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TOPOLOGICAL ENTROPY FOR NONCOMPACT SETS
BY
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ABSTRACT. For f: X — X continuous and ¥ C X a topological entropy
h(f, Y) is defined. For X compact one obtains results generalizing known
theorems about entropy for compact Y and about Hausdorff dimension for
certain ¥ C X =S A notion of entropy-conjugacy is proposed for homeo-
morphisms.

The topological entropy of a continuous map on a compact space was defined
by Adler, Konheim and McAndrew [1]. In the present paper we will define entropy
for subsets of compact spaces in a way which resembles Hausdorff dimension.
This will be used to generalize known results about the Hausdorff dimension of
the quasiregular points of certain measures and to define a notion of conjugacy
that is a cross between the topological and measure theoretic ones.

In [5] we gave a definition of entropy for uniformly continuous maps on metric
spaces. That definition was motivated by different examples (linear maps on R"
and calculating entropy on T") and it sometimes differs from the definition given
here.

We wish to thank Karl Sigmund who pointed us in the direction this paper
takes and Ben Weiss who helped us formulate $ 4.

1. The definition. Let f: X — X be continuous and Y C X. The topological
entropy b(f, Y) will be defined much like Hausdorff dimension, with the *‘size’’
of a set reflecting how [ acts on it rather than its diameter. Let @ be a finite
open cover of X. We write E < @ if E is contained in some member of @ and
{E} < @ if every E.< @. Let "/.@(E) be the biggest nonnegative integer
such that

/e < @ forall & €0, n, AED);

n/.a(E)=0 if E ¢ @ and n/@(E)=+o° if all f*E < @. Now set

00
A
DG(E) = exp(- "/,G(E» and D@(g, A) = Zx D&(Ei)
1=
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126 RUFUS BOWEN

for & = {E}7 | and A €R. We define a measure mgq , by
mﬂ.k(Y) = il—l}(‘) inf{Da(g, A: U E,D>Y and D@(Ei) < c}.

Notice that mg , (Y) < mg »(Y) for A> A and mg ,(Y) ¢ {0, + o} for at most
one A. Define

bﬂ(/' Y) = inf{A: ma’x(Y) =0} and finally &(f, Y) = s;p b(i(/‘ Y)

where @ ranges over all finite open covers of X. For Y = X we write h(/) =
b(f, X).
Remark. The number 4(/, Y) = b, (f, Y) depends very much on which space

X we consider the domain of f. For instance, f(x) = x + 1 defines a homeomor-
phism of R which can be extended to a homeomorphism of S'. By Proposition 1
below bs (/, SY) is just the usual entropy of the homeomorphism f: ' — S! and
thus equals 0 [1, p. 315); for ¥ CS' we have 0 <h_,(f, Y) <bh (/. S1) and so

l(/ Y) = 0. On the other hand suppose Y = U*°° o7+ A) where Ac(o,1)
1s a Cantor set. Since Y is closed in R, one can prove b (/ Y)=bh (/ Y). For
any homeomorphism g: A — A, m: Y — A defined by n{n + a) g"(a) displays
g as a quotient of | Y. From this one can conclude that h(g) < h(f|Y); as
b(g) can be made large, h(f|Y) = + 0. Then bR(/. Y) =+ « but bs l(/. Y) = 0.
This example was suggested to us by L. Goodwyn.

Proposition 1. If X is compact, then b(f) equals the usual topological
entropy.

Proof. First let us recall the usual definition of entropy for compact X [1].
Let Cf {A,o N [“‘A N.ooon [~74ly, i Aik € @} for an open cover @
of X. If N(®B) denotes the smallest cardinality of any subcover of the open B,
then

b(f, @ = lim -:; log N(@, )

n—o0
exists and the topological entropy is defined by
b(f) = sup b(f, @)
@

where (@ runs over all finite open covers of X. Letting gn be a subcover with
N(@/ ") members

—nA
D&, M < N@, e
and

mg, )‘(X) < lim lexp(-A+n~! log N(& ))]

n—oo
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For A> b(f, @) we get ”’a';‘(X) =0. Hence hg (, X) <h(f, Q.

We prove bg(f, X) > b(/, @) by showing b (f, @) <A whenever Mg AX)=0.
For such a A there is a countable covering & = {E } of X so that Da'(g, MN<1,
If "/,Q(Ei) < o, we may assume E; is open (there is an open F,DE; with
Dg(F) = Dg(E))). The E/'s with n, a(Ei) = oo may be replaced by open sets so
that Da(g, A) is still less than 1 (though it may increase). As X is compact, the
open cover & now has a finite subcover P = iDl, ooy Dml. Then

> > exp(-)\n/'a(D’.l, ees D, )= f: De(fD, AE < oo

s=1 il'."'js s k=1

where ﬂ/'a(D,‘l$ ceey D,-s) = 2:=lnl,G(Dir)'
Let

t
CD. yeeeyD. )=lx€X:["x €D, foreach re€ll,s]
n s Ty

where ¢ = "/.@(Dil) LR n/'a(D]. 0.

r-1
Then C(Dil’ ceey Dis) < al.n for n Sn/.a(D,- s oo D,-s). If M = max, "/.G(Di)’
then iC(Djl, ceey Djs): s>1, n/'a(Djl, cees D"s) €ln, n + M)} is a cover of X
subordinate to G'/ o Hence

N ' ")e"‘"

< eMXZ ieXP(-)\ﬂ,'@(Dil, ceey Dis‘): ﬂl,@(Dj19 ey Di ) € [n. n+ M)‘x.

s

As the right side is bounded in =, A(/, ® <A
This proof is almost identical with Furstenberg (10, Proposition I1I.1] and
resembles the proof of a well-known theorem of information theory (19].

We now state (without proof) some basic facts.

Proposition 2. (a) If [;: X — X and [;: X, = X, are topologically con-
jugate (i.e., there is a homeomorphism m: X | — X, with uf, = f,m), then
b(f s Y))=h(, ”(Yl)) for Y CX..

) blf, Y)) = b(f, Y).

() hlf, UT_,Y,) = sup; K. ).

d b(™, Y) = mb(f, Y) for m>0.

We now give an example which motivated this paper. Define f: st —s! by
f(z)=2" I YC s! is closed and f(Y) C Y then the Hausdorff dimension of Y
satisfies hd(Y) = b(f| Y)/log n. This was proved by Furstenberg (10, Proposition
IIL.1). For an ergodic f-invariant probability measure p on s!, it is known that
(Colebrook [7]; see also [3] and [9]) ha(G(p)) = b,,()/log n where G(p) denotes
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the set of generic points of g. The above two formulas suggest that one might
have b, (f) = b{/, G(u) if the right side is correctly defined for the noncompact

set G(u), The intermediate Hausdorff dimension of course motivated our definition
of entropy; Theorem 3 shows that the hoped for formula holds for any continuous
map on a compact metric space. We mention that another aspect of Colebrook’s
paper [7] has been generalized by K. Sigmund [20],

2, Goodwyn's theorem. In this section we will generalize a theoremof
Goodwyn [13]. For a continuous map f: X — X let M(f) be the set of all /-
invariant Borel probability measures on X. We refer the reader to [4] or [14] for
the definition of 5, (/).

Theorem 1. Let f: X — X be a continuous map of a compact metric space
and p e M()). If Y CX and p(Y) =1, then b, (f) <b(f, Y).

Lemma 1. Let a be a finite Borel partition of X such that every x € X is
in the closures of at most M sets of a. Then

b{f, @) <h(f, ¥) + log M.

Proof. Foreach x €X let I (x) = - log p(A) where 4 €0,  contains *.
The Shannon-McMillian-Breiman theorem [14] says that for some p-integrable
function I(x) one has I (x)/n — I(x) a.e. and a = [I(x)dp = b,(f, a). For >0
the set Y5 =1{y € Y: I(y) > a - 8} has positive measure. By Egorov’s theorem
there is an N so that

Ysn=lye€Ysl (y)/n>a—26vn>Ni

has positive measure.

Let B be a finite open cover of X each member of which intersects at most
M members of a. Suppose &= {E .} covers Y and DQ(E,.)Se"N. If Be
O GUED intersects Y5 v, tileré(;é(g) <exp((-a+ 28)"/.G(Ei»‘ Since E; N
Y5 y is covered by at most M™/& " such Bs,

WE,; nYs ) <exp (n, o(E Nlog M - a + 20)).
For A=-logM + a - 28 we have
Da(g, A) = Z exp (_An/,@(El)) 2 Z [I.(Et N YS,N) Z F(YS,N)°
1 13
Letting & vary, mg \(Y) > u(Y 5 ) > 0. Hence b(/, ¥) > hylfs Y) > A=—log M +
a - 28, Letting 8 — 0 we have our result.

Lemma 2. Let @ be a finite open cover of X. For each n>0 there is a
finite Borel partition a_ of X such that /"an < @ jorall k€l0, n) and at
most n card @ sets in o, can have a point in all their closures.
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Proof. This idea for this lemma is from Goodwyn [13] and the statement as
above is in [15], Let 0 = {Al, e, A } and g5 +++, g, bea partition of unity
subordinate to I, Then G = (gl, LY 2 ): X—*s _ CR”’ where s, _, is an

- 1 dimensional simplex. Now {U,, ..., U } is an opc.n cover of s _, where
Ui={gc_ €s,__,:%,>0} and G~ lU CA, As (s _Visnm-n d1mensional,
there is a fmlte Borel partition a""l of sm_l wuh at most nm members having a
point in all their closures and such that each member of a* lies in some U; x

eeex U,-". Then a, = L'la: works where L = (G, Gof,+++, G°/"“l): X— s:‘n_l.

Lemma 3. Given a finite Borel partition B and € >0 there is an open cover
@ so that H (Bl &) <e¢ whenever a is a finite Borel partition with a < (.

Proof. Let 8=1{B P Bm}. There is a 8> 0 so that the following is
true:

H/(B|a) <e if there is a Borel partition {CppeeerC,

with each C; a union of members of a and Z P(B ncC ) <d
if]

(see [4, Theorem 6.2]). Choose compact sets K, C B, so that wB \K ) <8/m.
Let @ be an open cover each member of which mtersects at most one K For
a<@puAdecain C,if ANK, £ &, and in any C 1f A nUK ﬁ- Then
C NK, =g fori#j andso

2 P(B,nC)< }:P(B\K)<s
ifj

Proof of Theorem 1. Let B be a finite Borel partition of X and € >0, Let
@ be as in Lemma 3 and a  as in Lemma 2. Then

bﬂ(/, B)=n" 1IJ,_I'(/", Bl,n) <n” lb,,'(/", o)+ n'lH#(B,.nla")
n=1
<n~Ma(, v) + log (n card @)] + n~! l§) H#(/_kﬁ la)

n=1
<hf, V) + 0! log(n card @) + o1 E_:o Hp_(ﬁllkan)

<h(f, V) + 27 log(n card @) + .

Here we used Lemmas 1 and 2 and some general facts:
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b M <b (), &)+ H (3],
H(n v y| & <H 0O +HYD,

H )19 = H &),

Proofs of these are in [4] and [14]. Finally, let n — o and then let ¢ — 0. The
proof is finished.

3. Generic points. For X a compact metric space, the set M(X) of all Borel
probability measures on X with the weak topology is a compact metrizable space
(18], p, — p implies that for V OK with V open and K compact one has
lim inf p_(V) > p(K). For x € X let p_ denote the unit measure concentrated on
%. If a continuous f: X — X is given, define

#x.ngn-l(#x+#/x+'°'+# n-1 ).
f x

Let V/(x) be the set of all limit points in M(X) of the sequence p . Then
V (x) # & and one checks that V/(x) CM(/). x is a generic point for p if
1% /(x) = lu}. Our main result is that b(f, G(p)) = b, (/) for p ergodic where Gly)
is the set of generic points for .

b=, N) is an N-distribution if 2';’ p,=1 and p,>0; we set H(p) =
-3p;logpe fa=(ap-eera)ell, ..., NI™, then dist a = (B eev0py)
where p, = m =1 (number of j with a; = i). If p and q are N-distributions, then
IP - q| = max, IP, ’qil‘

Lemma 4. Let

R(N, m, ) ={a €11, -+, NI™: H(dist a) <t}

Then, fixing N and t,

lim sup ’ln log card R(N, m, 1) < ¢.
m-—oo
Proof. Foran N-distribution ¢ and a € (0, 1) consider R _(g) =1{a €
{1, ..., NJ™: |g - dist a| <a}. Let p be the measure on 2y = {1, ..., N}
for the Bernoulli shift with distribution ¢* = (1 - a)g + a(1/N, ..., 1/N). Each
a €R_(g) corresponds to a cylinder set C C Sy Since |g - dist a| < a, the
number of i’s occurring in @ is at most (g, + a)m. As the symbol i has proba-
bility ¢; =(1-0)gq,+ o/N,

N
TCAED ) A
1=
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Since the C a’s are disjoint and have total p-measure at most 1,
(g .+%)m
1> card Rm(q) H q; ' .
13
Taking logarithms we get

1
- log card Rm(q) < ’Z - (qi + o) log q:.

<H(g" + T (g - g, + alllog g;|-
i
As g! > a/N, |log ‘1:| <log N - log a; also |q1.' -q)=|a/N-aq|<2a. So

m~! log card R, (g) < H(g") + 3aN(log N - log a).

Now H(g) is uniformly continuous in ¢ and log a — 0 as a — 0. Hence given
any € > 0, for small a one has

m~1 log card R_(g) SH(g) + €

for all m and gq.
Once an a is chosen one can find a finite set Q of N-distributions so that
(a) H(g) <t for g €Q and
(b) if H(g*) <t, then |¢g*- g| < a for some g € Q.

Then R(N, m, t) C quQ R_(g).

m~1 log card R(N, m, ) <m™! log card Q + (¢ + ¢).
Letting m — o and then ¢ —0 we get our result.

Now suppose B ={B, ..., By} isa coverof X. Ann-choice for x (with
respect to B and f)isa B=(B;, ..., Bin-l) € B" with f*(x) € B;, for ke
[0, n). An n-choice gives an N-distribution ¢(B) = dist(igy -+ »i__,)s The set
of such distributions for the various n-choices for x we denote by Dist ﬂ(x, n).

Lemma 5. Suppose f: X — X is a continuous map of a topological space,
B an open cover of X, B a finite cover of X and M a positive integer so that
2B < B for all k €[0, M). For t >0 define

0@, B) = {x € X: lim inf (inf {H(g) : ¢ € Dist3(x, n)}) < z}.

n- +00

Then bg(/' o B) <i/M.

Proof. Let N =card 8 and ¢ >0. By Lemma 4 there is an m, so that

card R(N, m t+e) < em(t+2()

for all m>m. As Dist B(x. n) depends only slightly on the last few [/(x) when
n is large and H(q) is continuous in g, one has
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lim inf (inf {H(g): 4 € Distﬁ(x, mM}) <t

m — 00

for x € Q(t, B). Let B (x) = (B,-o, o9 By ) be an n-choice with distribution
g(x, n) minimizing H(q) over Dist 'B(x, n). For k € [0, M) define

(%, m) = distli, v €0, m}

k41

Then q(x, mM) =(1/M)Z_q,(x, m). By the concavity of H(q) in g one has
H(qk(x. m)) < H(g(x, mM)) for some k (depending on x and m).
Fix now any my >m_, For m»m and k €[0, M) define

- S(m, k) = {x € X: Hg,(x, m) <t +¢l

Then 0, B) C UiS(m, k): m >mg, k €[0, M)}, Assume x € S(m, k); a(x) =
(Bik' B; ) is in R(N, m, t + ¢). Define

PRI

k+M Ikslm= 1M

Alx, m) =1y €X: fly € Bii for j€l0, k) and

ft+™My e B for ref0, mi

ik yrm

Now /iAk(x. m) is contained in some member of B for each j € [0, mM). Hence

DﬁAk(x. m) Se"”M. Let 5(m0) = {Ak (x, m): x € S(m, k), m> mg, k efo, M)},
Then &(my) covers Q(t, B). Since there are at most (card Bk .

card RN, m, ¢ + ¢) different A (x, m) with x € S(m, k),

D.(Em), ¢ +3)/M< X (card B)* card RN, m, t + e™m(4+3€)
8 0 =
kelo,m)
mZmo

< (card pM-1 ¥ emme,

mzmo

As this quantity approaches 0 as m; — o0, mg (\ 3.\ Q@ B) =0 and
hg(f, O(t, B)) < (¢ +3)/M. Now let ¢ — 0.

Theorem 2. Let f: X — X be a continuous map on a compact metric space.
Set

OR(D ={xeX: Ip € v,(x) with b“(/) <th
Then b(f, QR()) < t.

Proof. Let B be a finite open cover of X and a a Borel partition of X
with the closures of members of a contained in members of B. Fix ¢ >0 and
let
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WM ={xeX: e V,(x) with (1/MH (o, ) <1+ el
If b,(/) <t, then

Jim 5 H“(a/ m =ba)<h ()

implies that (l/M)H#(a/.M) <t +¢ for some M. Hence QR(t) C UMW (M),

Now fix an M and let a M _{El, ey E o Pick U DE open so that
ffU, < B for k €[0, M); set B={U, -+, Uy } We will show W (M) C
Q(M(t + 2), B). Consider x € WG(M) and p € V/(x) with (I/M)H(aI‘M) <t + €
Let ¢’ = u(E ), .+, p(E,)) and pick 8 >0 so that

lg-q'| <& implies H(g) < Mz + 2¢).
Now choose compact K; CE; so that p(Ei\K‘.) <8/2N and disjoint open V's
with U.DV.DK. Let B (x) € B” be an n-choice for x so that B; i = U when-
ever / X € V Smce pE V (x) P, n = p for some n, = oo, For large j one
has

By (V) > p(K) - 8/2N
J

forall i. If ¢/ = dist B, (x) (g%, --- ) it follows that q’ > uK) - 8/2N
>u(E,) - 8/N. We get |q -q'| <8 and H(q’) < M(t + 2¢). Hence x €
OM(z + 26), B).

Lemma 5 now gives us hg(f, W (M)) <t + 2. By Proposition 2(d) we get
hg(f, QR(2)) <t + 2. Letting ¢ — 0 and varying B we are done.

Corollary. Let f: X — X be a continuous map of a compact metric space.

Then

bf)= sup b (/)
peM(f)

Proof. Let ¢ = sup#h#(/). As V/(x) £ for x €X, X COR(¢) and b(f) =
b(f, X) <t. On the other hand h(f) >¢ by Goodwyn’s theorem (Theorem 1).

Remark. This result is already known; see [8] for the finite dimensional
metric case and [12] for compact Hausdorff spaces.

Theorem 3. Let [ be a continuous map on a compact metric space and
p €M()) be ergodic. Let G(y) be the set of generic points of p, i.e.,
G(p) = {x: V/(x) = {ult
Then b(f, G(u)) = b”(/).

Proof. By the ergodic theorem, one has u(G(u)) = 1. Theorem 1 then gives
H(f, G(u)) > b#(/). As Gy) C QR(b#(/)), Theorem 2 gives the reverse inequality.
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4. A type of conjugacy. We will call two homeomorphisms f: X — X and
8: Y — Y entropy conjugate if there are X' C X and Y' C Y such that
(i) X' and Y' are Borel sets,
(i) f(X")cx’, gly)cy',
Gii) b(f, X\X") < hb(f), blg, Y\Y") < b(g), and
(iv) f|X' and g|Y' are topologically conjugate.
Unfortunately this does not seem to be an equivalence relation.

Proposition 3. If { and g are entropy-conjugate homeomorphisms of compact
metric spaces, then h(f) = h(g).

Proof. Suppose p € M(f) and b (/) > b(f, X\X"). Since p is [-invariant and
f(X") C X', one can find B C X\X' with u(B) = u(X\X") and f(B) = B. By
Theorem 1, u(B) < 1. Define py,(E) = (E NX")/u(X"). Then py, = p Gf p(X")
=1 or p=pXVuys +pBlg. Inthe second case pys,pg € M(f) and

b ()= plx’ )b (/) + p(B)b (/)

By Theorem 1 we have b# N < 5(f, X\X )<b (/) and so b,,,x,(/) >h (/) If

Bxe =, We of course also have b, ,()>h (/) Since py,(X") = 1, thc topo-
logical conjugacy of /| X’ and g|Y' gives us a measure v on Y’ with (g, v)
conjugate to (f, py,); in particular

b =bh, (/)>b W

By Goodwyn’s theorem h(g) > b #(/). Usmg the Dinaburg-Goodman theorem
(corollary to Theorem 2) one can make b#(/) arbitrarily close to A(f) (and so
satisfy b#(/) > b(f, X\X")). One gets h(g) > h(f). By symmetry one likewise has
h(g) < h(f).

There is a natural class of homeomorphisms for which the converse of
Proposition 3 may hold. Let 2” =M,{1, ..., n} and define the shift o, Zn
—3 by

(onx)i =%, for x= (xi).

o, is a homeomorphism of the compact metrizable space En. For A an nxn
matrix of 0’s and 1's define
2 @={kx)eZ Ay =LV
Then o, | % (A) is a homeomorphism of a compact space.
Conjecture. Suppose o, |% (A) and 0|2 (B) are topologically mixing
and have the same topological entropy. Then they are entropy conjugate.
This conjecture is related to the symbolic dynamics of diffeomorphisms [2],
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(16}, [6]. From [6] it follows that the nonwandering set of an Axiom A diffeo-
morphism is entropy conjugate to some En(A) (called a subshift of finite type).

The codings of [2] show that the conjecture is true for the subshifts of finite type
that arise from hyperbolic automorphisms of T2, The codings were used in [2] to
prove that entropy classifies such maps on T? up to measure theoretic conjugacy;
Friedman and Ornstein [11] now supplant these codes for this purpose. The notion
of entropy conjugacy attempts to clarify the topological content of the Adler-Weiss
codings (see problem 3 of [21]).

Proposition 4. Suppose [ and g are entropy-conjugate bomeomorphisms of
compact metric spaces. Then [ is intrinsically ergodic iff g is.

Proof. Intrinsic ergodicity [17] means there is a unique p € M(f) with
b#(/) = b(f). The proof is like that of Proposition 3.
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