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ABSTRACT. Let LO be a degenerate second order elliptic operator with no zeroth
order tem in an m~dimensional domain G, and let L =L°+ c. One divides the boundary
of G into disjoint sets Z;, Z,, 23; 23 is the noncharacteristic part, andon Z,
the *‘drift’’ is outward. When c is negative, the following Dirichlet problem has
been considered in the literature: Lu =0 in G, u is prescribed on Z,VUZ; In
the present work it is assume that ¢ <0. Assuming additional boundary condi-
tions on a certain finite number of points of Z;, a unique solution of the Dirichlet
problem is established.

Introduction. Consider the second order degenerate elliptic operator with
smooth coefficients

©.1) =-;- f; FEYCE . 2 b S

in a smoothly bounded domain G in R™. The Dirichlet problem for the equation
Lu + c(x)u = 0 in G has been treated by many authors (see [5] and the references
contained therein). In all of these approaches, the boundary dG is decomposed
as follows:

23 = { x €0G; Z a, (x)v vi> 0} «"i) = outward normal),

i,j=1

5= {reaNz, 5 (o805 fl% ;> o},
1= 7

m Oa,.
3, = fx co6\s,; z (b(x)——ZT;’(x)>vi§0}.
=1 %

A typical result of these theories asserts that the equation Lu + clx)u=0
has a unique solution in some function space when data are prescribed on
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2,v 23 and when it is further required that c(x) < €y <0 in G. In case ¢y =0,
Stroock and Varadhan [7] have shown that the Dirichlet problem in R™ has a
unique solution with data prescribed on 2, U 2, provided that the paths of the
associated diffusion process exit G ‘‘sufficiently fast.”’ We intend to show that,
if this last condition fails, we can still find a unique solution provided that we
assign data also on a certain portion of Z,. This possibility was never con-
sidered before, to the best of our knowledge. Our method is entirely probabilistic,
inspired by our previous work [31, [4] on the stability properties of stochastic
differential equations.

The points of 21 at which we must assign data are precisely the points to
which the associated Markov process converges when ¢ — oo. These *‘dis-
tinguished boundary points’’ are defined in terms of the normal and tangential be-
havior of the diffusion process, in contrast to 22 U 23 which only depends on the
normal components of diffusion and drift. For technical reasons we will only con-
sider cases where there exist a finite number of distinguished boundary points,
together with an arbitrary configuration of 2, U 23. Ve denote by %] the com-
ponent of dG containing all of the distinguished boundary points.

In $32-5 we consider the case m = 2, and in $6 we consider the case m >2,

$31 and 2 contain preliminary results on the boundary behavior of solutions
x(¢) of the stochastic equations

ds, = ,‘i o (Ndu +b(Rd  (1<i<2)
in a special domain in the plane. For technical reasons we assume that when 0
and b vanish simultaneously onrz;, they do not vanish faster than a linear func-
tion. In $3 we consider a general domain in the plane and show that either x(2)
attains 22 U 23 in finite time or else converges to some distinguished boundary
point while remaining inside G for all ¢ <eo, In $4 we prove the differentiability (as a
function of the starting point) of the probability that the process will converge to
a given distinguished boundary point. Finally in §5 we consider the Dirichlet
problem in a general domain in the plane, combining the results of the previous
sections with known results [6] on the behavior of the diffusion process near
2,V

The results of $32-5 can be extended to m > 3; this is briefly discussed
in $6. However, the main result of $6 is a theorem which even for m = 2 is not
included in $32-5.

1. Boundary behavior of stochastic solutions in annular domains. Consider
a system of two stochastic differential equations

(LD =Y o (Ndw + b (i=1,2)

s=1
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where w(t),- .., w™¢) are independent Brownian motions. Let a = (ai’.) = go*
where 0 = (0 ), 0*= transpose of 0. We assume

(A) The funcuons o, (x), b ‘x) and their first two derivatives are continuous
and bounded in R2.

Let G be a bounded domain in R%. For simplicity we first take

G={x;1<|x| <2}
Denote by 9G the boundary of G. We shall assume

(B) On dG,
(1.2) 1;_: a vy =0,
] 2 1 2 aai,.
(1.3) g:zl bi—i.___le vigo

where V is the outward normal to 9G (withrespect to G).
Let R(x) be a positive C2 function in G, which coincides with dist (x, 9G)
when the latter is sufficiently small. Let

L R 12 9°R 1(a_@ )
"B':iglbia-x_;*'f%;laif x; x’.’ Q=I_2($-ﬁ )
(C) For some > 0 sufficiently small,
0(x)<-0,<0 if 1<|x|<1l+p (B, constant),
0x)>6,>0 if 2-p<|x|<2,

Ax)>0 if l+p<|x|<2-p, V.R(x) £ 0,

2
) a(x)

i,j=1
By Theorem 1.1 of [4] and by slightly modifying the proof of Theorem 2.1 of
(4] we get

Lemma L.1. If (A)=(C) bold then, for any solution x(t) of (1.1) with x(0)€G,

<0 if lyp<|d<2-p, V RE)=0.

Pix(t)€G forall t>0=1, P{x(t)] =1 as t —-o}=1.

It is actually sufficient to assume that 0, are continuously differentiable in
R? and twice continuously differentiable in a nezghborhood of 9G.
We shall now analyze the limit set of x(t) on |x| =1 (as ¢ — o). For this,
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we introduce polar coordinates (r, ) as in [4). We find that

1.4) dr= ?::51 &.(r, PYdw® + Blr, pdt,  dip = sz:;l ¥.(r, B)du® + Rr, P)at

where

O (r, ) =0, cos ¢ + 0, sin ¢, U, ¢) = b, cos ¢ + b, sin ¢+i(a(x)k" AY,
AR ‘smrqs“ls * Eosr_qs"’zs’ ¥, ¢)=‘s—i.;—¢”1 = ¢b - —<¢(")’* X

here

A=(cos ¢, sin®), X' =(-sing, cos })
and

@, v) =Fa Dpp,  (w=(up, 1), v =5, v,))

Thus, if (7(t), #(t)) is a solution of (1.4) and if we define x,() = 7(t) cos P(s),
x(t) = 7(¢) sin (1), then x(¢) = (x,(2), x,(+)) is a solution of (1.1).
The system (1.4) can also be written in the form (see [4])

n
dr = '[Z 3s(¢)dw$ + 3(¢)dt] +[ Z R_dw® + R dt]
s=1 s=1
(1.5)
n N N n
de =[Z o (p)aw® + b(¢)dt] +[ > 04w + Oodt]
=1 s=1
where R_=o0lr), ®_=0(1) (0<s <n) as r — 1, uniformly with respect to . It
is useful to compare $(t) with the solution of the single equation

(1.6) do = a(¢)dw + b()dt

where ol¢) = (37_, [5.(&1V%, b(@) = b(&).

In case 0(93) ;4 0 for all ¢ and f Tb(2)/0%(z)dz £ 0, it was proved in [4]
that the algebraic angle $(t) (i.e., the component $(¢) of the solution (+(r), $(2))
of (1.4)) satisfies
(1.7) P{h ¢(t) } =1 (c constant £ 0).

t—00
Suppose 0(z) is degenerate, but it has only a finite number of zeros a;,«:.,
(& > 1) in the interval [0, 27). Then the conclusion (1.7) is still valid [4] pro-
vided b(a,.) > 0 for all f, or b(a ,.) <0 for all j, and provided the following condition holds:

(i) For some € >0,

3 B - 3 B@P e, d]  (1sr<1+0)
s=1 s=1

where 7(ry $) = 0 if r — 1, uniformly with respect to .
We shall now consider the degenerate case in situations where the b(aj) may
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vanish. The condition (i) will not be assumed in the sequel.

Our basic assumptions are:

(D) If b(a) 0 for some j (1 <j<k) then there is a simple c? curve A,
given by 7 = r*(t), b = d*(2) (tl <t<t,) such that (*(¢,), ¢*()) = (1, OL) !
(r*(2,), #*(2,)) lies outside G, and (*(%), #*()), for some t, <t < ts, 1s a
point on 9G different from (1, a ’.), and such that

(i) a part {(+*(2), #*(2)); ¢, <t <t, + €,} coincides with the segment 1<r <
1+, = a, and

(ii) the following relations hold at each point of A,

2 2 1 <9
(1.8) i,jZ=1 a vy =0, ; bi—fzﬁ_,;]vi"' 0
where (v}, v,) is the normalto A,

Finally, 1f b(a) b(o,) =0 and b(a,) £ 0 for all a, between a; and @,
then the points (r, ¢) with r =1 + &, @ in the interval (a ab) cannot be con-
nected (in G) to points (r, @) with r =1+, ¢ outside the interval (aj, ab)’
without crossing either Aaj or A, .

Note that the conditions in (1.8) along the ray 1<r<1+¢ ¢ = a. hold if
and only if

o~
?s(r,aj)=0 (1<s<n), z(r,aj)=0 for 1<r<1+¢.

(E) If b(a) = 0 for some j (1 <j<k), then b(z), 0(2) vanish at z = o, to
the first order only, and

0. i Az - a].)b(z)
= lim ——————

aj z—~a.j Oz(z)

Note that the limit exists since b(z), 0(z) are continuously differentiable.

We first consider the case where b(z) vanishes at two consecutive points,
say a=0,, B= @, .1+ Introduce straight segments

Io={(r,d;1<r< 145}, Iﬁ={(r,B);1§_r§1+?}.

Denote by m,, (7 > 0) the curve {(r, d);r =1+, a <P <P}, and by 917

(7> 0) the domain bounded by m, mp, lqs 1g. Denote by A,p the set of points
in the probability space for which a < é(t) < B for a sequence of t’s converging
to . By (D), and the proof of Theorem 1.1 (or rather Theorem 1.1) of [4l, if

%(0) £ (A, UA B) then the solution ((¢), ¢(t)) never intersects AqU A g It fol-

lows (by the last part of (D)) that on the set Agg

(1.9) a<ot)<B
for all ¢ sufficiently large.
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Lemma 1.2, Let (A)~(E) hold and let x(0) ¢ (A;UAp. If Q5> 1, Qg<1
then, a.s. on the set Agg, ¢t) — B if t — oa
Proof.’ Consider the function
'3 _l- a* ZB(Z) .

for some small €, > 0, where

Bly) = exp{f);sz(i; }‘

It is easily seen that

A~

Lg="%0%(x)g"(x) + b(x)g'(x) = =1 in (@ + €, B - ¢€p)e
Further,
(1.11) g)>0 acx=ax+e,

<0 atx=f-¢,
if a+eg<a*<f-e

(1.12) g'(x) >0 atx=0Q+6y, x= B -€
if a<a*<a+ey
(1.13) gx)<0 atx=a+e, x=L-¢
if B-eg<a*<pB.

Set

-Al log(x—:0)+Bl in (o, a+ ‘0)’
f(x)={ A, log(B-x)+B, in(B-¢P),
g(x) in [a + ¢y, B-¢l.

If A;>0,A,>0 then, by using the assumptions 0,>1,04<1 we find that
L/(x) <-v< 0 in (a, a + €)), (B -¢€y, B) where V is a positive constant, pro-
vided ¢, is sufficiently small. Choose a* so that (1.13) holds, and determine
the constants A4, B, in such a way that f(x) is continuously differentiable at
x=0Q+¢€y, x =P - €. We then find that A, >0, A,>0,

Let {F_} be a sequence of continuous functions which approximate f " in
the following manner:

F (x)=f"(x) if |x-(a+e)|>1/m, |x-(B-ep)l>1/m,

and F_(x) connects lineacly f "(a + €y - 1/m) to f(a + €y + 1/m) and
["(B-€y=1/m) to ["(B-¢€y+1/m). Let
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fm(x) = f(@a*) + f'(a®)x - a®) + fa’; J‘ai Fm(z) dz dy.

Then f,(x) - f(x) — 0, f’;(x) - f'(x) — 0 uniformly in the interval (a, B), and
(%) =f"(x) = 0 outside the intervals with centers @ + €5, B - €, and length
2/m.

Denote by | 'i(x), f 3x) any C2 (2m)-periodic functions of x€ R! which coin-
cide, respectively, with f,_(x) and f(x) in (a+ 8, B-8); & is any positive num-
ber smaller than €,. Denote by R(r) any C 2 function satisfying

R =1 if 1<r<l+qy, R()=0 if 1+9;<r<eo,
where 0< 7, <7, and 7, <. Let

S, @) =T, N2+ % (> 0).

X R,
Denote by (r, ¢°) the solution of (1.4) when 0 is replaced by 0. Denote by
L, the elliptic generator corresponding to the process (¢, ¢%). Set

®2(r, §) = RO(P), 0%, $) = ROP).

By Ito’s formula,
®2(5(), $51)) - ®2((0), $(0))
L19)  = [ VO (), o) - o), pNdul) + [! LOLAD, FeN

where V® is the gradient of ® and 0%(r, ¢) is the matrix corresponding to

3s(r, $), 0<(r, $). Since L, is uniformly elliptic, with bounded and uniformly
Hélder continuous coefficients, the corresponding parabolic operator has a funda-
mental solution (see [2]). We can therefore go to the limit with m — oo in (1.14)
(cf. [4]) and conclude that

RGAD)((2)) ~ RO/ ¥p(0)):
@15 = [ V0%, ¢ - o), gANdw ) + [ LB, g

We shall now consider the behavior of (re(f), ¢‘(T)) on the set Aa/s. Given
0<< 7, let T.,7 be the last time (r(¢), $(¢)) is outside Qn /2 With ¢ fixed,
and a.s. in A 44,

(+5(r), $(r)) — (A7), $(r)) uniformly in 7, 0<r< ¢,

for a subsequence € =¢€’ \O0. Hence, if T,<7<8, G, ) e Q,., for all
€ = €' < e¥(w). Given 8 < 8%(w) sufficiently small, we have for any € = €’ suffi-
ciently small and for any y > 0,



366 A. FRIEDMAN AND M. A. PINSKY

J; Loteo, genar - J7. L, gnar
- fT; (L Yotr), ¢ dr

= f 7.:7 {[% sf:=1 [?;(re, 91 + e] ") + ﬁr‘, MG )} dr

) f;ﬂ {[; oHg€) + e] 17€) + BgE) () + ay}dr

<-(-T, v+ fT:’ ef (@) dr + Gt - T,)
where |0] <1, |6] <1, provided 7 < 7*(y). Here V is any positive number such
that Lf(x) <-v forall x £ a + €y x £ B - €, It follows that

— t $, v
(1.16) cilel}l\'o T,, Lcd) (r‘(r), ¢‘(r)) dr < (¢ - T"?)f

if ¥ <v/2. Since (r(r), (1)) does not intersect the set I, ulg for 7> 0,
f" @) (0 <7< T.,,) remains bounded as € = € V0. We conclude that
— t & € € v
(1.17) lim L ®°(5(n), (N dr < C - =t
€=¢'\0 j;) ¢ 2
where C is a.s. finite valued random variable.

Consider next the stochastic integral in (1.15). If T, <7<¢, then the
vector

(1.18) b2 (7) = VO ((r), $)) - o), (7))

has components {(d/d¢)f 8(qﬁe(”)) H[?s(r‘(f), SN2 + e}, If we let €= €'\0
through an appropriate subsequence €”, then we obtain a.s. (cf. [4, S21)

. t .8 t s .
i Jm an B - dule) = anh () + dulr) = an 500) » )

-3 [ 1@ (rr), $) dw()
s=1 n

where b%7) is defined by (1.18) with o° replaced by ® and with € = 0.
If 0<7<T,, thenas ¢ \ O through an appropriate subsequence of €,

L7 5260 - dute) — [ 90 - duke) = [ 900 - duy = €

where 5%() has a more complicated expression than in (1.19) (involving R(r)
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and its first derivative); C is a.s. finite. We conclude from this and from (1.15),
(1.17), (1.19) that, a.s. on A4,

1@ - fHON<C-bt4C }:jl £ 1N, e du ),
s= 7

By Lemma 1.3 of [3], the last integral is ol¢). Hence

= () v .
’l_?:o ——<-3< 0 as.indgs
This implies that ¢(t) — B as ¢t — «, a.s. in Aqg.

2. Boundary behavior of stochastic solutions (continued). Divide the zeros
Qpyeees @ of 0(2) in L0, 27) into blocks

By=lay ooy oyl (4> D

where . . <a .., & k= %110 (Here we agree that @, < a,.) For each block
B,., b(a‘l) 0 b(a ) 0, and b(a );40 1f2<z<k -1, Let

;= {co, . < d)<a, ok, for all ¢ sufficiently large}.

In view of the Lemma 1.1 and the fact that (r(¢), $(t)) never crosses the segments
{G, @ 1) 1<r<1+7} we conclude that 2 P(A )— L
Consnder now a block B. j and set @ = a RO ﬁ a, kit Suppose

(2.1) ba)=0, &p)=0, bla, )>0 (2<i<k,~ 1),
2.2) 0,>1, Qﬁ< 1.

Lemma 2.1, Let (A)=(E) and (2.1), (2.2) hold. If x(0) ¢ (Aq U Ap), then a.s.
in AJ., @) = B as t — oo,

Proof. Let
-Aylog(x ~a)+ B, ia (@,a+ ¢y,

f)={A,log(B-x)+B, in (B-¢pR)
glx) in la+ € B - €oly
the function g(x) consists of three parts:
A @)+ By in[are,a ,-¢),
A4g2(x) +B, in [a’..z ~-¢, ai’ki-l +€],

g;(x) in (o’i.kjol +€,B-¢l
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where €' > 0 is sufficiently small. The function g, is constructed as the func-
tion { in the proof of Theorem 3.2 in [3]; thus Lg, <-¥ <0 in [a 2=

o k=1 +¢€'] and g'(x) <0 at the endpoints. The function g is defmed as the
function g in (1.10), (1.13) with B replaced by a; 2 - €. Finally, the function

g3 is defined as the function g in (1.10), (1.13) thh a replaced by a, ki1 +€,
We can choose the constants A, B, so that f(x) is continuously dxffetentxable,

the A; are all positive.
We can now proceed similarly to the proof of Lemma 1.2.
Suppose now that (2.1), (2.2) are replaced by

2.3) b@) =0, »B)=0, b(ai’i) >0 (2<igk,-1),

(2.4) 0,<1, Qpg>1
Lemma 2.2, Let (A)—(E) and (2.3), (2.4) hold. If x(0) ¢ (A, UAp), then a.s.
in Aj, ) »aas t —o.
The proof is similar to the proof of Lemma 2.1. Here one takes f(x) =
A loglx - )+ B, in (@, a + €y, flx) =-A, log(B-x)+ B, in (B-¢y, B
Consider next the cases where

(2.5) b@=0, 4pB)=0, Q,<1, Qg<l.

We further assume that one of the following three conditions holds:
(2.6) b, )>0 Qgigk -1),

.7 bla, )<0  (QLigk -1),

bla; )<0  (2gigiy),
(2.8)
bla, )>0  (ij+1¢< i<k -1
Lemma 2.3. Let (A)—(E) and (2.5) bold, and let one of the conditions (2.6),
(2.7), (2.8) bhold. If x(0)¢ (A, UAp), then a.s. in A, either lim,_ $(t) = o or
lim,_ 3¢ = B.

The proof is similar to the proof of Lemma 2.1, One takes f(x) = A, log (x— a)
+B, in (@, a+€), fx)=A, log(B~x) + B, in (B-¢;, B). In case (2.8) holds
one takes g, to be the function occurring in the proof of Theorem 4.2 in (3l.

The case b(a)=0, b(B)=0, 0,> 1, Q5<1 will not be considered in this
paper. In this case $(t) may oscillate between @ and B without having a limit,
as suggested by the case of linear equations (3.

3. Behavior of solutions in general domains. We shall now extend the re-
sults of $2 to a general bounded domain G. A point %, on the boundary dG of G
is said to belong to 23 if 2 i % (xo)l/ v.> 0, It belongs to X, if (1.2) and
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Oa.
1 ij
21:[ i~5 Zi axi]v >0 at %,

hold. Finally, x, belongs to 2, if (1.2), (1.3) hold at x,.

Denote by R(x) a continuous function in G, C2 and positive in G U vl
that coincide with dist(x, 2;) when the latter is sufficiently small. With R(x)
fixed from now on, we define @, 3, Q as in 1.

We shall need the following assumption:

(P) 9G consists of a finite number of curves I'y,--+, ' . Each curve be-
longs entirely to either 5.'.2 UZjorto Xy Acurve I of 20 25 isin C?, and
a curve F of 21 isin C>. There is a positive constant ¢ such that if a curve
T, belongs to 2, then either (i) Q(x) <=0, <0 (6, constant) for all x € G whose
distance to I', is < ¢t [we then say that I'; belongs to 2-] or (i) Q(x) > 6,> 0
(6, constant) for all x € G whose dxstance to ', is <p [we then say that F be-
longs to 2] 11 Finally, 3] is nonempty.

We shall maintain the assumptions (A), drop the assumption (B), and replace
(C) by

(€*) Q(x) > 0 for all x € G with dist(x, 2;) > #, V R(x) £0;

iél a (%) ﬂ‘ <0 forall x € G with dist(x, Z,) > p,
VxR(x) = 0.
By slightly modifying the construction of R(x) in the proof of Lemma 2.1 of
[4], one can show that if the exterior boundary of G is not in El then there
actually exists a function R(x) with V_R(x) # 0 everywhere in G.
The proof of Theorem 2.2 of [4] can be modified to yield the following exten-
sion of Lemma 1.1,

Theorem 3.1. Let (A), (P), (C*) bold. Then, with probability 1, either (i)
x(t) exits G in finite time by crossing 2, U 25, or (ii) x(t) €G for all t>0
and dist(x(t), Z]) =0 as .t — o,

Suppose for definiteness that I'; C 2], and I'; is not the outer boundary
of G. If x, = f(r), x, = g(r) are parametric equations for I'; (r = length param-
eter), then we can introduce new variables

¥, = +p)cos(2m/L), y,=(1+p)sin(277/L) (L = length of I})

where the “‘polar coordinates’’ p, 7 are defined by

2, =f0) + pgl),  x,=g() - pf()
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As in [4] we can extend this mapping into a diffeomorphism from the exterior
of I'; onto the set {y: |y| > 1}. In the new coordinates

n
dp=3% 3‘sdw‘ +bdt,

s=al

X

n ]
dp= 3 0 duw® +bdt (¢=—L—),
s=1
and

Las .
;03(0, ¢) = /ols +80,5

L . za%s 2"alsak f
ZT-’Z’(O, #) = (b, + £b,) = (&, ~f) , )
20,0, 2025 8
Ry 1 X
Set o(¢) = {27_, [7.(0, $)1*}%, b(#) = 5 (0, ¢).

We now assume:

(D) The condition (D) holds with 7 = 1 + p. More precisely: o(z) vanishes
at a finite number of points @j,+++, a, (k >1). If b(a) =0 for some j, then
there is a simple C 3 curve A;‘ given by x = x*(t) (¢, <t < tz) such that
x*(t,) = (f(a]-), g(a-].)), x*(¢,) lies outside G, and x*("), for some £ € (¢}, t,),
lies on 0G and is different from (/(aj), g(a.)), and such that

(i) a part {x*(t), t; <t <t, + €} of Ay lies in G and is nontangential to
0G at t =t; !

(ii) the relations (1.8) hold along A} .

Finally, if b(aj) = b(ab) =0 and b(ai) £ 0’ for all the a; between a; and a,, then
points of G corresponding to (p, ) with p = ¢, ¢ in the interval (a;, @) [e>0
smalll, cannot be connected (in G) to points of G corresponding to (p, ¢) with
p = €, ¢ outside the interval (a]., ab), without crossing either Aii or A}‘b‘

(E’) The condition (E) holds. Furthermore, b(aj) = 0 for at least one value
of j.

Suppose (A), (P), (C*)and (D'), (E') hold. Denote by A! the set where
x(t)€ G forall ¢>0 and dist (x(:), T')) — 0. Let A} be the subset of Al for
which a, , < () < Y holds for all ¢ sufficiently large. Suppose a portion of
each A_ initiating at ([(aj), g(a’.)) coincides with the normal to dG at that point.
Then the proof of Lemmas 2.1-2.3 remain valid (in the y-coordinates ). Here we
use the fact that the diffeomorphism x — y given above does not affect the con-
dition (D), i.e., the conditions in (1.8) are invariant under a diffeomorphism. If
Al does not contain the normal, then we perform a different local diffeomorphism
from the x-space onto the y-space, such that I'; is mapped onto the unit circle
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and such that the image of a portion of A;. does coincide with the normal to this
circle. The new diffeomorphism does not affect the tangential stochastic equation,
i.e., the functions o{(¢), b(¢) remain the same.
We conclude: If x£ U A then almost surely on Al, either
(i) o) — B if (2. 1), (2. 2) hold; or
(ii) ¢(t) — a if (2.3), (2.4) hold; or

(iii) @\t) — a or ¢(t) — B if (2.5) and one of the conditions (2.6), (2.7),
(2.8) hold.

In what follows we assume:

(Q) For each block Bj, either (2.1), (2.2) or (2.3), (2.4) or (2.5) and one of
the conditions (2.6), (2.7), (2.8) hold.

The segment {(p, ¢); ¢ = @, 0<p< €} in the y-space is mapped onto an
arc I in the x-space. I]. initiates at a point yil onT’ 1» is nontangential to Fl
at y, it is contained in AI i and it lies in the interior of G (with the excep-
tion of its endpoint y; 1) I dxvxdes a small G-neighborhood N, of y,, into do-
mains: N and N

Deflmtlon. The point y;, is called a distinguished boundary point of G if at
the corresponding point % 1o 0. a1 <1.

If F C 2 and the interior of F contains G, then the above considerations
remain valid with trivial changes; the assettions (i)—-(iii) are unchanged.

Consider now the general case. We index the Fi so that

2;=1"l uI“zu--- uI‘p,

+
21-_-1" Uoes Ul"+b,
22u23=r‘p+b+lu---ul"q.

We assume

(D*) The condition (D') holds for each T’ p18ise

(E*) The condition (E') holds for each I, 1<i<p

(Q*) The condition (Q) holds for each I » 1S i<p.

Ve define distinguished boundary points on I" )5+ ++, l-'p in the same way as
for I'|. Denote by (1 <j <k) the set of all distinguished boundary points on
2 W1th each {; we associate two ‘‘half”’ G-neighborhoods N N of C , in
the same way that we have associated N}t i N 71 with Yire

In the condition (D*) there appear curves Al (1<t < p) defined analogously
to the curves Al. Denote these curves by A, (1 <j<D andset A, = AJ NnG.
Each ¢ is an endpoint of some Ai'

We sum up the previous considerations in the following theorem.
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Theorem 3.2. Let the conditions (A), (P),(C*) and (D¥*), (E*), (Q*) hold. If
x £ U]l.=1 A,. then the probability space is a finite disjoint union

k A k
3.1) Q, u(U Qi>U(U 9.‘),
j=1 j=1 Y

such that the following bholds almost surely: if o 690, x(t) exits from G in
finite time by crossing 2, U 23; if o€ Q;' then x(t) €G forall t> 0, and
%(¢) eN;, x() = ¢, as t =005 if @€Q] then x(¢) €G for all t>0, and
x(¢) €N x(t) > ¢, as t — w. The decomposition (3.1) depends on x(0).

Definition. If x(¢) €G for all ¢t >0, and x(¢)eN ;.", x(t) — é'i as t — oo,
then we shall write: x(t) — (i'" as t — o. Similarly we define the concept:
x(t). - ¢ as ¢ — co. We denote by p}(x) (p7(x)) the probability that x(e) = {7
() = £7) as t — o, given x(0) =x€ G.

Clearly p](x) > 0, p7(x) > 0, Z% piG)+ Z; ) <1 IE 2 UZ, s
empty, then the last sum is equal to 1 (by Theorem 3.2) if x ¢ U§=l A];.

Definition. Denote by g ,(x) (1 <i <p) the probability that x(t) € G for all
t>0 and dist(x(t), T,) — 0 as ¢ — , given 2(8) =x €G.

Theorem 3.3. Let the conditions (A), (P), (C*) hold. Then q(x) — 1 if
dist(x, ') -0 (1 <i <p)

Proof. For any A > 0 sufficiently small, let Fix be the curve in G parallel
to I'; at a distant A. Denote by G, the domain bounded by I';, T';,. Denote by
L the elliptic operator corresponding to the diffusion process (1.1). Then

LIR()E = [€@/2R? + QIR (> O).

Since @ = O(R?) in G,, LR <0 in G, provided A and ¢ are sufficiently small.
Denote by r, the exit time from G,. Then, by Ito’s formula,

g
ERGr ) - R =E [ 1 LIRGOIF e < 0.
Since x(r") el R(x(rx» = A Hence
[1 - ¢,GINE < [RG = [dist (v, Y,

and the assertion follows.
The above proof is valid also in any number of dimensions.

4. Regularity of the functions pf(;c). Let

9%u 2 Ju
(4.1) Lu= 5 ‘Z aii(x)m—, + z bi(x)g;-.
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Let A'l,o ooy A;: be disjoint C3 curves (the endpoints are included) lying in G,
and set

A LIJ A A Ll; A
- i=1 7 i=1 d
The elliptic operator L will be allowed to degenerate in G only at the points of
A UA'. Ve shall call A, a *boundary spoke’’ and A;. an ‘‘interior spoke.”
Consider a parametric representation for A;.:

(4.2) x1=f(s) xy=gls) (O<s<L)

where s is the length parameter. Let
. 1 $ee o7 i .
4.3) b’;(s) =(fb, - b)) - 2—(/g - &f) rgl (falr +30,)?

where the argument of b, o, is (xl, xz) given by (4.2).

Ve shall need the following assumption regarding the degeneracy of L in G:

(G) On each A;., b’;(s) #0 for 0 <s <L.. The elliptic operator L may de-
generate on each arc A j» and in a sufficiently small  -neighborhood of each A;.;
at all the remaining points of G, L is nondegenerate.

The number 3, is positive and depends only on upper bounds on the first
derivatives of 0;,, b,, and on a positive lower bound on the |b’;(s)|. Its precise
nature will emerge from the proof of Theorem 4.1 below. Denote by A'so the §-neigh-
borhood of A’'.

Theorem 4.1. Let the conditions (A), (P), (C*) and (G) hold. Then p :.t(x)
(1 <i <p) are Lipschitz continuous functions in G - A, and C? solutions of
Lu=0 in G-(A UA'SO).

Proof. We shall combine classical regularity theorems with the method of
Freidlin [1]. Denote by p i(x) any one of the functions pf.(x). Consider first a
point x, € G where L is nondegenerate. Let N be a small disc with center x
such that L is nondegenerate in N. By the strong Markov property, for any
x€N,

4.4 p ) = E dp (5, )i= fx PP L, €ds)

0

where 7y is the exit time from N, and dS_ is the length element on dN. Note,
by a standard argument, that pi(y) is a Borel function on dN.

Let A be an interval on dN. Denote by I, the characteristic function of 4,
and by 7, { the endpoints of A. By classical theorems [2], there exists a unique
solution u of
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Lu=0 in N, u € C'(N),
ux) > 1,0y) if x—y€dN, y#n, 54,

u(x) remains bounded as x — 7, or x — ¢,

We can write u in terms of Green’s function [2]

@.5) )= |, "Gg’;’ P 45

y

where v, is the inward normal. Denote by N ¢ the disc with center x, and
radius =7, - ¢ where 1, is the radius of N. Let ™Ne be the exit time from N e
By Ito’s formula,
(4.6) ulx)=E fulx, ¥ (e>0)

7

Ne

Since L is nondegenerate in N, x(¢) exists N at { or at 7 with probability 0.
Hence, taking ¢ — 0 in (4.6), we arrive at the formula

u(x) = E u(x,N)} =E{I A(x,N)¥ = P"(x’N € A)

Comparing this with (4.5), we conclude that

N 9G(x, y)
Px(er €A)= A av
This implies that
G(x, y)
Px(er €ds, )= T as .
Hence (4.4) gives
“4.7) pi(x) = f p (y) GG(x, y)
y

This shows that (x) is continuous in N. By decreasing N we may assume that
b; (x) is continuous in N.

The solution v of Lv =0 in N, v =p, on 9N is also given by the right-
hand side of (4.7). Hence v =p, in N, Since v belongs to C 2(N), the same is
true of p,. This completes the proof of the second assertion of Theorem 4.1.

To prove the first assertion, consider first the case of an interior spoke Al
having the form ¢ = ¢y 7 <7 <7 ). Let B g be the domain | ¢.0| <8y 7, <
7 <#,. The condition b*(s) £0 reduces tob (r @) # 0 where b(r, @) is defmed
as in §1. Suppose, for defuuteness, that b(r, ¢) > B> 0 inside By By Itd’s
formula we have
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$(t) = B, + f_:l 3.6 praws o [! T, )ar,

and hence

n tATBsal
QARELIED> Jo 8w @d s By ).
Thus
BE (¢ A 'Bs) < ¢selgas I =yl =28

It follows that
(4.8) Ex‘(rB s) <8/B=C (x¢ BS)‘

By a standard iteration argument it follows that P x("B 52 nto) <(C/t 0)”
(=1, 2,...). Consequently,

Px(rBSZ N<e™™,  a=-(1/ty) log (C/1,).
Taking t,=e we get
(4.9) Plrg 20<e™,  a=(1/e) log(Be/d).

We may choose & > 0 sufficiently small to apply the following result of
Freidlin [1, p. 1349] (which we state only in R2):

Theorem. Suppose ;i b, are continuously differentiable in R2Z with

aoij b,

Let o, = 8K? + 4K. Suppose the boundary is uniformly normally regular, and the
boundary function i is the restriction to dBg of a C 2 function in a neighbor-
bood of 0B g. Then the function Exh//(xm 8)} is Lipschitz continuous in B,
provided a. > a..

By choosing 8, (in the condition (G)) sufficiently small we can ensure that,
for some 6> & 0 L is nondegenerate on the boundary of B, and a>a,. The
uniform normal regularity of 0B § means that E x('B 8) <C 0|x -x OI forall x €
0B, x € By where C is a constant. This property is guaranteed by the non-
vanishing of the normal diffusion on 9B 5 (see [1]). Further, since L is nonde-
generate on 9B 5, pi(x) is C? in a neighborhood of 3B 5. Hence we can apply
Freidlin’s theorem to deduce (upon recalling the first equation of (4.4), which
holds for N = B y) that p () is Lipschitz continuous in B,

To handle the case of a general spoke !\;., we introduce new coordinates
(p, s) by the equations
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2, =1()+pgls),  x,=g(s) - pfs)

where —p, <p<p, (po is positive and sufficiently small) and f, g are as in
(4.2). The stochastic differentials ds, dp are given by the formulas

n
dp=Y) 3"dw' +Ddt,
r=1

i = )::1 Yo + ¥t ($=20s/L)n

Explicit calculation gives (cf. [4]) 200, ¢) = Zﬂb;‘(s)/ L, where b’;(s) is defined
in (4.3). Since b;‘(s) #£ 0, we can repeat the argument given in the previous
special case.

Remark. Suppose 0, b; belong to C™R?). Using Theorem 3 of Freidlin
[1] (instead of the above quoted theorem of [1]) we conclude that the p’:(x) have
m =1 Lipschitz continuous derivatives in G - A. Here the constant 8, occurring
in the condition (G) depends also on m.

Definition. If x —» ¢, x€ N: then we write x — ¢ : Similarly we write
x—-bC: if x—»{i, xeNi-.

Theorem 4.2. Let the conditions (A), (P), (C¥) and (D*), (E¥), (Q*) bold.
Then p:(x) =1 if x— {:, and p;(x) — 1 if x — ¢,

This theorem is of the same type as Theorem 3.3. The method of proof is
also the same as for Theorem 3.3.

Proof. It suffices to prove the assertion for p:(x). Consider first the special
case where the distinguished boundary point { ; lies in some Fj, say I' 1» Which
is the circle 7=1, and G lies in the exterior of I';. Let N be “‘half G-neigh-
borhood’’ of {; given by ;< <¢;, 1 <r<1 +8. Consider the function

f(R:¢)=RE+(¢—¢i)€ in N

where R=r—1, and € > 0 is sufficiently small. It is easily seen that Lf{< 0
if 8 and € are sufficiently small. Let r be the exit time from N. By It&’s
formula

(4.10) E{f(R(¢ A7), ¢t A T} < f(R(0), $(0)) (¢ > 0).

Now, x(t) cannot leave N in finite time by crossing either R=0 or ¢ =¢ # On
the other hand, on the remaining boundary of N, f(R, ¢) is bounded below by
some constant ¥ > 0 (y depends on &, €). Hence, taking ¢ — o in (4.10), we
obtain the inequality

YP(r < ) < [(R(O), (0))  (x = x(0)).
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Since f(R(0), ¢(0)) — 0 if x - ¢ ;', we conclude that
Pr<w)—0 if x— .

Since, by Theorem 3.2, p:(x) =1= P, (r <), the proof is complete.
Remark. By Theorem 4.2, the p f (x) are discontinuous at the points of the
boundary spoke initiating at {;, which are in some small neighborhood of éi‘

5. The Dirichlet problem.

Lemma 5.1. Let x(¢) = (x,(8),+++, x,(9)) be a solution of a system of 1
stochastic equations of the form (1.1), with uniformly Lipschitz continuous co-
efficients 0., b, Let 1 be any [inite valued random variable. Suppose the
range of 1), 0 <t <r, is contained in an open set D CR%. Let f(x) be a C?
function in D. Then Itd’s formula holds:

OREON B Jo 1 Vo xlNdw' + [T L) ds

i=1 j=1
where

1
W=7 3 a6 m—. . z: b2 a,)=00"],
1013

Proof. For any & > 0, modify f into a function f 8(x) in CA(RY, coinciding
with /(x) if dist(x, R! = D) > 8. Apply Itd’s formula to fXx(#)), substitute t=r,
and take §\0.

Now let the assumptions of Theorem 4.2 hold. Consider the Dirichlet problem

(5.1) Lu=0 in G-A,
(5.2) u=g on3,VUZ,

u(x) —»/: if x— é':',
(5.3)
we)—f7 if x =& (i<

Here L is defined by (4.1), g is a given continuous function on 2 v 23, and
/ are given numbers.

If » is continuous in (GUZ, U 23) - A andis in CHG - A), and if it
satisfies (5.1)—(5.3), then we call it a classical solution of the Dirichlet problem
(5.1)-(5.3). Notice that u is not required to be continuous on 2 V] 2 VA,

Since x) — /; tasxo¢? ;» u cannot be continuous at the pomts of A near
{i if / # 7.

We shall prove in this section the existence and uniqueness of a classical
solution.
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Theorem 5.2. Let (A), (P), (C*) and (D*), (E*), (Q*) hold. Then there exists
at most one classical solution of the Dirichlet problem.

Proof. Let G_= {x €G, dist(x, 3G) > e}, ¢ > 0. Denote by 7 the exit time
from G, and denote by 7. the exit time from G. Let u be a classical solution.
Since x(¢) (with x(0) € G = A) remains in G~ A for 0<t<TA T Where T < oo,
€> 0, we can apply Lemma 5.1. This gives, after taking the expectation,

u(x) = Ex{u(x(T A rt,))}'-

Taking €\ 0, T/ and using the cor'xtinuity of u at 2, U 23 and Theorem 3.2,
we get

k k
(5.4) u(x) = E g, b+ 3 15/ + 3 767
i=1 i=1
where 1, is the indicator function of A. This implies that u(x) is uniquely de-
termined (in G - A).
We shall now prove the existence of a solution.

Theorem 5.3. Let (A), (P), (C*), (G), (D*), (E*), (Q*) bold, and let g be
continuous on Z,U 23. Then the function u(x) given by (5.4) is continuous in
G u 22 U 23) - A, Lipschitz continuous in G = A, and C? in G- (A U A'so),
and it satisfies (5.1) in G - (A UA'SO) and (5.2), (5.3).

Proof. In Theorem 4.1 we proved that pf(x) is Lipschitz continuous in
G- A, and is a C? solution of (5.1)in G-(A U A'so). The same proof works
also for the function E, {glx()I ( 1,<°°)l. Hence, the function u, given by (5.4), is
Lipschitz continuous in G ~ A and is a C? solution of (5.1) in G - (A UAISO)'
The assertion u(x) — lf as x — f follows from Theorem 4.2 and the fact that

LI k -
jz;,l p; (<) + ,2:’1 ;) + E M b =1

(This is the assertion of Theorem 3,2.) Finally, the assertion that u(x) is con-
tinuous at the points of 22 ) 23 and it satisfies (5.2) follows from Theorem 2
of Pinsky [6].

Remark. The function #(x) is a weak solution of (5.1) in G, in the sense
that

ulx) = L N u(y)Px(fo € dSy)

where N is adisc in G, x €N, and 7y is the exit time from N. The proof is the

same as for (4.4).
Ve shall now strengthen the assumptions of Theorem 5.3 in order to achieve

a classical solution.
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(G*) The condition (G) holds and 0y b, are in C Z(A'so). The positive con-
stant 80 occurring in the condition (G) will now be smaller; it will be as in the
remark following the proof of Theorem 4.1, with m = 2.

Theorem 5.4. Let (A), (P), (C¥), (G*), (D*), (E*), (Q*) hold, and let g be a
continuous function on Z,U 23. Then (5.4) is the unique classical solution of
the Dirichlet problem (5.1)=(5.3).

Indeed, we only have to verify that u is in C%G - A) and Lu =0 in G- A.
For p f (x) this follows from the remark following the proof of Theorem 4.1. For
E lg&()) , ]} the proof is the same.

Remark. Theorems 5.2-5.4 extend to the Dirichlet problem consisting of

(5.5) Lu+c(x)u=0 in G-A

and (5.2), (5.3), provided c(x) <0 in G. Instead of (5.4) we have

ux)=E, {g(x(r)) exp [foT c(x(s))ds] I(r<°°)}
.6) + il /:Ex{exp [fow c(x(S))dSJ I[p.*(x)>0]}

k - )
+ 3 FE fexp [fo c(x(s))ds] '[p;(x»o]}‘

i=1
If clx) < —cy < O then the last two sums vanish, so that no boundary con-

ditions on ¥, need to be given. This is in agreement with the treatment in (51,
[7] (and the references given there) where ¢o is assumed to be positive.

6. The Dirichlet problem in m-dimensional domains. In subsection 6.1 we
prove a theorem for m > 2 which even when m = 2 is not contained in $2-5. In
subsections 6.2, 6.3 we discuss the generalizations of the results of $52-5 to
m> 2.

6.1. Consider a system of m stochastic equations

n
6.1) dx;= §l oir(x)dw' + bi(x)dt 1<i<m)
and let L, given by (0.1), be the corresponding elliptic operator, i.e., go*=(a i ’.).
Ve shall denote the analogs of the conditions (A), (P), (C*) for m > 2 by (A ),
(P,), (C}) respectively. Assuming that these conditions hold, the assertion of
Theorem 3.1 remains valid.

Vith G a bounded m-dimensional domain, and I'},..«, l"q its boundary hypet-
surfaces, we index the I'; as in §3. Thus, 2; is made up of I' .-+, I‘p-. De-
note by l"f (¢ > 0) the intersection of G with e-neighborhood of Pi' We assume
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(R) On each I, (1 <1<p) there is a finite number of points &;; such that
a"(fh) 0, b (f,) 0 for 1<i<m, 1<r<nm Let R ’(x) Jx - fll if
lx = &}, <é’ (for some &' > 0), and define Q, (x) as Q(x) in §1 when R(x) is re-
placed by R, (x) Then

Q-(x)$-00<0 ile—fl.‘<€',x€G.

Forany 1<I<p, let R (x) be a positive C2 function for xel"f ul'),
x # rfl (for some ¢, > 0) such that R*(x) R, (x) if |x - ‘fl | <¢'. We shall

assume

(S) Forall x€ l";o ull, min; lx = ‘fl;“ >¢ (1<1<p),

6.2) (x) Ry 9R 0 if V.R](x)# 0;
. a. >
,2, Wz >0
92R*
(6-3) I'JE-I a, (x)ﬂ—- <0 if v R (X) 0.

Notice that R}(x) can be constructed such that V. R ,(x) is nonzero if
:cel"6 vl x;éfl, and VR (x) is not normal to P if xel) x;éfl Hence,
if L is nondegenerate in F‘O and if the stochastic equations mduced by (6.1) on
F have a nondegenerate dnffuszon matrix [i.e., if the elliptic operator induced by
L on ') is nondegenerate] at each x £ &}j» then v R*(x) £0if x€ l"eo ul,

x £ fl and (6.2) holds.

So far, assuming (A ), (P m) and (C* ), we already know that x(t) does not
intersect 2 in finite time, and dist (x(t), 27) =0 as t — o, provided x(t)€ G
for all ¢ > 0. Ve now employ the assumptxons (R), (S) to construct a function

f()=BR ) (ceT0UT, x4 £,)

such that Lf <-v (as in Theorem 2.2 of [4]), and then use it to deduce that, on
the set where dist(x(:),T') — 0, min; (e - flil — 0.

We shall denote the set of all the points fli by &;»¢++» ;s and call them
distinguished boundary points. We pose the Dirichlet problem

6.4) Lu=0 in G,
6.5) u=g onZ2,U 23,
6.6) usf, e, (<i<h)

where g is a given continuous function on 22 V) 23 and the f; are given numbers.

Theorem 6.1. Let the conditions (A_), (P,), (CX) and (R), (S) bold, and let
L be nondegenerate in G. Then there exists a unique solution of the Dirichlet
problem (6.4)—(6.6).
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In fact, the solution is given by
k
©.7) ) = B/ GO+ 35 2,0

where r is the exit time from G, and p (x) is the probability that x(¢) € G for all
t>0 and x(t) = ¢ ; as t — oo, given x(0) = x. The regularity of the terms on the
right-hand side of (6.7) can be proved as in the case m = 2 (in S4).

Remark 1. Theorem 6.1 can be extended to the case where L may degenerate
in a small neighborhood of a finite number of *‘interior spokes,’’ as in the case
m = 2. This can be proved by the same method as for m = 2.

Remark 2. Theorem 6.1 extends to the Dirichlet problem in which (6.4) is re-
placed by Lz + c(x)u =0 in G, and c(x) < 0; cf. the remark at the end of $5.

6.2. Let the conditions (Am), (Pm), (C:.) hold and consider the Dirichlet problem

Lz=0 in G,
(6.8) u=g on Z,UZ,,

u=f; onT; (1<i<p)

where the [, are constants; the T, (1 <i <p) constitute the 2; boundary of G.
If L is nondegenerate in G, then the function

6.9 ) = E g+ 8 f0,0)
i=1

is the unique classical solution of the Dirichlet problem (6.8). The proof of
uniqueness is the same as the proof of Theorem 5.2. The proof that z(x) is in
C%(G) is the same as the corresponding proof for pit(x). The assertion that
ulx) — fi is dist(x, Fi) — 0 is a consequence of Theorem 3.3 (which holds in
any number of dimensions). Finally the assertion that u(x) — gly) if x — y,
y€E 22 U 23 follows from [6, Theorem 2].

6.3. All of the results of §§2—5 can be generalized to the case m > 3. The
conditions needed, however, take a more complicated form. In order to clarify the
procedure, we shall describe only a special case, namely, m =3 and G is a
shell given by 1 <r < 2. We further assume that the conditions of Lemma 1.1
hold for m = 3 so that the assertion of Lemma 1.1 is valid, with respect to the
system in polar coordinates

dr=3 0 dui 4 Bd

r= .dw! + bdt,

fg 15 1
" I3

(6.10) o= Y ¥, dv’ + ¥ at,
j=1

n
dp = 21 ?ajdwi +'z3dt-
,3
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On r = 1, this system reduces to

n .
df = Zl ?7‘2](1, 0) ¢)dw’ + bz(]_’ 0’ ¢)d1,
(6.11) 1=

¢=Z 1,6, )dw’ 4+ T(1, 6, g)ar.

i=1
We shall assume
(T,) Along the closed curve T': (=6, 0 < ¢ < 27) we have

3 3
mz_;z Ty, =0 E [ i~7 ’321 ]vi=0
when 6, =6, 0, = ¢, (Vz’ v,) is normal to T, and @ = 3o*.

(Tz) The condmon (C*) holds with x replaced by (6, 6, ) and R(x) re-
placed by a positive function R (01, 6.) coinciding with the dxstance function
from I' when the latter is sufficiently small

(T,) Define Q(Gl 02) with respect to (6.11) and R(OI, 02) in the same way
that Q(x) was defined with respect to the system (1.2) with respect to R(x). Then
Q(Gl, 0,)<-v<0(0<p<2m|0-6,| <¢) for some ¢ > 0.

(T ) No solution of (6.10) crosses the conical surface $: 0= 06' This is the
case if and only if %} o1 4= 0 2?:1 b, -4% 2]?‘:1 aa,.,./ax,.]u,. =0 on
0 =6, where (vi) is the normal to S.

Using the condition (T,) we can prove (as in [4]) that the solution (Go(t),
¢>0(t)) of (6.11) never crosses I'. Using also the conditions (T, (T3) we can
construct a function V(@, ¢) for 0 # 6, such that LV<-y<0and V — - if
6 — 0. If we apply Itd’s formula to V(8(t), ¢(1)), where ((2), &(2), (@) is a
solution of the system (6.10) with 6(0) # 6, then we conclude (as in [4]) that

6.12) 1) =1, 6()—0, (t— e

Next we consider the restriction of (6.11) to 6 =6, i.e.
7 3
dg = Z_‘i 3,1, 0 P’ + 5,1, 6, p)dt
i=

and assume

(TS) Conditions analogous to (D), (E) and (Q) hold for (6.11) with respect
to I N

Thus, through each point where 3'3’.(1, ) #)=0(1<j<n) and b3(1, 6y o)
= 0 there passes a “‘boundary spoke’’ A lying in the sphere. A connects a
pair of adjacent a s. With the aid of the condition (T 5)h we consttuct a function
f(¢) with Lf <~v < 0 as in $§1 and 2. Applying It8’s formula to [(qS(t)) where
(@), 6(2), qS(t)) is a solution of (6.10), we can then show that qS(t) — a
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(1 <i < k) with probability p; (x) (2f=l[p;(x) +p;()] =1

The points {; = a, 0o al.) are called distinguished boundary points. We can
now pose the Dirichlet problem

Lu=0 in G,
(6.13)
o) = ff, x> Wik

Theorem 6.2. Let the assumptions (T,-T)) hold and let L be nondegenerate
in G — S, Then there exists a unique solution of the Dirichlet problem (6.13). It
is given by the formula

k 4 k
u(x) = 21 /ipi D+Y ;pl.'(x) (x €5).
i= i=1

This theorem extends easily to general domains G with a 22 Y 23 boundary
component.

A subsequent treatment by one of us (M.P.) shows that condition (D) is
superfluous. The details will appear in a forthcoming publication.
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