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ABSTRACT. We use the correspondence between G-invariant connections
on a reductive homogeneous space G/H and certain nonassociative algebras
to explicitly compute the pseudo-Riemannian connections in terms of a Jordan
algebra J of endomorphisms. It is shown that if G and H are semisimple Lie
groups, then J is a semisimple Jordan algebra. Also a general method for
computing examples of J is given.

1. Introduction. In this paper we present many algebraic results that are re-
lated to the differential geometry of homogeneous spaces and we now give some
background results. Thus, let G be a connected Lie group with Lie algebra g
and H a closed (Lie) subgroup with Lie subalgebra b. The pair (G, H) on (g, b)
is called a reductive pair if there exists a subspace m of g such that g=m + b
(direct sum) with (Ad H)m C m; that is, in terms of the algebras [, m] Cm. The
corresponding homogeneous space G/H is called a reductive homogeneous space.
In this case if we also have [m, m] C b, then (g, b) is a symmetric pair and G/H
is a symmetric space. We shall be most interested in the case when (g, b) is
not a symmetric pair.

In [7] there was established a correspondence between G-invariant connec-
tions V on a reductive space G/H and certain nonassociative algebras (m, a)
where a is a bilinear multiplication function on m as follows.

Theorem. Let G/H be a reductive homogeneous space with fixed Lie alge-
bra decomposition g = m+ b with (Ad Hym C m. Then there is a one-to-one cor-
respondence between the set of all G-invariant connections V on G/H and the
set of nonassociative algebras (m, a.) so that Ad H is contained in the automor-
phism group of (m, a); that is, (Ad P)a(X, Y)= a((Ad P)X, (Ad P)Y) for all
PeHand X, Y €m.
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If the G-invariant connection V on G/H is a pseudo-Riemannian connection
that is induced by a nondegenerate form C on m, then the algebra satisfies the
following conditions; see [4], [7]. The mappings a(X): m — m: Y — a(X, Y)
are C-skew symmetric for all X € m and the mappings Ad Prm —m: Y —

(Ad P)Y satisfy C((Ad P)X, (Ad P)Y) = C(X, Y) for all X, Y € m and

P € H, Thus by '‘differentating’’ the automorphism and isometry conditions for
Ad H we investigate this situation in terms of nonassociative algebras (m, a)
which are determined as follows. Let (g, ») be a reductive pair with a fixed
direct sum decomposition g =m + hand [h, m}Cm. Let a:mxm —m be a
bilinear multiplication function which defines an algebra (m, @) such that

ad U:m - m: Y — [U, Ylfor all U € b is in the derivation algebra of (m, a).
Let C be a nondegenerate symmetric bilinear form on m such that the mappings
a(X) and ad U for all X € m, U € b are C-skew symmetric. We now denote such
an algebra (m, a) by (m, @, C) and note that in terms of algebras that (m, a, C)
determines the corresponding pseudo-Riemannian G-invariant connections.

A well behaved example of this situation is when a pseudo-Riemannian
connection V is of the first kind; that is, for all X € m the maps ¢t — 7 exptX
are geodesics where #: G — G/H is the canonical projection. In this case
a(X, Y) =%XY where XY = [X, Y] is the projection of X, Y] in g into the m-
component of the decomposition g = m + b; see [7). For this case we change
the notation and let B denote the corresponding nondegenerate form and let
(m, XY, B) denote the corresponding algebra. The case where g and b are
semisimple gives a reductive pair (g, b) where g = m + b with m = bt relative to
the Killing form of g and B is the Killing form restricted to m x m; see Corollary
2, §2.

Jordan algebras enter into the analysis of the connection V given by
(m, a, C) by comparing V with a given connection of the first kind determined by
(m, % XY, B) as follows. Thus assuming a pseudo-Riemannian connection exists
(which we do throughout this paper), we have since B and C are nondegenerate
forms that there exists a unique S € GL(m) such that

@ c(X, Y) = B(SX, Y).

Since B is a symmetric form, § satisfies
@) sb=s

where b denotes the adjoint relative to B. Since ad U is B- and C-skew

symmetric, S also satisfies

3) [ad U, S1=0
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for all U € b. For B(S ad UX, Y)= C(ad UX, Y)=- C(X, ad UY) =
- B(S8X, ad UY) = B(ad USX, Y).

The set of endomorphisms of m satisfying (2) and (3) form a Jordan algebra
] relative to the usual operation SIS2 = !/Z(S1 o 52 + 52 o Sl) where © is composi-
tion of endomorphisms. Thus the connection V determined by (m, a, C) corre-
sponds to a unique invertible element S in J. Now from results in [4], [9] the
formula for a is given by

(4) 2a(X, ¥) = XY + S"HX(SY) - (5X)Y]

where ¥4 XY is the multiplication in (m, % XY, B). Thus given an invertible ele-
ment in | we can define the connection V corresponding to (m, a, C) by using
forinulas (1) and (4) to determine C and a. However forany T € |, S=exp T is
invertible in J. Thus in this way there is a correspondence between the set of
connections (determined above by (m, a, C)) and the elements of J. Furthermore,
using (4) these connections are parameterized by elements of the symmetric
space M= ] N GL(m); see [S]. Note that for S=1I € ] N GL(m) we obtain the
original algebra (m, % XY, B) so that M is nonempty.

We now note that the relationship between Jordan algebras and connections
is rather general. For in the case of a Lie group G (with H = {e}) if we assume
the algebra (g, %4[X, Y], B) exists where ad X is B-skew symmetric, then the
corresponding Jordan algebra is | ={S € End(g): st = s, Conversely, given any
Jotdan algebra | of endomorphisms of a vector space V which are symmetric
relative to a nondegenerate form B on V, then we can regard V as an abelian Lie
algebra and form (g, %4[X, Y], B). Thus the corresponding Jordan algebra of this
triple is just J.

In the remaining sections we discuss mainly reductive pairs (g, ) with g
and b semisimple. We compare (m, a, C) with (m, ¥4 XY, B) whete B is the Kill-
ing form restricted to m x m as mentioned above. Thus we find a direct sum de-
composition m = K, + K, + K, into ad b-invariant subspaces and show ] is semi-
simple, We give examples of this decomposition and ], but leave the complete
classification of | as an open problem. This is a hard problem taking into
account the classification of semisimple subalgebras of a semisimple Lie
algebra [1]. Finally in $5 we give some sample applications involving the con-
nection and curvature of G/H regarded as functions of M= ] N GL(m).

2. Semisimplicity of J. Let (g, ») be a reductive pair with decomposition
g=m+ b and (ad b)ym C m. From the Lie algebra identities for g, it is easy to
see that ad b C Der(m, '4 XY) which is the derivation algebra of (m, % XY). We

now assume there is a symmetric nondegenerate form B on m so that (m, % XY, B)
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exists; that is, for all X € m, U € b the mappings
LX):m—m:Y— XY and adU:m—m:Y—[U, Y]

are B-skew symmetric. Now let (m, a, C) be another algebra as discussed in
$1; specifically, (m, a) is an algebra and C is a symmetric nondegenerate form
so that for all X € m, U € b the mappings a(X): m — m: Y — a(X, Y) and

ad U: m — m: Y — [U, Y] are C-skew symmetric where ad b C Der(m, a) which
is the derivation algebra of (m, a). Let J=1{S € End(m): [S,ad Ul=0all U €5
and % = §} be the Jordan algebra which relates all the possible algebras

(m, a, C)to (m, %: XY, B) as previously discussed. We now have the following.

Theorem 1. Let (g, b) and (m, % XY, B) be as above and let ad b be com-
pletely reducible in m. Then | is a semisimple Jordan algebra.

Proof. Let A be the associative subalgebra of End(m) given by
A={T € End(m): [T, ad U1=0 all Ue€bh}

Then A is closed under the involution b induced by B; that is, B(TX, Y) =
B(X, TbY). For, from 0=[T, ad U] we see 0 =[T?, ad U] using (ad U)® =
~ad U. Thus A is an associative algebra with involution and the set H(A, b) =
{T € A: TV = T} of B-symmetric elements is a Jordan algebra relative to the
usual multiplication. From [6] we see that the Jordan radical is given by
Rad H(A, b) = H(A, b) N Rad A where Rad A is the radical of the associative
algebra A. Therefore noting that | = H(A, b) it suffices to show A is semisimple.

Thus since ad b is completely reducible on m, we see from [3, p. 102] that
the centralizer

C={Tegllm):[T,ad U= 0 all U € b}

is completely reducible on m. But identifying gl(m) with End(m), this means A
is completely reducible on m. This implies A is semisimple.

Corollary 2. Let b be a semisimple subalgebra of the semisimple Lie
algebra g. Then (g, b) is a reductive pair with decomposition g = m+ b where
m = bt relative to the Killing form, Kill, of g. Also for X, Y € m, the form
B(X, Y)=Kill(X, Y) is nondegenerate on m and the algebra (m, % XY, B)
satisfies L(X) and ad U are B-skew symmetric for all X € m, U € b. In this
case the Jordan algebra | is semisimple.

Proof. The last statement follows by noting ad b is semisimple and there-
fore is completely reducible in m. The first parts were proven in [10] which we
now sketch. Since b is semisimple, the Killing form of g restricted to b is
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nondegenerate. Thus we can decompose g = m + b with m = b%, With B as above
we see ad U is B-skew symmetric for U € b and the map L(X): m — m: Y — XY
is B-skew symmetric as follows. Let h(X, Y)=[X, Y] be the projection of
[X, Y] in g into b, then since m = b+ we have B(L(X) Y, Z) = B(XY + KX, Y), Z)=
Kill(X, Y], Z) = - Kill(Y, [X, Z])= - B(Y, XZ + k(X, Z)) = - B(Y, L(X) Z).

In the next sections we obtain a more detailed decomposition for m and J in
the case g is semisimple and b is semisimple.

3. Decompositions for m and J. We continue the discussion of the previous
section and obtain a decomposition for m (Theorem 3). Some of these results
are buried in [9] and we repeat them for convenience. For any reductive pair
(g, b) with decomposition g=m + b and (ad b)m C m, the identities of g induce
identities on (m, XY) as follows. As before for X, Y e m let [X, Y] = XY +
(X, Y) where XY =[X, Y]  is the projection of [X, Y] into m and similarly
kX, v)=[X, Y]b’ For U € b we also use the notation D(U) = ad U restricted
to m and D(X, Y) = D(b(X, Y)). Then we have

(3.1) XY =~YX, bilinear

(3.2) DX, Y)=-D(Y, X), bilinear

(3.3) DX, Y)Z + D(Y, Z)X + D(Z, X)Y = X(YZ) + Y(ZX) + Z(XY)

(3.4)  D(XY,Z)+D(YZ, X)+ D(ZX, Y)=0

3.5)  [b(), p(x, )= D(D(V)X, Y) + D(X, D(V)Y)

(3.6)  D(U)(XY) = (D(VX)Y + X(D(V)Y).

Now assume g and b are semisimple; then from Corollary 2 we see that g=m+ b

with m = bt relative to the Killing form on g and that B(X, Y) = Kill(X, Y) is
nondegenerate and L(X) and D(U) are B-skew symmetric. Next let

Ky=1{X € m: (ad U)X = 0 for all U € b}

then using (3.6) and (3.3) we see that K, is a Lie subalgebra of (m, XY). We
also have

(307) b(KO’ m) =0
for if WeKo, Z emand U € b, then

0=Kill_ ((ad UW, Z) = ng([u, w1, z) = Killg(U, w, z))

= Kill (U, WZ + bW, 2)) = Kill_(U, bW, Z)), using m = b
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and since Kill| b x b is nondegenerate, h(W, Z) = 0. From this we see [Kj, m] =
Kom Cm so that m is a adgKO-module and also L: KO — L(KO) is a representa-
tion of K, on m where L(K;) = {L(V): Ve KO}. Thus let V, W € Ky on Z € m,
then from (3.3) and (3.7) we obtain 0= V(WZ) + W(ZV) + Z(VW) = (L(V), L(W)] -
L(VW)) Z which gives the result

(3.8) L(yw) = [L(V), L(W)]L.

A similar computation shows that L( K,) C Der(m, XY). Also since D(U) is a
derivation of (m, XY), noting (3.6), we have [D(U), L(V)] = L(D(U) V) = 0 for
VeK,and U€h.

Next we use some results on centralizers to show K;=c & K(; where c is
the center of K, and K(; is zero or a semisimple Lie algebra in (m, XY). Since
g and b are semisimple, L = ad g and L, = ad b are completely reducible on g.
Therefore the centralizer, C L(L 1), of L, in L is completely reducible on g [3,
p. 102]. But

C (L)=tadWeadg:ladh ad Wl=0l={ad W € ad g: adlh, W]~ 0}.

Since g is semisimple, ad[b, W] = 0 implies [b, W] = 0. Ve now show W € K as

follows. Let W= W, + W, where W, e mand W, € b, then for U €5, 0= [u, Wl =

[u, WI] +[u, WZ]. From the ad A-invariant direct sum g = m + b, this implies

[ W] =0. Butsince b is semisimple and [, W] = 0 we see W, =0; thus W=

Wl € m which means Wl € K0° This implies CL(LI) = adgK0 is completely

reducible in g and therefore completely reducible on adgKo-submodules of g.
Next for X emand V € K, we see

adgV(X) =[v, X1=vX + bV, X) = L(V)X, using (3.7)

so that the action of acng0 and L(K,) on m are the same. Since m is an adgKo-
submodule, this implies L(K) is completely reducible on m. Thus from [3] we
may write L(KO) =L(c) ® L(Ké) for suitable subsets ¢ and Ké of K0 and where
L(c) is the center of L(K,) and L(K(;) is zero or semisimple. Now the map K,—
L(Ko): V — L(V) is an isomorphism of Lie algebras. For it is a homomorphism
using (3.8) and L(V) = 0 implies adgV =0 so that V = 0. From this isomorphism
we obtain the desired result

1
Ky=c ® K,.
Next we consider a direct sum decomposition for m and show B| Ky x K, is

nondegenerate (recall B(X, Y) = Kill(X, Y)). Since ad b is completely reducible
on m and K, is ad h-invariant we have a direct sum m= K, + b where b is
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ad h-invariant. Furthermore (ad b)b = b. For if p = (ad b)b is a proper ad b-
submodule of b, then by the complete reducibility of ad b on b, we can find an
ad h-invariant complement p 'with b= p'+ p (direct sum). Thus (ad B)p'Cp'N
(ad h)b=p'Np=0sothat p'C Ky, a contradiction. Thus m= K + b with
(ad h)b = b.

To see that B| Ky x K, is nondegenerate, let U € K, be such that
B(U, Ko) = 0. Then

B(U, m) = B(U, K, + b) = B(U, (ad h)b) = - B((ad K)U, b) = 0

and since B|mx m is nondegenerate, U= 0. We also have B|c x ¢ and
B| Ky x K, are nondegenerate.

Since B| Ky x K, is nondegenerate we can decompose m = K + b where
we can assume b = Klo telative to B, (ad h)b=band B| bx b is nondegenerate, -
Using b= Kg note that L(K )b C b since B(K,, K ) = B(K K, ) = 0 using K,
is a subalgebra of (m, XY). Now let

K1={Y€b:L(U)Y=O all UeKp}

then since L(KO) C Der(m, XY) (remarks following (3.8)), we see K 1 is a sub-
algebra of (m, XY). Also from the remarks following (3.8) we see [L(U), ad P] =
0 for U € K, P € b so that K, is ad h-invariant.

Since L(KO) is completely reducible in m and b is an L(KO)-submodule, we
can decompose b= K 1t I(2 into L(Ko)-submodules. In a manner similar to the
proof that B| K x K is nondegenerate, we see B K, x K, is nondegenerate.
Thus we can assume K, = KJI‘ relative to B| b x b and we have that K, is
L(KO)- and ad b-invariant and B| K 2 X Kz is nondegenerate. We summarize some
of these results.

Theorem 3. (a) Let g be a semisimple Lie algebra and b a semisimple sub-
algebra, then there is a decomposition g = m+ b where m= b' relative to the
Killing form of g and (g, b) is a reductive pair.

(b) The algebra (m, XY) is such that m= c + K(; + Kl + K2 as an ad b-
invariant direct sum and satisfies the multiplicative relations

[
cc=cK, =cK, =0, cK, C K,»
! 1 ’ 1 ']
Ko Ko= Koy K, K, =0, KoK, C K,,
KK, C K. K1K2 CK,» KszCm.

(c) Ky =c+ K is such that (ad b) Ky=0and K is zero or a semisimple
Lie subalgebra of (m, XY). Also (ad b) K,= K, fori=1, 2.
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(d) b+ K is a Lie subalgebra of g and m is an ad(h + Ky)-module. L(Ko) C
Der(m, XY) ana’[L(KO), ad bl = 0. Also L(K)K,= K, and K, is
ad(h + Ko + KI)-invariant.

Proof. Ve have previously discussed (a) and most of (b) except K,K, CK,.
To see this we let U € K, V€eK,and UV =X+ Y+ Z where X €Ky Y €K,
and Z € K,. Now X =0 as follows. Forany P € Ky,

B(P, X) = B(P, UV - Y - Z) = B(P, UV), orthogonality
= B(PU, V) = 0

using KK, = 0. Thus since B| K, x K is nondegenerate, X = 0. Similarly
let Q € K, then

B(Q, Y) = B(Q, UV) = B(QU, V)= 0

using QU € KK, CK, and B(K,, K,)= 0. Since B| K, x K, is nondegenerate,
Y=0.

Parts (c) and (d) have been discussed except showing K, is
ad(h + K, + K))-invariant. To see this we note that ad(h + Ky) K, = (ad b) K, +
(ad Ko) K2 C K2, recalling (ad Ko) K2 = L(Ko) K2 C Kz’ Thus we must show
(ad Kl) K, = I(IK2 + b(Kl, K,) is in K2 which follows from (b) and b(K,, K2)=
0. To see this note

0=Kill([5, K], K,), using K, =Ky
= Kill (5, [k, K,D

= Kill(, b(K s K,)); using m = b".

Thus since Kill| bx b is nondegenerate, h(K,, K,) = 0.

We shall give some examples later, but it should be noted that the problem
of finding “*holonomy irreducible’’ connections determined by (m, a, C) leads
to the problem of finding algebras (m, a, C) which have no left ideals which
are ad b-invariant. In particular these algebras must be simple; see [9]. The
simplest examples of this type were discussed in [9, Proposition 3] where
S| K; = A, I and relations between the A,’s were determined. A general analysis
of the algebras (m, a, C) probably must follow the lines of Lie algebras or
extended Lie algebras [8] since identity elements or idempotents need not be in
(m, a, C). Thus using C(a(X, Y), Z)=- C(Y, a(X, Z)) we see that if C is
nondegenerate and E is an identity element, then

c(X, Y) = C(a(E, X), Y) =-C(X, a(E, Y)) = -C(X, Y)
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a contradiction. If C is positive definite and E is an idempotent we obtain

C(E, E) = C(a(Es E)y E) =—C(E9 a(E9 E)) = -C(Ey E)y
a contradiction.

Proposition 4. Let g be a semisimple Lie algebra with b a semisimple sub-
algebra so that (g, b) is a reductive pair with g = m+ b where m = pt. If
m=K, + b is the decomposition as before, then JK,= K and Jb=b. Thus
] =1, ® J(b) is the direct sum of ideals where | = ]| K, and J(b)= ]| b.
Furthermore ] is isomorphic to the Jordan algebra of rx r B-symmetric matrices

where 1 is the dimension of K.

Proof. Let U € K, and § € ], then since [ad b, S] = 0 we have ad K(SU) =
S(ad hU) = 0 so that by definition SK,C K. Since I € J, we have JK,= K.
Since b= Ké and § is B-symmetric we also have Jb= b.

Next relative to m = K, + b we see that ad h|m and S € ] have the matrices

\) 0
[o ] and [ 11 ].
by 0 Sy,

Thus the condition [ad b, §] = 0 gives no restriction on § 11+ Therefore the set

of the form

of matrices §,, which is isomorphic to ], has the only restrictions SI;I =8,
That is, ], is isomorphic to {T € End(Ky): T 0= T} where b, is the adjoint
relative to the nondegenerate form B = B| Ky x K.

Examples in the next section lead to the following.

Conjecture. Let m= K, + K, + K, as before with K # 0, then JK; =K,
fori=0,1, 2.

If this is the case, then J= ], ® ], ® ], where ], = 7l K; are ideals in J.

4. Examples. We now consider the decomposition of the previous sections
for various simple matrix algebras g where the semisimple subalgebra b is im-
bedded in g in a natural way.

To see easily that JK; = K; we recall some facts on homogeneous com-
ponents for an associative algebra [2, p. 124]. The associative algebra 4 we
want to consider is the algebra generated by ad »| m. Since we are assuming b
is semisimple, it is completely reducible; thus A is completely reducible and
semisimple. Furthermore AK=0and Ab=b so that we shall restrict our
attention to A| b= A.

Now let I' = {T € End(8): [T, P] = 0 for all P € A} be the centralizer of A.
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Then we see J(b) CI" and J(b) consists of the Bl = B|b x b symmetric elements.
Let n be an A-irreducible submodule of b, then the homogeneous component p
determined by 7 is p = Eni summed over all A-irreducible submodules n; which
are A-isomorphic to n. In this case we have I'p = p and p is a I-completely
reducible submodule of b. In the examples we shall show that the A-homogeneous
components of b= K, + K, are either in K, or K,; thus 'K, = K, and 'K, = K,.

The general idea behind the examples is as follows. Let g be represented
by matrices and suppose h=5h, ® h,®--- ® b, as a direct sum of simple ideals;
consider the case h=h @ b,. In this case represent g by matrices

11 12 13
21 22 23
A3l 32 33

There is a 0 in the (1,1) position because K, is not zero unless A, = 0. From
matrix computations we roughly obtain

A, 00
K, is the set of matrices | 0 0 0f;
0 00
"0 0 0
K, is the set of matrices |0 0 A, |
[0 A, 0
0 A, A 13
K, is the set of matrices | A,, 0 .
[As, 0 0

Example. (1) Let g = so(n) be the n x n skew-symnetric matrices and b=
so(k) the k x k skew-symmetric matrices where £ <n - 1. As above regard g
as matrices
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A A

21 22

where A_. are skew-symmetric and imbed b as matrices of the form

Then a straightforward computation, using Kill(P, Q)= Att PQ for P, Q € g,
shows m = b is of the form

From this we see K0 are matrices of the form

0 0

and b= Ké are matrices of the form

Now for U € K, V € b we compute L(U)V = [U, V] = 0 to obtain

(%) A A=A A

1 =44, =0

Let r=n -k, then since K, consists of all' 7 x r skew-symmetric matrices we
see that () implies A, = 0; that is, K, = 0and b= K,. Thus m= K, + K, with
the above matrix description.
Now we see that | =], @ ], as given at the end of $3. In this case Iy is
the simple Jordan algebra of symmetric 7 x 7 matrices. We now consider ] ,-
Since A‘lz =~ A, where ! is the transpose, we set A= A,,, then

0 A
At o eK2

and we let Ai be a 7 X k matrix of the form
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0

A= |92, 2y

0

and let p. be the set of matrices of the form

Then a computation shows ad bpl. = p,, using (ad b) = - ad h. Furthermore the
p; are ad b-irreducible and K, = p, +---+ p,. Ve have p; and b; are ad b-iso-
morphic using the obvious map. Thus let (a -+, a,) be an arbitrary k-tuple
in R* and let

- 0 I
Ai =loye-a, ith row, and
L o
— 0 -
Ai = |a, +-- a, | jth row.
[ o .

Then the map p, — ?; given by

0 A, 0 A,
il _, j
L =L
is an ad h-isomorphism. Thus since K, = Epi we see K, is a homogeneous com-
ponent and this is an orthogonal decomposition.
Use the decomposition K, = EL L b, to obtain a basis for K, as follows.
Let E|,---, E, be abasis of p, and let ad hE =2, i%s E, defme a matrix bu
for ad b on pl. Let ¢: py — p, be an ad 5- (or an A)-lsomotphlsm and let E'
H(E,) give a cortespondmg basxs of p,. Then ad bE; = ad h(E_) = ¢(ad bES) =
S.a, ($E)) = S.a._ E!. This defines a matrix h;;forad hon p,and b, = b

jis jis s’
Thus relauve to a basis of K, chosen this way ad b|K2 has matrix

[h“ 0]
0 b

T

11°
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where b, = hl.t. fori=1,¢00,7.
Next relative to this basis write the matrix for S|K , in block form of & x &
matrices

¢ Slr

Then [ad b, S] = 0 gives the relations
pS,)=bS,.~S b =0

iij Tijgi
Since b;; = b;; we obtain [5, S;1=0. But b, represents any kx k skew-
symmetric matrix and this implies Si,. = )tijl for Aii € R and I is the k x k identity
matrix. (If necessary, just compute.) Thus since §!= S, the ideal I,= ]|K2 is
isomorphic to the 7 x r symmetric matrices, r=n - k.
Example. (2) We now consider when 4 is actually semisimple. Thus let
g = so(n) be given by block matrices

All AIZ A13 AH
AZl A22 A23 A24
A31 A32 A33 A34
A4l A42 A43 A44

and let b = so(k,) ® so(k,) ® so(k3) be imbedded as matrices of the form

0 0 0

Ayy 0 0

0
0

0 04, O
0 0 0 A,

similar to the first example and let n=r+ & + &, + k; where 7> 1. As in the
preceding example we have m given by matrices of the form

All AIZ Al3 Al4

oS
>
o
>

41 A42 43
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and m= K, + K, + K, where the K; are given by matrices of the form

A, 0 0 0

0 00 0

o oo of

o 000

0 o0 0 0

0 Ays Ay

0 A, 0 4, ’
| 0 A42 A43 0
-0 AIZ Al3 Al4-1
Ay 0 0 0
Ay O 00 )
4y 0 00

As in the preceding example we use the skew-symmetry of matrices in so(n) to

obtain the following decomposition K, =p, + p, + p, where the p, are given by

by

by:

0

0

0 A

0

0

32
0

A

o © © o o

o

0 0]
230
00

0 0d
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Next K,=gq,+49,+ 93 where the g, are given by

0 A, 0 oﬁ
A, 000
9, ’
0 0 00
[ 0 0 0 0
0 0 A, 0
0 0 00
q,° ,
Ayy 0 00
0 0 0 0l
0 0 0 A,
0 00 0
B 1o 00 ol
A, 0 0 0

The homogeneous components of ad b (or A) in b are contained in py+by+py=
Kyorq,+q,+ q;=K,. This is a straightforward computation (discussed
belpw) which shows ad b acts differently in K, and K, so that there can be no
isomorphic irreducible ad A-submodules in K and K,.

Thus we see for § € ] that SK, C K, and ] consists of 7 x r symmetric
matrices. For ], = J|K, we note that

-4, 0 0 0

X= ¢ in K2
-Al; 0 0 0
-At 0 0 0
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gives

0 ‘Alzbzz ‘Au”ss -A“b“

0 0 0
(¢9) [u, Xx1=
At 0 0 0

t
by AL 0 ()} 0

so that ad b acts differently on the ¢’s and consequently the ¢; are homogeneous
components (also see end of this example). Thus $: 9; —4; and § |K2 has matrix

s, 0 0
o s, ol
o 0,

To find the §.’s is essentially the same as in Example (1); thus we see ], =
1,(4;) ® ] (q,) ® ],(q,) where the ],(q;) are isomorphic to the Jordan algebra

of rx r symmetric matrices.
To find J, = J|K, we note for U given as above and for

0 0 0 0
0 0 A23 A24
t
0 -4y 0 4,,
At t
0 A24 --A34 0

in K;'=p, +p,+p, that

0 0 0 0
0 b.A.—-A b, b A -A b
@ W, v]= 228237 A23P33 Paafas— 424044
* 0 hysAsy=As4bysy
0

where * is given by skew-symmetry. By making various choices for the b;; we
see that the p, do not contain ad b-isomorphic irreducible submodules. Thus the

p; are homogeneous components and are actually irreducible. Thus we see

S:p, — b; so S on K, has matrix
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where the S, are symmetric on p;. Therefore S; has a real characteristic root
)ti on p, and {Xe p;: S, X= )ti X} is ad h-invariant. Thus by irreducibility, S, =
Alon p;; that is, ], is isomorphic to RI; @ RI, ® RI, where I; is the identity
on p,. Finally comparing the equations (1) and (2) above we see that we can
choose the b;; so that ad b acts differently on K, and K, so that the homogeneous
components in b are either in K, or K,.

Example. (3) We now consider a case where the forms are not positive

definite. Thus let g be the n x n matrices of trace zero (that is, A _,-type) and

let b be the k& x k matrices of trace zero imbedded as follows. Represent elements
of g by a sum of block matrices

A, A -1 0
11 12] +R
A,y A,y 0 1

where trace A,, =trace A;; = 0. Let b be represented by the & x & block of

matrices
[0 0]
0 b, 2

where we use the notation bz2 = A22 and let

-1 0
V= .
0 I

Again using Kill(P, Q) = Atr PQ, we see that m = b' consists of matrices of the
form

and K is given by matrices

A 0
[ n ]+RV.
0 0

Thus Ky=c © Ké where the center ¢ = RV and K(; is isomorphic to the rx r
matrices of trace zero where n=r+ k.
Next m= K, + b and b is given by matrices
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and a computation shows b= K,. Let p, be matrices of the form

0 0

and let p, be matrices of the form

[0 0]
A, O

Then (ad b) (p;)=0;and K, =p, + p,. The action of ad b is given by

adb[o AIZ] - [o ‘Alzbzz].
A 0 hyAo 0

Let Al. be a matrix of the form

then matrices of form

0 4,
© [ ’]
0 o0

yield isomorphic irreducible ad h-submodules of p,. Similarly for p, using
column matrices. However the p, and p, do not contain ad h-isomorphic irre-
ducible submodules. Briefly, suppose 7, — n,: X — X is such an isomorphism
of irreducible submodules where

0 A _fo o
X= and X = [__ ]
00 A O

Then we obtain b,,A = - Ab,, and by suitably choosing the elements in 5,,
(using 0’s and 1’s in the correct places) we obtain contradictions. Thus p, and
b, are ad h-homogeneous components.



JORDAN ALGEBRAS AND CONNECTIONS 423

Using the decomposition m = K, + p, + p, we see that § € | has matrix

Sy 0 0
0 5, ©
0 o0 S,

so that ], is isomorphic to the ¢ x ¢t B-symmetric matrices where ¢ = r? is the
dimension of K.
Nexton b=p, + p, ad b|b has matrix

where b, is the matrix of ad b|p; thus [ad b, S] = 0 gives [5, §]1=0. Now
consider [h}, §,1=0o0n p,; the case for p, is similar. Let p =g, +++++ q,
where the q; are the submodules given by (*) above and 7= n - k. By choosing

a “‘natural’ bases for each g, we see b, has matrix of the form

Hy 0

144

gl
]

)

rl rr

then (5, § 1= 0 gives H,; S, ~ S, H,=0. But H=H, sothat each S, com-
mutes with & x k& matrices of trace zero. Since §;; commutes with the identity,
we see Sij commnutes with all & x & matrices; thus Sii = )tl.].l so that TI = ]Ipl
is isomorphic to the Jordan algebra of r x r matrices.

Similarly for 5_'2 € 72 =]l b, we obtain a matrix as follows. We note from
Kill(P, Q) = Atr PQ that B(p,, p;) = 0 and B(p, p,) # 0. That is, p, and b, are
related by the nondegenerate form B and considered dual. Choosing a basis for
p, from the decomposition p, = g, +-+-+ g _as above, we get a decomposition
p,= q;+ oot q,' such that B(g,, q].') =0ifi#jand q; and qi' are related by the
nondegenerate form B and considered dual. Choosing a natural basis for q; as
in (*), the corresponding dual basis for ql.' is obtained by using the corresponding
column matrices.
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Now let §, €], have matrix [pi].l] relative to p, = g, +++-+ g, decompo-
sition (as in the case for p,). Then for X; € g, we have §1Xi = ZA, X, with
X, € q, and for X/ e qi' we have §2X1.' = Zp,, X, with X, € qk'. Using S is
B-symmetric and the orthogonal relations of the g, and qj' we have by the usual
computations that )‘ii =My This determines J,.

Even though the algebras (m, a, C) can be determined by finding |, these
algebras are difficult to compute. In the next section we shall see how to obtain
restrictions on | by considering geometric formulas.

5. Some applications. We shall give some sample applications by considering
various ‘‘geometrical’’ formulas which are functions of the connection by
considering them as functions of elements of M= ] NGL(m). The formulas show
these functions are analytic on the open set M (in J) and we can compute their
Taylor’s series, find critical points, etc. Since we will always assume [ € M,
we are considering a ‘‘perturbation’’ problem to see how formulas for a connection
given by S=1+tT e Mfor T € | and t near 0 € R differ from formulas determined
by a connection of the first kind.

First let V be a G-invariant pseudo-Riemannian connection on G/H given by
the algebra (m, a, C) as in S1. Thus we are assuming a pseudo-Riemannian
connection of the first kind exists, given by (m, % XY, B), and we are comparing
the connections via C(X, Y) = B(SX, Y) which gives the elements S € M. The
connection formula for V given by a is

2a(X; Y) = XY + STHX(SY) - (SX)Y),

for X, Y emwith g=m+ b,
Let M= ] N GL(m) and let L%(m, m) be the space of bilinear maps on m,
then define the function

a:M— L*mym): S — al(s)

where a(S)(X, Y) = a(X, Y) as given above. From the formula for a, we see a
is analytic on M; and in particular a is analytic at I, which gives the original
connection of the first kind.

We now compute the Taylor’s series for the function a expanded about a
point P € M. Thus let T € Jand ¢ € R so that P + tT € M (and so that the follow-
ing computations holds). From formulas,

2aP+tTV(X, V)= XY + P+ 1) X « (P +¢T)Y = (P + ¢T)X - Y]
=XY + P74 4+ (P-1B - UP~1A)

+eee 4 (1L EGE-Y(Pp-1g _ yp-la) 4 ...
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where U= P~1T, A= X.PY-PX-Y,and B= X- TY~- TX - Y. From this we
compute the higher derivatives 2k!(D’°a(P)) T®) operating on (X, Y) to be

(- )F-1yk-}(P~1B - UP~'A). In particular if T € J is such that (Da(P))(T) =
0, then P~1B- UP~!4 = 0 so that

(*) 2P + tT)(X, Y) = XY+ PlA = XY + PX . PY-PX . Y)

which is the connection determined by P € M.

Now suppose P is a critical point of the function a; that is, (Da(P))T = 0
for all T € J. Then from the above computations we see the Taylor’s series is
of the form

a(P + tT)(X, Y) = (a(P) + (Da(P)T + -+ +) (X, Y) = a(P) (X, Y)
- YXY + YP~U(X . PY - PX . Y)
from (*). But by choosing T =1 € | we see
0=2[Da(P)1(X, Y) = P~'B - UP~'A, in terms of I
=PlX.IY-IX.Y-PUX.PY-PX.Y)]

which implies X - PY - PX . Y = 0; thus we see a(P)(X, Y)=%XY. Thatis a
critical point of @ gives a connection of the first kind.

Next we consider the perturbation of curvature. The curvature evaluated at
H € G/H for the G-invariant connection V determined by (m, a, C) is given by

R(X, Y)Z = ofX, oY, 2)) - oY, a(X, Z)) -aXY, Z) - D(X, Y)Z

(see [7] and note $3 for D(X, Y)Z). Thus regarding R as a function on M we have
an analytic map

r:M— L3(m, m): S — AS)

where n(S)(X, Y, Z)= R(X, Y)Z. Since we know I € J, let T € J and ¢t € R near
enough 0 in R so that § =1+ ¢tT € M and so that we can perform the following
series computations.

From preceding computations we see

200X, Y) = 2a(l + tT)(X, Y)

XY+ U+ DX U+ DY = U+ T)X - Y]

00
=XY+ Y CDRLATENx LTy X . Y)
k=1
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and using this in the above formula for R(X, Y)Z we obtain the following for
n(8)(X, Y, Z):

44S)(X, Y, Z) = 2a(X, 2a(Y, Z)) - 2a(Y, 2a(X, Z)) - 4o(XY, Z) - 4D(X, Y)Z

=X+-YZ-Y.XZ-2XY.Z-4D(X, Y)Z

(-]

+ Y PP PNy TZ-TY 2) - Y TPUX . TZ - TX . 2)

P=1

+TPUX . T(Y2)- TX - YZ
- Y. T(XZ) + TY « XZ - 2XY - TZ + 2T(XY) . Z}}

00 00
+ Y Y CUEmEAm TRl Ty . TZ - TY .« 2)

k=1 n=1

-Y-T"X.-TZ-TX.2)

—TX . T"NY.TZ-TY. 2)

+TY . T YX . TZ - TX - D]k

From this we can compute the derivatives [Dkr(l)T(k)](X, Y, Z); in particular
AD(DTIX, Y, Z)=X(Y e TZ=-TY - Z) =YX . TZ=-TX )+ X+ T\YZ)=TX . YZ
- Y. .T(XZ)+ TY « XZ - 2XY - TZ + 2T(XY) . Z.

If I is a critical point of 7, then we obtain a restriction on | given by [RI(X, Y),
Tl =0 for all T € ] where R,(X, Y) = 4[L(X), L(Y)] - %4 L(XY) - D(X, Y) is the
curvature endomorphism for a connection of the first kind; recall L(X): m — m:

Y — XY. To see this we have from 0= [DA(I)T](X, Y, Z) as an operator on Z
that

0 = [L(X), LIVIT - [L(X), L(TY)] + [L(Y), L({TX)]
+ LOX)TL(Y) = L(Y)TL(X) + 2L(T(XY)) = 2L(XY)T.

Taking the transpose of this equation, recalling L(X)b = - L(X) and Tb = T, we
have

0 =-TIL(X), L(V] + [L(X), L(TY)] = [L(Y), L(TX)]

+ LOVTL(X) = L(X)T L(Y) = 2L(T(XY)) + 2T L(XY).
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Adding these equations gives
0 = [[L(x), LV, 7] + 2[T, L(xY)] = 4[R, (X, Y), TL

Now let H=1{e} and let G be semisimple, then g= m and L(X)= ad X. This
gives R (X, Y) = -Y%ad([X, Y]) and 0 = [ad (X, Y]), T]. But g=1[g, gl so we
have [ad Z, T] = 0 for all Z € g. This implies [X, TY] - [TX, Y] = 0 and there-
fore from the formula, a(X, Y) = %[X, Y]. This proves the following.

Proposition 5. Let G be a semisimple connected Lie group with Lie algebra
g. Let rn M — L3(g, g) where n(S)(X, Y, Z) = R(X, Y)Z is the curvature deter-
mined by (g, a, C). If | € M is a critical point of r, then the connection deter-
mined by (g, o, C) is of the first kind; that is a(X, Y)=%[X, Y.

Examples indicate similar results hold for reductive pairs (g, b) with g and b
semisimple where g = m + b with m = bt and mm # 0; that is, (g, b) is not a
symmetric pair.

REFERENCES

1. E. B. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Mat. Sb. 30
(72) (1952), 349—462; English transl., Amer. Math. Soc. Transl. (2) 6 (1957), 111-244.
MR 13, 904.

2. N. Jacobson, Structure of rings, Amer. Math. Soc. Collog. Publ., vol. 37, Amer.
Math. Soc., Providence, R. 1., 1956. MR 18, 373.

3. , Lie algebras, Interscience Tracts in Pure and Appl. Math., no. 10,
Interscience, New York, 1962. MR 26 #1345.

4. B. Kostant, On holonomy and homogeneous spaces, Nagoya Math. J. 12 (1957),
31-54. MR 21 #6003.

5. O. Loos, Symmetric spaces. II, Benjamin, New York, 1969. MR 39 #365b.

6. K. McCrimmon, On Herstein’s theorem relating Jordan and associative algebras,
J. Algebra 13 (1969), 382-392. MR 40 #2721.

7. K. Nomizu, Invariant affine connections on homogeneous spaces, Amer. Math. J.
76 (1954), 33—65. MR 15, 468.

8. A. Sagle, On simple extended Lie algebras over fields of characteristic zero,
Pacific J. Math. 15 (1965), 621-648. MR 32 #7612.

9. , Some homogeneous Einstein manifolds, Nagoya Math. J. 39 (1970), 81—
106. MR 42 #6748.

10. A. Sagle and D. Winter, On homogeneous spaces and reductive subalgebras of
simple Lie algebras, Trans. Amer. Math. Soc. 128 (1967), 142—147. MR 37 #2910.

11. A. Sagle and ]. Schumi, Multiplications on homogeneous spaces, nonassociative
algebras and connections, Pacific J. Math. (to appear).

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS,
MINNESOTA 55455

DEPARTMENT OF MATHEMATICS, HILO COLLEGE, UNIVERSITY OF HAWAII, HILO,
HAWAII 96720 (Current address)



