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A TOPOLOGY FOR A LATTICE-ORDERED GROUP(!)

BY
R. H. REDFIELD

ABSTRACT. Let G be an arbitrary lattice-ordered group. We define a topology
on G, called the J-topology, which is a group and lattice topology for G and which
is preserved by cardinal products. The Jtopology is the interval topology on to-
tally ordered groups and is discrete if and only if G is a lexico-sum of lexico-ex-
tensions of the integers. We derive necessary and sufficient conditions for the J-
topology to be Hausdorff, and we investigate Jtopology convergence.

1. Introduction. Several ways have been developed for topologizing lattices
in general and lattice-ordered groups (/-groups) in particular. The method of
Lefschetz [13] and Smarda [19] defines a group and lattice topology on an l-group
by using filters of convex I-subgroups to generate the neighbourhoods of 0. For
any lattice, Rennie’s L-topology [18] takes as a subbase for its open sets convex
sets whose intersection with any maximal chain is an open set of the chain’s in-
terval topology. However, the L-topology is not always a group topology on an [-
group [17].

In any lattice L, a set {xBI B e BYC L is said to order-converge [31to x €
L if there exist nets {ag}C L and {bB} C L such that (1) if <y, then e,<a,
and b, >b,, 2) ag< xg< by forall Be B, and (3 V,GGB“B= x= /\ﬁeBbﬁ'
The order topology [3] then takes as its closed sets those sets which contain the
the limit of any order-convergent net which is itself contained in the set. Floyd
(6] gives an example of a conditionally complete vector lattice whose order topol-
ogy is not a group topology. The most successful convergence topology as far as
I-groups are concerned is the topology of a-convergence (Papangelou [15], [16])
which is a group and lattice topology on completely distributive l-groups ([5],
[14]). (This topology is defined in $7.)

The idea of generalizing the interval topology of a totally ordered set has
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gone through several metamorphoses. Frink’s original idea [7] of taking closed in-
tervals (or, equivalently, the principal ideals and dual ideals) as a subbase for
the closed sets never produces a group topology on a nontotally ordered abelian
I-group [12]. His ideal topology [8], which takes the set of completely irreducible
ideals and dual ideals as a subbase for its open sets, is much better in this re-
spect: it is a group and lattice topology for every I-gioup (Holley [10](2)). However
as pointed out by Alo and Frink [1], it is not necessarily preserved by infinite
cardinal products. The new interval topology, introduced in [2], takes as closed
sets those sets whose intersection with an arbitrary intersection of finite unions
of closed, bounded intervals is also an intersection of finite unions of closed,
bounded intervals. Holley [10] has given an example of an Archimedean I-group
which is not a topological group with respect to its new interval topology.

The topology introduced in this paper also generalizes the interval topology
of a totally ordered set. However, the emphasis here, rather than being on the
form of the interval, is on the idea that in a totally ordered set an interval **spans”
the set. With this idea for a guide, we define a topology, which we call the J-to-
pology, on an arbitrary l-group G. We prove that, with respect to this topology, the
l-group is both a topological group and a topological lattice (§2). If G is a cardi-
nal product of l-groups, then the J-topology on G is the product of the J-topolo-
gies on the factors ($3). The J-topology on a totally ordered group is the interval
topology ($4). The J-topology is discrete if and only if G is a lexico-sum of
lexico-extensions of the integers ($5). Also, in §5, we derive necessary and suf-
ficient conditions for the J-topology to be Hausdorff. There are some cases when
the J-topology is not Hausdorff; a particular example is constructed in §6. Con-
vergence with respect to the J-topology is investigated in $7, and the J-topology
is compared with the topology derived from a-convergence when G is completely
distributive.

Unless otherwise mentioned, we adopt the notation of Birkhoff [3]. In parti-
cular, for G an I-group and @€ G, at=aVo0,and a=aA0.If G is an l-group,
A, BC G,and @, be G with a< b, then [a, bl ={x| a<x< b}, (a, b) ={x| a<x<
b}; [a] is the Il-subgroup generated by a, G(a) is the convex I-subgroup generated
by a;A+B={x+y|xeA, yeBl,a+B=1{al+ B, AAB={x Ay|x€A, yeBl,
AVB=1xVylxcA, yeBl,a AB={a}A B,aVB={a} VB; A" ={x| xc 4,
x>0}, and A" ={x| xe A, x< 0}. For AC G, A*=1x| |x| A |a| = 0 for all a€ A}
is a convex I-subgroup of G, and if g€ G, g*={gi*. We denote the additive l-group
of the real numbers by R, that of the rationals by Q, and that of the integers by Z.
We let N denote the natural numbers.

Let G be an l-group, and T a totally ordered group. The lexico-graphic pro-
duct, Gx T, is the group G x T with order defined by: (g, ¢) < (a, b) if and only

(2) The author thanks Paul Conrad for bringing this reference to his attention.
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if t<bort=>5 and g<a.lIf {Gy| A€ A} is a collection of Il-groups, the cardi-
nal product, |Il)¢,| Gy, is the group I)\¢y Gy, with order defined by: f < g if and
only if Af <Ag rorall A€ A. If A is finite, we denote the cardinal product by
G,|x|+++|x|G,. The cardinal sum, |2 )¢yl Gy, is the convex Il-subgroup of

[T\ eal G, consisting of those functions which are O for all but a finite number of
A€ A. By the product topology on a product of topological spaces, we mean the
usual (Tychonoff) product topology (see [11, p. 14]). We use T, and T,, or
Hausdorff, to denote the usual separation axioms (see [11, p. 7]). Let {A_| y €T}
be a filter-base or a filter subbase. We denote the filter generated by M,yl yeT}
by F(A,|y€TY)). We say that two l-groups are l-isomorphic if there is a bijec-
tive map between them which is both a lattice and a group isomorphism. We denote
l-isomorphism by ~ . An I-group G is said to be completely distributive if,
whenever {/,5| a€A, B€B}CL for arbitrary index sets A and B, the equality
holds, provided that all the indicated joins and meets exist.

Let (G, +) be a group (we do not assume G abelian), and let U be a topol-
ogy on G. Then (G, U) is a topological group (or U is a group topology for G)
if+: G xG, UxU) = (G, U) and -: (G, U) — (G, U) are both continuous. Let
(L, V,A) be alattice, and let U be a topology on L. Then (L, U) is a topol-
ogical lattice (or U is a lattice topology for L) if V: (L x L, Ux U) — (L, W)
and A: (L xL,UxU) — (L, U) are both continuous.

We assume that the reader is familiar with the basic properties of I-groups
found in Birkhoff [3, Chapter XIII], especially those described in §§3 and 4. In
particular, we will use without comment such observations as |a| A || = 0 im-
plies a+b=b+a,a=a +a", |a|=a* —a~=a V(-a), and at ANa)t=o.
The proof that an l-group G is a topological group in the J-topology relies on
the following theorem from Husain [11, p. 46]:

Theorem A. Let G be a group with a filter-base J0) satisfying
(i) each H € JU0) is symmetric,
(ii) for each H € JU(0), there is a K € JU0) such that K + K CH,
(iii) for each H € JU(0) and each a € G, there is a K € JU0) such that a +
K-aCH.
Then there exists a unique topology J on G such that, with respect to J,
G is a topological group, and FQUO)) is the set of J-neighbourhoods of 0.

We also use the following theorem from Husain [11, p. 48]:

Theorem B. For a topological group G, the following statements are equiva-
lent:
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(a) G is a T-space,
(b) G is a T,-space,
(c) G is a T,-space,
@NU = {0}, where U is a fundamental system of neighbourboods of 0.

2. Definition of the topology and basic theorems. We first establish some no-
tation for the definition of the topology. Throughout this section let G be an ar-
bitrary I-group.

For g€ G, let

3'(g) =1{b € G*| there exists b’ €G suchthat A »" =0 and b V &' = gl
For g € G\{0}, let
N, g) =[-g gl + g

Let
Q@ =1{b e GN\I0}TB) = {0, B},

and
fDl ={bhe althere exist by, by, -- € @ such that

hy=h b +h <h,and b €blk

ntl = "n

We note that if bstl, then there is an lefDl such that 0<I<[+1<bh and b€
I'*: let I=b, in the definition of D,.

Proposition 2.1. Let b, 1€ G*\{0} be sucp that b < l. Then the following
statements are equivalent:

() 1ert,

(i) I+ = bt

Gii) It D Bt

Proof. Suppose (i) holds, and let k€ b, Then since 1€ btL, 1 AJk| =
Hence k € I*. Thus (iii) holds.

Suppose (iii) holds. Since 0<h <[, 0< |k| A b < |k| Al forall k€G. If Ice
I*, then || A I= 0. Hence |k| A b =0, and thus & € 5", By hypothesis, b*C I
Thus (ii) holds.

Suppose (ii) holds. If %= b*, I**= b*" and hence I€ I**= b*L. Thus (i)
holds.

Therefore,
fDl = {b € @] there exist hys byseee € @ such that
1 _ 4
by=h b +h,  <h, and bE =ik
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Let
D, = th e G*\i01| [0, 5] = {0, Aii.

Clearly, D, n D, = g. Let D*=D, U D,. Clearly D*C Q. 1f D*£ g, let
N,(0) = IN(O, g)| g €D,
N,00) = {g4 g €D,
1,00) = 1,00 U T, 00),

mm={ﬁ H,

i=1

Hi €n3(0) forall i=1, ---,n;.

If D%= g, let UO) = {G}.
For the Il-group, Z |x| R,

@ ={(a, 0)]a>0} Ui, 55> 0},
D, =10, 55> 0}, D, =11, 00,
@>9%, (@4£9*
J1,(0) consists of sets of the form N(0, (0, b)) = Z x [- b, b]. J1,(0) is the set

{{0} x R}. So besides sets in 3'(1(0) and nz(O), JU0) includes sets of the form
N(0, (0, b)) n ({0} x R) = {0} x [- b, b].

Lemma 2.2. JI(0) is a filter-base satisfying
(i) each H eJ0) is symmetric;
(ii) for each H € N(0), there is a K € J(0) such that K + K C H;
(iii) for each H € N(0) and each a € G, there is a K € JUO) such that.a + K -
aCH,

For the proof of Lemma 2.2, we need the following three lemmas:

Lemma 2.3. Let g€ G*\{0}. Let ac[-g, gl and begt.
) If a+beG?, then a Nb=0.
(i)a+b=b+a.

Proof. (i) Let he[-g, g] N gt. Since hegt, b* Ag=0. Since bel-g, gl,
b*A g=h* Thus b <0.Hence —b >0 and, as before, ~b = (-5) A g = 0. Thus
b =0, and hence [-g, gl ngt=1{0}.

Since a+5>0,2>—b sothat a* > (-5)* >0. Then (-)*el-g, gl ng-
Hence (-5)* =0 so that & > 0. Similarly, b >~a so that @ >0, Thus a A5 >0,
and hence a Abe(-g, gl N gt. Therefore, a A b =0.

(ii) Since a€[-g, gl, |a| =aV(-a) < g V g = g. Thus, since |b| A g =0,
|a) A |b] = 0. Hence a+b=b +a.
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Lemma 2.4, For all a, k€G,
() -a+|k|+a=|-a+k+a,
(i)a+Ca+k+a)t-a=kt

Proof.
—~a+|kl+a=-a+kVR+a=(a+k+a) Vi-a-k+a)

=(ca+k+ad)V((-a+k+a)=|-a+k+al|
k=41 |1 A (%] = 0}
={l| (~a+]l]]+a) A (~a + |k| +a) =0}
={l||-a+1+a| Al-a +k+a| =0} (by(i))
“{ll~a+l+aecl-a+k+al=a+(a+k+a)-a
Lemma 2.5. For all a€G, g€ @ if and only if ~a+g +a€(.

Proof. Let g€ @, and b=-a +g +a. If 1€ T (»)\{0}, then for some I, I A
I'=0 and I VI'=b. Thus

@+l-dANG@+l'-a)=a+1Al'-a=0,
@+l-add)V@+!'-a)=a+1V! -a=a+h-a

Hence a + - a €J(g)\{0}. Since g€{, a+1-a=g,.and thus I =b. Therefore
be@.

The converse is proved similarly.

Proof of Lemma 2.2. If 9*= &, clearly Lemma 2.2 holds. Hence suppose 9* £
@. We note that for all g€ G*\{0}, 0 € gt Cl_g, gl + g~ Hence, for all H €N(0),
H # &. By definition JI0) is closed under finite intersections. Thus, JI(0) is a
filter-base.

() If H€eJ,(0), clearly H is symmetric.

If HeJl,(0), then H=N(0, g) for g€D,. If pe N, g), p = p; + p, where
py€l-g, g] and p, € gt. By Lemma 2.3(ii), p = p, + p, = p, + p;- Thus -p =
-py - b,. Clearly —p, €gl. Since —g < p; <g, then g>-p, >-g. Thus -p€
N(0, g) and hence H is symmetric.

Thus, for all H €ﬂ3(0), H is symmetric, and hence for all H € 1(0), H is
symmetric.

(ii) If L €J1,(0), let L*= L. Then clearly, L*+ L*CL.

If LeN(0), L=N(0,pg) for ge9,. Since g€9,, there is an b €D, such
that b+ b<g and b Cgh Let L*= N(0, b). Since heD,, L*eJ,(0). If pe L*+
L* then p=a+b +c +d where a, c€[-b, b], and b, d € b*. By Lemma 2.3(ii),
p=(a+c)+(b+ d). Since b* Cgt, b+degt. And since a,c€[-b,bl,a+ce€
[-5-b,b+b1Cl-g, gl. Thus, p€L. Therefore, L*+ L*CL.
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If He)U0), H=N7_ L, for L,€N;(0). Let K=N7_ L}. Then K €JU0).
IfleK+ K, 1=1,+1, for I;, 1, €\ ?=, L}. Then I}, I, €L} forall i=1,...,
n, and by definition of L}, I, + I, LT+ LYCL, forall i=1,...,n Thus l€H.
Therefore, K + K C H.

(iii) Let a€G.

If HeN,(0), then H=h"for heD,. Let H* = (-a + b + a)*. Clearly —a +
b +a63)2. Thus, H"enz(O). By Lemma 2.4(ii), a + H* -a = H.

If HeJl,(0), then H=N(0, g) for g€D,. Let b=-a+g +a. Since geD,,
there are g, g,,++-€{ suchthat g =gy, 8,,, +8,,1 <&, and gi,, Cgi.
Consider -@ + g, + @, -a + g, + 4, -+ . By definition, -2 + g, + @ = b. By Lemma
25,-a+g +acQ@ forall n Since g,,; +8,,1 <8&p “+8u+1+“)+(‘“+
g"+l+a)< a+g, +a.Since gn+ngn,-a+g-‘- +aC-a+gh +a. Hence
by Lemma 2.4(ii), (- a+g, ., +a)t Cl-a+g, +a)}" Thus bei)l, and therefore,
H% = N(0, ) e T, (0) Let pea+H%-a. Thenp =a+b; +h,-a for by €
[- 5, b], and b, eb Since by €[-h,b) and b=-a+g+a,then a+h;-ac€
[-g, &l ByLemma 2.4(ii), gt=a + b' - a. Since b, €hbt, a+ b, - acgt. There-
fore, p=(a+h, —a)+(a+ b, -a)€H. Hence a+H“—aCH

Let I-IET((O) Then H=[\7_, H; for H,€J1,(0). Let K=N7

H:.‘. Then
K €J10). Since N7_, H2 C H? forall i=1,...,n,

i=1

a+K-—a=a+ n H“-aCn (a+H“-a)C n H;=H.

i=l i=1 i=l
For g€G, let Ng)={g+ H|HeN(O0)}. Let T ={WCG|forall xeW,We
FOU))3.

Theorem 2.6. G is a topological group in the topology J.

Proof. The theorem follows immediately from Lemma 2.2 and Theorem A.

We call T the J-topology on G.

Turning to the question of whether G is a topological lattice, we first estab-
lish a criterion for an l-group to be a topological lattice.

Let G be an l-group. Let O be a collection of subsets of G such that 0€V
for all VeU. Let

U={WCG|forall x €W, there exists V €0 such that x €x+ VC Wk

Lemma 2.7. If C is a filter-base, U is a topology on G.

Proof. Let {U,| a€ A}CU. If x € Jqaeq Uq, then x € Ug for some B € A.
Hence there is a Vel suchthat x ex+VCU,C UqeqUq- Let {Uy,.-, U3 C
U If xe n ;» then x € U, for all i. Hence for all i, there isa V; ] such
that x€x + V C U . Since O is a filter-base, there is a v* €0 such that V* C
Ni.aV;. Thus
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n n n
xex+VCx+ NV,.CNG+V)CN U,

i=1 i=1 i=1
Thus U is a topology on G.

Lemma 2.8. Suppose every V €0 is a convex sublattice of G. Then for all
r,S€G and Ve,

DE+VAGC+V)I=CAs)+V,
() E+VIV(s+V)=(Vs)+ V.

Proof. (i) Let x € V. Then
CAS)+x=G+x)AG+x) e+ V) A(s+ V).

Thus (¢ As)+VC G+ V)A(s+ V).
Let x, y € V. Then

G+rGAMAG+EAN<GE+x) Als+y)
<G+ V) Als+(xVy)
Hence

xAy<-GAS)+ G+ Al+y)<xVy

Since V is a convex sublattice of G, ~(r As)+ r+x) A (s +y)eV, ie., (r+
)N (s+y)el As)+ V. Thus (r+ V) A(s + V) C (r As) + V. Therefore, (i) holds.
Similarly (ii) holds.

Theorem 2.9. Suppose U is a filter-base satisfying

(a) each V €U is a convex sublattice of G,

) if veO, there isa UeU such that 0eUC V.
Then G is a topological lattice with respect to U.

Proof. Let WeU. Let g, h € G be such that g A b€ W. Since W e ll, there
exists V€U such that (g A b) + V CW. By (b) there exists U € U such that 0 €
UCV.Let Wg)=¢ + U and W(h) = b + U. Clearly W(g), W(b) € U. Since 0 € U, we
have that g € W(g) and b € W(b). By (a) and Lemma 2.8,

W AWBCg+ VM AGB+V)I=(g A +VCW

Similarly, if W€l and g, b €W are such that g V b € W, then we may con-
struct sets W(g), W(b) € U such that g € W(g), b € W(h), and W(g) V W(b) C W.

We now apply Theorem 2.9 in the case of the J-topology. Let T be the J-
topology on an lgroup G. For A CG let the interior of A be denoted by Int(A).
We note that the proof of the following result depends on Lemma 2.2(ii).

Proposition 2.10. For all ACG,

Int(A) = {r € G| there exists H € J(O) such that r+ HC A}
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Proof. Let S = {r € G | there exists H € JI(0) such that r + H C A}. Since O €
H forall HeN(0), SCA. Let r€S and H €JU(0) be such that r + H C A, Let
H*€JI(0) be such that H*+ H*C H. Then for all b€ H*,

r+b+H*Qr+H*+H*§_r+H§A.

Hence r+ bh €S, and so 7 + H*g S. Thus § 63', and hence S ClInc(A). If s€
Int(A), then there is an H € JI(0) such that s + H C Int(A) C A. Thus s €S. There-
fore, S = Int(A).

Corollary 2.11. For all H €JU(0), 0 € Int (H).
Proof. For all HeJ(0), 0+ HCH.

Lemma 2.12. Let 0€ A C B C G. Suppose A is a convex sublattice of G.
Then A + B* is a convex sublattice. In particular, for all H € R(0), H is a con-
vex sublattice of G.

Proof. Suppose 0<y <, + I, for I, € A*, I, € (B")*. Since ACB, A*> fl,
and hence I, A I, = 0. Since A is convex, y A I, € A*. Similarly, y A1, € (B")*.
Further,
GAIDAGAL=y AU A 1,)=0.
Hence
GALD+G A L)=GAIDVGEGAL)=y AUV L) =y.
Thus y = y, +y, where y,; €A’ ¥y, € (84" Similarly, if I, +1, <y <0 for I, €
AT, e (BY)", then y = yy+y, for y, €A™ and y, € (BY".
Let y€G be such that p <y <gq, for p,g€A + BL. Then p=a+b and ¢q=
c+d, for a,c€A and b,dGBl. Then
a”+b”<pT <y <0<y < <t ah
Since 0, a,c €A and A is a sublattice, a~ €A~ and cT€A”, Similarly, b~ €
(BY)~ and d*e BH™. Therefore,
y+=u+v for u €AY and v E(Bl)+,
y"=x+w for x €A and w e(BYH-.
By Lemma 2.3(ii), y =z +v+w +x = (u + w) + (v + x). Clearly v +x € BL. Since
x<0<u,x<u+x<u, and since A is convex and x, u€ A, then u + x€ A,
Therefore, y€ A + B and hence 4 + B is convex.
We note that for @, b, c,d€G,

@A)+ AD<@+BD Alc+ D<@+ V(c+d
<@Vea+(®Va.
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Thus, since A and Bt are convex sublattices, 4 + B' is a sublattice.

If HeN(0), H = [-g, gl + gt for g€D,. Let A=[-g, gl=B. Then 0€AC
B. Clearly A is a convex sublattice. Since B~ =g*, H is a convex sublattice of
G. Clearly if H€eJl,(0), H is a convex sublattice. If 9*£ & and if H € J(0), then
H=N7_, H, for H;€J1,(0). Since each H, is a convex sublattice of G, H is a
convex sublattice. If D*=g, JI(0) = {G} and clearly G is a convex sublattice of G.

Theorem 2.13. If G is an l-group, then the J-topology on G is a lattice to-
pology.

Proof. By Lemma 2.2, JU(0) is a filter-base. By Lemma 2.12, each H € JI(0) is
a convex sublattice of G, and thus J1(0) satisfies (a) of Theorem 2.9. By Corollary
2.11, if H € JI(0), then O € Int(H) C H. Thus, since Int (H) € I, we have that J1(0)
satisfies (b) of Theorem 2.9. Therefore, by Theorem 2.9, the J-topology on G is
a lattice topology.

3. Cardinally ordered products. The main result of this section is the follow-
ing:

Theorem 3.1. Let {G,| A€ A} be a collection of l-groups. For A€ A, let b\
be the J-topology on G,. Let G be an I-subgroup of |l\cp| Gy, which contains
|Zeal Ga, and let T be the T-topology on G. Let P be the topology that G in-
berits from the product topology on |l\cal Gy. Then T = 9.

The proof of Theorem 3.1 is very long, but ;traightforwmd. We will not give
it here, but instead we refer the interested reader to [17], where the same result
is proved for a somewhat more general topology (cf. §8). For use in the sequel, we
will introduce some notation and list four of the lemmas which are used in the
proof of Theorem 3.1.

In addition to the notation introduced in the statement of the theorem, we let
by G- G., denote the yth projection. Then U € P if and only if for all f€ U,
there exist U, € :T'Yi’ i=1,...,n, such that fe7_; p;:(U.yi) C U. To denote
the sets @, 9, 92, D% 1, 00), N,0), 3"(3(0), and J0) in G,, we use G\, Dp»,
92)‘, etc. To denote them in §, we use Q, fDl, 92, etc. For g €G,, we denote
N(0, g) by N, (0, g) and for f€§, we use N(0, /). Then U€ J if and only if for
all f€ U, there exists H €JU(0) such that f€f+ Hcu. For b, €G,, let b, €

|Zxeal GA € G be defined by
— §0 Ay
Ao = ,
Y )b, A=y

Y

Lemma 3.2, ‘l/ b, € sz'y’ then Z;e sz.
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Lemma 3.3. If 5., €9, ., then b——efD .

1y
Lemma 3.4. Let b efD Then there exist y€ A and b e.‘Dzy such that
b =b and p3'(b3) = bt

Lemma 3.5. Let b€ﬂ)l. Then there exist y€ A and b e@w such that b
b and p~'(N.(0, b.))) = N(O, b).

4. Totally ordered groups. Let T be a totally ordered group. Let £ denote
the interval topology on T. Then U € £ if and only if for all x € U, there exist
a, b €T such that x € (a, b) C U. In this section we prove that £ is the J-topol-
ogyon T.

Lemma 4.1. T+\{0} =

Proof. Clearly @ C TY\{0}. Let € TT\{0}. If s € T(¢), there is an s'€ T
such that s V s'= ¢ and s As'= 0. Since T is totally ordered, s As'=s or sV
s' = s. Hence either s =0 or s = ¢. Thus, ¢t € Q.

Lemma 4.2. Let g€ T*\{0}. Then there exists an b€ T such that 0<bh<h +
bh<g if and only if (0, g)£&.

Proof. If there exists an b€ T such that 0< b + b < g, then clearly (0, g) £ .

Otherwise, let b€ (0, g). If b+ b'< g, we are done. Suppose b'+b'g g Then
since T is totally ordered, h'+ b'>g. Let b=g-b'. Since b'+b'>g, -b'+g~
h'<0,and hence h+h=g-b'+g-b'<g.

Theorem 4.3. If T is the J-topology on T, then T = £.

Proof. (i) Suppose there is an b € T*\{0} such that [0, b1 = {0, b}. Then b€
D,. Thus b* € JU(0). Since T is totally ordered and b £ 0, b* = {0}. Since {0} C
Ine(b1) C b+ = {0}, T is discrete. But {0} = (=b, ) € £ and hence £ is discrete.

So J=¢.

(ii) Suppose that for all t€ TH\{0}, (0, )£ 2. If te€ T\{0}, by Lemma 4.2,
there is a ¢, € T such that 0<¢t, <t, +¢, <t By Lemma 4.1, ¢t, €@ and t€(.
Since T is totally ordered and t, £ 0 £ ¢, t3 = {0} = t*. Therefore, since for all
teT*\{0} (0, 1) £, forall te€ T*\{0} there exist b, by o€ @ such that t =
tyt, g+, S, and t"'; = t’tl. That is, T' \0} C D,. Thus T+\{o} = fDl. Hence

0 =T, 0) ={l-2 2|z € T\{0}}

Let U€&. Let u€ U. Then there exist a, b€ T such that u€(a, b) C U. Let
c=(u+b)A(-a+u). Since @ <u<b, then ¢ > 0. Hence there is a c'€ T such
that 0<c'<c. Then u€lu-c',u+c'1Cu-c,u+c).But u+c<u+(-u+b)=
band u-c>u+(-u+a)=a. Thusu€u+[-c’, c'1C(a, b) CU. Since ¢'>0,
c'e fDl. So u + [-¢’, c'1€N(n). Since u was arbitrary in U, U€J.
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Let UeJ. Let u€U. Then there is a g € T*\{0} such that u€u + [-g, g] C
U.Hence u€(u~-g, u+g) CU.Since u was arbitrary in U, U€E.

The following corollary is an immediate consequence of Theorem 3.1 and
Theorem 4.3.

Corollary 4.4. If G is a cardinal product of totally ordered groups, then the
J-topology on G is the product of the interval topologies on the factors.

5. Groups with Hausdorff J-topology. Recall (Conrad [4]) that an I-group L
is a lexico-extension of an l-group S if S is an l-ideal of L, L/S is a totally
ordered group, and every positive element in L\S exceeds every element in S. If
A,,-++,A, are totally ordered groups, then by a finite alternating sequence of
cardinal summations and lexico-extensions, we can construct [-groups from the
A ;» in which each A; is used exactly once to make a cardinal extension and in
which the lexico-extensions are arbitrary. Such l-groups are lexico-sums of the

A,
The first theorem of this section characterizes those l-groups having discrete

J-topology as lexico-sums of lexico-extensions of the integers.

Lemma 5.1. {0} € JUO0) if and only if there exists {hy,---,b,} C sz such that
(V2 b)Y =6.

Proof. Suppose there exists {hy,---,b } CD, such that (V7_b; Y=G. Then
bje J,0) forall i=1,-..,n and hence n "_l(b‘L)GT( (0). But n"_l(b )=
(V7_b)" =10} since (V/7?_;5)** = G. Thus {0}€T1,(0).

Suppose that for all {by, ..., b }CD,, (V?_1b)"" #G. Then for all {b,,--,
b }c ‘Dz, (Q VA2 IH*\{0} £ &. Let Hy,- -, H} ch 3(0) and consider N7?_H;.
Without loss of generality, H, = bt for b= \/”'-lb where {by,---,b, 1} C sz, and

for i=2,---,n, H,= N, ) for /,€D,. Let ke (") \{0}, and define Lyooo,
In €G as follows:

kA, ifk/\/z\>o,
L=\ if kAf,=0,
l.= Ii-l/\/i if Ii-l/\/i>o’
"ollia i 1_y Af;=0,

for i=3,...,n. Clearly 0<1 <1 _,<.--<l,<k.Thus [ €Hy.Let 3<i<m.

Thenxfl /\/>01_1_1A/e[_/1,/]c11 and;fl /\/_01_
/lCH Ifk/\/2>0 1 6[-/2,/2]CH2,1fk/\/2_0 IzsszH Thus,

since I <1, forall i=2,.. ,n,0<l eN7?_,H; and therefore (7 _,H # {0}.
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Corollary 5.2. G has discrete J-topology if and only if there exists {hy, .-,
b }CD, such that G =(\/ 7_ih )"

Lemma 5.3. If b€ D, then h*' is a lexico-extension of [b] ~ Z.

Proof. Since » 692, [b] > Z and also [] is a normal I-subgroup of h*L. Let
B lebtt 1f I-k)' >0, U-k)'A b=h, andif (U =k)* >0, cU-&N A b=
b. Thus, since (- &)* A (1= &) =0, 1= &)* =0 or (-(I- &))" =0. Thus,
either /< k or k<, i.e., b** is totally ordered. Thus, G(b) is totally ordered so
that since b €D,, G(b) = [b] and [] is an l-ideal of b**. Further, since bt is
totally ordered, each element 0 < a € h*+\[b] exceeds every element of [5].
Hence, by [4, Lemma 1.1], »*! is a lexico-extension of [A].

Lemma 5.4. If {hy,--+,b,}C D,, then ( \/;’glbi)“' is a lexico-sum of b'lil,
., IJ‘L‘L.

Proof. If x € ((\V ?___lbl.)ll)+\¥0l, then clearly x A b, >0 for at least one ;.
Hence ( v?=1bi)Ll cannot contain more than n disjoint elements. But {b;,:--,
by C(V :5=1bi)"‘l is disjoint since {by,---,b,} C -(Dz’ Foreach i=1,...,n, let
A, be the subgroup of (\/7_,h )** generated by {x € (\V/7_1h )| x A bh; =0 for
all j £ i} =Y. Then by [2, Theorem 1], (\/ ?_;b}** is a lexico-sum of the totally
ordered groups A, .

If xe(b“f', then x/\b =0 for j#i. Hence x € A; and thus buCA

If x/\b =0= y/\b forall i #i, then (x+y)/\b =0 for all j#i. Thus
Yisa convex subsemigroup of positive elements of (\/ "_lb )4 that contains 0

and by [4, Lemma 2.3], Ai ={xe (V2 _1h)H = A h;=0 for all il If ye
(krn( V;'ﬂbi)'u’)\{O}, then clearly |y| Ah; >0 for some j # i. Hence A, N bi=
{0}. Let GA:. If kebl, then |k| A x€ A, since A, is convex and |k| A x€h}
since b7 is convex. Thus |k| A x = 0, and hence x € bit. Therefore A; C b}, and
hence bit=A,.

Theorem 5.5. An Il-group G has discrete J-topology if and only if G is l-iso-
morphic to a lexico-sum of lexico-extensions of Z.

Proof. Suppose G is I-isomorphic to a lexico-sum of lexico-extensions of Z.
Then there exists n € N and l-ideals A}, ...,A CG suchthat G is a lexico-sum
of A),...,A and each A; is l-isomorphic to a lex1co-extens1on of Z. Let b, €
A; correspond toleZ under the [-isomorphism. Then b, efD Clearly (V Tatb; =
0, and hence ( V;’zlbi)“' = G. Then by Corollary 5.2, G has discrete J-topology.

Suppose G has discrete J-topology. Then by Corollary 5.2, G = (\/ L) 1.)“’
for thy,---,b }C sz. By Lemma 5.3, bf—" is l-isomorphic to a lexico-extension of
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Z. By Lemma 5.4, G is a lexico-sum of b‘{‘L, “ee ,b;‘;'".
The last two results of this section give necessary and sufficient conditions
for the J-topology to be Hausdorff.

Proposition 5.6. If G is an l-group with J-topology T, then the following are
equivalent:

@7 is T,,

(b) for all g€ G*\{0}, there exists H € N(0) such that gt H.

Proof. By Theorem B, (a) is equivalent to

("N ) = {o}.
Clearly (b") implies (b). Conversely, suppose that (b) holds, and let g €[ JU(0). If
g#0, |g| >0. Hence |g| £MNT10) by (b). But by Lemmas 2.2 and 2.12, every H€
JU(0) is a symmetric sublattice of G. Hence since g €(JU0), |g| =gV (-g) €
N 0). This is a contradiction. Therefore g =0, and (b') holds.

Corollary 5.7. If D*N [0, gl £ & for all g€ G*\{0}, then G has Hausdorff -
topology.

Proof. Let g€ G*\{0}. Let '€ D*N [0, gl. 1f 5'€D,, let b€ D, be such
that b +5 <h'and h' € b, and let H=N(0, ») €J0). If b'€D,, let b =5"and
H = b* €JU0). Then by our choice of b, g £ H. Thus, by Proposition 5.6, G has
Hausdorff J-topology.

Example 6.2 in the next section shows that the converse of Corollary 5.7 fails

to hold in general. However, we do have Theorem 5.9 below.
Let g € GT\{0}. For b€ J(g), let

Mg, 5) = G\I(B, & N (B')']

where hAb'=0 and b V b'= g. We note that M(g, 0) = G*\(g"), and M(g, g) =
G+\(g, o0).

Lemma 5.8. Let g€ G*\{0}. If D*n (N eg(6) M, b)) £ &, then there exists
HeNl (0) such that g)éH.

Proof. Let 1€D*N (N e,y Mg, B). 1f 16D, ler H=1" 16 g A 1=0, 1£
M(g, 0). So g A1>0, i.e., g £H. Suppose IEfD Then there exists b €9, such
that b+ 5 <1 and b* = I*. Let H = N(O, peN, (0) Suppose g € H. By Lemma
2.3(i), since g>0,g=a+b for a€l0, bl, be(b*)+ Then a€J(g), and b=a'.
Since @ <h <1, l€(a, =), and since b€ (I Y le® Ht, Thus, 1€ (a, ) N ('),
and hence [£M(g, @) 2N, e:f(g)M(g’ b). This contradicts our choice of I. There-
fore, g £ H.

Theorem 5.9. An I-group G has Hausdorff J-topology if and only if for all
geG\0},
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*n( N M(g,h));égz.
h€T(g)

Proof. Suppose that for all ge G*\{0}, D*n (nbeg(g)M(g, b)) £Z. By Lemma

5.8 and Proposition 5.6, G has Hausdorff J -topology.

Suppose G has Hausdorff 3'~topology. Let g€ G*\{0}. Then by Proposition
5.6, there exists H € JI(0) such that g £ H. Thus, by definition of JU(0), there ex-
ists L € 7'(3(0) such that g ¢ L.

¥ Le,0),L=1"for 1D, 1 14, g ,Mg, b), then 1£ M(g, b) for
some b € J(g). Hence 1€ (b, 00) N ("), Then 1> b and since le @ s b =0, Then
b'=g and since Ie ("), ge I*= L., This contradicts g ¢ L. Thus le
n b €5(g)M(g’ b).

If Lel,(0),L =NO,Dfor 1D .1 14N, eqiq yM(g, b), then 1¢ M(g, b) for
some b e.‘T(g) So le (b, =) N ("t Smce 0<h<l,bel-1,1]. Since le(b')“L b'e

I'. Thus g = b+ b' €[1, 1 + I* = L. This contradicts g ¢ L. So 1€, g Mg, b).
Example 5.10. Let A(R) be the set of order-preserving permutations of the
real numbers. A(R) is a group under composition and an I-group under the partial
order defined: f <g if and only if 7/ <rg for all 7 € R. Since A(R) is doubly trans-
itive, A(R) is divisible (Holland [9]). Then clearly @ = D,. For f€ A(R), let S(f) =
{r| 7f £ } denote the support of f. Clearly f € @ if and only if /> i (where i is
the identity permutation in A(R)) and there exist r, s € R U {~oo, + oo} such that
S(¢) = (=, s).
Let ge AR \{i}. For re R, as in [9], let

I(r) = {s € R | there exist integers m, n such that rg" < s <rg™}

Since g > i, there is a ¢ € R such that I(t) contains more than one point. If p €
I(¢), then there is an integer 7 such that tg” <p <tg"*!. Thus if pg = p, then p <
tght! < pg = b, which is a contradiction. Hence for all p € I(¢), pg > p. Clearly
I(?) is convex. Thus, there exist 7, s € R U {~oco, o} such that (r, s) CI(t) Clr, s].
If rel(), rg= '€ I(t) but 7g~1 <r. Hence r ¢1(2). Similarly s ¢ I(¢). So I(¢) = (r, s).

Define g’ € A(R) by

, {xg if x € 1(0),
xg = .

x  otherwise.
Clearly S(g") = I(t) = (r, 5). Hence g' €@ = D.. Clearly g’ €[i, gl. Since g was an
arbitrary element in A(R)*\{i}, by Corollary 5.7 A(R) has Hausdorff J-topology.
Alternately, we note that if f € [i, g]\M(g, 5) for some b e J(g), then f>h and
fAb' =0 sothat b=h+b'<f+h'=fVb'<gVg=g,a contradiction. Hence
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[, gl <Ny 53(g)M(g, b). Thus, by Theorem 5.9, A(R) has Hausdorff ff-topology.

6. An l-group with indiscrete J-topology.

Example 6.1. We will construct an I-group which is a (nonconvex) l-subgroup
of a cardinal product of totally ordered groups and has G-g.

Let G = |[IT|R. Let

L ={f € G|there is an n € N such that for all i, (i + n)f = @t

Clearly L is an l-subgroup of G. Let f€ L*\{0}. Let n€ N be such that for all
i, (i + n)f = (i)f. Define h,,b,eG by

. {(i)/ if 2kn <i < (2k + )n for some k € Z*,
1 =
! if Qk+ 1n<i<Qk+2n for some k€ Z*,

O {o if 2kn < i <(2k + Dn for some k € Z%,
1 =
276 if Qk+1Dn<i<(Qk+2)n for some k€Z*.

Since >0, then b, >0 and b, > 0. Clearly, (i + 22)b, = ()b, and (i + 20)b, =
()b,.So b, h,eL.Itis also clear that b, +b,={ and b, Ab,=0. Hence [ ¢
(. Therefore @ = & and hence L has indiscrete J -topology.

Example 6.2 The I-group of this example has Hausdorff J -topology and an
element g such that @ N[0, gl = &.

Let L be the l-group of Example 6.1. Let C(R) be the I-group of all continu-
ous functions from R to R. Addition in C(R) is then defined by *(f + g) = xf + xg.
The order on C(R) is like that on A(R), i.e., f <g if and only if %/ <xg for all
x€R.

Define a map m: L — C(R) as follows: for f € L, fre C(R) is the function de-
fined by

2(if)x = 2(if)i if x€(,i+%l,
)fm) =< =2(Nx + 2(iNG + 1) if xei+Y%,i+1],
0 otherwise,

where i =1, 2,.... Clearly 7 is an l-isomorphism of L onto Lz C C(R). Let
H=1{f € C(R)|xf =g for some g €Q, forall x €R}.

Clearly H is an I-subgroup of C(R). Let F be the I-subgroup of C(R) generated
by (Lm) u(H).

Let p €L be defined by (i)p = 1 for all i. Let g = pm. If f€[0, g] NF, then
1f=0.Since feF,[f=\/7_, A%:l(baﬁ*' la,B”) where baﬁe H, la.,BeL for all
aand B.If x€R, then x/ =V 7 _; A5, (xbaﬁ+ x(laﬁﬂ)). Since 1/=0,0=
V a1 ABa (16,5+ l(laﬁrr)) =V a1 ABoy g Since Voo | AB_1hag€H,
forall xR, x(\/ 5 _; AG_1hog)=0.For 1<a<n, 1<B<m, let m 0N be
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such that (i + n,5) 5 5= (] 5. Let d be the least common multiple of the 4.
Let l:z,B' 12,136 L be defined by

o 5 if 2kd < i< (2k + 1)d for some k €Z*,
1 =
7o if @k+1d<i<Qk+2)d for some k € Z*,

.~ 0 if 2kd<i<(2k + 1)d for some k € Z*,
(’)la,[;"

W),z if (2k+1)d<i<(2k +2)d for some k € Z*,

Let /"= V31 Aoy ag+ Upgm), ['= Vi) Aoy ag+ Ugm) I x€(1V
(2kd), (2k + 1)d] for some ke Z*, then (x)(l:Bn) =0 and hence xf"=

(V%o NBoybag) =0- Also (x)(l;ﬁn) = ()47 and hence xf'=xf>0.If x €
((2& + 1)d, (2k + 2)d] for some ke Z*, then (x)(l;ﬁn) =0 and hence x/'=0. Also
(x)(lgﬁﬂ) and hence xf"=xf>0.1If x <1, (X)(I;Bﬂ) = (x)(l:ﬁﬂ) = (x)(la'Bn) =0,
and hence xf'=x(\/ % _, /\';;ﬂbaﬂ) =0=x{"=xf. Thus f'A ["=0,and 'V "=
[+ Therefore ¢ @, and since / was an arbitrary element of [0, gl N F, then @n
[0, g] N F =¢-

We now show that F has Hausdorff J-topology. Let g€ F *\{0}. Let 7€ R be
such that 7g > 0. Let g € Q be such that rg > ¢ > 0. Let feH+\{0} [« F’\{O} be
defined by xf = g for all x € R. Clearly f*= {0}. Thus fe€ M(g, b) forall he
J(@)\lg}. But since rg > g =1f, ¢ (g, =). Hence f€ M(g, g). Thus f¢€
nbeg(g)M(g, b). Clearly fe @ and since H is divisible, clearly fe€ fDl. Thus
for all g € F*\{0}, D*n (ﬂ,,eg(e,M(g, b)) £ &. Hence by Theorem 5.9, F has
Hausdorff J-topology. Alternately, since f*= {0}, N(0, /) = [/, /1, and since [¢
(g, =), g € N(O, /). Thus, since f€ fDl, F has Hausdorff J-topology by Proposition
5.6.

7. 5.-topology convergence. Convergence with respect to the j-topology may
be characterized as follows:

Theorem 7.1. Let {x'B| B € B} be anet in an l-group G. Then {xﬁl converges
to x with respect to the J-topology on G if and only if (i) for all ge fDl, there is
an a.€ B such that whenever B> a, g A |-x + %l € J(-x + xBI), and (ii) for all
ge sz, there is an a.€ B such that whenever B> a,g A|-x+ "/3‘ =0.

Proof. Suppose {xB} g-converges to x. (i) Let gD 1+ Then there is an a€ B
such that whenever 8> a, g€ X + Int(N(0, g)) C x + N(0, g). Hence —-x + x, €
N(0, g) for all B> a. Since N(0, g) is a symmetric sublattice (Lemmas 2.2 and
2.12),

J=x + xﬁ| =(-x+ xﬂ) V (=(-x+ x'B)) € N(0, g).
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Hence |-x + xg| =a + b for ac [0, gl, b € g*. Thus, I-x+xB| ANg=(@Vb)Ag-=
alNg=a.Since aNb=0,|-x+x5] AgeT(|-x+ x40

(ii) Let g€ sz. Then there is an a€ B such that whenever 8> a, xg€ x +
Int(gt) = x + gL. Hence -x + %g€ gt Thus, |-x + %] € g1, ives, |-% + %] Ag=0.

Conversely, suppose {xo| B €B}is a net in G such that there is an x€ G
satisfying (i) and (ii). Let H € J1,(0). Then by (i) there is an a€ B such that
whenever B> @, |-x + xg| € H, ice. x g€ x + H. Similarly, if He 7.(0), by Gd),
there is an a€ B such that whenever 8> a, XgEX + H.Let UeJ, such that x €
U. Then there is an H € J0) such that x € x + H CU. H =7 H, for H € J,(0).
As we noted above, for each i there is an a; € B such that whenever B> a_,
xg€x + H;. Let a>a, for all i. Then whenever 8> a, xg€x + H. Thus {xg}

T -converges to x.

If X is a set with topologies J , and 3'2, then 3'1 2 32 if every net which
converges to X with respect to 31 converges to x with respect to J 5+ Ve use
this fact in comparing the ff-topology to the topology of a-convergence.

Let L be a lattice. Papangelou ([15], [16]) defined a-convergence in L as
follows: A net {xg| Be B} is said to a-converge to x €L if and only if x is the
only element of L satisfying the following condition:

x=V (xﬁ/\x)= A (xBVx)

Bza Bza

for all ae B. Ellis [5] showed that there is a topology S on an l-group G such
that convergence with respect to  is equivalent to a-convergence if and only if
G is completely distributive. When such a topology S exists, it is called the to-
pology of a-convergence and, as Ellis noted, it must be Hausdorff. Madell [14]
proved that with respect to $,Gisa topological group and a topological lattice.
He also showed that any Hausdorff topology S on G with respect to which G is
both a topological group and a topological lattice lies between 8 and the discrete
topology. Therefore, we have

Theorem 7.2 Let G be a completely distributive l-group. If 8 is the topology
of a-convergence on G and J is the J-topology, then the following are equiva-
lent:

®ScT,
(ii) T is Hausdorff.

Concerning inclusion the other way, we have the following theorem:

Theorem 7.3- Let G be a completely distributive l-group with J-topology I
and topology of a-convergence S. Then & 2 T if and only if for all nets {x/3| Be
B}c G*\{0} such that N\ seaXs = 0 whenever A is a cofinal subset of B, and for
all g 691, there is an a.€ B such that whenever B> a, g A xg€ ff(xﬁ).
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Papangelou [16] proved the following lemma in the case when G is a com-
pletely distributive abelian l-group. Madell [14] noted that the lemma remained
true when the assumption of commutativity was removed.

Lemma 7.4. If G is completely distributive and lxﬂ} is a net in G, the fol-
lowing statements are equivalent:
(1) {xﬁ} a-converges to 0,

(ii) for each cofinal subset & of B, N, ,lxs| = 0.

Proof of Theorem 7.3. If & b} T, then every net {xBI B € B} which a-converges
to x converges to * with respect to J. Let {xﬁl C G"\{0} be a net such that
A §ea%s=0 for all cofinal subsets A C B. By Lemma 7.4, {xg} a-converges to
0. Hence {xﬁl converges to 0 with respect to J. By Theorem 7.1 for all g€ 9
there is an a€ B such that whenever 8> a, g A xg € ff(xﬁ)

Conversely, suppose the condition of the theorem holds. Let {x5} be a net
which a-converges to x. Then {-x + xB} a-converges to 0. By Lemma 7.4,
A seal-% +x5] = 0 for all cofinal subsets & of B. Hence for all g € fDl’ there
is an ae B such that whenever 8> a,g A |-x + x4 € J(-x + xg|). Let g€ 9,
Suppose for all a€ B, there is a B> a such that |-x + x| A g>0. Then
|- + x| Ng=g,ie. |- +%g| > g- Let A =1{8€eB| |-x +x5| > g} Then A is
cofinal in B, but /\3 eal-% +x5| > g > 0. This is a contradiction, and hence there
is an a€ B such that whenever 8> a, |-x + xBI A g = 0. Thus by Theorem 7.1,
{xﬁl converges to X with respect to J.

We now apply Theorem 7.2 and Theorem 7.3 to two particular situations.

These applications show that, at least in certain circumstances, the criterion es-
tablished in Theotem 7.3 is a convenient one to use.

Proposition 7.5. Let {T) | Ae A} be a collection of totally ordered groups.
Suppose G is a completely distributive l-subgroup of |Il, .| Ty which contains
|Zyeal Ta- Then 8=T on G.

Proof. (We will use the notation of §3 throughout the proof.) Let g G*\{0}.
Then there is an n€ A such that ng > 0. If there exists t € sz , then £ efD by
Lemma 3.2. Since 7g > t, we have that 7 €[0, gl. If 3) = &, then by the ptoof
of Theorem 4.3(ii), T +\{0} =4, Hence 7ge @ - Then by Lemma 3.3, 7g 69
and clearly 7g €0, gl. Therefore, by Corollary 5. 7, G has Hausdorff g-topology,
and hence, by Theorem 7.2, § cJ.

Let {x4| BeBJCG \{0} be a net such that A5 4%5=0 if A is a cofinal
subset of B Let ge fDl and suppose that for all a€ B, there exists 8> a such
that x> g. Then A-{BeB| x> g} is a cofinal subset of B, but ASeA"S >
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g > 0. This contradicts our choice of {xB}. Hence there is an a€ B such that
whenever 82> a, xﬁ)‘ g- By Lemma 3.5, g = -I; for some y€ A and some b€
ﬁ)l')" Then )\xﬁ?_ 0 = Ag for all A#£ y, and hence since T,y is totally ordered,
¥%3< ¥8- Thus

Axg if A=y,
B
)t(g/\xﬁ) { if A y.

Let g' € |1, ,|T, be defined by

Ag’ _ {)txﬁ if A#}I’
0 ifA=y.

Then g'= -8 f\xﬁ. Since |2, 4| T CG, we have that g A %€ G and hence
g' €G. Clearly (g /\xﬁ)V g'= %5 and gA ",3) Ag'=0.Hence g A xg€ j(xﬁ).
Thus, by Theorem 7.3, 82 J.

In the next example, we show that in A(R) the J-topology properly contains
the topology of a-convergence.

Example. In Example 5.10, we noted that A(R) is an I-group with [ € a- 5)1
if and only if /> i and there exist r, s € RU {—o0, + oo} such that S(f) ={x €R|x #
xf} = (7, s). We showed that A(R) has Hausdorff J-topology. Hence by Theorem
7.2,8¢7.

Let g € A(R) be defined by

2% if x €(0, 1],
x/2 +3/2 if x €(1, 3],
x otherwise.

Clearly g >i and S(g) = (0, 3). So g€ @1‘ Define a net {f | n€ N} in AR \{i}
by

1 -Q/20)x+ (2/n) if x €(2, 4],
x otherwise.

{(1 +(@/n)x-Q/n)  if x€(1,2],
xf

Clearly f >i and S(/ ) = (1, 4) for all n. Hence fa €@ for all n. Since 0 <f, A
g<f, forall n,f Ag ¢ff(f ) for all n. Hence by Theorem 7.3, 82 J.

8. A refinement of J. Let L be the I-group constructed in Example 6.1. Let
G=LXZ. Then 91 == sz so that G has indiscrete 3-topology. In the next
few paragraphs, we outline how the definition of the J-topology may be modified to
give G a topology which has {[-g, gl lgeG *\(L x {0} as a base for the neigh-
bourhood filter about 0.

We modify the g-topology by enlarging the set sz as follows:
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.(Dz' ={h € G*\{0} | there exists a convex I-subgroup C C G such that
forall c €C, c<h and if a<t<b for a €C,

b€h+C, then t €C U (b +0C)}
Proposition 8.1. .‘Dz' cd@.

Proof. Let b e @é .Let aAb=0,aVb=h.Let C be.aconvex l-subgroup
satisfying the conditions of D, .

We first show that for all c,de C, b +d>c.Since c=deC,(c-d)A\b=
c-d.Hence c A(b+d)=((c-d Ab)+d=c. Thus b +d>c. But since h¢C,
bh+d>c.

Without loss of generality, @ ¢ C. Since a€l0, b}, a€h +C, j.e.,a=h +d’
for a'e C. Thus, 0 =5+ a'and be C. So by the above, @ > b. Therefore, @ = b
and b= 0. So J(b) = {0, h}.

Proposition 8.2. For b e sz' , there is a unique convex l-subgroup C satisfy-
ing the conditions of @2' .

Proof. Suppose C and C' are two convex I-subgroups satisfying the condi-
tions of ﬁé. Let de C'. If d ¢ C, either d*¢C or - ¢C. 1t d* ¢ C, we let b =
d*. 1 d*€C,then d™ ¢ C and we let b=~d~. Then be C',b¢C,0<b<h.
Hence b€ h + C. As in Proposition 8.1, b > ¢ for all c € C. Thus (C')* D C* and
so C'DC. Consider ~b+ b€ C. Since b€ C',~b+h¢C'. Since 0<b<h,0<
~b+h<h.Let b'=—b +h. Then we have b'€C, b' ¢C',0<b'< h. Hence '€
b + C', and therefore, b'> c'for all ¢' € C'. Thus C D C'. We conclude that C =
C'. But we assumed d € C'\C. This is a contradiction. Hence d € C. So c'cc.
Similarly C'2 C, and hence C'= C.

For he .‘Dz' , let the unique convex [-subgroup satisfying the conditions of fDé
be denoted by C(h). Let

T,0) = {ct) + 5| b € D1
Lemma 2.2 holds with T(;(O) replacing 3'(2(0). We may therefore define a topology

J'=twCGlif x €W, then W € FOU())}

where JU(x) is JU(x) modified in the obvious fashion. Call J'the J'-topology on
G. Theorems 2.6, 2.13, 3.1, and 4.3 can be proven for J' [17].
However, this extra complication properly increases the 3-topology only in

special cases, such as the one mentioned at the beginning of the section:

Proposition 8.3. If C(b) ﬂ@l Usz) £ forall he 3)'2\5)2 and llg c(p) +
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bt for all 1 € C(h)N (91 V) sz), then T =T

Proof. Clearly for any l-group ED; > o+ Thus JU(0) 2 () and so N'(x) 2
N(x) for all x €G, i.e., FOU(x)) D FOUx)). Hence if We T, then for all x e W, We
F((x)) C FOU(x)). Thus W € J'. Therefore, I CJ' for any I-group.

I 1eCH) N (D U D), then I CN(O, D) CC() + b*. Hence Cb) + b* €
F(JU(0)). Thus, under the hypotheses of the proposition, C(b) + b* € F(JI(0)) for all
be 9;\@2. Therefore J > J".

The material outlined in this section is developed in more detail in [17].
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