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ABSTRACT. Unbounded selfadjoint representations of *-algebras are
studied. It is shown that a selfadjoint representation of the enveloping algebra
of a Lie algebra can be exponentiated to give a strongly continuous unitary
representation of the simply connected Lie group if and only if the representa-
tion preserves a certain order structure. This result follows from a generaliza-
tion of a theorem of Arveson concerning the extensions of completely positive
maps of C*-algebras. Also with the aid of this generalization of Arveson’s
theorem it is shown that an operator mA) is affiliated with the commutant
m@' of a selfadjoint representation 7 of a *-algebra @, with 4 = A* € @, if
and only if 7 preserves a certain order structure associated with 4 and Q.
This result is then applied to4btain a characterization of standard represen=
tations of commutative *-algebras in terms of an order structure.

Introduction. In this paper we continue our study of unbounded selfadjoint
representations of *-algebras begun in a previous paper [5].

In [4] Nelson showed that there are selfadjoint representations of enveloping
algebras of Lie algebras which cannot be exponentiated to give a strongly con-
tinuous unitary representation of the simply connected Lie group. In this same
paper Nelson showed that a representation 7 of the enveloping algebra of a Lie
algebra can be exponentiated to give a unitary representation of the Lie group if
a certain second order elliptic element A of the enveloping algebra is represented
by an operator #(A) which has a dense set of analytic vectors. In this paper we
show in Theorem 4.5 that a selfadjoint representation of the enveloping algebra of
a Lie algebra can be exponentiated to give a strongly continuous unitary represen-
tation of the simply connected Lie group if and only if the representation preserves
a certain order structure described in SIV of this paper.

The basic idea of the proof of this result is as follows. Suppose G is a con-
nected simply connected Lie group and £(G) its Lie algebra. Let ((G) be the
universal enveloping algebraof £(G), the algebra of all polynomials in elements
X € £(G) modulo the commutation relations of the Lie algebra. We construct a
*algebra B which is generated by ((G) and unitary elements U(g) for each g € G,
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which form a representation of G and act on ((G) by *-automorphisms, i.e.
U(g/*AU(g) = ag(A) for each A €(1(G) and g €G where g — a, is arepresentation of G
by *-automorphisms of ((G). In essence we have that a selfadjoint representation 7 of
((G) can be exponentiated to give a strongly continuous unitary representation of G if and
only if 7 can be extended from a representation of ®G) to a representation of 8". Then
the problem is one of extending a representation 7 of a *-algebra ({ to a larger *-algebra B.

Every bounded *-representation of a *-algebra @ can be expressed as a direct
sum of cyclic representations each of which is characterized by a state of @ In
view of this fact, the problem of extending a bounded *-representation 7 of a *-
algebra @ to a larger *-algebra B can be expressed in terms of the problem of
extending states of a *-algebra Qtoa larger *-algebra B. This problem can be
analysed with the aid of theorems such as the Hahn-Banach theorem. For unbounded
*-representations of a *-algebra it is not necessarily true that a *-representation
can be expressed as a direct sum of cyclic representations. For this reason in con-
sidering the problem of extending unbounded *-representations we use the tool of
completely positive maps and their connection with *-representations rather than
the less complicated tool of states.

In $1I of this paper we discuss Stinespring’s work in [6] on completely positive
maps and their relation with *-representations of C*-algebras. We make the minor
modifications necessary to adopt completely positive maps to unbounded *-repre-
sentations of *-algebras.

In [1] Arveson proved an extension theorem for completely positive maps on
C*-algebras. In SIII of this paper we prove a generalization of Arveson’s theorem
which is applicable to unbounded *-representations. This generalization shows that
the result of Arveson’s theorem is actually quite independent of topology and alge-
braic structure.

In SIV of this paper we apply the generalization of Arveson’s theorem to self-
adjoint representations of the enveloping algebras of Lie algebras as discussed
earlier in the introduction. In $V we apply the generalization of Arveson’s theorem
to the question of determining when a hermitian operator (4) is affiliated with the
commutant m(()’ of a selfadjoint representation 7 of a *-algebra. In Theorem 5.3
we give a necessary and sufficient condition that n{4) be affiliated with @’
where A = A* € @ and 7 is a selfadjoint representation of (@ on a Hilbert space.
The condition is expressed in terms of an order structure of a.

We then use Theorem 5.3 to characterize standard representations fo commuta-
tive *-algebras. A standard representation 7 of a commutative *-algebra Qisa
selfadjoint representation such that if A, B € @ and A = A*, B = B*, then n(A)
and m{B) are essentially selfadjoint and have mutually commuting spectral projec-
tions. In Theorem 5.6 we show that a selfadjoint representation 7 of a commutative
*-algebra with unit is standard if and only if and only if 7 preserves a certain order
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structure. Theorem 5.6 is a generalization of Theorem 7.3 of [5], in that in [5] we
worked with strongly cyclic representations and in this paper we work with arbitrary
selfadjoint representations.

In $I of this paper we review the basic notation and results of [5].

The author would like to thank Dr. Carl Kaysen for hospitality shown the author
during his visit to the Institute for Advanced Study where most of the research for
this paper was done. The author would like to thank Professor Oscar Lanford for
several helpful discussions during the research for this paper.

I. Notation, definitions and some previous results. In this section we review
some of the definitions and simplest results concerning unbounded *-representa-
tions of *-algebras on Hilbert space and refer to [5] for further details, references
and proofs of the results stated here. We begin with a quick review of the notation
we will use to describe a single unbounded operator on a Hilbert space. In this
paper we work exclusively with Hilbert spaces over the complex numbers. We use
the physicists’ inner product (f, g) which is linear in g and conjugate linear in f.

A bounded or unbounded operator A on a Hilbert space H defined on a linear
manifold D(A) (called the domain of A) is a linear mapping of I(A) into H. Unless
otherwise stated it is assumed that D(A) is dense in H. If A and B are operators
in X with domains D(A) and D(B) we say A extends B, denoted A D B, if
DA4) > D(B) and Af=Bf forall f € D(B). An operator A is said to be closable
if it has a closed extension. If A is closable we denote by A the minimal closed
extension of A.

If A is an operator with dense domain we denote by A* the hermitian adjoint
of A. As is well known, A is closable if and only if A* is densely defined, and
if A is closable then A = A**. An operator A is hermitian if A* D A. An opera-
tor A is selfadjoint if A = A*, and an operator A is essentially selfadjoint if
A=Ax

If A is a hermitian operator we denote by ) + and fD_ the deficiency spaces
of A defined by the relations

D, = {Range (4 + iy - If €D™; a*f=ifh,
D_ = {Range (4 - D} = {f € DA™); A*f == ifhy

where {S}* denotes the orthogonal complement of S. A useful result of von Neumann
states that a hermitian operator A is essentially selfadjoint if and only if .(D+ =
D_-ton

In this paper we will be concerned with unbounded *-representations of *-alge-
bras. A *-algebra @ is an algebra over the complex numbers with a *-operation
satisfying:
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(i) A¥* =4,
(i) (aA + B)* = TA* + B*,

(iii) (AB)* = B*A¥,
for all A, B € @ and complex numbers a.

All algebras in this section will have a unit denoted by I.

Definition 1.1. A representation 7 of an algebra ( on a Hilbert space X is a
mapping of @ into linear operators all defined on a common linear manifold D)
which is dense in }(, and 7 satisfies the conditions, 7{I) = I, the unit operator on J‘(,

(i) HaA + B)f = anlA)f + n(B)f forall A, B €®, { € D(n) and complex
numbers a.

(ii) mA)D(m) C D(w) for all A € @ and wA)n(B)f = H(AB)f for all A, B €@
and [ € Nn).

The linear manifold D(#) is called the domain of =.

Definition 1.2. A representation 7 of a *-algebra ( on a Hilbert space H is
said to be hermitian or a *-representation if

(iii) (f, MA)g) = (@(A™)f, g) forall f, g € Dia) and A €@, i.e. n(A)* D (4%
forall A €@,

We remark that a representation 7 is hermitian if and only if 7(A) is hermitian
for every hermitian A € @ (i.e. A = A*).

Definition 1.3. If 7, and , are representations of an algebra @ on a Hilbert
space H we say m, is an extension of 7,, denoted 7, D m,, if 5)(171)3 9(172) and
m,(4) D 7,(A) forall A €.

If 7 is a representation of an algebra @ on a Hilbert space H with domain
D), there is a natural induced topology on D(n). This topology is defined as
follows. Suppose S is a finite set of elements of @. We define the seminorm || - | s
on =) by the relation

Ifls= 2 lna) |
AE€S
where ||#(A)f| is the Hilbert space norm-of #{A)f. Note SO S’ implies ||f|| s>
Ifllgr forall f € D(x). We define the induced topology on D7) as the topology
generated by the neighborhoods,

N(f; S, €) = {g € D(m); I/ - gllg < et

Note m(A) is a continuous mapping of D(#) into D(a) in the induced topology for
each A (.

Definition 1.4. Suppose 7 is a representation of an algebra @ on a Hilbert
space H. We sayaset SC Da) is strongly dense in Dn) if S is dense in D(n)
in the induced topology.

Just as there is a notion of a closed operator there is a notion of a closed
representation.
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Definition 1.5. We say 7 is a closed representation of @ if D(n) is complete
in the induced topology.

Every hermitian operator is closable. The analogous result holds for *-repre-
sentations.

Lemma 1.6. Suppose w is a *-representation of a *-algebra @ on a Hilbert
space . Then there is a unique minimal closed extension % of m. Furthermore
the domain of & is given by

D)= N Dala)

Ae@
and ¥(A)f = mA)f forall A €Q and [ € Nn).

Hereafter, we denote by # the minimal closed extension of the *-representa-
tion 7. Note we always have that Dw) is strongly dense in D) for any *-repre-
sentation 7.

Definition 1.7. Suppose 7 is a *-representation of a *-algebra @ on a Hilbert
space H. The commutant of #((®), denoted by m(@®)’, consists of all bounded oper-
ators C on H such that

(f, Cn(A)g) = (n(A*)[, Cg)

for all f, g € D) and 4 €@.

If 7(@) is a *-algebra of bounded operators then ()’ is simply the commu-
tant of m{(f) defined in the usual manner. The above definition is the one used in
the Wightman formulation of quantum field theory. This definition is essentially
the weakest definition, i.e. this definition gives the biggest commutant.

One can easily check that the commutant @) ofa *-representation 7 has
the following properties:

(i) #(®@’ is a complex linear manifold.

(ii) M@’ is symmetric, i.e. C € n(®)’ implies C* e #((@)'.

(iii) 7@’ is closed in the weak operator topology.

(iv) If ¥ is the closure of 7 then F(@)' = n(®@'.

In general m{(@®)' is not an algebra. It is shown in [5] that if @ is the free
commutative algebra on one hermitian generator (i.e. @ consists of all polynomials
P=a l+a,A  +---+0a AT with complex coefficients) and 7 is a *-representa-
tion of Q@ona Hxlbert space X, then #(®@)' is an algebra if and only if m{(A ) is
essentially selfadjoint.

Just as there is the notion of the hermitian adjoint of an operator there is the
notion of the hermitian adjoint of a representation.

Lemma 1.8. Suppose n is a representation of a *-algebra @ on a Hilbert
space H. Let
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Dr*) = N D)

Aefd
and let

7*4) = AM* | DY) forall A €.

Then n* is a closed representation of @ on X with domain Dw®). If 7 is a *-

representation of Q then n* > m

We call #* the hermitian adjoint of #. If 7 is hermitian, #* may fail to be
hermitian just as the hermitian adjoint A* of a hermitian operator A may fail to be
hermitian. Just as for operators, one can show that every hermitian extension of
a *-representation 7 is a hermitian restriction of #*. In fact, if 7 and =, are
hermitian and 7, D then #*DJ#} D7, D m

Although it is not discussed in [5] we remark that one can show the following
properties of #** for *-representations n. If 7 is a *-representation of a *-algebra
@ on a Hilbert space X then 7** is a closed hermitian extension of 7. Unlike
the case for single operators, there are examples of closed *-representations 7
such that #** is a proper extension of 7. One can show #*** = 7* and hence
¥Rk = p** for all *-representations 7. Hence, no new representations are obtained
after taking two hermitian adjoints.

Definition 1.9. We say a *-representation 7 of a *-algebra (@ is selfadjoint
if # = n*. We say 7 is essentially selfadjoint if the closure ¥ is selfadjoint.

It follows from Lemma 1.8 that a hermitian representation is selfadjoint if and

and only if Dla) = D).

Lemma 1.10. Suppose m is a *-representation of a *-algebra @ on a Hilbert
space H. Suppose C € l(®)'. Then Cn) C Da*) and Cr(A)f = *(A)CS for all
A €@ and [ € Din).

Lemma 1.11. Suppose m is a selfadjoint representation of a *-algebra. Then,
the commutant "(®@)' is a von Neumann algebra. Furthermore, for each C € m(®)'
we bave CD(x) C D) and Cn(A)f = n(A)Cf for all A €@ and f € Da).

We turn next to the problem of reducing subspaces. If 7 is a representation
of an algebra @ on a Hilbert space X and 1 is a linear manifold contained in
D(w) we say T reduces 7 if (AW CM for all A € @. We denote by #|T the
representation 7 restricted to M. If 7 is a *-representation of a *-algebra (@ and
 is a reducing subspace then 7|Tl is a *-representation of @ on M.

For a bounded *-representation of a *-algebra @ for each reducing subspace
! the hermitian projection E onto the closure of 1 is in the commutant ={(f)".
This is not true in general for unbounded *-representations. An example is given

in [5].
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We say a reducing subspace 1 is selfadjoint if 7|1l is a selfadjoint represen-
tation.

Theorem 1.12. Suppose w is a selfadjoint representation of a *-algebra @ on
a Hilbert space H. Suppose E € (@) is a hermitian projection. Let T = ED(n).
Then N reduces m and the restriction |l is selfadjoint.

Conversely, suppose N C Dn) is a reducing subspace for m and n|R is self-
adjoint. Then, the hermitian projection E g, onto the closure of N is in the commu-
tant o(®)'.

Hence, for selfadjoint representations there is a one-to-one correspondence

between hermitian projections in ()" and selfadjoint reducing subspaces.

We conclude this section with some remarks about the notion of closed opera-
tors affiliated with a von Neumann algebra. We say a closed operator A is affiliated
with a von Neumann algebra R if U*AU = A for all unitary U € R’ the commutant
of R, i.e. UD(A) CDNA) for all unitary U € R’ and U*AUf = Af for all f € DA).
It follows that a closed operator A is affiliated with R if and only if A* is affili-
ated with R. If {E(A); — 0 <A <+ oo} is the spectral resolution of a selfadjoint
operator A then A is affiliated with a von Neumann algebra R if and only if
E(\) €R for all real A. If A is a closed hermitian operator affiliated with R and
E, are the hermitian projections onto the deficiency spaces ) + then E, €R,

T Irisa selfadjoint representation of a *-algebra @ we denote by m(@®@)" the
commutant of m()’, i.e. (@) = (#(@)')". It follows almost immediately from
Lemma 1.11 that if 7 is a selfadjoint representation of a *-algebra (@ then mA)
and 7(A)* are affiliated with #(®@)" for all A € Q.

II. Completely positive maps. In this section we discuss the application of
a theorem of Stinespring concerning completely positive maps of C*-algebras to
unbounded *-representations of *-algebras. The generalization of Stinespring’s
theorem to the unbounded case presents no real difficulties.

For a discussion of Stinespring’s theorem we refer to Stinespring’s paper [6],
and for a short account and an outline of a simplified proof we refer to the first
section of Arveson’s paper [1]. A similar chain of results expressed in a different
terminology can be found in a paper of Sz.-Nagy [7].

Definition 2.1. Suppose (@ is a *-algebra with unit I. A cone Q in the real
linear space of hermitian elements of @ is said to be algebraically admissible if

(i) Q is a cone in that if A, B €Q and A, p >0 then M + puB €Q.
(i) I € Q.

(iii) If A €Q and B € @ then B*AB € Q.

EQisa *-algebra with identity and Q is an algebraically admissible cone
for @ we say a state  is strongly positive (with respect to Q) if w(A)>0 for



268 R. T. POWERS

all A € Q. We say a *-representation 7 of Qis strongly positive (with respect to Q)
if (f,A)f)>0 forall A €Q and f € D(a).

Suppose (& is a *-algebra with unit. We denote by M(() the *-algebra of all
finite matrices with entries in @. Each element Mij} e M(®) is an array of ele-
ments A . € @ for iyj=1,2,++, where A # 0 for only finitely many pairs of
indices (i, j). Addition, multiplication and the *-operation are defined in the obvious
manner, i.e.

if alx, ¥+{y 3—{2 } then z, = ax, .+,

if {x, }{y i— {z l then z, ‘Ek-l LI

if {x } -{y lthen Yij -(x Jx

We defme an algebralcally admxssxble cone for M(®) in the same way as it
was done for *-algebras with a unit. We say a cone Q_ in the real linear space
of hermitian elements of M(®) is algebraically admissible if

(i) Q,, is a cone in that if {4}, {Bil} €Q_ and A, p >0 then )\{Aiil +
MB, leQ .

' Gi) 1f {A4,}€Q and A >0 and {B, 2em(&) then {B {4 1B 1+
MB, 1B, 1 € Q

If 0] 1s an admxss1ble cone for a *-algebra @ with unit and Q,, is an admis-
sible cone for M(®@) we say Q and Q are compatible if {A'o‘1 11} €0, if and
only if A € Q. The reader may easily verify that if Q is an algebtalcally admis-
sible cone for a *-algebra (@ then the maximal admissible cone 9, for M(®) which
is compatible with A is given by

0, {{A 1=1a, 1 e M@); Z ATA A €Q

ij ' j
ij=1
for all Al 66, i-_‘l, ceey My ﬂ=1,2,°"}o

Next we define completely strongly positive maps of *-algebras. In our defin-
ition we use the following notation. Suppose Kisa complex linear vector space.
We denote by B(K) the space of all (conjugate linear—linear) bilinear forms on. X.
Each element ¢ € B(K) is a mapping of Kx K into the complex numbers. The
complex number associated with the pair {f, g} € KxX by ¢ is denoted by
(f|#|g). The form (f|plg) is linear in g and conjugate linear in f.

Definition 2.2, Suppose @ is a *-algebra with unit and Q,, is an algebraically
admissible cone for M(®). Suppose K is a complex linear vector space. A com-
pletely strongly positive map of @ on X (with respect to Q ) is a linear map b
of @ into BK) with the property that if {A; 1 €Q_ then

Z (14120

l]"

forall f; €X,i=1,2,....
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A map ¢ is a completely positive map of @ on X if

n
*
Z (i)l 20
for all /1.61(, Ai 6@, i=lyeceymnand n=1,2,---.
Note that in the infinite sum in the above definition there are only a finite
number of nonzero terms since A ij # 0 for only finitely many pairs of indices. We
now state Stinespring’s theorem for completely strongly positive maps.

Theorem 2.3 (Generalized Stinespring). Suppose @ is a *-algebra with unit
and Q_ is an algebraically admissible cone for M(@®. Suppose X is a complex
linear vector space and ¢ is a completely strongly positive map (with respect to
0,) of @ on K. Then there is a closed completely strongly positive (with respect
to Q ) *-representation of @ on a Hilbert space N and a linear map V of X into
D) such that

(flp(A)lg) = (v, m(A)Vg)

forall f,g €X and A €@ and {a(@)VK} is strongly dense in Din). Furthermore
the representation m is determined by the above requirements up to unitary equivalence.

Proof. For the proof of this theorem we will follow Arveson’s outline of a sim-
plified proof of Stinespring’s theorem with the slight modification necessary for our
case.

We begin by defining a bilinear form on the tensor product space @eK by the
relation if F = 2;;1 A,®f and G= E;"=l B,. ®g]. with A, B]. €@ and fs g; eK
for i=1y00eymy j=1,¢¢¢, m, then

(F, G) = Zl (1{647B)lg,).

i,j=

The fact that ¢ is completely positive insures that this inner product is positive
semidefinite on E ® K. Let N ={F ¢ @ ®K; (F, F) = 0}. We define the operator
7'(A) on @® K for each A €@ by the relation

7)) X A, ®f,= 2 AA, @[,

i=l i=1

Since ¢ is completely positive we have, for each F = 2;;1 A,®f ¢ @ eK,

n
o) =(F, 7P = X (fl(a7A4)If)
i,j=1
is a positive linear functional on @ (i.e. w(A*A) >0 forall A € ®). From the
generalized Schwartz’s inequality it follows that |w(4)]? < w(Dw(A*A) for all
A € @. Hence if w(l) = (F, F) =0 it follows that w(4* A) = (#'(A)F, 7" (4)F) = 0
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for all A € @. Therefore, 7'(A) maps N into itself for.all A €(.

Let D be the quotient space (& ® K)/N of equivalence classes of @ ® K
modulo N. We denote by [F] € D the equivalence class of all F' € @ ®K such
that F — F' € N. Since #'(A) maps N into itself, the mapping 7,(A) defined by
ﬂl(A)[F] [#'(A)F] is well defined on D forall A €@.

Let X be the Hilbert space obtained upon the completion of D with respect
to its inner product ([F], [F']) = (F, F'). We consider 9D as a dense subset of H.
Clearly, 7, is a *-representation on H with domain 9. Let 7 = 'ﬂ"'l be the closure
of 7. We have D is strongly dense in D(n).

We define a linear mapping V of K in D C D(#) by the relation V/ =[I® /1.
A straightforward computation shows that

(fl6(A)g) = (Vf, m(A)Vg)

forall f, g €X and A € @. We have {#(@)VK} is strongly dense in D).

Next we show that 7 is completely strongly positive. Suppose fAl.j} €g_C MQ).
Let n be the smallest integer so that Aij =0 if either i>n or j > n. Let r be
any positive integer and let

(a) F,= 21 B V],

with Bikee and /kGK for i=1,+++yn and k=1,--+, 7. We have that

Z (F,mAF) = 2 (B IV s wlA (B DVS)

ij=1 ijkl

Z</zk|¢(31k ij JI)I/]I)

ijkl

It follows from the fact that {A } €Q,, and the properties of admissible cones in
M(®) that the matrix Ci R)GD = szA z]B] (where the pairs (ik) and (jl) are con-
sidered as a single index) is in Q_. Since ¢ is completely strongly positive, we

have from the above equation

) Z (F,mA,)F)20.

ij=1
Since vectors of the form (a) for =1, 2,+++ exhaust 9, it follows that the above
equation is valid for all F; € 9. Now suppose F € D(m) for i=1,+++, n. Since
9 is strongly dense in fD(ﬂ), there are sequences iF €Di=1yeeynk=1,2,00-}
such that

1% -F||+Znn(A NE, - FIll =0

i=l
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as k — . Hence, we have
n n
,~,§1 (F,mAF)= Jim, ,-?:1 (F s A JF )20
forall F, € D), i=1,--+, n. Since {Aijl is an arbitrary element of Q_, we have
shown that 7 is completely strongly positive.

Finally, we show that the representation 7 is determined up to unitary equiva-
lence. Suppose that 7' is a closed *-representation of  on a Hilbert space X'
and V' is a linear mapping of K into D(n") such that {(f|(4)|g) = (V'f, #'(A)V'g)
forall f, g €K and A € @. Suppose further that {n'(DVK} is strongly dense in
D(x"). We show that 7 and =’ are unitarily equivalent.

We begin by defining a linear mapping U from D C D(x) to {n'(@V'K} by the
relation

n

Uy mavi =3 @4V7,
i=1 i=1
2 '

2 @@y, 74 V'1) =

ij=1 ij=

We have

n

> ”'(Ai)vlfi

i=1

U alA)vy, 2

i=1

n

(fJeatA )l

2 @4y, (4 vf) = ?,

ij=1

2 wA)vy,
i=1

Hence, U is well defined and isometric. Since U maps a dense set in H onto a
dense set in }', U has a unique extension to an isometry of X onto H'. We also
denote this extension by U. A straightforward computation (like the one which
showed U was isometric) shows U is bicontinuous from D to {#'(@)V'K} in the
induced topologies of D and {#'(D)V'K}. Since D(n) and D(z") are the completions
of D and {#'(®V'K} in the induced topologies, it follows that U maps D(7) onto
D(#"). From the construction of U we have UmlA)f = n"(A)Uf for all A €@ and

f€ D(n). Hence, 7 and 7' are unitarily equivalent. This completes the proof of

the theorem.

III. A generalization of Arveson’s extension theorem. In this section we prove
a generalization of a theorem of Arveson concerning the extension of completely
positive maps. In [1] Arveson proves that if S is a normed closed selfadjoint
linear subspace of a C*-algebra (@ with unit and the unit I € § and ¢ is a com-
pletely positive map defined on S then ¢ has a completely positive extension to
all of (. Arveson remarks that the requirement I €S can be weakened.
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We wish to prove Arveson’s theorem in a form which can be applied to algebras
of unbounded operators. In this case the unit I is no longer an interior point of
the cone of positive elements and the topological structure associated with a C*-
algebra is no longer available. For this reason we state and prove Arveson’s
theorem in a more abstract form which is independent of topology and algebraic
structure.

Suppose X is a complex linear vector space with a conjugate linear involu-
tion x — x* with the properties

(i) (ax + y)* = Ax* + y*,

(ii) x** = x,
for all x,y € X and complex numbers a. We denote by M(X) the space of all
finite matrices over X. Each element {xi].} € M(X) is an array %, €X for i, =
1,2,+++ with X # 0 for only finitely many pairs of indices. We define a *-opera-
tion on M(X) by the relation

. *
{xij}* =ty b if y;=x

forall i, j=1,2,++-. We denote by M(X) , the hermitian elements of M(X), those
elements such that {xi].} = fxz..}*.

Definition 3.1. We say a cone Q_ in M(X)r is admissible if

(1) Q,, is a cone inthat if {x; iy} €0, and A, p>0 then Mx A +ply Y eQ, .
(ii) If {xi].} €Q  and {al.].; i, j=1,2,+++} is an array of complex numbers
such that a; # 0 for only finitely many pairs (i, j) of indices and Yij =
ZP 121 T ;0% then by FeQ .

The definition of an admissible cone is the same as the definition of an alge-
braically admissible cone, as given in the last section, except that here we only
consider multiplication by scalars. It is clear that if X is a *-algebra then an
algebraically admissible cone is also an admissible cone.

As in the last section, if K is a complex vector space we denote by B(K) the
space of (conjugate linear—linear) bilinear forms on K.

Definition 3.2. Suppose Q  is an admissible cone in M(X)_ and X is a com-
plex vector space. A completely positive (with respect to Q) map ¢ of X on Kisa
linear map b of X into B(K) such that if {x;.} €Q  then

o0

) (f,l¢(x,,)|f,) 20

ij=
forall f €K, i=1,2,-.-
If 0 is an admissible cone in M(X)_ we say an element x = x* € X is in
0, (xe Qm) if the matrix {th.Sh.} €Q .
Definition 3.3. A symmetric (i.e. x €I implies x* €M) linear subspace &
of X is said to be cofinal n X (with respect to an admissible cone Q_ in M(X))
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if for every x=x* € X thereisa y=y* €0l with y €Q_and y-x€Q .

We can now state the main result of this section. We will show that if T is a
symmetric cofinal subspace of X with respect to an admissible cone Q_ in M(X),
and ¢ is a completely positive map of I on K then ¢ has a completely positive
extension to X as a completely positive map on XK. This result is a generalization
of Arveson’s theorem on extensions of completely positive maps on C*-algebras.

Lemma 3.4. Suppose W is cofinal in X with respect to an admissible cone
Q,, in M(X),. Then for every {xii} € M(X), there is an element {yi’.} e M@), (i.e.,
Yij €W for iyj=1,2,+++) with b’i;“ €Q, and {yiii - {xij} €Q .

Proof. The proof of this lemma is based on the fact that for each element
{xi,} € M(X), there are an integer 7 and complex numbers {a.,; i=1,2,+++, k=
1,¢e¢y n} (o, # 0 for only finitely many integers i) and x,=xf €X for k=1,
+s+y m so that

n
(a) %= 2 Byx 0.

k=1
We leave the proof of this result to the reader with the remark that once one has
proved the result for (2 x 2)-matrices in M(X)r the general result follows from the
fact that each {x; 1€ M(X), can be expressed as a sum of rank 2 matrices in M(X) .

Suppose I is cofinal in X and {xl.jl € M(X) ; then the %;; can be expressed

in the form (a) above. Since I is cofinal in X, there are y, =y} €Ml with Y €0,
and y, —x, €Q_for k=1,-++,n Let y .= 2:'].=1 T 4% ;Y then {yi’.} €0
and ly}-1x;} €0  from the properties of admissible cones. This completes
the proof of the lemma.

Lemma 3.5. Suppose X is a real linear vector space and {x, € X, a, €R;
a €} is a set of pairs of elements x, € X and real numbers a, indexed by the
set I. Let

i=1 i

n
N ={xex; x=-z )t'xa‘, )LiZO, i=1lyeeesm

i=1 t

n
aﬂdz )‘iaa<l’ ﬂ=l,2,"'},
i=1 4

n
Vl={x EX; X = Z Aixa,’ )\120, i=l, DO /|

n
and 3 Na, <-1,n=1, z,...}.
1

i=l
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If 0 is an internal point of S, then one and only one of the following statements
is true:

(a) There exists a real linear functional F on X such that F(xp) +a, >0
forall a €l.

(b) 0eV,.

Proof. If V, is empty then F(x) =0 satisfies statement (a) and statement (b)
is false. We will assume hereafter that V, is not empty.

Assume that both (a) and (b) are true. Then from statement (b) we have 0 =
2PN a; With A;>0 for i=1,-++,n and 27, A.a, <-1.If F is a linear
functxonal satisfying (a) then F(xa,) +ag, >0 for i= 1, +s n. Hence, we have

z A(F(x )+a )>0 F<Z ’\i"a,>2‘z Aa, >1.

i=1 i=1 i=1

Hence, F(0) > 1 which is a contradiction. Therefore, statements (a) and (b) can-
not both be true.

Next suppose 0 is an internal point of §; and §; and V, are disjoint. Since
§, and V, are convex sets one of which has an internal point, the basic separa-
tion theorem for convex sets (see [3, Theorem 12, Chapter V, p. 412]) assures us
that there exist a nonzero linear functional f on X and a real number ¢ such that
f(x)>c forall x €V, and f(x) <c forall x €S,. Since 0 is an internal point of
§, and [ is nonzero, it follows that ¢ > 0. Let Flx) = ¢ l/(x) for all x € X. We
claxm F satisfies statement (a). To this end suppose a,>0. Then - (a, + ¢~ -1y
€S, forall €>0. Then F(-(a, + 7 'x,) <1 which implies F(xa)+aa+62 0
for all > 0. Hence, F(x,) + a, >0 forall a €I with a, > 0. Next suppose a, > 0.
Then - a] lx, € V, and, therefore, F(- a; 1) > 1 which implies F(x,) +a,> 0.
Hence, F(x,) + a, > 0 for all a €. Hence, we have shown that if §; and V; are
disjoint, statement (a) is true. Hence, if statement (a) is false § 1 and V, are not
disjoint and there is an x € X which lies in both §, and V,, i.e.,

n
x=-Z)\lxa, x-z )Lx'B,
i=1 [ j=1
with )\i,)t].' >0 for i=1yeeeymny j=1y¢++ym and
n m
[}
Zhiaa.=51<l, E A’aﬁ.=825-1.
i=1 t j=1 J
We have 8 =- (31 + 52) > 0. Then we have

0=25"1 E Axg +0°1 Z /\xﬁ
o .

=1 j=1

and 8'1)\i20, 8"1)\; >0 fori=1,+++ynand j=1,-++, m and
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n m

-1 -1y -1

2 8 Mg, + 2 8 Nap =671, +5,))=-1<-1.
i=1 1 j=1 ]

Hence, 0 € Vl‘ Hence if statement (a) is false statement (b) is true, and this com-

pletes the proof of the lemma.

Lemma 3.6. Suppose M is a symmetric linear subspace of X which is cofinal
in X with respect to an admissible cone Q_ in M(X)r and ¢ is a completely
positive map of | on K. suppose xg=x5 €X and x, gM. Let M' be the span
of M and xo. Then there exists a completely positive map ¢ of W' on K which
extends ¢.

Proof. Suppose the hypotheses of the lemma are satisfied. In order to specify
an extension ¢' of ¢ it is sufficient to specify ¢'(x0). A completely positive
extension qS' exists if and only if there is a bilinear form qS'(xo) such that

00
ij=
for all f, € K, complex numbers a =0, %, = x:.‘i €M for i,j=1,2,+++ such
that {o x, + x,.} €Q . This condition is similar to statement (a) of the previous
lemma. _
Let K ® K be the linear space of all expressions y = 27, ]’; ® g; with

fi’gieK for i=1ye++,nand n=1,2,---. On K ® K we have the relations
(af+fV®@g=a7T@g+f ' '® s
[Olg+g' =af® g+ ® ¢

We define a *-operation on K by the relation
if y=37 [, ®g, then y*=37 1 2.® /-

T
Let Y be the real linear space of all y eK ® K such that y = y*. We assert
T 0@ /].) where
a;= a jit Furthermore, the element y in the above form is equal to zero (y = 0)
if and only if thefe are elements {gi €X; i=1,.++, 7} with r<n and a matrix

that each element y € Y can be expressed in the form y = %

W,-j; i=l,s«synand j=1,+++, r} so that 2;=1 Yii8; =/i and y*ay =0, i.e.,
n
z Veitayy;=0 forall i j=1,cceyr
k,l=1

Each element C € B(K) defines a linear functional F c on K ® X by the relation

Fc(y) = ;l (/ilc|g,‘)
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where y = 21_1 f ®g;
If C* is the hermitian adjoint of C € B(K) (i.e., (f|C*|g) = (g|C|/) for all
hge X) we have F C*(y) F C.(y"‘). It follows that each hermitian C € B(X)
(i.e. C = C*) defines a real linear functional on Y. In fact there is a one-to-one
correspondence between real linear functionals on Y and hermitian forms in B(K).
In terms of the real linear space Y the question of whether there is a hermi-
tian form ¢'(x°) satisfying condition (a’) is equivalent to the question of whether
there exists a real linear functional F on Y such that

(a“) F(y a.) +a, 2 0

forall y, = 2:’] 1 9y (/ ®f)eY, a;= z?;:l </i|¢(xij)|/j) where {a.x) +x.} €0y
and n=1,2,¢--, Let S, and V, be as in Lemma 3.5. We show 0 is an internal
point of §,. Suppose y = E" 1 (7 ®f ). Since I is cofinal in X, it follows
fromLemma34drattherexsan{x’¥eM(W) suchthatix eQ, and{x %o eQ .
Let a= 2:']_! ( f;19(x, )I f; ) >0. Thenif F is to sausfy condition (a ) above we
have F(-y) +a>0. Suppose 0<A<(a+1)"). We have Aa <ala + 1)~1. Then
from the definition of § 1 Ve have Ay €S | since Aa <1. Hence, 0 is an internal
point of §,.

Then it follows from Lemma 3.5 that either (a”) has a solution or 0 € Vl‘ Sup-
pose inequality (a") has no solution and, therefore, 0 € Vl' Since 0 € Vl there are
Y= 2’"(") a(k)ij/ ® fyr k=1y0eym, {x(k)l € M) , with {a(k), %o +x(k)} €Q,.
and numbers A, 20 for k=1,--+, 7 so that

n m(k)

El Ay,=0 and 2 E MLl ) <= 1.

k=1 ij=1
Let o vin = Akaklo’(k)ii and x;y0p = Akskr"ii . Then combining the pair of
indices (ik) into a single index i and the pair of indices (jl) into a single index
j (where now i, j=1y+++, m) we have
y= Z %l ®f= Zla(ik)(il)/ile ®/;=0,
ij=1

lo xg+x,; €Q with x,. =« €M for i, j=1,+++, m and

Z () <-1.

l]-.

Since y = 0, there are g, €K for i=1,++, r (with r<m) and a matrix {yi’.; i=
lyeeeymy y=1,000, 7} such that

r
/z=z Yi8; for i=1lyeeeym
j=l
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and (y*ay)i’, = 22"1=1 )—'kiaklykj =0 forall i, j=1,++, m. Now from the proper-
ties of an admissible cone we have

fy*ﬂaijxo +xyl=lz,leQ,
with 2= Erlgl 7“9‘“)/1].. Note the {aiixo} terms drop out since y*ay = 0.
We have

r

m
@tz )le) = T (v lolxlyg) = L (fi1ol )< -1.
ij=1 ikjl ij=1
But since {z;;} €Q_ this contradicts the complete positivity of ¢ on It and we
have reached a contradiction. Hence, inequality (a") has a solution. Hence,
inequality (a') has a solution and, therefore, ¢ has a completely positive exten-
sion to M'. This completes the proof of the lemma.

Theorem 3.7. Suppose M is a symmetric linear subspace of X which is
cofinal in X with respect to an admissible cone Q  in M(X) and ¢ is a com-
pletely positive map of W on K. Then ¢ bas a completely positive extension to
X, i.e. there exists a completely positive map @' of X on K such that ¢'|T = ¢.

Proof. The proof follows immediately from an application of Zorn’s lemma
to the preceding lemma.

IV. Standard representations of enveloping algebras of Lie algebras. In [4]
Nelson showed that there are selfadjoint representations of enveloping algebras
of Lie algebras which cannot be exponentiated to give a unitary representation of
the Lie group. In this same paper Nelson showed that a representation # of the
enveloping algebra of a Lie algebra can be exponentiated to give a unitary repre-
sentation of the Lie group if a certain second order elliptic element A of the
enveloping algebra is represented by an operator #{A) which has a dease set of
analytic vectors. In this section we show that a selfadjoint representation of the
enveloping algebra of a Lie algebra can be exponentiated to give a strongly con-
tinuous unitary representation of the Lie group if and only if the representation is
completely strongly positive with respect to an admissible cone Q_ which will
be defined shortly.

Throughout this section we will let G denote an arbitrary connected simply
connected Lie group and £(G) will denote its Lie algebra. We will let ({5
denote the universal enveloping algebra of £(G). Specifically if {X preer X bis
a basis for £(G) then ((G) consists of all noncommutative polynomials in the
X,'s modulo the relations

n
_ k
XX, -XX, = Z_jl C:Xe
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where the {Cf‘ﬂ are the structure constants of £(G) in this basis. We define a *-
operation on £(G) by specifying X* == X, for X, € £(G); i=1,--+, n.

If A € @(G) is an element of the enveloping algebra we denote by d(A) the
right invariant differential operator on the group manifold associated with A. The
mapping A — d(4) is a representation of ({(G) in that d(aA + BC) = adlA) +
dB)d(C) forall A,B, C € @(G) and all complex numbers a. It follows that the
mapping A — d(A) is completely specified once it has been specified for all
X € £(G). Let X — g(X) = exp(X) be the exponential map from £(G) into G. If f
is a C™-function on the group G we define 4(X) on f by the relation

f(g(tX)g) - f(g)

4

(dX))(g) = lim

t—0

For each strongly continuous unitary representation g — U(g) of G on a Hil-
bert space H there is an associated selfadjoint representation of @G) on K given
as follows. Let D(x) be the linear manifold of all C*-vectors for U(g), i.e. Dln)
consists of all f €} such that the mapping g — U(g)f is an infinitely differen-
tiable function of G into H. (We remark that it is enough to know that (f, U(g)f)
is a C™-function on G.) The C™-vectors D(n) form a dense linear manifold in X,
since D(x) contains the Ggrding domain which is well known to be dense in X.
The representation 7 associated with the representation g — U(g) is given by

mA)f = AUy, _,

forall A € A(G) and f € D(n) and e denotes the unit element of G.

One can easily verify that 7 is a *-representation of {(G) on H. We show =
is selfadjoint. Suppose / € D(z*). We will show that the function F(g) = (f, Ulg)f)
is a C™-function on G and, thus, { € D(x). Since D(x) is dense in K, there is a
sequence b, € D(n) such that b, — /I =0 as n— co. Let F (g) = (f, Ulg)h ).
Since U(g)D(#) C D(n) for all g € G and [ € D(#*) we have

(AF )g) = (f, (A)U(b ) = (" (A", Ulg)h ).

We then have that F(g) = (f, U(g)f) is the uniform limit of a sequence of C™-func-
tions and, furthermore, each differential operator d(A) with A € {(G) when applied
to this sequence produces a uniformly convergent sequence of functions. Hence,

F is a C™-function on G and, in fact,

(AA)E)(g) = (=" (4™, UGR)

forall g €G and A € ®(G). Hence, f is a C*-vector for U(g) and, thus, f € D).

Therefore, we have D(m) D D(#*) and, hence , D(n) = D(7*) and = is selfadjoint.
Definition 4.1. A *-representation 7 of ((G) on a Hilbert space H is said

to be standard if 7 is selfadjoint and 7 is associated with some strongly continu-

ous unitary representation of G on H in the manner described.
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Speaking more informally a standard representation of (A(G) is a selfadjoint
representation in which the operators - i”(xi) are essentially selfadjoint for
j=1,+++, n and can be exponentiated to give a strongly continuous unitary repre-
sentation of G on X.

Lemma 4.2. Suppose m is a standard representation of ((G) on a Hilbert
space X and m, is a selfadjoint subrepresentation of n. Then m is standard.

Proof. Suppose 7 and m, satisfy the hypotheses of the lemma. Since 7, is a
selfadjoint subrepresentation of =, it follows from Theorem 1.12 that there is a
hermitian projection E € (@' such that .rD(ﬂl) = ED(n). Since = is standard, we
have — in(X) is selfadjoint for all X € £(G) and if g — U(g) is the strongly con-
tinuous unitary representation of G to which 7 is associated then U(g(X)) =
exp(ﬂ(_X)) for all X € £(G) where X — g(X) is the exponential map from £
into G. It follows that U(g(X)) commutes with E for all X € £(G). Since each
g € G can be expressed as a product of g(X)’s, it follows that U(g) commutes with
E for all g € G. Let g — V(g) = U(g)|EX be the restriction of the representation
g — U(g) to the invariant subspace {EN}. Now, we have fD(ﬂl) = ED(n) consists
of the C™-vectors for V(g) and, for [ € fD(rrl),

m,(4)f = ala)f = dAW(|_, = dAWV | _,

Hence, 7, is standard. This completes the proof of the lemma.

The main result of this section is that a selfadjoint representation of @)
on a Hilbert space X is standard if and only if it is completely strongly positive
with respect to an algebraically admissible cone Q_ in M(®(G)) which we will
now define.

Definition 4.3. A complex (7 x n)-matrix valued function Ez‘j( -) defined on

the group G is said to be positive definite if

Z Z Lk ]l l](gzk g]l)>o

ij=1 ki=1
for all g, € G and complex numbers @, for i=1,+-+,n and j=1,+++, m where
m=1,2,¢--.
If g — Ulg) is a unitary representation of G on a Hilbert space } then the
(7 x n)-matrix valued function El.j (g) = (/l., U(g)/’.) with f. € Hfori=1y000ynis

positive definite since

Z Z [P ,I(/ U(glk g;l)/) = Z Z (aikU(gik)/i' ajIU(gjl)fj)ZO.

ij=1 kl=l ij=1 klsl
Conversely, Stinespring’s construction for completely positive maps (discussed in
§11) shows that if E, ( ) is a positive definite matrix valued function on G then
there is a unitary representatlon g — U(g) of G on a Hilbert space H and vectors
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/i eX for i= 1,¢¢+4 7 so that
El.j(g) = (fi’ U(g)[j).

Furthermore, if the matrix valued function E ij( +) is continuous the representation
g — U(g) may be chosen to be strongly continuous. Also, if the matrix valued
function E, ( ) is C* on G the representation g — Ulg) may be chosen to be
strongly contmuous and the vectors f; € H so that they are C™-vectors for the
representation.

We now define an algebraically admissible cone Q_ in M@(G)). Let Q,, be
the set of all {A i {= {Aij P € M(R(G)) such that

3 da, JE@

ij=1
for all positive definite (7 x 7)-matrix valued functions which are C* on G for
n=1,2,+++. One can easily verify that {4 ..l= {A ..l* €Q, if and only if

Z (f» A4, )f)>0

ij=1
forall f, € D(m) for i=1,2,+++ for all standard representations 7 of ®(G). From
this remark it follows that Q  is an algebraically admissible cone in MA(G)).
A *-representation 7 of (f(G) will be called completely strongly positive if
it is completely strongly positive with respect to Q_, i.e. if {A i = Mij e Q.
then

Z (fp A, )f) >0

ij=1
for all f, €D(m) for i=1,2,0+-.

The main result of this section is that a selfadjoint representation of ({(e)]
on a Hilbert space is standard if and only if it is completely strongly positive.
Before proving this result it will be useful to introduce what we shall call the
universal standard representation of ((G). This representation is constructed as
follows.

Let S_ be the set of all continuous positive definite (7 x n)-matrix valued
functions on G. For each E i'( e S, there is by the Stinespring construction
discussed in SII (see Theorem 2.4) a strongly continuous unitary representation
g — V(g) on a Hilbert space X and vectors f; € H for i=1,+++4n so that
E, (g) (> V(g)/) for g €G and i, j=1,+++, n and the linear span of {V(g)f;
g 6 Gy i=1y000, nl is dense in H. The representation g — V(g) is determined
by this requirement up to unitary equivalence. In summary for each E; ,.( )es n
there is a strongly continuous unitary representation g — V(g) of G. Let g —
U(")(g) be the direct sum of all such representations g — V(g), one for each
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Eij( e S, Finally, let g — U(g) be the direct sum of the representations g —
U‘™(g) for n=1,2,+++ and let K be the Hilbert space on which U(g) acts.

We call g — U(g) the universal strongly continuous unitary representation of
G. This representation has the property that if n is an arbitrary positive integer
and E; ( ) is a continuous positive definite (n x n)-matrix valued function on G,
then thete are vectors f; € K for i=1,+4+4n so that E, (g) (/ U(g)/) for all
g€Gand i,j=1,-+,m

Since g — U(g) is a strongly continuous unitary representation of G on a
Hilbert space K, there is an associated selfadjoint representation m, of ®(G) on
X which is constructed from the representation g — U(g) in the manner described
at the beginning of this section. We will call 7 the universal standard represen-
tation of ({(G). We note that an element {Aij i=1{A i P e M(Q(G)) is in Q,, if and
only if

Z (pm(A0)20

ijal
forall f, € fD(nu) for i =1, 2,+++. This follows from the definition of Q,, and the
universal property of the representation g — U(g).

Let &u = ﬂu(&(G)) and let 3" be the *-algebra generated by &u and the
unitary operators U(g). This algebra will be of importance to us later in this section.
We will construct %u more explicitly as follows. Each element g € G induces
a linear transformation T, of the Lie algebra £(G) C Q(G) by the relation

Ulghr (X)U(g)~1 = 7 (T (X))

for all X € £(G) C ®(G) and g € G. It follows that each element g induces a *-
automorphism o, of @(G) by the relation

Uz (A)U(g)~! = n La(4)

for all A € A(G) and g € G. With the aid of this group of automorphisms {a } we
define the elements of B, and operations in B, . Each element A € B can be
expressed in the form A = 2" 1 7 (A )U(g ) with A, € ¥(G) and g € G for i =
lyeeeyn. If B= 2"’1 nu(B )U(g ) thh B e @(G) and 8; €G for j=1lyeee,m
then we have for the operations in %u

A*= Z Ulg)V'n (4)* = Z Ulg; D (A7)

i=1 i=1

Y (a. (@

i=1
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and

=2 X2 (4)U(g)m (BIUG) = 2 Z m (4.0 (B Dulgg)-

i=1 j=1 i=1 j=1

We define Q’:l to be the natural algebraically admissible cone in M(B ) An
element {A gl=ta €M(B) isin Q_ if and only if 2 (7 Au’;)>0 for
all f, € 9(77 ) for i =1,2,.... One easily checks that Q. is an algebraically
admissible cone in M(B ) We take the order structure in M(@ ) to be the order
structure inherited from “ue Q- Ve note that if {4, 1=14 1 € M(Q(G)) then
4;;1eQ, if and only if {m, (A Bl €Q,.

Next we note that @ is cofmal in 3 with respect to the cone Q To see
that this is so, suppose A A* € Bu As we have seen, A can be expressed in
the form

A= Z g (A )U(g )
i=1
with A, € (G) and g; €G for i=1,.++, m. Since A = A¥, we have
A= 2 Ug; Hr (A7),
i=1

Hence, we have

-1 z; (n (4)U(g,) + Ulg; D (A7),

iz

N

Now, we have
(7 (A D-ulg i))*(rru(A’:) - Uu(g)
=n(AA7) - n (A)U(g) - Ulg7 N (A + 1.

Hence, we have 7 (A A%+ 1) € Q. and
* -1 * '
n(AA7+D-n(A)U(g)-U(gT ) (A7) €Q! .
Let B=37 YnlA A*+1). Ve have B e@u; B€Q' and

- =% i (= (A AT +D - (4)U(g) - u(g;‘)nu(Aj)),
i=1

Hence, B—- A € Q”l and @u is cofinal in B .
We now prove a lemma which will be useful in the proof of the main theorem
of this section.
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Lemma 4.4. Suppose n is an order preserving *-representation of ?3 ona
Hilbert space N, where order preserving means A € B, and (f, Af)>0 /or all
f €Dn ) implies (g, m(A)g) >0 forall g € Vn). Let qS(A) 17(77 (4)) for all
Ace€ &(G) and let V(@) = V). Then ¢ bas a standard extenszon, i.e. there is a
standard representation ¢' of ®(G) on N such that ¢' D .

Proof. Suppose 7 and ¢ satisfy the hypotheses of the lemma. We show ¢
has a standard extension.

Let X — g(X) = exp(X) be the exponential map from the Lie algebra £(G)
into the Lie group G. Let X € £(G) and let C(¢) = U(g(tX)) =1 -tm (X) for all
real t. We have C(1) € 93 and we will show C()*C(2) < Yt*n (X“) Let e {E();
— 00 <A<+ oo} be the spectral resolution of the selfadjoint operator_—-iﬂu(X)
which is the generator of the one-parameter group U(g(:X)) = exp(tm (X)). Then
we have from the functional calculus for selfadjoint operators

@712 = ¢, c@*en) = [*7 1™ 1~ i dlf, EQ)Y)
forall [ € 9(17"). Since |e'A ~ 1 - itA| <%A%:? for all real A and ¢, we have
IcWrl? < [*7 he'\Say, EQf) = %4, 7 (X))

Hence, we have C(2)*C(z) < Yt*n (X*) for all X € £(G) and all real :.
- u

Since 7 is an order preserving *-representation of ‘Bu, we have
lcNfI1? = {f, HcD* ) <% 1X(y, ala (X))
=Yt *(f, pXNP = 4 (X D)f )2

for all f € D(n). Let V(g) = m(U(g)). Since m is a *-representation of B, we have
g — V(g) is unitary representation of G. We have m{(C(2)) = V(g(¢X)) = I - t(X).
Hence, we find from the above inequality after dividing by ¢ that

(a) =1 (v(g(ex) - Df - 67 || < %1l gx D)y |

for all X € £(G), f € D(n) and all real ¢ £ 0. It follows immediately from this
estimate and the fact that V(g)D(z) C D(x) for all g € G, that the function V(g)f
is a Cl-vector function on G and dXIWV(g)f = p(X)V(g)/ for all f € Dn), g€G
and X € £(G).

Since $(X)WV(g)f = V(glpla _ (X))f € D) forall g €G and a~1(X) depends
analytically on g €G, it follows that one can obtain an estimate similar to (a)
for the derivatives of $(X)V(g)f. It follows then that V(g)f is a C2-vector func-
tion on G. Continuing in this way one can show V(g)f is a C™-vector function
on G and dAWV(g)f = #(AIV(g)f forall A € X(G), g €G and f € Dn).

Hence, every vector { € D(n) is a C™-vector for the representation g — V(g).
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Since the representation g — V(g) has a dense set of C*-vectors, this representation must
be strongly continuous. Let ¢ be the standard representation of ((G) associated with the
representation g — V(g) in the manner described at the beginning of this section. We have
that the domain of ¢’ consists of the C*-vectors for g — V(g) and

'(A)f = d(A)V(g)flgze
for all f € D(¢') and A € A(G). Hence, D@") D D(n) = Dp) and ¢' D ¢. Since ¢’

is standard, the proof of the lemma is complete.
Remark. With a little more work one can show ¢* of Lemma 4.4 is standard,
and with quite a bit more work one can show the closure of ¢ is standard. How-

ever, we will not need these results in the following.

Theorem 4.5. Suppose w is a selfadjoint representation of X(G) on a Hilbert
space J. Then w is standard if and only if w is completely strongly positive.

Proof. It follows immediately from the definition of Q,, thata standard
representation of ({(G) is completely strongly positive.

Suppose then that 7 is a selfadjoint completely strongly positive representa-
tion of ({(G) on a Hilbert space H. We show # is standard. We begin by showing
the kernel of 7 contains the kernel of 7_, the universal standard representation of
@(G), and, therefore, using 7 we can define a selfadjoint representation ¢ of
@, =7 (QG)).

Smce 7 is completely strongly positive, we have A €Q_ (i.e., {ASIIS teQ,)
implies m(A) > 0. It is a property of the universal standard representation 7, that
A €Q  ifandonlyif 7 (A)>0 Hence, if 7 (A) 0 we have A €0 and — A €Q
and, therefore, 7(A) >0 and a(- 4) > 0. Hence we have 7 (4) =0 implies m(A) =0.
Let a be any mapping of (f =m, (@(G)) into (€(G) such that g (a(A)) A for all
A€ @ Let ¢ be mapping of @ into operators defined on fD(ﬂ) given by ¢(4) =
(a(4)) for all A € @,. We note ¢ is independent of the choice of the map a
since if 7 (CL(A)) =7 (a'(A)) A then 7w (a(A) a'(4)) = 0 and, hence, n(a(4)) =
n(a'(4)). Since 7 is a selfadjoint representation of @(G), it follows that ¢ is a
selfadjoint representation of @ on H with domain ED(¢) D). We note that
¢(m (A)) = n(A) for all A € Qo).

Since 7 is completely strongly positive with respect to Q. it follows that
¢ is a completely strongly positive map with respect to Q:n of &u on D).

Note that since ¢ is a representation we can consider ¢(A) as an operator on
D(#) as well as a bilinear form on D) x D(x) for each A € A(G), i.e. (f, p(A)g) =
(71p(A)|g) forall f, g €D(w) and A € @(G). As we have seen, @, is cofinal in
%u with respect to Q"n. Therefore, by Theorem 3.7 there exists an extension ¢’
of ¢ to ‘Bu as a completely strongly positive map of 8:4 on D(z). Let &' be
such an extension. It follows from the Stinespring construction (see Theorem 2.4)
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that there is a closed completely strongly positive *-representation 7' of %u on
a Hilbert space {' and a linear map V of Dw) into Dm’) such that

(a) (11" (Wlg) = (vf, 7'(A)Vg)

forall f, g €D(w) and A € B, and {n’(%u)Vﬁ)(ﬂ)} is strongly dense in Dz"). Let
n"(A) = a'(w (A)) for all A € (G). Since 7' is completely strongly positive and,
therefore, order preserving, it follows from Lemma 4.4 that 7" has a standard
extension 7,. Suppose 7, is a standard extension of 7"y i.e. m J n".

We will show that 7 is unitarily equivalent to a subrepresentation of ;. Now
we have VD7) C D(x") = D=") C fD(rrl). For /, g € D(w) and A € Q(G) we have

(1, n(4)g) = (flp(m (A)]g) = ({1 (m (4))]g)
= (v}, a'(z (A)Vg) = (v, a"(AWVg) = (Vf, m,(A)V)

where the first equality follows from the definition of ¢, the second from the fact
that ¢’ extends ¢, the third from equation (a), the fourth from the definition of
7" and the fifth from the fact that ™ D #". Hence, we have

(b) (1, n(A)g) = (vf, = (A)Vg)

forall f, g € D(w) and A € Q(G).

Setting A =1, we find V is isometric. Using equation (b) one easily computes
that ||7,(A)V/f - va(4)f]|? = 0 for all f € Dlm) and A € A(G). Hence, it follows
that {VD(#)} is an invariant subspace for 7, and nllivﬁ)(n)} is unitarily equivalent
to 7. Since 7 is selfadjoint, 171HV9(11)} is selfadjoint. Since ﬂlI{VfD(rr)l isa
selfadjoint subrepresentation of a standard representation of ((G), it follows from
Lemma 4.2 that NII{V@(ﬂﬂ is standard. Hence, 7 is unitarily equivalent to a
standard representation of ®(G) and, hehce, 7 is standard. This completes the
proof of the theorem.

V. Centrally positive operators. In [4] Nelson constructed an example of two
essentially selfadjoint operators A and B defined on a common dense invariant
domain D such that A and B commute on 9 but the spectral projections of
A and B fail to commute. It follows from Nelson’s example that for a selfadjoint
representation 7 of a *-algebra @ and a hermitian element A in the center of
@, 7(A) need not be affiliated with 7{®)". In this section we give a necessary and
sufficient condition that 7(A) be affiliated with m(®)' where A = A* €@ and 7 is
a selfadjoint representation of @ on a Hilbert space. The condition is expressed
in terms of an order structure on M((). This result is then used to characterize
standard representations of commutative *-algebras in terms of an order structure.

From now until the end of the proof of Theorem 5.3 we let @ denote an arbitrary
*-algebra with unit. Let Q,,, be the minimal algebraically admissible cone in



286 R. T. POWERS

M@, i.e. 1A, 1=1A, ¥ €0,  if and only if
n
- Z T g’ B
lz
k=1 =1
with {B(k)} € M(@®) for k=1,-+-, n. We have {A, ;1 €0y, if and only if {4, Vs
a finite sum of positive terms iB(k)i*{B(k”

Definition 5.1. Suppose 7 is a *-representation of a *-algebra & on a Hilbert
space H. We say a hermitian operator ﬂ(A ) with A, =A% € @ is centrally posi-
tive if the following is true for all m =1, 2, cee  If {A(k)} = fA(k)}* € M(®) for
k=0y1,¢v«y,m and

k=0

{ 2 k4 gf’} ={AW), 10,

for all real A then
m 0o
k (k
Eo E,l (/, magra®Ny) > 0

for all f, D) for i=1,2,:--

More informally, 7(A 0) is centrally positive if # maps pointwise positive
polynomials in A= A} € @ with coefficients in M(() into positive elements of
M(m{(®)). We will show that if 7 is a selfadjoint representation of a *-algebra @
with unit and A | = A € @ then 7(4) is affiliated with (®)" if and only if m{(A,)

is centrally positive.

Lemma 5.2. Suppose w is a selfadjoint representation of a *-algebra Q@ with
unit on a Hilbert space . Suppose A, =A% € Q@ and ﬂ(Ao) is affiliated with
Q). Then v(Ao) is selfadjoint.

Proof. Suppose 7 and A, satisfy the hypotheses of the lemma. Let E, and E_
be the projections onto the def1c1ency spaces of m(A ), i.e. E Hc fD(n(A ) ) and
A *E, =4 iE,

Smcc 7 is selfad;omt, (@)’ is a von Neumann algebra. Since 4 ) is affil-
iated with #(®@)’, we have E, € n(®)'. Hence, we have (/, E rr(A)g) (ﬂ(A*)/, +g)
forall f,g € Dln) and A € G In particular we have for all f, g € D)

(f, E,) == ilf, n(A))*E 1g) = — ilm(A4 ), E o)
=-HE.f, MAy)g) = - iaA )E f, g) == (E,f, g) == (f, E g

Hence, (f, E, g) = 0 for all f, g € Dn). Since Dn) is dense in K, we have E, = 0.
A similar computation shows E_ = 0. Hence, the deficiency spaces of rr(A ) are
both null spaces so ﬂ(A ) is selfadjoint. This completes the proof of the lemma.
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Theorem 5.3. Suppose m is a selfadjoint representation of a *-algebra Q@ with unit
on a Hilbert space H. Suppose Ay =Af € Q. Then ﬂ(AO) is affiliated with n(®)'
if and only if ﬂ(AO) is centrally positive.

Proof. Suppose 7 is a selfadjoint representation of @ on a Hilbert space K
and Aj = A* € @. First we assume ﬂ—(A_S is affiliated with #(®)'. Then, from
Lemma 5.2, 1r(A o)_is selfadjoint. Let {E()t) — 00 < A + oo} be the spectral resolution
of m(A ) Since ﬂ(A ) is affiliated with #(®)’, we have E(\) € (@)’ for all real
A Suppose m is a positive integer and {A(:” = {A(z’;)i* eM®) for k=0,1,:4,m
such that

{g AME?’} ={AM), Y eQy,

for all real A. Let r be the smallest integer so that A(i;) =0if i>ror j>r for
k=0,1,-++, m. Suppose [, € D(#) for i=1,+++, r. We have by the spectral
theorem

X (f, Mabaal¥y)

0 ij=1

Ma

k

S3 [T Ak { T/ EQna®y )}
k=0

ij=1

The above integral can be approximated to arbitrary accuracy by Riemann sums of
the form

Ms

2

1=1 k

> R)K/, (BA) - Gy la®))

ij=1

1]
o

0 M'o

m r 14
2 z QM A ) = Z‘i a
k=0 ij=1 l=

where [, = (E(A ) - E()\ ))/ € Nn) since E( ) E()\ ) is a projection in
(@' and X is chosen in the interval [A,_,, )t] We have =r (X )"A“"}
{A(X) } € Qo for I=1,-++, p. Since Q,  is the minimal algebtalcally admls-
sxble cone in M(®) and 7 is a *-representation of @ and, therefore, completely
positive (completely strongly posmve with respect to O, ), we have

Z Z (IR ﬂ(A(k))/ )>0
k=0 ij=1

for I=1,..+, p. Since all of the approximating Riemann sums are positive, we
have
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5_‘, ):‘, (f MADRATNf) > 0.
k=0 ij=1

Hence, n(A ) is centrally positive.

Next, suppose m(A ) is centrally positive. We will show wA) ) is affiliated
with 7(@)’. We begin by showing MAA - AjA) =0 forall A e@ To this end
suppose A = A* € @. Clearly A2 4% + zm + 1 =4 +D*0A4 + D eQ,  forall
real A. Since m(A ) is centrally positive, we have

(f, MAa2A? + 24,4 + DN 20,  (f,mA2A2-24,4 + D) 20,

for all f € D(n). Subtracting these equations we obtain that (f, n(4; A)f) is real
forall { € D(w) and hence (4 A) is hermitian. Hence, we have (4 0A) =
(4, A)%) = (A*A¥) = (A A ) for all A = A* € Q. By linearity it follows that
mMA,A)=nlAA)) forall A €.

Let B, be the *-algebra of all mappings A — F(A) of the real line into @ of
the form F(A) = 2:’21 qi()t)A ; with A, € @ and ¢ ;(A) a continuous polynomially
bounded function of A for i=1,+<+, 7 and »=1, 2,+++. The algebraic operations
in Bl are defined to be the pointwise operators, i.e. if F}, F, € Bl and a is a
complex number then

(aF, + F))Q) = aF, () + F, (),
(F,F,)N) = F,WF,R),
Fi0) =F 0,

for all real A. We define the algebraically admissible cone Q  in SBI by the state-
ment: {F, }= {Fii P €Q_ if and only if {Fij()t)} €Q,,, for each real A. One can
easily check Q0 is an algebraically admissible cone.

Let (il be the *-subalgebra of % of all polynomials, i.e. (il consists of all
F of the form F(A) =37 A\*A, with A €@ for k=0,1,--,mand m=1,2,.-.

It is easily seen that &1 is cofmal in B with respect to Q . In fact, suppose
=F* €B,. Then F can be expressed in the form F(A) = 2:;1 q{MA, with
A =Ate @ and g, real polynomially bounded functions. Let p; be real poly-
nomxals such that p,(A) > |¢, ()| for all real A, Let G(A) = 27 Api()\)(A;‘.’ + .
Clearly, we have G 6@1. GeQ and G- F €Q_. Hence, &l is cofinal in B,.
Ve define a *-representation 7, of & on H as follows. Let Na,) = D=
and for F(A) = 27 A% 4, we defme

ﬂl(F) =7 (E) A(’;Ak>.



SELFADJOINT ALGEBRAS OF UNBOUNDED OPERATORS 289

Since m(A A) =mAA) for all A €(, one can easily check that , is a *-repre-
sentation of @1 on .

Since m(A) is centrally positive, it follows directly from the way Q  was
defined that 7, is completely strongly positive with respect to Q_. Since al is
cofinal in Bl’ it follows from Theorem 3.7 that 7, has an extension ¢ as a com-
pletely strongly positive map of 81 on fD(nl) = D). Let ¢ be such an extension.
By the Stinespring construction, Theorem 2.4, there is a *-representation qSl of
Bl on a Hilbert space }(l and a linear map V of fD(ﬂl) into fD(d:l) such that

(a) (fl(A)lg) = (v{, ¢,(4)Vp)

forall A €8, and f, g € Dm)) and {¢,(B,)VD(x))} is strongly dense in D).
Let 7,(4) = ¢,(4) forall A €@, and Dx,) = D)), i.e. 7, = ¢1|&l. Ve
have VD(r)) C Dg,) = Dr,) and

(Vf, my(AVg) = (Vf, $,(AWVg) = (/1¢(A)lg) = (flm,(A)|g) = (/,  (A)g)

forall f,g € fD(rrl) and A € @'l’ where the first equality follows from the fact that
m, = qSlIGl, the second follows from equation (a), the third follows from the fact
that 7, = ¢!Gl and the fourth follows from the fact that (f|r,(A)|g) is the bilinear
form derived from the operator 7,(4). Hence, we have

(b) (vf, m,(A)g) = (f, m,(A)g)

forall f, g 69(171) and A € Ctl.

Setting A = I in equation (b) we find V is isometric. Using equation (b) one
can compute that ||7,(A)V/ - Vr,(A)/|2 =0 forall f € Nr,) and A €@,. Hence,
it follows that {VD(m)} is an invariant subspace for 7, and fr2|foD(1rl)l is unitarily
equivalent to 7, i.e. 7,(A)Vf = Va, (A)f for all f 69(171).

Since V is an isometric mapping of fD(rrl) into 3)(172), V has a unique exten-
sion to a linear isometry of H into }(1. We also denote this extension by V. Let
G = (A + I and G=Y(N) = (A + )~ for all real A where G €@, C B, and
Gle Bl and both G and G~! are in the center of %l' We have I - (G-1)*G™! €0,
and, hence, ¢,(G™!) is a bounded operator (in fact, we have ||¢1(G'1)|| <1). Let
C=V*¢,(G™ ll)V. We show C €7,(@,) and (f, Cr (G)g) =/, ) forall f, ¢ € D).
For f, g € D(w)) we have

(f, € (A)g) = (1, V¥¢,(G~ NV (4)g) = (v, ¢,(G™ V), (A)Vg)
= (Vf, $,(G=Ng,(AWVg) = (V/, ¢,(4)p,(G~1IVp)
= (74N}, ¢,(G=NWVg) = (v, (A%, 6,(G=NVg)
= (,(4™), Cp)
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and
(f, Cm (G)g) = (f, V*qSl(G" 1)Vﬂl(G)g) = (vf, ¢1(G'1)72(G)Vg)

= (v}, $,(G™1e,(G)Vg) = (V], Vg) = (/, o).
If F(\) = A for all real A then m,(F) = n(4). Since C €m,(@,)’, it follows
that C € n(®@’. Since m,(G) = w4 + il), it follows that

(f, (A, + iDg) = (f, o)
for all /, g € D(n). Since C €n(®)' and 7 is selfadjoint, we have CD(#) C D(n) and
CW(AO + l')g = 77(.40 + lI)Cg =g

for all g € D(n). It follows from this equation that ﬂ(AQ + il) has dense range in
X and, hence, mA + i) has range all of K. Hence, mA, + iN~! exists as a
bounded operator.

From the above equation we have

Cg=mlAy +iD~1nlA ) +i)Cg=nlA + iD= 1g

for all g € D(n). Since C and n(4, +iN)~! are bounded and ed and () is dense in K,
we have C =4, +i))~1. Since C en(@', we have 1r(A + il) is affiliated with
m(®)'. Hence, n(A) is affiliated with (@)'. This completes the proof of the theorem.

Theorem 5.3 can be used to characterize standard representations of commuta-
tive *-algebras in terms of an order structure. The details are as follows.

In [5] it was shown that for a selfadjoint representation 7 of a commutative
*.algebra (@ with unit on a Hilbert space H the following statements are equivalent:

(i) mA)* = 7(4) for all hermitian 4 € Q.
(ii) m(A)* = n(A*) for all A €@.

(iii) 7(®@)" is commutative.

We say a *-representation 7 of a commutative *-algebra (@ with unit is stan-
dard if 7 is selfadjoint and satisfies any one and, therefore, all of the above con-
ditions (i), (ii) and (iii).

Definition 5.4. Suppose 7 is a *-representation of a commutative *-algebra @
with unit on a Hilbert space H. We say 7 is completely strongly positive if the
following statement is true for all n, m =1, 2,+-.

Suppose Pl.j (xl, cey xn) are for each 7, j =1,+++4, n polynomials in the m
real variables x5+, x with complex coefficients such that for each point
(xyseeey %) €R™ the (n x m)-matrix o =P, (x,+++, %) is positive
(i.e. 21]31
iz=lyeee,m and P, =P (Al’ ++»A ) are the polynomlals P, (xl, *»x ) com-

clc >0 for all complex numbers c; ). Suppose A= A* €@ for

posed with the A, replacmg the x, and suppose f; € D), i = 1, +» n. Then it
is true that 2:’121 (/s "(Pu )f]) >0.
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Although the above definition is somewhat lengthy the basic idea is simple.
A completely strongly positive *-representation of a commutative *-algebra is one

which maps positive matrices of elements of ( into positive matrices of operators

on D).

Corollary 5.5. Suppose B is the free commutative *-algebra on s bermitian
generators, Cyy Cyye05 Cy iee. B consists of all polynomials P(Cl,o ooy Cs) in
Cyseevs C . Suppose m is a selfadjoint representation of B on a Hilbert space
H. Then n is standard if and only if n is completely strongly positive.

Proof. First suppose 7 is a standard representation of B on a Hilbert space
K. Suppose 7, m > 1 are integers and P, (xl, ey X ) are, for each i, j= 1,04, m,
polynomials satisfying the statement in Defmmon 5. 4 Suppose A, = At e @ for
i=1,-++, m. Since 7 is standard, we have n(A ) is selfad)omt for i= 1,- ey m,
Let {E, (A), = 00 <A <+ o} be the spectral resolutlon of 77(A A ). Since n(®"
commutative and E (A) € #(®@)", we have that {E,(); — < )t Kooy i=1ye0e, m}
forms a commuting set of operators. Lei(_)\l, ceey Am) = El()\l)Ez(Az) ces Em()tm)
be the joint spectral resolution for the (A ,), i = 1,+++, m. Then, if P =
Pij(Al’ ceey Am) and f, € D7) for iy j=1,+++, n then it follows from the spectral
calculus that

):(/ w(P)f) = f z PNy +ee A )d(f, EQy «ee A ).

ij=1 ij=1
Since d(/l., E()Ll, ceey )\m)/’.) is a positive matrix valued measure on R™ and
Pij()\l «++A_) is a positive matrix valued function on R™, it follows that the above
quantity is nonnegative. Hence, 7 is completely strongly positive.

Next, suppose 7 is a selfadjoint completely strongly positive representation
of B on H. It follows directly from the definitions of centrally positive operators
and completely strongly positive representations that #(C)) is centrally positive
for each ach generator C C* €B for i= 1, +y s. Then it follows from Theorem 5.3
that #(C ) ) is affxlxated w1th n@' and ﬂ(C ) is selfadjoint for each i=1,+++,s.
Let {E, ()t) — 00 <A<+ oo} be the spectral resohmon of f(C) ) for i=1y0044s.
Since is affiliated both with 7(®)' and #(®@)", it follows that E, ()\) en(@®"
n n@’ for all i=1,:-+, s and all real A. Since the C, generate B, the El()t)
generate 7((®)" as a von Neumann algebra. Hence, n(()" is generated by a commut-
ing set of operators. Hence, #(®)" is commutative and # is standard. This com-
pletes the proof of the corollary.

We now extend this corollary to all commutative *-algebras with unit.

Theorem 5.6. Suppose @ is an arbitrary commutative *-algebra with unit and
7 is a selfadjoint representation of @ on a Hilbert space X. Then n is standard
if and only if w is completely strongly positive.
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Proof. First suppose 7 is a standard representation of & on K. Repeating
the first part of the proof of Corollary 5.5 which never made use of the fact that
B was finitely generated we find 7 is completely strongly positive.

Next, suppose # is a selfadjoint completely strongly positive representation
of @ on H. We show 7 is standard.

Suppose Ay =A% €@. We show (A ) is affiliated with m(@)'. Let B be
the free commutative *-algebra on 7 + 1 hermitian generators, Cpr Cpso+*sCps
i.e. 81: consists of all polynomials in the Cjs C5¢++5 C .

Suppose S =1{A;,+++, A} is a finite set of hermitian elements A = A} e@®

n(s)
for i=1,+++, n(s). Let 7_ be the *-representation of B ) on K such that

N ) = Dx) and

ﬂs(P(Co’ Cl’ ceey Cﬂ(s))) = P(”(Ao), ﬂ(Al), ceey "(An(s)))
forall P € %n(s), i.e. m_ maps each polynomial in the C, into the corresponding
polynomial in the #(A ). Since # is completely strongly positive, 7 is completely
strongly positive. As remarked in the proof of Corollary 5.5, since 7 is completely
strongly positive # S(A 0) is centrally positive. Since = s(Ao) is centrally positive,
it follows from the proof of Theorem 5.3 that there is a bounded operator C_ on K
such that C_ € ﬂs(%n(s))' and

(. Cs”s(co +iDg) = (f, g)

for all f, g € Dz ) = D(w). (Recall that in the proof of Theorem 5.3 the selfadjoint-
ness of 7 was not used until after C was constructed.)
From the definition of 7, we have

(, C s"(A i)g) = ({4 1.)[, c sg) and (f, C s1:'(A ot iDg) = (f, g
for all f, g € D(w) and A= A’l!‘ €S for i=0,1,+++,n(s). Let ms be the complex

linear span of {Aoa Apseres A,,(s)h
Then, we have

(a) (f, ¢ mlA)g) = (A, C_g)
and
(b) (f, C A, + iDg) = (f, g)

forall f, g € D(x) and A €% _. Hence, for each finite set S of hermitian elements
of @ there exists an operator C_ on K such that ICll <1 and C_ satisfies

(a) and (b) above. By the axiom of choice there exists a net § — C_ of such oper-
ators where the sets S are ordered by inclusion. Since the unit ball of B(H) is
compact in the weak operator topology [2, Chapter IV, $2, Theorem 1, Corollary 3],
the net {C s? has at least one cluster point in the weak topology. Let C be a
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cluster point of the net S — C . We claim C €n(®)'and CnlA + il)f = f for all
/€ D(m).

Since (f, C_mA +iDg) = (/, g) forall /, g € D) and all §, we have
Cs"(Ao +il)g =g for all g € D(n) and all finite sets S. Since C is a cluster
point of the net § — C_, it follows that Cm(A + il)g = g for all g € Dn). Next
suppose A €@, f, g € D(w) and € > 0. Since C is a weak cluster point of the net
§ — C, there is a finite set § such that 4, A* e?)ls and

1AM, (C-C g <e/2, |, (C - ImA)g)| < e/2.
Combining these inequalities with equation (a) we find
|(4™), Cg) -~ (f, CalA)g)| < e.

Since € is arbitrary, we have (#(A*)f, Cg) = (f, Cn(A)g) for all f, g € D(n) and
A € @. Hence, C €n(®@)’ and Cﬂ(Ao +iDf = { for all f € D(n). Since 7 is self-
adjoint, we have CD(7) C D(#) and hence

CalA, +iDf = n(A ) + il)Cf

for all f € D(m). As shown in the last part of the proof of Theorem 5.3 the above
equation implies C = TT(A + i)~ and hence n(4 ) is affiliated with #(@)’. By
Lemma 5.2 it follows that a(4,) ) is selfadjoint. Hence, we have for each hermi-
tian A, —A e@®, n(4) ) is selfad)omt. Hence, 7 is standard, and this completes
the proof of the theorem.
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