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DUALITY THEORIES FOR METABELIAN LIE ALGEBRAS
BY
MICHAEL A. GAUGER

ABSTRACT. This paper is concerned with duality theories for metabelian
(2-step nilpotent) Lie algebras. A duality theory associates to each metabelian
Lie algebra N with cod N 2_ &, another such algebra N satisfying (Np)p =
N, N1 =~ N2 if and only if (NI)DS (NZ)D’ and if dim N =g + p then dim ND =
g+ (g) — p. The obvious benefit of such a theory lies in its reduction of the
classification problem.

Introduction. The purpose of this paper is to determine the *‘reasonable’
duality theories for metabelian Lie algebras over an algebraically closed field of
characteristic zero. If N is a metabelian Lie algebra (i.e. N 3 = 0; we are includ-
ing the abelian Lie algebras as ‘‘degenerate’” metabelian Lie algebras although
this is not standard) such that cod N2 = g, a duality theory associates to N an-
other such algebra N, the dual, satisfying the formal properties

1. (Np)p =N,

2. N, = N, if and only if (NI)D = (Nz)D’ and

3. if dim N = g + p, then dim N, = g + (§) - p.

Two such theories were developed independently by Scheuneman [4] and my-
self [1]. Their obvious benefit is in the reduction of the classification problem.,

In this paper, I define an algebraic duality theory to be an association N —
N, satisfying conditions a little stronger than the three above, plus a require-
ment, roughly speaking, that the structure constants of N, depend algebraically
on those of N. These axioms, which are satisfied by both Scheuneman’s and my
own duality, result in a uniqueness theorem, hence the identity of the two theo-
ries just mentioned. It appeared at first that there were two algebraic duality theo-
ries. I am, however, indebted to the referee for detecting an error in my original
arguments and for giving a proof of the uniqueness.

A homological approach is taken to the subject by Leger and Luks in [3].
They also arrive at a uniqueness theorem. The main difference between these two
papers appears to be their assumption that a duality D is a contravariant functor,
Hence, for any homomorphism ¢: N — M of metabelian Lie algebras, there is a
homomorphism ¢p: Mp — Np,. We make no such requirement here.

Due to the generator-relation view given to the classification of metabelian
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Lie algebras in [1], the study of algebraic duality theories comes down to study-
ing automorphisms of Grassmann varieties—the projective variety of p-dimensional
subspaces of a space V. Westwick [7] showed that in most cases they are just the
obvious ones—induced by GL(V). However, when 2p = dim V, there is an addition-
al type of automorphism arising from a correlation of subspaces; the image of
GL(V) is of index two in the automorphism group. This exceptional behavior
causes some problems which are resolved in 33, a study of the natural representa-
tion of GL(V) on A P(A?V), The results generated concerning automorphisms of
Grassmann varieties are summarized in the First Main Theorem. I would like to
thank my colleague John Fogarty for some highly beneficial discussions on alge-
bro-geometric aspects of the problem, and for providing the proof of a key result
(Proposition 3) which enabled me to study automorphisms of Grassmann varieties
in an affine situation, and thus employ the elegant representation theory of simple

Lie algebras.

1. Metabelian Lie algebras and duality theories. In the following, all algebras
are finite-dimensional over an algebraically closed field K of characteristic zero.
A Lie algebra N is said to be metabelian if N> = 0 where N”*! = [N?, N]. Let
V be a g-dimensional K-vector space having a basis x,+++,x_ which is fixed
throughout this paper. We define N(2, g) to be the vector space V @ A%V made
into a metabelian Lie algebra by bilinearly extending the rules.

o ["i' x].]=x!-/\x]., [x, /\x]., xk]=0=["i' x; A"‘k]’
[x; A %0 %, N\ x,]=0.
In [1]1 established

Theorem 1. If N is a metabelian Lie algebra and cod NZ - g, N is isomor-
phic to N2, g)/I for some ideal | contained in A2V = N(2, g)%. Every subspace
S of A%V is an ideal, and if N = N(2, g)/S then N is a metabelian Lie algebra
and cod N? = g. Furthermore, if 1 and | are subspaces of /\ZV, then N(2, g)/l =
N(2, g)/] if and only if there is a 6 € GL(V) such that NX@)(I) = J.

Convention. Denote by /\” the homomorphism from GL(V) into GL(AV)
given by A7@) (v, A ... Av) =6 )A... A6&(v) on decomposable r-vectors.

The duality theory was established in the following way. There is a canoni-
cal nondegenerate pairing ( , ) between A%V and A%(V*) given on decomposable

2-vectors by

) (v ANw, a AB) = a(w)Bw) - Blv)a(w)

where v A we A2V and a A Be A2(V*). Let p be the representation \? of
GL(V) on A%V and let p* be its contragredient with respect to the pairing of
(2). Let G p(W) represent the projective Grassmann variety of p-dimensional sub-
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spaces of the finite-dimensional space W. Set n = (§) and consider the map § —
9 (right orthogonal complementation with respect to (2)) from G, (/A?V) onto
G,_,( AZ(V*)). It is an orbit preserving bijection when GL(V) acts on /A2V and

GL(V*) acts on A2(V*) since
(3) (p(6)(S))0 = p*(O)S?) and p*(6) = A2(t6-1)

where S€ G _(A?V) and *'t”’ denotes transpose. Make the vector space v'e
A?(V*) into a metabelian Lie algebra isomorphic to N(2, g) by substituting the
corresponding elements of the dual basis x*l‘, eee, x: into the relations (1),

Definition. Let N = N2, g)/S = V @/\*V/S where S is a subspace (ideal)
of A?V. The algebra N° = V*= @ A?(v*)/5° will be called the dual of N.

Theorem 2. Let N, N, be metabelian Lie algebras having derived algebras of

codimension g. Then
() (N =N,

(i) N, = N, if and only if N = N9,

(i) if dim N =g + p then dim N® = g + (§) - p, and cod(N")* = g,

(iv) if N, =N(2, g)/S, and 6 € GL(V) induces an isomorphism of N, onto
N, Gie. N20)(S)) = S,), then 10~ ! € GL(V*) induces an isomorphism from N(l)
onto Ng.

0)2

Remark. If an algebra N is viewed as V¥*@® A2V*)/T for some subspace T
of AX(V*) then its dual is given by V&® A?v/°T where %() denotes left orthog~
onal complementation with respect to (2). Thus, up to isomorphism, the notion of
dual is independent of the space V.

A duality whose formal properties are identical to those of the duality estab-
lished here was constructed earlier by Scheuneman [4] using the cohomology ring
of the Lie algebra. We will show later, as a consequence of the uniqueness theo-
rem for algebraic dualities (Second Main Theorem), the identity of Scheuneman’s
theory with the one given above.

Motivated by Theorem 2 and the fact that ()°: Gp(/\ZV) — Gn—p( A3 V*) is
an algebraic isomorphism (i.e. an isomorphism of projective varieties), we make
the following

Definition. An algebraic duality theory for metabelian Lie algebras consists
of a mapping N — N, for each g€ Zpas of the set of metabelian Lie algebras N
with cod N2 = g onto itself, given by

N=V & AV/S = Np = vx & NAv*)/D(S),
M=v* & N(V¥)/T =M, =v & Av/D(T),
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where V is a fixed g-dimensional K-vector space and V**(GL(V**)) is identified
with V(GL(V)) in the canonical way, and where

M if voA2v/s =2 v*e A*(V*)/T then V¥ @ A2(V*)/ D)=V @
A?v/D(T),

() D: G, (A'V) = G, _ (N W*), D: G, (N(V*) = G, _ (AV) are alge-
braic isomorphisms and 7 = (§),

(Im) (N,), = N, and

(IV) if e GL(V) (GL(V*)), then D o A2(0) (S) = A2(*6~1) 0 D(S) for all sub-
spaces S of AV(AVH),

Two such theories D, D, are said to be equal if NDI =] NDZ for all N,

Notice that (I) says the duality is well defined up to isomorphism, that is, it
is independent of the underlying space of generators V. Also, (IV) implies that if
6 € GL(V) induces an isomorphism of N; = V& A?v/s onto N,=V® A2y/T,
then ‘0~! € GL(V*) induces an isomorphism of (N,),, onto (N,)p. Hence, in con-
junction with (III), we get the weaker condition

(V)N, = N, if and only if (N,), = (N,),.

The theory established before using orthogonal complementation with respect
to (2) is seen to satisfy all these axioms.

Now suppose D,, D, are algebraic duality theories and let V be as in the
definition. Consider Dy, D,: G, (A?V) = G _ (A2(v)). By ), ;! oD is an
automorphism of G (/\2 V) say p. Now D,op =D, and by (IV) if e GL(V)
then D, op 0/\2(0) =D, o A%(9) = /\2(‘0'1) oD, = /\2(‘0 )°D op=D,o
A2() o p. Thus p o /\2(0) A2(9) o p for all 06 GL(V), that is, p centralizes
the image of GL(V) in Aut G (/\ V)—the group of automorphisms of the variety
G p( A2V). A careful study of thxs group (Westwick [7]) and of the representation
N2 oA? of GL(V) is enough to show p = Id except in one special case. This
exceptional case yields no new duality theories however, and a uniqueness theo-
rem follows.

As was pointed out to me by the referee, axiom (III) apparently plays no role
in the preceding discussion and what follows later. It is not apparent however in
what way it comes from (I), (I), and (IV). I have thus included it is the list of
axioms only to emphasize that the following situation cannot occur, namely that
two nonisomorphic algebras might have isomorphic duals.

2, Automorphisms of GP(W)' Let W be any k-vector space and let Gp(W) be
the projective Grassmann variety of p-dimensional subspaces of W. If D (W) =
fw N Aw p| w, € W} is the homogeneous affine subvariety of Aew consisting
of decomposable p-vectors, then G, (W) is the projectivization of D p(W). The
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next three results give a complete picture of the structure of Aut G (W).

Proposition 3. Every automorphism of G (W) is induced by a linear transfor-
mation of \PW stabilizing D (W)

Proof (J. Fogarty). Let X G,(W) and let o€ Aut (X). ¢ induces an automor-
phism of Pic (X) = H'(X, Oq"). The latter group, however, is Z. Since o takes
positive line bundles to positive line bundles, it must induce the identity on
Pic (X). If L is a line bundle in the class [ € Pic (X), the Plucker embedding of
X is given by sections of L. Thus o is induced by an element of PGL (H%(X, L)).

With this result, to study Aut G (W) it is necessary to find the stabilizer in
GL(APW) of D W), written Stab D (W) which was accomplished by Westwick [7]. His
main result is the

Theorem 4. Let W be an n-dimensional vector space over an algebraically
closed field and let T be a linear transformation of N'W stabilizing D (W) Then
T is a compound (i.e. T = N0 for some € GL(W)) except possibly wben n=2r
in which case T could also be the product of a compound with a linear transfor-
mation C induced by a correlation of r-dimensional subspaces of W. In the latter
case, (Stab D _(W): ArGLW)) = 2.

Proof [7, pp. 1126-1127]. Since in the case n = 2r, A’GL(V) is of index 2 in
the stabilizer, the correlation C can be taken to be the same for all T which
are not compounds. For out purposes it is advantageous to choose C as follows.
Let W=/A?V, V=(x,,..- »%,)and suppose 2r = dim A?V. Set Ky=%; A x;

(i <7) and order the pairs (i, j), 1<ij<j<g lexicographically. Then

b A v Ny L Gy ) <G ) <o e <Gy i

is an ordered basis of /"W, Let C be the linear extension of the map given by
C(xiu'l AN xi,j,) =% A... Axk,l, where
4) (kys 1)< (kg 1)< o <(k,, 1)
and where {G, j,), (k,, I)¥_, =1G, /)] 1<i<j<gl
Thus, if T € Stab D (W) and T¢ A'GL(W) then
(5) T =Co A9
where 6€ GL(/A2V) and C is given by (4).

Lemma 5. The kernel of the projection homomorphism m: Stab D (/\ZV)—>
Aut G (/\2V) consists entirely of scalars,

Proof. Suppose 2p £ dim A2V, then by Theorem 4 the stabilizer consists of
compounds. Suppose 7(/A?(6)) = 14, that is, § stabilizes every p-dimensional
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subspace of A%V, Let v be any vector in A2V and let Sl, .o ,Sm be a collection
of p-dimensional subspaces of A2V with (v) =N7_,S,. Then 6({v)) =(v) since
6 stabilizes each S, that is, every vector in A isa O-eigenvector, Hence 0 is
a scalar, and so is AP,

Suppose 2p = dim A2V and suppose 7 (p) = Id where p € Stab Dp(/\ZV). If p
is a compound proceed as before to show p is a scalar. If p is not a compound it
is of the type /AP(6) o C where C is given by (4). Let wy,+++,w,, be the ordered
basis {x; | i <j} of A2V where x. ;j is as before. Then 0(wp+l)/\-n/\0(w2p) =
A2(9) °C(w AeoiAw)e(w A Aw, ) since #(p) = Id. Hence 0w, )€
CIPEEEN N ) Slmllatly, con51dermg /\P(o) °Clw, A w, N Wy, Al A WZP)
and /\9(9) °Clw, A Wy Nwy s A /\wzp) we see that 0(wp+l) €<w1" .. ,wp)n

wzp) N(wy, w, yw wzp)= 0, which is a contradic-

Wi Wy Wpyzo s p+3?"" 7

tion,

For the following discussion let G, = AAGL(V)) c GL( /\ZV) G /\"G C
GL(A? A?v), G =n(G )C Aut G (/\ V) where 7 is given in Lemma 5. Also,
let peAut G ( /\2V) and suppose p centralizes G,. By Proposition 3, there is an
w€eGL(A? /\ZV) such that

(6) mlw) = p

b+

Lemma 6. Let p, w, G, be as above. Then w centralizes G,.

Proof. p centralizes G, so by Lemma 5 and equation (6), for each € G, we
have o™ 0w = ag - 0 where age€ K. Taking determinants we see that a, is an
Ith root of unity where I = dim /A? A2V, Thus, set Gz' ={geG,| 0 lew = gl. By
the above, GZ' is a subgroup of index at most [ in G,, and quite obviously the de-
fining condition of GZ' makes it Zariski-closed in G,. Furthermore, G, is Zariski-

irreducible (being the image of GL(V) by A? o A?), hence G, =G,

Lemma 7. Let p, o, G; be as above and suppose 2p # dim NV, Then p is
the identity element.

Proof. By Theorem 4, w = /\?(9) where 6 € GL(/\2V). Proceeding just as in
the proof of Lemma 6 (since the kernel of A?: GL(W) — GL( APW) consists of
pth roots of unity) one can see that 6 centralizes G, = A2GL(V). But, GL(V)
acts irreducibly on AV, If sl(V) is the Lie algebra of trace-zero linear transfor-
mations on V, the differential of A? testricted to sl(V) is the second fundamental
(irreducible) representation of s/(V) (see [2, pp. 225-227]). Hence, by Burnside’s
theorem, 6 is a scalar and p = n( /\?(6)) = 1d.

Remark. The corresponding result when dim V = 2p is complicated by the ex-
ceptional structure of Aut G, ( A?V). It requires a careful look at the representa-
tion A? 0 A2 of GL(V) on AP A2V, Were this representation irreducible the proof
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would proceed quite easily. In general it is not, However, it proves quite useful
that A? A%V has lots of simple submodules of multiplicity one (i.e. simple sub-
modules which, up to isomorphism, appear only once in a decomposition of A? Ay
as a direct sum of simple submodules).

3. The GL(V)-module A? A?V. In this section we are concerned with deter-
mining some of the simple GL(V)-submodules of A A2y of multiplicity one when
2p = dim A2V (this can occur if and only if dim V = 0, 1 (4)). Since A? oA takes
scalars to scalars, the GL(V) and SL(V) submodules are identical, Also, for any
r,d A\ 7 (the differential of /\") is the representation of sl(V) given by

7) AN, A. .. /\ur) =Y N Ao A Aoy A Ao,
i=1

Making A? A2V an sI(V)-module according to the representation d(/A? o A?) =
dA? 042 the GL(V) and sI(V)-submodules are identical. Using the theory of
e-extreme modules and highest weights [2, Chapter 7] we can now begin to pick out
some simple s/(V) (GL(V))-submodules of multiplicity one.

Let /[+1=dimV =g and let V = (xl, e ) as before. Let e, i be the ele-
ment of si(V) whose matrix with respect to {x;}¢ | hasa “1" in the (i, j)-position

and zeros elsewhere. Set e, = e, for 1 =1,. l set h. = and

i+l i zz - 1+l,x+l
let H be the Cartan subalgebra of sl(V) spanned by the b,’s. Define A, € H* by

A =1, Ay(b))=0 for j>1,

(8) A, _D=-1, AB)=1, Afh)=0 otherwise,

A B)=-1, AL (B)=0 forj#1,

where i =2,...,1.

Then (x;) is a weight space for H of weight A; A,,---,A, are linearly in-
dependent and 21 +1 A; = 0. As before set x,. = x, /\ x; i< 7) and order the pairs
(G,7),1<i<j<g=1+1 lexxcogtaphlcally Then {x; } is a basis of A2V and
notice that if b€ H then

d /\z(b)(xi.) = h(x) A X+ X A b(x.) =(A; + A.)(b)xi /\xi.

Similarly, the set {x 11 Ao A x | (zl, 71) < (12, 12) < +..} is a basis of
A? A2V and its members will be called standard decomposable vectors. Notice
that (xilil A ’Axipjp> is a weight space for H of weight 28 (Aik + A,.k).

Definition. An s(V)-module M is called e-extreme if it is cyclic and a gen-
erator v € M can be chosen so that v is a weight vector for H and ei(u) =0 for
i=1,...,l Such a vector v is called a primitive vector and its weight is called
the highest weight of M [2, Chapter 7], Also if ye M, A€ H* and h(y) = A(b)y for
all b € H, then we will write wit(y) = A.
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Lemma 8. A finite-dimensional e-extreme module is simple.

Proof. See the discussion on p. 229 of [2].

Now consider A? A2V as an sl(V)-module. It is a direct sum of simple sub-
modules, and, furthermore, any simple si(V)-module is e-extreme [2, Chapter 71.
Thus, to find simple submodules one looks for primitive vectors. To find the mul-
tiplicities of these submodules we compare the weights of the primitive vectors,
since two e-extreme submodules are isomorphic if and only if they have the same
highest weight.

Definition. Let x = xim/\ .ee /\xip,.p
k=1,.-.,1+1 we define the k-index of x, written / k(x), to be the number of

be a standard decomposable vector. For

times the index k appears on the list {7, 7, i), 7,5}

Lemma 9. Let x=xilil/\--~/\x. . and y=xkl[l/\--- Axk‘, be 2 stan-

ipip b
dard decomposable vectors, Then wi(x) = wily) if and only if 1,(x) =1,(y) for k=
1,.00,0+ 1.

Proof. Recall that wt(x) = ZP_, (Ais + A,.s). Thus (=) is direct. (=) Let
s= ’I+1(x)’ t= Il+1(y)' Since A =-(A +..0 4+ A)) we have
wi(x) = (1, () = $)A; + -+ + (I (x) = $)A,
wily) = U () = DA + -+ + () - DA,
Equating coefficients, since A EREED Al are linearly independent, we arrive at
(9) lk(x)-s=lk(y)—t, k=1,---,l.
Suppose ¢ > s. Then I,(y) = 1,(x) + (¢ - ) and

1+1 ! 1
=Y LG =t+ L) =t+ 2 +(t-5)
k=1 k=1 k=1

l 1+1
=t+le-s)+ TL&W> Y L =2
k=1 k=1

which is clearly impossible. Reversing the roles of x and y we see s =¢ and
the result follows from (9).

Theorem 10. Let & be the collection of all standard decomposable vectors
of the type
ym =x12AXr3A “‘,AxlmlA x23/\x24/\ "'Ax2m2

AN'Aqu-}IquqﬂA"'qum

q
where my >m, > ... 2>m  and 39_(m - 1) =p. Then
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(i) the elements of & are primitive with pairwise distinct weights, and
(ii) there is no other primitive vector in NP N2V with a weight equal to that
of one in &.

Proof. Notice that the effect of e ; onx; is either to kill it or lower its index
by one. This remark together with (7) shows that e, kills the elements of &. The
rest of (i) and (ii) follows from

Lemma 11. Let y_ € &. If v is any other standard decomposable vector then

wt(v) £ wily,).

Proof. By Lemma 9, wt(v) = wt(y,,) implies I, () =I,(y, ) for k=1,...,1+ 1.
Thus v must have m - 1 factors of the type x,, . But Iml +l(ym) = 0, thus the
*'s must be filled in by the indices 2, 3,... )y Thus v = %1, A --/\xlml/\
«++. Proceed by induction to complete the proof.

Definition. If x e A? A2V let (%) o denote the GL(V) (si(V))-submodule
generated by x.

Theorem 12. The simple submodules of NP N?V of the type v, mog Where
Y € & are of multiplicity one.

Proof. A? A%V is a direct sum of simple submodules each of which is e-ex-
treme. Furthermore, simple modules are isomorphic if and only if their highest
weights agree. The result now follows from Theorem 10.

4. Automorphisms of G (/\2V) when 2p = dim A2V and the uniqueness theo-
rem. We return now to the sxtuatxon of §$2. Let G, = A2GL(V) c GL(A?WV), G,=
N?G, CGL(A? A?V), and G, =n(G,) where # is given in Lemma 5. Suppose
pE Aut G,(A?V) and it centrahzes G 3+ By Proposition 3 there is an w €
GL(A? /<2V) such that

(10) m(w) = p.
In this section we will also assume that dim A2V = 2p; thus dim V = 0, 1 (4).

Lemma 13. Suppose 2p = dim A2V and dim V > 5, and let p, o, G, beas
above. Then p = Id.

Proof. As in Lemma 6 we see that w*centralizes G,. By Theorem 4 either
@ =C o AP(6) where 6 e GL(A?V) and C is given by (4), or else w = A?(6). In
the latter case proceed just as in the proof of Lemma 7 to show p = Id. So assume
now that @ = C © A?(g) and_we will see what goes wrong.

Recall that C(x, . -/\xim) =% A... Axkplp where (k,, ll) <

‘l’l
(kz, 2) <eoeo and {(ts, IS)’ (ks, Is)igzl = {(i, i)l 1 5 i <isg;o Thus C = Id, and

hence
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(¢9)) Cow= APO).

Let & be as in Theorem 10. Now by Lemma 6, » centralizes G,, so @ is an
sI(V) (GL(V))-isomorphism of A? A2V, Since the simple submodules generated by
elements of & are of multiplicity one, @ must act as a scalar multiplication on
them!

Case 1. Suppose dim V > 6. Since 2p = dim A2V, dim V = 0, 1 (4). Hence,
in fact, dim V > 8 and dim AR > 28. So p is much bigger than 6 which is quite
criticgal, because for a proper choice of m; >m, >m, > ... there is a primitive
Ym €

Ym =%12 N3 Nxpg oo A"xml Nxys Nxag
b A2
A...szmzAx34A...qumq€/\ /\V

which has x,, as a factor. Let § be the symmetric group on g-letters and let
(m, n) denote the cycle interchanging m and n. Let = CS be the union of the
sets

m,m +i)i=1,...,8 -ml,

{myymy+ | i=1,000,8-m,},

{G, *) (4, **)| *#<**, 3 <, 4 <#** and (*, **) does not appear as an index
in y";}.

Foro €3 let g _ € GL(V) be the unique element satisfying

(12) 8o(x)) = %o iy

and set Gy = {g | 0 € 2} CGL(V).

Scaling o if necessary, we can assume I(y = Id. Since A? Asz(ym) C

m) mod
(ym)mod we thus have

(13) 0NN goly, ) = N Neoly,,):
Notice from (11) and the fact that @ acts as the identity on (ym)mod we have

0(x ) Ao A G(xqmq) = A\P(0)y,,) = Cly,,) = i1 A A x"plp
where the set {(E;, 1)}, complements the set of indices of y,, in {(i, /)] 1<i<
j < gl Thus

(14) 0(112)€<xk111’ e ,xkplp).
Observe from the construction of X that x,, is a factor of AP /\Zg U(ym) for all
0 € 2. Thus

0x DA - = NO NNy, ) = CN Nogoly ) = %5 o Ao As o
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where the pairs (si, ti), i=1,...,p, complement the pairs which appear in the
standard decomposable vector At N%g a(ym). As before, this gives

(15) o(xlz)e(xsltl"" ’xsplp)'

Now intersecting the results of (15) as o runs over 3 with the results of
(14), we get 6(x,,) = 0 since equation (15) has the effect of eliminating one of
the Xpil; of (14) from the basis of a subspace of <x'°111’ oo ’xkplp> which must
contain 0("12)' This contradiction completes Case 1.

Case 2. Suppose dim V = 5. Here consider the printitive vector y = x,, A X1,
A x4 N %y, A x,, and let [, € sI(V) be the element whose matrix with respect to
{x,} has 1" in the (3, 2) position and zeros elsewhere. Then /z(y) =x, A
X3 Axi, A X3 A %34 €(¥)poq and this vector can be used in place of the y of
Case 1 to complete the proof.

The remaining case to consider is dim V = 4, dim A2V =6, p = 3. Surprising-
ly it turns out here that there is a nontrivial automorphism p € Aut G 3( A%V)
which centralizes G, the image of GL(V).

By way of preparation we first write A3 A2V as a sum of simple submodules.
Keeping the same notation as in § 3, let A Ay, )\3 € H* be the dual basis to by,
by by €H. If Ae H* is a dominant integral linear function (i.e., Mb,) is a non-
negative integer [2, Chapter 7]) let M, be the unique simple s/(V)-module of
highest weight A If the A’s areasin(8) then A; = A, A=A, -4, A, =, -
Ay Ayj=-A -A, -A,.Now y, =x, /\x13 Ax ,andy,=x, /\xn /\x23
are primitive vectors and using the preceding identities we find that wi(y,) =
24, wily,) = 2X;. Using Weyl’s dimension formula [2, (40), (41), p. 257] it follows
quickly that dim M,, =10 =dim M,, . Also, since dim V = 4, dim N3 A%y = 20,
hence

(16) NAV =M & M, where M; =(y1)poar M2 =(¥2)noa*

For the computations to follow we need bases of M, and M,. Let f, € siV)
be the element whose matrix in the basis {x.} hasa ‘1"’ in the (i + 1, i) position
and zeros elsewhere, and let g _ be as in (12). If v e A3 A%y by 8,{v) we mean

A3 A2 A3 o A2 _ 10
( g8,)() and by /(v) we mean d( )(f,) (@), Thea M, =(v;);_, and
M, =(wi)321 where:
vy =2, Ny Axygy,
va==~gu, W) = x12 Ay Axgy,
vy = =81, 3)1) =x13 Axgy Axyy,

vi=-8a, W) =x14 Axgg Nxgy,
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vs=1o)) =~ %1, Axy Axys v 21, Axy3 Ay,

V6 =1(w) =213 Axys Axgy+ 215 Nxgs A x5,

vy =[303) =1 Ay N gy 4205 Ay A xy,

vg=[o{1w)) = - 213 A xyy Axyg 4215 Axys Axgy,

vo =[3{f,w) = xy g Axys Ny + 295 Nixyy Ay,

v =13 oM =—x ;3 Ax g Axpg+ x5 Axy A xgy,
wy=x13 Ax13 A x5,

wy=ga, W) =%3 Axyy A xgy,

wy =g, pwy) =213 Axy Axyy,

wi=g3, W) =%, Axy g Axyy,

ws=f3w))=x15 NxygAxy3 + 512 Axyz Axgy,

we = 13 M =~ x5 Axys Axgy+ 215, Axys Axgy,
wy=f1(wy)=-x14 Nxyy Axgg x5 Axyg Axgy,

wg = fo{f3@) =%y 3 Axy g Ay + 215 Axyy Axsg,

= 1w =—xy, Axys Axyy+ %15 Axyq A %54, and finally

wio=f(w)=x13 Axjs Axyg+ x5 Ny Axgy

We can now determine the centralizer of G, = /A3 A 2GL(V) in
Aut G, A?V) when dim V = 4. Let p € Aut G 5( A?V) and suppose p centralizes

G,= n/\3 A2GL(V). Then p = nlw) for some w € GL(A3 A?V) and as in Lemma
6 © centralizes G,. In other words, w is an sl(V)-automorphism of N3 Ay,
Hence by (16), scahng o if necessary, we can assume

17) a)|Ml=Id, m|M2=rId, TeK.

By Theorem 4 either w = A3(6), € GL(A2V), or else w = C 0 A3(0) where C
is given by (4). In the former case proceed as in the proof of Lemma 7 to get p =
Id. So suppose @ = C 0 A3(6), or equivalently, since C2=1d, C °w = A3(9).

Now x,, Ax) A xyy = Coolv,) =NO @ ) = 0(x, JAO(x I AO(x, ), thus
6(x,,) €(x23, X4 x3 o) Sxmxlarly, from the relation C cw(v,) = N©) @ ,) it fol-
lows that 0(x12) €(x 35 X 40 X3 4) Intersecting these two condmons on 0(::12) we
see that G(xn) € (x3 4) In a similar monotonous fashion one can show

(18) 0(xij)exkl whenever {i, j, k, I} =1{1, 2, 3, 4}.
Pick )xl.’. € K* such that
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(19) e(xi]-)= )‘ii"kl where i, j, k, [ are as in (18).

Using (19) and picking off coefficients from the identities C cw(w,) = /\3(0)(wl),
C o olv,) = N3O)w,), Coonw,) = AO)w,), Conlv,) = /\3(0)(03) we get the
respective identities

PV VS VRS 5 WO W VO
(20)

ST=Ash s = 1=A3hg50,
Dividing the third by the second, and the fourth by the first, we get the simultane-

ous relations

(21) A34/A12 =7, A34/A12 = I/T,
hence
(22) 72 =1 =1 1.

If r=1, =1d by (17) and p = m{w) = Id. Setting

23) olx1p)=-x35 olxpy)=-xyp  olryg) =-xy3
0(x23)=x14, 0(x24)=x13, 0(x34)=x129

and letting
(24) @ =CoA¥o)

one can check using the bases {v 1, lw ]}, of M|, M, that

(25) w|M1=Id, w|M2=—Id
and w centralizes Gz‘

First Main Theorem. Let p € Aut Gp( A2V) where Gp( A2V) is the projective
Grassmann variety of p-dimensional subspaces of NV and V is a finite-dimen-
sional vector space over an algebraically closed field of characteristic zero, If p
centralizes the image of GL(V) by no/A\P A? (z in Lemma 5 is the projection
map), then p = Id except in the case dim V = 4, p = 3 when p=1d or p = nlw)
where o is given by (25), (24), (23) and (4).

Proof. Lemma 7, Lemma 13 and the discussion immediately preceding the
statement of this theorem.

Second Main Theorem. There is only one algebraic duality theory.

Proof. By the First Main Theorem and the discussion at the end of §l, there
are only two possible algebraic duality theories: D, and D,. Furthermore, they
agree except possibly on the 7-dimensional metabelian algebras N for which
cod N2 = 4. By [1, $7] there are only six isomorphism classes of such algebras.
They correspond to the following elements of A3 A2y
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Iy =xy) Axyy Nxgsy  Ii=x15 Axgg Alxgg - %53),
lp=x1y Nxy Axygs Is=(epp 230 Axyg Ny

l3=:c12/\:c13 Nxygo  Ig=(x, +x34)/\x24/\x13.

In terms of the bases {vi}i, {wi}i of M, M, (recall A3 A2y - M, ® Mz) we have
Li=w,l=v,1;= (u5 + ws)/Z, I, = (v6 + w6)/2 -+ wlo)/Z, I =
- (v4 + w4), Ig=- (vS + ws)/Z - (v7 + w7)/2. Hence if w is as in the First Main
Theorem, a)(ll) =-wy, co(Iz) =v, (o(l3) = (v5 - ws)/Z, w(14) = (v6 - w6)/2 -
(vlo - wlo)/Z, a)(15) = (-v4 + w4), m(lé) = - (v5 - ws)/Z - (u7 - w7)/2.

Now to prove D, and D, are identical it is sufficient to find linear transfor-
pp°+ 10 of V satisfying (m(ll.)) = (/\3/\2(0].) (I].)) for j=1,..+,6. For
0,, 0, it is clear we can pick the identity. For the rest we take:

mations o

03(xi)=xi,i=l, 2, 04(xi)=xi,i=l,4, as(xi)=xl.,i=3,4,

0'3(x3)-_-x4, 04(x2)=x3, 05("1) =%y,
0,(x ) = x5, 04(x3) = x,, o5(x,) = xq,
and Og=03.

Corollary. The Scheuneman duality theory and the one given here are identi-

cal.

Proof. It is straightforward to verify that Scheuneman’s theory satisfies the
axioms (I),++, (IV) of an algebraic duality theory. So the result follows from the
preceding theorem.
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