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THE VEECH STRUCTURE THEOREM

BY

ROBERT ELLIS(l)

ABSTRACT.   The main result is the proof of the Veech structure theorem

for point-distal flows without the assumption that the distal points form a

residual set.   This allows one to conclude that, in the case of metrizable

flows, if there is one distal point then there is a residual set of such points.

0. Introduction. In [3] Veech proves a structure theorem for point-distal trans-

formation groups (X, T) with compact metric phase space X in which the set of

distal points is residual.   (See paragraph 1 for definitions.) The purpose of this

paper is to give an alternative proof of this theorem without this latter assump-

tion.   It then follows as Veech pointed out that if the compact metric minimal

transformation group (X, T) has one distal point, then it has a residual set of

distal points.

The essential step in the proof of the structure theorem is the insertion of a

transformation group (Z, T) between two transformation groups (X, T) and (Y, T).

To be more specific: if n: (X, T) —» (Y, T) be a homomorphism, then under cer-

tain conditions (see Theorem 7.1 of [3]) there exist a nontrivial isometric exten-

sion W: (Z, T) —*(Y, T) and a homomorphism <f>: (X, T) —» (Z, T) such that the

following diagram is commutative.

(X, T)

(Z, T)

{Y, T)

The conditions as stated by Veech involved the notion of point-distal directly.

Recently Bronstein [l] replaced these by requiring that the almost periodic

points of the relation, R(X, Y)= {(x,, x,)| x,, x, £ X and zr(x,) = tr(x2)\ be dense

in R(X, Y).  Using this condition he was able to give a direct proof of Veech's
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204 ROBERT ELLIS

theorem.  Indeed he also obtained the "relativized" version of the theorem.  How-

ever, this proof also requires the assumption that there be a residual set of distal

points.  In this paper I replace Bronstein's condition by a weaker one involving

the groups of the various minimal sets involved (see 2.1 below) and also obtain

the relativized version of the theorem again without any assumption on the size of

the set of "Y-distal-points" other than that it be nonvacuous.

Finally I show that the condition that X be metrizable can be weakened to the

condition that X be quasi-separable, i.e. that X have sufficiently many metrizable

factors.

1. Notation and definitions. The main tools used in this paper are the alge-

braic techniques developed in [2] and thus a brief review of the notation used

therein will be useful.

Throughout this work T will denote a fixed group provided with the discrete

topology, ßT its Stone-Cech compactification, and M a fixed minimal subset of

/ST.   The set M is provided with a semigroup structure such that Mv is a group

for every idempotent v in M.   One such idempotent, u is fixed and the correspond-

ing group, Mu is denoted by G.

To each T-subalgebra U. of C(/8T) there corresponds canonically a transfor-

mation group (|fl|, T) with compact T2 phase space |u| such that Œ = C(|u|).  If

A C a(«) = j/| / e <H(ßT), fu = /}, then (|fi|, T) is minimal.  Moreover if (X, T) is

minimal, then there exists a T-subalgebra, U with 3 C ol(u) and (X, T) S (|S|, T).

Moreover if 77: X —♦ Y is a homomorphism and (Y, T) S (|j|, T) then n goes over

to the restriction map of \d\ onto |j|; i.e., the map induced by the inclusion

JCfl.   Thus the situation discussed in the preceding paragraph may be translated

into algebraic terms.

Henceforth J and â will denote fixed T-subalgebras of C(ßT) with ? C S C

tt(zz).  In algebraic terms the essential step discussed in §0 becomes the inter-

polation of a nontrivial isometric, or more generally an almost periodic, extension

of j between j and u.  The largest such extension is just u O j , where J   is

the subset of C(/3T) consisting of those functions which are almost periodic over

J (see 14.3 and 14.21 of L?]).   The problem then reduces to finding conditions on

J and Œ which ensure that J^uOj .  Another way of phrasing the condition

£ x* a O J# is R(fi: ?)/R((î:an ?#).   Here R(K: £) = \(x, y)\ x,y e |K|,

x I £ = y I x} for any two T-subalgebras K, £ with £ C X.   It is to be noted in pass-

ing that R(&: 3 O 3*) is just the relative (to l^l) equicontinuous structure rela-

tion on |S|.

In order to define the various notions mentioned in §0 it is necessary to in-

troduce the relativized proximal and regionally proximal relations, P(Cl: J) and
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0(0:?) respectively.   Here P^-.f) = C\\r)T n R(S:3)| r\ £ Hi and Q(S: 3) =

nicls(7?T O R(<3. :3))| 17 e Hi where U is the uniformity on \Q\.

1.1 Definition. Let x £ |S|. Then x is an ^-distal point it (x, y) £ P((3:3)

implies that x = y (y £ |u|). The transformation group (|Cl| , T) is 3-point-distal

it there exists an j-distal point in |u|. Notice that if x is an j-distal point then

so is xt (t £ T).

1.2 Definition. The transformation group (|u|, T) is an almost automorphic

extension of (|3|, T) if there exists x £ |(î| such that (y, x) £ R((î:3) if and

only if y = x(y £ |u|); i.e. the fiber over n(x) consists only of the single point x;

where n- is the canonical homomorphism of (|Cf|, T) onto (|3|, T); i.e. the map

induced by the inclusion JCfi.

The principal result of this paper as it applies to the Veech theory may now

be stated.

1.3 Proposition. Let (|3|, T) be 3-point-distal, \&\ metric, 3 = 3 n 3*,

and the canonical map n: \&\ —» |3| open.   Then 0=3.

(In other words, if S 4 3 and 77 is open then 3 ¡¿ Œ O 3    and we can insert

a nontrivial almost periodic extension of 3 between 3 and Cf.)

I shall not prove 1.3 directly but rather I shall prove a more general proposi-

tion from which 1.3 follows.   In order to discuss the latter it is necessary to

consider the group H(F, 3).

Let F and A denote the groups of 3 and Q respectively.  Recall that every

T-subalgebra, K of C(j8T) induces a so-called r-topology, r(K) on G (see [2, p.

102]). Since F C G, r(K) induces a topology on F.  Then H(F, Ö) =

n.clsgVl V £ 3lfl(F)} where 3tfl(F) is the set of r(a)-neighborhoods of a in F

(i.e. V £ Jls(F) it and only if V = W O F for some r(Ct)-neighborhood W oí u) and

"clsg" denotes closure with respect to the r(u) topology on G.

By 14.16 of [2] the group of 3 D 3# is just AF#.  Thus Ö O 3# = 3 implies

that AF# = F.  Since S o3# C (î, r((î n 3#) C r(&), whence //(F, S) C

H(F, A n 3#).   By 14.15 of [2] H(F, S O 3#) = At#.  Hence if fl n 3# = 3,

H(F, Ö) = F.

The main idea of the paper is to show (under the assumptions of 1.3) first

that H(F, Q.) = F, then that this implies A = F, and finally to conclude that 0=3.

The principal result of this paper is

1.4 Proposition. Let H(F:â) = F and let P(S :3) z^OÍt/T D R(& :3)| ¿ 6 /}

where (77 .| i e /) is a countable set of indices of |Ct|.   Then there exists an

idempotent w in M such that w\S is the identity and the set \p\p £ Fw,

(p|u, w\u.) £ P(8. : 3)j z's a residual subset of Fw.   (Here L denotes the closure

of L with respect to the usual topology on ßT, for all subsets L of ßT.)
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In this paper 1.4 is the essential tool used in proving the Veech structure

theorem. However it has application to a wide range of problems which I hope

to discuss in future papers.

2. The structure of the paper. In §3 the structure of H(F, d) is examined

more closely.   It is shown that H(F, u) = fl{cls V| V e Jlg(F)!, i.e. we may inter-

sect the r-closures of neighborhoods of u rather than r(S) closures of such neigh-

borhoods to obtain H(F, &).  This characterization of H(F, u) allows me to con-

clude that it is a (r-closed) subgroup of F.

The above results are used in §4 to prove Proposition 1.4 and in §5 to prove

2.1 Proposition. Statements 1, 2, 3 are pairwise equivalent and they imply

statements 4 and 5.

1. H(F, &) 3 F#.

2. /7(F, S) = AF#.

3. H(F, S.) = |a|a e F, (a\Q, u\â) e Q(d : ?)!.

4. R(S:(în3:#)=P((î:3:)e((î:3:).
5. R(S: 3. O?*) = \(x, y)\(xv, yv) e Q(â :?) for all minimalidempotents-iA~-  -

nR(â:$).

§6 is devoted to proving that if the almost periodic points of R(3. : J) are

dense in R(Q.:?), then 3 of 2.1 holds.  Then Bronstein's result [l] is recovered

by 2.1.

In §7 the various results obtained are put together to obtain 1.3 and the Veech

structure theorem.   In proving the latter use is made of some of the results of

[3].  Since these were obtained only for metrizable phase spaces they must be

extended in order to prove the structure theorem for more general transformation

groups.   The subsequent section is devoted to this task.

3. The structure of H(F, Q). For expository reasons it will be convenient to

abstract the situation being considered.   Thus in this section K will denote a

group provided with two topologies J and S satisfying the following conditions:

(i) J C S.
(ii) (K, o) is compact, Ty

(iii) The maps g —» ga: (K, S) —» (K, S) and g —» ag: (K, S) —» (K, S) are

continuous (a e K).

(iv) The maps g —♦ ga: (K, J) —* (K, j) ate continuous (g € K).

Set H(K, J) = nSclSg.Vl V e Jig.} and L=fïiclsgV[ V e îlyl where ftg-and

Jig- are the neighborhoods of the identity e with respect to the topologies 0 and J

respectively.

3.1 Lemma. L is a subgroup of K.
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Proof. Let x, y £ L, N a 3-open neighborhood of e, and R an S-open neigh-

borhood of e.   Then y £ clscN implies that yR n N 4 0  (by (iii)).   Let r £ R

with yr £ N.   Then by (iv) there exists S £ JÎywith Syr C N.   Hence (cls^S)yrC

clsg(N) (iii) and so xyr £ clsc(N).   Thus xyR n els j N 4 0, whence xyR O N 40

(iii).  Since R and N were arbitrary, xy £ L.   Lemma 3.1 now follows from

[2, 2.11], (ii), and (iii).

3.2 Lemma. L = H(K, 3).

Proof. Since 3 C S, clsg/V C clsTN (N £ r/r).

Now let h £ H(K, 3) and N, R 3-open neighborhoods of e.  Then Nh C\R4 0

(iv).   Hence (els %N)h n els&R 4 0.   Then by (ii) and (iii) (clsgN)Z>nfïiclss/?|

R £ Jig-! ;¿ 0 (since els jR is compact (R £ ?!<(■) and (clsg/?| R £ 3l«r) has the

finite intersection property); i.e. (cls^N)h f\L 4 0.  Again using (ii) and (iii)

this implies that Lh O L = (fllclsg/Vl/V £ %!)/> D L = r.i(clS{;N)*> C\L\N £°K<$\4 0.

Thus Z> e L by 3.1.   The proof is completed.

3.3 Proposition.  Ler $. be a T-subalgebra of C(ßT) with S C £.   Then

H(F, 8.) =D{cls£iV| N £ JlflK   /n particular H(F, 3) = fliclsrN| N £ Dig!.   More-

over, H(F, S) z's a r-closed subgroup of F.

Proof. Li the preceding discussion set K = F, o = r, and 3 = r(Cf). Then

(i), (ii), (iii), and (iv) are satisfied (see [2, 11.16, 11.17]). Then in this case

L = ri{clsrN| ¿V £ JIq] = H(F, S) by 3.2. Moreover L is r-closed by definition

and is a subgroup by 3.1.

The first part of 3-3 now follows from the fact that (| I c lsr/V | N £ Jig} C

n{clsfN|/VeJl„!C//(F, (2).

4. The action of F on M. The semigroup structure on M makes the pair (F, M)

into a left transformation group when F is provided with the discrete topology.

Since M is compact the set of almost periodic points, ap(F, M) is not vacuous.

Indeed, ap(F, M) C\Fp~40  (p £ M).

4.1 Lemma.  Let p,q £ M with p £ Fqand p = pw for some idempotent W in M.

Then p £ Fqw.

Proof. Let (a ) be a net in F such that a q converges to p.  Let W,VCT

be such that W £ pu and V £ u with Vu = V.  Then [W, V] O G is a typical neigh-

borhood of pu in the r-topology [2, 11.14.1] where [W, V] = \r\ r £ M, Wr n V 4 01.

Let qv = q for v2 = v £ M.   If Wp DVv = 0 then 0 = 0u= Wpu O Vvu =

Wpu r\Vu= Wpu nV.  Hence Wp n Vv 4 0, i.e. p £ [W, Vvl  Since [W, Vv] is

an open subset of M, there exists nQ such that a q £ [W, Vv]; i.e. Via q n Vv 40

(n > nQ).   As above this implies that Wa qu DV 4 0 (n> nQ).   Thus a qu
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converges to pu in the r-topology.  Since Fqu is r-closed, this implies that

pu e Fqu.   Then p - pw - puw e Fquw = Fqw.

4.2 Corollary.  There exists an idempotent w e ap(F, M) n F.

Proof. Since F is a closed subset of M invariant under the action of F,

there exists p e F C\ ap(F, M).  Assume pw = p.  Then by 4.1 with a = u, p = aw

tot some ae F.  Then w = a~lp e a~lF = a_IF = F.  Moreover w e ap(F, M)

since ap(F, M) is invariant under F.

4.3 Remarks. 1. Let w   =w e M.  Then since w is a left identity on M, F

and Fw act in precisely the same way on M.   Hence ap(F, M) = ap(Fw, M). 2.

Again let w   - w e M.   Then since u is arbitrary in [2] and what went before, the

whole discussion remains valid if u is replaced by w.   If this is done then j , u,

and G are replaced by Jw, (lw, and Gw respectively, and the groups  QÇjw) and

w) now become Fw and Aw.   Moreover it is straightforward to verify that the

map a —> aw: (F, r(u)) —» (Fw, t(Q.w)) is a bicontinuous isomorphism.  Thus

H(F, &)w = H(Fw, âw).

For the remainder of this section w will denote an idempotent in M with

w e ap(F, M) n F.  The various r-topologies involved are now assumed on Fw

rather than F.

4.4 Lemma. Ler ae P and V a subset of T with V e aw.  Then

intrclsr(*>(V) r\Fw)¿0.

Proof. Since aw e ap(F, M) = ap(Fw, M) and h(V) is a neighborhood of aw,

Fwh(V) 3 Fw. Hence there exists a finite subset L of F with Lwh(V) 3 Fw and

4.4 now follows from the fact that Lw is finite.

4.5 Lemma. Let L C Fw with clsrint L = Fw.   Then L = Fw.

Proof. Let ae F and V e aw.  Then   07= iatTclsT(h(V) n Fw) by 4.1.

Hence 0 ¡¿ intrclsr(i(K) D Fw) n clsrintrL.   Then  0¿ intrclsr(KV) C\ Fw) O

intrL whence 0 ¿ clsAKV) D Fw) n intrL and so 0 /= h(V) C\Fw n intrL.   Hence

0 ¡= h(V) O L.  Thus aw e L, whence Fw C L.  The reverse inclusion is obvious.

The main idea of the paper is the combination of 4.5 and 3.3.

4.6 Lemma. Let H(Fw, Q.w) = Fw and let h(V) be an ^.-neighborhood of w.

Then [V, N] nFw = Fw (N e w).

Proof. There exist e > 0 and finitely many functions /, ,• ••, /   in Cl such

that r = {p| p e M, \f.(p) - /2.(ö>)| < e, 1 < i < n\ C h(V). Since wp = p (p e M),

r = \p\ p e M, \f.w(p) - f{w(w)\ < c, 1 < i < re!.   Hence ¿(V) is an öw-neighborhood

of w.  Then [V, N\ D Fw is a r(St¿>)-neighborhood of w in Fw.   Hence L =

intr(Jy, N] nFw)¿0 since 'mtT(&w)([V, N] C\Fw)CL.

9(0
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By 3.3, H(Fw, Cîu/)C clsrintr(g)([!/, N] n Fw).   Hence Fw = clsrL and so

A.6 now follows from 4.5.

Recall that the idempotent w is in F.   Hence w | 3 = zz |3 and 1.4 follows from

4.7 Proposition.  Let H(F, S) = F and P((î:3) = ri}ÎI/T DF(Cf:3)| i £ 1)

where 01. | i £ I) is a countable family of indices on |Cl|.   Then the set K =

{p| p £ Fw~, (p | Ö, w | S) £ P(â :3)1 is a residual subset of Fw~.

Proof. Let U{ be a neighborhood of w|S such that l/. x Ui C ÎT. (z e 7).

Since  |Cf| is minimal (U. x U;)T is a neighborhood of the diagonal of |(l| x |fl|

and so P(â :3) = H {((L x U\) T n R(& :3) | z £ I\.

Now let V. C T be such that h(V{) is an (¿-neighborhood of w with 77(¿(V;)) C

I/, (z' £ I), where 77: M —» |3| is the restriction map.  (Such exist see [2, 11.13,

11.14].) Then   P((î:3) = ni(77A(Vl)x77A(Vi))TnR((î:3)|ze/j.

By 2 of 4.3 H(Fw, Qw) = Fw.  Hence for all n, [V , V w] n Fw is an open

everywhere dense subset of Fw by A.6.   Thus the intersection, L of all the above

sets is a residual subset of Fw.

Let p £ L.  Then p|3w = iz/|3iz/ since p e Fw; i.e. /u/p = /w (f £ 3).  Hence

p|3 = w|3.  Moreover V  p C\Vnw 40 implies that \pt, wt\ C h(Vn) tot some / e T

and so ip, w! C h(Vn)T(n £ /).   Consequently (p\&, w\â) £ P(& :3).  The proof

is completed.

4.8 Remarks. 1. If |a| is metrizable, then the requirement of P(U:3) in 4.7

is satisfied.

2. Let / £ a(u) be such that the T-subalgebra, [/] of a(u) generated by / is

separable, and let S = [3 U /], the T-subalgebra generated by 3 U Í/,.   Then the

condition on P(u:3) holds in this case also.   To see this let (g.) be a sequence

of functions in [/] which generate [/].   Let N denote the positive integers and £

the collection of finite subsets of N.  Set J?(L, k) = {(x, y)\x, y £ |S|, |g.(x)-

g.(y)| < l/k (i £ L)\(L £l,k£ N).   Then t/(L, k) is an index on \â\ and P(â:$)=

\r¡(L, k)T n R(& :3)| L £ £, k £ N}.

5. Proof of 2.1. For clarity's sake the proof of 2.1 will be broken up into

several parts.  Also, throughout this section the following notation will be used:

L = \a\a£ F; (a\â, u\â) £ ö(ö:3)|, K = \p\p2 = p, p is in some minimal subset

of j8TÎ, and S = \(x, y)\(xv, yv) £ Q(â :3), v £ K\ nR((2:3).

5.1 Lemma. Q(S:3)C S C P((î:3)e((î:3)C R(Q :S n 3#).

Proof. The proof of 14.23 of [2] shows that Q(& :3) C S.

Let (x, y) £ S, and v £ K with yv = y.  Since x 13 = y\ 3,x 13 = xv \ 3.

Hence (x, xv) £ P&.-.'S) and so (x, y) = (x, xv)(xt/, y) e P(S :3)2(S :3).

S ince P(d : 3) U Q(d : 3) C R(â : â n 3#) and R((î : (2 O 3#) is an equivalence

relation, P(â :3)Q((Î:3)C /?((î:(î n 3#).
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5.2 Lemma,  ¡f S is an equivalence relation, then S = R(Q.:Q D ? ).

Proof.  Q2@:3)CS2 =SCP(Q:$)Q(äS)CQ2(a:3) by 5.1.  Since

Q(fX :3) is closed, so is Q (S : j ).   Thus S is a closed invariant equivalence

relation containing Q(S :?) with 5 C R(S :S n 5#).  Hence S = R(S :(î n ?#)

[2, 14.22] since S is invariant (see proof of 14.23 [2]).

5.3 Lemma. Ler L be a group.   Then S is an equivalence relation.

(Thus by 3.3 H(F, &) - L implies that S is an equivalence relation.)

Proof. Since S is clearly symmetric and reflexive, I shall show only that it

is transitive.

Let (x, y), (y, z) e S and let n e K.  Choose p,q,r e M and y e K such that

p\Q. = x, a | U = y, r | U = z, yrj = 77 and uy = u.   (Here u is the fixed idempotent.

The idempotent y is needed since r¡ may not be in the same minimal ideal as u.)

Then (xy, yy), (yy, zy) e Q(â:3) implies that \(py)(qy)~l, (qy)(ry)~l\ C L.

Since L is a group (3.3), (py)(ry)~   e L.  Hence (xy, zy) e Q(ß.-3), from which

it follows that (xn, zn) = (xyn, zyn) e Q(u.:^).   The proof is completed.

The following is a restatement of 2.1.

5.4 Proposition. Statements 1, 2, 3 are pairwise equivalent and they imply

statements 4 and 5.

1. H(F,(t)OFtt.

2. H(F,Q) = AFU.

3. H(F,Q)=L.

4. R(fr:Q.n5*)~ P(fî:5)Q(fï:5).
5. R(d:Qn3#) = S.

Proof. By [2, 14.18] A C H(F, S) C L C AF#.  This implies that 1 and 2 are

equivalent and that 3 follows from 2.

Now 4 follows from 5 by 5.1.  Hence it remains to be shown that 3 implies

5 and 2.

Assume 3.  Then R(ö :â nf*)=S by 5.2 and 5.3.   (Thus 3 implies 5.) Let

aeAF#.  Since AF* = g(S O ?*), (a|<3, z/|(î)e R(â:(î 0?*)= 5.  Hence (a|Û,

a|a) e giß :?) (since u e K) and so a e L.   Thus AF* C L = H(F, Ö).  The proof

is completed.

6. The almost periodic points of R(d :J) and the group H(F, u). In this

section I show that if the almost periodic points are dense in R(Q :J) then the

various statements in 5.4 hold.  Also in this case H(F, u) = AH(F, r) =

H(F, r)A.  Again it will be convenient to let L denote the set \a\ae F,

(a\a,u\(î)eQ(a:3:)\.
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6.1 Lemma. Let (a  |re e ¡) and (p   \n e ¡) be nets on M such that p   —» p,
n —\n •l n

a p   —» a and (a )C G.   Then a~    converges to (pu)(qu)~   in the r-topology.

Proof. Let ke I and K = io"*!« > k\.  I shall show that (pu)(qu)~x e clsr K.

To this end let / e C(ßT) with / real and a"! e K. Then </, pn) = (/, a" ^ pn) <

</K, y„).  Hence </, p)= lim</, Pn)< lim(fK, anP¿ = (fK, q).  This implies that

ÍP < f  1 fot all real / in C(ßT).   Hence f(pu)(qu)~l < fKu.   The proof is completed.

6.2 Corollary.  Let (p   \n e I) be a net in M and (a \« e I) a net in G such

that pn | d —» u | & and a p   \ (2 —» a \ â.   Then (a~* |re e /) converges to

ß e Aa~ A in the r-topology on G.

Proof. Let pn—*P and anPn —> a. Then a~ converges to (pu)(qu)~ in

the r-topology on G. Since p\& - u and q\& = a|ö, pu e A and (qu)~ e a~ A.

The proof is completed.

6.3 Proposition.  Let the almost periodic points be dense in R(Gt:J).  Then

L = AH(F, r) = H(F, t)A = H(F, Û).

Proof. Since f7(F, r) is a normal subgroup of F [2, 14.6], AH(F, r) =

H(F, r)A.  Moreover AH(F, r) C H(F, Q) since A C H(F, S), r(û) C r, and //(F, (Î)

is a group.

By [2, 14.18] H(F, Ö) C L.  It thus remains to be shown that L C AH(F, r).

Let a e L.  Then there exist nets (x   \n e I) and (y   | re e /) on |S| and ele-

ments t   of T (re e /) such that (x , y ) e /?(($:?) (re e /), x   -» zzlâ, y   -♦ a|â,
tí n   ' n n '       ' tz '

x /   —. u\&, and y r   —» u\â.
n n '   ' 'n n '

Since the almost periodic points are dense in R((l: j), we may assume that

(x , y ) is an almost periodic point of |u| x |u| (re e /).   This implies that there

exist idempotents v   e M such that x   - x v   and y   = y v    (re e /).   Let p ,

q   e M with p |a = x   and a |(x = y    (re e /).  Then we may assume that p   = p v
nn rn' 71 ^7j' '« 7 r7l        r7Z   71

and a   = q v    (ne/).  Since Mt>    is a croup there exist r   e M with q   = r  p =
7J 72    71 « ° r n ^71 7ir7Z

r up , whence q   = a p   with a  - r u e G (n e ¡).
71  rn' 'n        n'n n       n

Since x |? = y 1?, p |? = a |SF = a a I? and so a   e F.  Moreover p |ö -»
n' '7l' r7l' 'fi' 71    7l' 71 r7Z'

k((2, a p |3 —♦ a|â, p í |â —» a|â and a p t \â —» zz| S.  Now applying 6.2 to

the nets (p |« e /) and (a |n 6 /) yields that a~   converges to j8 e Aa~ A in the

r-topology, and applying 6.2 to the nets (p t \n e I) and (a |« e I) yields that

a     converges to o e Au~ A = A in the r-topology.  Since a~   e F (ne I), this

implies that S/8"1 e H(F, r).  Hence a e Aß~xA C aS_1H(F, t)A C A2H(F, r)A =

AH(F, r) since H(F, r) is normal.   The proof is completed.

6.4 Proposition.  Let x e |a| be an J-distal point and let the canonical map
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n: |u| —» |3| be open.   Then the almost periodic points of Riß.:3) are dense in

R<0:£).

Proof. Let / £ T and y £ |u| with 77(x/) = 7r(y).   Let v   = v £ M with yv = y.

Then xtvft = (*r|3)i/ = (y|3)v = yv|3 = y|3 = x/|3.   Hence (xtv, xt) £ P(Q.:3)

and so xtv = xt.   Thus (xi, y) is an almost periodic point of \Q\ x |u| which is

in R(S:3).

Now let a, b £ |u| with 77(a) = n(b) and let U and V be neighborhoods of a

and è respectively.  Since ir is open, ff"* (ir(U) O 77(V)) O Í/ is a neighborhood of

a.   Hence there exist t £ T and y e V with xt £ U and Z7(x/) = Z7(y).   The proof is

completed.

7. The Veech structure theorem. In this section (X, T) and (Y, T) will

denote minimal sets and 77: X —»Va homomorphism.   It is also assumed that X

is Y-point distal; i.e. there exists xQ £ X such that if n(x) = n(x0) and x is

proximal to xQ ((x, xQ) e P(X)) then x = xQ.

In order to apply the results of the preceding paragraphs it is necessary to

represent X and Y in the form |u| and |3| where u and 3 are T-subalgebras of

C(ßT).

Since (X, T) is minimal, there exists an idempotent v in M such that xQv =

xQ.  Since the idempotent u in the preceding section was arbitrary, we may assume

that v = u.

Now let <f>: (ßT, e) -» (X, xQ) and V: (ßT, e) -» (Y, y0) be the canonical

homomorphisms where y0 = î7(xq).  Then if Ö = <¿*(C(X)) and 3 = **(C(Y)),

3 C u C o.(u), there is a commutative diagram

where r is the restriction map and / and g ate isomorphisms onto X and Y.  More-

over f(u\â) = xQ.

7.1 Remarks. 1. The assumption that xQ is a Y-distal point "translates"

into the assumption that u\u. is an 3-distal point.   Thus if p £ M with p|3 = z/|3

and (p\&, u\&) £ P(& :3), then p\& = «|fl.

2. The idempotent w of §4 is in F.   Hence u/|3 = z<|3.  Since (w\Q, w|a) e

P(â) this implies that (w|(3, u\d) £ Pfi'.J).  Hence «y|S = a|â.

Although the structure theorem to be proved in this section involves only

metric spaces, I would like to prove the basic lemmas in their fullest generality.
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7.2 Definition. Let 91 and S be two T-subalgebras of C(/3T).  Then S is a

quasi-separable extension of 9\ if there exists a subset x of a such that S is the

T-subalgebra generated by 91 u ¿ and such that the T-subalgebra, [/] generated

by / is separable (/ £ £).

7.3 Remarks. 1. If S is separable (i.e. |o| is metrizable) and 9v C S, then S

is a quasi-separable extension of 9\. In this case I shall call S a separable ex-

tension oí 91.

2. The T-subalgebra S is quasi-separable if and only if it is quasi-separable

over the constants, C [3, 15.l].

3. Let S be a quasi-separable extension of 91 and let S be a T-subalgebra

with 91C 93 C S.   Then o is a quasi-separable extension of 93.

4. Let o be a quasi-separable extension of J\ and let 56 be a T-subalgebra

with 91 C ÍB.  Then S V 53 is a quasi-separable extension of 33, where S V 53 is

the T-subalgebra generated by S U 53.   (If 51 U <£ generates S then 93 U X. gen-

erates S V 93.)

7.4 Lemma.  Let & be a point-distal quasi-separable extension of'S such

that the restriction map of |S| onto |3| is open.   Then 8 <~> 3* 4% or 8 = 3.

Proof. Let (2 n 3# = 3.   I shall prove that â = 3.

First I show that without loss of generality I may assume that a|S is 3-distal.

Let y £ \8\ be an 3-distal point and let v   = v £ M with yv = y.  Since the

idempotent a was arbitrary we may assume v = a.   Hence there exists a£ G

with a | 8 = y.

Now let (z, u\8a) £ P((2a:3a).  Then z|3a= a|3a and there exists p £ ßT

with zp = u\8a.  Hence a.z|3=aa|3 = a|3 and azp\8 = ua\8 = a\8; i.e.

(az\8,a\8)£ P(i2:3).  Consequently az\8 = a| 8; whence z\8a= u\8a.  Thus

u\8a is an 3a-distal point.

The map / —» /a:(2 —» (2a (/ e Û) is an isomorphism which induces one from

3 onto 3a.  Thus if there were a nontrivial almost periodic extension of 3a con-

tained in Cía there would be a nontrivial almost periodic extension of 3 contained

in 8.  Hence 8a O (3a)" = 'Sa.  Moreover 8a = 3a if and only if 8 = 3.  Thus

as a result of the preceding discussion we may assume that a|2 is an 3-distal

point.

I shall complete the proof by showing that the set N = \x\x £ \8\, x|3 = a|3j

consists only of the singleton ia|Ct{.  This suffices because the restriction map

being open implies that R(8 :3) = (N x N)T (see [3, p. 217]).

Let x £ \8\ with x|3 = a|3, and £ C 8 be such that 8 is generated by 3 U £

and [/] is separable (f £ £).   Then it suffices to show that f(xt) = f(ut) (f £ £,

t£T).
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Let / e £.  Set íB = [? U /], the T-subalgebra generated by 5 U /.  Let

(y, zz|£) £ P(iB, 'S).  Then yl? = zz|î and there exists an idempotent n with

y = zz77|$ = 7/|S.  Then (n\3, u\&) e P(Ö :?), whence 7j|(î = «|Ö.  Consequently

y = 7?|3$ and so u\X> is an J-distal point.

Since Ö O y# = ï, F = 9(î) = ofß. O ï#) = AF§', whence by 6.4, 6.3, and 5.4

H(F, &) = F. Since S C Ö, r(S) C r(3.) and so f/(F, S) = F.

By 2 of 4.8 and 4.7 the set K = !p|p e VZi, (pß, w\%) e P(iB :S)\ is a residual

subset of Fw, where w is an idempotent in M with w\j = u\j.  Since (ií>|SB, uß) £

P(S, ?) and 2z|S is an J-distal point, wß = uß.  Similarly p|SB = uß (p e K).

Since K is dense in Fw this implies that p|íB = zz|íB (p £ Fty).  Thus in particular

awß = uß and so a\ S = z/|® (a e F), i.e. F = B = g($).

Now let xv = x for some idempotent i> in M.   (Recall that x is an arbitrary

element of \d\ with xfí = «I?.) Then zzl? = x\f = xyl? = (x\$)v = (z/|3> =

zzf|j = f|j and, since (zz|S, v\%) £ Piß), uß = vß.   Moreover xk|j = «|j.

Hence if p e M with p|u = x, then pu e F = B.   Thus p«|io = a|iB, whence x|!B =

pß = xvß =< pt/|® = zzt>|!B = vß = zz|$.  Consequently /(xr) = f(ut) (t e T).  The

proof is completed.

7.5 Lemma.  Let à be a separable extension of J and let u\8. be an J-distal

point.   Then there exist separable almost automorphic extensions £ and SB of u

and J respectively such that the restriction map of |£| onto ß\ is open and such

that zz|£ is a %-distal point (see Definition 1.2).

Proof. By Theorem 3.1 of [3] and the remarks at the beginning of this sec-

tion there exist separable T-subalgebras K and SB of Q.(u) which are almost auto-

morphic extensions of U and J respectively and such that the restriction map

r: \K\ —» |S| is open.

Set £ = & V ÍB, the T-subalgebra generated by (2 U SB.   Then £ C K and so £

is an almost automorphic extension of u.  Also the commutative diagram

IKI     r*    , l£l

\/,
|S|

where all the maps involved are restrictions shows that r2 is open.

Let x e |£| with (x, zz|£) £ P(£, SB).   Then xß = uß and xp|£ = zz|£ for

some idempotent p e ßT.  Hence x\S = u\S and xp\d = u\Q; i.e. (x|S, u\d) £

P(d :?).  Consequently x\& = u\&, whence x|£ = zz|£ (recall £ = & V SB).   Thus

a|£ is a SB-distal point.
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The following is the algebraic version of the Veech structure theorem as

extended by Bronstein.

7.6 Proposition. Lei 8 be a separable J-point distal extension of 3.   Then

there exist an ordinal v and a family (93J a < v) of separable T-subalgebras such

that (i) 930 = 3, (ii) 53 v is an almost automorphic extension of 8, (iii) 33a   j  is

either an almost automorphic extension of 53a or a nontrivial almost periodic

extension of 53a (a + 1 < v), (iv) 53a= U{53   | y < a| for all limit ordinals a<v.

Moreover, the set {a|a< v\ is countable.

Proof. Without loss of generality as in the proof of 7.4 I may assume that

u\8 is an 3-distal point.

Let ft be the first uncountable ordinal.   I shall construct two families

(93J a < Q) and (£j a < ft) of T-subalgebras such that:

(a) the family (53Ja< ft) satisfies conditions (i), (iii), and (iv) with v re-

placed by ft,

(b)£aClß(a<ß<Q),

(c) £   is a separable almost automorphic extension of 8 (a< ft),

(d) 93aC £aand a|£ais a 93a-distal point (a< ft).

Set 33« = 3, £« = 8 and assume S3  and ¿L   defined for all a < y < ft suchoo a. a '

that the families (93J a < y ) and (£j a < y) satisfy (a), (b), (c), and (d).   If y is

a limit ordinal, set 53    = U f33j a<y\ and £    = LM£j a < y\.   Then it is easy to

verify that the families (53J a< y) and (£a|a < y) satisfy (a), (b), and (d).  With

regards to (c), observe that since y < ft, {a|a< y, is countable whence £    is

separable.  Moreover the set Aaof points x in |£ | such that the fiber over x\8 is

a singleton is a residual subset of |£J  (a< y).   Hence £    is an almost auto-

morphic extension of 8 (see also [3, p. 223]).

Let y = a+ 1.  If the restriction map of |£j onto |53j is open then by 7.4

either (A) £  = 93 , or (B) there exists a nontrivial almost periodic extension K

of 93„with 53 C K C £ .  In case (A) set 53„   . = £ = £     , and in case (B) set

%>a. j = K and £     j = £a.   Then again one verifies directly that (a), (b), (c), and

(d) hold for the families (53J a < y) and (£j a < y).

If the restriction map of |£J onto |53a| is not open, then by 7.5 there exist

separable almost automorphic extensions £     t and 93     j of £aand 93a respec-

tively such that the restriction map of |£a+il onto |93     j| is open and a|£     j

is a 33     j-distal point.

For some v < ft we must have £v = 33v.  (See Lemmas 4.2 and 4.3 of [3],

and note that no use is made of the assumption that there is a fiber with a dense

set of distal points in order to prove that there can be at most countably many

distinct £a's.) The proof is completed.
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As Veech remarks Í3, p. 224] an induction using 7.6 yields:

7.7 Proposition. Let u. be a separable point-distal extension of J.   Then the

set of J-point distal points is residual in |Cf|.

8. An extension of the structure theorem. In this section I would like to dis-

cuss what is involved in using 7.2 to extend the Veech structure theorem to the

quasi-separable case.   Proposition 7.4 shows that if X is a quasi-separable Y-

point distal extension of Y and 77: X —» Y is open then either X = Y or a non-

trivial almost periodic extension of Y can be "interpolated" between X and Y.

The trouble arises when 77 is not open.   In the metric case Veech overcomes this

difficulty by constructing almost automorphic extensions X  and Y  of X and Y

respectively and homomorphisms 77 : X   —> Y , p: X   —► X, and q: Y   —»Y such

that the diagram

•1- jig jfc j|¡

is commutative, X   is a metrizable Y -point distal extension of Y  and ?r   is

open.   In the general case I shall show that one can construct X  and Y   as

above with rr   open.   However, the extensions X  and Y of X and Y are no longer

almost automorphic ones but merely proximal ones.

Recall that n: X —» Y is proximal if Xj and x2 are proximal whenever tt(x1)=

7t(x2).  In terms of algebras, £ is a proximal extension of K if fl(£ : K) C P(£ :K)

and this is true if and only if g(£) = g(K) (see [2, 13.6]).

Thus in order to generalize Veech's theorem to the quasi-separable case I

shall show that ct(F) V (Î is an open extension of a(F), where for any r-closed

subgroup K of G a(K) =\f\f e C(ßT) and fa = f(a e K)}.  The idea of the proof is

due to H. Furstenberg.

For the remainder of this section X and Y will denote minimal sets and

it: X —» Y a homomorphism.   The collection of nonempty closed subsets of X

provided with the uniform structure induced by the uniformity on X will be denoted
X X

2  .  Then 2    is a compact Hausdorff space on which T acts via the map (K, t) —*

Kt:2X xT -+2X where Kt = \kt\k £ K} (K e 2X, t £ T).  Let W = clsfjr" ^l

y e Y\.  Then W is a closed invariant subset of 2    and there exists a homomor-

phism <P: W -» Y such that V(K) = y where K C n~1(y) (K £ W).

8.1 Lemma. Let x £ X.   Then there exists  K £ n~1n(x)TC W such that x £ K

and KT is a minimal subset of W.
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Proof. Since x is an almost periodic point of X there exists an idempotent

v £ M with xv = x.   Let (/ ) be a net converging to f.  Then (t7~ rr(x))tn converges

to some K £ W.  Since Kv = K, KT is minimal.  (Here K is viewed as a point of

the transformation group (2   , T).) Also x £ rr~ n(x) and xtn —* x implies that

x £ K.   The proof is completed.

8.2 Lemma. Let Z be a minimal subset of ir~ n(x)T for some x £ X.  Then

(Z, Î*) z's a proximal extension of Y.

Proof. It suffices to show that if K and L are in Z with V(/v) = x = ¥(L),

then K and L are proximal.   To show this let N £ Z with ^(N) = x and such that

ii R £ Z with RC N and ^(R) = x, then R = N.  (A simple application of Zorn's

lemma shows that such an N exists.)

Since N £ (ir~17r(x))T, there exists a net (tn) such that (n~1n(x))tn —» /V.

We may assume Kf^ —» R and Li^ —» S.  Then R, S £ (n~ n(x))T and, since

K U L C 77" Vx), R U S C N.  Hence R = N = S.  The proof is completed.

8.3 Proposition (Furstenberg). Le/ Y be such that it admits no proper minimal

proximal extensions.   Then n: X —♦ V is open.

Proof. Let U be an open subset of X.  If 7t(U) were not open there would

exist x £ U and a net (y   | n £ I) on V such that (y   | « e /) —» y = w(x) and

l/n77-1(yn) = 0   («£/).

Let K C rr~ n(x) be such that x £ K and KT = Z is a minimal subset of

(z7~ tt(x)) T.   Then (Z, ï1) is a proximal extension of V and so *V is one-one.

Let Kn £ Z be such that *(Kn) = yn (ne /).  We may assume that (Kn \n e /)

-» L e Z. Then *(L) = Um "{¿y = lim yn = y = Ï^K).  Hence L = K, and so

0 4 K   Cl U C ir~ (y ) n U fot some ne/ (recall that x £ K and (7 is a neighbor-

hood of x).  This is a contradiction, and so n(U) is open.

8.4 Corollary. Let L be a r-closed subgroup of G and let K be a T-subalgebra

of Ct(a) with o.(L)C K.   Then the restriction map of |K| onto |a(L)| is open.

Proof. The transformation group | ct(L)| has no proper proximal extensions.

8.5 Proposition.  Let 8 be a point-distal quasi-separable extension of 3.

Then there exists a family of T-subalgebras (53Ja < v) such that (i) 53« = 3,

(ii) 33   is a proximal extension of 8, (iii) 33a+i  is either an almost periodic or a

proximal extension of 93a (a+ 1 < v), (iv) 33a=Ul33jy < ai for all limit ordinals

a<v.

Proof. Let 8 be an ordinal with cardinal greater than the cardinal of F.  Set

S3« = 3, £„ = 8, and assume (S3J a<y) and (£a| a < y) defined such that
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(a) (SBJa.<5) satisfies (i), (iii) and (iv) with v replaced by S (a< y),

(b) £a is a quasi-separable extension of SBfl (a < y),

(c) «|£ais a SBa-distal point (a< y),

(d) g(£a) = A (a < y).   (As in the proof of 7.6 I assume a|u is an i-distal

point.)

If y is a limit ordinal, set SBy =UÜBja<y¡ and £y =Ui£ja<yi. Then

it is immediate that (i8ja< y)and (£a|a< y) satisfy (a), (b), (c), and (d).

Let y = ß + 1.   Let SB^ oßß).  If %ß)£ a(%ß), set SB^+1 = a(ß^) and

£/3+1 = a( V V £/?  T*" 9$/3+1) = Bßand 3(^+ i)-Bßn qfßj =BßnA=A

(since SB o C £ o implies that A = g(£o) C Bß).  Hence in this case the families

(SBJ<x< y) and (£a|a< y) satisfy (a), (b), (c) and (d).

Let y = ß + 1 and SB« = a(SBj.  Then £ « is an open separable point-distal

extension of SB^.   By 7.2 either there exists a nontrivial almost periodic extension

K of SB o with A C £ a or £ ß = SB „.   In the first case set SB „ x = K and £ „ j = £ ~.

In the second case set SB o . = SB« and £„ . = k.ß.

Thus the construction need not be carried beyond the point where B«= A.

Now at each stage A C BoC F.   If ßß?= A then Bß  2 C¿ Bß.   Hence there is an

ordinal v < 8 such that %v = £„.   The proof is completed.

REFERENCES

1. L Bronstèln, A theorem on the structure of almost distal expansions of minimal

sets, Math. Issled. 6 (1971), vyp. 2 (20), 22-32, 157. (Russian)    MR 44 #7532.

2. R. Ellis, Lectures on topological dynamics, Benjamin, New York, 1969.    MR

42 #2463.

3. W. A. Veech, Point-distal flows, Amer. J. Math. 92 (1970), 205-242.    MR 42

#2462.

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MINNESOTA

55455


