 1.7. (i) The Bott map B : ns(U(n), Ulm)) — ﬂs+2(U(7l +1), Ulm + 1))
is nontrivial for s =2m - 1+ 2k if 0<k<n-m and 0 <m <n < oo.

(ii) The Bott map B : 7 (Un)) — 7 _,,W(n + 1)) is nontrivial for s =
20n + k) if 0<k<n and 1<n <o

(iii) The Bott map B : 7 (Un)) — 7 _, (Ul + 1)) is an isomorphism for s =
2k -1if 0<k<n and 0 <n < oo,

(iv) If 0<k, 0<m<n<owand s=2n—-1+k, or 0<k, 0<m<n <o and
s = 2m + 2k, then for some r > 0, an r-fold iterate of the Bott map vanishes on
7 (U, Ulm)).

(V) If 0<k,1<n<o, and s =2n~1+ 2k, then for some r>0 an r-fold

iterate of the Bott map vanishes on 7 _(U(n)).

The only cases left undecided are whether Bott maps are nontrivial or iterates
are trivial on the groups 772("+k)(U(n)) for k >n, since in all other cases not
mentioned in the theorem, the groups themselves are trivial. The author does not
know what the effect of the Bott map is in these undecided cases, although using
calculations of Sigrist [13] one can prove 0 =B : 778(U(2)) — nlO(U(_’))) and 0 #£
B: ﬂlz(U(3)) — 7714(U(4)).

Part (iii) of the theorem is included only for completeness and will not be
proved here, since it is assumed in earlier remarks and proved in [11]. Proofs of

the other parts are in the following sequence of propositions.

Proposition 1.8. For 0 <k <n-m and 0 <m <n <, the Bott maps B :

m W), um)) — ”zm+1+2k(U(” + 1), Um + 1)) are nontrivial.

2m-1+2k

Proof. One easily checks that

]; 1Ty 1 +2k(U(n), U(m)) — Tl +2k(U(n)’ Ulm + k- 1))

is nontrivial, since both groups are of rank 1 and the map j,‘: has finite

kernel and cokernel; so if we prove B _:m, _ 142,U@), Ulm + & ~ 1) —
”2m+1+2k(U(" + 1), Ulm + k) is nontrivial, the result follows by naturality of the
maps B . Since 2m -1+ 2k =1<20 -2, d'vmy _,, (UG), Ulm + & - 1) —

m WGn + k- 1)) is onto, and B, _;: Ty egpUlm +k=1) —

2m= 142k~

Tymeap Ul + &) is a monomoq’)hism B i iWmsnoy) =+ m+ Ry ... Since

0B =B . 13' and B_,, .0 is nontrivial, B_ is nontrivial and the result
n mtk— mtk-1 n

follows. O

Proposition 1.9. For 0 <k <n and 1 <n <o, the Bott map B : "2(n+k)(U("))
(U(n + 1)) is nontrivial.

— 77

2(ntk)+2
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Proof. Since "2(n+k)(U(" + k) = Z .+ is cyclic, the cokernel of the map
iyt "2(n+k)(U(")) — ”2(n+k)(U(" + k) is cyclic of order 8 ,. By using the fibra-
tions over spheres associated with the inclusions Uln) CU@ + 1) C ... CU(n + &)
and knowledge of stable homotopy of spheres, one estimates [12, Proposition 2.3}
that for p an odd prime vp(Bn k) <[k/(p - D] if k<p(p - 1), where vp(n) is the
highest power of p dividing n. We will show 7, is nontrivial by showing
vp(5n.k) < vp((n + k)1 for k <7n and a suitable prime p. Since B, 4 "2(n+k)(U(" +£))

"2(n+k+1)(U(" +k + 1)) is a monomorphism by Proposition 1.2, and the Bott
maps are natural with respect to inclusions i,;Bn =B ..l is nontrivial so B is
nontrivial.

To see vp(Sn k) < vp((n + k)!), recall that by Bertrand’s postulate [14], there
is a prime p satisfying k +1<p <2(k + 1), and if k> 1 p isodd, so k+1<p
<2k +1<n+k Moreover k <p <p(p-1), sov (5 i) = [&/(p - D). But then
k<p-1, so vp(5 ) = 0. On the other hand, v ((n + k)') > = +£)/p] >
[(2k + 1)/p] > 1. Thus v, )<vp((n + ). m

If aea ,(S7), let o(OL) be the order of . Let o = suplo(a)] o€ 7 (S™)
and o(a) < «}. By the Freudenthal suspension theorem o_ _=o 41, = for

m,r mtl,r
r <m - 2. James [8] and Bousfield [5] have results on upper bounds for the num-
bers o . Recall that if a € 7, (§™) and o(a) < e, then o(a) divides o .

Proposition 1.10. Let k> 1 and a€ "zn-1+k(U(")’ Uln - 1)) be such that
p*(a) sd € 7, (s2n-1y, If o821 ') divides (n + r)/(n - D!, then
B Bn(a) -

ntr-1"

1+k

Proof. Since p,(a)=Sa’' = oSa', we have a = Ty,1° Ca', where

2n=-1

Ca'e 772n—1+k(D2n—1’ §27=1) is the cone on a'. Thus
27 ot
Bt Bn(a) =B, 1 Bn(‘zn-l) o §%7ca
=t + N/ - DT, o 0 STTCA

It follows that p B , ., -+-B (a) =+ ((n + )1/(n = DNS2"*1p (@) = 0, and
¥ ntr-1 n hs by

since p, is an isomorphism, B , _, --- Bn(O’«) =0. O

Corollary 1.11. If k> 1, then for some r > 1,

B K (WUn), Un-1)=0

n4r=1" 2n-1+k

Proof. For 1<k<2n-3, p,m, _ ., (U@, U ~1) =7, (s2""1)=

Sﬂ2n_2+k(32"'2) If we choose 7 so large that o, _, . divides (n+n/ - 1),

then B_, _+++B m, ., (U@), Uln-1))=0. If 22 - 2 <k, observe that
2(nts)-1

04B4s_q1 "+ B, 1+k(U(n), Ur-1))C 772<n+s)_1+k(5 (nts)-1)

S”z(n+s)-2+k(52(n+5) 2) for k<2(n +s) =3 or s >(k +3)/2 -~n. Now choose
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7 sothat 0,0 4o\ divides (n + s + 7)//(n + s = 1)! Then - S
B m (Um), Un-1))=0. O
n 2n-1+k

Corollary 1.12. If k> 1 and 0< m < n < o, then for some r> 0, B
1+k(U(n)’ U(m)) = 0.

o1ttt
B

s
n 2n-

Proof. By induction on n — m. The previous corollary is the case n—m = 1.

Suppose the proposition is true for 1 <7 — m <[ and consider the diagram

7, (U, Um) — =y 1 (UCa), Un-1))

]Bnﬂ-I”'Bn JBnq.s—l“.Bn
1 N

g 425 Uln+s=1), Ulm+s)) SN 7, 425 Uln+5), Ulm+5)) LN 7 425U +5), Uln+s=1))

B B

n+s+l—2'”Bn+s-l nts+t=1"" 'Bn+$
"

(Un+s+t-1), U(m+s+t))i» 7 (Uln+s+1)y Ulm+s+1))

Ta42(s+1) q+2(s+1)

where g =2n -1+ k and n~ m= 1> 2. By the previous corollary, if a €

M) nts=1""" Bn(a)°
p oo B@)=4 (B But n+s—1-(m+s)
=n-m~1<1, and by the inductive hypothesis we may choose ¢ so that

o

Bn-};s+t—2 tee Bn+$-— I(B) = 0. Thus Bn+s+t—1 tee Bn(a) = Bn+s+l—l T Bn+s§kﬁ
=0B oy B 1(B)=0. Letr=s+t O
Entirely analogous inductive proofs give the following two corollaries.

nq(U(n), U(m)), we may choose s > 1 so that 0 = B i1+ B ja =B

By exactness of the middle row, B, _

Corollary 1.13. If 0< k and 0< m < n< o, then for some r >0, B
(Un), Um)) =0. O

ntr=1"

B, m+2k

Corollary 1.14. If 0< k and 1< n< oo, then for some r>0, B_
Bn"?n—1+2k(u(n)) =0. O

PR

These propositions complete the proof of the theorem.
The following two propositions are of a technical nature and are for later use.

We will see later that they are related to the Bott periodicity maps.

Proposition 1.15. Let 0< k<n-m and 0<m<n<oco, Then for 0<s<m

and some r > 0 there is a homomorphism h such that the following diagram commutes:

711425 0); Ulm = 5)) e, Ty m-142UR), Ulm))

B B

Bn+r-1 v Bn h n+r=1"""%n

) (man-14 26Ul + 1), Ulm + 7~ ) LN Totmry-1426Un + 7)5 Ulm + 1))
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Proof. Consider the commutative diagram
nr

nq+2t(U(m +1), Um+1t-s)) —B—-> m, 2 AU +7), Ulm + 7~ 5))

i" .
1
*

i
v '
7 (U, Um=3) s 7 (U v ), U s 1= ) By o (U 4 1)y Ul 57 = )

R M

Jx Ix Jx

4 4 ' v
7 (U, Um) —2y 71 (U s ), U+ ) — 2y 7 (U 47, U+ 1)

a’ aII

7 (0, Un=s) E ) (Ut ), Ums 1)

n

where g =2m -1+ 2k, B=B B B =

!
«««B,B'=B_ __,--B_,
B, and B" = B, -1 B, Withr tobe c}:osen. Now q"- 1 is
even, and by Corollary 1.13, we may choose ¢ > 0 so that B° = 0. Thus d"'B =0

and ImB C Imj,. For each ae€ ﬂq(U(n), U(m)) choose

ntt-1

mat—1 oo a

b () € 7, +2t(U(n +1), Um+1t~5))

"

such that j h'(a) = B(a). If b "(a) is another such choice h'(a) -

b'(a) € Imi;:. Choose 7> 0 so that B” = 0, which is possible by Corollary 1.13,
since g+ 2t=2m-1+2k+2t>2m+¢t)-1. Thus B'h’ = B'A", and if we set
h=B'b', one easily sees that b is a homomorphism and jxb = B'B. For

B € n (Uln), Um-s)), we have B(B) - b'j,(B) € Imi,, so B'B(P) = hj,(B). O

Proposition 1.16. Let 0< k and 0< n< o, Then for 0< s < n and some

r> 0, there is a bhomomorphism k such that the [ollowing diagram commutes:
N
l
"2(n+k)(U(n -s) —— " An +k)(U(”))

k
Bn+r—s-].”Bn_s j/Bn+’_l-..Bn

i
772(rz+r+le)(U(7Z +r-5) = ﬂ?(n+r+k)(U(n +7). O

The following is an application of Proposition 1.2,

James [9] defines numbers Win, k} as the order of the cokernel of Jx in the
exact sequence

Ty (U), Ul = V=5 7, (W), Ul = 1) > 7y (Ul = 1), Uln = B),

ie., jum, _(Um),Uln - k) = Win, klm, _ (U(n), Un - D). Also in[9] James
derives several divisibility relations among the W{n, k}. The numbers Win, k} are
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known for £ < 4 by the work of Eckmann [7] and Sigrist [13]
evidently a new divisibility relation on the James numbers

Theorem 1.17.

. The following is

For n> k, Win + 1, k} divides nWin, k}.

Proof. Consider the diagram

(UG, Uln - &) — 5 7 (U, Ul - 1))
Bn B

n
4

7y U+ 1), Uln 4 1= 8) —2 (UG + 1), UGa))s

2n+l
We have nWin, kim, (U(n+ 1), Un) = ImB j, = Imi,;B CImj, =

Win + 1, klm, (U(n + 1), Um)). Thus Win + 1, &} divides nW{n, i}, since
2nﬂ(U(n + 1) U(n)) >Z 0O

Corollary 1.18. Win + 7, k} divides ((n +r - DY/ (n = 1)Win, k}, for n>k
and r>0. O

2. Relative spectra. Let (E, F) be a pair of spectra, i.e., for each integer &
there is an inclusion i,: F, — E, such that the following diagram homotopy commutes:

Sik
SFIe ———-E—— SE

fk Dy
i

F o —ktl L p

k+1 k+1
The homotopy groups of (E, F) are defined to be the direct limit
7 (E, F) = klimoo{"n+k(Ek’ F)rée)

where ¢, is the composite map

S
”n+k(Ek’ Fk) — 7, (SEL-,’ SF)

+k+1 E

7 kst g1 P>
Since direct limits preserve exactness, we obtain the following

Proposition 2.1. If (E, F) is a pair of spectra there is a long exact sequence
e o (F)——>n (E)—-—> = (E, F) % T LB = e O

Define cohomology groups »™(X; E, F) = lim,___ (csk-n-1x, sk-n-1x, E,, F,)
with respect to the maps
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[csk-n-1x, sk=n-lx. E, Fk]—s—> [csk-nx, sk=nx; SE,, SF,]
S, [eskenx, sk E, o Fratd
where the homotopy sets are homotopy classes of based maps.
We thus define a cohomology theory and remark that we will obtain a reduced
theory from these definitions.
Using relative spectra we obtain exact sequences analogous to coefficient
sequences in ordinary cohomology theory.

Theorem 2.2. If (E, F) is a pair of spectra there is a long exact sequence
cee = BMX; F) 2 X E) = b™X, E, F) = "G F) - .. e o

3. The nonstable unitary spectrum. ror our purposes it will be more con-
venient to use the adjoint notion of a spectrum, i.e., if E is a spectrum we will
take our maps to be adjoints of the usual ones, so¢,: E, — QEkﬂ.

The nonstable unitary spectrum TU is defined as follows:
TU,, 4 = U), k>0,
TU,, =QUk+1), k20,
TU = point, m< 0,
m

Topr = bt TUyp = UK —— Q2 Uk + 1) = QTU,,,

2k~
7oy =1d: TU,, = QU + 1) — QU + 1) = QTU,, ,,

where bl;: U(E) — Q%U(k + 1) is the Bott map of [11].. Note that TU,, | = U(k)
is the homotopy type of QBU(k), where BU(k) is the universal classifying space
for U(K).

Remark. This is a change in indexing from the announcement [12]. The result
will be a change of indexing in Theorems 1, 4, and §3 of [12], but is much more
convenient for later applications.

Recall that the spectrum BU is defined by
BU,,_,=U, BU,, =QU,

2
Byp1= b:BUy = U—QU=QBU,,

B,,=id: BU,, =QU—QU=QBU,, .,

where b: U — Q2U is the original homotopy equivalence of Bott [4]. Again,
BU,, = QU is homotopy equivalent to the universal classifying space BU.
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According to [11], the diagfam

i
TU = U(k) ——— — U=BU

2k-1 2k-1

1
bk b

aru,, = QU + 2% ,0%0- QBU,,

homotopy commutes, where i: U(k) — U is the inclusion, so (BU, TU) is a

relative spectrum.

Theorem 3.1. (i) The bomotopy groups of TU are as follows:

Z if nis even, n< 0,
nn(TU) = {0/Z if nisodd,n>0,

0 otherwise.

(ii) The homotopy groups of (BU, TU) are as follows:

ﬂn(BU, TU) = ;Q if nis even, n>0,

0 otherwise.

(iii) The bhomotopy groups of BU are as follows:
Z if n is even,

7 (BU) =
0 if n is odd.

Proof. Part (iii) is well known and is included here only for completeness.

We first remark that since 7 (E, F) = lim, _{n (E,, F,), ¢}, and since

ntk
the odd integers are cofinal in the integers

(EZIe—l’ FZk-l)’ ¢2k¢2k-l§"

™, (E, F) = klimw{”n+2k—l

Thus in the cases in which we are interested here

7 (TU) = lim {7, _(U&), B}, « (BU, TU)= lim {z .. (U, U)), B}.
n b —00

k—oo

Part (i). For n < 0, the maps B, are all isomorphisms by part (iii) of Theorem
1.7. Since we are in the stable range for U(k), nn(TU) =0or Z if n is odd or
even respectively.

For n> 0 and even, part (v) of Theorem 1.7 insures that certain iterates of
the maps B, are trivial, hence 7 (TU) = 0.

For n=2s + 1> 1, consider the exact sequences

i
o ssye1 Uk + ) URY — 7y ) (UR)) — 7 14 (U +5))

g o Ul + 9), UGR,
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By Theorem 1.7, part (iv), the limits of the groups on the ends with respect to the

Bott maps are trivial, so the maps i, induce an isomorphism

i (TU) — = ,(TU),

# Tas 41
In fact, the maps & of Proposition 1.16 provide an inverse for i, in the limit.
It remains to calculate ﬂl(TU)o To do this, define monomorphisms ¢, :
7,,(UK)) = Q/Z by ¢,(y,)=le,,,/k!] € Q/Z. For each k >2 the diagram

™ (UG))

1 &)
B, 0/z
(Uk + 1))/<2SV

Xk +1) k+1

commutes, and we have an induced monomorphism ®: nl(TU) —Q/Z. If [p/q] €
0/Z, then [p/q]=[p(g - 1)1/q!] = ¢>q(cq+1p(q - 1)!yq), so ® is an epimorphism.

The proof of part (ii) is similar. For n<1, 7 , . (U, U(k)) =0, so in the
limit with respect to the Bott maps, = _(BU, TU) = 0.

If n=2s-1>1, iterates of the Bott maps eventually vanish on
"2k-1+25—1(U' U(k)) by Theorem 1.7, part (iv). Thus "zs-l(BU' TU) = 0.

If »=2s> 0, Theorem 1.7, part (iv), together with the exact sequences

(U, UR))

Tok+2s-1

(Uk + s = 1), UR)) — Tok-142s

]
‘—*> ﬂz(k +S—-l)—1 +2(U7 U(k+5_ 1))"'" ”2(k+5-l)(U(k + S - 1), U(k))
yield an isomorphism j,: 7, (BU, TU) — 7,(BU, TU). As before the maps b of

Proposition 1.15 provide an inverse for j, in the limit.
To calculate 7,(BU, TU), note that the diagram

(U +1)) == (Uk + 1),U(k))

Tok+1 2k +1

=4 = ”Zk(U(k))

(U, UR)) /

"2k+l(U) —7

is commutative. Thus it is sufficient to calculate lim, _ 7, , (Uk +1), Uk))
with respect to the Bott maps. Asin the calculation for part (i) of this theorem,
define monomorphisms ¢, : 7, ., (U(k + 1), U(k)) — Q by "bk(‘—Zkﬂ) =€, 41/ k!
These maps are compatible with the Bott maps and induce an isomorphism

¥: lim tz,, (UG + 1), UK)), B, ;} — 0.

kE—oo

2k+1

This establishes 772(BU, TU)=90. o
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Remarks. From the definitions of the maps ®, ¥ in this proof, one easily sees

that, for s > 0, the exact sequence

0— ﬂZS(BU) — HZS(BU, TU) - = (TU) —o0

2s -1

is isomorphic to the exact sequence 0 —Z — Q — Q/Z — 0 with the usual
embedding Z C Q.

We also point out that the proof of this theorem only requires knowledge of the
groups nn(U(k)) for n < 2k, ﬂn(SZk'l) for n< 2k -1, the p-primary part of the

stable i stem for i < 2p(p — 1) — 2, and the fact that for 7 > O the groups

2k-1 ..
LOYU +r(S ) are finite.

4. The exact cohomology sequence. Since (BU, TU) is a relative spectrum,

by Theorem 2.2 there is a long exact sequence

B TU) —2 170 BUY % 57(x; BU, TU) =25 5741 (x; TU) — - -

which we are now able to interpret.

First of all, »™(X; BU) = lim_ {[S“”""x; ul, b}, where b: U — Q%0 is
the classical Bott homotopy equxvalence Since we are using homotopy classes of
based maps, we see that b"(X BU) = K"(X) and the cohomology theory b *(; BU)

is reduced complex K-theory K*
Proposition 4.1. For each integer n,
p(x; BU, TU) = 3 H"*(x; 0),
r>0

~ .
where H ; Q) is ordinary reduced singular cobomology with rational coefficients.

Proof. As in Atiyah and Hirzebruch [3] or Dyer [6], there is a spectral sequence
for h™(X; BU, TU) with Eg,q = HP(X; 59(s% BU, TU)) = HP(X; rr_q(BU, TU)),
where H™ is ordinary singular cohomology. Since n_q(BU, TU) is a Q-module for
all g, it follows that »"(X; BU, TU) is a Q-module for all n. According to Dyer
[6, Theorem 4], there is a natural equivalence of cohomology theories

¥ X)) @ ¥(s% BU, TU) ® 0 — »™(X; BU, TU) ® Q
i+j=n
(the factor Q is superfluous here since b*(; BU, TU) is a Q-module) where
(X) is a stable cohomotopy group. But ﬂS(X) ® 0 H’(X) ® 0, so the equiv-
alence reduces to
> Hx; 0= Y F) @ _(BU, TU) = »7(x; BU, TU)
r>0 itj=n

by our calculation of the groups = (BU, TU). ©
n
In more detail we state the following without proof.
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Corollary 4.2. (i) For n = 2k <0, h™(X; BU, TU) & SHe(X; 0).
(i) For n= 2k + 1 <0, h™(X; BU, TU) = SH¥(X; Q).
(iii) For n> dimX - 2, h™(X; BU, TU) = 0.
(iv) For 0 <n =2k <dimX - 2, b"(X; BU, TU) =S__, H?"(X; Q).
(v) For 1<n=2k+1<dimX -2, b"(X; BU, TW =3 H*(X; Q). ©

. . o ~
We next analyze the natural transformations j,: K" — § o H” 27 ).
r>

Proposition 4.3. The natural transformation
X BU, TU) = 3 B 5 Q)
r>0
is the truncated (from below) Chern character
ch' = Z ch ..t ®r Z Hm*2r( ; O
r>0 r>0
Proof. First recall from the remarks following Theorem 3.1, that j,: =, (BU)
— "2s(BU‘ TU) is the inclusion Z CQ for s >0, so j, ®1: ﬂzs(BU) ®0 —
ﬂzs(BU, TU) ®Q = WZS(BU, TU) is an isomorphism for s > 0. Moreover j, ®1
is trivial in all other dimensions because ﬂr(BU, TU) is trivial then. Consider
the commutative diagram

I

& (x) » b™(X; BU, TU)

N l . ol

K"(x) ® 0 * » b(X; BU, TU) ® 0
Ch®l | = Ch®l | =

T BPx; R0 ©0) — =20 5 Bk, Ya(s%; BU, TU) ® 0)
b +q=n p+d=n

J .

T K, (BU) @ 0) —220e L 3 i 2rx: 1 (BU, TU) @ 0),

r r>0
where Ch is the generalized Chern character of Dyer [6, p. 29]. By definition,
the Chern character ch =X ch_,, is the vertical composite on the left, while
the vertical composite on the right is the inverse of the equivalence of Proposition
4.1. Clearly the map (j, ®1), of the bottom line is just projection on the sum-
mands for 7> 0 by the remarks above. Thus (Ch ® 1)/, =(j, ®1),ch =
S och 4, =ch’. O
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Corollary 4.4. For n <0, the map j, is the Chern character, while for n >
dimX - 2, j, is trivial. O

Let T™(X) = »™(X; TU). By the two previous propositions, the exact cohomo-
logy sequence may be written
.- T"(X)——)K"(X)—> S OAT(x; Q)—)T"”(X) ,

r>0
! .
where ch' is the truncated Chern character.

Let T™X) = Ker ch’ = Imi,C ’1\(J"(X), and let D"~ '(X) = Im B = Keri, C T"(X).
For any abelian group G, let tors G denote the torsion subgroup of G. The

following proposition describes the structure of T"(X).

Proposition 4.5. (i) For eacb n T?(X) = p"~1(X) @?"(X).

(i) For each n,D"(X) == HPY27(X) @ 0/2.

(ii1) For n <0, T"(X) = tors K"(X)

(iv) For 0<n<dimX -2, T"(X) 2 tors K(X) @3 _ o H7*27(X) feors HP *27(X).
(v) For dimX - 2<n, T"(X) = K"(X)

Proof. (i) Since £ H*=1*27(X; Q) is divisible, D"~ }(X) = In 8 is divis-
ible. Now 0 —D?~1(X) — T™X) — T™X)/D"~}*(X) — 0 is exact, so T™(X) =
p7=1(X) ® T X)/D"~ }(X). But i, induces an isomorphism T?(X)/D"~1(X) —
T™(X) which yields part (i). Note that T7(X) C K™(X) is finitely generated, so
D"~ Y(X) is precisely the divisible subgroup of T™(X).

(ii) Since ch ® 1: K*(X) ® 0 — 3 H"*Z'(x Q) =3 H?*27(X) ® 0 is an

isomorphism,

Im ch = Z H™*27(X)/tors H™*?7(X) C ): (X)) ® 0.

From the commutative diagram

Imch = 3 H7(X)/tors H**27(X) — L @0 L84 Z H™2(x) ® 0/Z

r
lp p P

Imch' = 3 F*2 (X eors HH00) — 3 BH2(x) ®0 225 3 Frtr(x) @ 0/z

r>0 r>0 r>0

where p: Q —Q/Z is the usual Pl’OjCCthﬂ and p is a projection on a direct sum-
mand, we obtain D"(X) =ImB =X | H"+2'(X) ®Q/Z

(iii) For n <0, T7(X) = Ker ch = Ker ch = tors K”(X) by Corollary 4.4.

(iv) For 0<n <dimX - 2, write ch = ch” + ch’, where ch” = Eréo ch"+2r
is the Chern character truncated from above. Then ch| THX) = ch": T™X) —
Imch">~ X _ H" +2'(X)/tors H"*27(X) is an epimorphism, so T7(X) = Ker ch @
Im ch” = tors K"(X) @2 H" *27(X) /tors H"+2’(X)
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(v) For dimX - 2<n, ch’ =0, so T"(X) = K*(X) by Corollary 4.4. O
Remarks. Several of the isomorphisms used in the proof of this last proposition
are not natural isomorphisms. For example the map

ﬁ: Z yn+27(x) ®Q —_— Dn(X)g Z 'Hn+27(x) ®Q/Z

r>0 r>0

is not reduction mod Z, or even of the form 1® ¢ for some map ¢: Q — Q/Z.

An easy calculation for X = CP? shows this. A similar calculation for the map
f: CP? — §% shows that [*: DY(s%) — D%CP?)is not the map /*® 1: H4(5%) ® 0/Z
—HYCcPM ® 0/2.

If /: Y =X, then [*= T"*}/): DX) — D™(Y), since D™X) is divisible,
the homomorphic image of a divisible group is divisible, and D™(Y) is precisely
the d1v1sxble subgroup of T”*1(Y). On the other hand, the splitting T?*1(X) =
D™(X) ® T” *1(X) is not natural as can be seen by using the cofibration sequence
RP2=1 -5 Rp2n —g2n e have a commutative diagram

?iZn-l(RPZn-l) ®Q/Z _"ﬁZn(SZn) ® Q/Z
mono o~

Xk L £
0= TO(s27) — TORP2™) Ly TO(RP2n-1y 5, Tl(s2m) ¢

~ epi

Z = XOrP?M) BLRORP) 2z
2" n-

which implies the T cohomology exact sequence in this dimension reduces to
ok

8*
02 52z  ®0/Z—> 0/Z—0.
2" 2"

Clearly, if g is a generator of Zzn, i*(g) must have a component in Q/Z for i*
to be a monomorphism.
Elementary properties of T" and D" which follow easily from this proposi-

tion are as follows.

Corollary 4.6. If X s rationally k-connected (i.e. w.(X) ® Q=0 for 0<i
< k), then T7(X) = tors K™(X) for n<k. O

Corollary 4.7. Let X be a complex such that 2, H2*Y(X) = 0. Then
@) T2 = T2(X),
(i) T7"(X) = p?"(X). ©

The following. proposition describes the exact T cohomology sequence in an

important special case.
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Proposition 4.8. Let X be a complex such that X*"*! = X" and let A C X

be a subcomplex. There is an exact sequence

~ %k ~ E 3 *
0 = T27(x, A) L, F27(x) ., ¥2r(a) 2, p27(x, 4)

17, 2 L p2r(a) —o,

Proof. Except for the 0 groups on the ends this is just a portion of the exact
T-cohomology sequence of the pair (X, A). To prove exactness at the ends, we
need to prove 8% T25~1(A) — T25(X, A) is trivial. But T2~ 1(A) = D?5(A) =~
20 H2(s*(4) @ Q/Z is a torsion group while T25(X, A) = T2S(X, A) =
ztso ﬁ2(5+t)(X, A) is torsion free. Thus 8= 0. O

We remark that this exact sequence is of interest for 0 <r < dimension X.
For r <0 it reduces to the exact sequence for ﬁ*(X; 0/2), while for r> dim X
it reduces to the exact sequence for ?(J

The map 8™ T27(4) — D27(X, A) is usually not trivial and carries consider-
able information about X. For example, by using the pairs (CP"~1/cpm=k-1
cpr=2/cpn=k-1y ong obtains divisibility properties of the James numbers

Win, k}. This will be the topic of a paper in preparation.
5. A filtration of K(X). If we now identify K27(X) with K(X) and K27~ }(X)
with K"l(X), we obtain filtrations
tors K(X) = T2)C U C... C R(X),
tors K~1(X) = T-1(x) € THX) C ... C K1),

Proposition 5.1. For n > 0 there is a monomorphism c_hn: T"(X)/?"'Z(X)—»
'l:ll"(X; Q) induced by the Chern character.

Proof. The diagram
0 ——— 5 T 2(X) > T7(X) > T(X)/T"%(X) = 0

ch ch ch
n

0— Z '[:l'n-2+2$(x; Q)—’ Z ’I?In+2s(x; Q) —"I:i"(X; Q) 0
s<0 s<0 N
is commutative with exact rows, where ch_ is induced by ch. Since ch(T™~2(X))

= ch(?"(X)) N 2550 :ZIJ""Z”S(X; 0), En is a monomorphism. 0O

Corollary 5.2. For n> 0, the group Tn(X)/Tn~UX) is free abelian. O

Since K and K=1 are not naturally graded functors, the Chern character
ch: K — 3 H27( . Q) is not usually studied with respect to the graded structure
available in rational cohomology. The filtrations above may be used to build a

~

graded structure in K related to the Chern character.



TORSION IN K-THEORY AND BOTT MAPS 75

Throughout the remainder of this section we will concentrate on the functor
~ ~ ~
K, since K~1(X) = K(5X).

Theorem 5.3. There is a natural isomorphism ¢ such that the following dia-
gram commutes:

X0 25 72x) @ ): F2r(x)/F27-2(X)

\c'h / 0 eaZ‘H

T B0 @ 0.

r20

Proof. One proves inductively the existence of natural isomorphisms and

commutative diagrams

¥os(x) 2, T’Z(X) ® TZ’(X)/TZ’“Z(X)

Xh / 083 Ry,

3 H7(X) ® 0.

r<s
~ ~
Since T25(X) = K(X) for s large enough the theorem follows. O

Corollary 5.4. There is a basis {" cen, 'fN for K(X)/tors K(X) such that
& »vvy &, is a basis for TZS(X)/T"Z(X) Moreover one can select a basis for
2 HZ'(X Q) so that with respect to these bases, the matrix of ch bas the form

COO COI C02 COm

0 ClI C12 Clm

ch = . . .

0 0 0 C

mm

where Cij is an (ni -n,_ 1) X (n. -n_ 1) matrix over Q and C,; is nonsingular.

Proof. Select bases {" n,_y <i<n, for Tz'(X)/Tz"z(X) and choose
£&om _<i<m, tobea prelmage in T2’(X)/'I"2(X) C K(X)/tors K(X). Then
{"1, < ‘SN will be a basis of the type stated.

Select a basis xl, eov, xy for E Hz'(X)/tors HZ'(X) such that TIRRTES
is a basis for 2 HZ'(X)/tors HZ’(X) Then x; ®1,.+¢, xy ®l isa basxs for
. H(X) ® 0. Smce ch: T25(x) — 3, HZ'(X) ®9, the matrix has the form

stated Since ch is a monomorphism on K(X)/tors K(X) the diagonal blocks are
nonsingular. O
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Examples 5.5. Recall that ?(J(CP”) = ZLA/(E"*Y) where €= n-1and 7 is
the canonical line bundle over CP".

For CP? we have T2(CP?) = 0 for r<0 and T27(CP?) = K(CPY) for > 2.
If we choose 6, 2§ £, 6, = & then 6, 0, is a basis for K(cp? ) such that
01 is a basis for TZ(X)

For CP?® we have T2(CP3) = 0 for 7 <0 and T2(CP3) = K(CP?) for r> 3.
If we choose 6, = 6£- 387428, 0, = £ 8, 0, =5¢- &, then 6,, 0, 6,
a basis for K(CP3) such that 6, is a basis for TZ(CP3) and 0,0, isa ba51s
for T4(CP?).

Lemma 5.6. Suppose we have a commutative diagram with exact rows and columns

0 0 0
e
0—sA'——A-1s4" 254" —0
d la la”
N !
0—B'-—>BLlsB"—0
&1k lﬁ"
n n
0—C-2sclsd —o0
ol
D' 0 0
0
There is an isomorphism ¢: D' — A"
Proof. Define ¢ = kd =1 ',8'1 Myt Using standard diagram chasing tech-

niques one proves ¢ is well defined, a homomorphism, and has inverse ¢~ 1! =
1//-]3 d-1 Ilk-l o

Let /: X — Y and suppose f* K(y) — K(X) is an epimorphism. If K(X) is
a free abelian group we know K(Y) = Ker *o K(x). Although we may certainly
split 2 H2(Y) ® 0 xker[*® z HY(X) ® Q one cannot usually assert that
ch, = (ch y | Ker /%) ®chy. The followmg theorem is a criterion for such a split-

ting of ch.

'nleorem 5.7. Let f: X — Y be such that [* K(Y) — K(X) is an epzmorpbzsm,
where K(X) is free abelian. Then the Chern character splzts ch=ch | Ker/ @ ch:
Ker [*® K(X) — Ker [* O3 H2"(X) ® Q if and only if [* T25(Y) — T25(x)

is an epimorphism for all s.
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Proof. Let G = Ker(/* K(Y) — K(X)), and define the groups G>° and H?®
for s >~ 1 so that the following diagram is commutative with exact rows and

columns

0 0 0

| |

0 G2s-2 ',;:ZS-Z(Y) ?ZS—Z(X)

0— G LST25(Y) — L T¥(x)

! l |

0 —>H2S TZS(Y)/ ZS-Z(Y) NZS—Z(X)/?%ZS—Z(X)
0 0

Since G2° =G NT25(Y) it follows that G25/G25=2 C H?S C T?S(Y)/T?5~(Y)
and hence is free abelian. An easy inductive proof on the filtration G-?2cqGc
G%C... CG establishes a commutative diagram and isomorphisms

G ¢‘ G_z ® Z G2s/GZS-2

5201

K(Y)——)tors Ry)® X T2(y)/T?-2(y)

s20
On the other hand, from the 3 x 3 diagram above and Lemma 5.6, it follows that if
"1\:25(Y) —*TI\:ZS(X) is an epimorphism, then G2° — H?S is an epimorphism (i.e.
G25/G*5=2 = H?%) if and only if T2~ 2(Y) — T25=2(X) is an epimorphism. Thus
by descending induction on s (we start with /™ K(Y) —K(X) is an epimorphism)
we obtain the fact that G- ﬂ?zs(x)/%zs"z(X) = G%°/G**~? if and only if /™
T25(Y) — T25(X) is an epimarphism for all s. Since

0 \st . TZS(Y)/TZS—Z(Y)__)TZS(X)/T —Z(X)—) 0

= [ch ~ | ch x |<ch
2s 2s

0 —ch(H2*) - <R, (F2(v)/ T2 ~2y) —<h, (T2(X)V/T?* (X)) — 0

is a commutative diagram of free abelian groups with exact rows, it follows that

P ()T Ay) —= s 1@ FEXY/FE AN

ch 2s ch@ch 2s

Th,, (A2 ()/F252r) —%s ch (H25) @ T, (F25(0)/27572(X)
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commutes and ch = EZS |G2°/G?**~? if and only if H?® =G%*5/G?~2, Thus by

Theorem 5.3 we have a commutative diagram

R(Y) = G ® R(X) —=5 tors R(Y) @ S§0 G¥/6 "t @ T25(X)/ T2 ~4(X)

ch ch ‘ G®ch

> AN ®0 —= s Ker @ Y H¥(X)® 0
520 s20
if and only if /% T 25(Y) — T25(X) is an epimorphism. O
We remark that the assumption that ’l\(’(X) is torsion free is only a notational
convenience in the theorem above. If K(X) has torsion, replace ’I\(J(X) by
'IE(X)/tors ?(J(X) and ?ZS(X) by ?ZS(X)/:I\:-Z(X) throughout the theorem and its
proof.
The followmg proposition shows that the filtration tors K(X) = 2(X) C
0(X) C...C K(X) behaves nicely with respect to products.

Proposmon 5.8. The internal product K(X) ®K(X) —'K(X) induces a pairing
T2(x) @T24(x) — T2#*0(x).

Proof. If £ € T22(X) and n € T?9(X), then

ch(& .7 =ch@)ch(n) e 3 HXP*(x; 0) 20 HXa+s)Xx,0) C z;)?f‘?(ﬂ*q“)(x; 0).
r<0 s< t<

Thus &+ e T2@*(x),

We next investigate the effect of the Adams operations Y* on the group T "(X).

Proposmon 5.9. Let ¢ € K(X) and k > 0. Then YR € TZ"(X) if and only
if €€ TH(X).

Proof. According to Adams [1, Theorem 5.1}, for & € ?(J(X),
ch (k) = Z chz(nﬁ)(l/lk(tf)) = Z k"'"chz(n +r)(f).

Thus chz( +r)(¢k§) =0 for 7> 0 if and only if C'\}( ('f) =0 for r> 0.
Equivalently W‘(f) € TZ"(X) ifand only if £€ T ”(X) O
Since y¥*: Tz"(X) TZ"(X) for & > 0 we have induced maps k.

Tan(x)/ T2 2(X) — T2(X)/T 2"~ 2(X).
Corollary 5.10. For E € "F”(X)/"I\:Z”-Z(X), Jk(g_f) = k"g. o

It is of course well known that on the torsion-free part of K(X) the operations
lﬁk are determined by the Chern character. With the aid of Corollary 5.4, we are
able to determine a formula for the V%,

Theorem 5.11. Let ‘fl’ ooy fN be a basis for ?(J(X)/T"Z(X) such that
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SYREER 'fnr is a basis for ?zr(X)/T—Z(X) If n <i<n_, and j<n_ there exist
polynomials P . y) = p?]. +p}].y +eee Ll Such that l,lfkfl. = k'ﬂfi +
2].";1 Pl.].(k)fjv.

We remark that even though the polynomials P, (y) have rational coefficients,
they assume integral values for each positive mteger

Proof. By Corollary 5.10, l/lk(f) k’”f € TZ'(X) for n <i<n ., so the
matrix of Y¥* may be written Yk = I(k) + P(k), where

’no 0 Py Poz POm

0
klnl 0 0 P,. e
I(k) = . ’ P(k) =

k"’l,,m 00 0 «. 0
on the free abelian group 'kJ(X)/?'Z(X). Now chy® = ch(I(k) + P(k)), but accord-
ing to Adams [1, Theorem 5.1], ch l//k = I(k)ch. Thus ch((k) + P(&)) = I(k)ch or
P(k) = ch™'I(k)ch - (k). The polynomials P, (y) are entries in the matrix Ply) =

“l)ch - 1y). O

Examples 5.12. In K(CP?) with the basis selected above :/z"(el) = k6,
Y*0,) = k20, + %k - kD)0,

In K(CP3) with the basxs selected above l/l 0 = k6, l/lke = k202, lﬁke
k30, + (k2 - k)6,/2 + 5k ~ £2)6, /6.

6. On the cokernel of ch. If we identify K25(X) with K(X) and K25=1(x)
with K=1(X) then we have a commutative diagram

0 — T™(X) Zo A"*27(x; 0) —'6>D"(X) -0
®(x) p' p
@'
0 —’T"+2(X) o’ﬁﬂ+2+27(x; Q)LD'I‘I‘Z(X)_’O

where p' and consequently p: E»o g"”’(X) ®Q/Z -3% ﬁ"+2+2'(X) ®0/Z

are projections on direct summands. We thus obtain cofiltrations

3 HH2(X) ® 0/Z = DH(X) = DOUAX) = -0 — 0

Z 'l‘_'iZn—l +2r(x) ® Q/Z - D'l(x) — DI(X) P —

r
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Observe that ker (p: D(X) —D"*2(X)) = "*2(x) ®0/Z.
We noted in $ 4 that in general f: DI H*27(X) ®0 —X | H**27(X) ® 0/Z
was not of the form 1 ® p for some reduction mod Z p: Q — Q/Z. However for

a restriction of 8 we have an exact sequence

0—Imch,— > H(X) ®Q P00 ®0/Z — 0
R
H*(X)/tors HS(X),

and by proper choice of the bases in Im ch and H*(X)/tors H*(X) we can assume
the restriction B is of the form 1 ® p for some reduction modZ p: Q — Q/Z.
The following theorem is dual to Theorem 5.7.

Theorem 6.1. Let [: X —Y be such that [ ﬁ*(Y) —';"‘(X) is a monomor-
pbzsm, where H*(Y) is torsion free. Then the map B: X HS(X) ®0 —
2 HS(X) ® Q/Z is a graded homomorphism with components of the form 1 ® p
wbere p is some reduction modZ, p: Q — Q/Z if and only if {% D" 27(y) —

D"*?"(X) is a monomorphism for all r.

Proof. The proof is dual to that of Theorem 5.7 and will not be given. One

first proves a dual version of Lemma 5.6. O

7. The e-invariant. For any map f: X — Y, let % ”F"(Y) -—»”;"”(X) be the
restriction of f;; ?(‘*(Y) —"’l\é*(Y). Since the homomorphic image of a divisible
subgroup is divisible, the restriction of f7.: T"*}(¥) —T""}(X) yields a homo-
morphism /**: D(Y) —D™X). We will identify T™(X) with the direct summand of 77(X)
isomorphic to it whenever necessary.

Now consider a cofibration sequence A - X —’X/A 2,54 and the corre-

sponding T-cohomology exact sequence.

Proposulon 7.1. Let A Lx —’X/A be a cofibration such that z* K*(X)

— K*(A) is an epimorphism. Then for each n, the sequence

*

Ak J%
0 = F(x/A) - Fr(x) s Tr(A) — s D(X/A)
i i
> D™(X) ——D™A) >0

is exact.

Proof. Since z : K(X) — K(A) is an epimorphism, the cohomology map I *
*(X Q) —’H*(A Q) is an epimorphism. Thus for each n we have a commuta-

tive diagram
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0

!

|
Tn(X/A) ! 5 'T‘I(x) i >¥7(4)

! .

~ ~ i ~
0 —> R™(X/A) Tk %7(x) K, %m(4) 50
J ch' ch' ch'
0— Y H"*27(X/A; Q)—->Zo Am(x; Q)—> Z H"*27(4;0)— 0
r>0 r>
NS ~ ill* “
D™(X/A) D™(X) D™(A)
l V !
0 0 0

where the two center rows and all columns are exact. An elementary diagram

chase establishes that

A% Jk
0 — T™(x/A) —1— Tr(x) —— T*(4)
and ik "
D(X/A) ——> D"(X) — D™A) —0
are both exact.

From the diagram

0 S T™(A) > K*A)

5% 8k =0

0 — D™(X/A) = T"*1(X/A) — R**1(X/A)
II*
it follows that Im (8T | T"(A )) CD™MX/A). From exactness of D"~ 1(X) —pn-1(4)
— 0, it follows that 87[D"~!(4)= 0 and 87 (T(4)) = Ker (D"(X/A) i, D™(X)).
From the diagram
0 0

l

D"} (X) — D""1(A)

T

i )
T™(X) — > T™A) ———5 T"*1(x/4)

'l\. i l /}

Tr(X) ——— T7(A)

| |

0 0
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it follows that Ker (8’;|’7\:"(A)) =Im i'". We piece this together to obtain the exact
sequence of the proposition. O

Remark. Clearly an analogous proposition and proof is available if any of the
other maps in the K-theory exact sequence is trivial. For example, if i}"(: K*(X)

Tx ..
— K™(A) is trivial, then
*

0 — T7=1(4) — ™(x/A) — Tn(x) N pr-1(A)

——>D™X/A) = DX)—0
is exact, and if ]'T(: K*(x/A) — K*(X) is trivial, then

0— Fr=1(x) = F1-1(4) — ¥7(x/4) —Ls D"~1(x)

—— D" (4) = D™(X/A) = 0
is exact.

An important special case for application is the following.

Corollary 7.2. Let f: X — Y be a map such that fy: K*(Y) — K*(X) is

trivial. Then for each integer n,
*

Fn IJ* Yn i ¥n 8'I" n
0 = T"(5X) ——T™(Y U, CX) — T"™(Y) —> D"(SX)
Sk Sk
~L— D™y U, CX)—— D™(Y) = 0
is exact. 0O
* Tk Tx L.
Let f/: X — Y be a map such that [: K'(Y) = K*(X) is trivial. Form the
cofibration sequence Y = Y U, CX L, $X and define

e™(f) = 8% T™(y) — D"(SX) = X H"*¥"(SX) ® Q/Z.

r>0
Consider the commutative diagram
0 0 0
0 — T™(5X) ™Y U, CX) ——— T(y) -5 D™(sX)
. la
4 v i*
0 —— Rn(sx) > K"y U, CX) K S R(y) 0

ch’' l
* 2

0— Z '1‘_'111+2r(SX) ®0 i z 'F‘,n+2r(y U/ CcX) ®0 — Zo 'Hn+27(y) ®0—0

r>0 r>0

&

"x

D™(SX) > D™(Y Y, cX) D™(Y) ——— 0

! !

0 0 0
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with exact rows and columns, and define A™(f): ’7\:"()') — D™SX) by A*(f) =
Bi* lch'i;k( “la, A simple diagram chase establishes that A™(f) is a well-defined
homomorphism, and by Lemma 5.6, there is a homomorphism ¢: Im 3’.; — D™(§X)
which is an isomorphism onto Ker i"*C D"(SX) and ¢~5; = A"(f).

Thus we see that e”(f) is essentially A"™(f), i.e. e™(f) differs from A™(f)
by an automorphism on its image. * *
Let ¢ >n and let /: $29=1 — §27_ Then 0 — K(529) L K(s2n U, 20 L

~
K($27") — 0 is exact and the invariant )\2"(/) takes the form
AR () TEN(S?™) — pAn(s?9) = p29(s%9) @ 9/Z ~ Q/Z.

Proposition 7.3. If { € T27(s27) > K27(S%™) is the canonical generator,
A7) is Adams e c~invariant.

Proof. Adams [2] defines his invariant in this case as follows. Let
u, € H2(S?), u e HP"(S?™), @ € H?US’™ U e) and 7 € HZ"(SZ" U, e29)
be generators such that j *(u )— u, and "7 )— u. Let f E K(qu) and
cf € K(SZ") be the canomcal generators and suppose ch (rf ) =u, ch (f )=u o
If & e K(s2n U/ezq) is such that i*(&") = ¢, then ch({")—u ®l+u ® )\ €
*(SZ” Y, e?) ® 0. He then defines A(f) = [A\] € 0/Z and shows that [)\] is

his ec-mvanant

From the diagram
?2 n(SZn)

~
=

0 ___"I“<2n(52q) 'k‘Zrz(SZrz L))’82:1) _."2‘271(5271) -0

1 1

ch ch

A
N2

H29(s%9) ® 0 =, Fj29(s?n U, e 89

B

H?(s%9) ® 0/Z

0

and the fact that ch (vf ) = u, ®1 so B =1 ® p, we easily see that A2(f) =
A =A(y). o

Thus our graded invariant {e™(f)} is essentially Adams’ e -invariant.

R . . . . .
Adams’ e -invariant measures when a split short exact sequence splits with
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respect to the Adams operations ¢I;. We show that the graded invariant {e™(f)}
does the same.

Theorem 7.4. Let Abx L X/A be a co/zbratzon wztb K *A) torsion free
and i K *(X) —K *(A) an epimorphism. Then K *(X) —-*K*(X A) ~X (A) splits
with respect to the Adams operations if and only if the coboundaries 5.[.. T"(A)
—D™X, A) are trivial for all n.

Proof. By Proposition 7.1, if 5’;.: T™A) — D™X, A) is trivial we have a
short exact sequence

0 — TX, A) N ”f"(X)—-i—> TMA) —0.

and, by Theorem 5.7, there is a commutative diagram

RO —2 5 X, 4) @ %(4)
Jchx chx/AG)chA
¢

> H=(x) ®0 ——>): H2(x, 4) ® Q @ H25(4) ®Q

Ry
if and only if % T"(X) — ¥”(A) is an epimorphism for all 7. Smce the Chern
character determines the operations ¥* on the torsion free part of K(X) ¢¢X =
'/’X/A ® l,llA on the torsion free part. Since j: tors K(X A) — tors K(X) is an

1somorphlsm, qS(l/lx) = ¢X/A on the torsion part of K(X) Similar remarks are
valid for K=1(X) = K(5X). o

Corollary7 S.If [+ X =Y and K *(Y) is torsion free then X *(y v, CX) =~
*(SX) 55 K *(Y) splits with respect to the Adams operations if and only if the
graded invariant {e™(f)} is trivial. 0O

In the case K *(Y) has torsxon the invariant {e”(f)} fails to give complete
information on the splitting of K *(y R CcX).
~
We remark that the filtration of K(X) and K’I(X) by the groups T™(X) enables

one to define a graded d-invariant as follows. Let f: X — Y and set
()= * T =T, 37 ()= *: DY) —~D™(X).

Exactly as in Adams [2] one proves elementary propositions relating {d"},
{d™}, and {e™. For example

Proposition 7.6. If W 4 X &y 27 ana {d"(g)} = 0 then e™(gf) and e™(hg)

are defined and e™(bg) = e™(g)d™(h) and e™(gf) = d™(Sf)e™(g). O

We do not know the interpretation of Toda brackets in the context of these
graded e-invariants.
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