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ERGODICITY OF THE CARTESIAN PRODUCT
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ABSTRACT. h; is an ergodic conservative transformation on a O-finite
measure space and hy is an ergodic measure preserving transformation on a
finite measure space. We study the point spectrum properties of Ay X Aye In
particular we show Ay X hy is ergodic if and only if Ay X h; have no eigen-
values in common other than the eigenvalue 1. The conditions on hy, h, stated
above are in a sense the most general for the validity of this result.

1. Introduction. All measure spaces (S, 2, m) will be o-finite in the sense
of Halmos [7]. We consider transformations h: § — S that are measurable (4 in
2 implies »~1(4) in 3), nonsingular (m(A) = 0 implies m(h=1(4)) = 0). b is said
to be conservative if b~ 1(4)C A implies 5~1(4)= A. We note that all statements
about sets are made modulo sets of measure zero. Sometimes we replace the con-
dition of being conservative on a o-finite measure space by the stronger condition
of being measure preserving (m(h~1(A)) = m(4)) on a probability space. A complex
number c is said to be an eigenvalue of b if the equation f(h(*)) = cf(*)) a.e. has
a solution in L _(§). b is said to be ergodic if »~'(4)= A implies m(4)=0 or
m(S — A)= 0. In general the measurable sets that are invariant under b (modulo
sets of measure 0) form a sub-o-field and 5 is ergodic if and only if that field is
trivial.

Lemma 1. If b is conservative then the eigenvalues of b form a subgroup
of the circle group. If b is also ergodic then every eigenfunction is a constant
a.e. in absolute value, and two eigenfunctions corresponding to the same eigenvalue
differ only by a multiplicative constant. (It is not known whether the group of
eigenvalues has to be countable.)

H denotes a separable Hilbert space and T a contraction in H, i.e.a bounded
linear operator with |T|| <1. In §2 we consider the eigenoperator equation

69) TX(®()) = X(-) a.e.,

where X: S — H is a measurable function. This type of equation was studied
for the first time in [1}. We complete the solution by using some results from [8].
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In §3 we apply the results of § 2 to the following problem. b, is a conser-
vative transformation on a o-finite measure space (§ 0 21, ’”1) and b, is a mea-
sure preserving transformation on a probability space (S,, 2,, m,). We consider
the eigenvalues of the cartesian product b, x b, defined on the measure space
(5, x5, 2, x Z,,my xm,). by xb, is also conservative and hence the eigen-
values have norm 1. The eigenfunction equation f (bl(sl), bz(sz')) =cf(s,, s,‘,-),
where f is in L_(S,, S,) can be put in the form (1).

In particular we consider the ergodicity of bl X bz’ and Theorem 2(ii) gen-
eralizes previous results ([3], [9], [12]). Theorem 2 allows us to construct (Ex-
ample 1) conservative ergodic transformations that do not accept a finite invariant
measure and have any given countable subgroup of the circle as their set of eigen-
values and whose restriction to a sub-o-field is isomorphic to any given measure
preserving transformation on a probability space. Also we show by an example
taken from [10] that Theorem 2(iii) is not valid if we weaken the conditions on our
transformations. However, a partial result still holds if b, is a measure preserv-
ing on an infinite o-finite measure space (Lemma 7). We note here that the results
obtained are valid also for flows as well as more general group actions with the
appropriate definitions.

The author would like to thank the referee for pointing out [10].

2. Eigenoperator equation. b is a conservative transformation on a o-finite
measure space (S, 2,m). H and T are as above, and X: § — H is a measurable
solution to the eigenoperator equation (1). The essential range R(X)C H of X is
defined by *'x in R(X) if for every neighbothood N of x we have m(X~1(N))> 0”
We used the fact that if b is conservative then given A in 2, m(A)> 0, there
exists a positive integer n so that m(b~"(4) N A) > 0. Using this, we can prove
the next lemma in the same way as the corresponding resule in [1].

‘Lemma 2. (i) R(X) is nonempty closed and invariant under T.

(ii) Fora.a. s in S, X(s) in R(X).
(iii) For each x in R(X) there exists a sequence of positive integers {n}

such that T"x — «x.

Lemma 2(iii) characterizes T completely in the subspace spanned by P(x) =
{T?%, i=0,1,2,...} [8, pp. 100-114). We have

Lemma 3. (i) T|5pan (P(X)) is a unitary operator baving discrete spectrum.
(ii) T|span (R(X)) is a unitary operator having discrete spectrum.

We note that (ii) follows from (i), using Lemma 2(i) and the property |T| <1.
Let v, i=1,2,-:, denote an orthonormal basis of eigenvectors in Span RKX)
given by the last lemma and ¢, i=1, 2, .-, the corresponding eigenvalues.
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Ve set
[ = wpX(),  i=1,2, e
Lemma 4. f; is an eigenfunction of b corresponding to,the eigenvalue c;
foreach i=1,2,+¢n

Proof.
E;fl(b(-)) = Ei(vi’ X(}J(')» = (T*v,’l X(b(-)» = (‘U,’o Tx(b(‘)» = (1/1'- X(-)) a.e.

Hence f(b(*))=c,/,(*). We show that f; is not the trivial function. Since v;
lies in Span (R(X)) we have (v, z) # 0 for some z in R(X). Hence v; defines
a nonzero continuous function on R(X). It follows from the definition of R(X)
that f; is not the trivial function. Q.E.D.

Theorem 1. (i) b is a conservative transformation on a o-finite measure space
(S, 2, m). H is a separable Hilbert space and T is a contraction operator in H.
Then the solutions to the eigenoperator equation,

TX(®(.)) = X(.) a.e. in S,

where X: S — H is a measurable function are all the functions of the form

X(\) =2 g ; ae. in$,

where v, is any orthonormal set of eigenvectors of T and if Tv;=c; then
g (b, (N =cg(*). Also Z|g[" )|12<  a.e. in S and the convergence is point-
wise.

(ii) If b is also ergodic then ||X|| is constant a.e., and the convergence is
in the essential sup norm.

The theorem above is a generalization of Lemma 1 under the assumption
ITl<1.

3. The cartesian product. b, is a conservative transformation on a #finite
measure space (S,, 2, m;) and b, is a measure preserving transformation on a
probability space (S 2,,‘22, m,). We consider the transformation b, x b, defined
on the cartesian product (S, x §,, %, x Z,, m; xm,) by by x by(s, s,)=
(By(s,)s by(s,)). We show first that b; x b, is conservative. We need the follow-
lng

Lemma 5. b is conservative if and only if f(b(*))< f(*) a.e. for a real valued
measurable (or characteristic) function implies f(b(*)) = f(*) a.e.

Lemma 6. b, x b, is conservative.
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Proof. Let f(s,, s,) be a characteristic function and f(b,(s), b,(s,)) <
f(sys s,) ae. By [3, p. 194] we have

() J1y6sy), byls,Dds, <[5y, 55)ds

where both sides are m, measurable. Setting X(*)= [f(s,, s,)ds, and using the
measure preserving character of b,, relation (i) becomes

X((s)) < X(s,) a.e.in S,

By Lemma 5 we obtain X(b(s,))= X(s,) a.e. and (i) becomes also an equality.
By [3, p. 194] again, we have f(b,(s,), b,(s,)) =f(s,, s,) ae.in S, x S,. The
result follows from Lemma 5. Q.E.D.

Hence b, x b, has all its eigenvalues on the unit circle. Let c be an eigen-
value of by x b, and flb(s,), b,(s,)) =cf(s,, s,) where [ is in L (S, x S,).
The function X:§, — LZ(SZ) is m,-measurable by [2, p. 196, Lemma 6bland the
equation becomes

TX(bl(-))= X(.) a.e.in Sy,

where T is the isometry in L,(S,) defined by Tg(*)=7Cglh,(*)) a.e. in §,. By’
Theorem 1 we obtain

Theorem 2. b, b, are as above. C=lc},D=1d} are the corresponding
groups of eigenvalues. We consider the groups C N D and CD. Then

(i) CD is the group of eigenvalues of by x h,.

(ii) The sub-o-field of 2, x 2, of the invariant sets of by x b, is that gen-
erated by the functions of the form u(s,)* v(s,), where u, v, are eigenfunctions
of by, b, respectively corresponding to the same eigenvalue in C N D.

0 (iii) by x b, is ergodic if and only if by, b, are both ergodic and C N D =
1}.

Example 1. In [2] or [4, Example 6.8]a general method is given for construct-
ing ergodic transformations that do not accept a finite invariant measure and in
[11]or 4, Example 6.8]a conservative and ergodic measure preserving transforma=
tion on a probability space is constructed having no eigenvalues except 1. It is
possible to combine these two techniques and obtain an ergodic transformation
that does not accept a finite invariant measure and also that has no eigenvalues
except 1. Denoting this transformation by b,, we can take for b, any ergodic.
m.p.t. on a probability space and then b, x b, will be always ergodic, it will not
accept a finite measure space and its restriction to a sub-o-field will be isomorphic
to the given b,. Also it will have the same eigenvalues as b,.
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Remarks. Concerning the validity of Theorem 2 (iii) under more general con-
ditions on the transformations b,, b, we note the following. Clearly the result is
not valid if we do not assume b, to be conservative, as can be seen by taking b,
to be the shift transformation on the integers. In fact for invertible transformations
the only ergodic transformation that is not conservative is exactly this. Concern=~
ing the conditions on b, we note the following

Example 2. In [10] we are given an example of an ergodic transformation b
which is measure preserving on an infinite o-finite measure space and for which

(i) bhx b is ergodic,

(i) b x bhx b is not ergodic.

It follows from (i) that b has no eigenvalues. Setting bl =hx h and b2 =h we
note that they have no eigenvalues in common and yet b, x b, is not ergodic. In
fact for the case where b, is ergodic and measure preserving on an infinite o-fi-
nite measure space we note that the induced transformation in L,(S,) has no
eigenvalues and using the same technique as above we obtain

‘Lemma 7. h, is a conservative ergodic transformation on a 0-finite measure
space and b, is an ergodic measure preserving transformation on an infinite o-fi-
nite measure space. Then by x h, is conservative; and if A is an invariant sub-
set of by x b, then the function on S defined by m, (s,: (s,, s,) in A) bas in-
finite value over a set of nonzero measure in S,. In particular, there are no in-
variant sets of finite measure.

The result above must be rather limited as we use the isometry induced by

b, in LZ(S 2) and even the ergodicity of b, is not an invariant of this isometry.
We could obtain complete information for the general cartesian product problem if
we could solve the eigenoperator equation where T is assumed only bounded
though not necessarily an isometry. It can be shown that in this case the es-
sential range of X(*) consists of nonwandering points of T. If the Hilbert space
is finite dimensional this makes T totally bounded and reduces to the case con-
sidered. The solution is not known if the Hilbert space is infinite dimensional.
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