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JORDAN ALGEBRAS AND CONNECTIONS
ON HOMOGENEOUS SPACES

BY

ARTHUR A. SAGLE(!)

ABSTRACT.  We use the correspondence between G-invariant connections

on a reductive homogeneous space  G/H and certain nonassociative algebras

to explicitly compute the pseudo-Riemannian connections in terms of a Jordan

algebra / of endomorphisms.   It is shown that if G and H are semisimple Lie

groups, then J is a semisimple Jordan algebra.   Also a general method for

computing examples of / is given.

1. Introduction. In this paper we present many algebraic results that are re-

lated to the differential geometry of homogeneous spaces and we now give some

background results.   Thus, let G be a connected Lie group with Lie algebra g

and H a closed (Lie) subgroup with Lie subalgebra h.   The pair (G, H) on (g, h)

is called a reductive pair if there exists a subspace m of g such that g= m + h

(direct sum) with (Ad H)m C 222; that is, in terms of the algebras [h, 222] C 222.   The

corresponding homogeneous space G/H is called a reductive homogeneous space.

In this case if we also have [222, 222] C h, then (g, h) is a symmetric pair and G/H

is a symmetric space.   We shall be most interested in the case when (g, h) is

not a symmetric pair.

In [7] there was established a correspondence between G-invariant connec-

tions V on a reductive space G/H and certain nonassociative algebras (222, a)

where a is a bilinear multiplication function on 222 as follows.

Theorem.  Let G/H be a reductive homogeneous space with fixed Lie alge-

bra decomposition g= m + h with (Ad H)m C 222.   Then there is a one-to-one cor-

respondence between the set of all G-invariant connections V on G/H and the

set of nonassociative algebras (m, a) so that Ad H is contained in the automor-

phism group of (m, a); that is, (Ad P)a(X, Y) = a((Ad P)X, (Ad P)Y) for all

P e H and X, Y £ m.
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If the G-invariant connection V on G/H is a pseudo-Riemannian connection

that is induced by a nondegenerate form C on 222, then the algebra satisfies the

following conditions; see [4], [7],   The mappings a(X): m —» 772: V —» a(X, Y)

are C-skew symmetric for all X e m and the mappings Ad P: m —» 722: Y —»

(Ad P) Y satisfy C((Ad P) X, (Ad P) Y) = C(X,  Y) for ail X,  Y e 722 and

P e H.   Thus by "differentating" the automorphism and isometry conditions for

Ad H we investigate this situation in terms of nonassociative algebras (222, a)

which are determined as follows.   Let (g, h) be a reductive pair with a fixed

direct sum decomposition g = m + h and [h, m] C 272.   Let a: m x m —* m bea

bilinear multiplication function which defines an algebra (722, a) such that

ad U: m —» 222: Y —» [(/, Y] for ail U e h is in the derivation algebra of (722, a).

Let C be a nondegenerate symmetric bilinear form on 722 such that the mappings

a(X) and ad U for all X e 722, U e h ate C-skew symmetric.  We now denote such

an algebra (722, a) by (222, a, C) and note that in terms of algebras that (722, a, C)

determines the corresponding pseudo-Riemannian G-invariant connections.

A well behaved example of this situation is when a pseudo-Riemannian

connection V is of the first kind; that is, for all X e 222 the maps t —»77 expiX

are geodesies where rr: G —» G/H is the canonical projection.   In this case

a(X, Y) = Y2XY where XY = [X, Y]m is the projection of [X, Y] in g into the 722-

component of the decomposition g = m + h; see [7].   For this case we change

the notation and let B denote the corresponding nondegenerate form and let

(222, ViXY, B) denote the corresponding algebra.   The case where g and h are

semisimple gives a reductive pair (g, h) where g - m + h with m = h    relative to

the Killing form of g and B is the Killing form restricted to 222 x 722; see Corollary

2, §2.

Jordan algebras enter into the analysis of the connection V given by

(722, a, C) by comparing V with a given connection of the first kind determined by

(m, V2XY, B) as follows.   Thus assuming a pseudo-Riemannian connection exists

(which we do throughout this paper), we have since B and C ate nondegenerate

forms that there exists a unique S e GL(m) such that

(1) CiX,Y)=BiSX,Y).

Since B is a symmetric form, S satisfies

(2) Sb = S

where b denotes the adjoint relative to B.  Since ad U is B- and C-skew

symmetric, S also satisfies

(3) [ad (7, 5]=0
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for all U eh.   For B(S ad UX, Y) = C(ad UX, Y) = - C(X, ad UY) =

- B(SX, ad UY) = B(ad Í/5X, Y).

The set of endomorphisms of 222 satisfying (2) and (3) form a Jordan algebra

/ relative to the usual operation SXS   = A(SX ° S, + J, ° SA where ° is composi-

tion of endomorphisms.   Thus the connection V determined by (222, a, C) corre-

sponds to a unique invertible element S in /.   Now from results in [4], [9] the

formula for a is given by

(4) 2a(X, Y) = XY + S~X[X(SY) - iSX)Y]

where AXY is the multiplication in (222, AXY, B).   Thus given an invertible ele-

ment in / we can define the connection V corresponding to (222, a, C) by using

formulas (1) and (4) to determine C and a.   However for any  T £ J, S = exp T is

invertible in /.   Thus in this way there is a correspondence between the set of

connections (determined above by (222, a, C)) and the elements of /.   Furthermore,

using (4) these connections are parameterized by elements of the symmetric

space M= } n GL(m); see [5].   Note that for S = I e J n GL(m) we obtain the

original algebra (222, AXY, B) so that M is nonempty.

We now note that the relationship between Jordan algebras and connections

is rather general.   For in the case of a Lie group G (with H = \e}) if we assume

the algebra (g, A[X, V], B) exists where ad X is B-skew symmetric, then the

corresponding Jordan algebra is J = [S e End(g): S   = S}.   Conversely, given any

Jordan algebra / of endomorphisms of a vector space V which are symmetric

relative to a nondegenerate form B on V, then we can regard V as an abelian Lie

algebra and form (g, A[X, V], B).   Thus the corresponding Jordan algebra of this

triple is just /.

In the remaining sections we discuss mainly reductive pairs (g, h) with g

and h semisimple.   We compare (722, a, C) with (222, AXY, B) where B is the Kill-

ing form restricted to 222 x 222 as mentioned above.   Thus we find a direct sum de-

composition 222 = K0+ Kx+ K2 into ad ¿-invariant subspaces and show / is semi-

simple.   We give examples of this decomposition and /, but leave the complete

classification of / as an open problem.   This is a hard problem taking into

account the classification of semisimple subalgebras of a semisimple Lie

algebra [l].   Finally in y5 we give some sample applications involving the con-

nection and curvature of G/H regarded as functions of M = ] O GL(m).

2. Semisimplicity of /.  Let (g, h) be a reductive pair with decomposition

g= m + h and (ad h)m C m.   From the Lie algebra identities for g, it is easy to

see that ad h C Der(222, AXY) which is the derivation algebra of (222, AXY).   We

now assume there is a symmetric nondegenerate form B on 222 so that (222, AXY, B)
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exists; that is, for all X em, Li eh the mappings

L(X): m-*m'. Y--XY   and    ad U : m -> 222 : Y -♦ [U, Y]

ate B-skew symmetric.   Now let (222, a, C) be another algebra as discussed in

Vl; specifically, (272, a) is an algebra and C is a symmetric nondegenerate form

so that for all X e 722, U eh the mappings a(X): m —» 222: Y —» rx(X, Y) and

ad U: 722 —» 772: Y —*[U, Y] ate C-skew symmetric where ad h C Det(m, a) which

is the derivation algebra of (222, a).   Let J = \S e End(m): [S, ad U] = 0 all U e h

and S  = S\ be the Jordan algebra which relates all the possible algebras

(m, a, C) to (772, V2XY, B) as previously discussed.   We now have the following.

Theorem 1.  Let ig, h) and (m, }4XY, B) be as above and let ad h be com-

pletely reducible in m.   Then J is a semisimple Jordan algebra.

Proof.  Let A be the associative subalgebra of End(m) given by

A = ir e End(222) : [T, ad U] = 0   all    U e el-

Then A is closed under the involution b induced by B; that is, B(TX, Y) =

B(X, TbY).   For, from 0 = [T, ad Ü] we see 0 = [Tb, ad U] using (ad U)b =

- ad U.   Thus A is an associative algebra with involution and the set H(A, b) -

\T e A: T   = T\ of B-symmetric elements is a Jordan algebra relative to the

usual multiplication.   From [6] we see that the Jordan radical is given by

Rad H(A, b) = H(A, b) n Rad A where Rad A is the radical of the associative

algebra A.   Therefore noting that / = f7(A, b) it suffices to show A is semisimple.

Thus since ad h is completely reducible on 722, we see from [3, p. 102] that

the centralizer

C = ¡Teg/(722): [T, ad U]= 0 all U e h\

is completely reducible on 222.   But identifying g/(z22) with End(7?2), this means A

is completely reducible on 222.   This implies A is semisimple.

Corollary 2.   Let h be a semisimple subalgebra of the semisimple Lie

algebra g.   Then (g, h) is a reductive pair with decomposition g= m + h where

772 = h1 relative to the Killing form, Kill, of g.   Also for X, Y e m, the form

B(X, Y) = Kill(X, Y) is nondegenerate on m and the algebra (m, XAXY, B)

satisfies L(X) and ad U are B-skew symmetric for all X e m, U e h.   In this

case the Jordan algebra J is semisimple.

Proof. The last statement follows by noting ad h is semisimple and there-

fore is completely reducible in 222. The first parts were proven in [l0] which we

now sketch.   Since h is semisimple, the Killing form of g restricted to h is
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nondegenerate.   Thus we can decompose g= m + h with 722 = h .  With B as above

we see ad U is B-skew symmetric for U eh and the map L(X); m —»222: Y —* XY

is B-skew symmetric as follows.   Let h(X, Y) = [X, Y] be the projection of

[X, Y] in g into h, then since 22z = ¿r1 we have B(L(X) Y, Z) = B(Xy + ¿(X, Y), Z)=

Kill([X, Y], Z) = - Kill(Y, [X, Z]) = -B(Y,XZ+ h(X, Z)) = - B(Y, L(X)Z).

In the next sections we obtain a more detailed decomposition for 222 and / in

the case g is semisimple and h is semisimple.

3. Decompositions for 222 and /. We continue the discussion of the previous

section and obtain a decomposition for 722 (Theorem 3).   Some of these results

are buried in [9] and we repeat them for convenience.   For any reductive pair

(g, h) with decomposition g = 222 + h and (ad h)m C 222, the identities of g induce

identities on (222, XY) as follows.   As before for X, Y e m let [X, Y] = XY +

h(X, Y) where XY = [X, Y]    is the projection of [X, Y] into 222 and similarly

b(X, Y) = [X, Y]h.   For Í7 e h we also use the notation D((7)= ad (/restricted

to 222 and D(X, Y) = D(h(X, Y)).   Then we have

(3.1) XY=-YX,   bilinear

(3.2) D(X,Y) = -DiY,X),   bilinear

(3.3) DiX, Y)Z + DiY, Z)X + DiZ, X)Y = XÍYZ) + YiZX) + ZiXY)

(3.4) DiXY, Z) + DiYZ, X) + DÍZX, y) = 0

(3.5) [DiU), DiX, Y)] = DiDiU)X, Y) + D(X, DÍU)Y)

(3.6) D( (7) (X Y) = (D( U)X) Y + X(D( U) Y).

Now assume g and h are semisimple; then from Corollary 2 we see that g = m + h

with 222 = hL relative to the Killing form on g and that B(X, Y) = Kill(X, Y) is

nondegenerate and L(X) and D(t7) are B-skew symmetric.   Next let

K0 = ¡X e 722 : (ad i/)X = 0 for all U e b\

then using (3.6) and (3.3) we see that KQ is a Lie subalgebra of (222, XY).  We

also have

(3.7) biK0, 222) =0

for if W e KQ, Z e 222 and ü e ¿, then

0 = Kill  ((ad U)W, Z) = Kill  ([(/, W], Z) = Kill  ((/, [H\ Z])
2? S 8

= Kill  iU, WZ + hiW, Z)) = Kill  iU, hiW, Z)),   using 722 = h1
8 g
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and since Kill \ hx h is nondegenerate, h(W, Z) = 0.   From this we see [KQ, m] =

K0?72 C 722 so that 722 is a ad X0-module and also L: KQ —» L(KA is a representa-

tion of K0 on 272 where L(KA = \L(V): V e KQ}.   Thus let  V, W e KQ on Z e 222,

then from (3.3) and (3.7) we obtain 0 = V(WZ) + W(ZV) + Z(VW) = &L(V), L(W)] -

L(VW))Z which gives the result

(3.8) LiVW) = [LÍV), L(W)].

A similar computation shows that L(KA C Det(m, XY).   Also since  D(U) is a

derivation of (722, XY), noting (3.6), we have [D(U), L(V)] = L(D(U) V) = 0 for

V e K0 and U e h.

Next we use some results on centralizers to show K. = c © Kl where c is

the center of KQ and K^ is zero or a semisimple Lie algebra in (722, XY).   Since

g and h ate semisimple, L = ad g and L, = ad h ate completely reducible on g.

Therefore the centralizer, CL(LX), of L, in L is completely reducible on g [3,

p. 102].   But

CL(L1) = }adW e adg: [ad h, ad W] = 0i = .ad W £ adg:ad[h, W]= 0\.

Since g is semisimple, ad[i, W] = 0 implies [h, W] = 0.   We now show W e KQ as

follows.   Let W = W, + W2 where W, e m and W2 £ h, then for  (7 £ h, 0 = [(/, W] =

[t/, W.] + [U, WA.   From the ad ¿-invariant direct sum g = m + h, this implies

[h, W.] = 0.   But since 6 is semisimple and [h, W ] = 0 we see W2 = 0; thus W =

W, e 272 which means W   e KQ.   This implies CAL.) = ad  KQ is completely

reducible in g and therefore completely reducible on ad  K .-submodules of g.

Next for X £ m and V £ KQ we see

ad V(X) = [V, X] = VX + h(V, X) = Liv)X,    using (3.7)

so that the action of ad  KQ and L(KQ) on m ate the same.   Since 222 is an ad KQ-

submodule, this implies  L(KQ) is completely reducible on 222.   Thus from [3] we

may write E(KA = L(c)  © E(KÍ) tot suitable subsets c and Kj of KQ and where

Lie) is the center of L(K0) and L(K'A is zero or semisimple.   Now the map Kg-*

L(K0): V —» L(V) is an isomorphism of Lie algebras.   For it is a homomorphism

using (3.8) and L(V) - 0 implies ad V = 0 so that V = 0.   From this isomorphism

we obtain the desired result

KQ = c © K„.

Next we consider a direct sum decomposition for 222 and show B \ KQ x KQ is

nondegenerate (recall B(X, Y) = Kill(X, Y)). Since ad ¿ is completely reducible

on 722 and KQ is ad /^-invariant we have a direct sum 722 = KQ + b where b is
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ad ¿-invariant.   Furthermore (ad h)b = b.   For if p = (ad h)b is a proper ad h-

submodule of b, then by the complete reducibility of ad h on b, we can find an

ad ¿-invariant complement p 'with b = p'+ p (direct sum).   Thus (ad h)p'Cp 'n

(ad h)b = p 'op = 0 so that p 'C KQ, a contradiction.   Thus m-K. + b with

(ad ¿)è= b.

To see that B | XQ x XQ is nondegenerate, let U £ KQ be such that

B((7, K0)= 0.   Then

B(i/, 722) = BiU, KQ + b)= BiU, (ad h)b) = -B((ad ¿)(7, ¿) = 0

and since B \ m x 222 is nondegenerate, U = 0.   We also have B | c x c and

B I Kg x X '   are nondegenerate.

Since B | X0 x XQ is nondegenerate we can decompose m = KQ + b where

we can assume b = KA relative to B, (ad h)b= b and B | b x b is nondegenerate.

Using ¿ = K¿ note that L(KQ)bC b since B(XQ, Xn¿) = B(KQKQ, b) = 0 using XQ

is a subalgebra of (222, XY).   Now let

Xj =lYe¿: L(U)Y = 0 all {/ e XQ}

then since L(X.) C Der(72z, XY) (remarks following (3.8)), we see  X, is a sub-

algebra of (222, XY).   Also from the remarks following (3.8) we see [L(U), ad P] =

0 for U £ KQ, P £ h so that X, is ad ¿-invariant.

Since L(Kq) is completely reducible in 222 and b is an L(X0)-submodule, we

can decompose b = K.x + K2 into L(XQ)-submodules.   In a manner similar to the

proof that B | KQ x KQ is nondegenerate, we see B | X. x X. is nondegenerate.

Thus we can assume  X2 = Xj relative to B | b x b and we have that  X, is

L(KQ)- and ad ¿-invariant and B | K2 x K2 is nondegenerate.   We summarize some

of these results.

Theorem 3. (a) Let g be a semisimple Lie algebra and h a semisimple sub-

algebra, then there is a decomposition g = m + h where m = h1' relative to the

Killing form of g and (g, h) is a reductive pair.

(b) The algebra (m, XY) is such that 222 = c + K'+ Kx+ K   as an ad h-

invariant direct sum and satisfies the multiplicative relations

cc = cK'0 =cXj = 0,       cK2CX2,

Ko^O^O'       KoKl = 0'       /C0/<2 C KV

KjKjC Xj,       ^1^2 *" ̂ 2'    K K C722.

(c) XQ = c + XQ' is such that (ad ¿)XQ = 0 and X '   is zero or a semisimple

Lie subalgebra of (m, XY).   Also (ad h) X. = X; for i = 1, 2.
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(d) h + KQ is a Lie subalgebra of g and m is an ad(i + KA-module.   L(KA C

Der(z22, XY) and[L(KA, ad h] = 0.   Also L(KQ)K2 = K2 and K2 is

ad(h + KQ+ K.)-invariant.

Proof.  We have previously discussed (a) and most of (b) except K.K2C K7.

To see this we let U e K,, V e K2 and UV = X + Y + Z where X e KQ, Y e K,

and Z £ K2.   Now X = 0 as follows.   For any P e KQ,

B(P, X) = BiP, UV-Y-Z) = BiP, UV),    orthogonality

= B(PÍ7, V) = 0

using KQK. = 0.   Thus since B | KQ x KQ is nondegenerate, X = 0.   Similarly

let Q e Kv then

BiQ, Y) = BiQ, UV) = BiQU, V)=0

using QU e K,K, C X, and BiKv K2)= 0.   Since B\ K2 x K, is nondegenerate,

Y=0.

Parts   (c) and (d)  have   been  discussed  except   showing   K2   is

ad(h + KQ + K^-invariant.   To see this we note that ad(h + KQ) K2 = (ad h) K, +

(ad KQ)K2 C K2, recalling (ad KAK2 = L(KQ)K2 C Ky   Thus we must show

(ad KAK2 = K.X2 + h(Kv K2) is in K2 which follows from (b) and h(Kv K2) =

0.   To see this note

0 = Kill ([a, Kj], K2),   using K2 = KJ

- KiUii, Dt,t k2D

= Kill (A, M/Cj, K2)),    using 722 = zbx.

Thus since Kill | h x h is nondegenerate, ¿(X,, K2) = 0.

We shall give some examples later, but it should be noted that the problem

of finding "holonomy irreducible" connections determined by (722, a, Q leads

to the problem of finding algebras (m, a, C) which have no left ideals which

are ad ¿-invariant.   In particular these algebras must be simple; see [9].   The

simplest examples of this type were discussed in [9, Proposition 3] where

51 K. = X. I and relations between the A.'s were determined.   A general analysis

of the algebras (222, a, C) probably must follow the lines of Lie algebras or

extended Lie algebras [8] since identity elements or idempotents need not be in

(722, a, C).   Thus using C(a(X, Y), Z) = - dY, a(X, Z)) we see that if C is

nondegenerate and E is an identity element, then

C(X, Y) = CiaiE, X), Y) = -C(X, <x(E, Y)) = -C(X, Y)
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a contradiction.   If C is positive definite and E is an idempotent we obtain

C(E, E) = C(a(E, E), E) = -C(E, aiE, E)) = -CÍE, E),

a contradiction.

Proposition 4.  Let g 'be a semisimple Lie algebra with h a semisimple sub-

algebra so that (g, h) is a reductive pair with g = m + h where m = h  .   //

m= KQ+ b is the decomposition as before, then /XQ = XQ and ]b = b.   Thus

] = /. © ](b) is the direct sum of ideals where  L = /| XQ and ](b) = /1 b.

Furthermore /. is isomorphic to the Jordan algebra of rx r B-symmetric matrices

where r is the dimension of KQ.

Proof. Let U £ KQ and S £ J, then since [ad ¿, S] = 0 we have ad ¿(Si/) =

S(ad hU) = 0 so that by definition SXn C Xn. Since / e ], we have /Xn = Xn.

Since b = XQ and S is B-symmetric we also have Jb = b.

Next relative to m = KQ+ b we see that ad ¿ 1222 and S £ J have the matrices

of the form

L ¿22J and L°   S22J'

Thus the condition [ad ¿, S] = 0 gives no restriction on Sjj.   Therefore the set

of matrices Sjj which is isomorphic to JQ has the only restrictions 5 „ = Sxx.

That is, J0 is isomorphic to \T £ End(XQ): T     = T) where bQ is the adjoint

relative to the nondegenerate form BQ = B | XQ x Xn.

Examples in the next section lead to the following.

Conjecture. Let 722 = XQ + Xj + X, as before with KQ / 0, then ]K. = K.

fot i = 0, 1, 2.

If this is the case, then / = JQ © ] x © J2 where /. = /1 X. are ideals in /.

4. Examples. We now consider the decomposition of the   previous sections

for various simple matrix algebras g where the semisimple subalgebra ¿ is im-

bedded in g in a natural way.

To see easily that JK. = X. we recall some facts on homogeneous com-

ponents for an associative algebra [2, p. 124].   The associative algebra A we

want to consider is the algebra generated by ad h \ 222.   Since we are assuming h

is semisimple, it is completely reducible; thus A is completely reducible and

semisimple.  Furthermore AXQ = 0 and Ab = b so that we shall restrict our

attention to A\b= A.

Now let r = IT e End(b): [T, P] = 0 for all P e I\ be the centralizer of A.
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Then we see J(b) C T and J(b) consists of the Bj = B\b x b symmetric elements.

Let 72 be an A-irreducible submodule of b, then the homogeneous component p

determined by 72 is p = In. summed over all  A-irreducible   submodules 72. which

are A-isomorphic to 72.   In this case we have Tp = p and p is a r-completely

reducible submodule of b.   In the examples we shall show that the A-homogeneous

components of b = K. + /C are either in Kl or K ■ thus TXj = X. andrx2= K2.

The general idea behind the examples is as follows.   Let g be represented

by matrices and suppose h = h^ © ¿2© — © h   as a direct sum of simple ideals;

consider the case h = h In this case represent g by matrices

An A12 A13

A21 A22 A23

An  Al2   A3}

and imbed h as matrices of the form

"O

'22

J3 3.

There is a 0 in the (1,1) position because  KQ is not zero unless A„ = 0.   From

matrix computations we roughly obtain

Kg is the set of matrices

K.  is the set of matrices

K2 is the set of matrices

■An   0  or

0  0

0  0

000

0 0   A23

0    A
32

A
12    A13*

21

l-A31

Example. (1) Let g = so(n) be the 72 x 72 skew-symmetric matrices and h =

so(k) the k x k skew-symmetric matrices where k < n - 1.   As above regard g

as matrices
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pli     *12l

where  A.. ate skew-symmetric and imbed h as matrices of the form

r.   .1

|_0    A2J

Then a straightforward computation, using Kill(P, Q) = XttPQ fot P, Q £ g,

shows m = h    is of the form

Ri!    *«]
kl   °J*

From this we see  XQ are matrices of the form

Lo     oj

and  b = X_  are matrices of the form

í° HIai    oJ

Now for  U £ KQ, V e b we compute L(U) V = [U, V] = 0 to obtain

(.) ^11^12 = ^2^,1 =°"

Let r = 22 - k, then since XQ consists of all' r x r skew-symmetric matrices we

see that (*) implies A2X = 0; that is, Xj = 0 and b = X2.   Thus 222 = XQ + X2 with

the above matrix description.

Now we see that ] = ]0 ® J 2 as given at the end of §3.   In this case JQ is

the simple Jordan algebra of symmetric r x r matrices.   We now consider ]2-

Since  A'   = - A2X where ' is the transpose, we set A = AX2, then

L- »H
and we let  A. be a r x k matrix of the form
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0

A.
2

a.,a
2l    z2 ik

and let p. be the set of matrices of the form

U ôj'
Then a computation shows ad hp. = p., using (ad h)' = - ad h.   Furthermore the

p{ ate ad ¿-irreducible and K2 = p, + • • •+ pr.   We have pi and p. ate ad ¿-iso-

morphic using the obvious map.   Thus let (a., • • •, a, ) be an arbitrary /e-tuple

in  Rk and let

ron

A.=
2

A.=
;

x.

Then the map p. —> p. given by

a,

L     0    .

r    o   "

a,...afe

L    o    J

z'th row,    and

/'th row.

"0        AIJO       Al

-A|.      Oj       |_-A<      oj

is an ad ¿-isomorphism.   Thus since  K2 = 1p. we see K2 is a homogeneous com-

ponent and this is an orthogonal decomposition.

Use the decomposition K2 = 1r._ .p. to obtain a basis for X2 as follows.

Let E,,•••, E,   be a basis of p, and let ad ¿E   = 1 .a.   E. define a matrix h,,
1' '       k r 1 S      _ 1     JS      i 11

for ad b on p..   Let cS: p, —> p. be an ad h- (or an A)-isomorphism and let  E1 =

4>(E ) give a corresponding basis of p..   Then ad hE1 = ad ¿cS(E ) = (rS(ad ¿E ) =

S .z?. (ÔE.) - 1. a.   E'.   This defines a matrix ¿.. for ad h on 6. and ¿.. = ¿,,.
7    jsv~    ;' j    js     s il rt 22 11

Thus relative to a basis of K, chosen this  way ad ¿| X2 has matrix

["'J
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where h,, = h.. for i = 1, • • •, r.
11 22 ' '

Next relative to this basis write the matrix for S\ X2 in block form of k x k

matrices

'11

M

'lr

Then [ad ¿, S] = 0 gives the relations

[h.-,S.]=h.S..-S..h..= 0.
it     it        it ii      i] a

Since ¿.. = ¿jj we obtain [¿jj, S..] = 0.   But ¿jj represents any k x k skew-

symmetric matrix and this implies S.. = X{.1 for A., e R and / is the k x k identity

matrix.   (If necessary, just compute.)  Thus since Sl = S, the ideal ]2 = /|X2 is

isomorphic to the rx r symmetric matrices, r = n — k.

Example. (2)   We now consider when ¿ is actually semisimple.   Thus let

g = so(n) be given by block matrices

¿11 ¿12

¿21 ¿22

¿31    ¿32

.-¿41 '42

¿13 ^u'

¿23 ¿24

¿33 ¿34

¿43 ¿44-*

and let h = so(kx) © so(k2) © so(k,) be imbedded as matrices of the form

"O 0 0 0"

0   A

0

Lo      o

22

0   A
33

0    ¿44-1

similar to the first example and let n = r + kx + k2 + k, where r> 1.  As in the

preceding example we have 22z given by matrices of the form

r¿n   ¿12   ¿13   Au

"21     "

¿31    ¿32

¿23     ¿2-4

U/441 ¿42    ¿43

'34

0
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and m = K0 + K. + K2 where the K. ate given by matrices of the forn

"An     0    0    0

0

0

.0

"o

0

0   A

0 0    0

0 0    0

0 0    OJ

0        0

0   A23    A24

.3 2
0    A

L°  \2  \,

Au   An   Au

21

"31

LA41

As in the preceding example we use the skew-symmetry of matrices in so(t2) to

obtain the following decomposition  K. = p1 + p2 + p, where the p. ate given by

"0        0 0    01

Pi
0

0    A

0    A23    0

32

Lo      o

0

0

o

0    A

0    0

0    0J

0    0 0

0    0    A,.
24

0    0        0

0
42

'0 0       o

0 0 0

0 0 0    A

.0 0 A43

0.

0"

0

3 4

OJ
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Next  K2 = q. + q2 + q, where the q. ate given by

21

31

Lo

'o

0

0

LA41

A12 0 0

0 0 0

0 0 0

0 0 OJ

0   A13    O"

0    0

0    0

0    OJ

0 ° Au

0 0 0

0 0 0

0 0 0

The homogeneous components of ad h (or A) in b ate contained in p. + p2 + p, -

K. or q. + q2 + q:.= K2.   This is a straightforward computation (discuásed

below) which shows ad h acts differently in  K. and K2 so that there can be no

isomorphic irreducible ad ¿-submodules in K. and /C.

Thus we see for S £ J that SK. C K. and L consists of r x r symmetric

matrices.   For J2 = J\K2 we note that

~0 0"

'22

'3 3

Lo '44-1

in h,    and

X =

A!2    Ali AlS

12

-A

-A

13

14

0        0 0

0        0        0

0        0 0

in K„
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gives

(1) [U, X] =

"¿12*2 2    "¿13*33    -¿14*44*

-*2 2¿12

_¿33¿13

L-¿44¿14

0

0

0

0

0

0

so that ad h acts differently on the q's and consequently the q. ate homogeneous

components (also see end of this example).   Thus S: qi —» q. and 5|X, has matrix

L0 0  s3J

To find the S .'s is essentially the same as in Example (1); thus we see } 2 =

/2(z/j) © J2iq2) © 72(^3) where the ]2(q/) are isomorphic to the Jordan algebra

of r x r symmetric matrices.

To find /j = /|Xj we note for U given as above and for

Y =

0

0

"¿¿3

¿23   ¿24

0   A

"¿24    "¿'34

34

0J

Xj^/Sj + pj + pj that

"0

I
(2) [{/, y] =

0    ¿22^23 "¿23*33    *22¿24 " ¿24*44

0 *33¿34- ¿34*44

where *is given by skew-symmetry.  By making various choices for the ¿..we

see that the p. do not contain ad ¿-isomorphic irreducible submodules.   Thus the

p. are homogeneous components and are actually irreducible.   Thus we see

S: p. —¥ p. so S on X, has matrix

01

0    53J
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where the 5. are symmetric on p..   Therefore S. has a real characteristic root

A. on p. and (X e p.: S.X= A.Xi is ad ¿-invariant.   Thus by irreducibility, S. =

X.I on p.; that is, /, is isomorphic to /?/, © Rl2 © RI, where /. is the identity

on p..   Finally comparing the equations (1) and (2) above we see that we can

choose the ¿..so that ad h acts differently on  Kj and X2 so that the homogeneous

components in b ate either in  X, or X2.

Example. (3) We now consider a case where the forms are not positive

definite.   Thus let g be the 77 x 72 matrices of trace zero (that is, A _ ,-type) and

let h be the k x k matrices of trace zero imbedded as follows.   Represent elements

of g by a sum of block matrices

\A" H 4" °1
where trace A-. = trace A,. = 0.   Let h be represented by the k x k block of

matrices

r.   on

L°     *22J

where we use the notation ¿„ = A — and let

4; a
Again using Kill(P, Q) - Atr PQ, we see that 222 = hx consists of matrices of the

form

Pli    *l2]

L*2I        °J
+ RV

and XQ is given by matrices

+ RV.P" °]
Lo     oj

Thus KQ= c © K¿ where the center c = RV and KQ'  is isomorphic to the rx r

matrices of trace zero where 72 = r + k.

Next 272 = X0 + b and b is given by matrices
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L¿21 °J

and a computation shows b = X2.   Let px be matrices of the form

C '"i
and let p2 be matrices of the form

L¿12   °J

Then (ad h)(p.) = p. and X2 = px + p2.   The action of ad h is given by

L¿21 QJ        L*22¿21 °J

ad¿

Let A. be a matrix of the form
z

then matrices of form

(*)

a.., ••• a
zl lk

Lo    oJ

yield isomorphic irreducible ad ¿-submodules of pj.   Similarly for p2 using

column matrices.   However the pj and p2 do not contain ad ¿-isomorphic irre-

ducible submodules.   Briefly, suppose «j —► «2: X —» X is such an isomorphism

of irreducible submodules where

-c a - »-G i
Then we obtain ¿,2^ = _ ^^22  anc^ ̂  suitably choosing the elements in ¿22

(using O's and l's in the correct places) we obtain contradictions.   Thus px and

p2 ate ad ¿-homogeneous components.
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Using the decomposition  m = KQ+ p, + p2 we see that S £ J has matrix

Cs0    o    o-

0     ifj      0

o     o  s2

so that /- is isomorphic to the t x / B-symmetric matrices where t = r    is the

Next on b = p. + p2, ad h\b has matrix

dimension of KQ.

L°    *2j

where  ¿. is the matrix of ad h\p.; thus [ad ¿, S] = 0 gives [¿., 5\] = 0.   Now

consider [¿,, S ,] = 0 on pjj the case for p2 is similar.   Let p, = q^ +•••+ q

where the  q. are the submodules given by (*) above and r = n - k.   By choosing

a "natural" bases for each  q. we see ¿, has matrix of the form

rwii

where  H. .= //.. is k x k of trace zero.   Now relative to this same basis, write

S, =•T,,":',"l
then [¿,, S ,] = 0 gives H. S.. - S..H.. = 0.   But H..= H.. so that each S.. com-

1'        1 6 «     ¡7 «7    77 zz 77 Z7

mutes with  kx k matrices of trace zero.   Since  5.. commutes with the identity,

we see  S.. commutes with all kx k matrices; thus  S.. = X.. I so that / , = l\p,ii ' ii       ii J 1     ' |r 1

is isomorphic to the Jordan algebra of r x r matrices.

Similarly for S 2 £ J . = / |p2 we obtain a matrix as follows.   We note from

Kill(P, Q) = XtrPQ that Bip., p.) = 0 and B(p,, p2) / 0.   That is, p, and p2 are

related by the nondegenerate form B and considered dual.   Choosing a basis for

pj from the decomposition p, = q^ + • • •+ q   as above, we get a decomposition

p2 = ?! + •••+ 9r' such that B^., q') = 0 if i / j and #¿ and q! ate related by the

nondegenerate form B and considered dual.   Choosing a natural basis for  q. as

in (*), the corresponding dual basis for q. is obtained by using the corresponding

column matrices.
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Now let S 2 £ ] 2 have matrix [p.l] relative to p2 = q\ +• • •+ q' decompo-

sition (as in the case for pj).   Then for X¿ e q. we have S xXi = SX, .X, with

X,  e q, and for X.  £ q.  we have S 2X. = 2p, . X,   with X, e q,.   Using S is

B-symmetric and the orthogonal relations of the q. and q.  we have by the usual

computations that A... = p...   This determines }2.

Even though the algebras (222, a, C) can be determined by finding /, these

algebras are difficult to compute.   In the next section we shall see how to obtain

restrictions on / by considering geometric formulas.

5. Some applications. We shall give some sample applications by considering

various "geometrical" formulas which are functions of the connection by

considering them as functions of elements of M = / O GL(m).   The formulas show

these functions are analytic on the open set M (in /) and we can compute their

Taylor's series, find critical points, etc.   Since we will always assume I £ M,

we are considering a "perturbation" problem to see how formulas for a connection

given by S = I + tT £ M fot T e J and / near 0 e R differ from formulas determined

by a connection of the first kind.

First let V be a G-invariant pseudo-Riemannian connection on G/H given by

the algebra (222, a, C) as in §1.   Thus we are assuming a pseudo-Riemannian

connection of the first kind exists, given by (222, AXY, B), and we are comparing

the connections via C(X, Y) = B(SX, Y) which gives the elements S e M.   The

connection formula for V given by a is

2a(X, Y) = XY + S_1[X(5Y) - (SX)y],

for X, Y e 222 with g = 222 + ¿.

Let M = / O GL(m) and let L (222, 722) be the space of bilinear maps on 222,

then define the function

a: M -* L2(m, m):S -*a(S)

where a(S)(X, Y) = a(X, Y) as given above.   From the formula for a, we see a

is analytic on M; and in particular a is analytic at /, which gives the original

connection of the first kind.

We now compute the Taylor's series for the function a expanded about a

point P e M.   Thus let Te] and ¡eRso that P + tT e M (and so that the follow-

ing computations holds).   From formulas,

2a(P+rT)(X, Y) = XY + (P + tT)~l[X • (P + tT)Y - (P + tT)X • Y]

= XY + P~XA + tiP~XB - UP^A)

+ ...+ (-1)*-W^P^B - UP'1 A) + ...
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where  U = P" lT, A = X • PY - PX • Y, and B = X • TY - TX • Y.   From this we

compute the higher derivatives 2k\(Dka(P)) T(fe) operating on (X, Y) to be

(_ \f-'iUk-\p-lB- UP~1A).   In particular if T ej is such that (Da(P))iT) =

0, then P~1B- UP'1 A = 0 so that

(*) 2a(P + tT)iX, Y) = XY+ P~lA = XY + P~\x • PY - PX • Y)

which is the connection determined by P e M.

Now suppose P is a critical point of the function a; that is, (DaiP))T = 0

for all T e J.  Then from the above computations we see the Taylor's series is

of the form

aiP + tT)iX, Y) = iaiP) + iDaiP))T + ... )(X, Y) = a(P)(X, Y)

= YiXY + ViP'Hx .PY-PX-Y)

from (*).  But by choosing T = I e J we see

0 = 2[Dfl(P)/](X, Y) = P~lB - UP-1 A,    in terms of /

= P_1[X . IY - IX . Y - P~liX . PY-PX . Y)]

which implies X • PY - PX • Y = 0; thus we see aiP)iX, Y) = lAXY.  That is a

critical point of a gives a connection of the first kind.

Next we consider the perturbation of curvature.   The curvature evaluated at

H e G/H tot the G-invariant connection V determined by (722, a, C) is given by

R(X, Y)Z = a(X, aiY, Z)) - ai,Y, a(X, Z)) -a(XY, Z) - D(X, Y)Z

(see [7] and note §3 for D(X, Y)Z).   Thus regarding R as a function on M we have

an analytic map

r: M-»L3(tt2, 222): S-» r(S)

where r(S)(X, Y, Z) = R(X, Y)Z.  Since we know / e /, let T e / and / e R near

enough 0 in R so that S=/+/TeM and so that we can perform the following

series computations.

From preceding computations we see

2a(X, Y) = 2z7(/+/T)(X, Y)

= XY + (7 + tT)~l[X . (/ + tT)Y - (/ + rT)X . Y]

= XY + £ (-l)fe-Vr*-1(X . TY - TX . Y)
/fe=l
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and using this in the above formula for  R(X, Y)Z we obtain the following for

r(S)(X, Y, Z):

4ÁS)(X, Y, Z) = 2aí,X, 2a(Y, Z)) - 2a(Y, 2a(X, Z)) - 4a(XY, Z) - 4DÍX, Y)Z

= X . YZ-Y . XZ- 2XY . Z - 4D(X, Y)Z

OO

+ ¿Z (-l)P_1íPÍX • TP~lÍY ■ TZ - TY • Z) - Y • TP-1(X • TZ - TX ■ Z)

P=l

+ TP~l[X . TiYZ)- TX • YZ

- Y • TiXZ) +TY • XZ- 2XY • TZ + 2TÍXY) ■ Z]\
OO OO

+ Z   L i-Dk+ntk+n\Tk-l[X . TniY -TZ-TY • Z)

k = l    72=1

- Y • T"(X . TZ - TX. Z)

- TX . Tn~liY • TZ - TY • Z)

+ TY • T"~liX . TZ- TX-Z)]¡.

From this we can compute the derivatives [D r(I)T^  '](X, Y, Z); in particular

4[Dr(l)T]iX, Y, Z) = X(Y • TZ - TY ■ Z) - YÍX • TZ- TX • Z) + X • TÍYZ)-TX. YZ

- Y • TiXZ) + TY - XZ - 2XY • TZ + 2T(XY) • Z.

If / is a critical point of r, then we obtain a restriction on / given by [RAX, Y),

T] = 0 fot allT £ ] where RX(X, Y) = %[L(X), L(Y)] - AL(XY) - D(X, Y) is the

curvature endomorphism for a connection of the first kind; recall L(X): m —»222:

Y —» XY.   To see this we have from 0 = [Dr(l)T] (X, Y, Z) as an operator on Z

that

0 = [L(X), L(Y)]T - [L(X), L(TY)] + [LÍY), LÍTX)]

+ LiX)TLiY) - LÍY)TLÍX) + 2L(T(XY)) - 2L(XY)T.

h h
Taking the transpose of this equation, recalling L(X)   = - L(X) and T   = T, we

have

0 = -T[L(X), LiY)] + [LOO, LiTY)] - [LÍY), LiTX)]

+ LiY)T LiX) - LiX)T LiY) - 2LÍTÍXY)) + 2T LiXY).
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Adding these equations gives

0 = [[L(X), LiY)], T] + 2[T, L(XY)] = 4[R,(X, Y), T].

Now let H =\e\ and let G be semisimple, then g= m and L(X) = ad X.   This

gives R.(X, Y) = - y4ad([X, Y]) and 0 = [*ad([X, Y]), T].   But g = [g, g] so we

have [ad Z, T] = 0 for all Z e g.   This implies [X, TY] - [TX, Y] = 0 and there-

fore from the formula, a(X, Y) = ]4[X, Y],   This proves the following.

Proposition 5.  Let G be a semisimple connected Lie group with Lie algebra

g.   Let r: M —> Llig, g) where r{S)(X, Y, Z) = R(X, Y)Z is the curvature deter-

mined by (g, a, C).   If I e M is a critical point of r, then the connection deter-

mined by (g, a, C) is of the first kind; that is a(X, Y) = Vi\X, Y],

Examples indicate similar results hold for reductive pairs (g, ¿) with g and h

semisimple where g = 722 + h with m = h   and 222222 ^ 0; that is, (g, h) is not a

symmetric pair.
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