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ABSTRACT. Let G be a compact group with dual object T = I'(G) and let
M(G) be the convolution algebra of regular finite Borel measures on G. The
author has characterized the central idempotent measures on certain G, includ-
ing the unitary groups, in terms of the hypercoset structure of I'. The charac-
terization also says that, on certain G, a central idempotent measure is a sum
of such measures each of which is absolutely continuous with respect to the
Haar measure of a closed normal subgroup. The main result of this paper is
an extension of this characterization to products of certain groups. The known
structure of connected groups and a recent result of Ragozin on connected simple
Lie groups will then show that the characterization is valid for connected groups.
On the other hand, a simple example will show it is false in general for non=
connected groups. This characterization was done by Cohen for abelian groups
and the proof borrows extensively from Amemiya and It3’s simplified proof of
Cohen’s result.

1. Canonical measures. Throughout the paper G will be a compact group.
The dual object I' of G is the set of equivalence classes of irreducible unitary
representations of G, For a €T, y . will denote the character of the class and
d(a) its degree. For ease of notation we define ¥ o= Xo/%(a)e A measure p €
MZ(G), the center of M(G), has a Fourier-Stieltjes transform

i@= [T (aeD.

P is idempotent, that is p *p = p, provided fi(a) is always 0 or 1. J(G) will
denote the class of central idempotent measures on G.

If H is a closed subgroup of G let mH denote the normalized Haar measure
of H, )'ﬂH is idempotent; mH € J(G) provided H is normal.

It is convenient to consider a larger class

F(G) = {u € M%(G): () is an integer}.
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F(G) consists then of those central measures p that satisfy P(u) =0 for some
polynomial P with integral roots (for a noncompact G, F(G) will be defined in
this way). For p € F(G) we let E(y) = {a: g(a) £0}

The hypercoset structure of I' is described in [S]. If H is a closed normal
subgroup of G then E(?ll,,) ={a: ¥ |, =1}= H* is a normal subhypergroup of It
If B €I the hypercoset /SZHl consists of the a €I" such that x, appears in the
decomposition of xgX,, for some y € HY. Also BH' ={a: ¥ du=Y ﬁl gl The
hypercoset ring of I' is the smallest ring of sets containing all hypercosets.

There are two ways to attempt to characterize the measures in F(G).. First,
for p € F(G) and 7 an integer let E () = {a: i(a) =} If p € J(G) then E (u)
=E(). It is shown in [5] that every set in the hypercoset ring of I is E(y) for
some p € J(G) and that for certain groups the converse is also true. This implies,
for such groups, that for p € F(G) each E_(u) is in the hypercoset ring.

Second, some measures in F(G) arise naturally from well-known measures
on G,

Definition 1.1. A measure p is canonical if

p= 2 nuc dodx M,

where the sum is finite, n  is an integer, H  is a closed normal subgroup and
1 2
== Jixd?amy .

The following lemma, which connects the two concepts above, is an immediate
consequence of Theorem 1 of [1] and the fact that the intersection of two hyper-
cosets is a finite union of hypercosets,

Lemma 1.2, (a) Every canonical measure is in F(G).
(b) A measure p € F(G) is canonical if and only if each En("') belongs to
the bypercoset ring of T.

Ve will use the usual notation p <<v to indicate that y is absolutely con-
tinuous with respect to v, It is easy to see

Lemma 1.3, p € F(G) is canonical if and only if there are finitely many
closed normal subgroups H; and p =2y, with p, << My .
1

2. The main result. Let I'; denote those a €I" with d(a) = 1. T'; consists
of the complex homomorphisms of G and is the dual group of the abelian group
G/G' where G’ is the commutator subgroup of G. For a € I, we can identify
a and x,- Now if @, B €I" it may happen that the tensor product a ® 8 is
irreducible. If it is we let af3 denote a ® 8 so that XaXg= Xapge If a €l
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this is always the case. We also let Z = Z(G) denote the center of G.
Definition 21. G is said to satisfy condition 1 provided

lim ¥, (=0
d(a)—o0

forall x ¢ Z.

G is said to satisfy condition Il provided that for each positive integer t
there are finitely many irreducible representations B, +++ ﬁs of degree t such
that if d(B) =t then B=ap, for some i and some a€l,.

Te should be noted that groups having open centers, in particular abelian
groups and finite groups, satisfy both conditions. In[5] it is shown that unitary
groups do also. In §9 it will be shown, using a result of Ragozin [4], that every
compact connected simple Lie group satisfies both conditions.

We can now state the main result of the paper.

Theorem 2.2. Let G, (i € A) be compact groups satisfying conditions 1
and 11 and let G =11,G. Then every measure in F(G) is canonical.

Together with Lemma 1.2 this then gives

Corollary 2.3. If G is as above then E CT is E(u) for some p € J(G) if
and only if E belongs to the bypercoset ring of T

It is well kndwn (cf. [3, Theorem 2.1.4]) that an idempotent measure of norm
1 on a locally compact group is of the form ymH for some compact subgroup H
and some y € [',(H). It follows that, for any compact group G, the elements of
F(G) of norm 1 are canonical.

Definition 24, A measure p € F(G) is irreducible if it cannot be written as
the sum of two mutually singular nonzero measures in F(G).

Definition 2.5. The support group L(y) of a measure p € M(G) is the smallest
closed subgroup that carries .

Clearly if p € M%(G) then L(p) is normal. A rough idea of the proof of
Theorem 2.2 is to show that if p € F(G) is irreducible then p < <J, )

The proof of Theorem 2.2 is in $8. §3 deals with projections of M(G onto
the measures carried by the cosets of a normal Borel subgroup. §'4 contains re-
sults concerning F(G) for an arbitrary compact group G. In §5 it is shown that if
p is canonical and [|u] > 1 then ||| > 1 + 1/700. This generalizes a well-
known result on abelian groups and is perhaps of independent interest. §§6 and
7 contain results about F(G) for G as in the hypotheses of Theorem 2.2. They
are an attempt to use the methods of Amemiya and Itd (1] for abelian groups in
this more general setting. In §9 a result of Ragozin [4] is used to show that the
conclusions of Theorem 2.2 and Corollary 2.3 are valid for connected groups. An
example of where Theorem 2.2 fails is given in § 10,
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3. Projections. Let H be a normal Borel subgroup of G. For p € M(G)
define

,u(E) = 3 pE n Hx),

the sum being over distinct coset representatives of H.

Lemma 3.1. (a) Il is a homomorphism of the algebra M(G) into itself.
(b) T, maps F(G) into itself.

Proof. (a) is proved in [7, Theorem 3.4.1] for H a closed subgroup and G
abelian. The proof works equally well for this more general situation. Since
H is normal it is easily seen that Il,; maps MZ(G) into itself and (b) then
follows since II; is a homomorphism.

The following theorem gives the first indication that an irreducible measure
in F(G) is absolutely continuous with respect to the Haar measure of its support

group.

Theorem 3.2. Let p € F(G) be irreducible and have support group L. If H
is a closed normal subgroup of G and Nl ypu# 0 then H NL is open in L.

Proof. Write p=Myp + (u - I,p). By Lemma 3.1 these last two measures
are in F(G). Since they are singular and p is irreducible we must have p =
Oyp. Also p=1, u and it is then easily seen that p =1l pe

Retopologize G so that the closed subgroup H N L is open; let G with
this new topology be denoted by G,. Since p is supported on countably many
cosets of H N L we have then that p € F(G)). Now G, is a locally compact
growp and, since H N L is a compact open normal subgroup, G, has small in-
variant neighborhoods. It follows from [6, Theorem 1] that p is supported on a
compact subgroup of Gy. Thus, as an element of F(Gy), p is supported on a
finite extension P of HN L. P is then a closed subgroup of G that carries p.
Hence L CP and so L is a finite extension of H NL; that is H NL is open
in L.

4. F(G) for arbitrary G. This section contains some lemmas concerning
F(G) for an arbitrary compact group G.

Lemma 4.1. If u € F(G) has support group L and T = Pl acE@}is
finite then p is canonical.

Proof. Let o [ -+s Ta |L be the distinct elements of T. Then E(y) =
U4 a.L These hypercosets are d1s;omt and, since L carries p, i is constant
on each a, L', Thus p =3 “,Xa'.mL for some constants @; so that y is canonical by
Lemma 1.3.
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Lemma 4.2, Let H be a closed normal subgroup of G. If p € F(G) and
[WIWHE) < % then |ul(HE) = o.

Proof. Let a belong to the hypercoset BHL. This implies that ¥ | H=
b4 Bl y SO that

|#a) - @) < [1¥, -l dlul < 20plH) <1.

Since [ is integer valued this gives that [ is constant on ﬁH‘L It follows
easily that p is carried by H; that is |p|(H®) = 0.

If a€l and p € F(G) then it does not follow that ¥ y € F(G). The problem
of course is that the product of two irreducible characters decomposes, in
general, into a sum of several irreducible characters. However a sequence in I
may have the following property.

Definition 4.3. A sequence {a} CI' is an irreducible sequence if for each
B €T there is a(B) such that o ® B is irreducible whenever a.> a(B).

For example if G =II7G, and a, e ['(G) is given by some a; €I'(G,) then
ta;} is an irreducible sequence. This example will be useful in the proof of
Theorem 2.2 because if {a} is an irreducible sequence and p € F(G) then every
weak limit point of {¥ pu} also belongs to F(G).

The following lemma is a generalization of Helson’s translation lemma [7,
Lemma 3.5.1].

Lemma 4.4. Let L be a closed normal subgroup of G. Suppose {a} is a
sequence in I with ¥ || being distinct. Let pt € MZ(G) be carried by L. If At
is a weak limit point of {¥ i} then N and n L @re mutually singular.

Proof. x|, decomposes into a sum of irreducible characters on L. Since
the ¥ |, are distinct any character of I'(L) which appears in X .|, does not
appear in X g|, (for a#8). The remainder of the proof follows that of [7, Lemma
3.5.1] exactly.

Lemma 4.5. Let p € F(G) be irreducible. If {a} is an irreducible sequence
and ¥ p converges weakly to a nonzero canonical measure A then p is also
canonical.

Proof. Let L be the support group of . A is then also carried by L. Now
if H is a closed normal subgroup with [I,A £:0 then I pu#:0. By Theorem 3.2
this implies that H N L is open in L. Thus the Haar measures that appear in
the canonical measure \ are all absolutely continuous with respect to M L- By
Lemma 4.4 we then have that ¥ | L are the same for a> a so that

@) ‘l’aop =,
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and
) I‘Paoli = ‘l’ao‘l’alL for a>a,.

We will now show that

3 p =1.
3) laoll. 1

This gives, by (1), that p<<A'and so p <‘<')RL which implies, by Lemma 1.3,
that p is canonical.

Since {a} is an irreducible sequence there is a> a; so that B= @ a is
irreducible. Because of (2), [, ¥ Bd)ﬂ L#0 sothat Be L*; that is ¥ ﬁ| L=L
(3) then holds because of (2).

The example of $10 will show that we can have g € F(G) being carried by
a closed normal subgroup H with p canonical when considered as an element of
F(H) but not canonical as an element of F(G). However we do have the following.

Lemma 4.6. Let p € F(G, x G,) bave support group L. Suppose that L C
G, x K where K is a finite normal extension of Z = Z(G,). Then if p is canoni-
cal with respect to G, x K it is also canonical with respect to G, x G,.

Proof. Without loss of generality we can assume that p is irreducible as an
element of F(G, x G,). Now p is the sum of finitely many nonzero measures
p; each of which is absolutely continuous with respect to ’l(Hi, where H; is a
closed normal subgroup of G, x K. Now each H,C L so that K, = H;N G,x2)
is open in H;. Thus Il g, = p,. Buralso K; is normal in G, x G, and Mg p £
0 so that, by Theorem 3.2, K, =K, N L is openin L. Thus H, is also open in
L; so that p, <’<‘)IIHi <'<‘)I'(L. This implies p <'<‘7K,_ which, by Lemma 1.3,
makes p canonical on G, x G,.

The previous lemma can be generalized to infinite products.

Lemma 4.7. Let G =II7°G; and let p € F(G) bave support group L. Suppose
that LC Gy x [I;"Ki where each K; is a finite normal extension of Z; = Z(Gi).
Then if p is canonical with respect to G, x H;°Ki it is also canonical with
respect to G.

Proof. Without loss of generality we can assume g is irreducible as an
element of F(G). By Lemma 4.6 we have that, for each 7, g is canonical with

respect to A, = II7G, x [’ , K. Thus for each n we can write
a(n)

@ B= 2 Hin

j=
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where each i is absolutely continuous with respect to N i the Haar measure
of H, ,a closed normal subgroup of A . Also H; C L. We can also assume,
for each fixed n, that the NN, . and hence the Bin are mutually singular. Now
le; 41l 2.1 so that aln) < “ﬂ.“ Thus we can assume that aln) = a for n>ng.
For each n let the ), = be ordered so that

®) My, M =0 forj<i
jim
Then
© nHI.””=”l.n= Jznnl'""i,nu'
Now HHI Pnst = Hing O 0. Pick the smallest j so that it is not 0 and
apply HH’ net ' (6). Using the fact that H; ,, isnormalin A as well as

A, + (5) gives p, =B By repeating thxs process, and also reordering the
)'ﬂ] » Ve obtain that

@ Bin=Fina (<igan>ny).

Now let p; = g, . Then, for n>ny, p; € F(4)). Since U° A is dense
in G we must then have that p, e M2 (G) and so K € F(G). But ghe p; are
mutually singular and p is uredumble so that a = l Hence p itself can be
written, for n > n,, as p= [ Thus p<< )Ill'" and so g is carried by Hy ,
C:L. But since L is the support group of p and H, , is closed we must have
H, , = L. Thus g, being absolutely continuous with respect to the Haar measure
of L, a closed normal subgroup of G, is canonical with respect to G

5. Norms of canonical measures. It is known [7, Theorem 3.7.2] that if p
is an idempotent measure on an abelian group and [u| > 1 then |g] > V5/2.
This section contains a generalization of this to canonical measures on compact
groups.

Lemma 5.1. Let P = 3a_x, be a polynomial on G. Suppose a,>0 and
[Pl =Pl)=1. If

a) |P(g)-=z,]<8, (1<igp)

where |z;| = 1 then

P 2
@ Plg, -+ g,) - [11 z; 5(28}’2) .
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Proof. The lemma needs only to be proved for p = 2 as the general case
then easily follows by induction. If T, is a representation affording X , we can
assume T a(gl) is a diagonal unitary matrix with diagonal entries ba‘ i 1<i
<d,) and T fg,) is a unitary matrix with diagonal entries ¢, ;. Then

X.{gy) = p by Xo{g)) = Z c,,; and
i i
Xa.(gxgz) = z by, i€a, it
13

Since 3ad(a) = 1, (2) follows directly from (1).

Lemma 5.2. Let Q=2 d(a)y o be a central idempotent polynomial on G.
I 10ll; > 1 then

3) lell, > 1 +1/300.

Proof. Suppose
4 loll, <1 +1/300;
we will show [|Q||, = 1. It can be assumed that G is the support group of Q.

Write |0|% = Za,x,and |0|* = 3b_x,. The a,and b, are nonnegative integers
and

) 2= [101%%, MA@,  b,= [10]%%, < MPda)
where
© M= 2 da) = ol = 00 = ol

Also, by Hélder’s inequality,

@ T a.b, = 015> M0l 4.
Define A,(g) = M~4Zb (1 - a ,Md(a))~1)x ,g) and

4,(g) = M2 T a (1 - b M)~ Nx,(g)-
It follows from (4)—(7) that
® Il =Afd<1-lol7*<1/60 (i=1,2)
Thus
©) 0<|QI2/M? - |0|*/M* = 4, - A, <1/30.
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Hence, for all g, either

10) 10(g)l < M/5 or

1) 10(g)| > 4M/s.

If g, and g, satisfy (11) then applying Lemma 5.1 to P = Q/M shows |Q(g,g,)|
> M/5 so that g g, must also satisfy (11). Hence the g for which (11) holds
form a closed normal subgroup H. Since (10) holds on H® we have from (4) and
(6) that

a2 ;LJMSLJm<—£» ﬂm(-gg o

It follows from (12) and Lemma 4.2 that the idempotent measure Q)KG is carried
on Hj;that is Q vanishes on H®. It was assumed however that G is the support
group of Q. Hence (11) holds for all g. But then 4M/5 < ||Q|l, <1 +1/300 so
that M = 1. This then implies that Q is just a character of degree 1 and the
proof is complete.

Theorem 5.3. If p is a canonical measure and ||p|| > 1 then |u] > 1 +
1/700.

Proof. If p is reducible then ||g|| > 2. An irreducible canonical measure
is absolutely continuous with respect to N y for some closed normal subgroup
H. Also [ju|| > |Z(a)|. Thus we can assume that p is given by a polynomial
Q= 2+ Dd(a)x,. Suppose [|Qfl, <1+ 1/700. If either Q is idempotent then
lQll, =1 by Lemma 5.2. Otherwise Q *Q and (Q *Q £Q)/2 are nonzero
idempotents with norms less than 1 + 1/300 and so, by Lemma 5.2, they all have
norm 1. It is easily seen from this that 0 = y, - y, where y, and Y, ate
distinct characters of degree 1 with yf = yi . It follows that |Q| =0 on a sub-
group of index 2 and |Q| = 2 on the complement of this subgroup. Thus |pu| =
lell, = 1.

The estimates in 5.2 and 5.3 can easily be improved. It would be interesting
to know the best ones. A special case of 5.2 is that if [|d(a)x,|l, >1 then
fld(a)xgll; > 1+ 1/300, whenever x , is an irreducible character. It should be
noted that a group can be constructed having a sequence {a} CT" with d(a) —
e and [|d(a)y,ll, =1 and having another sequence {B} with d(8) — « and

1< d@xgl, < 2.

6. F(G) for special G. This section contains some rather technical results
which are necessary for the proof of Theorem 2.2. We will first prove a special
case of that theorem.
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Theorem 6.1, Let G, (1<i< n) be compact groups satisfying conditions 1
and 11 and let G =11G,. Then every measure in F(G) is canonical.

Proof. The proof will be by induction on ||g|. If ||zl = 1 then it is known
[3, Theorem 2.1.4] that p is canonical. Suppose that for such G every measure
in F(G) with nom less than A is canonical and let [u| <A + 1. We can assume
¢ is irreducible.

Say that p is of bounded representation type (b.r.t.) if there is M <oo such
that 1(a) =0 whenever d(a) > M. If p is not of b.r.t. then, for some j £ 0, E(p)
contains a sequence {a} with d(a) — =. Now a can be written as a= aa,
... 0 where a; €T(G) and d(a)=d(a,) ... d(a ). For some i, say i=1,
d(a,) — . Since G, satisfies condition I,V a, = 0off Z, = Z(Gl)' Thus since

) j=ia) = [T ,du

we having, using the Lebesgue dominated convergence theorem, that |p|(Z, x
I7G)) # 0. Since p is irreducible it follows from Theorem 3.2 that L N (Zl X
U’;Gi) isopenin L (L is the support group of p). Thus L C K, xII%G, = G’:
where K, is a finite normal extension of Z,.

There are now three possibilities:

(a) p is irreducible but not of bur.t. on G*

(b) g is irreducible and of ber.t. on G*

(c) p is reducible on G*

For B €I(K ), d(B) <[K: Z J% <w. Thus in case (a) we can repeat the
above process and obtain that L CK, x K, xII7G, where K, is a finite normal
extension of Z(G,). With respect to this new group, one of the above cases holds.

After a finite number of such steps we obtain that, for some rearrangement of
the G, and some m, LCH xH,= G* where H ; is afinite normal extension of
Z('7G,) and H,=TI7 ,G. and either (b) or (c) holds for this G*. Since H ; has
an open center it satisfies both conditions I and Il G* also satisfies condition
II because it is the product of groups that do.

If case (b) holds then by Theorem 6 of [5] and Lemma 1.1 we have that p is
canonical on G* (Theorem 6 of [5] is stated for | but it applies equally well
to F.) If case (c) holds then g is a sum of measures in F(G*) each of norm less
then A and so by the induction hypothesis p is canonical on G*, Lemma 4.6
then gives that g is canonical on G.

Lemma 6.2. Let G, (1 <i <o) be compact groups satisfying conditions 1
and 11 andlet G =1IG. Suppose p € J(G) satisfies

%)) a € E(p) if and only if ||(¥, - Dyl < 1/300.
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Then p is canonical; in fact p = mH for some closed normal subgroup H.

Remark. For abelian groups this is obvious. The problem in the nonabelian
case is that ¥ ¢ need not belong to F(G). It seems likely that the restriction
on G can be lifted but I have been unable to do so. It does hold, however, if G
is totally disconnected.

Proof. Let N be the Haar measure of II%* +16;CG andlet p =p *m'. Then
M, — ¢ weakly and p_can be considered as an element of J(IING). (2) still
holds for g which is canonical by Theorem 6.1. We will show that [u | =1 for
all 7. It then follows that ||u|l = 1 so that, by [3, Theorem 2.1.4], p is canonical.
Since 1 € E(u), where 1 is the trivial representation, p is a Haar measure.

Since p_ is canonical it can be written as p_= 23 v; where v, € F(G) and
v; << A, the Haar measure of a closed normal subgroup H, We show first that
s =1 We can assume the )t, are mutually singular and that l]H /\ 0 for j> 1.
Now if a € E(u) then

3) e, - l)v].“ < (¥, - g, <1/300.
Fix y € E(V,.) then by (3)

fe,

Since ¥ (y) is a nonzero integer, (4) implies that the decomposmon of a®y
contains an element of E(v). Thus E(y, ) C yE(VJ) where ¥ is the representation

CY dv - (y)|< 1/300.

conjugate to y and yE(v ) consists of the B €I that appear in the decomposition
of y ®0 for some 6 € E(v) Now v, < < A; which implies that E(v)) is the
union of finitely many hypercosets of H Thus E(p ) is contained in the union
of finitely many hypercosets of H"' so that there is w, € J(G) with w; << :\’
and p_ *Q;=p . Let j>1 and apply I]H1 to this last equality. Since I]H
=0 it follows that 0 = Iy = )\ This is a contradiction so that s = 1 and
B,=A

We can thus write p_= Q)tl where Q is a central idempotent polynomial on
H, and also 0= EE“ oX a‘Hl where @, >0 and E C E(p.r). It follows from (2)
that

20y |(¥e = Dt |
(5) fle/ete) - Dolar, < p> i ’a ; <550+

a%(a)

Thus since ﬂled)xl = Q(e) it follows from (5) that

© e = flolar; <1+1/300
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so that, by Lemma 5.2, || || = 1 and the proof is complete.

Lemma 6.3. Let p be a positive integer and M < oo, There is & = 8p, M) >
0 such that if G is as in 6.2 and p € F(G) satisfies the following:

@ [ul <M.
(b) There is a normal Borel subgroup T of G with |u|(T€)=0.

(c) There are Borel bomomorphisms f., f,5 +++ s f » of T into the unit circle
with f =1, fp # fl# for i #j and for each i there is an irreducible sequence
{a} CE(u) with ‘I’a—t /i pointwise on T.

(d) a€E() if and only if (¥ = [ Jull <8 for some 1,
then w=f o % [ o %ok /ﬂ(L:AWH for some integer A £ 0 and some closed normal sub-

group H.

Proof. & is chosen so that
@) pdY2MP=1(pM + 2) < 1/300.
Clearly each fu € F(G) so that w € F(G). Also, by (c),

Jtide=1tim [¥,du£0 socthar 50) = [T (10 ") 4 0.

Let B be a fixed element of E(w). Then B € E(fy) for all i so that, by
using (c), lim f‘l’ v =T (] of Ap #0. Since {a} is an irreducible sequence we
must have S8 @a nreduc ible eventually and Ba € E(u). Thus (d) implies that

@® I(¥s¥%, - 7Dl < 8 for some ;.
Since p is carried by T it follows from (c) that

© 15 = 17k = 1,7, - Tul < 5.
Now since f, = 1, E(w) CE(y) so that there is & with
(10) 102 5 = 7 )ull <8

We will show for such a & that

an fyo = o

Since [ yb_and f 'f p are both in F(G) it follows from (9) and (10) that (since
<Y/, =1 f e Hence for this k and all i there is j with ff,pu= f;p. Since
{f 4} ace dxsunc: it follows that

(12 U p:1<i<pl=dfp:1<i<ph

Now the /l,u are central measures so that if 0 is a permutation of (1, 2, «+-, p)
then
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(13) w’fa(l)‘l' *“'*fa'(p)‘l"

Let A=pxpxecexppon GxGx...xG. Then, for y €T, it follows from
(12) and (13) that for some pemutation o

(fk“’)h(y) = f rp-y/kd“’
14
- f...f\py(gl v g )filey e gy) 1’11 1g)
N PO NORIPR) | (ARCAE S L W08

(11) then follows from (14).
Now let R=1{g € T:I‘Pﬁ(g) - f_k(g)l <& }. It follows from (10) that

14

(15) |el(R) < V2,
It also follows from Lemma 5.1 that if g, € R 1<i<p)
(16) |'~P/3(g1 vee gp)-fk(gl ces gp)l <p2aV2,
Then by (7), (11), (15), (16) and (a)

1%, - Dol = (¥, - Tyl

< oo [ 1Waley e g)) = Tiley ++e g Nl x oo x )
< p28Y2MP 4 2pMP=15Y2 < 1 /300,

(17)

The last inequality is obtained by integrating over S =R x+++x R and §¢
separately.

(17) holds for all B € E(w). Lemma 6.2 can then be applied to show that
/@ (1) is a Haar measure.

7. Some more technical lemmas. The main purpose of this section is to
prove Lemma 7.6,

Lemma 7.1. Let H be a closed normal subgroup of G. Suppose {a} is a
sequence in I such that

¢) P =1 ae (0.
Then, for a large enough, |¥ ()| =1 on H.

Proof. Since H is closed and normal we can write x| H= azplxﬂl_ where
B; €T(H) and apd(B)) = d(a) for all i. Then
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) g 1¥al?aMy, = 2 pldla))=2 = (pa*(B, )~ 1.

By (1) and the Lebesgue dominated convergence theorem (pd %8 Dl-1
Thus eventually p = d(8,) = 1. That is x|, = d(a)y where y eI'(H) and
d(y) =1 sothat |¥ ] =1 on H.

Lemma 7.2. Let H and K be closed normal subgroups of G with H open
in K. Let [ be the characteristic function of H. Suppose {a} is a sequence in
I" such that

3) P - /(g ae. (mk).
Then, for o large enough, |¥ | =f on K.

Proof. From Lemma 7.1 we can assume |¥ | =1 on H. Write X | =
a2fx 5 where B; € T(K). It follows as in the previous proof that

& (@)1 = [ W 120, = M (B) + o0).

Thus eventually (pd%(8))~" = M, (H) and so fi_, |¥,|%dMy = 0; that is ¥ =
0 on K-H.

Lemma 7.3. Let H and K be closed normal subgroups of G with H open
in K. Let E CT be such that {¥ |, : o € E} is finite. Then {¥ | :a€E}is
also finite.

Proof. If the lemma is false there is a sequence {a} CT" such that ¥ |,
are distinct and ¥ |, are all the same. By Lemma 4.4 'Paom,,, being a weak
limic point of {¥ a’ﬂH }, is singular to JRK « But ’IIH << mK which gives a con-
tradiction.

The following lemma was proved by Amemiya and Tto [1] although not stated
in this form:

Lemma 7.4. Let p and v be nonzero regular Borel measures on some space
such that [ p — v weakly where |f ||, <1. Then given k <|v|/||ull <1 there
is N such that

) 14/, = £, <20l = &k + @ = kDY) for n, m 3 k.
Lemma 7.5. If, in the above, ||u|| = ||[v|| then f p— v in norm.

Proof. Letting £ be close to 1 in (5) shows that {f p} is a Cauchy sequence.

It also follows immediately from Lemma 7.4 that if 1 <A <[] <[ <A +
1/100A then

©) I, - /m);t" <1/4 for large n, m.
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Lemma 7.6, Let G, (1<i<w) be compact groups satisfying condition 11
and let G =1IG. Let y € F(G) have support group L. If p satisfies the follow-
ing two conditions then p is canonical.

(a) There is an integer N so that if P is a normal Borel subgroup of G and
I]I;J G:. CP (Gi' is the commutator subgroup of Gi) then HP{J. #£0 implies PN L
is open in L.

(b) For each i there is Mi <o sothat if a € E(p) and a= ajeeea, where
a, €I(G) then dla) <M,

Proof. The proof is by induction on ||p|. Assume it is true for 1 < ||u| <A
and let A <|p| <A + 1/100A. We will show that T = {¥ |, : o € E(u)} is finite;
¢ is then canonical by Lemma 4.1.

We will assume T is infinite in order to obtain a contradiction. By using a
diagonal process and the fact that each G, satisfies condition II it follows from
(b) that there is a sequence {a_} C E(y) such that

@ a,=a ,a ,... where a/ , eI(G),
(ii) there are B; el"(G) such that a_ ;= By, . for n >n(i) where y,
€I'(G) and dly, ) =1, and

(iii) ‘Pa.nl L are distinct.

n,i

By taking a subsequence of {a } we can write
€)] an=Bl“'Bnynhn

Lod
where d(y ) =1 and A eIT(I[* | G).
We will first show that there is iy > N such that

® Wglp =1 foriig.

Let P = {g: lim, _, |‘P/3 (@) = 1}. P isclearly a normal Borel subgroup and by
@ ‘I'a — 0 on P€ as n — e, Since u(a ) £0 it follows that |p|(P) £0.

Thus since ny G/ CP it follows from (a) that P N L is open in L. In particular
PNLis closed so that by Lemma 7.1 there is iy > N such that I‘I’Bi| =1 on
PNL for i>iy. We will show PN L =L,

If PNL#L then, by Lemma 4.2,

)] Wl(L-P nL)>1/2.

Also lim, _, ,|¥g;, «+- ‘P,Bpl =0 on L-PN L sothat if p is large enough it
follows from Lemma 7.2 that

Y, ««.¥, =0 on PNL
(10) 8, B,
Let 6=p;--- B, and let K= HPIG;. Define ¢ = i‘eﬂ *mK‘ It is easily seen
that ¢ £ 0, ¢ € F(G) and
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(11 9, = 3“1 cor By A, EE@) for n>p.

Also since ¥y vanishes on L - (L n P) it follows from (9) that ||¢| < ||ull - %
<A. Also ¢ satisfies (a) and (b). (b) is easy. To see (a) (with p in place of
N) suppose K CQ and Ilp¢ £0. Then Ilyu #0 sothat QN L js openin L.
Now the support group L*= L(¢) C(L NP)K, Thus L*Q CLQ. Q is open in
LQ and thus is also open in L*Q; that is L*N Q is open in L* It follows from
the induction hypothesis that ¢ is canonical.

Since ¢ is canonical it follows that for some closed normal subgroup H
with Tl ¢ £ 0 there is an infinite set I suchthat 0 €0 H* for all 7 €I; that
is Y5 |, are the same for n €1, Since ¢ *mK = ¢ we can assume K CH so
that HNL is open in L. By Lemma 7.3 this implies that {'l’anll_: nel} is
finite. But a =00, so that we have a contradiction to (iii). Hence PN L =L
and (8) is proved.

Now let 0’1 = Bio oee ﬁ”yn)tn. A subsequence of {i’en 1} converges weakly
to some @« Now @ £ 0 and w € F(G); this is because the q’ﬁi are multiplicative
on L for i > i, and because {y, A } is an irreducible sequence. Now @ clearly
satisfies (b). To see (a) suppose [l,w # 0; since @ <<p it follows that Il p #
0. Hence if IIYG/ CP we have P L openin L. But L(w) CL sothat PN L(w)
is open in L(w). The remainder of the proof is divided into two cases.

Case 1. |w|| <A. Then w is canonical by the induction hypothesis. Let
H be a closed normal subgroup of G such that 0 £ M0 <<M,. Since g p H
- m|ﬁ weakly it follows from Lemma 4.4 that {¥g, |} is finite. Now Yo "1
on IIj Gi' so that i‘l’an| s} is finite where S = H + HIIVGI.' . Also llgu 0 so that
S NL is openin L. It follows from Lemma 7.3 that {‘l’enl L} is finite and since
a =B - B,-o- 10, this contradicts (iii).

Case 2, |lwf > A. It follows here from the remark (6) after Lemma 7.5 that,
if », m are large enough,

(12 ¥y - %, ull <1/4.
n m

Fixing n and letting m — o in (12) then gives

13 ¥, w-ol <1/4
and
(19 ¥, ull>loll-1/4>4 -1/4.

By (13) and (14), using that |‘I’9n| <1,
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a0l <11 = 1¥5 [0l + 1% % =¥ ol
n n n n

“ <20l - 1% 1+ [T - ol

<3/4+1/50A.

Since w is carried by L it follows that (a subsequence of) !‘Pa o} converges
weakly to some A € F(G). (15) shows that [|p - Al <1 so that p A, Since ||A]
<|lw| we must then have that ||| = [|z|| so that by Lemma 7.5 ‘I’enu — o in
norm. It then follows that, for a subsequence,

(16) W, | =1 ae. (.

Now (16) occurs on a nommal Borel subgroup S which contains U[:Gi' « Thus,
by (a), SN L isopenin L. SNL isthen closed and carries pt sothat SNL =
L, This gives, by Lemma 7.1, that

17 |¥5 =1 on L for large n.
n

But then @9’}; € F(G) so that, because of (12),
(18) ¥ u=¥ p
n m

Finally (17) and (18) show that 'I’e IL = ‘I’e |, which implies that ‘I’a IL =
‘I‘a |, and this contradicts (iii).

8. Proof of Theorem 2.2,

Theorem 2.2, Let G, (i € A) be compact groups satisfying conditions 1 and
W and let G=11,G,. Then every measure in F(G) is canonical.

Proposition 8.1. If the theorem is true for countable products it is true for
any A.

Proof. Let u € F(G). We can assume p is irreducible and has support group
L. If p is not canonical then by Lemma 4.1 there is a sequence {a } C E(y)
such that 'I’anl L are distinct. There is a countable set B CA suchthata, €

Mg G) forall n. Let K=M,_gG, and v=y *M,. Then E(v) contains

{a, l and v is canonical since it can be considered as a measure on IIzG,. Itis

then easily seen that v is irreducible so that {‘[’a | L(u)* is finite. But L(V) N

L isopenin L sothat {¥, | L} is finite by Lemma 7.3 which is a contradiction.
It remains to prove the theorem when A is countable, The proof is by induc-

tion on ||gfl. Assume it is true for ||p[ <C and let ||p[| < C + 1/100C. We can

also assume that p is irreducible.
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Proposition 8.2. We can assume p satisfies condition (b) of Lemma 7.6 and
that 1 € E(p).

Proof. Suppose E(y) contains a sequence {a} where a=a,a,-.. with q,
€ I'(G)) and suppose, for some j, that a'(a].) — o as a— o. Since fa)£0 and

G’. satisfies condition I it follows that

(1) luel (H G, x Z(G,.)> £0.
ifi

By Theorem 3.2 we then have that L = L(p) CII :,IG X K where K is a finite
normal extension of Z(G ). Doing this for all such j we obtam that LCIK,= G*
where K, =G, or K, is a finite normal extension of Z(G) Now each K, sansﬁes
condmons I and II and p satisfies condition (b) with respect to G*. If p is ca-
nonical with respect to G* then by Lemma 4.7 it is canonical with respect to G.
It can still be assumed that p is irreducible; if p is reducible as an element of
F(G*) then it is canonical on G* by the induction hypothesis and then it is canonical on G.
Let a=a -+ ay € E(y) and let K = 1%G;. Then i’a# * M, = A e FG),
1 € EQ) and ||A| < ||ull. Also A satisfies condition (b) since we can now assume
that g does. We will show that if A is canonical then p is also. Suppose A =
EV where v; << mH for some closed normal subgroup H;. Let P be a normal
Borel subgroup with K C P and Mpp # 0. Then since p 1s irreducible Tlpp = p;
also II, 3]'( m since KC P. Thus II,A = A so that IIPW(H =My forall j.
This 1mpl1es that P N H; is open in H. But Ty p#0 so that H; N L is open
in L. Hence PN L is open in L. By Lemma 7 4 then i is also canomcal We
can thus assume p, like A, has 1 € E(u).

The remainder of the proof involves using Lemma 6.3 to show that p satisfies
condition (a) of Lemma 7.6.

Call a sequence {a_} C E(y) an F-sequence if a_ =a «++ with

a, ; eI‘(G ) and d(a ) 1 for i<n An F-sequence is ':ml U:eéucxble sequence
so that a subsequence of {‘Panm wi]l converge weakly to some nonzero @ € F(G).
Let B be the collection of all such w. p € B since a =1 is an F-sequence.
Now if @ € B and |lo|| < C then  is canonical by induction and g is then

canonical by Lemma 4.5. We can thus assume that w € B implies

@ C <ol < Il < € +1/100C.

It then follows, for @ € B, that, as in Case 2 at the end of the proof of Lemma
7.6, llo| = ||| and

3 |¥, p-wl =0 for some F-sequence.
n
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Then @ = fp for some [ € L(p) with |f| = 1 a.e. |¢|. We will identify B with
the collection of such f.
Now another subsequence has

CY) .‘ian —f a.e. |y

Let § 1 be where (4) holds and |f| = 1. Then § f is a normal Borel subgroup,
/(57 )= 0 and [ is a Borel homomorphism of S, into the unit circle.

Now B is finite. Otherwise we would have w; € B with ®; — w weakly
for some w # 0. Using (3) and a diagonal process on the sequences converging
to ®; we could then find an F-sequence fal} with

6) ||“17aiu-coi]|< 1/2 and "Wa.'l""“’" <1/2.

Since @, € F(G) this would give v, = .

Let p=card B, M= ||| and & = 8(p, M) be the constant in Lemma 6.3.
By using (3) there is an integer N such that if a=a,a,--- € E() and d(a,) =
1 for i < N then

©) ||(@a = f)ull <& for some f €B.

Now let T=Ms ; over f with f € B. Each f is a homomorphism on T and
|u[(T€)= 0. Let K= H’;'Gi' and A=p *M. Then A £ 0, [A]l < M and, since
KCT, ]A|(T) = 0. It also follows from (6) that a € EQ\) if and only if

@ ||(“17a -] <& for some fu €B.
We can now apply Lemma 6.3 to A to obtain
8) A */z)‘*"'*/q)‘=“‘mﬂ

where the fA are the distinct elements of {fA:f € B}, A # 0 and H is a closed
normal subgroup.

Now Il p # 0 sothat H N L is open in L by Theorem 3.2. On the other
hand if P is a normal Borel subgroup, KCP and Ilpp#0 then p =1l p and so A=
II,A. Hence anH = mH so that P N H is open in H. This then implies P
N L is open in L so that g is canonical by Lemma 7.6.

9. Connected groups. We can now use Theorem 2.2 to characterize F(G)
for connected G.

Lemma 9.1. If G is a compact connected simple Lie group then G satisfies
conditions I and Il

Proof. Ragozin [4, Theorem 2.2] has shown that if n = dimension G and
pe MZ(G) is continuous then p? e LI(G). For g £ Z(G) let p be given implicitly
by
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1) f/dp = f/(xgx’l)dmo(x).

It is easily seen that p is a central continuous measure and pla)=¥ o) so
that (") (@)= (¥ (). By Ragozin’s result and the Riemann-Lebesgue lemma
it follows that

) V(g =0 as a—w (g¢2).

Condition I follows immediately. Also if {a} is a sequence with d(a)= ¢ then
(2) and the dominated convergence theorem show

3) 1= [Ixal2dMg = MU2) + o)) as @ — ce.

But then mG(Z);é 0 so that Z is open which is not possible since G is connected
Thus there are only finitely many a with d(a)= ¢t which implies condition II.

Theorem 9.2. If G is a connected compact group then every measure in
F(G) is canonical.

Proof. It is known (cf. [8, Chapitre V1) that a connected compact group G
is a factor group of a group G*=IIG; x A where A is abelian and the G; are
connected simple Lie groups. By Lemma 9.1 and Theorem 2.2 every measure
in F(G*) is canonical. Since a measure in F(G) can be considered as a measure
in F(G*) the theorem follows.

10. An example. Unfortunately the characterization of F(G) does not hold
for all G as the following simple example shows. Let T x T be the two dimen-
sional torus and let G be the semidirect product of T x T and Z, where
8(ey, t,) =ty £, for 8 €Z,,8 £ e. Let ) (resp. p,) be the Haar measure
of Txe (resp. ex T). Then p=p, + p, € F(G) but p is not canonical. That
¢ is not canonical is seen by neting that p is singular to m,, for every closed
normal subgroup H of G.

In this example p is a sum of (noncentral) idempotents each of which is
canonical with respect to its support group. It seems reasonable to conjecture
that for any G this is always the case.

Also if g is canonical or as in the example then the conclusion of Lemma
4.2 holds for any Borel subgroup H (whether or not it is closed and normal). It
would be helpful to know whether this is true for any p € F(G).

It also seems likely that there is & > 0 so that if p € F(G) and ||u]| > 1 then
llzll > 1 + & (cf. Theorem 5.3). Otherwise some strange elements of F could be
obtained by taking infinite products of measures on product groups.
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