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STRUCTURE THEOREMS FOR CERTAIN TOPOLOGICAL RINGS
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ABSTRACT. A Hausdorff topological ring B is called centrally linearly
compact if the open left ideals form a fundamental system of neighborhoods
of zero and B is a strictly linearly compact module over its center. A top-
ological ring A4 is called locally centrally linearly compact if it contains an
open, centrally linearly compact subring. For example, a totally disconnected
(locally) compact ring is (locally) centrally linearly compact, and a Hausdorff
finite-dimensional algebra with identity over a local field (a complete topological
field whose topology is given by a discrete valuation) is locally centrally
linearly compact. Let A be a Hausdorff topological ring with identity such that
the connected component ¢ of zero is locally compact, 4/¢ is locally central-
ly linearly compact, and the center C of 4 is a topological ring having no
proper open ideals. A general structure theorem for 4 is given that yields, in
particular, the following consequences: (1) If the additive order of each element
of A is infinite or squarefree, then 4 = Ay x D where 4 is a finite-dimensional
real algebra and D is the local direct product of a family (A'y) of topological
rin gs relative to open subrings (B.,), where each 4., is the cartesian product
of finitely many finite-dimensional algebras over local fields. (2) If 4 has no
nonzero nilpotent ideals, each 4., is the cartesian product of finitely many full
matrix rings over division rings tgat are finite dimensional over their centers,
which are local fields. (3) If the additive order of each element of 4 is infinite
or squarefree and if C contains an invertible, topologically nilpotent element,
then A4 is the cartesian product of finitely many finite-dimensional algebras
over R, C, or local fields.

1. Introduction. Our goal is to identify those properties of a Hausdorff
topological ring with identity that allow it to be described as built, in some con-
crete way, from topological rings that either are finite-dimensional Hausdorff
topological algebras over local fields, the real field R, or the complex field C,
or are very similar to such algebras. By a local field we mean a topological
field whose topology is given by a complete, discrete valuation. Thus a topo-
logical field K is locally compact and totally disconnected if and only if K is
a local field and the residue field of its valuation ring is finite, Local fields,
R, and C are examples of complete topological fields whose topology is given
by a proper absolute value; a finite-dimensional algebra A over such a field
admits a unique Hausdorff topology making it a topological vector space, and A
is actually a topological algebra for that topology [3, Theorem 2, p. 18; cf.
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Corollary 2, p. 19). In this introductory section we shall describe the topological
rings to be investigated.

We recall that a topological (not necessarily unitary) module is linearly top-
ologized if the open submodules form a fundamental system of neighborhoods of
zero, A topological module is linearly compact if it is Hausdorff, linearly topo-
logized, and if every filter base of cosets of submodules has an adherent point.

A linearly compact A-module E is strictly linearly compact if every continuous
epimorphism from E onto any linearly compact A-module is open, or equivalently,
if E/U is artinian for every open submodule U, (We assume familiarity with basic
properties of linearly compact and strictly linearly compact modules, discussed

in [11] or [4, Exercises 14-22, pp. 108-112].) A topological ring B is (strictly)
linearly compact if the left B-module B is (strictly) linearly compact.,

Definition 1. A Hausdorff topological ring B is centrally linearly compact
if the open left ideals of B form a fundamental system of neighborhoods of zero
and if B is a strictly linearly compact module over its center. A topological ring
A is locally centrally linearly compact if A contains an open subring that is
centrally linearly compact.

If B is centrally linearly compact and if R is any subring of B that contains
the center Cp of B, then B is a strictly linearly compact (left) R-module, for
B is R-linearly topologized as the open left ideals form a fundamental system of
neighborhoods of zero, and every R-submodule is also a Cz-submodule, In par-
ticular, a centrally linearly compact ring is a strictly linearly compact ring. A
commutative topological ring is clearly centrally linearly compact if and only if
it is strictly linearly compact.

A totally disconnected locally compact ring A is locally centrally linearly
compact, for A contains a compact subring B [10, Lemma 4], and the open ideals
of B form a fundamental system of neighborhoods of zero [9, Lemma 9]. We shall
determine the structure of a Hausdorff topological ring A with identity that has
the following three properties: (a) the connected component C of zero is locally
‘compact; (b) A/C is locally centrally linearly compact; (c) the center of A is a
topological ring having no proper open ideals. Thus our results may be applied to
obtain the structure of a locally compact ring with identity whose center is a
topological ring having no proper open ideals.

Our first step is to identify a very special class of centrally linearly compact
rings.

Definition 2. A topological ring B is basic if it satisfies the following three
properties:

1° The center Cg of B is a local, one-dimensional noetherian ring (with
identity) that is complete for its natural topology (i.e., the m-adic topology, where
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m is the maximal ideal of C B), and the prime ideals of the zero ideal of Cp are
all isolated.

2°, B is a noetherian C g-module, and the given topology of B is its natural
topology as a Cg-module (for which (m"B) ., is a fundamental system of neigh-
borhoods of zero).

3°% Every cancellable element (i.e., non-zero-divisor) of the ring Cp is also
a cancellable element of B.

Condition 3° implies that the identity element of Cp is also the identity ele-
ment of B. By 2°and [18, Theorem 4, p. 254], the topology induced on C B by
the given topology of B is its natural topology. Since Cp is complete for that
topology, therefore, B is also complete [18, Theorem 5, p. 256). By (18, pp. 271-
272], C g is a linearly compact ring. Since m?/m"+! s a finitely generated C -
module and hence a finite-dimensional (C B/ m)-vector space, m”/ m"*! s an
artinian C g-module for all » >0, so by induction Cg/ m® is an artinian C B
module for all £ > 1; thus C is a strictly linearly compact ring, As B isa
finitely generated C g-module, B is, for some r > 1, the image of the C B-module
C} under a continuous homomorphism, and hence B is a strictly linearly compact
Cg-module. In sum, we have proved the following theorem.

Theorem 1. A basic topological ring is centrally linearly compact.

Let by, «++, }, be the prime ideals of the zero ideal of C. By 1°of
Definition 2, m, P;, --+, §, are all the prime ideals of Cp, and m# b, forall i €
[1, 7). The set of zero-divisors of B belonging to C g is identical with the set
of zero-divisors of the ring Cz by 3° of Definition 2, and that set is J]_, b
(17, Corollary 3, p. 214]. Therefore, since m & Ui b [17, p. 215], m contains
a cancellable element of B. If ¢ is any cancellable element belonging to m,
then m is the only prime ideal of C 5 containing Czc, so C e is primary for m
and thus m* C Cge for some &> 0.

Let A be the total quotient ring of B; thus A is the ring of all fractions
a/c where a € B and c is a cancellable element of B belonging to C (or
equivalently, by 3° of Definition 2, a cancellable element of C B)' Then
(m™B)_,, is a fundamental system of neighborhoods of zero for a topology T on
A making A into an additive topological group. Since B is open in A for J,
the multiplicative composition of A is continuous at (0, 0), and for each b € B
the functions x + bx and x > xb from A into A are continuous at zero. To show that A,
equipped with topology J, is a topological ring, therefore, it suffices to show
that if ¢ is any cancellable element of B belonging to m, then x > ¢~ 1x is
continuous at zero, or equivalently, x I+ cx is an open mapping. But as noted
above, m* C Cpe for some &> 1, so m"*£B C c(m”B) for all # > 1; thus °
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% b cx is open. Therefore we have proved the following theorem.

Theorem 2. Let B be a basic topological ring, and let A be the total quotient
ring of B. Equipped with the topology for which the open neighborhoods of zero
in B form a fundamental system of neighborboods of zero, A is a topological
ring containing B as an open subring; consequently, A is a locally centrally

linearly compact ring.

The total quotient ring A of a basic ring B, topologized as indicated, is
called the topological quotient ring of B.

In view of the goal we have set ourselves, we need to define a class of top-
ological rings that contains the class @(; of all topological rings that happen to
be Hausdorff finite-dimensional topological algebras with identity over local
fields but, in some sense, is not much larger than that class. A moment’s reflec-
tion suggests, however, that @(; is not the class we should consider, for by
classical Wedderburn theory, a finite-dimensional algebra with identity over a
field K is isomorphic to the cartesian product of finitely many finite-dimensional
algebras over K whose centers are local subalgebras (a local algebra is an
algebra that, regarded as a ring, is a local ring, i.e., is commutative, has an
identity, and has only one maximal ideal). Indeed, if C is the center of a finite-
dimensional algebra A with identity 1, then C/Rad(C) is the direct sum of finitely
many fields by Wedderburn’s theorem; raising idempotents, we obtain orthogonal
idempotents e, .-+, € in C whose sum is 1 such that each Ce, is alocal
algebra [8, Proposition 4, p. 54]; then A is the direct sum of the ideals Ael,

.y Aen, and the center of Aei is Cei. Therefore, instead of @6 , we shall
seek an appropriate extension of the class @0 of all cartesian products of finitely
many topological rings that happen to be finite-dimensional Hausdotff topological
algebras with identity over local fields; each member of &o is thus the cartesian
product of finitely many members of the class @os of all topological rings that
happen to be finite-dimensional Hausdorff topological algebras with identity
over local fields, the centers of which are local subalgebras.

We contend that the appropriate extension of @0 is the class @ of all
cartesian products of finitely many topological quotient rings of basic rings.

The analogue of (fos in @ is the class @s of all topological quotient rings of
basic rings that are special in the following sense:

Definition 3. A commutative ring with identity is special if every zero-
divisor is nilpotent, that is, if (0) is a primary ideal. A basic topological ring
is special if its center is a special ring.

Our contention is based on the following facts: (1) A topological field is a
local field if and only if it is locally strictly linearly compact (i.e., has an open,
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strictly linearly compact subring), or equivalently, if and only if it is the topolog-
ical quotient field of a basic topological integral domain. (2) More generally, a
topological division ring is finite-dimensional over its center and its topology is
given by a complete, discrete valuation if and only if it is locally centrally linear-
ly compact, or equivalently, if and only if it is the topological quotient ring of a
basic topological ring having no proper zerodivisors. (3) If A €, then A has
many of those properties possessed by all members of @0, e.ge., 4 is complete,

A is artinian and noetherian over its center C, every proper C-submodule (in
particular, every proper left or right ideal) of A is closed but not open, and every
cancellable element of A is invertible. (4) @0 s consists precisely of those
members of @s that have either zero or ptime characteristic. (5) Each member
of ( is the cartesian product of finitely many members of Gs. ©) Go consists
precisely of those members of ( the additive order of each element of which is
either infinite or a squarefree integer.

In $2 we shall prove (3)—(6). (Statements (1) and (2) have essentially been
proved in [16, Theorems 1 and 2 and Lemma 2].) The crucial step in establishing
(4) is to show that the center C of the topological quotient ring A of a special
basic ring of zero or prime characteristic contains a local “‘coefficient’’ subfield,
i.e., a subfield that is local for its induced topology and is mapped homeomor-
phically by the canonical epimorphism onto the residue field of C. Essential
tools for this step are the theorems of I. S. Cohen on complete local noetherian
rings.,

The structure of topological rings satisfying the above-listed conditions
(a)-(c) is given in §3. The need for taking members of ( rather than @ , as our
basic units, despite (5), arises from the fact that our structure theorems involve
not only the topological quotient rings of basic rings, but also the basic rings
themselves. We obtain several generalizations of the structure theorem of
Goldman and Sah [7, Theorem 4.1] for locally compact, commutative, semisimple
rings with identity that have no proper open ideals. We also characterize those
(not necessarily locally compact) topological rings with identity that are cartesian
products of finitely many finite-dimensional Hausdorff topological algebras over
R, C, or a local field; this theorem generalizes a structure theorem (13, Theorem
8] for locally compact rings whose center contains an invertible, topologically
nilpotent element.

2, Topological quotient rings of basic rings. We shall first establish asser-
tion (3) of §1.

Theorem 3. Let A be the topological quotient ring of a basic ring B, let
Cp be the center of B, let m be the maximal ideal of Cp, let Py, ---, R be
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the remaining prime ideals (namely, the prime ideals of the zero ideal) of C g and
let C be the center of A.

1% Cp =CNB, and C (with its induced topology) is the topological quo-
tient ring of Cp.

2° The only prime ideals of C are Cp,, -+, Ch, and Ch,NCpg =¥, for
all i €(1,7]; thus C is a zero-dimensional noetherian ring and hence is an
artinian ring.

3% A is an artinian (noetherian) C-module; in particular, A is a (left or
right) artinian (noetherian) ring.

4° A is complete,

5% Every C-submodule of A is closed (in particular, every left or right ideal
of A is closed, and every ideal of the topological ring C is closed).

6% No proper C-submodule of A is open (in particular, no proper left or
right ideal of A is open), and no proper ideal of the topological ring C is open.

7° Every cancellable element of A is invertible.

Proof. Since A is the total quotient ring of B, clearly C is the total quo-
tient ring of Cz and C N B = C. Therefore C p is open in C, and hence the
topology induced on C by that of A makes C the topological quotient ring of
Cp, since as we observed after Definition 2, the topology induced on C p by that
of B is its natural topology., Now C = S'ICB where § = C5 ~ |J7_; ; hence
C is a noetherian ring whose only prime ideals are Chys++-, Ch, and Cbi n
Cg =19 forall i €1, r] [17, p. 224]; therefore each C p; is a maximal ideal.
Thus C is an artinian ring [17, Theorem 2, p. 203],

To prove 3°, it suffices by 2°to show that A is a finitely generated C-module,
But by definition, B is finitely generated over C p» and it is immediate that if
B=Cgby ++--+Cpgb ,then A=Ch +..-+ Cb,. Since B is a strictly linearly
compact Cpg-module by Theorem 1, B is complete, and hence as B is open in 4,
A is also complete [1, Corollary 2, p. 461, By [18, Theorem 9, p. 262], every
Cg-submodule of B is closed. If M is a C-submodule of A, therefore, M N B is
is closed in B, so M is locally closed at zero, and consequently M is closed

(1, Proposition 4, p. 18].

Let ¢ be a cancellable element of Cg contained in m (i.e., let c € m -

r
i=1
borhood of zero in the topological ring C contains the invertible element c” for

h). Then c is invertible in C, and lim ¢” = 0, Thus every open neigh-

some 7; hence C is the only open ideal of the topological ring C, Let M be an
open C-submodule of A. Given z € A, there exists n > 1 such that ¢z e M
since lim c¢”z =0, so z = c™™(c"z) € CM C M; hence M = A.

Finally, let a be a cancellable element of A, As A is a left artinian ring,
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there exists 7> 0 such that Aa” = Aa"*!, whence a” = ba"*! for some b € A
and thus 1 = ba; similarly, as A is a right artinian ring, @ is right invertible,

Theorem 4. Let A be the topological quotient ring of a commutative, special
basic ring B, and let \ be the radical of (0) in B. Then A is a noetherian pri-
mary ring whose unique prime ideal is AY\ and the field A/AY, equipped with its
induced topology, is a local field.

Proof. The first assertion follows from 2° and 3° of Theorem 3. Since Ad is
closed but not open by 5° and 6° of Theorem 3, A/AY is a Hausdorff, indiscrete

topological ring that algebraically is a field, Since B is strictly linearly compact
by Theorem 1, its image in A/A} under the canonical epimorphism is an open,
strictly linearly compact subring of A/Ap. Therefore A/A} is a local field [16,
Theorem 1].

Lemma 1. Let A be the topological quotient ring of a commutative, special
basic ring B. If B' is a subring of A that contains B and if B' is a finitely
generated B-module, then B' is a special basic ring and A is the topological
quotient ring of B'.

Proof. Since B is open in B’, B’ is a semilocal noetherian ring, and its
induced topology is its natural topology [14, Theorem 5l. As A is complete (4°,
Theorem 3) and as B’ is open and hence closed in A, B’ is complete. Therefore
by a theorem of ‘Chevalley [18, Corollary 2, p. 283], B’ is the topological direct
sum of complete local rings; but as A is local, A has no idempotents other than
0 and 1; hence B’ is a local ring, and dim B’ = 1 [18, Corollary 3, p. 291]. Since
m’ N B =m, where m and m' are the maximal ideals of B and B’ respectively
(17, Complement (2), p. 259], m’ contains an invertible element of A, so m’ is
not a prime ideal of the zero ideal of B'. Thus B’ is a basic ring. Clearly A4 is
the topological quotient ring of B'. Therefore as A is local, B’ is special by 2°
of Theorem 3.

Lemma 2. If A is the topological quotient ring of a commutative, special
basic ring B, then A is the topological quotient ring of a commutative, special
basic ring B' that contains B and is mapped by the canonical epimorphism onto
the valuation ring of the residue field of A.

Proof. Let m be the maximal ideal of B, b the radical of (0) in B, and ¢
the canonical epimorphism from A onto its residue field A/Ap. Then ¢(m) is
not the zero ideal of ¢(B), for otherwise m C Ap N B = 1, a contradiction. Thus
dim ¢(B) =1, and in particular, ¢(B) is not a field. As ¢ is an open mapping,
the induced topology of ¢(B) is its natural topology, and ¢(B) is complete since
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it is open and thus closed in A/Ap. By [14, 1° of Theorem 6], the integral closure
V of ¢(B) in A/AY is a finitely generated ¢{B)-module, and V is a local noetherian
domain whose induced topology is its natural topology; since dim V =dim ¢(B) =

1 [18, Corollary 3, p. 2911, V is a discrete valuation ring [18, Corollary 1, p. 42].
Since V is open in A/AY, the topology of A/A} is given by the discrete valua-
tion associated to V, so V is the valuation ring of A/Ab.

Let ¢y, --+,¢ €A be suchthat V = #B)lc,)s ++- 5 ¢(cn)], and let B' =
Blcy +ees cn]. Clearly ¢(B') = V. As V is a finitely generated ¢(B)-module,
each ¢(c k) is integral over ¢(B), whence as the kernel Ap of ¢ is nilpotent,
each ¢, is integral over B, Therefore B' is a finitely generated B-module.

The assertion consequently follows from Lemma 1.

If V is a discrete valuation ring, then the discrete topology and the natural
topology of V are the only Hausdorff linear topologies on V (i.e., Hausdorff
linear topologies on the V-module V), for if ¢ generates the maximal ideal of
V, (Ve™), ., is a sequence consisting of all nonzero ideals of V. Therefore any
algebraic isomorphism from one Hausdorff linearly topologized discrete valuation
ring onto another is a topological isomorphism if neither topology is discrete.

We recall that a subfield K of a local noetherian equicharacteristic ring A
is a coefficient field if K is mapped onto the residue field of A by the canonical
epimorphism. Moreover, a subring C of a complete local noetherian ring A of
characteristic zero whose residue field has prime characteristic p is a coef-
ficient ring if C is a complete, discrete valuation ring whose maximal ideal is
generated by p.1, if the induced topology of C is its natural topology, and if
C is mapped onto the residue field of A by the canonical epimorphism.

Theorem 5. If A is the topological quotient ring of a commutative, special
basic ring and if the characteristic of A is either zero or a prime, then there is
a subfield K of A that is a local field for its induced topology and is mapped
bomeomorpbically onto the residue field of A by the canonical epimorphism.

Proof. By Lemma 2, A is the topological quotient ring of a special basic
ring B that is mapped onto the valuation ring V of the residue field of A by the
canonical epimorphism ¢. Let m be the maximal ideal of B, % the other prime
ideal of B; then A/A} is the residue field of A. The restriction ¢g of ¢ to
B is thus an epimorphism from B onto V, and it induces an isomorphism $B
from the residue field B/m of B onto the residue field V/¢(m) of V such that
$B ©0=pogg, where 0 and p are respectively the canonical epimorphisms
from B onto B/m and from V onto V/¢(m). Since the maximal ideal Ap of A
is nilpotent, the characteristic of A/A} is zero if the characteristic of A is.
Therefore B and V have the same characteristic.
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Case 1. V is equicharacteristic (and hence also B is equicharacteristic).
By Cohen’s theorem [6, Theorem 9], [12, (31.1)], B contains a subfield & mapped
onto B/m by 0. Thus ¢ B °0 =P °¢y maps k isomorphically onto the residue
field V/¢(m) of V, so the restriction ¢, of ¢ to k is an isomorphism from &
onto a coefficient field of V. Since V is a complete, regular, local, one-
dimensional ring, there is a topological isomorphism F from the ring k[[X]] of
formal power series over k, equipped with its natural (i.e., X-adic) topology, onto
V that extends ¢, [6, Theorem 15}, [12, (31.12)]. Let ¢ € B be such that F(X) =
@(c). Then c €m, soas B is complete for the m-adic topology, (ac”) ., is
summable for any sequence (a")";o in k; thus S: 2"; 0% Xk 2:‘=0 akck isa
continuous epimorphism from E[[XI] onto a k-subalgebra kllc]] of B. Since F, S,
and the restriction ¢k[[c]] of ¢ to kllc]] are continuous and since BellcI1°S
and F agree on k and at X, we conclude that ¢,[[_]] S = F. Therefore as F
is an isomorphism, § is injective and ¢, [T ]| is surjective, whence Billel] =
FoS=! is an isomorphism from kl[c]] onto V. The induced topologies of both
kl[c]] and V are Hausdorff, linear, and not discrete, so ®,I[.]] is a topological
isomorphism from kllc]] onto V. Moreover, as BLl[c]] is injective, Klcll nAp=
(0), soas A is local, kllc]] has a quotient field K in A. Since (kllc]]) =V,
clearly ¢(K) = A/Ap. To show that the restriction of ¢ to K is a topological
isomorphism from K onto the local field A/A}b, therefore, it suffices to show that
kllc]] is open in K. Since kllc]] is a discrete valuation ring, #[[c]] is maximal
in the set of proper subrings of K [5, Proposition 6, p. 115]; but B NK is a
proper subring of K containing kl[lc]] since c is not invertible in B; therefore
kllc]l = B n K, so kllc]] is open in K.

Case 2, The characteristic of V is zero and the characteristic of V/¢(m)
is a prime p., By Cohen’s theorem, B contains a coefficient ring C [6, Theorem
11, [12, 31.1)]. Let C, = #(C). Since A} is nilpotent, C N AP = (0), so the
restriction ¢c of ¢ to C is an isomorphism from C onto Cy+ Moreover, C,
is not discrete, since the p-fold of the identity belongs to the maximal ideal of V
(and hence is a topological nilpotent) and to C;. Therefore ¢ is a topological
isomorphism from C onto Cy; in particular, C; is a complete, discrete valuation
ring and its induced topology is its natural topology. Consequently, C; is a
coefficient ring of V, for V/¢(m) = p(V) = p(¢5(B)) = aB(U(B» = $B(U(C)) =
P 5(CN = pC,).

Since C NAp=(0), C has a quotient field L in A; let L, be the quotient
field of C, in A/Ap. As in Case 1, since C and C, are maximal in the set of
proper subrings of L and L, respectively, BNL =C and VN L, = Cyss0 C
and C, are open in L and L, respectively; therefore L and L are local fields
and the restriction ¢; of & to L is a topological isomorphism from L onto L.
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Since V is a complete, local, one-dimensional noetherian domain, V is a finitely gen-
erated C-module by a theorem of Cohen [6, Theorem 16), [12, (3L.G)). Let B,+:+, B, €
V be such that V=C B, +++++ C;B,. Then A/Ap=L B +-+-+ LB ;
indeed, if a € A, then p™a € B for some m >0 since lim p”a =0, so $(p™a) =
Y4By ++++ +y,B, for suitable y € C, whence ¢(a) = (p™™y ) B, + -+ +
(p""y”) B,eLoBy+-+ Loﬁn. Let K be maximal in the set of all subfields
of A containing L. Since the characteristic of A is zero, the coefficient fields
of A are precisely its maximal subfields [6, proof of Theorem 9]; thus $(K) =
A/AP. Let bi € K be such that ¢(bi) = Bi' Then K=Lb, + ..+ + Lbn, for if
z €K, then fz) = plc ) B, + -+ + ¢lc )B, for suitable c, €L, and therefore
z-37_ cb. €K NAp=(0). The induced topology on K thus makes K a finite-
dimensional Hausdorff vector space over the local field L; as ¢, is a topological
isomorphism from L onto L, therefore, it follows from [3, Corollary 2, p. 19]
that the restriction of ¢ to K is a topological isomorphism from K onto A/Ab.

A Coben algebra is a local algebra whose maximal ideal has codimension

one.

Theorem 6. Let A be a Hausdorff topological ring with identity. The fol-
lowing statements are equivalent:

1°, A is the topological quotient ring of a special basic ring, and the char-
acteristic of A is either zero or a prime.

2° A is a finite-dimensional topological algebra over a local field K, and
the center of A 1s a Coben subalgebra.

3° A is a finite-dimensional topological algebra over a local field K, and
the center of A is a local subalgebra.

Proof. Let C be the center of A. Assume 1° By 1° of Theorem 3 and by
Theorem 5, C contains a subfield K that is local for its induced topology and is
mapped homeomorphically onto the residue field of C by the canonical epimor-
phism. Thus C is & Cohen algebra over K. Since the maximal ideal of C is
finitely generated and nilpotent (Theorem 4), C is finitely generated over K.
Since A is a finitely generated C-module (3° Theorem 3), therefore, A is a
finite-dimensional K-algebra. Thus 2° holds.

Assume 3% and let V be the valuation ring of K. As in the proof of [16,
Theorem 2], there is a basis fi=1fp s /n of the K-vector space A such
that B=Vf +...+ V/n is an open subring, the open ideals of B form a funda-
mental system of neighborhoods of zero, and B is a strictly linearly compact
V-module. The center Cp of B is contained in C; indeed, if x € C p and if
y € A, there exists a nonzero scalar A € V such that Ay € B since B is open,
so Axy = x(Ay) = (Ay)x = Ayx, and therefore xy = yx. Consequently, Cp = C N B.
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As V is noetherian, B is a noetherian V-module, so C p is also a noetherian
V-module and hence a noetherian ring; moreover, as Cp is closed in B, Cy is a
strictly linearly compact V-module and hence is a strictly linearly compact ring.
Therefore by [4, Exercise 5(a), p. 117], C; is a complete, semilocal noetherian
ring, and its induced topology is its natural topology. But since C is local, C
has no idempotents other than 0 and 1, so C p is a local ring by (18, Corollary 2,
p-283l. As C p is finitely generated and thus integral over V, dim Cp = dim V
=1, and the maximal ideal m of C intersects V in its maximal ideal; as each
nonzero element of V is invertible in A, therefore, m NV contains invertible
elements of A and hence cancellable elements of Cg, so m is not a prime ideal
of (0) in Cpg. Thus 1°of Definition 2 holds for B.

Since B is a noetherian V-module, B is also a noetherian Cg-module. By
[15, Theorem 13, 2°and 7°), the topology of B is stronger than the m-adic topols
ogy, which is Hausdorff[17, p. 253]; since the topology of B is strictly linearly
compact and therefore a minimal Hausdorff linear topology, it consequently is the
natural m-adic topology. Thus 2° of Definition 2 holds for B.

Now A is contained in the total quotient ring of B, for if z € A, there is a
nonzero scalar A € V such that Az € B as B is open, whence z = A~(A2) be-
longs to the total quotient ring of B. The same argument establishes that C is
contained in the total quotient ring of Cz = C N B. Therefore if ¢ is a cancel-
lable element of Cg, then ¢ is cancellable in C, so ¢ is invertible in C (and
also in A) as C is a finite-dimensional algebra over a field, and in particular,
¢ is cancellable in B. Thus A is the total quotient ring of B, and 3° of Defini-
tion 2 holds for B. Moreover, the local ring C is also the topological quotient
ring of C 5, so C is special by 2° of Theorem 3.

Theorem 7. If A is the topological quotient ring of a basic ring B, then A
is the topological direct sum of finitely many ideals, each the topological quo-
tient ring of a special basic ring.

Proof. Let C be the center of A, Cp the center of B. By 3° of Theorem 3
applied to C and by [17, Theorem 3, p. 205], there exist orthogonal idempotents
€s-++s €, in C suchthat £7_je. =1 and each Ce, is a noetherian primary
ring. Thus A is the topological direct sum of the ideals Ae,, ..., Ae , since
the associated projections p p: ¥ P xe, are continuous (and opsn). We shall
show that Be, is a special basic ring and that Ae & is the topological quotient
ting of Be,.

Let m be the maximal ideal of Cg. The restriction of p, to Cg isan
epimorphism from Cg onto C B¢, that clearly takes cancellable elements into
cancellable elements; hence CBek is a local noetherian ring, dim CBek <1,
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and the maximal ideal me, of Cge, contains cancellable elements and hence is
not a prime ideal of the zero ideal of Cpe,; therefore dim Cge, =1 and the prime
ideals of the zero ideal of Cge g are all isolated, since me & is not one of them.
Since p, is continuous and open, Be p is open in Ae,c and (m"”Be k)nzl is a funda-
mental system of neighborhoods of zero in Ae,. But clearly m"Be, = m?e Be, =
(me,)"Be,, so the topology of the (Cge,)-module Be, is its (me,)-adic topology.
As A is complete, so is Aek, and therefore also the open subring Bek of Ae,c is
complete. Moreover, Be, is a finitely generated (c Bek)-module since B is a
finitely generated Cpg-module. Therefore the topology induced on any (Cge,)-
submodule of Be, is its (me k)-adic topology [18, Theorem 4, p. 2541, and the
submodule is closed and hence complete for that topology [18, Theorem 9, p. 262].
In particular, the topology induced on Cge, is its natural (me k)-adic topology,
and Cge, is complete for that topology. Therefore Cpge, is a commutative basic
ring.

We observed above that if y is a cancellable element of Cp, then ye g 1S
cancellaI?le in C BE therefore as C is the total quotient ring of C B= C NB,
Ce, is contained in the total quotient ring of Cge,. To show that Ce, is the
total quotient ring of Cge g it consequently suffices to show that a cancellable
element d, of Cpge i is invertible in Ce,, Let

d=d +2Ze cC.
i#*k

Suppose that xd = 0, where x € Cg. Then as xd = xd, + E]. #1 %> we conclude
that xe, = 0 forall j#k and xd, = xd,e, =0 since C is the direct sum of
Ce,, .-+, Ce . Butthen xe, =0 since xe,d, =xd, =0 and since 4, is cancel-
lable in Cpe,, so consequently x = 0. Thus xd # 0 for all nonzero elements x
of Cp; hence yd £ 0 for all nonzero elements y of the total quotient ring C of
Cpg; therefore d is a cancellable and hence invertible element of C, so d &= de k
is an invertible element of Ce,. Consequently, Ce, is the total quotient ring of
Cpge,. Since the restriction of p, to C is the projection onto Ce g» an open con-
tinuous epimorphism, Cze & is open in Ce,. Therefore Ce, is the topological
quotient ring of the basic ring Cge,. But as Ce, has only one prime ideal,
Cge, is special by 2° of Theorem 3, applied to Ce, and Cge,.

The center C, of Be, clearly contains Cge, and hence is a (c B k)’
submodule of Be,. As Be, is a noetherian (CBek)-module, therefore, so is Ck.
Consequently by Lemma 1, C, is a special basic ring for its induced topology.
But also, as we saw earlier, the induced topology of the (Cge k)-module C, is
its (me k)—adic topology. Hence if n, is the maximal ideal of C,, there exists
s > 1 such that ; Cme, C, C1,, whence nyBe, CmBe, Cm Be,; consequently
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1‘tZtB,e C m'Be,e C 1"!-;aBe,c for all ¢ > 1, so the topology of the C-module Be, is
its m, -adic topology. Thus 1°and 2° of Definition 2 hold for Be,.

To show that C, C C, it suffices to show that if x € C, and if y € B, then
xy = yx; but xy = (xe,)y = x(ye,) = (ye, )x = yx. Hence C, = Cie, CCe,. If y
is a cancellable element of C B then as we have seen, ye E is cancellable in
Cpey, thus invertible in the total quotient ring Ce, of Cge, and hence in Ae,,
and in particular cancellable in C,. Therefore Ae, is contained in the total
quotient ring of Be,. To complete the proof that 3° of Definition 2 holds for Be,
and that Ae, is the topological quotient ring of Be,, it therefore suffices to prove
that every cancellable element g of C, is invertible in Ae,. Let c, bea can-
cellable element of Cpe, belonging to Me,; then as g € Ce,, as lim cg =0,
and as Cge, is open in Cey, there exists m > 1 such that cg € Cge,. Thus
ck8 is a cancellable element of Cge,, so as we proved earlier, c}'g is invertible
in Ce;, whence g is invertible in Ce, and hence also in Ae,.

The characteristic of a local ring C is either zero or a power of a prime.
Indeed, if the characteristic of C were rs where r and s are relatively prime,
then 7.1 and s.1 would be zero-divisors and hence would belong to the max-
imal ideal of C, so the identity element of C would also belong to its maximal
ideal since there exist integers m and n such that 1 = mr + ns. Consequently,
from Theorems 6 and 7 we obtain the following theorem.

Theorem 8. Let A be a topological ring. The following statements are
equivalent:

1°. A is the topological direct sum of finitely many ideals, each a finite-
dimensional Hausdorff topological algebra with identity over a local field.

2° A is the topological direct sum of finitely many ideals, each the topo-
logical quotient ring of a basic ring, and the additive order of each element of
A is either infinite or a squarefree integer.

3°% A is the topological direct sum of finitely many ideals, each a finite-
dimensional Hausdorff topological algebra with identity over a local field whose
center is a Coben subalgebra.

3. The structure theorems. To identify those locally centrally linearly com-
pact rings that are topological quotient rings of basic rings, we shall need the
following lemma:

Lemma 3. If B is an open subring of a topological ring A with identity, and
if the center C of A is a topological ring having no proper open ideals, then the
center Cz of B is BN C.

Proof. Clearly BN CC Cg. To show that Cg C B N G, it suffices to prove
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that if ¢ eCB and if a € A, then ac = ca. Since B is open, V = {x € A: xa € B}
is a neighborhood of zero in A. Let W be the annihilator in C of ac — ca. Then
W contains V N C and hence is an open ideal of C, for if x € V N C, then (xa)c
= c(xa) = (cx)a = (xc)a since xa € B, c € C g» and x € C. By hypothesis, therefore,
W=C,soleW,and consequently ca = ac.

Theorem 9. Let A be a Hausdorff topological ring with identity, let C be
the center of A, and let B be an open subring of A that contains 1. Then B is
a basic topological ring and A is the topological quotient ring of B if and only
if C is a topological ring that bhas no proper open ideals and B is a centrally
linearly compact subring whose center C g is a local ring.

Proof. The condition is necessary by Theorem 1, 6° of Theorem 3, and
Definition 2.

Sufficiency. By Lemma 3, Cg = B N C; in particular, Cp is an open subring
of C, Let m be the maximal ideal of Cz. (a) Cj is a strictly linearly compact
ring, and M is open in Cg. Indeed, C is a closed submodule of the Cg-module
B and hence is a strictly linearly compact ring. As the open ideals of C form
a fundamental system of neighborhoods of zero for its induced Hausdorff topology,
m is open in Cp.

(b) m is a finitely generated ideal of C. As m is open in Cy and hence
in C, Cm is an open ideal of C, so Cm = C, and therefore there exist ¢, ---,
c,€Cand b, ..., b €m such that cby+---+c b =1, Let b be the ideal
Cgby+-+++Cpgb_of Cp;then b is open, for if b={x € B: xc, € B, 1<i <n},
then D is an open left ideal of B, so bnC p is anopen ideal of C contained
in b (for if x € b NCp, then xc, € Cy foreach i € [1, n], whence x = (xc )b, +
oot (xc )b €D). As C is strictly linearly compact, C /b is an artinian
Cg-module and hence a commutative artinian ring. Consequently, C B/ b is noe-
therian, so m/b is finitely generated, i.e., there exist My, eee,m €M such
that m=Cpm +...+Cgm +b. As b is finitely generated, therefore, so is m.

(c) Cg is a complete local noetherian ring whose topology is its natural
topology. If 0 is an open ideal of Cg, then m"C 0 for some 7 > 1; indeed, as
Cg is strictly linearly compact, C B/ 0 is an artinian C g-module and hence is a
local artinian ring; the maximal ideal m/0 of Cg/0 is therefore nilpotent, so
m” C o for some 7, whence m"” C 0. Consequently, the induced topology of Cp
is weaker than its natural topology, and n:___l m” = (0). The assertion therefore
follows from (a), (b), and [15, Theorem 12].

(d) C is a noetherian ring all of whose ideals are closed. Let a be an ideal
of C. By (c) and [18, Theorem 9, p. 262}, a NCg is closed in Cge As Cy is
open in C, therefore, a is locally closed at zero and hence is a closed ideal
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[1, Proposition 4, p. 18l. Moreover, as C has no proper open ideals, C(a N C B)
= a7, Proposition 1.3). By (c), there exist x, -+, x_ € a NCy such that
anCp=Cpx  +... +Can, whence a= C(a nCB)= Cx ) +ono +an.

(e) C is an artinian ring, By (d) and [17, Theorem 2, p. 203], it suffices to
show that a prime ideal P of C is maximal. Let ¢ be the canonical epimorphism
from C onto C/¥, a Hausdorff integral domain by (d). Then ¢(C B) is a strictly
linearly compact Cz-module and hence is clearly a strictly linearly compact
ring; also ¢(Cp) is local and noetherian by (c); therefore the topology of ¢(Cp)
is its natural topology [4, Exercise 5(a), p. 117], and #(Cp) is consequently
complete for that topology. In particular, $(C B) is not a field, for in the con-
trary case its topology would be discrete, so ) NCy would be open in Cp and
hence in C, since the canonical isomorphism from Cgz/(h NCp) onto $(C g) is
continuous, and therefore § would be open in C, in contradiction to our hypothe-
sis. Moteover, C/} has no proper open ideals, for if 0 were a proper open ideal
of C/P, ¢~ 1(0) would be a proper open ideal of C. Thus by 1° of [14, Theorem
6], C/% is not integral over ¢(Cp), so by 2° of [14, Thearem 6], C/¥ is a field,
i.e., P is maximal.

(f) There is an invertible element ¢ of C belonging to m. By (e) and [17,
Theorem 3, p. 2051, C has only finitely many maximal ideals. Since each max-
imal ideal of C is closed but not open by (d), the union of the maximal ideals of
C is a closed set having no interior point [2, Proposition 1, p. 107], so the set
G of invertible elements of C is open and dense. Thus as m is open, G N m #£ &

(g) B satisfies 1° of Definition 2, i.e., Cp is a basic ring. Clearly Cpgc
Cm. Since c is an invertible element of C belonging to m and since Cp is
open in C, Cyc is an open ideal of Cg, hence Cge contains m” for some
n>1 by (c), so Cge is primary for m and thus dim C < 1. Moreover, ¢ is
cancellable in C; and hence does not belong to a prime ideal of the zero ideal
of Cp. Therefore dim Cp =1 and the prime ideals of the zero ideal of C g are
all isolated since m is not among them. Thus by (c), Cg is a basic ring.

(h) A is the total quotient ring of B, and 3° of Definition 2 holds for B.
First, A is contained in the total quotient ring of B, for if z € A, then c"z € B
for some 7> 1 since lim ¢z =0, so z = ¢~™c"z) is the quotient of an element
of B and a cancellable element of C ;. We need only prove, therefore, that a
cancéllable element d of C is invertible in C (and hence invertible in A and
cancellable in B). We may assume that d is not invertible in Cpg, i.e., that
d em. By (g), m is the only prime ideal of C g containing 4, so dCp is primry
for m and hence is openin C and therefore also in C. The ideal dC of C
generated by dC is consequently open in C, so dC = C by hypothesis, whence
d is invertible in C. To complete the proof of the theorem, therefore, we need
only prove that 2° of Definition 2 holds for B,
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(i) The topology of B is its natural topology as a Cz-module. First we
shall show that m”B is open. By (c) and Definition 1, there is an open left ideal
a of B suchthat a NCy Cm™. Thenas a NCp is openin C,(aNCL)C is an
open ideal of C, so (a nCB)C = C, and consequently there exist @, .-+, a_¢€
anCpg,cyyeev,c €C suchthat @ ¢, +... +ac_=1, Now b={x eB:
cx€B,1<i <s} is an open right ideal of B contained in m"B, for if x € b,
then x =a,(c,x) + ... +a_(c_x) € (a NCZ)B C m"B. Therefore m"B is open. On
the other hand, if © is an open left ideal of B, then o0 N CB 2 m* for some & >1
by (c), so m*B = Bm* CBo= 0. Therefore (m"B)_,, is a fundamental system
of neighborhoods of zero. -

(j) B is a noetherian Cg-module. By (i), n:=1 m”B=(0). Therefore by
(a), (b), (i), and [15, Theorem 111, mB is a finitely generated Cpg-submodule.
Also as B is a strictly linearly compact Cg-module, B/mB is an artinian C B
module by (i); regarded as a vector space over C B/m , therefore, B/mB is artin-
ian, thus finite-dimensional, and hence noetherian. Consequently, B/mB is a
noetherian Cg-module. As mB is a finitely generated module over Cp, a noe-
therian ring, we conclude that mB is also a noetherian Cg-module. Consequent-
ly, B itself is a noetherian Cg-module.

Lemma 4. If A is a locally centrally linearly compact ring with identity
and if the center C of A is a topological ring baving no proper open ideals,
then there is an open, centrally linearly compact subring B of A that contains 1,

Proof. By hypothesis, A contains an open, centrally linearly compact sub-
ring B'. Let B be the subring of A generated by B’ and 1. Every left ideal
a of B’ is also a left ideal of B, for V, =1{b € A: baC a} is a subring of A
that contains B’ and 1 and hence contains B. Thus every open left ideal of B’
is an open left ideal of B, so the open left ideals of B form a fundamental system of
neighborhoods of zero. By hypothesis, the ideal of C generated by B'N C is C, i.e.,
c=(B'ncc. In particular, there exist Xppoees X, €B'N C and Cppeees cnec such
that 1=x/c, +... +x c . Since BCV,, for any b € B we have b = (bx,)c, +
see+(bx ) €B'c +...+B'c . Since B' is a strictly linearly compact module
over its center Cp,, B'c) +...+B'c_ is also a strictly linearly compact C,-
module, for it is continuous homomorphic image of the Cp,-module B'"™, Conse-
quently, as B is an open and thus closed C g, -submodule of B'c  + ...+ B'cn,
B is strictly linear compact over C, . As the open left ideals of B form a
fundamental system of neighborhoods of zero, therefore, B is also strictly linear-
ly compact over its center. Thus B is an open, centrally linearly compact sub-
ring that contains 1.

We recall that if (A 'y)'y eT is a family of topological rings and if, for each
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v €T, B,, is an open subring of A, , the local direct product of (A 'y)'y eI relative
to (B,), r is the subring D of( I, .rA, consisting of all (x,) such that =, €
B., for all but finitely many y € I', equipped with the topology obtained by de-
claring the open neighborhoods of zero in Il,yerB,y (equipped with the cartesian
product topology) a fundamental system of neighborhoods of zero in D. It is easy
to verify that D is a topological ring, that the canonical injection from A, into
D is a topological isomorphism from A, onto an ideal of D, and that the projec-
tion from D onto A, is a continuous open epimorphism. It is also apparent that
D=1,.rB,+ @,crA,, where D, rA, is the direct sum of (4,), cr, con-
sisting of all (x,) such that x,, = 0 for all but finitely many y €T’

Our structure theorem for a locally centrally linearly compact ring with identity
whose center is a topological ring without proper open ideals is the following:

Theorem 10. Let A be a Hausdorff topological ring with identity. The fol-
lowing statements are equivalent:

1° A is locally centrally linearly compact, and the center C of A is a topo-
logical ring having no proper open ideals.

2%, A is topologically isomorphic to the local direct product of (A y)y eT
relative to (B.y),yer, where for each y €T, B,, is a basic topological ring and
A, is the topological quotient ring of B.,.

Moreover, if the additive order of each element of A is either infinite or
squarefree, then each A, is the topological direct sum of finitely many ideals,
each a finite-dimensional Hausdorff topological algebra with identity over a local
field whose center is a Coben subalgebra.

Proof. Assume 1°. By Lemma 4, there is an open, centrally linearly compact
subring B of A such that 1 € B, By Lemma 3, the center of B is B N C. Thus
B N C is a strictly linearly compact commutative ring with identity, so B N C is
topologically isomorphic to the cartesian product of strictly linearly compact local
rings [4, Exercise 21(d), p. 112]. Thus B N C contains a summable orthogonal
family (e,).  p of idempotents such that 2, .re, =1 and for each y €T,

(Bn C)ey is a local, strictly linearly compact ring. Clearly Ce,, is the center
of the ring Ae,, Be, = BN Ae, and hence Be, is openin Ae, ,and Be, N
Ce.y is the local ring (B N C)e ye As x b xe, is a continuous epimorphism
from C onto Ce,, , the topological ring Ce,, has no proper open ideals. There-
fore by Lemma 3, the center of Be7 is the local ring Bey 3] Ce,y =(BN C)e,y .
Since the intersection of an open left ideal of B with Be,y is an open left ideal
of Be, , the open left ideals of Be, form a fundamental system of neighborhoods
of zero for the induced topology of Be., . Since the (B N C)-module Be,, is a
continuous homomorphic image of the (B N C)-module B, the former module is
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strictly linearly compact; however, as e, € C, the (B N C)-submodules of Be
coincide with the (B N C)e,y-submodules of Be, ; consequently, the (B n C)e,y-
module Be yo with its induced topology, is strictly linearly compact. Therefore
Be,, is an open, centrally linearly compact subring of Ae,y « By Theorem 9, Be,,
is a basic topological ring, and Ae, is the topological quotient ring of Be,.

Ve shall next establish that F: x - (xe,y),y er€ll (e )) is a topological isomor-
phism from A onto the local direct product D of (Ae,)., .y relative to (Be,), o If a€
I and if x €Ae,, then F(x) = (x,y), where ¥ =% and x,, =0 if y#a.

Thus F(4) 3 @, .pAe.,. For the same reason, @, rBe, CF(B) CIL  (Be.).
Since F is cleatly continuous, F(B) is a linearly compact (B N C)-module and
hence is complete; as @,yerBe,y is dense in H.},er(Be.y), therefore, F(B) =
H,yer(Bey). Consequently, F(A) D H,yer(Be,y) + @D erAe, =D. Foreach x €4,

Y

y =% consequently, xe 5 €

B N Ae,, = Be,, for all but finitely many y € I'; therefore F(x) € D. Consequently,

the family (xe,),),},e r is summable and er,y = x3e

F(A) = D. Moreover, F is an isomorphism from A onto D, for if F(x) =0, then
xe, =0 forall y €T, so x = xZe, = Exe,y = 0. Since the restriction F of F
to B is a continuous isomorphism from the (B N C)-module B onto the (B N C)-
module 11, .r(Be ), and since the (B N C)-module B is strictly linearly compact,
F g is a topological isomorphism by the definition of a strictly linearly compact
module, Consequently by the definition of the topology of D, F is a topological
isomorphism from A to D,

Assume 2°, and let D be the local direct product of (A 'y)'y T relative to
(By)yer' Let B = H,),erBy , and let C,y be the center of A, . Clearly the center
Cof Dis (I, C)ND,so BNC=I (B, NC,)). By6°of Theorem 3,
each C'}' is a topological ring having no proper open ideals. Let 0 be an open
ideal of C. For each y €I", the projection 0, of 0 on A,}, is an open ideal of
C,ys0 0, =C . Since C=(Il,rC,) N D, therefore, an easy argument estab-
lishes that 0= C. Consequently, C is a topological ring having no proper open
ideals. By Lemma 3, the center of each B,y is B,y a C,),, and the center of B
is BNC. Foreach a€l', B, admits the structure of a (B N C)-module under the
scalar multiplication ("'y) -y =%y, and the (B N C)-submodules of B, are
identical with the (B, NC ))-submodules of B . Therefore as B is a strictly
linearly compact (B, N C )-module, it is also a strictly linearly compact (B N C)-
module. Hence B is a strictly linearly compact (B N C)-module [11, Theorem 5].
Since the open left ideals of B, form a fundamental system of neighborhoods of
zero in B,y for each y €T, the open left ideals of B clearly form a fundamental
system of neighborhoods of zero in B. Thus D is locally centrally linearly com-
pact, and 1° holds.

We wish to extend Theorem 10 to allow for a connected factor. For this, we
need the following three lemmas:
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Lemma 5. If E is a locally compact, connected, unitary left [right] topological
module over a locally centrally linearly compact ring A with identity whose center
is a topological ring baving no proper open ideals, then E = (0).

Proof. By Theorem 10, there are an orthogonal summable family (e y)y er of
central idempotents and an open subring B containing 1 such that Ze,y =1,

Be,, is a basic ring, and Ae,, is the topological quotient ring of Be, . Assume

that E is a nonzero left topoTogical A-module. If x is a nonzero element of E,
then x = 1+x = E(e,y +x), so there exists a € I' such that e E # (0). Decom-
posing Ae ; in accordance with Theorem 7, we may assume further that Be  is a
special basic ring. Now e - E is connected since it is a continuous image of
E; e E is also closed in E and hence is locally compact, for if F is a filter
on e+ E convergingto x € E, then e, J convergesto e, x, but e,. F=F,
whence x =e,.x €e . E. Consequently, M =e_.E is a nonzero, connected,
locally compact, unitary topological module over the center C of Ae ,and C,
is a local artinian ring (or equivalently, a noetherian primary ring) by 2° of
Theorem 3. Let m be the maximal ideal of C_. By Theorem 4, C /m is a local
field. As m is nilpotent, there is a smallest natural number r such that m”. M
is properly contained in M. Thus M_= M/ m'<M is a nonzero, locally compact,

connected topological vector space over the local field C/m, for by continuity,
meM =m.em™"!

-MCm" M. Consequently, M_ is finite dimensional over
C/m [3, Theorem 3, p. 20, so the connected space M, is topologically isomor-
phic to the totally disconnected space (C/m)® for some s >0 [3, Theorem 2,
p. 18], a contradiction.

We are indebted to John S. Cook for a discussion concerning the proof of the
following lemma:

Lemma 6. Let A be a Hausdorff topological ring, and let ¢ be the connected
component of zero. If A bas a left [right] identity, if ¢ is locally compact and
not the zero ideal, and if A/c is a locally centrally linearly compact ring with
identity whose center is a topological ring having no proper open ideals, then
C is a finite-dimensional topological algebra over R, the right [left] annibilator
of ¢ in ¢ is (0), and ¢ contains a nonzero idempotent.

Proof. We assume that A has a left identity element e; let ¢ be the can-
onical epimorphism from A onto A/c. By the Jacobson-Taussky theorem [13,
Theorem 51, ¢ contains a connected, compact ideal b such that cb = (0) and
¢/% is a finite-dimensional topological algebra over R. Since A/¢ is a ring with
identity, its identity element is ¢(e). Therefore as cb=(0), b is a topological
unitary left module over A/c. By Lemma 5, § = (0); therefore ¢ is a finite-
dimensional topological algebra over R. Let a={x e c: cx = (0)}. Clearly a
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is a closed ideal of A; also a is clearly a subspace of the R-algebra ¢ and hence
is connected. Therefore as ca = (0), a is a topological unitary left module over
A/c,so a= 0) by Lemma 5.

Consequently, the right regular representation R: ¢ + R_ from ¢ into
End (¢), where R_ is defined by R _(x) = xc for all x € ¢, is an antimonomor-
phism. As ¢ is a finite-dimensional algebra, its radical is nilpotent, so ¢ is
not a radical ring as & = (0), and consequently ¢ contains a nonnilpotent element
u, The sequence (R7(c)) ., of subspaces of ¢ is decreasing, and hence for
some m, R ()= R’" (C) R3(c) = R s(¢) forall s >m. Let v =u™, and let
M=R (c) Then M is the range of R M £ (0) since # is not nilpotent, and
R (M) R J2m (c) = M. Consequently, the restriction vy of R to M is an auto-
morphlsm of the R-vector space M. Therefore, the cbaractensuc polynomial
X" 4oee s a,X +a, of vy has a nonzero constant term ). Let p =
-ag L O aw. Thenpec,R p(c) CM, and by the Cayley-Hamilton theo-
rem, the restriction of R p to M is the identity linear operator. Hence R o is a
projection on M, so as R is an antimonomosphism, p is a nonzero idempotent.

Lemma 7. Let A and A' be topological rings with identity elements 1 and
1, and let ¢ be a continuous homomorphism from A into A’ such that ¢(1)=1".
If C is a subring of A containing 1 such that the topological ring C contains
no proper open ideals and if C' is a subring of A" containing ¢(C), then the
topological ring C' contains no proper open ideals.

Proof. Let o' be an open ideal of C'. There exists an open set U’ in A’
such that U’ N C' = o', Moreover, ¢~ }(U’') N C is an (open) ideal of C; indeed,
if x€C and y € =1 (U") N C, then ¢(x) € $(C) CC' and ¢(y) € fl¢~1(U) N C)
CU' N C' =0, so dlxy) = dlx)p(y) € C't’' = o, whence xy € p~1(U'n C)NCC
¢~ U") NC; similarly, if %, y € $~1(U') NC, then x -~y € ¢~ (U") NC. Con-
sequently, $~1(U) N C=C,s0 1 €C Cp~1(U"), whence 1' =(1) €U’ N C' =
o', and therefore o' = C',

For convenience, let us call a topological ring A an S-ring if A is a
Hausdorff topological ring with identity, if the connected component ¢ of zero
in A is locally compact, and if either A = ¢ or A/¢C is locally centrally linearly
compact. Thus the topological rings satisfying (a)—(c) of $1 are precisely the
S-rings whose centers are topological rings having no proper open ideals. Here
is our structure theorem for such rings:

Theorem 11. Let A be a Hausdorff topological ring with identity, and let
¢ be the connected component of zero in A. The following statements are

equivalent:
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1% A is an S-ring, and the center of A is a topological ring having no proper
open ideals,

2% A is an S-ring, and the center of A/c is a topological ring having no
proper open ideals.

3°% A is topologically isomorphic to A} x +++ x A x D (n>0), where each
A, is a finite-dimensional Hausdorff topological algebra with identity over R or
C whose center is a Coben subalgebra, and where either D = (0) or D is the local
direct product of topological rings (A y) yer Telative to (B-y)yel" where for each
yel, B., is a basic topological ring and A, is the topological quotient ring of
B,y.

Moreover, the final statement of Theorem 10 pertains.

Proof. Assuming that ¢ is a proper ideal of A and applying Lemma 7 to the
centers C and C’ of A and A/c respectively and to the canonical epimorphism
¢ from A onto A/c, we conclude that 1° implies 2°

To show that 2° implies 3° we may assume by Theorem 10, that ¢ £ (0), We
shall first prove that C contains an identity element. The assertion holds by
hypothesis if A = ¢, so we shall assume that A/c # (0). By Lemma 6, ¢ is a
finite-dimensional Hausdorff topological algebra over R and the left annihilator
of ¢ in ¢ is (0); therefore the left regular representation L: ¢ +» L_ from ¢ into
Endy (c), where L_ is defined by L (x) =cx forall x €¢, is amonomorphxsm.
Let e be an 1dempotent in ¢ such that L_(c) is maximal in the set of all the
subspaces L, (c) where p is an idempotent of C.

Suppose that (1 —e)c £(0). Let @' be the restriction of & to (1 —e)4, and
let 7 be the continuous open epimorphism * - (1 - e)x from the additive topo-
logical group A onto the additive topological group (1 - e)A. Since e €¢, ¢ =
@' m; therefore as both ¢ and 7 are continuous and open, ¢’ is a continuous open
epimorphism from (1 - e)A onto A/c. The kernel of ¢' is (1 -e)A Nc=(1 ~e)c;
therefore (1 - €)A/(1 - e)c is topologically isomorphic to A/¢. Clearly (1 - e)c
is closed in ¢ and hence is locally compact; (1 - e)c is the continuous image of
a connected set and hence is connected; as the connected component of zero in
(1-e)A is clearly contained in (1 - e)A N ¢, therefore, we conclude that (1 - e)c
is the connected component of zero in (1 — e)A. By Lemma 6 applied to (1 - e)A,
which has the left identity 1 - e, (1 - e)¢ has a nonzero idempotent f. As f=
(1-e)f, ef=0, Let M=L L), N= L,(C) and let g=e +f., Then L (c)C
M 4+ N; however, as ef = 0, L (m L (m)) m for each m € M, and L (n) n
for each n € N. The restnctxon of Lg to M + N is therefore an automorphxsm of
the R-vector space M + N. Applying the Cayley-Hamilton theorem as in the proof
of Lemma 6, we conclude that there is an idempotent b in ¢ such that L p is
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a projection on M + N. Since M N N = (0) (as ef = 0) and since N £ (0), we thus
obtain a contradiction.

Therefore (1 - e)c = (0), so L, is the identity linear operator on ¢, and
consequently e is the identity element of ¢. Moreover, e is a central idempotent
of A, for if x € A, then ex and xe belong to ¢, so ex = (ex)e = e(xe) = xe. Con-
sequently, A is the topological direct sum of the ideals Ae = ¢ and A(l - ),
which is topologically isomorphic to A/c. Therefore 3° holds by Theorem 10 and
a remark of §1 concerning finite-dimensional algebras with identity (for if 4 is a
finite-dimensional local R-algebra, by the proof of Cohen’s theorem [, Theorem 9],
R.1 is contained in a coefficient field that is a finite-dimensional topological R-
algebra and hence is topologically isomorphic to R or C),

Since the center of a cartesian product of rings is the cartesian product of
their centers, it is easy to see that 3° implies 1° by Theotem 10.

To apply Theorem 11 to locally compact rings, we need the following lemma:

Lemma 8. Let A be the topological quotient ring of a basic ring B. The
following statements are equivalent:

1° A is locally compact.

2°, B is compact.

3% The residue field of the center of B is finite.

Furthermore, if B is special, the following statement is equivalent to 1°-3°:

4° The residue field of the center C of A is a locally compact field.

Proof. Let m be the maximal ideal of the center Cg of B. If B is compact,
then the residue field C B/ m of Cp is compact and discrete and hence is finite.
Conversely, assume that C B/m is finite. Then for each n > 1, m"/m"+l is
finite since it is a finite-dimensional (Cg/m)-vector space. By induction, Cg/m"
is finite for all 7> 1; hence Cp is precompact. As Cp is complete, therefore,
Cpg is compact. Thus 2°and 3°are equivalent.

Clearly 2° implies 1° If 1°holds, then m"B is compact for some 7> 1, so
m"B/m"*!B is compact and discrete and hence is finite. But since B is not
discrete, m"B/m"*1B is a nonzero vector space over C g/™, so Cg/m is finite,
Thus 1° implies 3°,

Finally, assume that B is special. Clearly 1° implies 4°% Assume 4°, and
let ¢ be the canonical epimorphism from C onto its residue field K, a local
field by Theorem 4. By Lemma 2, ¢(C ) is contained in the valuation ring V
of K, which is compact by hypothesis. Let ! be the maximal ideal of V, and
let n=¢~ 1M N Cg+ Then Cp/n is isomorphic to a subring of V/I, a finite
field, so Cg/n is a finite field; hence ™= m and 3° holds.

Theorem 12, Let A be a Hausdorff topological ring with identity. The
following statements are equivalent:



STRUCTURE THEOREMS FOR CERTAIN TOPOLOGICAL RINGS 87

1°, A is a locally compact ring whose center is a topological ring having no
proper open ideals.

2% A is topologically isomorphic to A} x +++x A_x D (n>0), where each
A isa finite-dimensional Hausdorff topological algebra over R or C whose center
is a Coben subalgebra, and where either D = (0) or D is the local direct product
of topological rings (A,y),yer relative to (B,),, .r, where for each y €T, B, is
a compact basic ring and A y S the topological quotient ring of B,y.

Moreover, if the additive order of each element of A is either infinite or
squarefree, then each A,y is the topological direct sum of finitely many ideals,
each a finite-dimensional locally compact algebra with identity over a totally
disconnected, indiscrete, locally compact field.

Proof. If A is locally compact and satisfies 3° of Theorem 11 then each
A, is the image of A under a continuous open homomorphism and hence is locally
compact, so each B, is compact by Lemma 8. Thus 1° implies 2° Conversely,
if each B, is compact, then D is clearly locally compact by Tihonov’s theorem,
so A is also locally compact. By Theorem 11, therefore, 1° and 2° are equivalent;
the final statement follows from Theorem 11 and Lemma 8.

Theorem 13. Let A be a Hausdorff topological ring with identity, and let C
be the center of A. The following statements are equivalent:

1° A is an S-ring, and C is a topological ring having no proper open ideals
or nonzero nilpotents.

2°. A is topologically isomorphic to A x «+« x A xD (n > 0), where each
A, is a central, finite-dimensional Hausdorff topological algebra over R or C,
and where either D = (0) or D is the local direct product of topological rings
(A,y),yer relative to (By)—y er» where foreach y €T, A, is the topological direct
sum of finitely many ideals, each a central, finite-dimensional Hausdorff topological
algebra over a local field, and where B, is a basic ring of which A,y is the topo-
logical quotient ring.

Proof. A commutative local artinian ring without nonzero nilpotents is a
field. In particular, a finite-dimensional local R-algebra without nonzero nil-
potents is a finite-dimensional field extension of R and hence is R or C; and if
the center of the topological quotient ring of a special basic ring has no nonzero
nilpotents, then it is a local field by 2° of Theorem 3 and Theorem 4. The equiv-
alence of 1° and 2° therefore follows from Theorems 11 and 7.

Theorem 14. Let A be a Hausdorff topological ring with identity, and let

C be the center of A. The following statements are equivalent:
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1% A is an S-ring that bas no nonzero nilpotent ideals, and the topological
ring C has no proper open ideals.

2°. A is topologically isomorphic to .Al x+eexA xD (n > 0), where each
Ai is the topological ring of all square matrices of some order over R, C, or the
division ring H of quaternions, and where either D = (0) or D is the local direct
product of topological rings (A,y),yer relative to (B'y)'yel" where for each y €T,
A, is the topological direct sum of finitely many ideals, each the topological
ring of all square matrices of some order over a division ring finite dimensional
over its center, which is a local field, and where B y is a basic ring of which A,y
is the topological quotient ring.

Proof. Statements 1°and 2° imply the corresponding statements of Theorem
13, We observe that, with the notation of Theorem 13, A has no nonzero nilpotent
ideals if and only if each A; and each A, have no nonzero nilpotent ideals, or
equivalently, by 3° of Theorem 3, are semisimple. In particular, 2° implies 1% On
the other hand, 1° implies 2° by Thearem 13 and Wedderburn’s theorem on finite-
dimensional semisimple algebras,

Specializing either Theorem 12 or Theorem 13 to the commutative, locally

compact, semisimple case, we obtain the structure theorem of Goldman and Sah
[7, Theorem 4.1].

Theorem 15. Let A be a Hausdorff topological ring with identity, and let
C be the center of A. The following statements are equivalent:

1° A is an S-ring, C is a topological ring that bas no proper open ideals,
and any one and bence all of the following conditions bold:

(a) C contains an invertible element ¢ such that lim c™ = 0,

(b) A bas only finitely many maximal ideals.

(c) Every ideal lleft ideal, right ideall of A is closed.

(d) A is a (left or right) noetherian lartinian] ring.

2% A is topologically isomorphic to Ay x +++x A _, where each A, is either
a finite-dimensional Hausdorff topological algebra over R or C whose center is
a Coben subalgebra or the topological quotient ring of a special basic ring.

Proof. To show that 1° implies 2°, we may assume by Theorem 11 that A is
the local direct product of (4,)., r relative to (B,), r, where each B is a
basic ring and A, is the topological quotient ring of B,,. By Theorem 7, it
suffices to show that I is finite. Assume first that ¢ = (c,) is an invertible
element of C such that lim ¢” = 0. Replacing ¢ with a power of ¢, if necessary,

we may assume that ¢ € (Il ,pB,)NC =11, r(B,, N C.)), where C,, is the center

n

of A.y. Now lim cl,

=0 for each y €T, so c,, belongs to the maximal ideal of
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the center B, N C., of B, (1°of Theorem 3). Thus c;l ¢ B forall y eI, But
as ¢! = (c;l) €A, c;l £ B, for only finitely many y €T, so I is finite.

If Ry is a maximal ideal of A, then My ={(x ) € A: xged g is clearly a max-
imal ideal of A whose projection on A 8 is I B and whose projection on every
other A, is A, . Therefore (b) implies that I' is finite. Since @7 erd, isa
dense ideal of A, (c) also implies that I is finite.

Finally, let F(I') be the set of all finite subsets of I'. For each A € F(I),
let A, ={(xy) €A:x, =0 forall y ¢ A} and let Ay = {(x,y) €A:x,, =0 forall
y €A} If T is infinite, then the set of all 4, [respectively, AA] where A €
() is a family of ideals having no maximal [minimall member. Thus (d) implies
that I' is finite.

To show that 2° implies 1°, by Theorem 11 we need only establish (a)—(d),
and for that we may assume » = 1. If A is the topological quotient ring of a
special basic ring, then (a) holds by 1° and 2° of Definition 2, and (b)—(d) hold by
Theorem 3. If A is a finite-dimensional Hausdorff topological algebra over R or
C with identity element e, then clearly (c) and (d) hold, (b) holds since A/Rad(A)
is the direct sum of simple rings by Wedderburn’s theorem, and finally (a) holds,
for if 0 <|A| <1, then A-e is an invertible element of C such that lim (A« e)”
=0,

Theorem 16. Let A be a Hausdorff topological ring with identity. The fol-
lowing statements are equivalent:

1% A is the topological direct sum of finitely many ideals, each a finite-
dimensional Hausdorff topological algebra over R, C, or a local field.

2 The additive order of each element of A is either infinite or squarefree,
A is an S-ring, and the center of A contains an invertible element ¢ such that
lim ¢™ = 0,

3% A is the topological direct sum of finitely many ideals, each a finite-
dimensional Hausdorff topological algebra over R, C, or a local field, the center
of which is a Coben subalgebra.

Proof. If ¢ is an invertible element of the center C such that lim ¢” =0,
then any open ideal of C contains the invertible element c” for some »>1 and
hence is C. Thus 1° implies 2° and 2° implies 3° by Theorems 15 and 6.

By Theorem 15, we may replace *‘the center of A contains an invertible
element ¢ such that lim ¢” = 0" by the conjuction of “‘the center of A is a
topological ring that has no proper open ideals’” and any one of (b), (c), (d) of
Theorem 15.

In view of Theorem 12, specializing Theorem 16 to the locally compact
case yields [13, Theorem 8l.
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