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ABSTRACT. Let B be a real separable Banach space, 1 a Gaussian mea-
sure on the Borel o-field of 8, and B [B] the completion of the Borel o-field
under . If G € B [8] is a subgroup, we show that p(G) = 0 or 1, a result
essentially due to Kallianpur and Jain. Necessary and sufficient conditions
are given for 1(G) =1 for the case where G is the range of a bounded linear
operator, These results are then applied to obtain a number of 0-1 state-
ments for the sample function properties of a Gaussian stochastic process.
The zero-one law is then extended to a class of non-Gaussian measures, and
applications are given to some non-Gaussian stochastic processes.

1. Introduction. Kallianpur [12] has proved the following result. Let T be a
complete separable metric space, ) a linear space of real-valued functions on T,
and Bly] the o-field of ¥ sets generated by sets of the form {x: (x(ty)y o2,
x(t,)) € cl, tyyece, t, €T and C a Borel set in R™. Suppose that P is a Gaussian
probability measure on Bly] with continuous covariance function K and zero
mean, and that x contains the reproducing kernel Hilbert space of K. Let Bo[x]
denote the completion of Bly] under P. With these assumptions, Kallianpur has
shown that P(G) = 0 or 1 for every Bo[x]measumble r-module of y. This result
was extended to subgroups by Jain [11]. Moreover, an inspection of the proofs
in [12] and [11] reveals that the zero-one law holds for Gaussian measures with
nonzero mean, after making the necessary change in the form of the Radon-Nikodym
derivative of a Gaussian measure equivalent to P.

We first show that this zero-one law holds for Gaussian measures on a real
separable Banach space. Necessary and sufficient conditions for the alternatives
are also given for cases where the subgroup is the range space of a bounded
linear operator. A number of applications are given on path properties of Gaussian
stochastic processes. Finally, the zero-one law is extended to a class of non-
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Gaussian measures, and some zero-one laws are given for a class of non-
Gaussian stochastic processes. '

As noted in [12], Cameron and Graves [2] first considered this problem for
the case of Wiener measure. In another direction, Pitcher [18] essentially proved
the following result. Let p be a zero-mean Gaussian measure on a real separable
Hilbert space H with covariance operator K. Suppose K =TS T*for Sand T
Hilbert-Schmidt linear operators. Then plrange(T)] = 0 or 1. Our interest in this
problem was motivated by Pitcher’s work. Results similar to those of Kallianpur,
but restricted to linear manifolds, have been obtained by Rosanov [19].

2. Definitions. B will denote a separable Banach space with norm -], H a
separable Hilbert space with inner product (¢, <). All linear spaces are defined
over the real numbers. For a given topological space &, BI®@] will denote the
Borel o-field of @ sets. If p is a probability measure on BI{], then B #[@] will
denote the completion of B[®@] under . A covariance operator in X is an opera-
tor that is bounded, linear, nonnegative, selfadjoint, and trace-class.

A Gaussian measure g on B[B] is by definition a probability measure such
that all bounded linear functionals on B are Gaussian with respect to p. B* is
the space of all bounded linear functionals on B.

3. The zero-one law for Banach space. In this section, we obtain the zero-
one law for Gaussian measures on a separable Banach space. To obtain this
result, we will first show that Kallianpur’s result, and Jain’s extension, includes
Gaussian measures on a separable Hilbert space.

We recall that if p is a Gaussian measure on BIH], then p has a mean ele-
ment m and covariance operator R, defined by

(m, y) = f“("» ydulx), (Ru, y) = f’(<x - m, u)(x — m, y)dpu(x)

for all «, y in H [16).

Lemma 1. Let p be a Gaussian measure on BIN], and suppose that G is a
subgroup of H,GeB #[}(]. Then u(G)=0or 1.

Proof. Let R denote the function on X x H defined by R(x, v) = (Ru, v),
where R is the covariance operator of g. Let W:H{ — H* be given by Wu'=u
when u(x)=(z', x) for all x € H. W is continuous, linear, one-to-one and onto.
It is straightforward to show that the reproducing kernel Hilbert space HR) of R
is equal to W[:ange(R%)] with the inner product {u, v)y(q) = (¥,» %,)» Where x_
is the unique element of range(R) satisfying WR x, = Now let v be the
Gaussian measure on B[H*]defined by v[A]1= p[W=1(4)). The covariance func-
tion of v is R; R is continuous on H x X, and H(R)C H*. We can thus apply
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the 0-1 law of [12] and [11] to v. Since W is linear, W[G] is a subgroup; since
W= is continuous and one-to-one, WG] belongs to B VU(*]. Hence v[W(G)] =
plGl=00r 1.

Now let p be a Gaussian measure on BIB] and suppose that G € B #[31 is a
subgroup of B.

Theorem 1. p(G)=0or 1.

Proof. We can construct a separable Hilbert space X such that the elements
of B constitute a dense linear manifold in X, B € BIH], and B[B] =B n BIX];
see [14). Let v be the Gaussian measure on B[H] defined by 1(4) = p(® N A).
Let B ,,U(] be the completion of B[] under v. Since all sets in B[B] of {-mea-
sure zero belong to B[{] and have v-measure zero, it is clear that B, M1 contains
all elements of B ﬂ[fB] Hence, if G is a subgroup in B, G € B [93], then Gisa
subgroup in X, G€ B, [H). The result now follows from Lemma 1 and the defini-
tion of v.

4. Measurable subgroups. The following two lemmas can often be used to
show that a given subgroup is measurable.

Lemma 2 [17). Let T be a map from a complete separable metric space ,T(l
into a complete separable metric space mz. Suppose T is one-to-one and
BDN,1/B0N,] measurable. Then TIA] € BON,] when A € BDW 1.

In our applications, we deal with a bounded linear operator T between two
Banach spaces. The following lemma extends Lemma 2 (Kuratowski’s theorem)
to the case where 7'(7. (the null space of T) contains elements other than the
null element.

Lemma 3. Let fBl and 552 be two separable Banach spaces, with T: .(81 -
B , @ bounded linear operator. Then

1) .‘B and range(T) can be imbedded as measurable dense linear manifolds
in Hilbert spaces X, and}( so that B[B 1=8B n B ], Blrange(T)] =
range(T) N B}, ], and T is bounded as a map /rom K, into }(

@) If .(B is reflexive, then range(T) € B[% 1

3 If .‘Bl is a Hilbert space, then TIA N 3’(;] e BIB,) for all A € BIB 1.

Proof. (1) Denote the norm on B, by [|-]|;. Let "BS be the separable Banach
space consisting of range(T) and the .‘Bz norm. Define T,: fBl - .‘Bs by T,x =
Tx. Let {x_},n=1,2,++, be a dense subset of B,. Since range(T,) is dense
in $3, lex"L n=1,2,--+,is dense in B..

For each x,, define an element F in %’; as follows. I [|Tx,[l,=0, F, is
 the null element. If |Tx ||, # 0, pick F_ so that |F || =1 and F (Tx,) = [|Tx |.
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Let {anl be a set of real scalars such that a_= 0 if || T:cnll2 = 0, while otherwise
on fB by

(u, v) = 2 o, F (u)F (v). The norm obtained from this inner product is obvxously
weaker than the || |, norm, siace ||Tu||2 <sup, Fz(Tu)— |[Tu||2 Let H; be the
Hilbert space obtained by completing Let I: % - l(
be the natural injection map. Since the fB norm is stronger than the l( norm,
1, is bounded, linear, and one-to-one; by Kutatowskl s theorem, I, Al e BIX,]
whenever A € B[$ ]. Hence A € B[l'( 1, so that B[$ 1c B[}( 1 If Ce B[}E 1,
then st NC= I’l[fB N CJ; since .(B ﬂ C belongs to B[}( 1 '1[53 Nncle B[fB 1
Thus, B[fB 1= 3 an 1
Con51der T F,. ||T F || <IT| since |F_|l = 1. Moreover, |Tx|, =

sup”I[T F ](x)l <sup, ||T F Ll %l Hence ||T|| = sup_ IT}F Ll Let i}
n=1,2,+++, be a set of elements in “Bl selected as follows. For n such that

=0, pick L_such that |L_||=1and L (x )= |x |l,. Forn suchthata #0,
define L = ||T*F ll'lT*F Define scalars {B }ym=1, 2, such that
B,> 0, all n, 2B, =a 1fa #£ 0, and 2 _1B, < 1. Define an inner product
(+, ), on B, by (u, u)l 1B L (u)L @) Note that (u, u), < 2"_1/3 llull2<
||u||f. Let }(1 be the separable Hilbert space obtained by completing 31 under
the norm obtained from the inner product (¢, ),. Using the natural injection of
fBl into Hl and Kuratowski’s theorem, one obtains B[%l] C BU(I], B[fBl] =
8, nBIK, L

Consider T as a map from l‘(l into }(3. For u in %1, one has

a >0,and 2 a =1. Define an inner product (-, )

20T > 21TV {% Z o, I3, I- 275, P
>3 a FATu) = ||T |3,

where the summations are over all » such that a_ # 0. Thus, T1 is a bounded
linear map from 31 into }(3, and can be extended by continuity to a bounded
linear operator on }(1

(2) Since fB is reflexive, the convex set A_=1{x € fB Ill, < n} is weakly
compact, and hence TlA ] is closed in the norm topology. Thus T[fB 1=
U, Tl4,lis in B[B,).

3) The operator T is one-to-one on the Hilbert space consisting of 7( and
the .(B inner product. For A € B[B,], A n N7 is a Borel set in N7. The fact
that T[A nn ] is in B[.‘B 1 follows from Lemma 2.

5. Necessary and sufficient conditions for (G) = 1. There are many problems
in which one will wish to determine if u(G) =1 for some measurable subgroup G.
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Theotem 2 gives necessary and sufficient conditions for u(G) =1 for a large
class of subgroups.

Theorem 2. Suppose T: H = B is a bounded linear operator. If p is a
Gaussian measure on B[B), with mean element m, then

(a) plrange(T)l = 0or 1.

(b) y[range(T)] =1 if and only if there exists a Gaussian measure v on BIH]
such that plA] = vix: Tx € A} for all A in B[B).

(c) Let Hl be a separable Hilbert space containing B as a dense linear
manifold and such that B € BIX), BIB) = B n BIH). Let p, be the Gaussian
measure on B[N ,1defined by p,[A1=plB nAL, A € B, 1. Then plrange(T)1=1
if and only if m € range(T) and there exists a covariance operator S in }(1 such
that K, =TS T’:, where K, is the covariance operator of p, and T’: is the Hilbert
space adjoint of T, TT: }(1 — K.

Proof. Part (a) follows from Theorem 1 and Lemma 3. To prove (b), we first
note that if such a measure v exists, then obviously plrange(T)l = 1. Thus, sup-
pose plrange(T)I=1. Defineamap Y: B —Hby Yx=vifx=Tvand v L]
Yx = 0if x ¢ range(T). For A € BI), y~1(4)={x:x=To,v € 4 n N3} if
OfA. If 0€ A, then Y-!(A)=TIA N )’l;] U {x: x ¢ range(T)}. In both cases,
Y~1(A) belongs to B[B], by Lemma 3, and hence Y is B[B]/B[H] measurable.

Y thus induces a measure v on BIH] from y; (A) = pfx: Yx € A}, v(H) =

pix: Yx € H} = 1; also, vm#] = plx: Yx L)1} = plrange(T)] = 1. To see that v
is Gaussian, let # be any element of range(T"); then there exists {u"} C 8* such
that T*”n — u. Thus viy:(y, u) < k} = plx: (Yx, u) < k} = pix: lim (Yx, T*"nk
k} = pix: lim u (TYx)< kY = pix: lim un(x) < k}, since range(T)={x: TYx = x},
As the a.e. limit of a sequence of Gaussian random variables, the random variable
fyiix— (%, u) is Gaussian with respect to v. v is thus a Gaussian probability
measure. To see that p is induced from v by T, one notes that p{x: x € A} =
plx: x € A Nrange(T)} = pix: TYx € A} = vix: Tx € AL,

To prove (c), we note that plrange (T)] = 1 = p, lrange(T)] = 1. Thus, if
plrange(T)] = 1, let v be the Gaussian measure on BIH] such that py=voe T-1,
Let S and y be the covariance operator and mean element of v. We first note that
Ty = m, since f’(l (%, u), dp, (x) = f,((x, T’ru)dv(x), all z in }(1, where (¢, +), is
the inner product on }(1 and (-, +) is the inner product on X. Now, for all #, v

in }(1,
(Kyu, v), = fnl(x -m, u)y(x - m, v); dp,(x)

- f“(x -y, TXa)(x - y, TA0)dvlx) = (TST%u, v),.
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Hence, K, =TS T’; Conversely, if K, =TS T* S a covariance operator in X,

and m=Tyfory € H, we define v to be the Gauss:an measure on BIH] with co-
variance operator § and mean element y. The map T: H — K, induces from v a
Gaussian measure on BU‘( 1 having covariance operator TS TFL and mean element
m; since a Gaussian measure on }( is uniquely specified by its covariance
operator and mean element, this measure must be py,-

Some applications of Theorem 2 are given in the next section. However, it
may be of interest to note here the following. Suppose p is a Gaussian measure
on B[H], with covariance operator K. Part (c) of Theorem 2 shows that
plx: x + m € range(K”)} = 0 for all m € H. This property is not shared, for arbi-
trary Gaussian g, by all subgroups G € B[] such that u(G) = 0. For example,
if p is a zero-mean Gaussian measure such that y[:ange(T)] =1 for T a bounded
and linear map in J{, then p,[range(T)] = 0, p {x: x — m € range(T)} = 1, where
By is the translate of p by m, m ¢ range(T). However, it is clear from Theorem 2
that if p is a zero-mean Gaussian measure and T: H — K is bounded and linear,
then plrange(T)] = 0 = pix: x + m € range(T)} = O for all m € H. It would be
interesting to know whether this holds for all subgroups in BIH]. If so, the
method used to prove Theorem 1 shows that a similar result would hold for any
subgroup in BBl

Part (c ) of Theorem 2 is an extension of a result by Pitcher [18], who proved
the following. Suppose p is a zero-mean Gaussian measure on BIH], with co-
variance operator K. Suppose K = TST, where T and § are linear, bounded, non-
negative, selfadjoint, and Hilbert-Schmidt operators in X, with T strictly posi-
tive. Then plrange(T)]= 0 or 1, and plrange(T)] =1 if and only if § is trace-

class. His method of proof requires the assumptions that K= TST, that range(T) =
range(S) = K, and that S is selfadjoint and compact.

The following theorem generalizes (a) and (b) of Theorem 2 to two Banach
spaces.

Theorem 3. Suppose B, (i =1, 2) is a real separable Banach space, and
that T: % fB isa bounded linear operator. Suppose that either fﬁ is re-
flexive, or else T is one-to-one. Let p be a Gaussian measure on B[fBZ] Then
range(T) € B[%zly and p.[xange(T)] 0 or 1. Moreover, u[range(T)] =1 if and
only if there exists a Gaussian measure v on B[fBl] such that p is induced from
vbyT.

Proof. First consider the case where T is one-to-one. It is clear that we
need only prove the existence of v as defined in the theorem when plrange (Ml=1.
Since T~! exists, it is obvious that there exists a probability measure v on
B[$1] such that v (A) = pix: T~ lx € A}, and that T induces p from v. We show v
is Gaussian.
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Let y be any element of %’; belonging to range(T™); say y = T*v. Then,
vix: y(x) < b} = plx: y(T~1x) < k} = plx: TAT %) < k} = pix: 0(x) < k}. This number
is uniquely defined, since if T" = T™%, then T'w(T~ !x) = T"2(T~!x) for all x in
range(T), so that v(x) = z(x) with p-measure one. Hence, one sees that y(x) is
Gaussian with respect to v for all y in range(T*). Range(T™) is weak*-dense in
3’:, since T is one-to-one. Thus, if y € 3’: is not in tange(T*), then there exists
a sequence {yni C range(T*) such that y_(x) — y(x) for all x € %l. Hence y is
the a.e. () limit of a sequence of Gaussian random variables, and thus is Gaussian.

For the case where 931 is reflexive, with T not necessarily one-to-one, sup-
pose that plrange(T)] =1. From Lemma 3, one can imbed “Bl densely in a separ-
able Hilbert space X, such that B[B 1= B, n Bl ], while range(T) is imbedded

densely in a separable Hilbert space }( with Blrange(T)] = range(T) N B[}( 1

and T can be extended by continuity to a bounded linear operator T,: }( - }{
Define Y'}( "‘}( by Yx=vifx=T vandvlfnT , while Yx-Oxf

x ﬁ'range(T ) Defme ¢’ on B[}( Iby p'(A) = p.(fB n A). The procedure used to
prove (b) of Theorem 2 shows that there exists a Gaussian measure v on B[H ]
such that p'(4) = vix: T,x € A} for A in B[}(Z]. V(fBI)= vix: T)x € .(Bzi =
p'®B,)=1. Let v, be the restriction of v to B[B,]. If u € B} belongs to X,
then u is a Gaussian random variable with respect to v, since v is Gaussian.
Hence v, is Gaussian provided }("{ is dense in %’;. Suppose there exists f in
ﬁ* such that f(v) = O for all v in }(l Since .(31 is dense in ]‘( and fBl is iso-
metncally isomorphic to .(31 ’ 931 is dense in }(l and hence / must be the null
element of fBl . Thus }(1 is dense in fB’:, so that v, is Gaussian, with p@)=
VO{X: Tx € Alfor A € B[%z]. The remainder of the proof is obvious.

Theorem 3 extends the following well-known result: If p is a Gaussian mea-
sure on B[fBl], and T: .(131 ad ‘(Bz is bounded and linear, then the measure on
B[%zl induced from p by T is also Gaussian. Thus if T-! exists, then Theorem
3 shows that for a Gaussian measure g on B[fBZ], pldomain(T~1)] = 0 or 1; if
/.L[domain(T'l)] =1, then the measure induced from p by T-! is Gaussian. If
T=! does not exist, but B, is reflexive, we still have that plrange(T)] =1 if
and only if there exists a Gaussian measure on B[$1] from which p is induced by T.

6. Applications to Gaussian measures and Gaussian stochastic processes.
In this section, the preceding theorems are applied to obtain a number of zero-
one statements for Gaussian measures and Gaussian stochastic processes. In-
cluded are results on convergence of sequences, convergence of series, and
analytical properties of sample paths.

All processes and random variables considered are real-valued, and defined
on a probability space (2, 8, P). T will denote a compact interval. L or
L [T] will denote the space of equivalence classes of real-valued Lebesgue-
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measurable functions on T such that [1.|f,|?dt < e, ! p denotes the set of all p-
summable real-valued sequences; C or C[T] will denote the space of real-valued
functions defined and continuous on T. In applications involving a norm or a
norm topology on these spaces, it is always assumed that the standard norm is

used; e.g., ||/l = sup, /| for C.

Theorem 4. Suppose {Z_}, n=1, 2,++, is a family of jointly Gaussian real
random variables on a probability space (0, B, P). The following sets belong
to B and have P-measure 1 or 0:

1) A ={w: Zn(a)) converges to some real number k(w)},

(2) A, = {w: Z_ (w) converges to k} for any fixed real number k,

(3) B ={w: Supﬂ|2"(‘0)| <, Z (0) is not convergent},

(4) C =1w: lim inf|Z_(@)| < o},

(5) D ={w: sup_|Z _(@)| = =, |Z _(@)] is not convergent},

6) F = {w: |Z"(m)| converges to oo},

Moreover, if {Z", n > 1} is an independent family with {EZn, n > 1} bounded,

then P(F)=1 if and only if 3, , 0p 1< w0, where o2 is the variance of Z.

Proof. Let {g },n=1, 2,---, be a set of real numbers such that
3 glEZ2< 3 g2< e, and g, >0for n>1. Define Y(w)by Y(0)=g,Z ()
Let c denote the space of all convergent sequences of real numbers x =
(x,, %5,°++ ) ¢ is a separable Banach space under the norm ||x|| = sup, |x_|.
Suppose x € ¢. Then Ei(gixi)2 <3 gf) lixl>. Thus we can define a bounded,
linear, and one-to-one operator G: ¢ — I, by (Gx); = g;x,. We see that
{o: Z(w) € ¢} = {w: Y(w) € range(G)}. Now we note that Y induces from P a
Gaussian measure g on B[lz], A=Y~ 1[tange(G)], and P(A) = p(range(G)), prov-
ing the assertion for A.

For the set A,, we consider the space ¢, of real sequences that are con-
vergent to zero. We note that w € A, if and only if Z (0)-k —0. ¢, isa
separable Banach space under the norm ||x|| = sup, |x,|. Defining the operator
G:cy — I, by (Gx), = g,x, one sees that G is bounded, linear, and one-to-one.
Let Y(w) be defined by Yl.(a)) = gi(Zi(a)) - k). Y(w)is in 12 a.e. dP(w), thus
induces a Gaussian measure on B[12]. Moreover, Zn(w) — k — 0 if and only if
Y(w) € range(G). The remainder is clear.

To prove the 0-1 statement on B, we apply a 0-1 law for Gaussian random
variables due to Landau and Shepp [15], which states that Plsup, |Z, | < w]=1
or 0. Since {w: supn|Zn(w)l < oo} is the union of the disjoint sets A and B, P(B)=
Oor 1. Next, let {Y sn> 1}and Y: Q — l2 be defined as in the proof for the
set A. Then C=Y" l(C'), where

C'={x €l lim inf|x /g | < oo} = mLzJI NQI kLzJNx’“ G, x| < m},
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with G,: [, — I, the bounded linear operator defined by (Gyx), = 0. %18y Hence,
C'e B[l ] and 1s a linear manifold, so that P(C)=pu(C')= 0 or 1, p the Gaussian
measure on B[l ] induced from P by Y. The 0-1 statement on D now follows
from the fact that C is the union of the disjoint sets A, B, and D. Similarly, the
0-1 law for F is obtained by noting that Q is the union of the disjoint sets C
and F.

Suppose now that {Z_, n > 1} is an independent family, with |EZ | <M<
oyn>1, One has P(F)=1-lim__ Pllim sup,e ], where A, =
{w: |Z, (@) < m}. Thus P(F)=1if P[hm sup, A ] 0 for all m > 1. Con-
versely, if P(F)= 1, then Pl[lim sup, A ] 0 for all m > 1, since the sequence
{Pllim sup, A m, k], m>1} is nondecreasmg. Using the Borel-Cantelli lemmas
and the independence of {Z_, n > 1}, Pllim sup, A_ ,1=0 if and only if
Ek 21 P(A k) < oo, Hence, P(F)=1 if and only 1f zk 21 P(A k) < oo for all m.
For each m and k, one has (2/m)% expl-(m + M)z/(ZL'IZ)]rn/a,e < P(A )<
(Z/n)/’m/ak, where o2 =inf, i Hence, P(F) =1 if Ek 51 C < oo, Supe
pose P(F) = 1; then by Fatou’s lemma oi — o0, s0 that o2 > 0, and the lower
bound on P(Am,k) shows that 2 21 ;l < oo, This completes the proof of the
theorem.

We note that the proof of Theorem 4 shows that the set F of the theorem has
probability one if Zk > la;l < o0, without the hypothesis of independence of
{Z,, n > 1}, and without requiring {EZ_, n > 1} to be bounded.

Corollary. Suppose (X :)’ t € T (an interval), is a separable Gaussian pro-
cess, with t, € T. Then lim”toxt exists with probability one or zero; if the
[irst alternative holds, then lim the X, = k with probability one or zero for any
fixed real number k. Also, lim,,, IX,I = o0 with probability one or zero,

Similar statements hold for ¢ | t,.

Proof. There exists a monotone sequence {t o 72 11 C T such that t, Tty
and lim infm X, = lim inf
bility one [4, p. 55] From Theorem 4, hmn_*mX , exists with probability one
or zero. The remainder of the proof is clear. "

The corollary yields many 0-1 statements on local path properties of a sep-

oo t , lim supm X,=lim s.up”_thn with proba-

arable Gaussian process, including differentiability, continuity, and each of the
possible types of discontinuity (temovable, jump of finite amplitude, jump of
infinite amplitude, oscillatory with bounded oscillations, oscillatory with un-
bounded oscillations, and both limits existing, infinite, and of the same alge-
braic sign). These 0-1 laws, which hold for each point in the index set, are for
fixed discontinuities. If (X z) is a mean-squate-continuous separable Gaussian
process on T, then any fixed discontinuity must be oscillatory. Thus, for such
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a process, we obtain the result (first obtained by It and Nisio [9]) that every
point of T is either a point of a.s. continuity, or else a point of a.s. oscillatory
discontinuity. If (X,) is also stationary, this yields Dobrushin’s resule (3] that
either almost all paths of (X ¢) are continuous on T, or else almost all paths
have an oscillatory discontinuity at every point of T.

The following theorem treats the convergence of series involving Gaussian
random variables, including the Karhunen-Loeve expansion of mean-square-con-
tinuous Gaussian processes.

Theorem 5. Let {Zn}, n=1,2,+++, be a family of jointly Gaussian random
variables on a probability space (2, B, P). Let {en! be a set of functions
defined and continuous on the interval T. Define, for 1 < p < oo,

A ={o: EIIV Z (w)e, (t) converges uniformly on T},

={w: EIIV [Zn(co)] 4 e (t) converges absolutely and uniformly on T},
={o: 37 |Z (@)|? < o}
Tben A B,, and C, each belongs to B, each has probability one or zero, and
Plc,1=1 z/ and only if 27 [E@2)P/? < w,

Proof. Let g, ="' if EZ2(@)< 1, and g, = n~'[EZ2(@)]™! otherwise.

Let Y, =g, Z ; then Y(0)=(Y,(®), Y,(@),-+-) €], a.e. dP(@). Let Q; =
{o: Y((o) €l, Loy: Q, — 1, induces a probability measure g, on B[l I By is
Gaussian, since if Elx k‘ < o0, Zxk p is a Gaussian random vanable as the

a.e. limit of a sequence of Gaussian random variables. If anxnl” <oy p>1,
then = n'zlx 12< sup,, |x,, IZZ n~2<2 “"“: Hence we define the bounded,
linear, and one-to-one operator G, I,— 1, by (G x), =8, %, forx€l, Define
the continuous function e by e (t) g""e @), and defme e, "bye (t) &, le MO8
Note that A = Y~ x € 1, 2': x_e!(t) converges uniformly on T}, B »=

Y-lxe 1,: 22’ =, e’:(t) converges absolutely and uniformly on T}, and C »=
Y"I[tange(G?)]. To show that A is in 8 and P(A) = 0 or 1, we note that the set
of w for which the series converges uniformly is

m 1
NU N N E ek(t)Zk(co) <ﬁ ’
N21 M21 m>n>M teS k=n+l
where S is a countable dense subset of T. But A = Y~![D], where
= n 1
n v N e, (x| < =¢.
N21 M2l m>Q>M teS ,,=,,Z,1 ETTR N

D is obviously in B[1,], since {x: |2, .y, %,| < 1/M} € BlL,] for any finite index
set I and scalars {yk}. D is also a linear manifold. Hence P[A]= nY[D] =0or
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1, py the measure induced from P by Y. Similarly, using the inequality | + b|P<
22(|a|? + |b]?), P(B,)=0or 1. Itis clear that C, belongs to § and that P(C,) =
Oor 1. Finally, P(C,)=1 if and only if the paths of (Z,) induce a Gaussian
measure on B[/ ]; the resules of [20], [21] show that this occurs if and only if

zn [EZ,zl(m)]p/2 < oo,

The result for the set A of the theorem shows that the Karhunen-Loeve ex-
pansion of a mean-square-continuous Gaussian process converges uniformly with
probability one or zero. It is known ({6, [10]) that this occurs with probability
one (for a separable process) if and only if almost all paths of (X,) are continuous
on T. The following theorem gives results on analytic properties of sample paths
when the paths are almost all continuous.

Theorem 6. Suppose p is a Gaussian measure on the Borel o-field of CIT].
The following sets belong to BICITI] and bave p-measure zero or one:

(1) ACP[T] = {x: x is absolutely continuous with L, derivative}, any fixed
be [1 o),

(2) C™[T] = {x: x is n-times continuously differentiable on T}.

Proof. (1) Let Q. denote the real separable Banach space with elements
(a, x), aa real scalar, x in L [T], and with norm defined by ||(a, x)|| = |a| + “x" .
Let S: Q, — CIT] be defined by S(a, x),=a+ f’x(s)ds where T =1[a,b]. §
is a one-to-one bounded linear map, so that by Lemma 2 range(S) is a Borel set
in C[T]. Noting that range(S) is a linear manifold and that range(S) = AC?[T],
one sees that u(AC?’[T])= Oor 1.
) c"l1] 1s a real separable Banach space under the norm |x| =
27 oS, |x ). The natural injection of C"[T]into C[T] is a bounded,
linear, and one-to-one map. Thus C"[T] is a Borel-measurable linear manifold
in CIT], and the result follows.
If p>1and p(AC?) =1, then Theorem 3 shows that the operation of differ-
entiation induces from y a Gaussian measure on L For this, one notes that
s” l/ (f(a), /(1)) for f € AC?, S as in the proof of Theorem 6. This induces a
Gaussian measure on B[Q ], and projection into L gives a Gaussian measure v
on BIL, ), v(A4) = plx € ACh: xD ¢ AlforA e B[Lpi
Before stating the next theorem, we establish a lemma essentially used by
Pitcher [18].

Lemma 4. Suppose (X,), t € T, is a measurable Gaussian stochastic process.
If almost all sample paths o/ (X,) belong to L [T], 1< p< oo, then (X,) indyces
a Gaussian measure L. on B[L ], defined by p.(A) P{m X(w) € A}, wbere X(w)
is the sample path of (X, )evaluated at o.

Proof. To see that X: Q — L b is B/BIL p] measurable, one notes that by
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Fubini’s theorem {w: [f, X (@)|?d]'/? < & = X~ '{x: [, < e belongs to B.
Since sets of the form {y: ||y|| < ¢, e>0, forma nexghborhood base at zero for
the norm topology in L X~ l[A] €PBforAc B[L ). Hence, X induces a proba-
bility measure p on B[L ] As noted by Pitcher [l 8, a result of Doob [4, pp. 64—
65] shows that every bounded linear functional on L is Gaussian with respect
to 1, so that p is a Gaussian measure.

For the next result, we make the following definitions. C_[T] is the set of
all equivalence classes in L, [T] that contain an element of C[T]; C" (1] and
ACP [T] are defined sxmllarly.

Theorem 7. Suppose (X,), t € T, is a measurable Gaussian stochastic process
on a complete probability space (Q, B, P). The following sets belong to 8 and
bave probability zero or one:

1) {o: X(w) € LP[T]}, any p>1,

@) fo: X(@) € C [T,

3) {o: X(w) € C:q[T]}, any n>1,

4) {o: X() € ACE [T], any p > 1.

Proof. Define the function g on T by g(t) =1 if Eth <1;gt) = (IE'ZIZ)'l
otherwise. Let (Y,)= (g,X,); (Y,) is a measurable Gaussian process with almost
all sample paths in L. Thus Y induces from P a Gaussian measure g, on B[LI].
Now let G: L, — L, be defined by Gv = gv, g as above. G is bounded, linear,
and one-to-one. Clearly, {w: X(w) € L,} = {w: Y(w) € range(G)}. Hence,

{w: X()€ L } € B, and Plw: X(w) € L} = pyirange(G)} = O or 1. For p > 1, one
uses the fact that L, O L " and that the natural injection of L » intoL, isa
bounded, linear, and one-to-one operator.

To prove the theorem for the sets in (2)—(4), we first note that C eq[T],
C’e‘q[T] and ACf__’q [T] are subsets of L,[T]. From part (1), either almost all paths
of (X,) belong to L, [T], or almost all do not belong to L,[T]. If almost all paths
lie outside L, then X~1[A] € B for all subsets A of L,, since (@, B, P) is
complete. Thus to prove the theorem, it is sufficient to show that the sets indi-
cated in (2)-(4) of the theorem are elements of 3, and that each set has proba-
bility one or zero, when almost all paths of (X,) belong to LI[T].

Thus, suppose that Plw: X(w) € L,}=1, and let py be the Gaussian mea-
sure induced on B[Ll] by (X,); ux(A) = P{w: X(w) € A}. Let W be the map taking
x in C into its equivalence class in L,. Since [.|x,|dt < T sup,.r x|, W is
bounded and linear; W is also one-to-one. Thus range(W) € B[L ] by Lemma 2,
and hence p.x[range(W)] Oor 1. Since range(W)=C [T], this shows that
X=1(C, )€ B and that PIX~}(C )= Oor L.

To prove the remainder of the theorem, we note that in the proof of Theorem
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6 both C"[T]and AC?[T] were shown to be Borel linear manifolds in C[T]. De-
fining W: C — L, as above, noting that C:’q = W[B"] and that AC‘e’q = WlAc?],
the remainder of the proof is clear.

The statement on the set (1) of Theorem 7 does not require (2, 8, P) to be
complete.

The preceding theorems contain various zero-one laws for Gaussian pro-
cesses. The problem of determining necessary and sufficient conditions for the
alternatives is usually more difficult. Some general results in this direction are
given in Theorem 2. The following theorem is an application of Theorem 1 and
Theorem 2.

Theorem 8. Suppose that (X N t € (= ®, ), is @ measurable mean-square-
continuous Gaussian process on a complete probability space (R, B, P). Suppose
that (X,) is stationary with rational spectral density function f and with zero
mean. Let

A = {real valued functions x: x is absolutely continuous on (~ e, o), with
derivative belonging to LZ[T] for every compact interval T},

Aeq = {real valued functions x: x is equal a.e. (Lebesgue) to an element of A}.
Then,

) x~YA_leB,and P(X~MA D=00r1.

@ If X ) is separable, then X-1[a] e Bs and P(X~[Al)=0or 1.

(3) P(X~ ’[A ) =1 if and only if [Z NfQN)dA < e, If (X,) is separable,
then this condztzon is also necessary and suf/zczent for P(X'I[A]) =1.

Proof. A function is absolutely continuous on (= o, o) if and only if it is
absolutely continuous on every compact interval. The fact that X ~1[4 eq] € B and
has probability zero or one thus follows from Theorem 7.

Let T be any fixed compact interval. Let R, and R, be the integral
operators in L 2[T] having kernels R(t, s) and R(t, s), defined by

R, s) = f ®_[Wexp (it - s)a,

Ry(t, s) = ffm (A2 + 1)~ exp (i — s))dA.

Using a result of Hajek [8, §7), one can show that Rp= R:’)ST WR?T for W trace-
class if and only if [ (A2 +1)f(\)dA< . It is known [1] that the range of
(R ) consists of all elements of L [T] that are equal a.e. dt to an absolutely
continuous function with L 2[T] denvauve. From Theorem 2, one concludes that
P(x~'A4 D=1 ifand only if [7 A*fA)dA < e,

To prove the statements regarding A, we first note that X “lalc x "I[A 1
Hence, if ff&)tzf()t)dh = w, then X~ ![A] € B, since (Q, B, P) is complete, and
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P(x~[Al)= 0. To complete the proof, it is sufficient to show that
f _°_°°°)t2/()\)d)t < o and (X,) separable imply that almost all paths of (X . are ab-
solutely continuous. This has been proved by Doob [4, pp. 535-5371.

As noted in the proof of the theorem, this result is an extension in one direc-
tion of a result of Doob, which states that X, ) has absolutely continuous paths
if [2, A2dF(\) < o, F the spectral dlstnbuuon function of (X,), and (X)) separ-
able [4, pp. 535—-537]. However, the result given here is restucted to the case
where (X t) has a spectral density, and this spectral density must be rational.
The requirement that (X z) be Gaussian is not assumed by Doob; the process need
only be separable, measurable, mean-square-continuous, and wide-sense stationary.
Under these same assumptions, with the process also assumed to have a spectral
density function, which is rational, the proof of Theorem 8 can be used to show
that almost all sample, path derivatives belong to LZ[T] for all compact intervals
T whenever [® _A2f(\)dA < os; i.e., normality is not required.

Theorem 8 is proved for zero-mean Gaussian processes. If the process has
mean function m, then application of Theorem 2 shows that the necessary and
sufficient condition for A eq (or 4, if separability of (X,) is assumed) to have
probability one is that [ _A2%/(\)d\ < e and my € range(R ?T) for each compact
interval T, where m.(t)=m(t), t € T, mp(t)=0,¢ ¢ T. A sufficient condition
for m. to be in range(RffT) is that [ 3| (W)|2A2dA < e [13], where 7y is
the Fourier transform of m..

We discuss an application to information theory. Suppose that (S H (N t),

t € T (compact interval), are measurable zero-mean Gaussian stochastic pro-
cesses on a probability space (Q, B, P). We assume that (S ) and (N,) are sta-
tistically independent, and that almost all sample paths belong to L,[T] for each
process. Let pg, py and Mg, N denote the Gaussian measures mduced on

L [T by (5,), (N)) and (S, + N ), respectively; e.g. pg(4) = Plw: S(w) € A}, S(@)
the sample path of s )evaluated at o. Let Hs,s.n be the Gaussian measure
induced on B[L x L ] by (5,, §,+ N,). The average mutual information (AMI)

of (§)and (S, + N,) is defined as [7]

dps 54N

(x, y)]dﬂs s y)
dp'Sd"S +N P SN

aMIG, S+M= f, Log[
2 2

if Bs,s N~ Fs ® kg N and equal to + o otherwise. This quantity is of much
interest in many communication theory problems, where it represents the average
information about the *‘signal’’ (S,), obtained by observing *‘signal plus noise’’
(S, + Ny Hdjek [8] has shown that for the case considered here, AMI(S, S + N) < oo
'=KS = K% GK% for a trace-class operator G, where K¢ and Ky denote the covari-
ance operators of (§,)and (N,). From this and Theorem 2 above one sees that
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AMI(S, S + N) < oo if and only if almost all sample paths of (S,) belong to the
range of K . This result has been obtained by Pitcher [18], under the assump-
tion that pg¢ +N ™~ Bye

7. Zero-one laws for non-Gaussian measures. Our results so far involve only
Gaussian measures. However, if p is a Gaussian measure on B[8], and p' is any
probability measure on B[B] such that p' is absolutely continuous with respect
to i, then obviously p'(G) = 0 or 1 for any subgroup G belonging to B [93] More-
over, B ,[B1D0B #[33] if also p is absolutely continuous with respect tO ', then

#.L‘B] =B #[fB]. In this section, we consider a class of non-Gaussian measures

for which this holds. Our results are based on the following lemma. The nota-
tion p; << p, means that p, is absolutely continuous with respect to pi,.

Lemma 5 [1]. Suppose py and p,, are two probability measures on B[B].
Let py ® p, denote product measure on B x B, B[B] x BBl). The set {(x, y):
x +y € A} belongs to B[B] x BB for all A € BIB). Define a probability measure
Ex,y on BIB] by Px,y@A) =y ® eyl y): x +y € A}, and for each fixed v in
B, @ measure Bxyy b7 Bx,(A) = pxlx: x + v € AL We then have the following
results:

@) If py vy S bx ae. dpy(y), then Bx v << Bxe

@) If py << By 4y @0 dpy(y), then py << Bx ,ye

B) If px ~ px ., @see dpy(y), then py ~ piy e

We thus consider Gaussian measures p, and the class of measures Bx .y
defined as in the lemma, where p, need not be Gaussian. An obvious conse-
quence of this lemma is the following. If B is a Hilbert space, so that py has a
covariance operator K, then py y ~ py if yy[:ange(K%)] = 1. For the case
where B is not a Hilbert space, one can imbed B as a dense measurable linear
manifold in a separable Hilbert space X, and work with the covariance operator
of the extension of py. There are thus obvious extensions of the results of the
preceding section. Two such extensions are given below.

Theorem 9. Suppose {Z }n=1,2,+++,and {V },n=1,2,+-, are two
families of real random variables defined on a probability space (Q, B, P). Sup-
pose that {Z } is Gaussian, and that {Z } is independent of {v,}. Let K(n, m)
denote the covariance of Z and Z_, and let R(n, m) denote the correlation of
V,and V . Let le } be any set of real-valued functions defined and continuous
on the interval T.

Let g =(g;, g5,***) be a sequence of real numbers such that g, > 0, all i,
3 g;‘.’ < oo, and 27 lng [Zf(w)] < oo, Suppose that one of the following conditions
is satisfied:
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1) (Eig!. Vi(co)::i)2 < ko) zi.igigixixj K(i, §) for a fixed random variable
k, all x € 1,, a.e. dP(w).

(2) For some matrix operator S in 12 such that ziSii <o, R'= I(;A SK?,
where the matrix operators R' and K, are defined by R'(, j) = g, g;RG, j) and
Kl(is N= 8;8; K(i, 7).

B)@) 2, (K*G, j¥/ K, )K(j, <1 (summation over i, j such that K, £ 0,
K. # 0) and R(, i) < kK(i, i) for all i and some finite scalar k,

®) Z(V2(@VKG, D) < = a.e. dP().

Then Theorem 4 and Theorem 5 hold with {Z } replaced by {\Z +V }.

Proof. Let (gi) be defined as in the theorem, and set Yn(w) =g,Z (@)
Then Y(w)= (Yl(w), Yz(a)), see)is in 1, a.e. dP(w), and hence induces from P a
Gaussian measure g, on B[IZ]' Iy has a covariance operator K,, K, (i, j) =
8:8; K(i, j). Consider condition (1) of the theorem. This condition implies that
V)= (g,V,(@), g,V,(@),+++) belongs to I, a.e. dP(w), and thus V' induces
from P a probability measure p’ on B[lz]. Moreover, condition (1) is a necessary
and sufficient condition that V'(w) € range(K%) for almost all w [5]. Let py be
the probability measure induced on B[IZ] by Y+ V'. Since #'[tange(K?)] =1,
By ~ Ky, by Lemma 5. The assertions of the theorem are now clear when (1) is
satisfied. For example, defining e (1) = g;le KON

N
P@A") = ulgx €ely: Y xne"z' (£) converges uniformly on T%
1

N
= ;;Y;x €1,: 3 x_e(t) converges uniformly on TE
1

because the latter quantity is 0 or 1, by Theorem 5 and p; ~ Hy.
Condition (2) implies condition (1) [11.
Condition (3a) of the theorem is equivalent to

K3, 7)

_— <1
i Kyl DKy, 7)

and g?R(i, i) < kK, (@i, 7), all i, some finite k. The assumption that g?R(i, i) <
kK, i) implies that V'() € L, a.e. dP(w), V(@) =g,V ). Kuelbs has shown
[14] that the first part of (3a) implies that g, and ;t;, are mutually absolutely
continuous, where . is the Gaussian measure on Bl/,] having the same mean
element as gy, but with diagonal covariance matrix Q, Qﬁ. = KY(i, i). A neces-
sary condition for mutual absolute continuity of ;L; and p,, is that 0% and K‘é
have the same range space [1]. Note that Zi(Vf(w)/K(i, )= zi([Vlf((o)]z/KY(i, )
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We now show that if this sum is finite for almost all w, and if condition (3a) is
satisfied, then V'() belongs to range(Q%) a.e. dP(w) First, V'(®) belongs al-
most surely to the closure of the range of R’ R = 8;8; R(i, ). To see this, we
note that if {5, are the complete orthonormal (m 1,) eigenvectors of R', and b
are those eigenvectors corresponding to the zero elgenvalues of R', then

Jy kZ:] bl b Vi@V (@)dP@) -0

for each b:. Hence, Plw: V'(m)lbf} =1, each bf, so that Plw: V'(w) is not
orthogonal to b'} =0, all b' Noting that {w: V'(w) # range(R')} = Ub'{w V' ()

is not orthogonal to 4.}, we have that Plw: V'(w) € range(R")} = 1. Next we

show that range(Q) Drange(R'). Suppose Q;;=0. Then the element e, € I,,
=9, j» is in the null space T( of 0, and Ek 18 R "G, k) =R'(, z) 0
i

51:1ce R ‘G4, i) < kK (i, i), all i, and Q;; = Ky(, i) Hence e, is in the null space
of R'. The elements e, such that e, is m o Span )'(Q, so that the null space

of O is contained in the null space of R'. This implies that range(R')C

range(Q). Hence, V'() € range(Q) (= range(Q”)) for almost all @. We now note

that if x € I, and x € range(Q), then x € range(Q%) if and only if E(xz/Q J<oa
Hence, the assumption that R(i, i) < kK (i, i), all i, and the assumption that

2, (' (co)]z/KY(z i)) < 0 a.e. dP(w) 1mply that V'(w) € tange(Q%) a.e. dP(w).
The assumpnon that X, £’ (K23, iYKG, i)KG, iN<1 1mp11es that tange(QA)—
range(K ). Thus the assumptions of (3) imply that V'(w) € range(K ) a.e. dP(w).
Hence, assumption (3) implies assumption (1), and the proof is completed.
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