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A TOPOLOGY FOR A LATTICE-ORDERED GROUP*1)

BY

R. H.REDFIELD

ABSTRACT.   Let G  be an arbitrary lattice-ordered group. We define a topology

on G, called the J-topology, which is a group and lattice topology for G and which

is preserved by cardinal products. The Jtopology is the interval topology on to-

tally ordered groups and is discrete if and only if G  is a lexico-sum of lexico-ex-

tensions of the integers. We derive necessary and sufficient conditions for theï-

topology to be Hausdorff, and we investigate T-topology convergence.

1. Introduction. Several ways have been developed for topologizing lattices

in general and lattice-ordered groups (/-groups) in particular. The method of

Lefschetz [13] and Smarda [19] defines a group and lattice topology on an /-group

by using filters of convex /-subgroups to generate the neighbourhoods of 0. For

any lattice, Rennie's L-topology [18] takes as a subbase for its open sets convex

sets whose intersection with any maximal chain is an open set of the chain's in-

terval topology. However, the L-topology is not always a group topology on an I-

group [17].

In any lattice L, a set ix J ß e ß| C L is said to order-converge [3] to x£

L if there exist nets \aa\ C L and \ba\ Ç L such that (1) if ti < y, then a < a

and bv > by, (2) Og < x ß< bß for all ß £ B, and (3) V ßeBaß = x =   A ßeßbß.

The order topology [3] then takes as its closed sets those sets which contain the

the limit of any order-convergent net which is itself contained in the set. Floyd

[6] gives an example of a conditionally complete vector lattice whose order topol-

ogy is not a group topology. The most successful convergence topology as far as

/-groups are concerned is the topology of a-convergence (Papangelou [15], [16])

which is a group and lattice topology on completely distributive /-groups ([5J,

[14]). (This topology is defined in §7.)

The idea of generalizing the interval topology of a totally ordered set has
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gone through several metamorphoses. Frink's original idea [7] of taking closed in-

tervals (or, equivalently, the principal ideals and dual ideals) as a subbase for

the closed sets never produces a group topology on a nontotally ordered abelian

/-group [12]. His ideal topology [8], which takes the set of completely irreducible

ideals and dual ideals as a subbase for its open sets, is much better in this re-

spect: it is a group and lattice topology for every /-gioup (Holley [10](2)). However

as pointed out by Alo and Frink [l], it is not necessarily preserved by infinite

cardinal products. The new interval topology, introduced in [2], takes as closed

sets those sets whose intersection with an arbitrary intersection of finite unions

of closed, bounded intervals is also an intersection of finite unions of closed,

bounded intervals. Holley [IO] has given an example of an Archimedean /-group

which is not a topological group with respect to its new interval topology.

The topology introduced in this paper also generalizes the interval topology

of a totally ordered set. However, the emphasis here, rather than being on the

form of the interval, is on the idea that in a totally ordered set an interval "spans"

the set. With this idea for a guide, we define a topology, which we call the ÍT-to-

pology, on an arbitrary /-group G. We prove that, with respect to this topology, the

/-group is both a topological group and a topological lattice (§2). If G is a cardi-

nal product of /-groups, then the ¡J-topology on G is the product of the 3-topolo-

gies on the factors (§3). The 3-topology on a totally ordered group is the interval

topology (§4). The J-topology is discrete if and only if G is a lexico-sum of

lexico-extensions of the integers (§5). Also, in §5, we derive necessary and suf-

ficient conditions for the J-topology to be Hausdorff. There are some cases when

the J-topology is not Hausdorff; a particular example is constructed in §6. Con-

vergence with respect to the íT-topology is investigated in §7, and the 3"-topology

is compared with the topology derived from a-convergence when G is completely

distributive.

Unless otherwise mentioned, we adopt the notation of Birkhoff [3]. In parti-

cular, for G an /-group and a £ G, a   = a V 0, and a~ = a A 0. If G is an /-group,

A, B Ç G, and a, b £ G with a < b, then [a, b] = \x\ a < x < b], (a, b) = |x| a < x <

b\; [a] is the /-subgroup generated by a, Gia) is the convex /-subgroup generated

by a; A + B = \x + y\ x £ A, y £ B\, a + B = \a] + B, A A B = \x A y\ x £ A, y £ B\,

A V B = ix Vy| xeA, y £ B\, a Aß = (aj A B, a Vß = {a[ Vß;A+ = ix| x £ A,

x > OS, and A~ = \x\ x e A, x < Oj. For A CG, Al= \x\ \x\ A \a\ = 0 for all a £ A\

is a convex /-subgroup of G, and if g £ G, gL= Igi1- We denote the additive /-group

of the real numbers by  R, that of the rationals by Q, and that of the integers by Z.

We let N denote the natural numbers.

Let G be an /-group, and T a totally ordered group. The lexico-graphic pro-

duct, G x T, is the group G x T with order defined by: ig, t) < (a, b) if and only

(2) The author thanks Paul Conrad for bringing this reference to his attention.
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if Kb or t = b and g < a. If ¡GjJ X £ A{ is a collection of /-groups, the cardi-

nal product, |n^eA| Gy, is the group IIx€a ^x, with order defined by: / < g if and

only if kf < kg tor all X £ A. If A is finite, we denote the cardinal product by

Gj|x| • • • |x| Gn. The cardinal sum, I^XeaI ^X> *s tne convex /-subgroup of

|Hx£aI Gy consisting of those functions which are 0 for all but a finite number of

X £ A. By the product topology on a product of topological spaces, we mean the

usual (Tychonoff) product topology (see [11, p. 14]). We use Tl and T2, or

Hausdorff, to denote the usual separation axioms (see [11, p. 7]). Let ¡A J y€T\

be a filter-base or a filter subbase. We denote the filter generated by M   | y£T\

by F(J/4   | y£T\). We say that two /-groups are l-isomorphic if there is a bijec-

tive map between them which is both a lattice and a group isomorphism. We denote

/-isomorphism by m . An /-group G is said to be completely distributive ii,

whenever {lag\ o.e A, ß £ B} Ç L for arbitrary index sets A and B, the equality

A   V   iaß=   V   A .„,«„
aeA  ßeB feßA aeA

holds, provided that all the indicated joins and meets exist.

Let (G, +) be a group (we do not assume G abelian), and let II be a topol-

ogy on G. Then (G, 11) is a topological group (or 11 is a group topology tor G)

if +: (G x G, Il x It) -» (G, 11) and -: (G, ll) -> (G, 11) are both continuous. Let

(L, V , A ) be a lattice, and let 11 be a topology on L. Then (L, ll) is a topol-

ogical lattice (or ll is a lattice topology for L) if V : (L x L, Il x 11) —» (L, ll)

and A : (L x L, 11 x 11) —♦ (L, 11) are both continuous.

We assume that the reader is familiar with the basic properties of /-groups

found in Birkhoff [3, Chapter XIII], especially those described in §§3 and 4. In

particular, we will use without comment such observations as  \a\ A |¿»| = 0 im-

plies a + b = b + a, a = a+ + a~, \a\ = a* - a~ = a V(-a), and a+ A(-a)+ = 0.

The proof that an /-group G is a topological group in the J-topology relies on

the following theorem from Husain [ll, p. 46]:

Theorem A. Let G be a group with a filter-base Jl(0) satisfying

(i) each H £ JÍ(0) is symmetric,

(ii) for each H £ Jl(0), there is a K £ 3l(0) such that K + KÇH,

(iii) for each H £ îï(0) and each aeG, there is a K e Jl(0) such that a +

K-aCH.

Then there exists a unique topology J   on G such that, with respect to J,

G is a topological group, and fOI(O)) is the set of J -neighbourhoods of 0.

We also use the following theorem from Husain [11, p. 48]:

Theorem B. For a topological group G, the following statements are equiva-

lent:
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(a) G is a T0-space,

(b) G is a Ty-space,

(c) G is a Tyspace,

(d)fl il = [OÍ, where 11 is a fundamental system of neighbourhoods of 0.

2. Definition of the topology and basic theorems. We first establish some no-

tation for the definition of the topology. Throughout this section let G be an ar-

bitrary /-group.

For g £ G , let

J(g) = \h £ G   | there exists h' £ G such that h A h' = 0 and h V h' = g}.

For geG+\|0|, let

MO, g) = [-g, g] + gL.

Let

a = \h£G+\\o\\Jih) = \o,h\},

and

2)j = |¿ e (I I there exist Z> j, h2, — eu such that

h, = h, h    , + h    , < h , and h    £ h    ,}•
1 n+l n+l —    n' n        n+l

We note that if h £ 3)p then there is an  / e 3)j   such that 0 </</+/< è  and i £

/    : let / = h2 in the definition of 2)j.

Proposition 2.1. Let h, I e G+\i0! be such that h < I. Then the following

statements are equivalent:

il)leh±L,

in)i±=h\

(nDl^Dh1.

Proof. Suppose (i) holds, and let k £ hx. Then since /€ h11, I A\k\= 0.

Hence k £ l1. Thus (iii) holds.

Suppose (iii) holds. Since 0 < h < I, 0 < |¿| A h < \k\ A I for all k £ G. If k £

l\ then  \k\ A I = 0. Hence  \k\ A h = 0, and thus k £ h1. By hypothesis, h±C I .

Thus (ii) holds.

Suppose (ii) holds. If /X= h\ /±J-= hXL and hence l£l1L= ix±. Thus (i)

holds.

Therefore,

2)j = \h £ Q | there exist hy h2, • • • £ S such that

hl = h>hn + l+hn + lîh«>  3nd  ^+1 = ^'-
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Let

1)2 = \h £G+\iO!|[0, h] = \0, ¿Si.

Clearly, 2\ n $2 = 0. Let iD*= 3^ U ®2. Clearly 2)*C ff. If 3)*¿ 0, let

ÎI1(0) = iM0, g)|g£©1i,

ft2(0) = ig^|g£®2i,

?l3(o) - 51,(0) u îl2(o),

3T(o)

jñ "■

H. £ÎI3(0) for all z = 1, • ••

if 3)*= 0,1« 31(0) = íg!.

For the /-group, Z |x| P.,

fl-Kb, 0)|a>0! u\(0,b)\b>0},

§l = \io,b)\b>o],    ®2 = i(i,o)!,

ÖD®*,    ff 4 ST.

uïj(O) consists of sets of the form ¿V(0, (0, b)) = Z x [-6, ¿]. 3I2(0) is the set

ÍÍOi x R\. So besides sets in Jlj(O) and jL(0), Jl(0) includes sets of the form

N(0, (0, b)) n (i0| x R) = ¡0| x [- b, b].

Lemma 2.2. 5t(0)  is a filter-base satisfying

(i) each  H £ Ji(0) is symmetric;

(ii) for each H £ ?I(0), there is a  Ke 7l(0) such that K + K C H;

(iii) for each H £ 3l(0) and each a £ G, there is a K £ 31(0) such that .a + K -

aÇH.

For the proof of Lemma 2.2, we need the following three lemmas:

Lemma 2.3. Let g £ G + \i0|. Let a £ [-g, g] and b £ gx.

(i) // a + b £ G+, then a A b = 0.

(ii) a + b = b + a.

Proof, (i) Let h £ [-g, g] n g\ Since h £ g1, h+ A g = 0. Since h £ [-g, g],

b+ A g = h+. Thus h < 0. Hence -h > 0 and, as before, -h = i-h) A g = 0. Thus

h = 0, and hence [-g, g] n gx= Í0¡.

Since zz + 2>>0, a>-/> so that a+ > (-fc)+ > 0. Then i-b)+ £ [-g, g] n g1.

Hence (-6)+ = 0 so that b > 0. Similarly, Z> >-a so that a > 0. Thus a Ab>0,

and hence a Ab £ [-g, g] D g1. Therefore, a A b = 0.

(ii) Since a £ [-g, g], |a| = a V(-zz) < gV g = g- Thus, since  |è| A g = 0,

M A |fe| = 0. Hence a + b = b + a.
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Lemma 2.4. For ail a, k£G,

(i) -a+\k\ +a=\-a + k + a\,

(ii) a + (-a + k + a)L-a = kL.

Proof.

-a+ \k\ +a=-a+fcV i-k) + a = (-a + * + a) V (-a -k + a)

= (-a + * + a) V (-(-a + k + a)) = \-a + k + a|.

*->-» {/| |/| A |*| - 0)

= i/| (-a+|/| +«) A (-a + |A|+«)-0,

= {/| |-a + / + a|.A I-« + ¿ + a|=0]   (by (i))

= {/|-a + l + a £ i-a + k + a) } = a + (-a + £ + a) - a.

Lemma 2.5. For ail a e G, g eu 2/ ana" 072/y 1/ -a + g + a e U.

Proof. Let g e S, and b = -a + g + a. If /e J(è)\|0|, then for some /', / A

/'= 0 and / V /'= b. Thus

(a + / - a) A (a + /' - a) = a + / A /' - a = 0,

(a + / - a) V (a + /' - a) - a + / V /' - a = a + Ä - a.

Hence a + / - a e J(g)\iOÎ. Since g £&, a + l - a = g, .and thus / = h. Therefore

K(î.

The converse is proved similarly.

Proof of Lemma 2.2. If 5)* = 0, clearly Lemma 2.2 holds. Hence suppose 3) 4

0. We note that for all g e G+\}0}, 0 £ gx Ç [-g, g] + g1. Hence, for all H £ ÎI(0),

H 40- By definition 3î(0) is closed under finite intersections. Thus, ?l(0) is a

filter-base.

(i) If /7eJl2(0), clearly H is symmetric.

If H eJljtO), then H = Af(0, g) for g e®v If p 6 N(0, g), p = p1+p2 where

Pi e t-g> g] ^ P2 e S1' By Lemma 2.3(ii), p = Pi +P2 = P2+ py Thus -p =

-pj -p2. Clearly -p2 CgJ-. Since -g < pj <g, then g>-p, >-g- Thus -pe

/V(0, g) and hence H is symmetric.

Thus, for all H e3l3(0), H is symmetric, and hence for all H eîl(0), B is

symmetric.

(ii) If L e Jl2(0), let L*= L. Then clearly, L*+ L*Ç L.

Ii L e 3ïj(0), L = N(0, g) foi g £ 3)j. Since g £ §v there is an h e 3),_ such

that b + b<g and ¿""-Çg-1-. Let L*= /V(0, A). Since ¿eiDj, L*eJï1(0). If peL* +

L*, then p = a + b+c+d where a, c £ [-h, h], and &, d £ hX. By Lemma 2.3(H),

p = (a + c) + ib+ d). Since hX C g1, b +d £ g1. And since a, c £[-h, h], a + c £

[-b -h,h + h]C [-g, g]. Thus, p e L. Therefore, L*+ L*Ç L.
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If BeJKO), B=n"=1L(. for L.£ÎÏ3(0). Let K = f|"=iL*. Then K £ÎÏ(0).

If l£K + K, /=/j + /2 for lv /2£n7=1L*. Then lv l2 £ L* for all i = 1,. • •,

n, and by definition of L¿, /j + l2 e L¿ + L¿ Ç L. for all i = 1, • • • ,n. Thus /£ W.

Therefore, K + KÇH.

(iii) Let a £ G.

If B £3l2(0), then B = A1 for A £ 3)2. Let Ba = (-a + A + a)1. Clearly -a +

A + a £ $2. Thus, Ba £ Jl2(0). By Lemma 2.4(ii), a + H"-a = H.

If B£3lj(0), then B =/V(0, g) for gf^. Let A = -a + g + a. Since ge3)lt

there are g1,g2, •••£(? suchthat g = gv gn+1 + gn+1 <gn, and g£+1Cg¿.

Consider -a + gl + a, -a + g2 + a, • • •. By definition, -a + gj + a = h. By Lemma

2-5, -a + gn + a £ ff for all «. Since gn+1 + gn+1 < g„, (-a + gn+1 + a) + (-a +

«n+i + «) < -fl + g„ + a- Since g¿+1 Ç g¿, -a + g¿    + aÇ-s+g^ + a. Hence

by Lemma 2.4(a), (-a + gn + J + a)x Ç (-a + gn + a) . Thus h £fDj, and therefore,

Ha = N(0, ¿)£jlj(0). Let pea + Ha -a. Then p = a + Aj + A2 - a for bl e

[-h, h], and h2 £ h . Since Aj £ [-A, A] and h = -a + g + a, then a + Aj - a £

[-g, g]. By Lemma 2.4(ii), g1- a + A1 - a. Since A2 £ A1, a + A2 - a fig-1. There-

fore, p = (a + Aj - a) + (a + A2 - a) £ B. Hence a + Ba - a C B.

Let ffeJl(0). Then H=n?=1Wf for B. £ÎÎ3(0). Let £=0 ?=,.#"• Then

K£ÎI(0). Sincen"=1ffaÇ«a for all z=l,...,n,

n n n

a + K-a = a+ C\  Ba - a Ç f|   (a + Ba - a) C f| H. = H.
7 = 1      ' < = 1 inl

For g £ G, let Jlig) = [g + H\He Jl(0)J. Let J = iW Ç G | for all x £ W, W £

F0l(x))|.

Theorem 2.6. G z's a topological group in the topology J.

Proof. The theorem follows immediately from Lemma 2.2 and Theorem A.

We call J  the J-topology on G.

Turning to the question of whether G is a topological lattice, we first estab-

lish a criterion for an /-group to be a topological lattice.

Let G be an /-group. Let ö be a collection of subsets of G such that 0 £ V

for all V e C. Let

11 = \W Ç G I for all x £ W, there exists V £ Ö such that x £ x + V Ç W}.

Lemma 2.7. If 12 is a filter-base, 11 z's a topology on G.

Proof. Let |Ba| a£A¡C 11. If xe\JaeAUa, then x £ Uß for some /SfA.

Hence there is a V £Ö suchthat xex + VÇt/aÇ Uae/i^a- L« f l/j, • • •, Uj Ç

11. If x e n*.i Ur then x £ U{ for all i. Hence for all z, there is a Vf £ C such

that xex + ViÇUi. Since Ö is a filter-base, there is a V* £ Ü such that V  Ç

n7=1v,..Thüs
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n n n

xex + V*Cx + fi  V.C (~)(x+V)C f) U..
— '      l — 1— l

z = l 1=1 1=1

Thus il is a topology on G.

Lemma 2.8. Suppose every  V £ C is a convex sublattice of G. Then for ail

r,s£G and V £ C,

(i) (r + V) A (s + V) = (r A s) + V,

ïù) ir + V)V is + V) = ir V s) + V.

Proof, (i) Let x e V. Then

ir A s) + x = ir + x) Ais + x) £ir+V) Ais + V).

Thus ir As)+V Cir+V) Ais + V).

Let x, y e V. Then

(r + (x A y)) A (s + (x A y)) < (r + x) A (s + y)

< (7 + (x V y)) A is + ix V y)).

Hence

x A y < - (7 A s) + (7 + x) A (s + y) < x V y-

Since V is a convex sublattice of G, -ir A s) + (7 + x) A (s + y) e V, i.e., (7 +

x) A (s + y) e (7 A s) + V. Thus (7 + V) A (s + V) Ç (r A s) + V. Therefore, (i) holds.

Similarly (ii) holds.

Theorem 2.9. Suppose 0 is a filter-base satisfying

(a) each V £ C ¿s a co72f ex sublattice of G,

(b) 2/ Veö, ¿èe7e is a Ue Tl sao!, tea; 0 e ¡7 C V.

Then G is a topological lattice with respect to II.

Proof. Let W e 11. Let g, beG be such that g A h £ W. Since W £ U, there

exists V e C such that (g Ah) + V CW. By (b) there exists L/ e ll such that 0 e

1/ Ç V. Let W(g) = q + U and W(¿) = h + U. Clearly W(g), W(b) ell. Since 0 e t/, we

have that g e W(g) and è e W(J>). By (a) and Lemma 2.8,

Wig) A Wib) Cig+V)Aih + V) = igAh) + VÇW.

Similarly, if W ell and g, h £ W are such that g V h £ W, then we may con-

struct sets W(g), Wib) £ 11 such that g £ Wig), h £ W(h), and Wig) V W(b) Ç W.

We now apply Theorem 2.9 in the case of the J-topology. Let J   be the J-

topology on an  /-group G. For A C G let the interior of A be denoted by Int(A).

We note that the proof of the following result depends on Lemma 2.2(ii).

Proposition 2.10. For all A CG,

Int (A) = ¡7 £ G I there exists H £ 3T(0) such that r + H Ç Aj.
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Proof. Let S = ¡r £ G | there exists B £ 31(0) such that r + H Ç A}. Since 0 £

B for all B £ îl(0), S Ç A. Let r £ S and B £ ft(0) be such that r + B Ç A. Let

B*£3l(0) be such that H* + H*Ç H. Then for all A £B*,

r + h + H* Ç r + H* + H* Ç r + H Ç A.

Hence r + A £ S, and so r + H  C S. Thus S £ J, and hence S Ç Int(A). If s £

Int (A), then thete is an H £ ÎL{0) such that s + B C Int (A) C A. Thus s £ S. There-

fore, S = Int (A).

Corollary 2.11. For ail H £ 3î(0), 0 £ Int (B).

Proof. For ail B £ îl(0), 0 + B Ç B.

Lemma 2.12. Leí 0 £ A C B C G. Suppose A  is a convex sublattice of G.

Then A + B    is a convex sublattice. In particular, for ail H e 3l(0), H is a con-

vex sublattice of G.

Proof. Suppose 0 < y < /j + l2 for /j £ A+, ¡2 £ (BX)+. Since A C B, AX D B1,

and hence /j A /2 = 0. Since A is convex, y A l. £ A . Similarly, y A l2 £ (B ) .

Further,

(y A /,) A(y A/2) = y A (/, A ¡2) = 0.

Hence

(y A /,) + (y A /2) = (y A lA V (y A ¡2) = y A (tj V Z2) = y.

Thus y - y y + y2 where y^ £ A  , y 2 e (B  ) . Similarly, if /j + /2 < y < 0 for /j 6

A~, l2 e (B )", then y = yj + y2 fot y, £ A~  and y2 £ (B  )~.

Let y £ G be such that p < y < q, for p, q £ A + Bx. Then p = a + b and a =

c + a", for a, c £ A  and b, d £ B . Then

a" + &~ < P~ < y~ < 0 < y+ < ?+ < c+ + a"+.

Since 0, a, c £ A and A is a sublattice, a~ £ A~  and c   £ A  . Similarly, b~ £

(B1)- and a,+ £(BJ-)+. Therefore,

y   =zz + tv    for u £ A    and f £ (B )  ,

y- = x + tz/    for x £ A" and w £ (B )".

By Lemma 2.3 (ii), y = u + v + w + x = {u + w) + (v + x). Clearly v + x £ B  . Since

x<0<u,x<u+x<u, and since A  is convex and x, zz £ A, then zz + x £ A.

Therefore, y £ A + B   and hence A + B   is convex.

We note that for a, b, c, d £ G,

(a A c) + (b A d) < (a + b) A (c + d) < (a + b) V (c + a1)

< (a V c) + (b V aO.
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Thus, since A and B   are convex sublattices, A + B   is a sublattice.

If H£%AAj),H = [-g, g] + g-í- fot ge®!. Let A = [-g, g] = B. Then OeAÇ

B. Clearly A is a convex sublattice. Since B   ^g1, B is a convex sublattice of

G. Clearly if B eîl2(0), B is a convex sublattice. If 5)*4 0 and if B eîl(O), then

H =n¿=i ^i f°r ",■ ̂  ÎI3(0). Since each B¿ is a convex sublattice of G, H is a

convex sublattice. If £D =0, Jl(O) = \G\ and clearly G is a convex sublattice of G.

Theorem 2.13. If G is an l-group, then the 'S-topology on G is a lattice to-

pology.

Proof. By Lemma 2.2, }I(0) is a filter-base. By Lemma 2.12, each B eîl(0) is

a convex sublattice of G, and thus Jl(0) satisfies (a) of Theorem 2.9. By Corollary

2.11, if B eîl(0), then 0 e Int(B) Ç B. Thus, since Int(B) e J, we have that 3l(0)

satisfies (b) of Theorem 2.9. Therefore, by Theorem 2.9, the J-topology on G is

a lattice topology.

3. Cardinally ordered products. The main result of this section is the follow-

ing:

Theorem 3.1. Let {Gx| Ae Aj be a collection of l-groups. For Ae A, let Jx

be the J-topology on Gx. Let § be an l-subgroup of IÜj^a! Cx, wbich contains

I^XsaI ^X> an^ 'ei 3" ^e ti°e 3 -topology on §. Le/ j   fee tie topology that § îtî-

herits from the product topology on  | II x e A.I G\. Then ST = SP.

The proof of Theorem 3.1 is very long, but straightforward. We will not give

it here, but instead we refer the interested reader to [17], where the same result

is proved for a somewhat more general topology (cf. §8). For use in the sequel, we

will introduce some notation and list four of the lemmas which are used in the

proof of Theorem 3.1.

In addition to the notation introduced in the statement of the theorem, we let

Py'- § —* G y denote the yth projection. Then U £ 9 if and only if for all / £ U,

there exist Uy,£jry, i = 1, • • •,«, such that fe(]"=i py .Wy) Ç 11. To denote

the sets fl, ¡D,, 2)2> SD* 31^0), 5l2(0), Jl3(0), and Jl(0) in Gx, we use <?x, $iX,
i<2X, etc. To denote them in §, we use (Î, SDj, SD2, etc. For g £ Gx, we denote

¿V(0, g) by /Vx(0, g) and for / e §, we use N(0, /). Then U £ J if and onlyjf for

all fell, there exists K e Jl(0) such that / e / + H Ç U. For hy £ Gy, let hy£

I^Xîa! GxÇ§ be defined by

My,
!0      ifhy    if^y = i      ifx.v.

Lemma 3.2. // hy £ SD2„, tier?. hy £ SD,.
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Lemma 3.3. // by£§ly, then hy £ÍDj.

Lemma 3.4. Let b £ ®2. Then there exist y £ A and hy £ íD2y szzcA that

hy = h and pyl(hy) = hL.

Lemma 3.5. Let h £ ÍDj. Then there exist y £ A and hye3)ly such that hy =

A and p-H/VytO, Ay)) = N(0, A).

4. Totally ordered groups. Let T be a totally ordered group. Let £ denote

the interval topology on T. Then B £ S. if and only if for all x £ B, there exist

a, b £ T such that x £ (a, A) C U. In this section we prove that £ is the iT-topol-

ogy on T.

Lemma 4.1. T+\í0¡ = ff.

Proof. Clearly ff Ç T+\iO}. Let / £ T+\{0\. If s £ 3"(r), there is an s'e T

such that s V s = t and s A s = 0. Since T is totally ordered, s A s = s or sV

s' = s. Hence either s = 0 or s = /. Thus, t £ ff.

Lemma 4.2. Let g £ T+\i0}. Then there exists an heT such that 0 < b < A +

A < g if and only if (0, g) 40.

Proof. If there exists an A £ T such that 0 < A + A < g, then clearly (0, g) ¿0.

Otherwise, let A £ (0, g). If A + A < g, we are done. Suppose A + A ¿ g. Then

since T is totally ordered, A + A > g. Let A = g - A'. Since A + A'> g, -A + g -

A < 0, and hence A + A=g-A + g - A < g.

Theorem 4.3. // J z's /Ae 'S-topology on T, then 5T = £.

Proof, (i) Suppose there is an A £ T+\í0¡ such that [O, A] = {0, Aj. Then A e

3)2. Thus A1 £ 51(0). Since T is totally ordered and A j¿ 0, A"L= Í0}. Since {0j Ç

lnt(hx) Ç bL = ¡0i, 3" is discrete. But }0i = (-A, A) £¿í! and hence £ is discrete.

So J = £.

(ii) Suppose that for all t £ 7+\i0l, (0, 1) / 0. If / £ T+\{0!, by Lemma 4.2,

there is a r2 £ T such that 0 < t2 < t2 + t2 < t. By Lemma 4.1, f2 £ ff and t £ ff.

Since T is totally ordered and t2 /=■ 0 ¡¿ f, r^r» {0¡ = í1. Therefore, since for all

t £ T+\i0! (0, t) ¿0, for all t £ T+\i0} there exist tj, r2, • • • £ ff such that fj =

t, rn+1 + rn+1 < tn, and z¿ = í¿+r That is, T+\{0l Ç 3)x. Thus T+\}0! = 3)r Hence

îl(o) = îi1(o) = i[-/, i]|/£T+\iOll.

Let B £ £. Let u £ U. Then there exist a, b£T such that zz £ (a, 6) C B. Let

c = (- zz + b) A (- a + zz). Since a <u <b, then c > 0. Hence there is a c £ T such

that 0 < c' < c. Then u e[u - c , u + c ] Ç (u - c, u + c). But u + c<u + (-u + b) =

b and a-c>« + (-zz + a) = a. Thus u£u + [-c', c'] Ç (a, b) Ç (/. Since c > 0,

c'fiSj. So zz + [-c', c']£3l(a). Since u was arbitrary in B, U e$.
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Let U £ ST. Let u £ U. Then there is a g £T  \\0] such that u £ u + [-g, g] C

U. Hence u £ iu - g, u + g) C U. Since u was arbitrary in  U, U £ £..

The following corollary is an immediate consequence of Theorem 3.1 and

Theorem 4.3.

Corollary 4.4. // G is a cardinal product of totally ordered groups, then the

J -topology on G is the product of the interval topologies on the factors.

5. Groups with Hausdorff ST-topology. Recall (Conrad [4]) that an  /-group L

is a lexico-extension of an /-group S if S is an /-ideal of L, L/S is a totally

ordered group, and every positive element in L\S exceeds every element in S. If

Aj, •.., A    ate totally ordered groups, then by a finite alternating sequence of

cardinal summations and lexico-extensions, we can construct /-groups from the

A., in which each A . is used exactly once to make a cardinal extension and in

which the lexico-extensions are arbitrary. Such /-groups are lexico-sums of the

A..

The first theorem of this section characterizes those /-groups having discrete

ST-topology as lexico-sums of lexico-extensions of the integers.

Lemma 5.1. |0j eîl(0) if and only if there exists j/bj, ...,*} C SD2 such that

(V ?.!*,)"■-6.

Proof. Suppose there exists \hv • • •,hn\ Ç SD2 such that ( V f.i^i'    =^ Then

bX£jl2iO) for all i=l,---,n and hence f) "=1(^)e ft3(0). But (~)"=i(bf) =

( V ?=1*/ = 101 since ( V ?= A)11 = G. Thus |0| e ft?(0).

Suppose that for all {bv ..., bj Ç SD2, ( V 7=iA'~U" 4 G. Then for all \b., • • •,

*J Ç ®2> (( V "=A-)"L)+\f°l ¿ 0- Let |Bp - - • ,HJ Ç 5l3(0) and consider C\"=lHi '

Without loss of generality, Bj = h± for b = V7=l^i wnere f^i> ' ■ ■ >^mi £ SD2, and

for 2 = 2,..., 72, Hi = NiO, f.) fot f. £ SDj. Let k £ ihL)+\\0\, and define /2, • • •,

/   e G as follows:
n

U A/2    if k A/^>0,

l2')k if¿A/, = 0,

/ J',--i A/<   if ^-1 A /f > 0,

'    V«-1 if ^-l A/-0,

for i = 3, • • •, 72. Clearly 0 < ¡n < ln_ j < • • •< l2 < k. Thus ln £ Hv Let 3 < i < n.

Then if L_ j A /. > 0, /. = /._ x A /. e [-/., /.] Ç H., and if '._ x A /. = 0, '. =

l._1£ffÇHi.lf kAf2>0, l2£[-f2, f2]C H 2; if kAf2 = 0, /2 e/^Ç B2. Thus,

since Ín < L for all » - 2,. ••,«, 0 < /„ eD"=1«, and therefore 0"=!«, ^ W-
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Corollary 5.2. G has discrete 'S-topology if and only if there exists {Aj, • •.,

AiC®, szzcA zAaz- G = (V' " i*)iX.
71     —        ¿ *    7 =1     ï

Lemma 5.3. // A £ 2)2, then A1"1" is a lex ico-ex tens ion of [h] ä Z.

Proof. Since A £ 3)2, [A] =* Z and also [A] is a normal /-subgroup of 6J-t. Let

k, l£h1L.lf (l-k)*>0,(l-k)+A h = h, and if (_(/-4))+>0, (-(/-¿))+AA =

A. Thus, since (/ - fe)+ A (-(/ - k))+ =0,(1- fe)+ = 0 or (-(/ - k))+ = 0. Thus,

either l< k or k < I, i.e., A     is totally ordered. Thus, G(A) is totally ordered so

that since A e2)2> G(A) = ^ and M 1S an '-ideal of hL1. Further, since A-1-1-is

totally ordered, each element 0 < a £ A     \[A] exceeds every element of [A].

Hence, by [4, Lemma 1.1], A     is a lexico-extension of [A].

Lemma 5.4. // \hv • ■ •, A  ¡ Ç 2)2, then ( V"-i^)~U~ is a lexico-sum of Aj ,

■■■,h^.
'   n

Proof. If x £ (( V ?slAf)XX)+\i0j, then clearly x A A. > 0 for at least one A¿.

Hence ( V*_j&,)      cannot contain more than n disjoint elements. But {Aj, • • •,

hn\C{\/ "=1A.)±J" is disjoint since \bv « • ',h„i Ç ®2- For each i = 1, • • •, n, let

A. be the subgroup of ( V "=iA¿)1X generated by ix £ ( V7=i^f)XJ"l x A A;. = 0 for

all / ^ z'! = <Ü. Then by [2, Theorem 1], ( V "=i¿pXJ" is a lexico-sum of the totally

ordered groups A ..

If x £ (AXV, then x A A . = 0 for / ¿ ». Hence x £ A . and thus hf^ Ç A ..

If x A A. = 0 = y A A. for all j/i, then (x + y) A b. = 0 for all /' / i. Thus

A is a convex subsemigroup of positive elements of ( V ™_i<7¿)      that contains 0

and by [4, Lemma 2.3], A* = {x £ { \J ",1*f)-LL| x A A. = 0 for all ; / i\. If y £

ihf O ( V 7=îèi)-LJ-)\{0î, then clearly  \y\ A hj > 0 for some / / i. Hence A. O hf=

ÍOj. Let x e A . . If £ e A4, then |&| A x e A . since A . is convex and \k\ A x £ A+

since hf is convex. Thus  |fc| A x = 0, and hence x £ hj\ Therefore A¿ C hf1, and

hence hj1=A..

Theorem 5.5. A72 l-group G has discrete J-topology if and only if G is l-iso-

morphic to a lexico-sum of lexico-extensions of Z.

Proof. Suppose G is /-isomorphic to a lexico-sum of lexico-extensions of Z.

Then there exists n £ N and /-ideals Aj,...,A   CC  such that G is a lexico-sum

of A,, • •. ,A    and each A . is /-isomorphic to a lexico-extension of Z. Let A. £1 71 I r Z .

A   correspond to 1 £ Z under the /-isomorphism. Then e¿ e ®2. Clearly (V"_i*,)  =

0, and hence ( V?ai*,'     = G. Then by Corollary 5.2, G has discrete J-topology.

Suppose G has discrete J-topology. Then by Corollary 5.2, G = ( V "_i&¿)

for ¡Aj, • • • ,hn\ C 5)2. By Lemma 5.3, A^-1- is /-isomorphic to a lexico-extension of
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Z. By Lemma 5.4, G is a lexico-sum of h^A, • • • .¿■LL.
' 1   ' '    n

The last two results of this section give necessary and sufficient conditions

for the J-topology to be Hausdorff.

Proposition 5.6. // G is an l-group with S-topology ST, then the following are

equivalent:

(a) J is  T2,

(b) for all g £ G+\!0i, there exists H e3l(0) such that g AH.

Proof. By Theorem B, (a) is equivalent to

(b')f|3T(o) = io!.
Clearly (b ) implies (b). Conversely, suppose that (b) holds, and let g £C\JliO). If

g 4 0, |g | > 0. Hence  |g 1/031(0) by (b). But by Lemmas 2.2 and 2.12, every B e

71(0) is a symmetric sublattice of G. Hence since g £f)JliO), \g\ = g V i-g) £

f I JI(0).  This is a contradiction. Therefore g = 0, and (b') holds.

Corollary 5.7. // SD* O [0, g] 40 for all g £ G+\íO!, rie72 G has Hausdorff 3-

topology.

Proof. Let geG+\|0|. Let h ' £ ÍD* O [0, g]. If i'eSDj, let b £ 9)1 besuch

that h + h<h'and h' £h^, and let B = N(0, è)eîl(0). If i'e!D2, let h = h'aaà

H = hL eîl(0). Then by our choice of h, g 4 H. Thus, by Proposition 5.6, G has

Hausdorff J-topology.

Example 6.2 in the next section shows that the converse of Corollary 5.7 fails

to hold in general. However, we do have Theorem 5.9 below.

Let g £ G + \|0}. For h £ ST(g), let

Mig, h) = G+\[ih, o¿ O ih'f]

where h A h'= 0 and h V h'= g. We note that Mig, 0) = G+\ig ), and Mig, g) =

G+\ig, «).

Lemma 5.8. Let g eG+\{0i. // SD*n (f^eft )M(g, h))40, then there exists

Be3l3(0) such that g4H.

Proof. Let / e SD* n ( f| h e7ig) Mig, h)). If I £ SD2, let B = l\ If g A / = 0, 14

Mig, 0). So g A / > 0, i.e., g4H. Suppose ZeSDj. Then there exists h eSDj such

that h + h<l and h1 = I1. Let H = N(0, h) £ îï3(0). Suppose g £ H. By Lemma

2.3(i), since g > 0, g = a + b fot a £ [0, h], b £ (ZrL)+. Then a e 3~(g), and b = a'.

Since a<b<l,le(a, <*>), and since b e (/V, / £ ib )+. Thus, / £ (a, «) n (a')1,

and hence // M(g, a) D nèejio)^^' ^^' This contradicts our choice of /. There-

fore, g Ah.

Theorem 5.9. An l-group G has Hausdorff S-topology if and only if for all

g£G+\i0|,
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3)*n[   fl    Mig, A)W0.
y-ejtg)        /

Proof. Suppose that for all g £ G+\í0¡, $* O ( Ofc 6JÍ )<M(g, A)) ¿0. By Lemma

5.8 and Proposition 5.6, G has Hausdorff J-topology.

Suppose G has Hausdorff Í-topology. Let g eG \\0\. Then by Proposition

5.6, there exists B e 5î(0) such that g¿ H, Thus, by definition of îï(0), there ex-

ists L £ 71 (0) such that g 4 L.

If L e îï2(0), L = /X for / £$2. If / </f)he7{g)M(g, h), then l¿ M(g, h) for

some A £ J(g). Hence / £ (A, <») n (A') . Then / > A and since / £ -D2, A = 0. Then

A'= g and since / £ (A') , gel   = L. This contradicts gi L. Thus / £

nAe5ïï)%,*).

If L e jyo), L = N(0, /) for / £ 3)r If / ¿0,, ejCg)^. ¿).then ' ¿ *% ¿) for

some A £ 3"(g). So / £ (A, «,) n (A')X Since 0 < A < /, A £ [-/, /]. Since / £ (A')X, h' e

/x. Thus g = A + A'£[-/,/] + /X=L. This contradicts gs'L. So '«Hj^ )%,i).

Example 5.10. Let A(R) be the set of order-preserving permutations of the

real numbers. A(R) is a group under composition and an /-group under the partial

order defined: / < g if and only if rf < rg for all r e R, Since A(R) is doubly trans-

itive, A(R) is divisible (Holland [9]). Then clearly ff = ®j. For fe A(R), let S(f) =

\r\ rf / r\ denote the support of /. Clearly / £ ff if and only if / > » (where z is

the identity permutation in A(R)) and there exist r, s e R U }-<», + c*¡ such that

S(f) = (r, s).

Let g £ A(i?)+\iz}. For r e R, as in [9], let

¡(r) = is £ R | there exist integers ttz, n such that rg" < s < rg"1}.

Since g > », there is a / £ R such that /(/) contains more than one point. If p £

/(/), then there is an integer n such that rg" < p < tgn+ . Thus if pg = p, then p <

lgn+   <Pg = P, which is a contradiction. Hence for all p e I(t), pg > p. Clearly

¡(t) is convex. Thus, there exist r, s e R U {-»», °°i such that (r, s) C /(z) C [r, s].

If r e /(z), rg" x £ /(/) but rg~l <r. Hence r i ¡(t). Similarly s 4 ¡(t). So ¡it) = (r, s).

Define g' £ A(R) by

,     (xg    if x £ ¡it),
xg  = <

Ix      otherwise.

Clearly S(g') = /(z) = (r, s). Hence g' £ ff = 3)j. Clearly g' £[z, g]. Since g was an

arbitrary element in A(R)  \\i\, by Corollary 5.7, A(R) has Hausdorff J-topology.

Alternately, we note that if / £ [z, g]\M(g, A) for some A e J(g), then / > A and

/ A A'= 0 so that A = A + A'</ + A'=/ VA'<g Vg = g, a contradiction. Hence
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[i, g] Ç(r*)^£<r, )Mig, h). Thus, by Theorem 5.9, A(R) has Hausdorff J-topology.

6. An /-group with indiscrete J-topology.

Example 6.1. We will construct an /-group which is a (nonconvex) /-subgroup

of a cardinal product of totally ordered groups and has Cf = 0.

Let G = ¡n^l R. Let

L = \f £ G | there is an n £ N such that for all  i, ii + n)f = (2)/}.

Clearly ¿   is an /-subgroup of G. Let f £ L   \jOj. Let n £ N be such that for all

2, ii + n)f = ii)f. Define h     h 2 e G by

((*)/    if 2^72 < i < (2k + 1)72 for some k £ Z+,

lO       if (2k + 1)72 < i < (2k + 2)72 for some k £ Z+,
<*.-{,

if 2^72 < 2 < (2¿ + 1)72 for some k £ Z+,
(2)

2      l(i)/    if2')/    if (2* + 1)72 < 2 < (2* + 2)72 for some k £ Z+.

Since / > 0, then Aj > 0 and A > 0. Clearly, (2 + 2n)h x = (i)h x and (2 + 2n)b2 =

ii)h2. So h ., h 2£ L. It is also clear that h. + h 2 = f and h . A h2 = 0. Hence f 4

Ü. Therefore 0 = 0 and hence L has indiscrete J-topology.

Example 6.2. The /-group of this example has Hausdorff J-topology and an

element g such that U O [O, g] =0.

Let L be the /-group of Example 6.1. Let CiR) be the /-group of all continu-

ous functions from R to R. Addition in C(R) is then defined by x(/ + g) = xf + xg.

The order on CiR) is like that on A(R), i.e., / < g if and only if xf < xg for all

xe R.

Define a map 77: L —» C(R) as follows: for f £ L, fn£ CiR) is the function de-

fined by

!2iif)x - 2iif)i if x £ii, i + V2],
-2iif)x + 2(2/)(¿ +1)    if x e (i + H, » + 1],

0 otherwise,

where 2 = 1, 2, • • •. Clearly 77 is an /-isomorphism of L onto L77 C CiR). Let

B = [/ e C(R) I x/ = a for some a e Q, for all x e /?}.

Clearly B is an /-subgroup of CiR). Let F be the /-subgroup of CiR) generated

by (L77) U(B).

Let p£L be defined by U)p = 1 for all i. Let g = prr. If f £ [0, g] D F, then

1/ = 0. Since f£ F, f = V "a=1 A %i ^aß + laß^ w««e ¿a/3eB, laß£ L for all

a and ß. If xeR, then */ = V"=i A/Li (*¿a/3+ ^aß^' Since V = 0, 0 =

V I., A^=i(1*a/3 + ̂ a^ - V".«i A?.i lhaß- Since V"te 1 A^i*^ ».
for all xe/?,x(V a = i A/Li*«^ = °- For 1 < <z< 72, 1 </3 < 772, let »a^N be
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such that (z + "ao)laa= (Man' Let d be the least common multiple of the n   ~.

Let 'a/3> 'a/3e ^  be defined by

\)d for some k £Z+,
(*)'„« = \

2)d for some k £ Z ,

!ii)laß    if 2kd <i<(2k+l

0    if (2k + l)d<i<(2k +

Í0    if 2kd < i < (2k + l)d forsc

(i)laß   if (2k + l)d< i<(2k +

some k £ Z ,

2)a" for some i £ Z .

Let /'= v:=i A%¿Kp + ̂ f,l"= VLi A ̂ (^+('!>»• if -£d V
(2kd), (2k + l)d] for some ¿ £ Z , then (x)(/ao77) = 0 and hence xf =

*( V "=1 Amß=xhaß> = °- Also ^K/^77) = (x)ilaßn) and hence x/'= xf > 0. If x £

((2¿ + l)á, (2¿ + 2)¿] for some ¿ £ Z+, then (xX/,^77) = 0 and hence xf'= 0. Also

(x)(/^tt) and hence x/"= */> 0. If x < 1, (xX/^77) = (xX/^77) = (x\laßn) = 0,

and hence xf'= x( \J "a=1 A%xh aß> = ° = */*- */• Thus /'A /"= 0, and /'V /" =

/. Therefore f 4 ™, and since / was an arbitrary element of [O, g] O F, then ff H

[0, g]nF=0.

We now show that F has Hausdorff J-topology. Let g£ F  \f0|. Let r e R be

such that rg > 0. Let q £ Q be such that rg > q > 0. Let / £ B + \j0| Ç F+\{0î be

defined by xf = q for all x e R. Clearly /X = Í0¡. Thus / £ M(g, A) for all A £

3Xg)\ig!. But since rg > a = rf, f 4 (g, <*>)• Hence / £ M(g, g). Thus / £

n^e^g)^^» *)• Clearly f £ ff and since B ¡s divisible, clearly /£ 3) . Thus

for all g £ F+\i0!, 3)* O ( flAe;r{g)M(g, A)) / 0- Hence by Theorem 5.9, F has

Hausdorff J-topology. Alternately, since /x= {0j, /V(0, /) = [-/, /], and since f 4

{g, x), g 4 N(0, /). Thus, since f £ X  , F has Hausdorff J-topology by Proposition

5.6.

7. J-topology convergence. Convergence with respect to the J-topology may

be characterized as follows:

Theorem 7.1. Let \xA Be Bj be a net in an l-group G. Then \xA converges

to x with respect to the J-topology on G if and only if (i) for all g £ 3)     there is

an ae B such that whenever ß > a, g A |-x + xJ £ 3(|-x + xJ), and (ii) ¡or all

g £ 3) , ¿Aere z's an ae B such that whenever ß > a, g A \-x + xJ = 0.

Proof. Suppose fxgl J-converges to x. (i) Let g fi®,- Then there is an ae B

such that whenever ß > a, x„e x + Int(/V(0, g)) C x + N(0, g). Hence -x + xß e

A/(0, g) for all ß>a. Since A/(0, g) is a symmetric sublattice (Lemmas 2.2 and

2.12),

l-x + x^l =i-x+ Xß) V i-i-x + Xß)) £N(0, g).
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Hence |-x + xß\ = a + b for a e [O, g], b £g\ Thus, |-x + xß\ A g = (a V è) A g =

a Ag = a. Since a A b = 0, |-x + xJ A g e T(|-x +*g|).

(ii) Let g e SD2« Then there is an ae B such that whenever j8 > a, x„e x +

IntQj1) = x + g1. Hence -x + ««eg1. Thus, |-x + x„| egx, i.e., |-x + xJ A g = 0.

Conversely, suppose jx„| ß e B¡ is a net in G such that there is an x e G

satisfying (i) and (ii). Let B e 71,(0). Then by (i) there is an ae B such that

whenever ß > a, |-x + x„| e B, i.e. x „e x + H. Similarly, if B e ÎÏ2(0), by (ii),

there is an ae B such that whenever ß > a, x„e x + H. Let U £J, such that x e

B. Then there is an B e 3l(0) such that x e x + B Ç U. H =f|"=1«f for Hf e "31 Aß).

As we noted above, for each i there is an a. e B such that whenever ß > a.,

Xg£x + B¿. Let a> a¿ for all i. Then whenever ß>a,xßex + H. Thus {x„}

J-converges to x.

If X is a set with topologies J j and J 2, then J t 2 J 2 ^ every net which

converges to x with respect to J j converges to x with respect to J 2- We use

this fact in comparing the J-topology to the topology of a-convergence.

Let L be a lattice. Papangelou ([15], [16]) defined a-convergence in L as

follows: A net {xo | ß e B] is said to a-converge to x e L if and only if x is the

only element of L satisfying the following condition:

x =   V (xß A x) =   Aixßy x)
ßz<x ßta.

fot all ae B. Ellis [5] showed that there is a topology o on an /-group G such

that convergence with respect to o is equivalent to a-convergence if and only if

G is completely distributive. When such a topology § exists, it is called the ro-

pology of a-convergence and, as Ellis noted, it must be Hausdorff. Madell [14]

proved that with respect to o, G is a topological group and a topological lattice.

He also showed that any Hausdorff topology « on G with respect to which G is

both a topological group and a topological lattice lies between § and the discrete

topology. Therefore, we have

Theorem 7.2. Let G be a completely distributive ¡-group. If b is the topology

of a-convergence on G and S is the J-topology, then the following are equiva-

lent:

(i)Sç!T,
(ii) J is Hausdorff.

Concerning inclusion the other way, we have the following theorem:

Theorem 7.3. Let G be a completely distributive l-group with J -topology J

and topology of a-convergence o. Then o 3 J   if and only if for all nets {xJ ß e

B\ C G  \(0| such that A ge£*g = 0 whenever A is a cofinal subset of B, and for

all g e SD , there is an ae B such that whenever ß > a, g A x„£ SJ(x^).
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Papangelou [l6] proved the following lemma in the case when G is a com-

pletely distributive abelian /-group. Madell [14] noted that the lemma remained

true when the assumption of commutativity was removed.

Lemma 7.4. If G is completely distributive and \xo\ is a net in G, the fol-

lowing statements are equivalent:

(i) \xd\ a-converges to 0,

(ii) for each cofinalsubset A of B, A^e^\x^\ = 0.

Proof of Theorem 7.3. If S D J, then every net }xJ ß e B( which a-converges

to x converges to x with respect to J. Let \x„\ C G \{0| be a net such that

A 5eA*s = 0 for all cofinal subsets A C B. By Lemma 7.4, |xgj a-converges to

0. Hence \xß\ converges to 0 with respect to ST. By Theorem 7.1, for all g eSDj,

there is an ae B such that whenever ß > a, g A xß e 3~(xo).

Conversely, suppose the condition of the theorem holds. Let [xß] be a net

which a-converges to x. Then [-x + xß\ a-converges to 0. By Lemma 7.4,

A seA.|-x + xs I = 0 for all cofinal subsets A of B. Hence for all g e SD    there

is an ae B such that whenever ß > a, g A |-x + xß\ e ST(|-x + x J). Let g £ SD2>

Suppose for all ae B, there is a ß > a such that |-x + xj A g > 0. Then

l-x + Xgl Ag = g, i.e. l-x+Xgl >g. Let A = {SeB| |_x+x8| >g}. Then A is

cofinal in B, but A jeA|-x + xs | > g > 0. This is a contradiction, and hence there

is an ae B such that whenever ß > a, |-x + xß\ A g = 0. Thus by Theorem 7.1,

[xA converges to x with respect to J.

We now apply Theorem 7.2 and Theorem 7.3 to two particular situations.

These applications show that, at least in certain circumstances, the criterion es-

tablished in Theorem 7.3 is a convenient one to use.

Proposition 7.5. Let \T^\ Ae A¡ be a collection of totally ordered groups.

Suppose G is a completely distributive l-subgroup of |nXeAj Tx which contains

|2.   A| T^.Then S = J  072 G.

Proof. (We will use the notation of §3 throughout the proof.) Let g£ G  \\0\.

Then there is an 77 e A such that tjg > 0. If there exists t e SD2   , then Te SD   by

Lemma 3.2. Since rjg > r, we have that T£ [O, g]. If SD     = 0, then by the proof

of Theorem 4.3(ii), T \{0¡ = SDl7j. Hence 77g e SDl7?. Then by Lemma 3.3, r/jfeSDj,

and clearly rjge [0, g]. Therefore, by Corollary 5.7, G has Hausdorff J-topology,

and hence, by Theorem 7.2, o C J .

Let {x^l ß e B\ C G+\{0¡ be a net such that A SeAx8 = 0 if A is a cofinal

subset of B. Let g e SDj and suppose that for all ae B, there exists ß > a such

that xß> g. Then A-\ße B\ xß> g\ is a cofinal subset of B, but AgeAx8 >
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g > 0. This contradicts our choice of ixol. Hence there is an ae B such that

whenever ß > a, Xß/ g. By Lemma 3-5, g = A     for some y £ A and some A    £

JJj   . Then Ax„> 0 = kg for all k/ y, and hence since T     is totally ordered,

Yxß<Y8- Thus

X(g A xß) = |

Let g  £ |n^eA|TA be defined by

Xx^    if X = y,

0 it k/y.

A > _(kxß if A^y>

8   ' lO if X = y.

Then g = Xß- g A »., Since I^XeaI ^X - ^> we nave tnat S A x„e G and hence

g' £G. Clearly (g Ax„) V g'= Xg and (g A xj A g'= 0. Hence g A x„e TUJ.

Thus, by Theorem 7.3, S 2 **•

In the next example, we show that in A(R) the J-topology properly contains

the topology of cx-convergence.

Example. In Example 5.10, we noted that A(R) is an /-group with f £ ff = 3)j

if and only if / > z and there exist r, s £ R U j-oo, + oo¡ such that S(f) = )x e R\ x /

x/¡ = (r, s). We showed that A(R) has Hausdorff J-topology. Hence by Theorem

7.2, Sç 3".
Let g £ A(R) be defined by

!2x if x £ (0, 1],
x/2 + 3/2    if x £(1, 3],

x otherwise.

Clearly g > » and S(g) = (0, 3). So g £ 3^. Define a net i/n | n £ N] in A(R)+\{¿|

by

((l+(l/«))x-

fn = <(!-(! /2»))x

-(I/77)      if x £(1,2],

x/n = { (1 - (1/2h))x + (2/72)    if x £ (2, 4],

otherwise.

Clearly /   > i and S(f ) = (l, 4) for all 72. Hence /   £ ff for all 72. Since 0 </   A
n n n n

g<f    for all n, f   A g 4%(fn) tor all n. Hence by Theorem 7.3, S ^ J .

8. A refinement of J. Let L be the /-group constructed in Example 6.1. Let

G = Lx Z. Then 3), = 0 = JL so that G has indiscrete J-topology. In the next

few paragraphs, we outline how the definition of the J-topology may be modified to

give G a topology which has U-g, g]\ g £ G  \(L x i0l)| as a base for the neigh-

bourhood filter about 0.

We modify the J-topology by enlarging the set £2 as follows:
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1)    = ÍA £ G \i0| | there exists a convex /-subgroup C C G such that

for all c £ C,  c < h and if a < t < b for a £ C,

b £h + C, then t eC u (A + C)!.

Proposition 8.1. 3)' C ff.

Proof. Let A e X'. Let aAb = 0,aVb = h. Let G be. a convex /-subgroup

satisfying the conditions of 3)2 .

We first show that for all c, d e C, A + d > c. Since c-d£C,(c-d)Ah =

c -d. Hence c A (A + a") = ((c - d) A h) + d = c. Thus A + d > c. But since A e'C,

A + a"> c.

Without loss of generality, a e'C. Since a e [0, A], a £ A + C, i.e., a = h + a

for a £ C. Thus, 0 = A + a and A £ C. So by the above, a > A. Therefore, a = A

and A = 0. So J(A) = {0, Aj.

Proposition 8.2. For h £ £', there is a unique convex l-subgroup C satisfy-

ing the conditions of £ .

Proof. Suppose C and C   are two convex /-subgroups satisfying the condi-

tions of 1>'2 . Let d £ C. If d 4 C, either d   4 C or d~ 4 C If à   ^ C, we let A =

a"+. If a*+ e C, then rf- ^ C and we let b=-d~. Then A £ C, A ¿ C, 0 < A < A.

Hence A £ A + C. As in Proposition 8.1, b > c for all ce C. Thus (C )   DC    and

so CDC. Consider -b + h £ C. Since AeC ,-A+Afi'C . Since 0 < A < A, 0 <

-A + A<A. Let b' = -b + h. Then we have b'eC, b' t/C', 0 < b'< h. Hence A'£

h + C , and therefore, b > c for all c  e C . Thus C D C . We conclude that C =

C . But we assumed d e C \C. This is a contradiction. Hence zz" £ C. So C C C.

Similarly CDC, and hence C = C.

For A £ ¡u2 , let the unique convex /-subgroup satisfying the conditions of Ju'

be denoted by C(A). Let

7l'2(0) = iC(A) + Ax|A£3)'2i.

Lemma 2.2 holds with Jl2(0) replacing Jl2{0). We may therefore define a topology

T = \W Ç G | if x £ W, then W £ FÖl'(x))!

where Jl ix) is JI(x) modified in the obvious fashion- Call J   the J -topology on

G. Theorems 2.6, 2.13, 3.1, and 4.3 can be proven for J ' [17].

However, this extra complication properly increases the J -topology only in

special cases, such as the one mentioned at the beginning of the section:

Proposition 8.3.  // C(A) O(3), u3) ) ¿0 for all h £ 3)'\3)    aTza* /XÇC(A) +
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b^ for ail l e cih) n (SDj u SD2), rie72 3" = 3"'.

Proof. Clearly for any /-group SD2 D SD?. Thus 3V(0) D 5l(0) and so ft'(x) D

3l(x) for all x e G, i.e., F(Jl'(x)) 2 F(Jl(x)). Hence if W e J, then for all x e IV, W e

F0I(x)) C F(ST(x». Thus W e 3"'. Therefore, 3" C 3"' for any /-group.

If / e Cih) n (SDj U SD2), then /XÇ N(0, /) Ç Cih) + bx. Hence C(i) + h1 e

F0Ï(O)). Thus, under the hypotheses of the proposition, Cih) + Z>xe F(?l(0)) for all

h £ SD2\SD2. Therefore 3"^3"'.

The material outlined in this section is developed in more detail in [17].
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