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COMPLEX LINDENSTRAUSS SPACES WITH EXTREME POINTS
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B. HIRSBERG AND A. J. LAZAR

ABSTRACT. We prove that a complex Lindenstrauss space whose unit ball
has at least one extreme point is isometric to the space of complex valued cone
tinuous affine functions on a Choquet simplex. If X is a compact Hausdorff
space and 4 CCc(X) is a function space then A is a Lindenstrauss space iff
A is selfadjoint and Re 4 is a real Lindenstrauss space.

L. In [3] and [4] E. Effros proposed and investigated the complex analogue
of the preduals of real L l-spaces, also called Lindenstrauss spaces. We aim to
discuss those complex Lindenstrauss spaces whose unit balls have at least one

extreme point. First, we prove a result which is well known in the case of real
scalars (cf. [8]):

Theorem 1. Let E be a Lindenstrauss space and u an extreme point of the
closed unit ball of E. Let S ={x* € E* |x*|| =x*w) = 1}. For every x € E let
xeC c(8) be defined by x(x*) = x*(x). Then S is a w compact subset of E*
and the map x — x of E into CC(S) is an isometry such that Z= 1.

More information about Lindenstrauss spaces as function spaces is given by

Theorem 2. Let X be a compact Hausdorff space and A C C(X) a closed
linear subspace, separating the points of X and containing the constant functions.
Let S denote the state space of A. Then the following statements are equivalent:

(i) A is a Lindenstrauss space;
(ii) p € A" N M@, X) = p=0;

(iii) Z = conv (SU - iS) is a Choquet simplex;

(iv) A is selfadjoint and Re A is a real Lindenstrauss space.

From Theorems 1 and 2 we shall get a characterization of C C(X) spaces
identical to that given for real scalars in [8, p. 76] and we shall see that Theorem
2 implies that no uniform algebra is a Lindenstrauss space unless it is C C(X).

We shall follow the notations of [1]. By I” we shall denote the linear space
of all sequences a=(a,, a,, .-+, a ") of n complex numbers with the norm |a|
=max _,_ |a|. If E isa Banach space we shall denote its closed unit ball
by B(E).
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The proof of Theorem 1 relies on resules of [7] and [9). The results and the
proofs of [9] are clearly valid for complex scalars as well as for real scalars.
Theorem 1 of [7] is proved for real scalars only and it is stated there that it is
valid in the complex case too. For the reader’s convenience we outline the needed
changes. We have to prove that for every finite dimensional subspace B of a
Lindenstrauss space X and every ¢ > 0 there is a natural number'n and an opet-
ator T: 1% — X such that (1-5é|y|l < [Tyl <(1+é)|lyll for each y € I and
such that dist (x, TIZ) <¢ for every x € B with |lx|| = 1. Let E , be the set of
all exposed points of the unit ball of B*% Define i in E, an eqmvalence relation by
putting f ~ g if f =6g with 6 € C, |6l = - 1. Let E be the quotient set and ¢:
E,— E the quotient map. We metrize E by the Hausdorff metnc. Actually
d(¢(f), ¢(g)) min {If, - g, |: ¢/} = &, ¢(g ) = ¢g)}. Clearly E is totally bounded.
Thus there is a covering of E | consisting of mutually disjoint sets {G A7 ;=1 such
that each G has a nonvoid i mtenor and is of diameter less than e/ 2, Plck
#g,) € G It is easily seen that for every ¢(g) € G, there is g’ € E | such that
lg, - &'l < /2 and Hg')=g). Thus for every i thete is a subset G of E,
such that ¢(G) = 3‘ ¢IG is one-to-one and ||f - gl <e if f,g € G From here
on one may continue with very minor modifications as in 73

2. An admissible basis in a space E isometric to I7, is the image of the
unit vector basis of I by an isometry of I onto E.

Lemma 2.1. Let E CF be Banach spaces such that E is isometric to I7,
and F is isometric to I™. Let P be a contractive projection of F onto E such
that there is an admissible basis {el i=y of E and an admissible basis {u }"'_1
of F for which P(u )-eJ if 1<j<mn, P(u) 0ifn+1<j<m Letxe€ B(F)
and assume that P(x) Y +w), v, w € B(E), v £ P(x). Then there are
y, z € B(F) such that x = %ly +2), Ply) =v, P)=w and |y -v|, |z ~w| <
max {4 ||x - P(x)|, 4 |x - P(x)|| 1743,

Proof. From [9, Lemma 2.3] and the assumptions on P it foll ows that there

+
are scalars {a }'l's!lf,"s’" such that

n
Z'““lﬁl, n+1<j<m

Let x =27 Az, Then P(x)=2" Ae, v=27_, A+ 8)e; w=
37, (= 8,)e; where
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¢)) max [A,|<1,  max [A 5| <1.
1Sjsm 1<isn
Denote ¢ = ||x -~ P(x)||. Since P(x)=Z27_ Au,+ 2 o1 20 )\la")u’. we have
n
@ )\i—zolaﬁ_{e, n+l1<j<m,
i=1

Now, if €>1/3 put y = 27 O\, + 8)u; + ZL | Mu,y z=370, (A, =8,
+2] a1 A;#;o Since from (1) it follows that 8|<l we have

ly -v|l = max <e+1<4e

n+lsjsm

A -3 080,

i=1

Similarly, ||z — w| < 4e. Clearly y and z so defined satisfy all the required
conditions.

Suppose now 0 < €<1/3 and fix j, n+1<j<m If |A; | > 1 -.* define
81—0. If |)&|<l-e and 27, 8,a,. =0 define ;=0 too. If |)\|<l-e
and 27, 9, a, £ 0 define 8 as follows. There are umquely determmed positive
numbets tl. t such that

n
)t]. +1 siaij

= ‘)\i -, ¥ Siai’. =

3) 4
i=1 i=1

Put

(4) t=min(l, ¢, tz),

) 8/. =t Z Biaij'

For future use we remark that
©) 0<1-t<et
Indeed, if t = 1 this is clear. If t=1¢, or t =1, then

1= l(l— A + t(/\,. + i 8i“ij>

i=1

<A-DA] + 1A, g(l—t)(l—e%)+t(l+s);

thus ¢ > (% + 1)"1 and 1 -2 < \/e. In the proof we made use of I)«’. + 37 81a"|

<1+ ¢ which is a consequence of (1) and (2).

Define y = 2"‘ ()t +5)u i 2_2"' ()t —S)u . Clearly x = Yy + z), Ply)
=v, P(z) =w. For every i we have IA + 3, I <I thus y, z € B(F). Indeed, if
1<j<norif n+1<j<m and 81 =0 thxs is obvious. Otherwise this is a
consequence of (3), (4) and (5).
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Now
m n
y-v= Y [)\j + 3]- =X @4 b‘i)aii]u,.:
j=n+l1 i=1
Thus
n
ly -oll= max [A +8,-3 O +8)a
n+lsjsm i=1

Suppose I)L’.I >1-¢%. Then 127, )‘iaiil >1-¢%-¢>0 by (2) (recall that 0<
€< 1/3) and from this and |27, (A; £ 8))a[ <1 we get

2\ %
. < 264,

n

281 ll

i=1

Therefore

n
A +8;- § O+ 8| <

)\ Z)ta

i=1

< e+ 2% < 44,

If I)t | <1-¢# and DX 198, = 0 then obviously |A +8, - 27,0+ 53":’," <
461/4 Suppose now Pt]l < l - e and 27, 84, # 0. Then

n
)ti +8, - Z:l A, + 8:')“;']‘
i=

n

21:1

)» Z)ta 2.
i=

by (1), (2) and (6). It follows from this discussion that |ly —v| < 4e'/4 and in the
same way one can show that ||z — w|| < 4’4, The proof of the lemma is complete.

Let E be a separable infinite dimensional Lindenstrauss space. Then there
is an increasing sequence of subspaces {E, } = such that E = U 1 E,, and each
E, is isometric to % (cf. [7]). By [9, Lemma 2.3] one may choose adm1s51ble
bases {e"}:'_l in every E such that e =e! ntl +an ::i, 1<i<n, and

- la‘| <lform=1, 2, eev s Asin [10] we define a sequence of functionals

,}T , on U 1 E; as follows: for i <n and x =37 ael let ¢ .(x)=a,.

Clearly ¢, is a well-defined linear functional and |¢,|| = 1. Thus ¢, can be
extended by continuity to all of E.

+(1-1¢) <e+e%<4e

Lemma 2.2 Let E be a separable Lindenstrauss space and let u € 3 B(E).
Suppose E = U= n=1 E, where {E g n=1 IS an increasing sequence of subspaces
such that E is zsometrzc to I7, /or every n. Then there is a sequence of con-
tractive projections {P }*_  such that lim, P (x)=x forall x € E, P"(E) =
E, and P (W) €3 BE ) n=1,2,:-- .
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Proof. Let P”(x) = 2:.‘,1 ¢i(x)e:; where ei, ¢, are defined as above. We have
to show only that P_(u) € 9_B(E, ). Assume that for some ny, P, (u) is not an
extreme point of B(E ) Then P (u) Yley +y,) with 2 y, € B(E, ), X #¥e
Choose an increasing sequence of natural numbers {n k}k =y such that », > 7, and
“P"k-l-l(u) P, (u)|| <24k, Ssince for any m, n with m >n we have P Pm=Pn
it follows from Lemma 2.1 that there are x,, y, € B(E ) such that P, (u) =
W, +y,) P, (x J=x4 P, (y ) =y, By using once more Lemma 1 we may
construct mducnvely two sequences {x k‘ k=1 ly k} =1 such that for any k& we have
%, ¥, € B(E k)’ P k(u) Wle, + yk), k("kﬂ) %p P y4y) =y, and
“yki-l )’k"’ “"k...l -xk" < 4 2=k, Thus {x,J =1 {yk}k'l converge to
%, y € B(E) respectively and u = }(x +y). Obviously [z - x| > |P, o(u) %ol >0
and this is a contradiction.

Lemma 2.3. Let E be a Lindenstrauss space and u € 3eB(E). Then for any
x € E, ||x|| =1 and for any €> 0 there is a functional x* € E* such that |x*|| =
@) =1 and |x*x)|>1-e

Proof. By the proof of Theorem 1.1 in [9] there is a separable Lindenstrauss
subspace Y of E such that u, x € Y. Let Y =U2, E, where {E }_ isan
increasing sequence of finite dimensional subspaces such that E_ is isometric to
I7 and let {P”}:q be a sequence of projections as given by Lemma 2.2. Choose
n such that ||x - P _(x)|| <e. Since P, (u) € 3 B(E ) there is an i, 1 <i <n, for
which [¢(P ()| > 1-¢ and |$(P @) =1, ¢, being one of the functionals on
Y defined in the discussion preceding Lemma 2.2. Now, ¢ i(x) = ¢oi(P"(x)) and
¢,w) = ¢ (P_()). To get the desired functional one has to multiply ¢, by an
appropriate constant @ and to extend 0¢ ; to E by the Hahn-Banach theorem.

Proof of Theorem 1. Obviously ||| < [lx|| and by Lemma 2.3 we have ||x|| >
lx|| for every x € E.

3. Let X be a compact Hausdorff space and let A CC.(X) be a closed linear
subspace, separating the points of X and containing the constant functions. For
simplicity we shall denote B(4*) by K. The state space of 4, i.e.

=tpear p(1) =l = 1}

is a w*closed face of K. Define Z = conv (SU - iS) and let §: A — A(Z) be de-
fined as 0a(z) = Re z(a) for all z € Z and @ € A. Then 6 is a bicontinuous real-
linear isomorphism of A onto the space A(Z) of real continuous affine functions
on Z (cf. [2]).

We note that S is a closed face of Z with complementary face S’ =—iS.
Moreover, the barycenter coefficient in the decomposition after S and S’ is
uniquely determined, i.e. S is a parallel face of Z. For details we refer to [1}.
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Let ¢ denote the canonical embedding of X into S, i.e.

o(x)a) = alx), VaeA.

Also let T denote the unit circle and define ¢: T x X — K by ®(}, x) = A¢(x)
and L: C(X) = C(T x X) by

LI\, x) =M (x), V@A, x)eT x X.

It follows from [5] and [6] that L* o ®=! maps maximal probability measures
on K into complex boundary measures on X, i.e. p € M}(3_K) implies L*(@1p)
€ M(3,4X).

Following Effros [4] we define for f € C C(K) the function

invy f(p) = fT/(ap)da, VpeK,

where da is the normalized Haar measure on T. It is easily verified that inv,
is a norm decreasing projection in C(K). Similarly, we write

hom . f(p) = fr a~lf(ap)da, VpeK,

and observe that hom, . is also a contractive projection in C C(K). Taking adjoints
. . . . . * . . .
of these projections we obtain the following contractive w -continuous projections

in M(K):

invpp=po invy,  hompp=p© homp.

In [4] Effros proved that a complex Lindenstrauss space V can be character-
ized by the following condition on B(V*):

() p,v €+M ,I(é) BV) withr(y) = 7(v) = homp = hom .

Here r: M l(B(V"e)) — B(V# denotes the barycentric map.

Lemma 3.1. Let y € M](0_K). Then the measures hom. .y and inv p are
boundary measures on K.

Proof. [4, Lemma 4.2].
If v € M(X), then we denote by ¢(v) the direct image of v under ¢.

Lemma 3.2, Let p € M;(a K). Then the measure v = L¥®~1p) is a complex
boundary measure on X such that hom . = hom(¢v).

Proof. By [5] v is a complex boundary measure on X.
Let { € C.(K). Then

L(hom . fo ), x) = hom f (Ap(x)).
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Hence

homr ($)/) = [ homr/ © $av = [, homr [ © $aL*@™ 1)
= [ puxLlbompf o §)d0lu= [, . (L(homyf o $) 0 &=y

= fK hom . f dpt = hom p(f)

and the lemma is proved.
We shall need the following fact on the embedding of S in Z.

Lemma 3.3. S is a split face of Z if and only if A is closed under complex
conjugation.

Proof. Assume § is a split face of Z. Let a € A and decompose a =
a, +ia,.
Define b, € A(S) and b, € A(~iS) by

b, (p) = 0a(p),  b(-ip) = - bal-ip), VpeS.

Since S is a split face of Z and § ' = iS is closed, it follows from [1, Proposition
IL 6.19] that there exists b € A such that 6b|g=b,, 6b|g' =b,. Thus for x € X
we shall have al(x) - iaz(x) = @a(x) - i6a(-ix) = Ob(x) + iOb(~ix) = b(x). Hence
@eA,

Conversely, we assume that A is closed under complex conjugation. Consider
convex combinations

Apl + (1— )\)(" lql) = Apz + (1 - A)(- lqz)

where p, q; €S and 0<A<1fori=1,2

Ifp, # p,» then it follows from the Hahn-Banach theorem and the assumption
on A that we can find a=a € A such that 6la)(p,) # G(a)(pz). Moreover,
Ma(p,) + (1~ N)6a(-ig) = Ma(p,) + (1 - N)6a(~ig,). Since 6alg’ =0, we shall
have Aaa(pl) = )tea(pz) which is a contradiction, and the lemma is proved.

Proof of Theorem 2. (i) = (ii). Let p € A' N M(3,X) and decompose p as

B=Apy = Agpy + iAgpy —iAgp g,

where A, >0 and g, € M:(OAX) for i=1, 2, 3, 4.
Let p, =r(¢(n)) for i =1,2, 3, 4 Then

0=Ap, = A0, + i)\3p3 —iAgpy,

or equivalently
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Alpl + A4(— ip4) = AZPZ + A3(— IPB)'

Let z be the common value of the left- and right-hand sides of this equation.

Since 1y € A we conclude that A = A, and )t3 =A,. Hence we may assume
that A, +A, =X, + A, = 1. Specifically, z € Z.

If Y: K— K is defined by ¢(p) = —ip, Vp € K, then the measures

V) = Al(¢(“‘1)) + A4¢(¢(ﬂ4)), Vy = A2(¢(ﬂ-2)) + A3¢(¢(}l3»9
are maximal probability measures representing z.
Since A is a complex Lindenstrauss space, it satisfies the condition (*).
Hence homv, = hom,v,.
Let f € C(X); define [ on ®(T x X) by
f Wpk)) = M (x),
andextend [ tof €C c(K) (Tietze). Then

hom - [ @) =fx), VxeX.
Moreover,

homTvl(f) =\ fx hom,r/-o pdpy + A, fx h°m’r7° Yo ddp,

=4 fxidl"'l - iy fxfdl‘4‘
Similarly,

hom,v,(f ) =A, jx/ dp, - iAy fx[ dps,
and hence

0= Al”’l(/) - )‘zl‘lz(/) + 1A3F3(/) - 1A4#4(f) = Il(/)y

i.e. p =0 and (ii) follows.

(ii) = (i). The condition (*) is seen to be an immediate consequence of
Lemma 3.2.

(ii) = (iii). First we observe that § is a Choquet simplex since (ii) asserts
that there are no real annihilating boundary measures. Hence it suffices to prove
that S is a split face of Z or equivalently that A is selfadjoint.

To see this we assume that 2 € A and @ ¢ A. Then there exists a measure
pE At such that #(@) £ 0. Decompose p into real and imaginary parts, i.e.

p = py,+ ip, and choose real boundary measures v, € M(3,X) such that

p;-v, €A fori=1,2.



COMPLEX LINDENSTRAUSS SPACES WITH EXTREME POINTS 149

Define v = v, +iv,; then v € At 0 Mo 4X) and from (ii) we conclude that
v =0 and hence v; =0=v,. In particular p, €A* for i =1, 2 and hence
p@) = 0, and we have obtamed a contradiction.

(iii) = (ii). Let p € At NM(94X) and decompose p as p = By +ip,. Since
A is selfadjoint, we have that B, € At for i=1,2, and since § isa Choquet
simplex, we conclude that p; =0 for i = 1, 2 and hence p=0.

(iii) = (iv). Trivial.

This completes the proof of the theorem.

Remark. In order to prove that (ii) implies (i) we could have used the fact
that the space of complex boundary measures M(d,X) is an L!.space [4], and
since every p € A* can be represented by a complex boundary measure p, €
M(@3,X) with [jp] = ||pp||, condition (ii) asserts that A* is isometrically isomorphic
to M(a X), and (i) follows.

Corollary 3.4, Let E be a complex Banach space. E is isometric to a
Cc(X) space iff it satisfies the following conditions
(i) E is a Lindenstrauss space;
(ii) 3 B(E™) is w*closed;
(iii) aeB(E) £ &.

Proof. If E is a CC(X) space then (i)—(iii) are well known. Assume that E
fulfills these conditions and let « € aeB(E). By Theorems 1 and 2, E is isometric
to the space of complex continuous affine functions on § = {x* € E* x*(x) =
lx*|| = 1} in the w*topology. By (ii) and Theorem 2, S is a Bauer simplex; hence
E is isometric to C c(aes) (cf. [1, Theorem II. 4.3]).

The real analogue of the above corollary was proved by Lindenstrauss
(8, p. 76}

Corollary 3.5. Let A be a uniform subalgebra of C(X). Then A is a
Lindenstrauss space iff A = C.(X).

Proof. If A is a Lindenstrauss space then A is selfadjoint. The Stone-
Weierstrass theorem yields A = C C(X )
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