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THE CONSTRAINED COEFFICIENT PROBLEM FOR TYPICALLY

REAL FUNCTIONS i1)

BY

GEORGE B. LEEMAN, JR.

ABSTRACT. Let — 2 s c S 2.   In this paper we find the precise upper and

lower bounds on the  nth Taylor coefficient an oí functions f(z) = z + cz^ +

^V-i akz^ typically real in the unit disk for n = 3, 4, • • •.   In addition all the

extremal functions are identified.

Let |c| <  2, and denote by S(c) the collection of all functions f(z) = z +

cz2 + ££_3 afez* analytic and univalent in the unit disk D = \z\  \z\< 1}.   This

class has been studied by Gronwall [9], [10], Nevanlinna [15], Lebedev and

Milin [13], Goluzin [7], and Jenkins [ll].   More recently Jenkins [l, pp. 159-174]

solved the problem of maximizing |a |, where f(z) = z + cz2  + 2M_   afezfe e S(c),

for the case n = 3.   This problem has not been solved for any n>4.

The purpose of this paper is to give a complete solution to the analogous con-

strained coefficient problem for a much simpler class of functions, namely, the

typically real functions.

Definition 1.   A function f(z) = z + £¿_2 afezfe analytic in the unit disk D

is said to be typically real provided f(z) is real if and only if z is real.   The class

of typically real functions will be denoted by T, and for each c, — 2 .< c .< 2, we

call T(c) the collection of all functions f(z) = z + cz2 + 2]¡*_, a,z* e T.

Rogosinski [18], [19] introduced the class T and established many of its

important properties.   He showed that if f(z) = z + 2M_2 afez* e T, then |«   | ■<

n, n = 2, 3, • • • •   For other proofs of this theorem see [4] and [21].   Robertson

[17] used Rogosinski's results to show that each function in T can be repre-

sented in the form

(1) f(z) = ft--- da(d),
J0   I - 2z cos d + z2

where a is nondecreasing in [0, zr], and <x(0) = 0, 0.(77-) = 1.
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178 G. B. LEEMAN, JR

The class T(c) was first studied by Jenkins [12], who found the domain of

variability of f(z) and f'{z) when / £ T{c) and z is real.  Later Bielecki, Krzyz,

and Lewandowski [3] generalized the result for arbitrary z; Alenicyn [2] solved

the same problem for f{z) by a different method.  Using the results of Alenicyn,

Goluzina fe] obtained sharp bounds for \f{z)\, arg /(a), Re fiz), and hn /(z) when / £ Tic).

The next result we shall need appears in [3] and [l4].

Theorem 1.   Let Ç be real-valued and continuous on [0, 77].   Then the func-

tional 0 defined on (I) by

(D(/)=J^(ö)rfa(ö)

assumes its minimum and maximum values in T{c) for a function of the form

/1\                            if \     c ~ '          z s - c z
(2) fiz) = -—--, +

s-{   l-sz + z2     *-«   l-tz + z2

where -2<s<c<t<2.   If s = t - c we interpret (2) to mean f(z) =

2/(1 -cz + z2).

A computation shows that if f(z) -z + 2£_2 flfez* £ T{c) is given by (1), then

(3) a=rîll^da{d),      »-3,4,....
J ° sin u

Hence we will study a collection of polynomials that are geometrically similar to

the functions 0 —» sin nö/sin d.   Our determination of the best upper and lower

bounds for a , n = 3, A, • • •, will be divided into four parts:

I.   Discussion of the geometrical properties of our collection of polynomials;

II.   Solution of the problem when |c|  is small;

III. Solution of the problem when |c|  is near 2;

IV. Uniqueness of the extremal functions.

Part I. Polynomial geometry.    The so-called Chebyshev polynomials of the

second kind, denoted by am(x), m = 1, 2, .. •, satisfy »mi0) = (sin(m + l)ö)/sin 6

tot each real 6; tot several properties of these polynomials, see [22].   We shall

deal with a similar collection of monic polynomials.

Definition 2.   For each n, n = 1, 2, • • •, set

where t is real.

Definition 3.   Denote by c    the largest critical point of Pn(i), n = 1, 2, ••-.
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The next lemma establishes several useful characteristics of these polyno-

mials.

Lemma 1.   The ¡P (i)!"8 , have the following properties:

(i)   P    is \ev,e.n\if n'is \odd  }, « = 1, 2, ....
n odd        ' even '    '

(ii)  Pn(2cos d) = (sin 7z0)/sin d for each d e [- rt, 77], n = 1, 2,-

(iii) 2~=1 \Pn(t)\zn = 2/(1 -tz + z2) for all z eD, te [- 2, 2].

(iv)  // c and d are critical points of P (t) in [O, <*>) and c<d, then \P (0)|

.< |Pn(c)| < \Pn(d)\ .< Pn(2) = n, n = 4, 5, • • •."

(v)  P (c ) = min, jv, -, P (f), and P    is concave upward in [c , o»), n =
'      n    n /e[0,2J    n n r n

3,4,....

(vi)  If n>'4 is even, then \P (t)\ < xAn\t\ for all t e [- 2, 2].   Equality holds

only for t = 0, t = ±2.

Proof.   Part (i) is trivial.  Next,

Px(t) = 1, P2(i) - tPx(t) =0, Pn(/) = iP„_/i) - P„_2W. ■« 3, 4, ...;

-hence the identity sin «9 = 2 cos 0 sin(n - l)(9 - sinizz - 2)0 proves part

(ii) by induction. Note that sin rß/sin d = 2^ e'(2fe-n + l)e hence

(4)      |(sin Tzö)/sin öl < n, equality if and only if d = kn for some integer k.

Hence S00. P (t)zn converges absolutely in D tot each fixed / é [- 2, 2],

Thus (1 - tz + z2)2°° , P (t)zn = z, whence part (iii) follows.   Parts (iv) and
72=1        72

(v)   follow from part (ii) and the properties of the functions d —» (sin rzt9)/sin d

[in particular it should be observed that all critical points of P    lie in the open

interval (— 2, 2)].   Finally, part (vi) is an easy consequence of (4), therefore

Lemma 1 is proven.

The constant concavity of P    in [c , 00) shall be used in conjunction with

the following geometrical result, which can be easily proven analytically:   If

y = f(x) is a nonlinear polynomial in a neighborhood of [a, b], and if the line

through the points (a, f(a)) and (b, f(b)) is tangent to y = f(x) at x = a, then /

cannot have constant concavity in (a, b).

We can now apply Theorem 1 to the constrained coefficient problem.  Set

H (s, t) = LZlp (s)+LZJ:p (t),      -2<s<c<t<2,
n    ' s_in s - t    n __-_»

where c is fixed.  We agree to write H (c, c) = P (c).
0 n n

Lemma 2.   // f(z) = z + cz2 + 2?° , a.z    e T(c), then a    satisfies the sharp

inequality min,   ,, H (s, t) < a   < max,    ,x H (s, t), n = 3, 4,-
* ' \s,t)     n —    n — {s,tj     n

Proof.   In Theorem 1, set ^(d) - (sin 72 0)/sin d; then by (3) we see that the

extremal a    occurs for a function of the form (2).  However, the zzth coefficient
.72
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of the function in (2) is clearly H (s, t), by Lemma 1.  Consequently Lemma 2

follows.

In theory, Lemma 2 allows us to find the exact bounds on a    tot each n.  In

practice, however, determination of the minimum and maximum values of H {s, t)

is a nontrivial task.  It turns out that when the value |c| is sufficiently small we

can solve our problem by exploiting the geometric properties of the polynomials

P (/) in Lemma 1; we can thus avoid working with H {s, t) in this case. However,

when |c| is near 2, we will be forced to appeal to Lemma 2, which necessitates

computation of the absolute minimum and maximum of H {s, t) in the rectangle

- 2 < s .< c < t < 2.

Part II.   Solution for small \c\.  We turn first to the odd coefficients.

Lemma 3.  Let n > 3 be odd and f{z) = z + cz2 + 2?°    a,zk   e T{c).

(i)  We have a   <n, with equality if and only if

,, s.    2 + c       z 2 - c        z
fiz)=—----+■

4      (l-*)2        4     (i+z)2

(ii)  // z'n addition \c\ < c , then a   >P{c).  Equality holds if and only if

c   - c

<5) fix)- —
2c        I -c z + z2        2c       1 + c z + z2

" n ' n

Before proving this lemma we note that (5) can be written as

zil + cz + z2)
fiz) =

(1 - c z + z2)il + cz + z2)

hence if c   =0, we interpret (5) to mean that f{z) = z/{\ + z2).

Proof.   Choose a so that (1) holds.  Then (3) and (4) show that a  < n tot

any function / e T, with equality only for f(z) = Xz/{1 - z)2 + (1 - A)z/(1 + z)2,

where A £ [0, 1].   In our case we must have a2 = 2A - 2( 1 - A) = c, and part (i)

follows.  Next, by Lemma I, a   = [n. P (2 cos 6)da{d) > P„i±c) = Pic), with
.    ' n     •* v     n —    n       n n    n

equality only when a is concentrated at icfl.   That is, if 6   = cos_1(c /2), then

a(0) = 0      if 0 < 6» < 6» ,
— n

= A     iff?  <9<n-9 ,
n n n

= 1    if 77 - en < d < n,

where A    is some constant.   The assumption |c|<c    guarantees that 0 .< A   <

1, and the function in (5) clearly results.   We have now completed the proof of

Lemma 3«
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The proof of part (i) can be generalized to show the following result:  If

T/z > 2 is even, Ici < m, and f(z) = z + 2~_   a zk e T with a   = c, then a   < n,

72 = 3, 5, • • • •   Equality holds if and only if

f(z) = HL±£      z    +m~c     z

2m     d_2)2      2t7z     (i+z)2

Hence if tz is odd, the maximum value of the TZth coefficient is not affected by

the behavior of any single even coefficient!

The study of even coefficients for fixed a2 is more complicated.

Definition 4.   If n > 4 is even, put FJit) = (Pj(t) + n)/(t + 2), t e [0, 2].

By part (v) of Lemma 1, we are able to conclude that F (t) attains its min-

imum in [0, 2] at one point only.

Definition 5.   We call r    the unique number in [0, 2] which satisfies F (r )71 x * 72     72

= ainté[Q,2]Fn{t)-

It easily follows that c   < r < 2.   Furthermore, if we denote by L the col-

lection of all lines tangent to the curve y = P (t) which pass through the point

(-2,-7! ), then the line through the points (- 2, - n) and (rn, Pjj^) is the

element of L with minimal slope.

We can now partially solve our problem for even coefficients.  In doing so

we shall motivate the two definitions above.

Lemma 4.  Let n > 4 be even and f(z) -z + cz2 + ££_, a,zk e T(c).   Then

(c + 2)F(r) -n<a   < (c - 2)F (r ) + n.
72 72 —     72 — 72     72

Equality holds on the left if and only if — 2< c .< r   and

/(*)=-    -     +
c + 2

r   + 2    (1 + z)2       r   +2   1-r z + z2
n 72 72

while equality holds on the right if and only if —r  .< c < 2 and

,i \      72 z 2 — c z

+ 2   (1 - z)2      r   +- 2   i-2+ r z + z

Proof.   Define a function g on [0, 2] by g(t) = P (t) - F (r )t.    By com-J 72 72     72 *

puting F^(t), we see that g (rj - 0.  Furthermore, part (v)of Lemma 1 guarantees

that g'(t) is increasing in [cn, 2) and that minf rf0 2-, g(t) = min^^     2-, g(t).

Hence by definition of F (t),

(6) min    P(t) - F (r)t = - tz + 2F (r ),
te[o,2\     "
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and equality holds only for t = r .   In particular, we see that  n - 2F (r ) > 0;

thus part (vi) of Lemma 1 yields

(7) max    Pit) - F„ir)t <    max   V2nt - F ir )t = n - 2F (r ),
I» ,1      n n   n    ~     r„ «1 n   n n   n

te[0,2i znO,2J

with equality only for t = 2.  Combining (6) and (7), we arrive at the inequality

(8) max    \P it)-F ir )t\<n-2F ir ).
r- -1       n n   n   ' — n   n

Now choose ct. to represent / as in (1).  Then

a   = [n (P (2 cos 6) -2F ir) cos 6)da{6) + F ir )c,
n     J o       n n   n n   n

because / £ Tic).  Now P it) is odd, hence (8) yields

(0) \a   - F ir )c\ < n - 2F (r ),
x'> '   n n   n     ' — n   n

which is the desired inequality.   The maximum in (8) is assumed only at t = ±r

and t = ±2.   More explicitly,

Pi-r) + Fir)rn = P (2) - 2F (r ) = n - 2F (r ),
n»t n   n   n n n   n n   n

P ir)-F ir)r   = P (-2) + 2F (r ) = 2F (r ) - n.
«n finn n nn nn

Thus we concentrate a at + r    and - 2, or at - r   and + 2, to achieve

equality on the left side or right side of (9), respectively.  The indicated extremal

functions are clearly the result (note as in Lemma 3 the restrictions on c ate

necessary to insure that these functions are actually typically real); hence the

proof of Lemma 4 is now finished.

A slight modification of an argument due to Schur [20, pp. 130—132] shows

that the sequence \P (c )/n}°°.  is strictly increasing, and lim ^^ P (c )/n =

cos aQ = - 0.217 « « •, where aQ is the unique solution to the equation a = tan a

in (tt, 2?r).

Hence

e?J>ttJ      1 + cos un
i, i\s ,. ¿n   ¿n U       _ .ÄJ,
(10) hm   - =-= 0.196 • • •,

n—oo      2n 4

which yields an asymptotic estimate for the magnitude of F2 (r2 ).

This quantity tan be determined explicitly by digital computer programs, and

the following table results.
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Table 1

Numerical values of F (r ), correct to three decimal places
72     72   ' '

tz        F(r) n        F(r) n        F(r)
n   n n   n n   ft

2 1.000 12 2.416 22 4.342

4 1.000 14 2.797 24 4.730

6 1.313 16 3.182 26 5.119

8 1.668 18 3.567 28 5.508

10 2.038 20 3.954 30 5.898

Part III.   Solution for |c| near 2.   We have not solved our problem for two

cases: tz odd, |c| > c ; tz even,  |c| > r .  Our aim is to show that in these cases

the only extremal function is f(z) = z/(l - cz + z2) = 2~_j PA.c)zk.  We shall

show that H (s, t) has no absolute minimum in the interior of the rectangle — 2

<s<c<t<2.  The point s = - 2, t - + 2 will then be eliminated as a possible

minimum point.   All other points on the rectangle's boundary correspond to the

function given above.

Our first result will apply to both even and odd coefficients.

Lemma 5.   Suppose n > 3, c   < c < 2, 0 < A < 1, —2 < r, <c <t2 < 2, and

P (t.)>P (c ).  If
72      1     —       71      71 '

(11)        g(z) = A--- + (1 - A) ---  =z + cz2 +   T.   b
t,z + z2 1 - /,z + z2 fe=3

Jk
zk

l.¿, t ¿. a — t-2

and

(12) M   = min

then b   > M
71 r,

Íajf(z) = z + cz2 + Z   a.zk e T(c)\,
*=3 J

Proof.   Assume equality holds instead.   We easily conclude from parts (iv)

and (v) of Lemma 1 that P (t.) < P (/,).  Next we claim that c   <t, <c.  For if
71      1 71      ¿ 71—1

t, <c , then we could find s. > 0 so that P (t,)> P (t, + s,), c   <t,+s,<
In' 1 Til—      7lll72—    II

c < t2 and e > 0 so that (l - k)e - ksx < 0, tx +sx-t2+e<0, P (t2) >

P (t. - e) > P (t.), r, —t > c.   But the Tzth coefficient of the function
71      ¿ 71      1 ¿ —

k(tx-t2) + e sx + (l-k)(tx-t2)
fxKz)=-_ +

i1 + 5l-/2+e   l-(tx+sx)z + z2        tx+sx-t2+e        1 - (t2 - e)z + z2

is smaller than b , a contradiction.   Consequently
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(13) cn<tl<c<t2<2,

as claimed.   Now set h{x) - Uj^x, t2), -2 < x < c.   By assumption x = tx is a

local minimum of h, thus p'nits) = ^„^^ ~ P„^i^/^2 ~ 'l^-   From the remarks

following the proof of Lemma 1, we conclude that P it) cannot have constant

concavity in the interval (zj, r2).  This fact contradicts (13) and part (v)of Lemma

1, so that the proof is complete.

Corollary 1.   // n > 3 is odd, cn<c<2, 0 < A < 1, - 2 < ij < c < t2 < 2,

and g{z) is given by (11), then b   > Mn,   where M    is as in (12).

Proof.    By part (i) of Lemma 1, P (t) is even; hence the hypotheses of Lemma

5 are satisfied.

The case of even coefficients is more difficult because of the complicated

nature of r :

Lemma 6.   If n>A is even, r   < c < 2, 0 < A < 1, -2 <f. < c < ¡t- < 2, and

gfz) and M    are given by (11)  and (12), respectively, then b   > M .

Proof.   Assume the assertion is false.   In view of Lemma 5, we must have

P it.)<P (c ); hence
n   1 n    n '

(14) h<-cn.

We now consider three cases.

Case I.   r, = - 2, f2 < 2.   The point r   is a local minimum of F it), and

P   (/) is strictly increasing in (r , oo); hence it easily follows that the nth coef-

ficient of

fAz)J-lll-f_+£±I -1- eTic)
r„ + 2  (l+2)2     rn + 2 l-rnz + z2

is smaller than b , a contradiction,
n

Case II.   ij > -2, ¿2 = 2.   By using (14) and Lemma 1, we see that for an

appropriate choice of e, the nth coefficient of

, s      2-c_z | c~h~€        z

'lZ  ~2-tl-e l-itx+e)z + z2    + 2-fj-e  (l _ z)2

will be smaller than b , another contradiction,
n'

Case III.   r. > - 2, t2 < 2.   The point (ij, t2) is a relative minimum of H ;

thus  P'it.) = {P it.)-P («.))/(«, -t.)  mP'it).  Hence we must have t. =

- ty  We employ part (vi) of Lemma 1 to deduce that

P (r7)      P (r ) + n
P'(/,)= _!Ll .< -2-1-— = P'ir ).

n   2 ,        -    r   +2 «    «
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This result is a contradiction, since «2 > c > rn, whereas Pn(t) is strictly in-

creasing in (r , oo).  The proof is now complete.

We can now finish solving our problem, except for the identification of all ex-

tremal functions.

Lemma 7.   Let /(z) = z + cz2 + S^V akzk € T(c) be represented by a in (1).

If tz is odd and \c\ > \c \, then a   > P    (c).  If n is even, then we have a   >
i iii Bi» „ _   „ i n —

P (c) if c > r , a   <P (c) if c < — r .   ¡f a is a step function, then equality

holds in any of the three inequalities above if and only if f(z) = z/(l - cz + z ).

Proof.   First suppose

c > c      if tz is odd,
72

> r      if n is even.
T2

By Corollary 1 and Lemma 6, the absolute minimum of H (s, t) is not assumed

when -2<s <c <t<2.  Since H (c. t) = H (s. c) = P (c) tot all s and t, the— — 71 71 72 '

inequality a   > P (c) follows from Lemma 2.
1 J        71-71

Next assume a is a step function.   If a has at most two discontinuities,

then we can have a   = P (c) if and only if f(z) = z/(l -cz + z ).  Ii a has more
72 71 J

than two discontinuities, we write A_x = 0 and

a(d) = A0 = 0    if O<0<0j,

= Ak      if dk<d<dk+v k = i.772-1,

= A      =1      if   0      < 0 < 77.
771 271 —       —

By setting A,x- A. if necessary, we can assume that the number 0¿ = cos    (c/2)

occurs among the 0,, k = 1, • • •, ttz.  Then

f(z) = (A; - A^jWd - cz + z2) + (1 - Az + Al_l)h(z),

where

h(z) = P-f-dß(d) e T(c)
J0 1 - 2z cos 0 4 z2

and ß has no discontinuity at d{.  It is now possible (see [14, Theorem 1]) to

find constants d., • • », d  _2 > 0 and nondecreasing step functions j8., • • «, jS  _-

such that

m-2

fe=i
£   dk=l,      jn cos ddßk(d) = c/2,       A=l,... ,772-2,

and
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ffi-2

,9(0) = Z  dkßk{0)
fe=l

for all but finitely many 0 in [O, 77]; each ßk has at most two discontinuities.

If a   = P ic), then the nth coefficient of h must also be P (c); hence h{z) =
n        n n

2/(1 - cz + z2) = fiz).

We have now completely proven the lemma for c > 0.   If c < 0, we set giz) =

- /(- 2) and apply what we have just shown to g.  The desired inequalities fol-

low from part (i) of Lemma 1.

Part IV.   Uniqueness of extremal functions.   We now state our complete solu-

tion to the constrained coefficient problem.

Theorem 2.   Suppose fiz) = z + cz2 + 2~ , a,zk £ Tic).

1.     // n > 3 is odd, then

(15) P„(c„)<«„<«    if \c\<cn,

(16) P„(c)<an<n    z/|c|>cn.

2.   '/»>4 z's even, then

(17) (c + 2)F ir)-n<a<Pic) ''/-2<c<-r,

(18) (c + 2)Fn(rn) - n < fln < (c - 2)Fn(rn) + n    if \c\ < r„,

(19) Pic) <a   < ic - 2)F (r ) + n    if r<c<2.
«      —   fi — n   » "

Equality holds on the left-hand sides only for

c„ + c            ~            c   - c
2) = —- —--    m (15);

¿cn     1-cz + z2     2cn     l + cz+z2
n n

z)=m ;—ît + Tri-? zn (17)-(18);
rn + 2   (1 + 2)2       rn + 2   1 - r 2 + 22

/(,)--    in (16), (19).
1  - CZ + 2

Equality holds on the right-hand sides only for

f(z) = l±l   __l_^lç£_L_.   zn (15), (16);
4       (I-2)2 4      (I+2)2

fiz)---   in (17);
1 — cz + 2

/(*) -lili —^+ ^4 —5—7 ¿w (18>> <19)-
rf, + 2   (I-2)2      rf, + 2   l + r> + 22
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Proof.   In view of Lemmas 3, 4, and 7, we need only show that if f(z) = z +

cz2 + S*?, a zk is extremal for our problem,.and a represents / as in (1), then

a must be a step function.  To do this, let dy • • •, 0f be all the zeros of

((sin 720)/sin 0)' in (0, ??), where 0 = 0„ < 0j < • • • < df < 0y+1 = n.  Suppose there

exists a point 0' in some interval (dp 0¡ .) such that a is not constant in any

neighborhood of 0 .  Using the variational method of Pfaltzgraff and Pinchuk [l6,

Theorem 4.2], we obtain a function /^ e T(c) oí the form

f¿z) = ((z)-e  f   T-2*2 sin 6- + ksiao\\a(d)-x\dd + 0(e2),
Je  L.Ü - 2z cos 0 + z2)2 J

where e C (0;, d¡  x) is a closed interval about 0 , A and x are constants, and

the error term 0(e ) is uniform on compact subsets of the unit disk.  The quantity

£ can be positive or negative, provided |f| is sufficiently small.  The 72th coef-

ficient a      of /^ is given by

a * = a
71*

+ e  f  (sJ?jg)'\a(d)-x\dd + 0(e2);
" Je  \sin 0  /

hence we conclude that / ((sin 720)/sin 6) \a(d) - x\ dd = 0, a contradiction.  Con-

sequently, a is constant on (0,, 0¿ , ,)> k =0, • •., r, and the proof is complete.

It should be pointed out that the variational method was used only to show

the uniqueness of the extremal function in the case a   = P (c), f(z) =

z/(l - cz + z ).   The rest of the problem was solved on the elementary level.

Theorem 2 yields the following result on odd typically real functions:   if

A2) = 2 + ^=1a2n + 1z2^eT, then P2„+1(c2n+1)<«2n+1< 272 + 1,  72=1,2,

....   Equality holds on the left or right side only for

fa) =   -    -     or    f(z) =
(l+z2)2-cz2 (1-z2)2

71

respectively.   This assertion of course holds under the weaker hypothesis that

/"(0) = 0.   (A similar phenomenon occurs in the class S* of normalized starlike

univalent functions;  Goluzin [5] shows that if f(z) = z + S~_2 a^z   e S* then

|aJ < 1, k = 3, 5, 7, •••, if / is odd.  Later [6] he shows that |afe| < 1, k =3,

4, 5, • • •» provided only a2 = 0.)

If ¡(z) = z + cz2 + a^ + ... e T(c), then c2 - 1 < a3 <'3.  The left-hand

side easily follows from the Schwarz inequality, but tracing the cases of equality

is cumbersome.   Note also that if we represent / by (1) and set ß(t) =

a[cos_1(- t/2)], then

-a2=j22 tdß(t) = -c,      «3+l-c2=J^2 t2dß(t)-c2.
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Thus finding the best bounds on a, amounts to minimizing and maximizing the

variance of a mass (in fact, probability) distribution when the mean is given.   No

such interpretation appears possible for higher coefficients a , n> A.

This work represents part of the author's doctoral dissertation written at the

University of Michigan.   I would like to thank my thesis advisor Professor Peter L.

Duren for his assistance in this project, my wife Virginia for her writing of the

computer program that produced Table 1, and the referee for several helpful comments.
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