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ABSTRACT. Let A and B be scalar rings with B an A-algebra. The B-alge-
bra D™(B/A) = I(B/A)/I"(B/A) is universal for n-truncated 4-Taylor series on
B. In this paper, we consider the 4 module decomposition of D™A/ A) with a
view to classifying the singularity 4 which is assumed to be the complete local
ring of a point on an algebraic curve at a one-branch singularity. We assume that
A/M =k <A and that k is algebraically closed with no assumption on the char
acteristic.

We show that D(4/4) = I(A/A) for n large and that the decomposition of
I(A/A) as a module over the P.LD. 4 is completely determined by the multipli=
c1ty sequence of A. The decomposition is dnsplayed and a length formula for
I(A/A) developed. If B is another such ring, where B= A= k[[t]], we show that
I(A /A)GI(B/B) as k[[t]] modules if and only if the multiplicity sequence of 4 is
equal to the multiplicity sequence of B. If 4 < B< 4, then I(Z/A)aI(E/B) as
4 = B modules if and only if the Arf closure of 4 and B coincide. This is equiva-
lent to the existence of an algebra isomorphism between I(Z/ A) and I(E/ B).

1. Preliminaries. Suppose B and A are commutative rings with identity ele-
ments. Such rings are known as scalar rings. Suppose also that B is an A alge-

bra.
Definition. An A linear map T from B toa B algebra S is called an S-val-

ued A-Taylor series if, for each x, y € B, T(xy) = xT(y) + yT(x) + T(x)T(y) and if
T(1)=0.

Denote by # the map from B ®, B to B given by multiplication: i.e.
nla ®, b)=a . b. If I(B/A) is defined by the exact sequence

0 —1(B/A)—>B Q® B-+ B—0,

then the ideal I(B/A) has the structure of a left B-algebra and a left B module
(for b€ B and ¢ ®,d€B ®, B, blc ®,d) =0 ®, 1)(c ®, d). The B
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114 K. G. FISCHER

module 1(B/A) is generated by the set of elements (1 ® , x -x ®, 1) for x€B.
If z, (i € H) is a set of A algebra generators for B, then the elements
(18, z;-2,® 1) are B algebra generators for 1(B/A) [6, p. 4].

Let 8, be the map from B to I(B/A) givenby 8,(x)=1 @ 4 x-x ®, 1.
This map is easily checked to be an I(B/A)-valued A-Taylor series and is called
the canonical A-Taylor series on B. It is known that the pair (8,, I(B/A)) is uni-
versal for S-valued A-Taylor series {6, p- 5]. Hence, if : B—S is an S-valued
A-Taylor series, then there exists a unique B-algebra homomorphism 7* from
I(B/A) to S sothat r* 8, = 1.

Definition. Suppose A and B are scalar rings with B an A-algebra. If § is
a B-algebra then § is said to be n-truncated if for each sequence of 7 + 1 ele-
ments Sy,-++,S, in §,85, « 5, -5, =0.

Definition. An S-valued A-Taylor series t is said to be n-truncated if S is
n-truncated.

Denote by 0 the natural map of I(B/A) to I(B/A)/I(B/A)**1.1f 8, is the
canonical A-Taylor series on B, then 8 = 08, is an n-truncated A-Taylor series
and the pair (8%, 1(B/A)/[I(B/A))**!) is universal for n-truncated S-valued A-
Taylor series [6, p. 17]. )

The universal object 1(B/A)/1(B/A))**! will be denoted by D™(B/A) and
has again the structure of a left B-algebra and hence B-module.

Lemma 1.1. Suppose A and B are scalar rings and B is a finitely generated
A-module. Then I(B/A) is finitely generated as a B-module.

Proof. Let I(B/A) be defined by the sequence
0— IB/A) =B ®& B 5 B—0

where 7(a ® , b) = ab. If 27_, (@, ® b)) € I(B/A), then 27 ,a,b,=0 and con-
sequently

n n

-21 @, ®b)= Z‘i @®11®b, -b,®1)

i= i=
Hence, I(B/A) is generated as a B-module by elements of the form (1 @ 4 b -
b ®,1)=5,(b) where b€ B. But B finitely generated as an A-module implies
b= E';lxi y; where x,€ A and y; are the generators. Since §, is A-linear,
8,(6) =23_, x,8(y,) and hence I(B/A) is finitely generated as a B-module. Q.E.D.

Let A be a Noetherian local domain and F its field of quotients. If 4 is

the integral closure of A in F, assume that A is finitely generated as an A-
module. Lemma 1.1 then implies that I(A/A) is finitely generated as an A-module
and, consequently, also D™(A/A).

Theorem 1.2. Assume that A is a local Noetherian domain of Krull dimension
1. If M is the maximal ideal of A, assume A/M =k is algebraically closed and
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k<A.Let A be the integral closure of A inside its field of quotients and sup-
pose A is [initely generated as an A-module. If A is local then the ideal I(A/A)
is nilpotent.

Proof. Since A is finitely generated over A, the conductor C = Ann A(Z/A) £
0. (Take the product of the denominators of the generators of A.) We may assume
that C £ (1), since otherwise A = 4.

Let x,,.+-,x_ be the generators for A over A. Then 3,4("1)»“ +y8,(x ) are
A algebra generators for I(A/A). For the maximal ideal M'of A, A/M' & & since
k is algebraically closed. If a.+y€ A where a€k, then 8 (a+y)=8,().
Hence, we may assume that the %,’s lie in M'. Because A is one dimensional, we
may assume that x‘: € C <A for some d and all i. But

06D = (§)s=10,06) + ()24 e )12 - 416,514
(6, p- 16]. Since x9¢ 4, & A(x‘:) =0 and hence
[8,(x )1 = (-x,) [(f)x?’zﬁA(xi) v (,2) [3A(x,.)1d-1].

Since (xi)dI(K/A) = 0, we conclude that 8 ,(x i) is nilpotent for i = 1,+..,s. But
these are algebra generators for I(A/A) over A. Therefore, I(A/A) is nilpotent.
Q.E.D.

The theorem states that with the assumptions on A, D*(A/A) = I(A/A) as
A-algebras for n > > 0. Specifically, if A is the complete local ring of a point on
algebraic curve at a “one-branch singularity”’, then D™(A/A) 2 I(A/A) for n
large and it is this observation which leads to the study of I(A/A) in the follow-
ing sections.

Definition. Suppose A and B are scalar rings with B an A-algebra. Suppose
M is a B-module. An A-linear map L from B to M is called a gth order deriva-
tion of B/A into M if it satisfies the following conditions:

L(:coxl xq)
(1) q .
=s§ (-»1)5‘ Z xi ...xi L(x()."iil”'&i -oqu)

1, S<oeeli s s
i e<i g

1
for any set xg,+-+,%, of (9 + 1) elements in B.

2 L(1) =0,
Note that a derivation of order 1 is a standard derivation from B to M over A.
The map 8% is itself a qth order derivation of B/A into D(B/A). ¥ L isa
gth order derivation of B/A into M, then there exists a unique B-homomérphism
b from D?(B/A) to M sothat b . 8% = L [6, p. 35). Therefore, when considered
as a B-module, D%B/A) together with 8% is universal for gth order derivations
of B/A into M (cf. [8]).
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2. The blow-up and strict closure of A. Throughout this section we will as-
sume that A is the complete local ring of a point on an algebraic curve at a “‘one-
branch singularity’’ whose residue field & is algebraically closed and contained
in A. Hence, A is a complete local Noetherian domain whose integral closure 4
inside its quotient field F is a power series ring in one variable with coefficients
in k. If k[[t]] is the power series ring where ¢ is a uniformizing parameter, then
A C K[t]] and the inclusion is proper since we assume that A is the local ring of
a singular point.

Since A is a complete local integral domain, 4 is a finitely generated A
module [7, p. 112]. Hence, I(A/A) is nilpotent according to Theorem 1.1.

The natural valuation on F will be denoted by v and for any x € 4, v(x) is
called the order of x. The valuation ring of v is, of course, IR

Let E be a set contained in A. Then E is said to be open in the M-adic
topology of A if M” <E for some n. Note that for any x € A, x is not a zero di-
visor. Hence, since A is one-dimensional, xA is an open ideal. Let E be any A
module and denote A, (E) as the length of this module. For any open ideal ] <A4,
A,(4/]™) becomes a polynomial of degree 1in 7 for 7 large [ 11, Volume 1, p. 284].
This polynomial, say en + b, is known as the characteristic polynomial of J and
e is called the multiplicity of the ideal . We shall denote the multiplicity of an
ideal | <A as e(]). The multiplicity of the maximal ideal M is by definition the
multiplicity of A. We shall write e(A) for e(M). It is easy to see that
A (M"/M™*1) = e(A) for n large. If v(M) is the least integer in the set {v(x): x €
M}, where v is the valuation, then v(M) = e(M).

Definition. Let M be the maximal ideal of A. Then x € M is said to be trans-
versal to M if v(x) = e(M).

Let A <A = k[[t]] and let e(A) =e > 0. For any x € A where v(x)=e, x =
t®u where # is a unit in k[[t]]. Hensel’s lemma [11, Volume 2, p. 279] assures
that there exists a unit u’€ k[[t]] so that (¢')® =u. Setting t' = tu’, t' is neces-
sarily of order one and (¢')® = x. Since v(¢') = 1, K{[¢]] = £[[¢']] = A and conse-
quently, F = k((")). Hence, we may always assume that if x is transversal to M <
A, then x = t€ where A = k[[]] and e = e(A).

Let n be any positive integer. The power series ring [[¢"]] is contained in
[[4]) and K[[#]] is freely generated over k[[t"]] by the elements 1,¢,+++,t"" 1.
Denote by R the power series ring k[[t"]] and let 4 = k[[¢]].

Lemma 2.1. The A module I(A/R) is a free A-module on the generators
8p(8)y -+, 86" .

Proof. The sequence
0—IA/R)— A @A 5 A—0

is split exact and hence 4 ®, A >=A®IA/R). Bu A®, 4 is a free A-module
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of rank n and hence, I(A/R) is a free A-module of rank 7 — 1. Since by Lemma
1.1, 8,(e),--,8,(t"" 1) generate I(A/R), they must form a free basis. Q.E.D.

Defmmon. Let x be transversal to M, the maximal ideal of A and let !x
-++,% } generate M. The ring AM = Alx,/x,++,%_/x] is called the blow-up of
A along M [5, p 6511, (cf. [9D). .

Note that AM is finitely generated over A and that aM_ K{[#]]. Hence, AM
is itself the complete local ring of an algebraic curve at a one-branch singularity.
Since M is contained in the maximal ideal of AM, e(AM) <e(A).

Set AM - A, and let M, be the maximal ideal of tlns ring. We may form the
blow up of A along the maxunal ideal M, and set A = A with maximal ideal
M,. Continuing in this way, we have a sequence of mcreasing rings

A<A <.t <Ay <. <A,

Since A is Noetherian and for each i, A is finitely generated, Ay = A Nel
for some N. Hence, by [9, p. 372], A N isa regular local ring and therefore, Ay =
A = H[[¢]]. That is, the singularity can be resolved after applying a finite number
of blow-ups. The sequence A =A; <A <. .. <A, ... <A is known as the
branch sequence of A along the maximal ideal M of A and fe(A), e(4 l),- }is
called the multiplicity sequence of A.

Definition. Suppose 4 is the integral closure of A inside its quotient field.
Then the ring A'={x€4: 1®, x~x ®, 1 =0} is called the strict closure of A
inside A. Clearly, A <A'and A’ = 4.

Lemma 2.2 Let A <A and let A' be the strict closure of A in A. Then
AQ, AxA®, A IA/A) =1(A/A") and D™A/A) = D"(A/A").

Proof. Consider the diagram
, /0
\o

0 — IA/A"Y =

Y/I(A/A)

0—IA/A) ——74 &, & /

where ¢ is the canonical map.

Note that for any three scalar rings A <B < C, the kernel of the canonical
map from C®,C to C ®; C is generated as an ideal by the elements {1®, x -
x®, 1: x € B} [6, p. 12]. Hence, if K is the kernel of i, then K is generated as
an ideal by the elements 1®, x -~ x ®,1 where x € A'. Therefore K = 0. The map
Y is clearly onto and the restriction of ¢ to I(B/A) gives the required B-algebra
isomorphism. Hence, I(B/A) & I(B/A') and D"(B/A) = D"(B/A’). Q.E.D.

Remark 2.3. The proof of the lemma shows that (A')' = A’. If A = A’, then A
is said to be strictly closed in A. Under our standing assumption that k <A (&
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a field), [5, p. 677] shows that A’ coincides with the Arf closure of A. In pamcu-
lar, e(A) = e(A") [5, p. 668] and if M’ is the maximal ideal of A’, then (A )M
(AM)' [5, p. 668). The geometric properties of the strict closure of A (= Atf clo-
sure of A) will be used in $ 4.

Remark 2.4. The blow-up of A’ along its maximal ideal has an easier form. In
fact, if A is strictly closed (i.e. A = A") with maximal ideal M and if x is trans-
versal to M, then AM = {m/x: m € M}. To show this we need only prove that Mx~!
forms a ring. But for any y/x, z/x € Mx'l,

yeoz/x @ l=y/x @ z=y/x @ 2x/x=y @ z/x=1 @4 yz/x

Hence, y . z2/x€ A since A is strictly closed. Equivalently,y - 2=x.a2,aeM <
A. Therefore, y/x + z/x = a/x € Mx~1

3. The relation of I(A/A) to I(A/AM). Suppose 4 is as in §2 with maximal
ideal M. Choose a transversal element x so that x = £ where e = e(4) and A =
K{[£]]. Hence, A is properly contained in A = k[[¢]] and if AM is the blow-up of

A along M, then also AM _ H{[]). Let 6 be the canonical homomorphism from

I(A/A) to I(A/AM) given by

6 (2 (@, ®, b,.)) =2 (@, ® b))
i=1 i=l A

Note that 0 is onto.

Let R = E[[t€]); it is clear that R is a complete subring of both A and AM.

Lemma 2.1 asserts that I(A/R) is a free A = k[[t]] module with 3R(t),- ooy
8(t°~1) as generators. Let ¢, and ¢, be the canonical maps from I(4/R) to I(4/A) and
I(A/AM)-respectively. Since I(A/A) is generated by 8,(t),++,8,(t°~1) (Lemma
1.1) and since e(AM) < e(A), it follows that ¢, and ¢, are both onto maps. Let
N(A) and N(AM) be the kernel of ¢, and ¢, respectively. We have then the
diagram:

0 0
N(A)~_ %y 5 1A/AM)
2
(*) I(A/R) 0
i 2 ¢ 1
N(AM) 1A/A)

o/ \o

where clearly, ¢,0 = ¢,.
Both N(A) and N(AM) are submodules of the free A module I(A/R) and are
finitely generated.
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Lemma 3.1. With the situation as above, suppose ne N(AM), then t°ne N(A).

Proof. If A’ is the strict closure of A in A, then I(A/A) = I(A/A') where
the Z-alge_bra isomorphism is given by the canonical morphism ¢, from A ®, A
to A®, 1 A.

Let M’ be the maximal ideal of A’. Since the blow-up of A commutes with
taking the strict closure (Remark 2.3), we have (A" _ (A™)" and hence the com-
mutative diagram:

¥
1A/AM) —=— 1A /(aM)")
']
: E
IA/A) —=—— I(A/A")
where ¢, and 0' are the obvious canonical maps.
= 25 a8, () € N(AM), then

e=1
¥, = }: ap ) =0.

Smce e(A) = e(A') (Remark 2.3), t¢ is also transversal to M’ and since
@’ - (aMy, a™' s strictly closed and (A ' {m'/t®: m' € M'} (Remark 2.4).
But

e=~1 eil
ad () = ad (=0
fza:l 7 (aMy o
and hence
e-1 m' m'
) aSA,(t) Z c; ®u d; |1 @A, £ _ _QA, 1)
j=1 t

where mi' €M forall i and ¢ ;0 d;€ A. Then clearly

(ze)<z a8A.(t)>

j=1

Since Y, is an isomorphism it follows that ¢ 2"’1 a 3, (¢7) = 0 and conse-
quently, &, [t’(ze" 1 a d (t’))] 0. Hence, t°ne N(A) Q E D.
Let n,,---,n € N(A ) be a set of generators for N(AM). (This generating
set is finite since the rank of I(A/R) is finite.) The next theorem asserts that
7,5+ +» %7, is then a generating set for N(A). In fact, let 7,,-++,7  forma
basis for N(AM). That is, if 25_ a;n, =0 where a €4, then necessanly a,n, =
0 for all i. We may then claim that 95+ -+, t°n is a basis for N(AM),

Theorem 3.2. Suppose n,,---,7 € N(AM) form a basis for N(AM). Then the
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elements t°7,,+«-,t%n, form a basis for N(A).

Proof. Lemma 3.1 assures that ¢, -« +,°7, € N(4). In order to show that

these elements generate N(A), we refer to diagram ().
If & =E;:’=’ll a, SR(ti) € N(A), then

e-1
$,(6) = E as,(¥) =0 in k] ®, HLL

Hence, .
=Y (a, @ b)1 @p x,~x, @ 1

i=1
where @, b, € A and x,€M < A. Since t€ € R = k[[¢€]],
n %, %
=1 (X @, @ 5) (1 @ —-—8,1])).
i=1 1€ 1€

Now,

izl

2 (i (@, @ b) (1 ®r f:i‘ x—iek 1))
1

te

=0'¢1 (Z (aiQRbi) <1®Rﬁ-ﬁ®R ]>) =0
i=1 I

since x, /t€ € AM_ Therefore,

n X. X. s
z (a; g bi) (1 ®R—;!'-"':' ®p 1> =X B,
t e

j=l t
where f3; € k[[t]] for i =1,...,s. Hence,
S S
£=1° (Zl Bi’h) = Z; Biteﬂi
= =

and, consequently, t9,,++,2°n, generate N(A).
To show that t’ql, s+, form a basis we need only point out that the A
module homomorphism p from the free A module I(A/R) to I(A/R) given by

e-1 e~1
p ( El ast(li)> = ,.Zl t’a.’ﬁR(t’)

is injective. Q.E.D.
It should be noted that in the case where AM is the full power series ring
k[[¢1], then a set of generators for N(A) is {t’SA(t),. . ,t’SA(t"")! where e =
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e(A)> 1. When A is itself equal to K[[¢]], then I(A/A) = I(A/A™) = 0 and the theo-

rem is trivial,

Corollary 3.3. If z = 2;;11 aj'o‘A(ti) =0in A ®, A where e = e(A) > 1, then
v(a,.) >e forall j. Consequently, a, /t€ = a € k[[¢1). Furthermore,

e=1
) = in A A
,'231 aiSAM(t) 0 in A Q;‘MA

Proof. Let 2;':11‘1;' 8,(t') be the preimage of z under ¢,. The theorem as-
serts that

e~-1 e~1
,:‘; ajSR(t') = 1€ ( E a,BR(t’)>

for some a ;€ K[#). But I(A/R) is a free module and hence, a. = teaj for all j.
Consequently, v(a; )=e+ vla, ) > e since a;€k[[t]].
Since z=0 m AQ, A and because € € R = k[[t°]] we have

Z a5 (" = 2 (e, @r )1 @ y;-y; & 1)

j=1
Y;
[Z c, ® d,) <1 g -;--—-@ 1)]
i=1 '

where ci,dieZ and y, € A.

But @, = t°a i and hence

e=1
(z‘)[z ad (z')] —(z’)[z (c; ® 4) (1 @ —--—@1)]

j=1 i=1 t t
But I(A/R) is a free module (Lemma 2.1) and therefore,

5 Ne 3 ( ) Yi _Jig 1
Under the mapping ¢,, the right side of this equation goes to zero since y'./t’ €
AM and hence,
e-1 . _ _
ad ,(t)=0 in A A. Q.E.D.
El (i A M ) mn ®A M Q
We refer once more to diagram (*). Since I(4/R) is a free module over the
principal ideal domain k[[:]] = 4, N(A) = ker @, is itself free and finitely gener-
ated.
Let 7€ N(4),i=1,.-,s be a basis for N(A). I 7, = Z57 ' a,. 8, (¢) for
each i, let (ai,.) be the matrix of the coefficients. It is known that a set of in-
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variant factors of (ai‘) are found by considering the highest common factor of
all (k x k) subdeterminants of (aii) [4, p. 92]. These invariant factors completely
determine the structure of the [[¢]] module 1(A/A) and are unique up to units
from E[[z]].

Likewise, let (B;) be the matrix of the coefficients of a basis for N(AM) =
ker ¢,. We shall relate the invariant factors of (al.].) to those of (ﬁij)‘

Lemma 3.4. Suppose e is the multiplicity of A and AM is the blow-up of A.
Let {E ..+ ,E,_,}, E;€ kl(£1] be a set of invariant factors of (ﬁij)‘ Then
{t’El, ces ,teEe_ l} constitutes a set of invariant factors of (a.i,.).

Conversely, suppose {F,--+,F__.} is a set of invariant factors of (ai].)
then F /t° € kl[1]] forall i=1,...,e =1 and {F /t°,...,F__ /t°} is a set of
invariant factors of (/31.].).

Proof. Let (ﬁii) be the matrix of relations for N(AM). Theorem 3.2 implies
that (t°B;)) is the matrix of the relations of N(A). Let o be the highest common
factor of the (k x k) subdeterminants of (B, ). We have [4, p. 92]

0y=Ey; 0,/0,=E), -++y 0, 1/0,_,=E,_;-

Hence,
()%, 9=t _,
teol = teEl, - = zeEz, ey ——— = teEe 1
eye=- -
(9o, (%)%, _,

is a set of invariant factors of (a;).

Conversely, Theorem 3.2 asserts that (¢€ Bij) is the matrix of relations of
N(A). Hence, t°E; and F; are associates for each i. The conclusion follows
easily. Q.ED.

Suppose A=A; <A <. .. <Ap<.e < A is the branch sequence of A
along M < A, the maximal idea of A. Let e,=e(A) for each i. Assume that
AN+1 = K[[#]] and e(A N) = €y > 1. Hence, the multiplicity sequence of A has the
form {eo, €seeeseyy Lyees L

Theorem 3.5. The decomposition of I(A/A) as a module over the P.I.D. A
depends only on the multiplicity sequence of A.

Proof. If (a,) is the matrix of relations for N(Ai) and {FI, --+,F,_ _}con-

- — 1 —
stitutes a set of invariant factors of (ai) then I(A/Ai) I~ A/F1 D...0 A/Fe.
— _ 1
[4, p. 86], as A modules. We shall write I(A/JA) ~{F ,...,F,

that {Fl, .er ,Fei__l} is a set of invariant factors of (a.l.). Since AN+1 = k[[1],

-1
_,} to mean
1

we may proceed backwards to A by using Lemma 3.4. In fact, if {eo, ceesens 1,
+++} is the multiplicity sequence of A, write E,= £ for i=0,...,N. Then
using Lemma 3.4 repeatedly:
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I(Z/AN)~{EN’ ceey EN}

eN—l
I(a/A ~\{E ceesEpy_1s Ey o Epy_1sevss E s Ep_y}
N-1) N-1? """ ENa1? BN EN-1 5 N EN-1
eN_l-eNzo eN =

1

I(Z/An-2)~{EN—2’ s En_o Ey_y*En_grr9En_y- En_2
w - B
€N-2 " ¢N-1 €N-1 " €N

Ey-En_y*En_g s ENEn_1En_)l
S — ™

. .

1(A/A) = I(Z/Ao) ~{Eo, cvesEg EjEgs +ees E,E,

eo-el 81-82

««+En-En_y "'Eo"“’ENEN-l ...Eo}

enN — 1
Note that it may happen that e, , - e, =0. Q.E.D.
Theorem 3.6. Let {eo, € sy, 1yens } be the multiplicity sequence of A.
Then

0o

AUA/A) = T efe; - 1.

i=0
Proof. If 1(A/A) ~ {F,,+++,F ], then it is clear that AZ(I(K/A)) = v(Fl) +

-+++v(F) where v is the valuation. Hence, by Theorem 3.5

XZ(I(Z/A)) = (e, - el)v(Eo) + (el - ez)[v(Eo) + v(E 1)]
+oentley = DIAE) + -« + AEW]

=(eg = DUAE) + (e = DUAE ) + « -+ + (ey = DAEY)]

N
=X ele;~1) since v(E)=e, forall i
i=0
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Since ey , =1 for k> 1, the formula holds when taking the infinite sun. Q.E.D.

We mention that if A is the complete local ring of a plane curve with only one
characteristic pair, i.e. if A = k[[t?, 17 + a,t? +1 ,...]] where (p, q) = 1, then the
length formula reduces to the following: '\K(I(Z/A» =@p-1(g-1).

4. Comparison of I(A/A) to I(B/B). The purpose of this section is to study
the relationship of the k[[t]] module I(A/A) to that of I(B/B) where A and B
are two arbitrary rings which satisfy the previous assumption. Namely, A and B
are the complete local rings of an algebraic curve at a “one-branch singularity.”’
We shall assume that 4 = B = k[[1]] for some uniformizing parameter ¢ (k alge-
braically closed). If C is any ring satisfying the above, we write I c to mean
I(C/C) since C = k[[¢]] for all of these rings. We shall, for the most part, be in-
terested in the structure of I, as a module over k[[#]] even though I A isalsoan
algebra over [[t]]. We will mention explicitly which structure is intended.

Recall that every & automorphism o on k[[t]] is of the form o: t — ut where
u is a unit in k[[t]]. Conversely, every mapping of the form o is a k-automor-
phism on A[[¢]].

Definition. If A, B < k{[¢]], both complete, A and B are said to be analyti-
cally equivalent if there exists a k-automorphism o on k[[¢]] so that o(A) = B.

Let

A=Ay <A <A,<...<Hl]] and B=B, <B,<B,<...<k[[]

be the branch sequence of A and B respectively. Let

{e(Ao) =e(A), e(Al), ...} and {e(Bo) =e(B), e(B l)’ eeo}

be the multiplicity sequence of A and B respectively.

Definition. A and B are said to have the same multiplicity sequence if
e(Ai) = e(Bi) for every i =0, 1,.--.

Lemma 4.1. If A and B are analytically equivalent, then 1, & 1 as k{[s]]
modules.

Proof. If M and M’ are the maximal ideals of A and B respectively, then
the k-automorphism o of k[[#]] between A and B extends to one between AM
and BM . Hence the multiplicity sequences of A and B are the same, since
0(A) = B implies e(A) = e(B). By Theorem 3.5, the decomposition of I 4 as K]
modules is dependent only on the multiplicity sequence of A. Hence, the decom-
position of I, and I are equivalent. Q.E.D.

Lemma 4.2 Let M be the maximal ideal of A, then

dim_ = (/M1 ,) = dim, (1,/M1,) = e(A) - 1.

Proof. We may assume that a transversal element has been so chosen that
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x =t where e = e(A) and 4 = {[t]]. Hence, M = (¢) and we need to show
dim, (I, /(1),) = e(4) - 1.

Lemma 2.1 says that 8,(¢),-++,8,(¢°1) generate I, as a k[[s]] module.

Hence, 8,(¢),- - - ,8A(tj) span the k vector space I,/()1,. We need to show
these are independent. But if 2‘;’11 z.5 ,(¢) =0 in 1,/(6)1, then

3251a,8,(t) e ()1, or, equivalently, 325ta; 8 (e, where a, € k is the
constant term of the power series a_. Hence 2;:11 (a’. - b,.) 8,(t') = 0 where b€

(¢). But Corollary 2.3 implies u(a’. - b].) > e(A) for all j. Hence, a;=0 and Ej =
0 for all j. Q.E.D.

Lemma 4.3. If M and M* are the maximal ideals of A and B respectively,
then 1, < Ip implies I, &1 y.. (Both isomorphisms as k[[t]] isomorphisms.)

Proof. By Lemma 4.2, I, & I implies e(A) — 1 = e(B) - 1 and hence e(4) =
e(B) = e. Therefore, if t¢ and (¢')® are transversal parameters to M and M* re-
spectively, then € = u(t')® where u is a unit in [[¢]].

Let E,.-- yE,_, and F ..« ,F__, be a set of invariant factors of I,
and I respectively (cf. Lemma 3.4). We may assume E ; and F ; are associates
and El.;él for each i.

Lemma 3.4 implies that E /t®,...,E__, /t° and Fl/(t')’, ooy F_ 1/(t')e
are then a set of invariant factors of I M and IB u* respectively. Since ¢ =

ut"®, E ;/t€and F i/(t')e are associates for each i and the conclusion follows.
Q.E.D.

The converse of this is clearly false. Let A = k2, £>]] and B = &[[¢3, #4]]
with maximal ideal M = (¢2, £3) and M* = (¢3, t%) respectively. Then AM = BM* -
K{[z]] and hence, I M= 1 BM* = 0. But Theorem 3.5 gives

1, A/(t?) and I, X A/3 @ 4/
as Kk[[t]] modules.

Theorem 4.4. I, = I; as k{{t]] modules if and only if A and B have the
same multiplicity sequence.

Proof. Let A=A <A, <...<Ay = k[[]] and B =B, <B;<«..<Byr=
k[[z]] be the branch sequence of A and B respectively. Lemma 4.2 implies that
if 1, & Ig, then e(A) = e(B). Lemma 4.3 asserts that IA1= le and hence
e(4)) = e(B,). Continuing, the result follows.

Theorem 3.5 asserts the converse. Q.E.D.

Before continuing, we need to indicate some of the geometric properties of
the strict closure A’ of A in A. Let C be a ring so that A <C <A = k[[z]]. (Our
assumptions on A imply that C is necessarily local and complete.) Let C = C,
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<C <.ee<Cy< A be the branch sequence of C and let e(C) =e,. The ring
C is said to be an Arf ring (cf. [1]) if it satisfies any one of the following condi-
tions.

(1) The embedding dimension of C, is equal to the multiplicity of C ; for
every i.

(2) )\C(E/C) = 2:;0 (e;-1). (Since e_ =1 for n large, the formula makes
sense.)

(3) The semigroup G(C) = {v(x): x € C} has the form G(C) = {0, €gr€o +€ps
ey +e, +e2,ou}.

J. Lipman in [5] shows the equivalence of the above conditions. In the same
paper, he shows that if A is any ring among the collection of all Arf rings be-
tween A and A , there exists one, say A*, contained in all the others [s, p. 6661.
The ring A*is called the Arf closure of A and coincides with the strict closure
A'since we assume that A contains a field &[5, p. 677]. Hence, we shall con-
tinue to denote the Arf closure A* of A as A'.

Remark 4.5. Note that if A <C <4, then A’ < C'. Using (2), the ring A’ (=
strict closure of A = Arf closure of A) can be characterized as the largest ring
between A and A whose multiplicity sequence is equal to A [S5, p. 671]. This
implies that if A <C <A, then A’ = C' if and only if the multiplicity sequence of
A is equal to the multiplicity sequence of C. Similarly, one shows by using (3)
that if A <C < A, then A’ = C' if and only if G(C') = G(A").

Definition. Let d € G(A) be the least integer in G(A) so that d + j € G(A)

for any integer j > 0. Then d is called the degree of the conductor of A.

Theorem 4.6. The annibilator ideal of | AN A = k1] is (¢9) where d is
the degree of the conductor of A'.

Proof. By induction on the number of blow-ups needed to *‘resolve the singu-
larity”’. Note that if A = k[[c]], then A’ = k[[¢]] and since d=0 and I, = 0, the
theorem holds true in this case.

Next note that for an ideal Q < k[[¢]], QI = 0 if and only if 08,(¢) = 0. For
if x =32 atiek[[]], 8,(x) = 2‘;‘;1 ai8(ti). But

i=0 "¢
840t = (D 1" 18,(0) + (D) =285 + -+ + 8™()

and hence, QI, = 0 if 08,(¢) = 0. The converse is clear. Therefore, the theorem
asserts that the order ideal of 8,(¢) is (t%) where d is the degree of the con-
ductor of A’.

Let A have the multiplicity sequence {e(A), e(A)), e(4)),...,e(4y), 1,+++}
where N is the largest integer so that e(4,) > 1. By Remark 4.5, G(4') =
fo, €01 €0 +€pycce } where e, = e(Ai), and hence, the degree of the conductor of
Alis d= €y +€, + -+ +ey. Note that A has the multiplicity sequence {e,,
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€,5+++ 1€y, 1,+++ } and also by Remark 4.5, G(A|) =10, e, e, + e,,-+-} so that
the degree of the conductor of A{ isd' = €, +€,+++: +ey. By the inductive
hypothesis we may assume that the order ideal of 8, l(t) is (¢4"). Now the proof
of Lemma 3.1 implies that (t%)8,(t) = 0. If (¢9)8 ,(¢£) = 0 for a < d, then Corollary
3.3 implies @ > ¢, and 7?98 4+(¢) = 0 which contradicts the assumption on
Al since a - e, < d'. Q.E.D.

We come to the main theorem of this section.

Theorem 4.7. Let A and B be complete local rings of points on an algebraic
curve at one<branch singularities and assume that A <B < A. Then the following
are equivalent.

1.1, = I as kl[e]l = A = B modules.

2. The multiplicity sequence of A is eaual to the multiplicity sequence of B.

3.A'=B".

4.1, xlg as A-algebras.

S. D™(A/A) & D™(B/B) as A-algebras for all n.

6. G(4") = G(B").

Proof. (1) implies (2) by Theorem 4.4, (2) implies (3) by Remark 4.5. To
show that (3) implies (4), we consider the canonical isomorphism ¢ from A GA A
to A ®; A. (By assumption, A @ A=A, A.) From the diagram:

0—'13“‘—“’2 @BZ—J—.O
Wl , v
0=l — A @ A—A—0

it is clear that the restriction of ¢ gives the desired algebra isomorphism.
Clearly, (4) implies (1).
Since by Theorem 1.1, D(A/A) = I(A/A) and D™(B/B) = I(B/B) for n>> 0,
(4) is equivalent to (5).
(6) is equivalent to (3) by Remark 4.5. Q.E.D.
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