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ABSTRACT. The main result is the proof of the Veech structure theorem
for point-distal flows without the assumption that the distal points form a
residual set. This allows one to conclude that, in the case of metrizable
flows, if there is one distal point then there is a residual set of such points.

0. Introduction. In [3] Veech proves a structure theorem for point-distal trans-
formation groups (X, T) with compact metric phase space X in which the set of
distal points is residual. (See paragraph 1 for definitions.) The purpose of this
paper is to give an alternative proof of this theorem without this latter assump-
tion. It then follows as Veech pointed out that if the compact metric minimal
transformation group (X, T) has one distal point, then it has a residual set of
distal points.

The essential step in the proof of the structure theorem is the insertion of a
transformation group (Z, T) between two transformation groups (X, T) and (Y, T).
To be more specific: if #: (X, T) — (Y, T) be a homomorphism, then under cer-
tain conditions (see Theorem 7.1 of [3]) there exist a nontrivial isometric exten-
sion ¥:(Z, T) — (Y, T) and a homomorphism ¢: (X, T) — (Z, T) such that the
following diagram is commutative.

X, T
x, 1) \é‘
g / (z, D
v

(v, 1)
The conditions as stated by Veech involved the notion of point-distal directly.
Recently Bronstein [1] replaced these by requiring that the almost periodic
points of the relation, R(X, Y) = {(xl, x2)| %y, %, € Xand m(x,) = n(xz)} be dense
in R(X, Y). Using this condition he was able to give a direct proof of Veech’s
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theorem. Indeed he also obtained the *‘relativized’’ version of the theorem. How-
ever, this proof also requires the assumption that there be a residual set of distal
points. In this paper I replace Bronstein’s condition by a weaker one involving
the groups of the various minimal sets involved (see 2.1 below) and also obtain
the relativized version of the theorem again without any assumption on the size of
the set of **Y-distal-points’’ other than that it be nonvacuous.

Finally I show that the condition that X be metrizable can be weakened to the
condition that X be quasi-separable, i.e. that X have sufficiently many metrizable
factors.

1. Notation and definitions. The main tools ‘used in this paper are the alge-
braic techniques developed in [2] and thus a brief review of the notation used
therein will be useful.

Throughout this work T will denote a fixed group provided with the discrete
topology, BT its Stone-Cech compactification, and M a fixed minimal subset of
BT. The set M is provided with a semigroup structure such that Mv is a group
for every idempotent v in M. One such idempotent, u is fixed and the correspond=
ing group, Mu is denoted by G.

To each T-subalgebra @ of C(T) there corresponds canonically a transfor=
mation group (||, T) with compact T, phase space |®| such that @ = C(|®|). If
@ ca@)=1f] f € CBT), fu=f}, then (|&|, T) is minimal. Moreover if (X, T) is
minimal, then there exists a T-subalgebra, & with @ C a(z) and (X, T) = (||, 7).
Moreover if #: X — Y is a homomorphism and (Y, T) & (|F|, T) then = goes over
to the restriction map of || onto |F|; i.e., the map induced by the inclusion
¥ c @. Thus the situation discussed in the preceding paragraph may be translated
into algebraic terms.

Henceforth F and @ will denote fixed T-subalgebras of C(8T) with F c @ C
a(z). In algebraic terms the essential step discussed in §0 becomes the inter-
polation of a nontrivial isometric, or more generally an almost periodic, extension
of F between F and B. The largest such extension is just an ?#, where F# is
the subset of C(BT) consisting of those functions which are almost periodic over
¥ (see 14.3 and 14.21 of [2]). The problem then reduces to finding conditions on
F and @ which ensure that F £ @ N F¥, Another way of phrasing the condition
F4L£Q nF is RA:F4rR@A:Q@n .‘f#). Here RK: £) =(x, y)| =, y € |X],
x| &=y |8} for any two T-subalgebras K, £ with £ C K. T is to be noted in pass-
ing that R@: @ n F#) is just the relative (to |F|) equicontinuous structure rela-
tion on |@).

Tn order to define the various notions mentioned in $0 it is necessary to in-
troduce the relativized proximal and regionally proximal relations, P(d: ¥) and
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0@:%) respectively. Here P@:%) =NinT n rR@ :F) neland 0@: %)=
Nicls(T N R@A:F))| 5 € U} where U is the uniformity on |&|.

1.1 Definition. Let x € |®|. Then x is an F-distal point if (x, y) € P@:F)
implies that x =y (y € |®|). The transformation group (|&|, T) is F-point-distal
if there exists an F-distal point in |@|. Notice that if x is an F-distal point then
sois xt (t€T).

1.2 Definition. The transformation group (|&|, T) is an almost automorphic
extension of (|F|, T) if there exists x € |@| such that (y, x) € R(@:F) if and
only if y=x(y € l@l); i.e. the fiber over n(x) consists only of the single point x;
where 7 is the canonical homomorphism of (|&], T) onto (|F|, T); i.e. the map
induced by the inclusion ¥ C Q.

The principal result of this paper as it applies to the Veech theory may now
be stated.

1.3 Proposition. Let (|&], T) be F-point-distal, |\®| metric, F =@ n 3:#,
and the canonical map w: |®| — |F| open. Then @ =F.

(In other words, if @ £ F and 7 is open then F £ & N F* and we can insert
a nontrivial almost periodic extension of F between F and ®.)

1 shall not prove 1.3 directly but rather I shall prove a more general proposi=
tion from which 1.3 follows. In order to discuss the latter it is necessary to
consider the group H(F, ®@).

Let F and A denote the groups of J and (@ respectively. Recall that every
T-subalgebra, K of C(8T) induces a so-called r-topology, r(K) on G (see [2, p.
102]). Since F C G, r(K) induces a topology on F. Then H(F, ®)=
n{clsaVl Ve T(a(F)} where Jg(F) is the set of 7(@)neighborhoods of « in F
(i.e. Ve T(@(F) if and only if V=W N F for some r(a)-neighborhood W of u) and
“clsq’’ denotes closure with respect to the 7(®@) topology on G.

By 14.16 of [2] the group of @ N F* is just AF*, Thus @nF¥-F implies
that AF" = F. since @ nF# Q@ @n ff#) C r(a), whence H(F, ®@)C
HF, @ nF*). By 14.15 of 2] H(F, @ nF*)= AF¥. Hence it @ nF* -5,
H(F, @)= F.

The main idea of the paper is to show (under the assumptions of 1.3) first
that H(F, @- F, then that this implies A = F, and finally to conclude that G-95.

The principal result of this paper is

1.4 Proposition. Let H(F:®) = F and let P@:5) =n{7,iT NR@A:%)ien
where (ni| i € I) is a countable set of indices of |®|. Then there exists an
idempotent w in M such that w|F is the identity and the set {p|p € Fw,

(p|@, wl(i) € P(@:F)} is a residual subset of Fw. (Here L denotes the closure
of L with respect to the usual topology on BT, for all subsets L of BT.)
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In this paper 1.4 is the essential tool used in proving the Veech structure
theorem. However it has application to a wide range of problems which I hope
to discuss in future papers.

2. The structure of the paper. In §3 the structure of H(F, @) is examined
more closely. It is shown that H(F, ®) =Nicls, V| V € Ng(F)l, i.e. we may inter-
sect the r-closures of neighborhoods of u rather than 7(®) closures of such neigh-
borhoods to obtain H(F, ). This characterization of H(F, @) allows me to con-
clude that it is a (r-closed) subgroup of F.

The above results are used in $4 to prove Proposition 1.4 and in $5 to prove

2.1 Proposition. Statements 1, 2, 3 are pairwise equivalent and they imply
statements 4 and 5.

1. HF, @) > F*,

2. H(F, @)= AF*,

3. HF, @) ={ala e F, (@@, «|@) e 0@:F.

4 R@:@nFh-pPQ:F)0@:F).

5. RA: @ 03:#) ={(x, y)(xv, yv) € Q@ :F) for all minimal idempotents v¥-~ -
s} R(@ : ?).

§6 is devoted to proving that if the almost periodic points of RQA:F) are
dense in R(@ :F), then 3 of 2.1 holds. Then Bronstein’s result [1] is recovered
by 2.1.

In $7 the various results obtained are put together to obtain 1.3 and the Veech
structure theorem. In proving the latter use is made of some of the results of
[3]. Since these were obtained only for metrizable phase spaces they must be
extended in order to prove the structure theorem for more general transformation
groups. The subsequent section is devoted to this task.

3. The structure of H(F, @). For expository reasons it will be convenient to
abstract the situation being considered. Thus in this section K will denote a
group provided with two topologies T and § satisfying the following conditions:

() Jcd.
(ii) (K, ) is compact, T,.

(iii) The maps g —s ga: (K, 8) = (K, 8) and g — ag: (K, 8) — (K, d) are
continuous (a € K),

(iv) The maps g — ga: (K, J) — (K, T) are continuous (g € K).

Set H(K, T)=Nfcls Vl vell }and L= n{clssVI Ve T(s-}w‘te:e .T‘iand
.7(5- are the nexgbborhoods of the 1dent1ty e with respect to the topologies Sand T
respectively.

3.1 Lemma. L is a subgroup of K.
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Proof. Let x,y € L, N a J-open neighborhood of e, and R an S-Open neigh-
borhood of e. Then y € clsgN implies that yR NN L% (y (iii)). Let reR
with yr € N. Then by (iv) there exists § € )‘(gwith Syr C N. Hence (clsg S)yr C
clsg(N) (iii) and so xyr € clsg(N). Thus xyR N clsgN £ &, whence xyR NN £Z
(iii). Since R and N were arbitrary, xy € L. Lemma 3.1 now follows from
[2, 2.11], (ii), and (iii).

3.2 Lemma. L = H(K, T).

Proof. Since J C3§, cls sNCcls,N (Nen,).

Now let b € H(K, J) and N, R J-open neighborhoods of e. Then Nb NR £ 0
(iv). Hence (cls sN)b NclsgR # @. Then by (i) and (iii) (clsgN)bnMNicls gR|
Re T(g—} £ & (since cls §R is compact (R € T(g) and (cIsgR| R € T(g-) has the
finite intersection property); i.e. (clsgN)bh NL £ B. Again using (ii) and (iii)
this implies that Lh N L=(cIsgNIN € Jighb n L=NiclsgN)b NLINeNgl£ .
Thus b € L by 3.1. The proof is completed.

3.3 Proposition. Let £ be a T-subalgebra of C(BT) with @ C £. Then
H(F, @) =NiclsgN| N € Mgl tn particular HF, @) = Nicls N| N € gl More-
over, H(F, @) is a r-closed subgroup of F.

Proof. In the preceding discussion set K = F, S=r,and T =7(@). Then
(), (ii), (iii), and (iv) are satisfied (see [2, 11.16, 11.17]). Then in this case
L= n{clst |Ne Tla} = H(F, @) by 3.2. Moreover L is r-closed by definition
and is a subgroup by 3.1.
A The first part of 3.3 now follows from the fact that n!clstl N e na? C
NiclsgNIN € Ng} € HF, @).

4. The action of F on M. The semigroup structure on M makes the pair (F, M)
into a left transformation group when F is provided with the discrete topology.
Since M is compdct the set of almost periodic points, ap(F, M) is not vacuous.
Indeed, ap(F, M) NFp £ & (p € M).

4.1 Lemma. Let p, q € Mwith p € Fqand p = pw for some idempotent W in M.
Then p € Fqu.

Proof. Let (an) be a net in F such that Q. g converges to p. LeeW,VCT
be such that W € pu and V € u with Vu = V. Then [W, V] NG is a typical neigh-
borhood of pu in the r-topology [2, 11.14.1] where W, V1=1{r| r € M, Wr NV £ &}.

Let gu=qforv>=veM If Wp NVy =@ then B=Bu=Wpu NVvu=
Wpu NVu=Wpu NV. Hence Wp NVv £ &, i.e. p € W, Vvl. Since W, Vo] is
an open subset of M, there exists 7, such that a _g € [W, Vv); i.e. Wa g N Vv ¢4
(n>ng). As above this implies that Wo, qu NV # & (n>ny). Thus o qu
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converges to pu in the r-topology. Since Fqu is r-closed, this implies that
pu € Fqu. Then p = pw = puw € Fquw = Fquw.

4.2 Corollary. There exists an idempotent w € ap(F, M) N F.

Proof. Since F is a closed subset of M invariant under the action of F,
there exists p € F Nap(F, M). Assume pw = p. Then by 4.1 with g =1, p =aw
for some a € F, Then w=a" lp ea~lF= FF: F. Moreover w € ap(F, M)
since ap(F, M) is invariant under F.

4.3 Remarks. 1. Let w? =w € M. Then since w is a left identity on M, F
and Fw act in precisely the same way on M. Hence ap(F, M) = ap(Fw, M). 2.
Again let w? =w € M. Then since u is arbitrary in [2] and what went before, the
whole discussion remains valid if u is replaced by w. If this is done then F, @&,
and G are replaced by Fw, Qw, and Gw respectively, and the groups g@Fw) and
g(@w) now become Fw and Aw. Moreover it is straightforward to verify that the
map a — aw: (F, @) — (Fw, r(&w)) is a bicontinuous isomorphism. Thus
H(F, @w-= H(Fw, Qw).

For the remainder of this section w will denote an idempotent in M with
w € ap(F, M) n F. The various r-topologies involved are now assumed on Fw
rather than F.

4.4 Lemma. Let a € F and V a subset of T with V € aw. Then
int cls, (b(V) N Fw)£ &.

Proof. Since aw € ap(F, M) = ap(Fw, M) and b(V) is a neighborhood of aw,
Fwh(V) D Fw. Hence there exists a finite subset L of F with Lwh(V) D Fw and
4.4 now follows from the fact that Lw is finite.

4.5 Lemma. Let L C Fw with cls,int, L = Fw. Then L = Fu.

Proof. Let a € Fand V € aw. Then @# int cls (b(V) N Fw) by 4.1.
Hence @ # int cls (5(V) NFw) Ncls int L. Then @ A int_cls (b(V) N Fw) N
int, L whence &£ cls (h(V) NFw) N int L and so Z£b(V) NFw N int L. Hence
@#£b(V) NL. Thus aw € Z, whence Fw C L. The reverse inclusion is obvious.
The main idea of the paper is the combination of 4.5 and 3.3.

4.6 Lemma. Let H(Fw, Qw) = Fw and let b(V) be an avneigbborbood of w.
Then [V, Nl N Fw = Fw (N € w).

Proof. There exist ¢ > 0 and finitely many functions f,+**, f, in @ such
that ' ={p| p € M, |/,(p) - f{@) <e1<i<alCh(V). Since wp=p (p € M),
L={plpen, V,-W(P) - f;ww)| <& 1< i< nl. Hence b(V)is an (Rw-neighborhood
of w. Then [V, N] N Fw is a r(fw)neighborhood of w in Fw. Hence L =
int (v, Nl nFw) £ & since int, g ,,,(V, Nl nFw)C L.
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By 3.3, H(Fw, Quw)c clsrintr(a)([v, N1 A Fw). Hence Fw = cls,L and so
4.6 now follows from 4.5.
Recall that the idempotent w is in F. Hence w|¥ = «|F and 1.4 follows from

4.7 Proposition. Let H(F, ®) = F and P(@:ff)=nmiT NnFQ:F)ien
where (T(i |i € I) is a countable family of indices on |®|. Then the set K =
{pl p € Fw, (p|Q, w|®) e PQ:FN is a residual subset of Fw.

Proof. Let U, be a neighborhood of w|® such that U;x U,CT, Ge.

Since |®] is mmunal (U;x U)T is a neighborhood of the dxagonal of @] x |G
and so P(@:F)= ﬂ{(u X U)T NRQ@: :F)|ien.

Now let V,C T be such that h(V)) is an (-neighborhood of w with a(b(V,)) C
U, i eD, where mM— Ial is the restriction map. (Such exist see [2, 11 13,
11.14) Then P@:%)- N{@bv ) x ab DT N RQA: )i € B.

By 2 of 4.3 H(Fw, Qw) = Fw. Hence for all n, [V, V,wl 0 Fw is an open
everywhere dense subset of Fw by 4.6. Thus the intersection, L of all the above
sets is a residual subset of Fw.

Let p € L. Then p|Fw = w|Fw since p € Fw; i.e. fwp = fuw (f € F). Hence
¢1F = w|F. Moreover v,pnV,w # & implies that {pt, we} Ch(V,) for some t € T
and so {p, w}C b(V )T (n en. Consequently @@, w|®@) e P@Q: 3") The proof
is completed.

4.8 Remarks. 1. If |@| is metrizable, then the requirement of P(:F) in 4.7
is satisfied.

2. Let f € a(x) be such that the T-subalgebra, [f] of a(x) generated by f is
separable, and let @ = [F U /), the T-subalgebra generated by F U {f}. Then the
condition on P(@ :F) holds in this case also. Tosee this let (g i) be a sequence
of functions in [f] which generate [fl. Let N denote the positive integers and £
the collection of finite subsets of N. Set n(L, k) = {(x, y)|x, y € |®|, lg; ) -
g <1/k GeLR(L €L, keN). Then n(L, k) is an index on |®| and P(X:F)=
fpL, YT NR@:F)Le® kenb

5. Proof of 2.1. For clarity’s sake the proof of 2.1 will be broken up into
several parts. Also, throughout this section the following notation will be used:
L={a|a€F; (a|®, «|®@ € 9@ :F), K =1{p|p? = p, p is in some minimal subset
of BT}, and S ={(x, y)|(xv, yv) € 0@:F), v € K} NR@A:5F).

5.1 Lemma. 90@:F)c sc P@:F)0@:F)c R@:Q n F#).

Proof. The proof of 14.23 of [2] shows that Q@ :F)C s.

Let (x, y) €S, and v € K with yv = y. Since x|F = yI?,xlg" xw|F.
Hence (x, xv) € P(@:F) and so (x, y) = (x, xv)(xv, y) € P@:F)0@:F).

Since P@:F) u0@:F)c R@A:@ NF#) and R@:@ M F*) is an equivalence
relation, P@:F)0@:F)c RA@: @ n F¥).
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5.2 Lemma. If S is an equivalence relation, then S = R@:@n 3‘#).

Proof. 02@:F)cs2=5sc PQ@:F)0@:F)c 0*@:F) by 5.1. Since
0@ :%) is closed, so is QZ(@ :F). Thus S is a closed invariant equivalence
relation containing Q(a :F)with SCR@:Q n ff#). Hence S =R(@:@ n ?#)
[2, 14.22] since S is invariant (see proof of 14.23 [2]).

5.3 Lemma. Let L be a group. Then S is an equivalence relation.

(Thus by 3.3 H(F, &=L implies that S is an equivalence relation.)

Proof. Since § is clearly symmetric and reflexive, I shall show only that it
is transitive.

Let (x, y), (y, 2) € § and let n € K. Choose p, g, r € M and y € K such that
p|@=x,4|@=y, r|@=2z, yp=nand uy = u. (Here u is the fixed idempotent.
The idempotent y is needed since 7 may not be in the same minimal ideal as u.)
Then (xy, yy), (yy» zy) € Q@ :F) implies that {(py) (gy)~ ", (g)()" Y C L.
Since L is a group (3.3), (py) (ry)~! € L. Hence (xy, zy) € Q@ :F), from which
it follows that (xn, z7) = (xy7n, zyn) € 0@ :5). The proof is completed.

The following is a restatement of 2.1.

5.4 Proposition. Statements 1, 2, 3 are pairwise equivalent and they imply
statements 4 and S.

1. HF, @) > F".

2. HF, ®) = AF*.

3. H(F, @)= L.

4 RA:CnF=-PQ:F)0@:%).

5. R@:@ nF¥)-s.

Proof. By [2, 14.18] A C H(F, @) C L C AF*. This implies that 1 and 2 are
equivalent and that 3 follows from 2.

Now 4 follows from 5 by 5.1. Hence it remains to be shown that 3 implies
5 and 2.

Assume 3. Then R(@:@ n ff#)= S by 5.2 and 5.3. (Thus 3 implies 5.) Let
a€AF*. Since AF* = g@ N F*), @|@, 4|@) € R@:Q@ NF*)= 5. Hence @|@,
u|a) € Q(@:?) (since # € K) and so a € L. Thus AF# C L=H(F, @). The proof
is completed.

6. The almost periodic points of R(@ :F) and the group H(F, @). In this
section I show that if the almost periodic points are dense in R@:F) then the
various statements in 5.4 hold. Also in this case H(F, @) = AH(F, 7) =
H(F, r)A. Again it will be convenient to let L denote the set {a|a € F,

@|@, ul® € 0@ :F.
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6.1 Lemma. Let (a_|n€D)and (p, |n € I) be nets on M such that b, ~ bs
o p,— qand (@ )CG. Then a;l converges to (pu)(qu)™" in the r-topology.

Proof. Let k€ land K = {a;lln > k. 1shall show that (pu) (qu)~'e cls, K.
To this end let /€ C(8T) with freal and a>' € K. Then (f, p,)=(f, o] '@ p )<
(f%,a_p ). Hence (/, p)=lim(f, p,)< lim(/X, a_p_)=(/%, g). This implies that
fp< /'?q for all real f in G(BT). Hence f(pu) (qu)"f < fXu. The proof is completed.

6.2 Corollary. Let (p,|n € I) be a net in M and (o, |n € I) a net in G such
that p, |@ = «|Q and ap, |@ = a|Q. Then (a;l|n € I) converges to

B € Aa~ 14 in the r-topology on G.

Proof. Let p n— P and o b, =94 Then a;l converges to (pu) (qu)"l in
the r-topology on G. Since p|® = # and ¢|@ = a|®, pu € A and (gu)~ ' € a~ 4.
The proof is completed.

6.3 Proposition. Let the almost periodic points be dense in R@:%). Then
L = AH(F, ) = H(F, r)A = H(F, Q).

Proof. Since H(F, 7) is a normal subgroup of F [2, 14.6], AH(F, 7) =
H(F, r)A. Moreover AH(F,7)C H(F, ®) since A C H(F, (i), @ cr,and H(F, (i)
is a group.

By [2, 14.18] H(F, @) C L. It thus remains to be shown that L C AH(F, r).

Let a € L. Then there exist nets (x, |7 €1)and (yn |nel)on |&| and ele-
ments ¢, of T (n € I)suchthat (x ,y )€ R@:%) me D, X, — u|@, ) a|@,
xt — u‘&, and y t — u|a.

Since the almost periodic points are dense in R@:T), we may assume that
(x,, ¥,) is an almost periodic point of |@| x |&| (» € D). This implies that there
exist idempotents v € Msuchthat x =x v andy =y v (n€ D. Let b,

g, € M with pn|@ =x,_ and ‘I,,la =y, (n € I). Then we may assume that p,=0,v,
and ¢ =9 v (n € I). Since My, is a group there exist r, €M with 9,=1,b,=
r,ub,, whence ¢ =a p with a =ruc€ G (nel.

Since xnlff = ynlff, pnﬁ = qn!? = anqnlg" and so @ € F. Moreover p"|(i -
«|@, a, pnl(i —al@, pntnl(f — u|® and a pntnla — u| @. Now applying 6.2 to
the nets (p |7 € I) and (o |» € I) yields that a;l converges to B € Aa~ !4 in the
r-topology, and applying 6.2 to the nets (p ¢ |n € I)and (@ |n € I) yields that
a;l converges to SeAu=lA=A4in the r-topology. Since a;l € F (n€l),this
implies that 881 € H(F, 7). Hence a € AB~'A C AS™'H(F, r)A C A’H(F, 7)A =
AH(F, 7) since H(F, 7) is normal. The proof is completed.

6.4 Proposition. Let x € |(| be an F-distal point and let the canonical map
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7 |®| — |F| be open. Then the almost periodic points of R(R:F) are dense in
R@:%).

Proof. Let ¢ € T and y € |®| with n(xt) = n(y). Let v*=v € M with yv = y.
Then xtv|F = xt|F)v = (|F)v = yo|F = y|F = x£|F. Hence (xtv, xt) € PA:F)
and so xtv = xt. Thus (xt, y) is an almost periodic point of |®@| x |@| which is
in R@:F).

Now let a, b € |®] with (@) = #(b) and let U and V be neighborhoods of a
and b respectively. Since 7 is open, 7~ @(U) Na(V) N U is a neighborhood of
a. Hence there exist ¢t € T and y € V with x¢ € U and n(xt) = #(y). The proof is
completed.

7. The Veech structure theorem. In this section (X, T) and (Y, T) will
denote minimal sets and #: X — Y a homomorphism. It is also assumed that X
is Y-point distal; i.e. there exists x, € X such that if 7(x) = #(x ) and x is
proximal to x, ((x, x,) € P(X)) then x = x.

In order to apply the results of the preceding paragraphs it is necessary to
represent X and Y in the form || and |F| where @ and F are T-subalgebras of
Cr).

Since (X, T) is minimal, there exists an idempotent v in M such that XU =
%o Since the idempotent u in the preceding section was arbitrary, we may assume
that v = .

Now let ¢: (BT, e) — (X, x,) and ¥: (BT, ) — (Y, y,) be the canonical
homomorphisms where y, = n(xo). Then if @ = ¢*((:’(x Nand F = 'I’*(e(Y)),
Fchc a(z), there is a commutative diagram

[C{ P

X 7 .y

where r is the restriction map and f and g are isomorphisms onto X and Y. More-
over f(u|®) = Xge

7.1 Remarks. 1. The assumption that x is a Y-distal point ‘‘translates’’
into the assumption that «|® is an F-distal point. Thus if p € M with p|F = «|F
and (p|@, «|®@) € P@:F), then p|® = «|Q.

2. The idempotent w of $4 is in F. Hence w|F = «|F. Since @|®, «|@) €
P(@®) this implies that (w|@®, 2|@) € P@:F). Hence w|Q = 4|Q.

Although the structure theorem to be proved in this section involves only
metric spaces, I would like to prove the basic lemmas in their fullest generality.
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7.2 Definition. Let R and § be two T-subalgebras of C(BT). Then S is a
quasi-separable extension of R if there exists a subset £ of § such that § is the
T-subalgebra generated by R U £ and such that the T-subalgebra, [f] generated
by f is separable (f € ).

7.3 Remarks. 1. T S is separable (i.e. |3] is metrizable) and R C S, then &
is a quasi-separable extension of R. In this case I shall call S a separable ex-
tension of K.

2. The T-subalgebra $ is quasi-separable if and only if it is quasi-separable
over the constants, e (3, 15.11.

3. Let S be a quasi-separable extension of R and let B be a T-subalgebra
with RCBCS. ThenSisa quasi-separable extension of B.

4. LetSbe a quasi-separable extension of R and let B be a T-subalgebra
with RCB. Then S VB is a quasi-separable extension of B, where SVRis
the T-subalgebra generated by SuB. Ruf generates SthenB UL gen-
erates & V B.)

7.4 Lemma. Let & be a point-distal quasi-separable extension of F such
that the restriction map of |®| onto || is open. Then @ N F LF or@=7F.

Proof. Let @ nF# - F. Ishall prove that @ = 5.

First T show that without loss of generality T may assume that ula is Fdistal.

Let y € |®@| be an F-distal point and let »? = v € M with yv = y. Since the
idempotent z was arbitrary we may assume v = u. Hence there exists a € G
with a|@ = y.

Now let (z, u|@a) € P(@a:Fa). Then z|Fa=u|Fa and there exists p € BT
with zp = u|@a. Hence az|F =au|F =a|F and azp|@ = ua|Q = a|Q; i.e.
(@z|®,a|®@) e P@:F). Consequently az|® = a|®; whence z|@a = u|@a. Thus
u|@a is an Fa-distal point. A

The map [ — fa:@ — Qa(f €@ isan isomorphism which induces one from
¥ onto Fa. Thus if there were a nontrivial almost periodic extension of Fa con-
tained in @a there would be a nontrivial almost periodic extension of ¥ contained
in@. Hence @ nFa)f = Fa. Moreover Qo= Fa if and only if @ =F. Thus
as a result of the preceding discussion we may assume that u|®@ is an F-distal
point.

I shall complete the proof by showing that the set N = {x|x € |®|, |F = «|F}
consists only of the singleton {u|®}. This suffices because the restriction map
being open implies that R(®:F) = (N x N)T (see [3, p. 217)).

Let x € |®| with x| = 2|F, and £ C @ be such that & is generated by F U £
and [/] is separable (f € £). Then it suffices to show that f(x¢) = f(ut) (f € 8,
teT)
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Let f€ &£, Set B=1[F u/l, the T-subalgebra generated by Fufl. Let
(o, u|B) € PB, F). Then y|F = u|F and there exists an idempotent 7 with
y=un|B=7|B. Then (5|@, «|@) € P@:F), whence 5|@ = 4|@. Consequently
y = 7|B and so #|B is an Fdistal point.

Since ANnF*-F, F=gF)= o@ NnF*) = AF*, whence by 6.4, 6.3, and 5.4
H(F, @)= F. Since B¢ &, 7®B)C r(®) and so H(F, B) = F.

By 2 of 4.8 and 4.7 the set K = {p|p € Fw, (p|B, w|B) € PB:F)} is a residual
subset of Fw, whete w is an idempotent in M with wlg" = ulg. Since (wl%, u|$) €
P, F) and u|B is an F-distal point, w|B = «|B. Similarly p|B = «|B (® € K).
Since K is dense in Fw this implies that p|B = «|B (p € Fw). Thus in particular
aw|B = quB and so a|$ =u|B (@€ F), ie. F=B= a(®B).

Now let xv = x for some idempotent v in M. (Recall that x is an arbitrary
element of |®| with x|F = 4|F.) Then «|F = %|F = x0|F = *|F)v = @|F)v =
w|F = v|F and, since («|B, v|B) € PB), u|B =v|B. Moreover xu|F = u|F.
Hence if p € M with p|@ = x, then pu € F = B. Thus pu|B = u|B, whence %|B =
2B = x0|B = pv|B = uv|B = v|B = u|B. Consequently f(xt)=f(ut) (¢t € T). The

proof is completed.

7.5 Lemma. Let @ be a separable extension of F and let u|@ be an F-distal
point. Then there exist separable almost automorphic extensions Land B of @
and F respectively such that the restriction map of || onto |B| is open and such
that u|® is a B-distal point (see Definition 1.2).

Proof. By Theorem 3.1 of [3] and the remarks at the beginning of this sec-
tion there exist separable T-subalgebras X and B of a(z) which are almost auto-
morphic extensions of @ and respéctively and such that the restriction map
r: |K| — |B| is open.

Set £=Q@ V B, the T-subalgebra generated by & UB. Then £C K and so £
is an almost automorphic extension of ®@. Also the commutative diagram

KT e

where all the maps involved are restrictions shows that r, is open.

Let x € || with (x, 2|£) € P(£, B). Then x|B = «|B and xp|L = «|€ for
some idempotent p € BT. Hence x|F = u|F and xp|Q = «|®; i.e. (x|@, «|@) €
P(@:F). Consequently x|@ = «|®@, whence x|€ = u|€ (recall £= @ V B). Thus
u|€ is a B-distal point.
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The following is the algebraic version of the Veech structure theorem as
extended by Bronstein.

7.6 Proposition. Let Qoea separable F-point distal extension of F. Then
there exist an ordinal v and a family (B o|@ S V) of separable T-subalgebras such
that (i) fBo =%, i) %v is an almost automorphic extension of @Q, (i) $a+l is
either an almost automorphic extension of B, or a nontrivial almost periodic
extension of B, (@ +1<v), (iv) $a=U{§y |y <a} for all limit ordinals o.< v.

Moreover, the set {a|a< v} is countable.

Proof. Without loss of generality as in the proof of 7.4 I may assume that
u|®@ is an Fdistal point.

Let  be the first uncountable ordinal. I shall construct two families
®B,la<Q)and (£a| a <) of T-subalgebras such that:

(a) the family (.‘Ba|a5 ) satisfies conditions (i), (iii), and (iv) with v re-
placed by Q,

®) £,C8; @B,

&£ o is @ separable almost automorphic extension of € @<,

d) ﬁaC £aand u|£ais a 93a-distal point (@< ).

Set 930 =5, go = ® and assume %a and f,a defined for all a<y <Q such
that the families (B,|a<y)and & ol @< y) satisfy (a), ), (c), and ). Iy is
a limit ordinal, set %,y =U{8, la<yland £,y =UIEL |a<yl. Then it is easy to
verify that the families (8,|a < y)and (£a|a < y) satisfy (a), (b), and (d). With
regards to (c), observe that since y <, {a|a <y} is countable whence £_ is
separable. Moreover the set A of points x in |5‘3a| such that the fiber over x|® is
a singleton is a residual subset of |£ al (@<y). Hence g,y is an almost auto-
morphic extension of & (see also [3, p. 223]).

Let y =a+ 1. If the restriction map of |€,| onto l$a| is open then by 7.4
either (A) £ = B o OF (B) there exists a nontrivial almost periodic extension X
of %awith fBaC Xc £a. In case (A) set fBa+1 = £a= £a.+l and in case (B) set
8 sl = Kand £ asl = ga‘ Then again one verifies directly that (a), (b), (c), and
(d) hold for the families (B,|a < y)and (£ |a<y).

If the restriction map of |£ .| onto |8 ol is not open, then by 7.5 there exist
separable almost automorphic extensions £ 2,1 and .(BMl of £ o and B . Tespec-
tively such that the restriction map of |€, , 1] onto 18, 41| is open and ul®
isa fBa ,1°distal point.

For some ¥ < {} we must have £v= .‘BV. (See Lemmas 4.2 and 4.3 of [3],
and note that no use is made of the assumption that there is a fiber with a dense

as+l

set of distal points in order to prove that there can be at most countably many
distinct ga’s.) The proof is completed.
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As Veech remarks [3, p. 224] an induction using 7.6 yields:

7.7 Proposition. Let Q ve a separable point-distal extension of F. Then the
set of F-point distal points is residual in |®|.

8. An extension of the structure theorem. In this section I would like to dis-
cuss what is involved in using 7.2 to extend the Veech structure theorem to the
quasi-separable case. Proposition 7.4 shows that if X is a quasi-separable Y-
point distal extension of Y and #: X — Y is open then either X = Y or a non-
trivial almost periodic extension of Y can be *‘interpolated’’ between X and Y.
The trouble arises when # is not open. In the metric case Veech overcomes this
difficulty by constructing almost automorphic extensions X*and Y*of X and Y
respectively and homomorphisms 7 X* > Y*, p: X* > X, and g: Y* —Y such
that the diagram

x* w %
—_—
p q
w

is commutative, X* is a metrizable Y*-point distal extension of Y*and 7" is
open. In the general case I shall show that one can construct X*and Y* as
above with 7" open. However, the extensions X" and Y*of X and Y are no longer
almost automorphic ones but merely proximal ones.

Recall that #: X — Y is proximal if x; and x, are proximal whenever rr(xl)=
n(xz). In terms of algebras, Lisa proximal extension of Xif R(Si :K) C P(.S.a, :K)
and this is true if and only if g(®)= g(K) (see [2, 13.6]).

Thus in order to generalize Veech’s theorem to the quasi-separable case I
shall show that a(F) V @ is an open extension of a(F), where for any r-closed
subgroup K of G a(K) ={/|f € C(BT) and fa = f(a € K)}. The idea of the proof is
due to H. Furstenberg.

For the remainder of this section X and Y will denote minimal sets and
7: X — Y a homomorphism. The collection of nonempty closed subsets of X
provided with the uniform structure induced by the uniformity on X will be denoted
2%. Then 2X isa compact Hausdorff space on which T acts via the map (K, ¢) —
Ke: 2% x T — 2% where Kt = {kt|k € K} (K€ 2%, 1 € T). Let W= clsla™(y)|
y € Y}. Then W is a closed invariant subset of 2% and there exists a homomor-
phism ¥: W — Y such that ¥(K) = y where KC n~1(y) (K € W).

8.1 Lemma. Let x € X. Then there exists K € v~ la(x)T C W such that x € K
and KT is a minimal subset of W.
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Proof. Since x is an almost periodic point of X there exists an idempotent
v € M with xv = x. Let (z,) be a net converging tov. Then (7~ Latx))e . Converges
to some K € W. Since Kv = K, KT is minimal. (Here K is viewed as a point of
the transformation group (2x, T).) Also x € 7~ ln(x) and xt, —x implies that
% € K. The proof is completed.

8.2 Lemma. Let Z be a minimal subset of 7~ I11(::)T for some x € X, Then

(Z,Y) is a proximal extension of Y.

Proof. It suffices to show that if K and L are in Z with ¥(K) = x =¥(L),
then K and L are proximal. To show this let N € Z with ¥(N) = x and such that
if R € Z with RC N and ¥(R) = x, then R = N. (A simple application of Zorn’s
lemma shows that such an N exists.)

Since N € (v~ l1’1(9:)) T, there exists a net (t") such that (7~ l17(::)) t, = N.
Ve may assume Kt, — R and Ltn—* S. Then R, S € (7~ I17(:»:))T and, since

KuLCa~ l17(::), RUSCN. Hence R=N=3S. The proof is completed.

8.3 Proposition (Furstenberg). Let Y be such that it admits no proper minimal
proximal extensions. Then w: X — Y is open.

Proof. Let U be an open subset of X. If #(U) were not open there would
exist x € U and a net (y,|n € ) on Y such that (y, |7 € I) =y = n(x) and
Une~ly)=8 meD.

Let KC ﬂ'ln(x) be such that x € K and KT = Z is a minimal subset of
(m~ T#(x))T. Then (Z, P) is a proximal extension of Y and so ¥ is one-one.

Let K, € Z be such that ‘I’(Kn) =y, (€ ). Ve may assume that (K,,|” €D
—L€Z, Then ¥(L)=1lim¥(K ) =limy =y= Y(K). Hence L = K, and so
& £ K, N ucCn~ l(y”) N U for some n € I (recall that x € K and U is a neighbor=
hood of x). This is a contradiction, and so #(U) is open.

8.4 Corollary. Let L be a r-closed subgroup of G and let X be a T-subalgebra
of a(u) with a(L)C K. Then the restriction map of |K| onto |a(L)| is open.

Proof. The transformation group |a(L)| has no proper proximal extensions.

8.5 Proposition. Let @ be a point-distal quasi-separable extension of ¥.
Then there exists a family of T-subalgebras ¢ alas v) such that (i) .‘Bo =%,
(ii) fBa_ is a proximal extension of &, (iii) fBa“ is either an almost periodic or a
proximal extension of B e @+ 1<), (iv) 3G=U{fl3a|y < a} for all limit ordinals
a<v.

Proof. Let 8 be an ordinal with cardinal greater than the cardinal of F. Set
B, = 5, £0 =@, and assume B,la<y)and (gala <y) defined such that
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@) B a|a. < 8) satisfies (i), (iii) and (iv) with v replaced by § (@< y),

®) ga is a quasi-separable extension of B 2 @<y),

() u|€,is a B,-distal point (@< y),

@ 9&€,)=4 @<y). (As in the proof of 7.6 I assume z|@ is an F-distal
point.)

If y is a limit ordinal, set fB = {.‘B 2la <y} and £ —U& |a< y}. Then
it is immediate that (3 la<y) and (£ |a< y) satisfy (a), (), (c), and ().

Let y=B+1. Let B5=oBp. ¥ Byt a(.‘Bﬁ) set .‘BMl = a(Bj) and
£5,1=0Bp V&4 Then 3B, )= BBand 9€5,1)=BgNa€=Bgn4=4
(since B BC e 8 1mphes that A = 9(53 )C B /3) Hence in this case the families
@ |a< y)and (£ |a,< y) satisfy (a), (b), (c) and (d).

Let y=8+1and 3 = 0.(3 ). Then £ is an open separable point-distal
extensxon of B, By 7.2 exther tbere exists a nontnvxal almost periodic extension

f$ with Kﬁ'C 53 or £ fBB. In the first case set % =K and £B+l = Sf'ﬁ.

In the second case set $B+l = % and 53 B4l £

Thus the construction need not be carried beyond the point where B ﬁ- A.
Now at each stage A C BgCF. K B # A then Bg,, & Bg+ Hence there is an
ordinal v < 8 such that B, = £,,. The proof is completed.
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