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ABSTRACT. Let € be a class of finite groups, closed under finite products,
subgroups and homomorphic images. In this paper we define and study free pro-@-
products of pro-C- groups indexed by a pointed topological space. Our main result
is a structure theorem for open subgroups of such free products along the lines
of the Kurosh subgroup theorem for abstract groups. As a consequence we obtain
that open subgroups of free pro-C-groups on a pointed topological space, are
free pro-C-groups on (compact, totally disconnected) pointed topological spaces.

0. Introduction. Let C be a class of finite groups, closed under the forma-
tion of subgroups, finite direct products and homomorphic images. It is natural
(and useful) to look at free pro-C-groups generated by pointed topological spaces
(see Gildenhuys and Lim [3]). On the other hand, the concept of a free pro-C-
group generated by an infinite set has not proved to be a very useful one. For
one thing, such a free pro-C-group has very large cardinality (loc. cit). The
categorical concept of a coproduct of an infinite family of pro-C-groups has not
proved to be very useful either. Neukirch [11] has defined ‘‘corestringierte’’ free
pro-C-products of families of pro-C-groups, and has applied his concept to alge-
braic number theory. In this paper we extend his notion, by defining the free pro-
C-product of a family {A L € X} of pro-C-groups, indexed by a pointed topologi-
cal space (X,*), where it is assumed that the map x |» A_ is locally constant
outside {*} and A, = (1) (Definition 1.2, Proposition 1.5).

Our main result is a “'Kurosh subgroup theorem’’ for open subgroups of free
pro-C-products over pointed compact Hausdorff totally disconnected index spaces
X, where it is assumed that C is also closed under group extension (Theorem 4.1).
Our proof is based upon Mac Lane’s proof of the Kurosh subgroup theorem for dis-
crete groups (Kurosh [7, p. 147]). When applied to the special case where X is
the one-point compactification of a discrete space, our theorem gives somewhat
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more information than a similar result(1) by Binz, Neukirch and Wenzel [1]
(Theorem 5.3). Like Binz, Neukirch and Wenzel, we also look at the case where
X is discrete, in which case our free pro-C-product coincides with the coproduct
in the category of pro-C-groups. As a consequence of our main result (Theorem
4.1), we prove that every open subgroup of a free pro-@-group on a pointed topo-
logical space X is freely generated by a compact Hausdorff totally disconnected
pointed space Y (Theorem 5.1). If X is a one-point compactification of a dis-
crete space, then so is Y (Corollary 5.4; see also Binz, Neukirch and Wenzel[1]).

1. Definitions and terminology. Let (X, # be a pointed Hausdorff topo-
logical space. Let {A_|x € X} be a set of pro-C-groups indexed by X, such that
A, is the trivial group (1), and the mapping X \{*} = {A_|x € X} given by xI» A,
is locally constant, i.e. for all x € X\{*} there exists a so-called constant open
neighborthood U of x in X\{*}, with Ay = Ax for all y € U. Our aim in this
section is to define the ‘‘free product’’ of the pro-C-groups A o ¥ €X, and
describe its essential properties. First, we define a pointed topological space
E=V,cx A,, called the étale space. As a pointed set, E is the coproduct of
the pointed sets (4, 1), x €X, i.e. E is the set obtained by forming the dis-
joint union of the sets A_, and then identifying the identity elements of the
groups A . If N is a constant open subset of X (A, = A, forall x, y €N) and
x €N, we define

pn: NxA, —E, (n, )oteA, (n t)eENxA,,

and we endow E with the topology defined by letting W C E be open in E if the
following conditions are satisfied: (i) for every constant open subset N of X, the
set p;’,l(W) is open with respect to the product topology on N x A, (x € N); (ii)
if W contains the distinguished point 1 of E, there is a neighborhood V of * in
X such that Ay C W whenever y € V. Note that if 1 £ a € E, the sets

pvx(V" x U) form a neighborhood basis of a in E, where V* runs through the
constant open neighborhoods of x in X, missing *, and U runs through the open
neighborhoods of a in A_, missing 1. A neighborhood basis for 1 € E is given

by the sets
( U ¢ x(V”xU"))u< U A,,>,
xex\{x} V xeV*

where V* runs through the open neighborhoods of * in X, V* runs through the
constant open neighborhoods of x in X missing *, and U* runs through the
open neighborhoods of 1 in A .

(1) In fact in a subsequent revision of their paper, they obtain precisely this result
(our Theorem 5,3) completely. Cf. E. Binz. J. Neukirch and G. H. Wenzel, J. Algebra 19
(1971), 104-109.
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Consider the map

m E = \/ Ax—ax
xeX

of pointed spaces, given by #(1) = *, and n(e) =x if e €E and e € Ax\{l!. It is
easily verified that 7 is continuous and open. The pro-@-group A = 7= 1({x, *})
is called the fiber above x.

Lemma 1.1. If X is compact, so is E.

Proof. Assume X is compact. Let ¥Oyl,y er be an open cover of E. Sup-
pose 1 €0, . Foreach x €X, x£+let I' =y elo, N (A \1}) £ 1. For
each y €' and each a,, €0, N (Ax\{l}) choose an open neighborhood U., of
a, in A_ and a constant open neighborhood W,, of x in X such that
Pw,y(wy xU,)C 0,,. The family consisting of 0, N A, and U, (y € I,) forms

an open cover of A . Let O.),0 NA, U’Yl’ ceey U"nx be a finite subcover. Put

v, =n'i’="1W,yi and S, =1y, -, ynxL Suppose U, x4, C O, where N is an
open neighborhood of *. The family consisting of N and the open sets V_

(x £ x € X) forms an open cover for X. Let N, VeV

. be a finite sub-
m

cover. Then {O,),O} uio,|ye U';.;lsxi} is easily seen to be a cover of E. O
Definition 1.2. Let X be any pointed Hausdorff topological space, and let

{A Jx €X} and E= V ., A, be as before. A pair (A, ¢) consisting of a pro-C-

group A =I_Ix ex A, and a continuous mapping ¢: E — A such that ¢ |A, isa

monomorphism for every x € X, is said to be a free pro-C-product of the groups A

over the index space X, if whenever B is a pro-C-group and : E — B is continu-

ouswith each ¢ | A . @ homomorphism, there is a unique continuous homomorphism
¥: A — B, such that ¢ = ¢.

Proposition 1.3. The free pro-C-product (A, @) of 1A |x € X} always exists
and is unique in the obvious sense. The subgroup of A, generated algebraically
by the set ¢(E), is dense in A.

Proof. Let A4 =Hz ex A, be the coproduct (or free product) of the underly-
ing discrete groups A, (x € X) in the category of discrete groups. Let f: E =
Vx ex A, — A? be such that flA,: A, — B is the natural inclusion.

Consider the topological group structure on A% given by the following funda-
mental system of open neighborhoods of 1:

JU={N QA% |A9/N€eC, [~1(N) is open in E,Vbe Ad}
Let A = limy .y A%9/N, and let [—: A4 — A be the natural continuous homomor-
phism. Put ¢ =7 ©f. Clearly f(A9) is dense in A. One easily verifies that the
pair (4, @) is a free pro-C-product of the A ’s. The uniqueness is obvious. 0

To justify our definition of free product, we shall prove that it includes, as
special cases, the concepts of free pro-C-group and free pro-C-product as defined
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previously in the literature (see Binz, Neukirch and Wenzel [1], Gildenhuys and
Lim [3], Gruenberg [5], Iwasawa [6] and Neukirch [11]).

First, we note that if (X, *) is a discrete pointed space, then the free product

cex A,» as we have defined it, coincides with the coproduct of the A’s in the

category of pro-C-groups (where we can let x range over the set X or the set
XN+

Let F (X *) be the free pro-C- -group on a pomted topological Hausdorff space
(X, *) (cf. Gildenhuys and Lim [3]), and let Ze denote the free pro-C-group on
one generator. Then one would expect that F (X *) is the free pro-C-product of
the groups A o X €X, where A, =1 and A = Ze if x € X\{*}. In fact this is a
clear consequence of the following result.

Proposition 1.4. Let (X, %) and (Y, %) be pointed Hausdorff topological
spaces, with Y compact (by abuse of notation, * denotes the distinguished points
of both X and Y), Let X °Y be the quotient X x Y/~ of the product of X and
Y, where (x, y)~ (x',y") if x =% and y' = %, or x' =% and y = *. The equiva-
lence class [(x, ¥)] of (%, *) is taken as the e distinguished point of X ©Y, and is
also denoted by *, Suppose now that A _ = F(Y *) for all x € X\{*} and A «=(1).
Then II_ o A, = FX 0¥, %),

Proof. Let (Y, *) - A, = 'I\T‘(Y, %) be the canonical maps, x € X\{*},
with p,: (Y, ¥*) — F(Y, %) the trivial map. Let p be the composite map:

(Xo y,*)_'i,E= V A, _> II A
xeX (X, *)

where ¢ is canonical and V[(x, y)] = g_(y). We refer to the description of a
neighborhood basis for a point in E and, using the notation introduced there, we
note that v~ l(pvx(V" x U)) is the image in X ©Y of the open subset V* x

(s UUY) of Xx Y (+£x €X) and v™ Uy, A,) is the image in X ©Y of the
open subset V¥x Y of X x Y. It follows that v and p are continuous. Let o:
X oY — G be a continuous mapping of X ©Y into a pro-C-group G, with o(*) =1,
It suffices to show that there exists a unique continuous homomorphism :

II. x A, — G. such that iy = o (Gildenhuys and Lim [3]). For cach x ¢ X\{#},
let 0,: (Y, ¥) = G be given by 0,(y) = ol(x, y)]. Then o, is continuous, with
0,(*) =1, and so there is a unique morphism ¥, : F(Y, ¥) = A, — G such that

Y, b, = 0,. We claim that the map ¥: E = V, x A, — G defined by Y|4, = ¢
is continuous. For this, it suffices to show that for every open normal subgroup
W of G, the composite myYs is continuous, where my: G — G/W is canonical.
Let a € Axo CE. Foreach y €Y, let V_ be an open neighborhood of y in Y,
and let UY o be a constant open neighborhood of x in X, missing * if xq # *,
and such that
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myol(x, )] = myollxg, y)l
for every (x, ) €U} xV,. Let Vyp V

Y y2
n i
=1 Uxo. Then

yrees VYn cover Y, and put Uxo =

o l(x, y)1 = myol(xy, y)]

forall (x, y) €U, x Y. Thus,
¥, =g, A=A —G/W if x, x'e U"o’

Let g = myy, (@) € G/W. Then there is an open neighborhood T, of o in Ao
such that

"W'//(Puxo(uxo X T"O)) = {E}’

where, as before, puxo: Uxo x Axo — E is given by puxo(x, =t €A, If afl,
then pUxO(U x0 % T, 0) is an open neighborhood of a in E, and the above shows
that #yr is continuous at a. If a =1, choose U, 0 and T"0 as above for every

xg € X\{*}, and let U, be an open neighborhood of * € X such that myol(x, y)l=1,
whenever (x, y) € Uy x Y. Then myy(A ) = {1} if x € U,. Thus, the open neigh-

borhood.
§= U sy, W, xT ))u(U A,,)
("o eX \I*} U0 0" %0 xeUx

of 1 in E is mapped by myy onto the identity element of G/W. So myy is also
continuous at 1 € E. Since ¥ is continuous and each ¥_ is a homomorphism,
there is a unique continuous homomorphism ¥: I_Ix ex A, — G with ¢ =¢. Then
it is plain that Yyt = 0 and ¥ is unique with this property. O

Next, we consider free products in the sense of Neukirch [11] and Binz,
Neukirch and Wenzel [1]. First we recall their definition. If A , x €X are pro-C-
groups indexed by a set X, one says that a system (A, ¢x) consisting of a pro-C-
group A and of maps ¢ : A_— A (x €X) converging to 1 (i.e., every open sub-
group of A contains all but a finite number of the groups ¢, (4,)) is a restricted
free pro-C-product of the A x S» if whenever G is a pro-C-group and ,: A, — G
(x € X), is a family of continuous homomorphisms converging to 1, there is a
unique continuous homomorphism ¥: A — G with ngx =y, forall x €X.

A restricted free pro-C-group F on a set X (cf. Serre [5] or Ribes [13] where
it is called simply a free pfo-eogtoup) is easily seen to be the restricted free pro-
e.product of X copies of Zg, the free pro-@-gtoup on one generator (cf. Neukirch

[10]).
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Proposition 1.5. Let A, x € X be pro-C-groups indexed by a set X. Let
X = X v {*} be the one-point compactification of the discrete space X. Put
A, =1, Then the free pro-C-product I_Ix ex A, coincides with the restricted free
pro-C-product of the groups A, xeX

Proof. The result easily follows from the fact that a mapping ¢: E =
V,ex A, — G, with each ¢_=¢|A_ a continuous homomorphism, is itself con-
tinuous iff {p 1, ¢x converges to 1. O

To conclude this section, we wish to point out to those readers acquainted
with the concept of a category object in a category with pullbacks, that our con-
cept of free product can also be described formally as a ‘‘colimit’’ of a ‘‘functor’’
whose ‘‘domain’’ is a category object ‘‘without maps’’ in the category of pointed
topological Hausdorff spaces, and which takes values in the category of pro-C-
groups.(2)

2. The structure of free products over compact Hausdorff totally disconnected
index spaces. In this section we shall restrict ourselves to free pro-C-products
A=11 . A,, where X is compact Hausdorff and totally disconnected. Our pur-
pose is to express A as a projective limit of free pro-C-products over finite dis-
crete spaces. First, we introduce some notation. If R is an equivalence relation
on a set T, then tR will denote the equivalence class of ¢t € T. Let{A |x €X}
be pro-C-groups indexed by X and satisfying the conditions of $1. Let R be an
equivalence relation on X such that (i) X/R is a finite discrete space with the
quotient topology, and (ii) A, = A, whenever xRy and x ¢ *R. For x € X, put
Ap=A, if x¢ *R and A_p =1 if xR*. Let E = V,x 4, be as in §1, and
define a function

piE— 11 A p=4;
xR eX/R

by sending A, identically onto A, p if x ¢ *R and onto 1 if xR*. Then pp is
continuous. To see this, let a €A _CE, and let W be an open neighborhood of
pr(@). We choose a neighborhood V% of a in A, such that pp(V)) CA o NW
and, in addition, 1 ¢ VX if a £ 1. If x £ *, we also choose a constant open
neighborhood U, of x in X suchthat *¢ U . If a £ 1, then pux(Ux x V%) is
an open neighborhood of a in E, and

pr(by (U, x V) CW.

If o =1, we choose V7 and U, as above for each x € X\{*}. Then PR maps
the open neighborhood

(?) Cf. D. Gildenhuys and L. Ribes, On the cohomology of certain topological
colimits of pro-@-groups, J« Algebra (to appear).
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' U ? (Ux X Vc’,f)) U ( A
(xex\{*} Ux xEJ*R y

of a =1 into W. Thus, p, is continuous at all a €E.

By the universal property of A = I_Ix ex A, there is then a unique continuous
homomorphism

mpid— I 4 ,-4
xReX/R xR R

with 7,6 = pp, where ¢ is as in Definition 1.2.
If R and R’ are equivalence relations on X satisfying conditions (i) and
(i) above, and R C R', then define

TRR':Ap = H AxR—'AR'= H A pt
xReX/R xR'eX/R'

to be the unique continuous homomorphism induced by the maps

Ap TERLA o PR 4

xR R'»

where 7, is the identity mapping if x ¢ *R' and the trivial mapping otherwise,
and where the ¢ _p+’s are the canonical monomorphisms.

Proposition 2.1. Let (X, %),{A_|x € X} and A =I'Ix€X A, be as above.
Let H be an open subgroup of A. Consider the set R of equivalence relations
R on X satisfying conditions (i) and (ii) above, as well as the following: (iii)
the canonical projection mp: A —-Ap -_-Hx ex/R AR described above, preserves
the index of H, i.e.

(A:H) = Ag: ﬂR(H)).

Tben, A= l‘iElRea AR.

Proof. Denote by H, the open normal subgroup na ea H? of A (here H% =
a~'Ha). Let V be an open normal subgroup of A; put W =W,, =V N Hy,, and
let gy: A — A/W be the canonical homomorphism. Consider the equivalence
relation Ry, on X characterized by: if x € X, then xR when qy(A,) = {1}; if
x,y €X and x £ * £y, wehave xRVy iff A_= A, and qyla,) = qw(ay) whenever
a,€A,a, €A and a, =a, under the equality A, = A . We proceed to show
that R, satisfies conditions (i), (ii) and (iii). Since X is compact, (i) is satis-
fied if R, is open, i.e., if every xRy is open. Assume x £ *; then for every
a€A/W consider the open and closed subset O, = ¢‘l(q;,1(a)) N E, where ¢:
E — A is as in Definition 1.2. Let m: E — X be the projection (see $1). For
every a €A N0, let U:'a be a constant open neighborhood of x in X
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missing * and let DY , be an open neighborhood of @ in A, with

byUZ o x D% ) C Oa, let {D }" be a finite cover of 4, n 0,, and set
U, n n "a U fas where o runs through those elements of A/W for which
A N0 # ¢ Clearly U, is a constant open neighborhood of x. Moreover if
y€U,a, €A, a, €A, and a =a, under the equality A =A4,, then a,
belongs to some D:'ia and

8y €0, a; Wi, x D:fa),
x, a

hence qW(a )=qyfa,) = a. Therefore, yRx, and every x # * is an interior point of xR.
Assumenow that x = *, Since qu(l) is an open neighbothood of 1 in E, there is an open
neighborhood of * in X, such that x €U, =» A_Cgqy'(1). Then x € U, = xR,
and hence * is an interior point of *R. This establishes condition (i). Obvi-
ously Ry, satisfies condition (ii). To verify condition (iii) consider the commu-
tative diagram

A o am

A, = I 4
Ry xeX/R =Ry
where ¢V is the continuous homomorphism induced by the homomorphism ¥, :
Ax-RV—’ A/W' given by l/lx(a) = qW(a) (a eAxRV = Ax if x ¢ *Rv)- Then
ker(mp, V) Ckerlgy) = W CH. Thus, (A:H) = (Ag  :mp (H)) and Ry € R.
Now, the maps {{/V|V <A, V open in A} are easily seen to induce a con-

tinuous homomorphism:

lim A Ry = lim AWy, = A

|4 |4

and hence a continuous homomorphism

7 lim Ap — Al
ReR
Now it is easily checked that  and the homomorphism A — lér_nR ex4Rrs
induced by the mp’s, R € R, are inverse isomorphisms. O
Remark 2.2. Let R be as in Proposition 2.1. Using the notation of the
proof of Proposition 1.3, we define

d d
d.
mR* I A, — H AR
xeX xReX/R
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to be the homomorphism that sends Ax identically onto AxR if * ¢ xR, and onto
1 otherwise. One then has a commutative diagram

ad= 1] 4, —L 4= 1m 4,
xeX ReR
ﬂz ”R
d

7
Ad - I A,Ba,=- I 4
R eRex/r =R R ReXx/R

in which the maps [ and [ are defined as in the proof of Proposition 1.3.
The following corollary extends a result of Ribes [14].

xR

Corollary 2.3. Let (X, *) be a pointed, compact, totally disconnected,
Hausdorff topological space. Let C be closed under group extensions and let

{Ax |x €X} be pro-C-groups satisfying the conditions of §1. Then the canonical
bomomorphism
f-:Ad= I_I Ax——»A= H Ax
xeX xeX

defined in Proposition 1.3 is a monomorphism.

Proof. Assume for a moment that the result holds true when the groups A_
are indexed by a finite discrete space. Let 1 £a € H: ex Ay and assume x,
Xypere,x, €X,x; # *, are the indexes involved in @ when written as a reduced
word. Choose R € R (where R is as in Proposition 2.1) so that x; 4 ij, if
i#j, and x; ¢ *R, i=1,2,...,n Using the notation of the above remark we
have ﬂ‘fa(a) #1 and thus f—(n‘é(a)) # 1 by our assumption. Hence [ (@) £ 1.

Now we prove our result when (X, *) is finite discrete. Since C is closed
under formations of subgroups and extensions, if a prime p divides the order of
some group in C, then C contains all finite p-groups. Hence all free discrete
groups are residually C (cf. Hall [12]). Then, using a slight variation of an argu-
ment of Gruenberg (cf. [4, Theorem 4.11), one shows that [y .qN = 1, where JU is
as in Proposition 1.3. Thus kerf = 1.0

Remark 2.4. The last part of the above argument in fact shows that if (X, *)
is discrete, not necessarily finite, then Hzex A_ is canonically embedded in
I-It (¢ Ax'

3. The subgroup theorem for free products over discrete spaces. The fol-
lowing lemma plays, an important role.

Lemma 3.1. Let C be a class of finite groups, closed under the formation of
subgroups and extensions. Let H be a subgroup of a group G, let Hg = ng ecHE
denote the core of H in G and suppose that G/HG € C. Then every normal sub-
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group N of H, with H/N € C, contains a normal subgroup M of G, such that
G/M €C.

Proof.(3) Put K= Hg; " N; then H/K C(H/Hg) x (H/N), and hence H/K € C.
Choose gy, g,5+++,8, €G so that K = §=1Kgi. Then K&i dH; and
HG/Kgi € C. Therefore HG/KG C (HG/kgi) X oo X (HG/Kg'); and hence H:/K.

€ C. Thus the extension G/KG of Ho/K¢ by G/H belongs to C, and we can
take M = Kg.O

Theotem 3.2. Let C be a class of finite groups, closed under the formation
of subgroups, homomorphic images and extensions. Let {A_|x € X} be pro-C-
groups, indexed by a discrete space X, and let A = Hx ex A be their coproduct
in the category of pro-C-groups (i.e. A is the free pro-@-product HyGY A,
where Y =X y {x},and A, = 1). Let H be an open subgroup of A. Then

H=< I @&n A:"'i)>HF

xeX, ielx

where F is a free pro-C-group on a discrete space, and {sx o 1 €LY runs for
each x € X, through a complete and irredundant system of double coset represen-
tatives of A with respect to A and H.

Proof. Let A9 - I_I;‘:y ex A, be the discrete free product of the A, ’s con-
sidered as discrete groups. We shall identify A9 with its canonical image in A
(see Remark 2.4). Put H? = H N A4, By the Kurosh subgroup theorem (cf. Kurosh
[7], [8]) we have

Hd - ( II @in A% i)) 174
xeX,iel,

where F? is a free discrete group, and {s o L€l } runs through a complete and
irredundant set of double coset representatives of A with respect to A, and
H4, Notice that for each x € X, {s, ;li €1} forms also a complete and irre-
dundant set of double coset representatives of A with respect to A and H;
indeed A = |, jer, Ay Sy, and if As, H = Axsx jH, then s, .=as b for
some 2 €A, b €H and it follows that » € AN H=H? and s x,i= S, (Note
that I is fmxte for all x € X.)

We shall consider two topological group structures on the group H%. One,
denoted by 7%, is induced by the topology on A4 (cf. Proposition 1.3); and another,
denoted 77, is determined by a fundamental system of neighborhoods of the iden-

(3) We thank J. Poland for this proof which is simpler than our original one.
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tity, consisting of normal subgroups N of H?, such that

(i) H/N €C;

(i) NNHINA*)=NNA* isopenin H N A %= H NA®" for
all i €1, x €X, where the topology on H N Ai"'i is induced by H (and also
by 4);

(iii) NN F? is open with respect to the natural pro-C-topology on F¢
(M QF? is open iff F4/M € C).

We know that H is the completion of H? endowed with the topology 7t (cf.
Bourbaki [2, p. 224]). Looking back at the proof of Proposition 1.3, we see that
our result will follow if we can prove that 7* =%, Let M be an open normal sub-
group of A9 (cf. the proof of Proposition 1.3), and N = M N H?. Then H?/N is
isomorphic to a subgroup of Ad/M, hence is in C. Also,

NOHINAE ) =MNA%?

is open in Ai"'i, and hence in H% N Ai"'i. Clearly N nF? =M N F4 is open in
F4, Thus, r* C ™. Conversely, suppose that N is a normal subgroup of H? satis-
fying (i), (ii) and (iii) above. .We will prove that N is open with respect to i,
Since C is closed under quotients, we need only show that A4/N ad € € and
NAd N A, isopenin A_ forall x € X, where N, , denotes the core of N in A4,
Since H? is open in A%, we have Ad/HZd € C, and hence, by Lemma 3.1, N con-
tains a normal subgroup M of A4 , such that A9/M € C. It follows that the homo-
morphic image Ad/NAd of A%/M belongs to C. To show that NAd N A, is open
in A_ it suffices to see that for each a € A%, N%n A, is open (notice that N is
of finite index in A%). Now N%N Ax =(Nn A:‘l)“. So it suffices to show that
for each a € A9, N N A:-l is open in AZ_I. But a~! = axsx'ih for some i €1,
where a_€A_ and b € H?; therefore N r\A,‘f1 =Nn A,‘:"""’ =(NnAx iy,
Now, N N A% is open in HY N A*+¢ by assumption, and hence is open in
Ai"»i; so NN A:'l is open in A;"'ib = A:-l. a

Remark 3.3. From the above proof one easily deduces that in the statement
of the theorem one can assume that F is the completion of F4 where F? has any
topology finer that the topology induced by A9, and coarser than its natural pro-C-
topology.

4. The subgroup theorem for compact Hausdorff totally disconnected index
spaces. We henceforth assume that C is a class of finite groups, closed under
subgroups, homomorphic images and extensions. In this section we prove our
main resule:

Theorem 4.1. Let H be an open subgroup of the free pro-C-product A =
erx A of pro-C-groups A, (x €X), where X is a compact Hausdorff totally
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disconnected pointed space (X, *), Then there are closed subgroups B and F of
H, such that H = B II F (the coproduct in the category of pro-C-groups), where F
is a free pro-C-group on a certain pointed compact totally disconnected Hausdorff
space Z, and B is a free pro-C-product B =Hy ey B, over a pointed compact
totally disconnected Hausdorff space (Y, %), the By’s being conjugates of closed
subgroups of the A ’s.

The proof of this theorem will require a series of preliminary lemmas. Before
we launch into their statement and proof, we shall sketch the general outline of
the proof of the theorem. By means of a result similar to Proposition 2.1 we
express A as a projective limit of free pro-C-products indexed by finite discrete
spaces; we apply Theorem 3.3 to each of these free products to find an expression
for the projection of H into each of them; then we take the projective limit of
these expressions to obtain the desired result for H. The heart of the matter con-
sists of finding a convenient set 31 of equivalence relations on X that will allow
us to take this last projective limit.

Throughout this section we keep the notation of Proposition 2.1 and Remark
2.4, and the hypothesis that X is compact Hausdorff totally disconnected. Since
we are indulging in the dangerous practice of identifying equal pro-C-groups A,
and A (x # y), with their respective distinct images in the étale space E, it
should be pointed out once and for all that if we write "'A_N § = Ay NS inA =
Ay” or “a = a,in A, = Ay”, where S is a subset of E and a, €4,,a €A,

this does not imply equality of A, NS and A, NS in E, or of a, and e, in E.

Lemma 4.2. Let R be as in Proposition 2.1. There exists a cofinal subset
R’ of R with the property that if the following bolds: R' €R’, C is a left coset of
H? in A%, x,y €X, xR'y and * ¢ xR’, then

(0 CnA, =CnA,,in A, =4, and

(1) aC= ayC in A%, whenever a, =a, inA, = Ay.

Proof. Let R €R be given. Let V = *R, x € X\V and a €A, Foreach
left coset C of H? in A4, choose an open neighborhood U = U’a‘;c of a_in A,
and a constant open and closed neighborhood W = Wz;c of x in X, missing V,

such that

(i) py(W x U) is contained either in C or in EN(E NC) (note that EN C
is open and closed in E), and

(ii) t € py(W x U) = tC =a,C.

Let {U’;;Ci}:__(_:l be a finite cover of A ; put

nc
Vo= N Nwc
d/yd . x, i
CeA%/H® i=1
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and let {Vx_l;'_l be a finite cover of X\V. Suppose that x, y € ij. We will
ji=

show that for every coset C € A%/H?, the equalities (I) and (II) above are satis-
fied. We may, without loss in generality, take y = x i Ifee A"i N C then

i C §»
(x, e)GW:’ X U:’ C,
x]; 1 xju 1
, . C
for some U' = usi'¢ and W' = Wi
@i =7

. Now, pW:(W' x U')C C, since PW'("," e)

1

», -

=% EAx. N C; so, when we consider e as an element of A, , we have e =
j

byi(x, €) €C; i.e., e €A_nN C. Conversely, suppose ¢ €A, NC; then, viewing

x;,C x,-,C "_ xj, C
¢ as an element of A"i' we have (x, c¢) € Waxj' R U ax ik for some U = U Gk
. C
and W" = W:’: ,+ On the other hand, pyn(W" x U") meets C, because pyu(x, c) €
,0

A, N C; hence pyu(W" x U") is contained in C, and ¢ = pwu(x’, c) e ij nC.
This proves equation (I). To prove (II), suppose C € A%/H4, x € in and a_=

a"i inA_= ij; then

xi, C x;, C
x,a )eWT 1
(x, a,) ax, b Uaxj' ,

- . C = . C -
for some U = U:”‘in”. W= WZ;l_.b, so that a_= pW(x. a) € pu_,(W x U), and hence

axC = dxi C.

Define now an equivalence relation R’ on X as follows: *R’ = *R, and if
%,y ¢ *R', then xRy iff xRy and either x, y € Vx,_ or x,y ¢ in forall j=1,
2;»..,n. Then R’ CR, R' €8 and R’ satisfies the required property. O

In our next lemma we refine a result of Mac Lane (cf. Kurosh [7, Lemma 1, p.

147]) in order to make it suitable to our setting.

Lemma 4.3. Let (X, %), {A |x € X}, A%, H? and R' be as in Lemma 4.2.
Then for each x € X there is a system ~ A%/H? — A4 of representatives for the
left cosets C of H? in A4 satisfying the following conditions:

M r(H)=1.

() If a, €A, then 1,(a,C) = a; r(C), where a, €A,.

(3 If 7 (C)=a,s, where a, €A_and s {1, and if the first index y of s
is different from x, then r (sH®) = ry(st) =s.

(4) If MA,C) denotes the minimal length of elements of the double coset
A _C of A% with respect to the subgroups A and H?, we have Mr ()< +
A4, Q).

(5) Let D be a double coset of A% with respect to the pair of subgroups
A, and H? for some x € X, Let s(x, D) be the unique element of minimal
length among the representatives 7.(C), where A C =D, Then s(x, D) is of
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minimal length in D, and s(x, D) = s(y, D), whenever A s(x, D)H? =A s(y D)H4,
(6) Suppose R' eﬁ' xR'y, x ¢ *R', a o=@, in A =A ,s_s(x, D) and
a (™" = a ™Y then 7, (C)) = e (O,

Proof. To define 7 (C) we will proceed by induction on A(4,C). In the
course of this proof, the term ‘‘double coset of A? will mean a set of the form
A tzHd for some x € X and @ € A%, Let D be a double coset of A%, and C a
left coset of H? in A4, with A C =D for some x €X; then we put TC D=
{y €X|A,C =D} Suppose MDY =0 and x €T¢p- Then D=AC=4 H? and
A NC ;é @. Let S, be the set of all those elements y of T¢ p for wluch A,
—A », CNA, —CnA inA =A g and a Hd—a Hd whenever a,_ €C N4,

a, GC ﬁA and a, _a in A _A We have % eS and we can write TC,D
as a dls1omt union of sets S, PR X i€l For each x;, we choose some ele-
ment @, eAxinC with a i-1 if C = H%, and we put T, (C) a,. Ifx eS
we canfind a, €A NC witha,=a, in A =A,_ ,andweput r (C) a,. If
D and D' are dlstmct double cosets of A9, then Tc p N T¢c,pr = 2 so the ele-
ment 7,(C) is well defined for every C € A%/H? and every x € X with M4, C)

= 0. Conditions (1), (2), (4), (5), and (6) are easily seen to be satisfied; condi-
tion (3) is empty in this case.

Suppose now that D = A_C is such that A(D) = n > 0, and assume that
r,(C"), z € X, has been defined satisfying conditions (1)-(6) whenever MA_C ")
<nand C' eAd/Hd. Let g € D be an element of length n (for a given D the
element g will be fixed throughout the discussion). Then the first index y of g
is different from z whenever AzC = D, for otherwise D would contain elements
of length less than n. In particular y £ x. Since M4 ngd) < n, the representa-
tive r (ng) = s has already been chosen according to our induction hypothesis,
and depends only on g. By (4), M(s) <n. Since D = A st we have n = AMD) <
A(x); and consequently A(s) = n, so that the first index ¢ of s is different from
all z €T p, and by condition (3) and the induction hypothesis, r(sHY) = s.
Now, if C = sH?, we put r [C)=s forall z €T . If C £ sH4, for each z €
Tep we form the set S, of all v €T, suchthat A =4, and a (Hd)”

a (Hd)" whenever @ =a_in A =A_ . Clearly z € Sz Now, TC.D can be
expressed as the disjoint union of sets S' % €Tc,p» €] Foreach je€],
we choose 2, €A %t O _# 1, such that C =a ]st Define 7, (C) a,s.
Then a, % €Cs‘l =a, (Hd)s ! Forall v eS , the element a, €A thh a,=
4, under the equahty A,=A, o is such that a (Hd)s 1o a, (Hd)s , and we
define 7 (C) = a s. Then the elements r (C), are well defmed forall v € Tc,p-
Moreover s is of minimal length among the representatives rx(C ), where x is
fixed and C' runs through those left cosets of H? in A4 such that D = AC ,
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ie., s(x, D) =s. Thus s(x’, D) =s(x, D) whenever x, x' € T¢ p» and condmon
(5) is venf1ed FR €' x «' € Te.pr xR'x', x ¢ *R', and a (Hd)s

:(Hd)s whenever a_=a s in A_=A_,, we must have x' ES hence by con-
struction there are elements a, eAx and @ €A s with @, =@ in A=A,
such that rx(C) =ad,s and 7,4(C) = a@_ss; thus nﬁ:(rx(C)) = 17'{2 :(?ixs) = nﬁ,(ﬁx,s)
=”‘ilz‘(’x'(c))’ i.e., condition (6) is verified. Condition (1) is not applicable, and
conditions (2), (3), and (4) are easy to check. O

Corollary 4.4. Let r_ and s(x, D) be as above. Let S be the set consisting
of all elements s(x, D), where x € X and D runs through the double cosets
A aH? a €A% Then, S is finite.

Proof. Since H? is open and of finite index in A%, the group M, ,(HY)*
is still open. Hence (cf. §1), there is an open neighborhood W of * in X such
that x eW =A_C N eAd (HH® Let C eAd/Hd, say C = aH?; then x €
W=AC= Ax(Hd)“' a=_C.

Thus it follows from the definition of s(x, D), and from (5) of Lemma 4.3, that

% yeEW= rx(C) = ry(C) =s(x, A, C) = s(y, AyC).
Since H? is of finite index in A%, the set
{s(x, D)€ A?|x €W, D =A_C, Ce A%/H?

is finite. Now, let R’ be as in Lemma 4.2, and choose R’ € R' with *R' CW.
Then by Lemma 4.2(I) A C = AyC whenever C € A%/H%, xR'y and x ¢ *R’. Con-
sequently, by (5) of Lemma 4.3, the set

{s(, D) Ad|x £W, D = A C, C € A%/H%

is also finite, and the result follows. O

Lemma 4.5. Let R' be as in Lemma 4.2, S as in Corollary 4.4, 1 : Ad/H4
— A9 as in Lemma 4.3 (x € X), and T an open neighborhood of * in X missing
all the indexes appearing in the irreducible presentations of all s €S. Let ﬁl be
the set of those R € R' such that

(i) *RCT;

(ii) if s €S, xRy, x § *R, a =4, in A, = A, then a (Hd)"’l =a (Hd)‘

(iii) R separates the mdexes appearing in the elements of § (i.e. xR #x'R
whenever x and x' are distinct indexes appearing in some s €S5).

Then "RI is a cofinal subset of R'-

Proof. Clearly the subset R* of R’ consisting of equivalence relations R"
that satisfy (i) and (iii) above, is cofinal in R'. So it suffices to prove that such
an R contains an open equivalence relation R, satisfying (ii). For each s €5,
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x £*R" and @ € A, choose a constant open and closed neighborthood W =W, .
of x in X, missing R", and an open neighborhood U= U, _ . of @ on 4, such
that if ¢ € py,(W x U), then fHd)s=! a(H“')’"l Let {Ua s, xi:'_‘_’ be a finite
coverof A_ and put V_= ﬂs €S nes =1 a ,S.x° Let W } =1 bea finite cover of
X\#R". Defme R by writing *R=*R", and ifx,yd *R then xRy iff xR"y and

forall j=1,2++,m either x, y € V . or X,y eX\V Clearly R satisfies
(iii) and R CR". O

Then, as an immediate consequence of Lemmas 4.3 and 4.5, we get

Corollary 4.6. Let r_, x € X be as in Lemma 4.3, S as in Corollary 4.4 and
fR as in Lemma 4.5. Suppose that R ele, C eAd/Hd xRy and x ¢ *R. Then
ﬂd 20, (C) = n%( (C). O

Now, let R be as in Lemma 4.5 and 7, : A9/H?— A? as in Lemma 4.3. For
every R € “Rl thete isa bx;ecnve cotrespondence between the left cosets of H?
in AZ and of HdR = nd(Hd) in A4 %» (cf. Proposition 2.1), given by C + Cp =
17d(C) If *R £ xR € X/R and C € Ad/Hd, then Corollary 4.6 assures us that the
representative 7 R(C ) of Cp in He % is well defined by putting r R(C R) =
nd(rx(C)). We let r*R(C )= TIR(T*(C))

Lemma 4.7. For each R € 31, the systems of representatives of left cosets
R Ad/Hd — Ad satisfy conditions (1), (2) and (3) of Lemma 4.3. Moreover,
er(CR) €A% bas the same length as r (C) for all x ¢ *R.

Proof. Conditions (1) and (2) are easily checked. To verify condition (3)
suppose that r 2(CRp)=a pt, .t £1, where a_p €A _p and the first index in ¢ is
distinct from xR Let ﬂd(C) Cp» where C € A%/H?. We know (cf. Lemma 4.3,
part (5)) that 7 (C) = axs(x, A, C) where ax €A, (s(x, A,C) £ 1 for otherwise
t=1). Now, if y is the first index of s =s(x, A, C) then y ¢ xR; indeed, if yRx
then A C = AyC by Lemma 4.2(II); so s is not of minimal length in 4,C, con-
tradicting Lemma 4.3, part (5). Consequently, if s =a_a .«a_ is an irre-

y z1’ zn
ducible presentation of s (2, €4,,a, €A, ), then a, p a R z1R a, R is

an irreducible presentation for nd (rx(C)) axRt. Hence @, p =4, and t =
”‘fa(s)' So, using Lemma 4.3, part (3), rfR(tH‘fz) = ﬂgrx(st) =1r,dz(s) =t and
rRR(tHd) 17'1 (r (sH?) = rrd (s) =t as desired. At the same time, we have shown
that 7%, (Cp) has the same length as r (C). O

Now for R 65{ (as in Lemma 4.5) put sR = sR(xR, A, CR) rrR(s(x A, ),
where Cp, = nd (C). Then sR is the element 73 R(C r) of sho:test length among
those for which C, CA_p Cp, Cp eAfe/Hfz' Indeed, since keur‘,"'z CH, one has
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that if 74(C")= Cp CA,_p Cp, then C' CA_C, and the length of rRo(CR) equals
the length of 7,(C").

For each R € R, let Yg = (X/R) x (A,dz/Hfz), where A‘,‘E/H‘f2 has the discrete
topology. Define an equivalence relation ~ on Yp as follows: (xR, Cp) ~
('R, Cg) iff xR =x'R = *R or xR =x'R and A _pCp = A s pCp. Denote by
[*R, C)] the equivalence class of (xR, Cp), and write * = [(*R, Cg)]. Put
Yp = (Yg/~, #). With this notation, the Kurosh subgroup theorem for discrete
groups, as applied to the subgroup H‘f2 of A‘é, is expressed by:

R
s"(xR,A_pCp) d
Hg=( HL A =R R)H F,

[xr, Cpiley,
where Ffz is a finitely generated free discrete group. In fact the set Z"z of ele-
ments of the form rfR(CR)" 1LR(CR) £ 1 where x € X and Cp, € A%/H%, con-
stitute a set of free generators of F ‘Iiz (cf. Kurosh [7, p. 147, Lemmas 3,4, and 5]).
Consider the pointed discrete topological space Zp = (Zp U {1}, 1). Then the
free pro-C-group F g on the finite discrete pointed space Zj is precisely the pro-
C-completion of F‘fe (cf. Gildenhuys and Lim [3, Proposition 1.3]), and by Remark
3.3 Fp is the closure in Hp = mp(H) of F%. It is plain that if R, R' € &, and
RCR' onehas mp(Zg)=Zpi. Put F=limpeq Fp. Then F s the free pro-C-
group on the pointed topological space Z = limp (g 1 Z,, with 1 as the distinguished
point (cf. Gildenhuys and Lim [3, Proposition 1.71).

Proof of Theorem 4.1. Let r, and s(x, D) be as in Lemma 4.3. By the
Kurosh subgroup theorem for discrete groups (cf. Kurosh [7, p. 146]) we have

d
He - [I_I H? Ns(x, D)~ les(x, Dx))] I1¢ F,

where D ranges over the double cosets 4 a H? of H? with respect to A  and
H?, and where F? is the free discrete group on the free generators Z' =

r (O~ 17,(C) £ 1|x € X, C € A%/H? (cf. Kurosh [7, p. 147, Lemmas 3, 4, and5]).
Put Z2"=(Z'U {1},1). Then Z" is a pointed topological space whose topology
is the one induced by H. By Corollary 4.6, nfz(Z") = Z;z for every R € le. Thus
Z, as defined above, is the closure of Z" in H.

Now, consider the product space Y' = X x (A4/HY) where A%/H? has the
discrete topology. Define an equivalence relation ~ on Y' as follows: (x, C) ~
G, C")iff x=x" =% or x=x" and A C=A_,C'. Denote by [(x, C)] the
equivalence class of (x, C) and put * = [(*, C)l. Clearly Y =(Y'/~, %) isa
compact, totally disconnected, Hausdorff pointed topological space. For each
y =[(x, C)] € Y consider the well-defined group
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Bly) = (slx, AxC)Hs(x, A C)” Hn A, = (s(x, AxC)Hds(x, AxC)‘l) NnA4,,

and write

B, =slx, A,0)7'Bl)s(x, 4,0) = By AxC)

Assume y = [(x, C)] £ *; then one can find an open neighborhood U of x in X
missing * with A_=A , and A C=A_:C whenever x' € U, and such that if
y' = [(x',-C)] belongs to the image of U x {C} in Y, then B(y') = g(y) under the
equality A =A_,. (To find U one uses Lemma 4.3, part (5), Lemma 4.2(II), and
by a now familiar argument; see, e.g., the proof of Lemma 4.2.) Thus the func-
tion y - B(y) from Y to {B(y)|ly € Y} is locally constant, except perhaps at *,
where B(*) = 1. Also, if y' = [(x’, C)] belongs to the image of U x {C} in Y,
then B and B 4! are isomorphic by an inner automorphism of A? Jefined by
s(x', A 1C) = s(x, A C). Let B stand for the free product of the pro-C-groups
B(y), over the compact Hausdorff totally disconnected pointed space Y. We
identify B with the image of B(y) in B, and we also write B = H erB

Evety equivalence relation R € R induces an open equivalence relation on
Y, denoted again by R, and defined by

[x, ONR [, €M iff xRx' and A C=4,.C"

Hence by Proposition 2.1 we have B = limp R, B, where Bp = HyR €Y/R ByR'
B p=B, ify ¢ *R and B,p = 1. Now, it is plain that Y/R and Y (as defined
on p. 325) are homeomorphic pointed finite discrete spaces under the map

[(x, OIR — [(xR, CL)] (where Cp = ﬂR(C)) Moreover, if [(x, C)IR = *R then
xR = +R and B[, ¢)] =11} = H A asRERARCR), Also if [(x, O)IR £ *R

then xR # *R, and we have that Tld Ad — A4 R restricts to an isomorphism

s(x, A C)

R
s (xR, A_,Cp)
B, C)]R-H NA_ —HENA xR™R’

xR

d
Hg ™ ( 0 B[(x.C)]R) iy F

ltx, C)leY/R
and, by Theorem 3.2,
R I I . .
([(x, C)ley/R lex, C)]R) R

where Fp is the pro-C-completion of F‘fe* Moreover this isomorphism commutes

with the maps TR,R' 8S defined in $2. F inally lim commutes with coproducts
and thus



A KUROSH SUBGROUP THEOREM 327

H= lim H as(@ Bg H(li_m FR) ~BIIF,
Rea1 ReR, ReR,

5. Consequences. We keep the assumption that C is extension closed.

Theorem 5.1. Let (X, *) be a pointed topological space and let F =?‘:(X. *)
be the free pro-C-group on (X, *). Let H be an open subgroup of F. Then H is
a free pro-C-group on a certain compact, totally disconnected, Hausdorff pointed
topological space (T, *).

Proof. By an argument similar to the one used in Gildenhuys and Lim [3,
Proposition 1.7], we may assume, without loss in generality, that X is compact
Hausdorff, totally disconnected. By Proposition 1.4, F is the free pro-e-product
of the groups A = ZG’ x € X\{x}, A A, = {1}, indexed by X. By Theorem 4.1, H =
BIIF where F is a free pro-C-group on a compact, totally disconnected
Hausdorff pointed topological space (Z, *), and B is a free pro-C-product of
conjugates of open subgroups of the A ’s. If a prime p divides the order of
some group in e, then C contains all finite p-groups, since C is extension
closed. Hence A =Z; is a product of the additive groups of the p-adic integers,
where p ranges over all those primes that divide the order of some group in
It follows that the open subgroup A7 N H is isomorphic to Zp (Asee also Ribes
(13, Theorem 6.5]), and B is a free pro-C-product of copies of Zp, indexed by a
compact Hausdorff totally disconnected space (Y, *). Hence by Proposition 1.4,
B = F(Y, %). Put (T, %) = (Z, ) V (Y, %) (the coproduct in the category of
pointed topological spaces, i.e., T is the union of Z and Y with only the dis-
tinguished points 1dent1f1ed) Then it is plain from the definition of free pro-C-
groups that H = BIIF = F(T ¥), O

Using Theorem 3.2 one proves the following result by an argument similar to

the one used in Theorem 5.1.

Theorem 5.2. Let F be a free pro-C-group on a set X, and let H be an open
subgroup of F. Then H is a free pro-Cgroup on a certain set Y. O

Theorem 5.3. Let A, x € X, be pro-C-groups indexed by a set X. Let A be
the restricted free pro- e-product of the A 's (cf. $1) and let H be an open sub-
group of A. Then H = BLIF where F is a finitely generated free pro-Cogroup
and B is a restricted free pro-C-product of conjugates in A of the groups A

Proof. Let X = X {*} be the one-point compactification of the discrete
space X, and put A, = 1. Then, by Proposition 1.5, 4 = Hx ex A, Thus we can
apply Theorem 4.1 to obtain H = BII F. To show that F is finitely generated we
will prove that Z", as defined in the proof of Theorem 4.1, is finite in this case.
By an argument used in Corollary 4.4 there is an open neighborhood W of * in X
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such that the set {r_(C)|x €W, C € A%/H%} is finite. Since X is the one-point
compactification of a discrete space, we have that X\W is finite. Hence the set
fr(Qx eX,Ce A%/H% is finite. Thus Z" is finite. Using still the notation of
the proof of Theorem 4.1, notice that

Y'\(*} x A%/H?) = (X x A4/HA\({*} x A9/HY)

is a discrete space; so (Y'/~)\{*} is discrete and the open neighborhoods of *
in "Y'/~ are precisely the complements of finite sets; hence Y is the one-point
compactification of (Y'/~)\{*}. Thus according to Proposition 1.5, B is a
restricted free pro-C-product of groups indexed by the set (Y'/~)\{*}. O

The following result is now clear.

Corollary 5.4. Let H be an open subgroup of a restricted free pro-C-group F.
Then H is a restricted free pro-C-group.

Finally we prove an analog of a well-known result for discrete free products
(Magnus-Karrass-Solitar [10, b. 243]).

Theorem 5.5. Let A be as in Theorem 4.1, and let H be an open normal sub-
group of A such that HNA_=1 for every x € X. Then H is a free pro-Cogroup.

Proof. We use the notation of Theorem 4.1. Notice that each By has the
form HN A for some x €X and.s €A. So, since H is normal, we have B, =
(HNA)* =1. Thus, H=F.
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