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ON SYLOW 2-SUBGROUPS WITH NO NORMAL ABELIAN SUBGROUPS
OF RANK 3, IN FINITE FUSION-SIMPLE GROUPS
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ANNE R. PATTERSON

ABSTRACT. Let T be any finite 2-group which has a normal four-group
but has no normal Abelian subgroup of rank 3, and assume T is not the dihedral
group of order 8. If T is a Sylow 2-subgroup of a finite fusion-simple group G,
it follows (Thompson) from Glauberman’s Z*-theorem that T has exactly one
normal four-group, say W. This paper establishes what isomorphism types of T
can so occur under the hypothesis that NG( T)= TCG(T) and the three noniden-
tity elements of W are not all G-conjugate. All T arrived at in this paper are
known to so occur.

The reason for this hypothesis is that the similar situation for T with a
normal four-group and no normal Abelian subgroup of rank 3, where T is a
Sylow 2-subgroup of a finite simple group G but without the above hypothesis,
had been analyzed earlier by the author (under her maiden name, MacWilliams;
Trans. Amer. Math. Soc. 150 (1970), 345—408).

The result of Feit and Thompson [7] suggests that one might classify finite
simple groups by their Sylow 2-subgroups. One measure of the complexity of the
possible 2-structure of a group is its normal 2-rank, i.e., the largest rank of an
Abelian 2-subgroup which is normal in some Sylow 2-subgroup containing it. If
the normal 2-rank is 1, then the Sylow 2-subgroup is cyclic or of maximal class
(Blackburn [3]), and the simple groups with normal 2-rank 1 are known (Brauer,
Gorenstein, Walter, Alperin [4], [9], [2]). The present paper is a completion of
[12], in which a start was made on finding the 2-groups T that can occur as Sylow
2-subgroups of simple groups G with normal 2-rank 2; except that in the present
paper we actually assume only that G is fusion-simple, i.e., that G has no proper
2-quotient, no nonidentity normal subgroup of odd order, and no nonidentity central
elements.

Ve use the following result of Thompson, of which a proof is given in [12]:

If G is a fusion-simple group with normal 2-rank 2, then the Sylow 2-subgroups
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of G are either dihedral of order 8 or have precisely one normal four-group. The
2-groups which can arise will be found by considering the various possibilities for
the G-fusion of the involutions of this four-group.

In view of [12], we shall assume the following:

Hypothesis. T is a 2-group with normal 2-rank 2; T is a Sylow 2-subgroup
of a fusion-simple finite group G; N.(T) = TC(T); T % Dy; and the involutions
of the unique normal four-group W of T are not all G-conjugate.

We shall obtain the following results under this hypothesis:

Theorem A. Suppose that the involutions of W fall into two G-classes. Then
one of the following holds:

(@) TQDzm 1 Z,, where m > 4.

G T=(a, ) x (B p) mra?="=g2=p" =1, aka=A"1, BuB =
y'l; #? = A, m centralizes A and p,[a, 7l =\ [B, nl=p; 2-1,a" = B, At
=, o =n), where n > 2.

) T ED;" 1 Zz’ where m > 4.

Theorem B. Suppose that the involutions of W fall into three G-classes.
Then T is the direct product of two groups each of which is dibedral or semidibe-
dral.

These results are best-possible in that all the T named actually occur under
the hypotheses. Examples are: Theorem A(a), PSL (¢) for ¢ = 3mod 4 and
PSUA(q) for ¢ = 1mod 4; (b) PSp,(q) for ¢ = 3mod 4; (c) PSLS(q) for ¢ =
3mod 4 and PSU, (g) for g = 1 mod 4; Theorem B, any direct product of two sim-
ple groups each of whose Sylow 2-subgroups is dihedral or semidihedral.

The notation used is mostly standard (and coincides with that of [12]). An,

involution is an element of order 2 in some group. D  denotes the dihedral group
of order n, and E_ the elementary Abelian group of order . 2 and 2 denote

respectively the symmetnc and alternating groups of degree n.

If H and K are subgroups of some group X, and K normalizes H, then
AK(H), called “‘the automizer of H in K’’, is the group of automorphisms of H
induced by K (by conjugation).

If x and y € some group X, and H <X, then x~, y, or “x is fused to y in
H’, means that there is b € H with xb = y. ¥~ y means X “y ¥.

If H is a subgroup of some group X, a transversal to H in X means a com-
plete set of coset representatives for H in X.

If H < some group X, then H* means the set of nonidentity elements of H.

Since G has no proper 2-quotient, the transfer homomorphism v: G — /T
(or into any quotient of T/T') is always thé trivial homomorphism. We shall fre-
quently use the following consequence of this, of which a proof is given in [12]:
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Thompson transfer theorem. Let T be a Sylow 2-subgroup of a finite group G
with no proper 2-quotient, and let M be a maximal subgroup of T. Let x be any
involution of G — M. Then some G-conjugate of x lies in M.

We shall also use other transfer arguments, which will be spelled out explic-
itly as they occur.

The first step in proving Theorems A and B is to show that we may assume T
has a normal subgroup V= Z, x Z ; for then C(V) is a metacyclic 2-group
(Alperin [1]), and this fact is a great help in constructing T. We shall prove

Theorem 1. Let T be a Sylow 2-subgroup of a fusion-simple group G. As-
sume that T bas no normal elementary subgroup of order 8; N_(T) = TCG(T);
T ¥ Dg; and the involutions of the unique normal four-group W of T are not all
G-conjugate. Then T bhas a normal subgroup isomorphic to Z4 X Z4.

Proof. Suppose not. W < T; if W=C (W), then T =W or T& D, and both
of these contradict our hypotheses, by Burnside’s theorem (Huppert [11, IV. 2.5,
p- 418)).

Suppose W <Bx Z, xZ,, where B T and B = CT(B). If W< Z(T), then
A,(B) is elementary and so every y € T~ B has y2 € BN Cy)=W, so ®T)=
W. From W < Z(T) and N (T) = TC(T), it follows by Burnside’s theorem and
the hypothesis that no two involutions of W are fused in G. T contains involu-
tions y ¢ W fused to the involutions of W, by Glauberman’s Z*-theorem [8]. But
for sucha y, (y, W) is a normal Eg of T.

Hence W is noncentral in T, and if (z) = OY(B), then z is not G-conjugate
to any other element of B. Aut(B)& Dg, and A[(B) is a subgroup of Aut(B)
which does not centralize W. We shall write T = CT(W), of index 2 in T.

First, suppose AT(B) is cyclic of order 4. Then all the involutions of T
lie in T, =({, B) where { inverts B. So if {2 £ 1, then Q(T) =W, and z is
not conjugate to any other involution of T, violating the Z*-theorem. So there
are 7,{ € T suchthat T =(r, B) with 7> =¢, {2 =1, and ¢ inverting B. (I)(To)
=W, and so (£, W)« T,; but 7 also normalizes (¢, W), so ({, W) is a normal
Eg of T.

Next suppose AT(B) is elementary. We claim no involution of T - T, is
fused to z. For if 7 is an involution of T — To, then we can take notation in B
so that B = (a) x(b), a® =z; b =zb,a" =a. If 7~ z, there is g € G with 8 =
z and C(1)8 < T (by Sylow’s theorem in C(2)). Then 28 € ®(T) < W, so z% = z,
contrary to 78 = z.

IAT(B)I =2 would give T, = B, and hence z not conjugate to any other ele-
ment of T. Hence |AL(B)| =4, and T = (£, B) where {%=1, {~z, and {
inverts B.
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Some 0 € T - T has a”=a, b7 =zb, and 0% €(a) = Cxlo). Now T =(B
¢, 0) and so ¢ = {aw for some w € W, otherwise (¢, W) < T. Hence, (002 =
02¢% =0% 'w. So (6{)? €W if and only if 0 ¢ W. Replacing o by o{ if
necessary, we get 02 €(z) = Cy(0). Then, replacing 0 by ob if necessary, we
get 0% = 1. So notation may be chosen in B with

T = (B, & 1) where B =(a) x (b), a®=z; {¥ =1, {invents B, 12=1, a" =
a and b" = bz, "= law for some w €W,

Now 7 inverts [7, ] = aw, so w =b or zb. Replacing 4 by vl if necessary,
we may assume ' = (ab.

Since N(T)= TC(T), Griin’s theorem [10, Theorem 14.4.4, p. 214] implies that T
is generated by conjugates of T' = (ab). We will show T cannot be so generated,
by showing that five of the seven nonidentity cosets of T' in T cannot contain
conjugates of elements of T'. We take {{, {r, 7, b, {b, {rb, nb} to represent the
nonidentity cosets of T' in T.

Now (7B consists of elements of order 8, so (T’ and ¢rbT' do not contain
conjugates of elements of T'.

Suppose x € b(ab) is G-conjugate to an element of T'. Since b and zb “g 2
x =ab or abz, and we conclude that a ~  ab. Now CT(a) =(B, r) CT(ab) =
(B, 7); and C(a), C (ab) are Sylow 2-subgroups of C(a), C(ab) respec-
tively (since T has no central elements of order 4), so we should have C (a) =
C,(ab) by Sylow’s thearem; but C.(a) has exponent 4 while C.(ab) has ex-
ponent 8.

Suppose x € 7(ab) is G-conjugate to an element of T'. 7(ab) consists of in-
volutions, so % is an involution, and we have shown that no involution of T - T},
can be G-conjugate to z.

We next consider {(ab) and {b(ab). Both are single conjugacy classes un-
der T; we shall show that one of them must fail to contain conjugates of ele-
ments of T', i.e., conjugates of z. Suppose ¢~ z. Then there is g € G with
=z and C(YE <T. C(Q) =W, )= E,, and C1(Q, C () are the only
two Eg’s of T, hence g may be chosen € G with

48 =2, (W9 C)g = (W, 4).

The T-classes of involutions in (W, ¢) are

{z}; 1, zb}; 1, Lz}; 1Lb, L2b).

Now if {b £ b, then z =1l ccl; (6) N (W, {) is fixed by N (W, ), contrary to

¢® =z, Hence, {b ~ b, and so every element of {b(ab) is G-conjugate to b, so

not G-conjugate to z. So {b(ab) contains no conjugate of an element of T'.
Thus, T’y {T', 6T', ¢T', and BT’ (or {T') all fail to contain conjugates
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of elements of T', in violation of Griin’s theorem.
Next, suppose A;(B) = Aut(B), and p, {, r € T have the following actions
on B:
p:a —ab, b —b.

(:a—oa'l, b—b
ria—>a, b—vazb.

For any such p, & 1, we have [, 71 €W and [¢, p] € W. Namely, p? €
CB(P) =W, so

1=0p% 0=1p, {lp, ¢l

and p inverts [p, 8, so [p, 4 € W. Also, the Jacobi identity gives

=lp, ¢, UL e, pT I o1, 0P
=1.1[¢, 1, pl" . (%, ¢ mod (az), for some x € B
=[Z, 1, pl mod (az).

Hence [¢ 71, p) € (a?). Since [B, pl = (b), this requires [{, 1] € Cglp) = W.

Hence no ¢ as above has ¢2 = 1, for if it did, (& W) would be a normal Es
of T.

Now T - T, has no involutions G-conjugate to z = a?, Forif yeT - T, is
conjugate to z, then Cg(y) = () or (ab) and so if g €G has y¥ =z and C ()8
<T, then 28 € ®(T) <(B, {), hence z8 € W, hence 28 = z, contrary to )% = 2.

By the Z*-theorem, pB or p{B must contain a conjugate of z; choose nota-
tion so that pB contains a conjugate of 2z, so that we can take p so that 'pz =1.
But then p inverts its commutator [p, 71, so [p, 7] and [p, { €W, and (p, W) is
a normal Eg of T.

Ve may now assume that T has no normal Z, x Z,, but W <B =Z2” xZ,
where >3, B4 T, and B = C(B). Write B = (a)x(b) where |a| = 27, |b| =
then Aut(B) =(3, p, ), where = = Aut((a)) (fixing b), so that E=Z2n__2 x Z,;
p: a —>ab, b = b; and = a—a, b —»2zb where z is the unique involution of (a).
Then p and r centralize Z, and [p, 1] = 7 where #t @ — az, b — b, sothat =
is the unique involution of ®(2) if n >4,

Ve claim A;(B) does not contain 7 (and hence A.(B) is elementary, since

7 is the unique involution of ®(Aut(B))). Namely, suppose x € T with @* = az
and b = b, Then (B, x) 4 T, We may choose x € xB so that x’=1 or x2 = b.

If x2=1, then (W, x) = Q«B x)) is a normal Eg of T, If x2 = b, then
(a2, x) Q,(B, x) 1sanormal Z,xZ, ofT
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A(B) is elementary, so A(B) <Q,(Aut (B)). If n =3, Q,(Aut(B)) =
Aut (B); if n> 4, then Q,(Aut(B)) = (@, - 1, p, 7), where - 1 is inversion of B,
and ¢: a — a* "%y b, so ¢? = n. Since 7 ¢ Aut(B), A(B)NZ=1,
(- 1), or (- m). The set of involutions of &, (Aut(B)) - £ is pI" U T" U ¢gprT"
(or, just pI" U if n = 3), where ' =(- 1, m). Of these three cosets of I', the
product of any two elements from distinct sets has order 4, so AL(B) contains
elements from at most one of pI', 7I", and @prI". It follows that AL(B) is ele-
mentary of order at most 4.

We will use Glauberman’s Z*-theorem to finish this case.

(i) Let y £ z be an involution of T such that z is a square in C(y). Then
y % z.

Proof. 1f y ~ z, then there is g €G with y8 =z and C(y)8 < T, so 28 €
®&(T). As O(T) < B, we have z& € W. Now the only G-conjugate of z in W is z
itself; this follows from the hypothesis that not all involutions of W are G-con-
jugate, if W < Z(T); while if W £ Z(T) it follows from Burnside’s theorem and
the assumption N (T) = TCG(T). Hence z& = z, contrary to y& = z.

(ii) Suppose that any two Eg’s of T that are G-conjugate are T-conjugate.
Then there is no y € C..(W) - B with y ~z and y ~ yx for all x € W.

Proof. Suppose false; then there is g € G with y& =z and (W, y)& = (W, y).
But z = Il(cclg; (z) N (W, y)) is stable under N ((W, y).

(iii) (Completion of argument if W < Z(T)). Let T, = C, (W), a,=a

We claim no involution of T — T is conjugate to z. Namely, any involu-

n=2

tion y of T — T, induces one of the following automorphisms of B: 7, n7, -7,
—ar; (if n> 4) ¢pr, nppr, — Pppr, — mppr. By conjugacy in Aut (B) (i.e., choice
of basis in B), we need only consider 7, — 7, ¢pp7, and — ¢pr. But each of these
automorphisms fixes an element of B (namely @, or a,b) whose square is z,
and this contradicts (i).

Hence T = (4, b, s), where s?2=1, s~z and s centralizes b and sends
a to a~! or a~lz, so that (s, @) is dihedral or semidihedral. T = (B, s, t) where

¢t induces one of the eight automorphisms listed above; by replacing ¢ with st
and changing basis in B, we may assume ¢ induces 7 or ¢pr on B.

(iii.i) Assume that W £ Z(T) and (s, ) is semidihedral.
If t €T - T, induces 7on B, so that a’=a and b= zb, then we may as-
sume t2=1 or a. If t? = a, then

@’z = [s,al = [s, *1=[s, s, 11

Now s inverts its commutator [s, ¢}, so [s, t] € (@2, b), but then [s, t]ls, t]* €
(a4), contrary to the line above. Hence t2 =1, so ¢ inverts [s, ¢] and hence
[s, ¢] €(a,b). Also [s, tazb] = z[s, 1], so we may assume [s, t] =1 or a,b.



SYLOW 2-SUBGROUPS WITH NO NORMAL ABELIAN SUBGROUPS 7

If [s, 1= 1, then tb centralizes s and (tb)? = z, contrary to (i). Hence
st= sa,b, and s ~ sx for every x € W. No element of T — T, centralizes an
element of T, - B, so all Eg’s of T liein T, and so are T-conjugate to (W, s);
this contradicts (ii).

It t €T - T, induces ¢pr on B, so that n >4 and a’=aa,b, b’ = zb, then
we may assume t2 = 1. So ¢ inverts [s, ¢] and [s, t] € (a,b). As before, we may
assume s’=sa,b, and we need only show that every Eg of T lies in T. But
if not, there are involutions in sB and tB that centralize each other, i.e., (sx)?

= sx where x € (a%, b) and y € (a,b). But then
sx = (sx)” = (saszt)y = sa,bx mod (z),

a contradiction.

classes of Eg’s instead of one. The following variation of (ii) will be useful:

(iii.ii.i) Suppose every Eg of T liesin T,; then s £ sb.

Proof. Since s ~ z, there is g € G with s& = z and (W, s)8 = (W, s) or
(W, sa). If s~ sb, then z =Il(ccl, (z) N (W, 5)) is stable under N (W, s)), so
we must have (W, s)& = (W, sa). But also, ccl (2) N (W, sa) is forced to be {z}
U Wsa, so (b, bz}8 = {b, bz}. Therefore (sb)® = s8b& = zb& L z, contrary to sb
~s oz

Suppose now that ¢t € T - T, induces 7 on B, so that @' =a and b’ = zb.
We may assume t?=1o0r a. It t?=a, then

dz = [S, tz] = [S, t][S, t]"

and so [s, t] € a(@?, b).

Suppose [s, t] €a(a?). Then a?=[s, tlls, 1] implies that [s, t] = a or az,
and (s, t) is accordingly dihedral or semidihedral. If semidihedral, then all the
involutions of the maximal subgroup (s, t) of T are conjugate to z, so by trans-
fer, b ~ z, contrary to assumption. Suppose (s, ) is dihedral. Now no element
of sB centralizes any element of B, so every Eg of T lies in T, and so, by
(iii.ii.i), s £ sb; also, as (s, ¢) is maximal in T, transfer gives st £ z. ®(T) =

"= (@), and T is generated by s, ¢, and b. Grin’s theorem applies as in the
previous case, and so we need only find five cosets of ®(T) in T which cannot
contain G-conjugates of elements of (a). sb®(T) and st®(T) are already known
to have this property since they consist of conjugate involutions. ¢®(T) and
tb®(T) have it, since their elements are all of order larger than |a]. We claim
no element of b®(T) is conjugate to an element of (a), i.e., there are no k& and
odd m with a?*mp o g2k, Namely, if so, then a?* g (z), so CT(azk)= (B, t)
is a Sylow 2-subgroup of CG(azk). Since B < CT(azk’"b), there is g € G with
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(azk’"b)g — a?® and B8 < (B, t), and hence B8 = B. But T covers NG(B)/CG(B),
2km, . . 2k
and a“ ™b is not T-conjugate to a“".
Suppose now that t2 = a and [s, £] € ab(a®). Then a2 =[s, t][s, t]* implies
that [s, t] = aa b or aa,bz. We shall use transfer. Every element of ¢B has
order 2"*!, and every element of tsB has order 8. Hence, the transfer v from

G to T/T, has the value

v(es) = lgtsg™": Tales) = Tgd T,

where g runs over some transversal to T in G, since terms like glts)%g~! and
g(ts)‘ig"l have order <8 so lie in T;. (We are using the form for v(ts) given,
for instance, in [10, Lemma 14.4.1, p. 206].) The number of g in the transversal
with Tg(ts) = Tg is odd, so since G has no proper 2-quotient, some g(ts)g™?

lies in T, and hence in B as its order is 8. Thus, g(ts)g"l €a2"_3(a2, b),
and so a, ~ (ts)? = ab. Cpla,)=(B, 1), Crla,b) = (B, ts), and so these are
Sylow 2-subgroups of C(a,) and C(a,b) respectively, so should be isomorphic.
But (B, t) has exponent 27+l and (B, ts) has exponent 2%.

We may therefore assume t2 = 1. It follows as in (iii.i) that we may assume
[s, t] = a,b; this implies (via azn-a) that s ~ sb. Also, no element of sB cen-
tralizes an element of T — T, so every Eg of T liesin T,. This contradicts
(iii.ii.i).

Suppose now that ¢ € T — T, induces ¢pr on B, so that n> 4 and a’=
aa,b, b'=zb. As in (iii.i), we may assume t2=1and [s, ¢l = a,b. This implies
s ~ sb. The only Eg’s of T which do not lie in T are T-conjugate to (2, sq,
ta,b). There is g € G with s& =z and (W, )< T, or (W, s)8 = (z, sa, ta,b).
But (2, sa, ta,b) contains four elements of T — T; none of these are G-conjugate
to z, since they ceptralize @, or @,b and (i) applies. (W, s)& contains five con-
jugates of z. Hence (W, s)8 < T, and the argument of (iii.ii.i) applies.

(iv) (Completion of argument if W < Z(T)). Assume W is central in T; then
AT(B) <f{l,-1,-a}upl.

Suppose some x € T induces p (or equivalently, mp) on B, so that &* =

ab, b* =b. We may assume x°>=1 or b. U =(x, Cpl) = (x, a?%, b) is a normal
Abelian subgroup of T; and if x2 = 1 then Q (U)X Eg, if x° = b then Q,(U) =
Z,xZ,, so T has anomal Eg or anomal Z,x Z,, contrary to assumption.

Hence AL(B) can contain only the elements — p or — 7p of pI'; and it can-
not contain both, since then it would contain 7. So, with suitable choice of
basis, AL(B)=(-1); (- m); or (- p).

No two involutions of W are G-conjugate (Burnside’s theorem and N(T) =
TC,(T)). By transfer, every involution of T is G-conjugate to some involution
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of W, so G has exactly three classes of involutions; by the Z*-theorem, T - B contains
conjugates of all three involutions of W. In particular, T = (B, x) where x ~G Ze

If AL (B) = (- 7) or (- p), then the T-classes of involutions in T - B are
x(az) and xb(a?), so some involution of W is conjugate to no other element of T,
violating the Z*-theorem.

Suppose AL(B) =(- 1). Then the T-classes of involutions in T — B are
x(a?), xb(a?), xa(a?), and xab(a?). Precisely two of these four T-classes are
fused in G.

If x ~ xb, xa, or xab, then by replacing @ with ab if necessary we may as-
sume x ~ xb or xa. If x ~ xb, let x& =z and (W,x)¢ < T. (W, xa) contains at
most three G-conjugates of any of its involutions, while (W, x) contains five con-
jugates of z, so we may assume (W, x)8 = (W, x). But z =Ilccl; (z) N (W, x) is
stable under No((W, x)). If x ~ xa, then the maximal subgroup (4, x) of T has
only one G-class of involutions, so by transfer, G has only one class of involu-
tions, which is false.

Hence x is not fused to any of xb, xa, or xab. If xb ~ xab or xa, we can
choose notation in B so that xb ~ xa; then the maximal subgroup (@, xb) of T
has only two G-classes of involutions, so by transfer, so does G, which is false.

Hence xa ~ xab. Choose b €{b, zb} so that xa ~ b. Then there is g €G
such that (xa)8 = b and (W, xa)8 < T. (W, xa) contains five G-conjugates of b,
while (W, x) contains at most three G-conjugates of any of its involutions. Hence,
we may assume (W, xa)8 = (W, xa). But b = Ilccl (6) N (W, xa) is stable under
N (W, xa)).

Now any normal Abelian subgroup B of T with W < B and B = C(B) must
have rank 2, and since T has no normal Z, x Z,, B& Zzn x Z, for some n > 1;
we have discussed all cases (= 1, n =2, n> 3) and shown none can occur.
Thus the proof of Theorem 1 is complete.

In view of Theorem 1, we may now assume that T contains a normal subgroup
VEZ,xZ, W=Q,V) is the unique normal four-group of T. C,(V) is meta-
cyclic (Alperin [1]), so Q,(C(v) =w.

The argument will divide according to fusion patterns in elementary subgroups
of C(W), containing conjugates of central involutions of T.

Lemma 1. C,.(W) ~ C(V) contains a conjugate of some central involution
of T.

Proof. If W < Z(T) this is just the Z*-theorem. If W £ Z(T), the Z*-theorem
tells us that T — C.(V) contains a conjugate y of the unique central involution
wof T. If y ¢C (W), then there are @, b € V such that y exchanges a and b,
and y centralxzes ab, and (ab)? = @. By Sylow’s theorem in Ci(w), there is g
€G with y8 = @ and (ab)8 € T; then w8 € B(T) < C(W), but w8 # w. The other
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two involutions of W are not conjugate to @, so w8 ¢ C.(V); hence w® € C (W)
- C,(V), as desired.

Lemma 2. Every E|  of T lies in CL(W).

Proof. We may choose a basis for V such that A (V) <(8*, (2 (l))), where
B* denotes the subgroup of Aut(V) which fixes W elementwise.

Suppose E is an E, of T with E £ C.(W). Then |ENW|=2, and in
Aut(V), (§ §) must centralize each automorphism induced on V by E N C..(W).
Now Ca+(((1) (l))) has order 4; so E ={(w, 2, y, t) where z inveits V, y has ma-
trix (]‘; f) on V, and ¢ has matrix ((1) 3) on V.

We claim that if Q;(C.(V)) has order 64, then (} 9 cannot be induced by
an involution on V. Namely, let {q, b} be the chosen basis for V; then there is
a basis {c, d} for Q3(CT(V)) such that c2=a, d%=b, and [c, dl=1 or w. If

¥ = cad'B, &= C'de,

then B and y are even because y centralizes W and so centralizes Q,(C. M)V,
and then

ay = (Cz)y = (Cadﬁ)z = Czad2ﬁ= abz = C2d4,
b = cz‘yd28 = a%b =

hence a =8 =1mod 4, while 8=y =2mod 4. And

2 2
o +pyd,3(a.+8);

cC=cC

but @ + 8 = 2mod 4, while B =2mod 4, so B(a + 8) = 4mod 8, so our equation
is impossible.

Hence Qs(CT(V)) has order < 32, so that some element of V lies outside
®(C(V)); since V is central in C(V) and C(V) is a 2-generator group, we
get that CT(V) is Abelian. Therefore, the set S of elements of CT(V) inverted
by zy is a subgroup of C.(V). But Q,(S) =S NV = W; hence S =W.

Now for any x € C.(W), [x, zy] € C (V) and is inverted by the involution
zy; so [CT(W), zyl < W. Also t normalizes (W, zy). So T = (CT(W), t) normal-
izes (W, zy), contrary to the assumption that T has no normal E 8

We shall want to study E | ’s of T. The following remarks about E’s
will be useful:

Lemma 3. Let F be any E ¢ of G.

(i) Let T* be any Sylow 2-subgroup of G that contains F; let V* be a
normal L, x L, of T*. Then V* and F normalize each other, and C(V*)=
W* < F,
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(ii) Suppose F contains more than one G-conjugate of some central involu-
tion w of T. Then no conjugate y of w with y € F can be central in N(F).

(This implies that A(F) is not a 2-group.)
(iii) Suppose F contains more than one G-conjugate of some central involu-

tion w of T. Suppose F is not a Sylow 2-subgroup of CG(F). Let T*>K>F
where T*, K are Sylow 2-subgroups of G, C(F) respectively. Then ®(K) N F
is of order 2, and ®(K) NF = (£) where £ e W*, £ 4 w, and & is central in

Ng(F).

Proof. (i) By Lemma 2, F centralizes W*, and so by the four-generator
theorem of [12], F > W*." Also, [V*, FI<W* so V* and F normalize each
other. Alperin’s theorem (Alperin [1]) in T* implies that C(V*) = W*,

(ii) Suppose y € F is conjugate to  and is central in No(F). Let § € F,
0~ w, and 8 £ y. Let T* > F where T* is a Sylow 2-subgroup of C;(8) (and
hence of G). Then by (i), CF(V*) = W*, so W*=(8, y). But 8 is the only con-

jugate of & to lie in W* (by Burnside’s theorem and the hypotheses on N_(T)
and W).

(iii) K> F implies ®(K) £ 1, by the four-generator theorem. K < C..(W*),
so the involutions of ®(K) all centralize V*, so lie in W*. So 1< ®(K) NF
< W,

Let N = N, (F); then N = C,(F)Ny(K) (Frattini argument), so N normalizes
O(K) N F. If O(K) N F = W* or (0*) (where 0* ~; o), then * would be cen-
tral in N, contrary to (ii). Hence, (iii) holds.

Next, we have some useful results concerning 2-groups.

Lemma 4. There is no 2-group T with VAT, VL, xZ,, CL(V)=V,
T having no normal Eg, and [C(Q,(V)): V]=16.

Proof. Let W =Q,(V), and let T, = C(W). If [T;:V]=16, T, induces
on V the full subgroup B* (as in the proof of Lemma 2) of Aut (V).
There is a four-group of B* of which every involution a has Cv(a.) =W.

(Namely, the matrices 1, (g g), (3 g), (; f) form such a four-group; this four-
group can also be described as [B*, ¢] where ¢ is any automorphism of order

3 in Aut(V).) Let R/V induce this four-group on V. Then every r € R has
rle Cv(r) = W; hence ®(R) =W, and [R:®(R)] = 16.

There is B8 € B" such that C(8) = W and all the elements of V inverted
by B lie in W. (Namely, (; %).) Let x € T induce B on V. Then x° €C(x)
=W. Hence T centralizes x2, so for any r €R,

1=02, /=[x, /Plx, 7).
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Hence [x, 7] € V and is inverted by x, so [x, r] € W. Therefore [R, x] < W.
Hence ®(x, R) = W, and (x, R) is a five-generator group. But then T has a
normal elementary subgroup of order 8, by the four-generator theorem of [12].

Lemma 5 (Thompson). Let S be a 2-group, A a normal Abelian subgroup of
§ maximal subject to having exponent < 4. Assume W =Q,(A) is central in S.
For any involution x €S - W, define W(x) ={z € W: x ~g xz}. Then if x and y
are involutions of S - W with W(x) N W(y) = 1, x centralizes y.

Proof. § stabilizes the chain A > W > 1 (i.e., centralizes each of the factors
A/W and W/1), so ®(S) centralizes A. Hence if |xy| > 4, then the involution z
of (xy) centralizes A, so lies in A by Alperin’s theorem [1]. But x ~ xz and
y~yz, so z €W(x) N W(y).

Ve shall want to apply Lemma 5 with A =V and § = C.(W). To justify this,
we give

Lemma 5a. Let T be a 2-group containing no normal E g» and suppose V <
T where VR Z, x Z,. Assume CL(Q,(V)) bas index 2 in T. Then V isa
normal Abelian subgroup of C..(W) and is maximal such subject to baving exponent
<4,

Proof. Suppose not, and let X >V, [X:V] =2, where X is a normal Abelian
subgroup of C..(W) with exponent 4. Then X = (x, V) for some involution x.
Q(X)=Eg, so XA T and thereis t € T - C, (W) with x*=y where y # xmod V.

Let s =xy. Then s € C(V), so Q,((s) <V, by Alperin’s theorem applied
to T and V. So if |s| >4 and s, is an element of order 4 in (s), then s, €V
and x centralizes s,; but x inverts all powers of s. Hence |s] <2, and s €V
by Alperin’s theorem, contrary to x # y mod V.

Ve shall need some remarks on metacyclic 2-groups containing a central Z 4
xZ,:

Lemma 6. Let L be a metacyclic 2-group containing a central 7 axX2,V
say (so V = Q,(L)). Then

(a) Any section of exponent 4 in L is Abelian.

() Let V;=Q(L)=(x €L: |x| < 2'). Then every element of V; bas order
<2, sothat V,={x €L: |x| < 2¥}.

(c) Let %,y €L; then |[x, y21| = Y|[x, y]| (unless [x, y] = 1).

(@) Let x,y €L with |x| =27, |y| = 2k <2™; then |xy| = 2™.

(e) There is r with [V,:V,_|1=4 for 1 <i<r, while W,:v,_1=2 for
r+ 1< i< log, (exponent(L)). .

® If V;:v,_,1=4, then the map x — x2"1 induces an (operator)-isomor-
phism of V/V,_, onto W.
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@ If x,y €L and x% =y, then x = ymod V.

Proof. (a) Let M/S be a section of exponent 4 in L. Then M is metacyclic,
so is generated by %, y with (x)<{M and y~ lxy = x% for some number a. Since
Q,(x)) is central in L, @ = 1mod 4. Hence M’ =(x%~ 1y< M4<s since M/S
has exponent 4.

(b) We need to show that if ¥, y € L have order < 2, so does xy. Suppose
this is false, and let i be the smallest integer for which it is false (then i > 3),

Let D=(x €L: |x]|<2i"!)={x €L: |x] <2i=1}. Let x and y have orders
< 2% but |xy| > 2+,

If |x| <|y| = 2%, then, in L/D, x =1 and so xy =y; y2 €D implies (xy)z
€D, so that |(xy)?| < 271, so |xy| < 2.

If |x| = |y| = 2%, then, in L/D, x and y are involutions; if |xy| >4 in L/D
then L/D contains a DS’ contrary to (a).

(c) We may assume [x, y] £ 1. Let (z) be a normal cyclic subgroup of L
which contains L'; then
ki

[x, y]= z2 ¢ for some k and some odd i;

k. k.
[x, y21 = [x, ylx, yP = 22 {(z%)? %,
but @ = 1 mod 4, so

k+1.
22

[x, y21= 7 for some odd j,

and (c) follows.

(d) (xy)*= xyxy = xxyly, xly = x%ydy, where d =[y, x]. Let M =(x, y).
Now M2 = ®(M) = (x2, y?) is generated by elements of order < 2™~!; hence
every element of ®(M) has order < 2m=1 Also, M* = (x4, y‘) and every element
of M* has order < 2™~2, M/M* has exponent 4, so is Abelian by (a). Hence
d € M* and so has order <272,

(xy)2 = x227. |y?|, || < 2™"2, so ly2d?| < 2m=2, while |x?| = 2m~1,
The lemma follows by induction.

(e) Suppose not; then, for some i, [V;:V,_;1=2 but [V, :V,]=4. Then
V;,1/V;_ has order 8, exponent 4 (hence is Abelian), and only one involution,
which is impossible.

(f) It suffices to-show that x — x? induces an isomorphism of V/Via
onto V._ /V,_,, and iterate. V,_, =®(V )= Vf, so the induced map is onto.

i-1 i
For x, y €V,

(xy)? = xyxy = x%yly, by
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Now V/V? is Abelian, and V;.1 =V._, soly xle V,_,. Hence (:cy)2 =
xzyzmod Vi, g s0x — x? induces an isomorphism.

(g) Let x= yt. Then x? = (yt)? = y2#%t, so y inverts t. Since V=0,0L)
is central in L, this implies ¢? = 1.

We will now assume that the involutions of W fall into two G-classes, say
{o} and {0, 0,}.

Theorem A. Let T be a Sylow 2-subgroup of a finite group G which is
fusion-simple. Assume that T has no normal elementary subgroup of order 8,
Ng(T) = TC4(T); T %k Dg; and the involutions of the unique normal four-group W
of T fall into two G-classes.

Then one of the following holds:

(a) T Dzm 1 Z,, where m > 4.

®) T=(aN)x(B,phmr a?=A2"=p2=p? =1, ada=2~!, Buf =
p~Ys #2 = Mg, 7 centralizes A and p, [a, )=, [B,ml=p; 72=1, o’ =B,

N =p, o =n), where n > 2,
(c) T= D;m 1 ZZ' where m > 4.

Proof of Theorem A. Firstly, if W < Z(T), then the two G-conjugate involu-
tions ®, w, of W must be conjugate in N;(T), by Burnside’s theorem. But
this is impossible because N.(T) = TC,(T). Hence W £ Z(T), and Q,(Z(T)) =
() say has order 2; and w;, w, € W - Z(T).

Let V be a normal Z4 x Z, of T (V exists by Theorem 1). By Lemma 1,
C(W) - C(V) cor-ains a conjugate a of w. By Alperin’s theorem [1], a does
not centralize V, so there is v € V with aV = ax, where x € W — {1}. Then if
y €W = (x), we have (ay)” = axy. Hence, forall a~w, a € CW) - CL(V),
we have [ccl (a) N aW| =2 or 4.

Hence, we can partition the proof of Theorem A into three cases:

1. C.(W) - C(V) contains & ~ w with every element of aW conjugate to w.

2.. lis false, but C (W) - C(V) contains a ~ & with cclg (@) NaW=
{a, aw,}.

3. 1 and 2 are false, but C.(W) - C.(V) contains a ~ w, and, for every
such a, ccl; (@) NaV¥ = {a, aw}.

We shall write T, for C..(W).

Case 1. Thereis a~w in Ty~ Cp(V) with aW < ccl; (0). Let T* be
a Sylow 2-subgroup of CG(a), and hence of G, containing (a, W). W* N (a, W)
contains a. If it contained more, it would contain a conjugate of w,, so W* =
{a, col) or{a, wz); but these both contain two conjugates of @, while W* con-
tains only one conjugate of w.

Hence W* N'W = 1. Since W < T*, [W*, W] <(a), so W* normalizes (a, w).
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Now w, and w, are the only members of their G-conjugacy class in {a, W), so
are fixed or exchanged by W*. If they are exchanged, then w0, =w € w, w*l,
which is false. Hence [W*,Wl=1, and F= W*W=W*x W Ey6-

Let W) ={a, a, a,}. Then ©y5y @, @y, @, € F are G-conjugate to ,
while a, 0, aw, aw,, aw, €F are G-conjugate to . We shall now determine
the full G-fusion pattern in F, and show that A_(F) contains a subgroup isomor-
phic to 2, x Z,.

F < T% (Lemma 2), so, for each f € F - W*, 1 £ [/, v¥1< W* (where V* is
any normal Z, x Z, of T*). In particular, @) ~ @,x for some x € w*) and
w, ~ @,y for some y € (W*)#. Therefore ICCIG (wl) N F|>6.

If 5 divides |A(F)|, then F must contain 10 conjugates of @, and 5 of
®, and the product of the 5 conjugates of  is 1. But a -+ aw + aw, * aw,
=w#l.

If 7 divides |A(F)|, then there is a hyperplane of F whose involutions
are all G-conjugate, and F has at most one additional involution of this conju-
gacy class. Hence, there is a three-member subset S of {w,,w,,a;,a,}, ora
four-member subset § of {a, w, aw, aw,, aw,}, such that all involutions of (S)
are conjugate. But this is false.

Hence A(F) is a {2, 3}-group, and is not a 2-group by Lemma 3(ii).

We now note that A (F) has no fixed points on F¥: forif N = NG(F), then
CF(N) <W*NW=1, by Lemma 3(ii).

The size of each otbit of N on F is a {2, 3}-number, and so F contains at
least 6 conjugates of w. But if F contained exactly 6 conjugates of w, their
product would be fixed by N and so must be 1, which means that the sixth would
be the product of the five we have already; but this product is @, which would
not be a sixth element. Hence |cclG (@ NF|>7.

Suppose |ccl; (@) NF|=7. Then there is some union of orbits of N which
has size 7. Hence N contains no fixed-point-free 3-element, and the 3-elements
of N have orbits as follows:

{x}; {y}; txyl; ta, b, abl = v say; xy¥; yY#; ny#.

Each orbit of N is a union of these, and it follows that ccl (@) NF falls into
an orbit of N with size 4 and one with size 3. Since N has no fixed points on
F, the product of the elements in each orbit is 1. Hence the orbits are y* and
(say) {x} v xY*. In particular, ccl; (@) NF is a hyperplane of F. But we have
already seen that this is false; and indeed, the same argument shows that
leclg () N F| £7.

Suppose |ccl; (@) NF|=8. Then |cclg (@) NF|=6 or 7. 7 is impos-
sible as we have just shown; and 6 would leave one element for F* - cclg ()

Ucclg (@,), necessarily central in N.
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Hence |ccl; (@) N Fl 9 and |ccl; (@,) AF| =6. This means that there is
recisely one x e(W*) with @, ~ ©,x, and ecisely one y € W*W with o, ~
p y 1 1 pr y y 2
®,y. By interchanging a; and a, if necessary, we may assume

@y~ wlCLI.

(Note that @) ~ w0, or w,a,, not w,a since ®,a ~ ®.) Then the product of
all the conjugates of @, lying in F must be 1, and so

(02 ~ wzaz-

Hence, F = (®;, a,) X (®,, a,) where (w,,a,) and (®,, a,) contain all the
conjugates of ®,, and all the *‘cross-elements’’ are conjugate to w. The auto-
morphism-group of this pattern in F is isomorphic to 23 1 Z,. We will now show
that A(F) contains a subgroup isomorphic to 2, x 2,, where one direct factor
acts on (®;, @) and the other acts on (@,, a,).

Let A=A_(F). A is not a 2-group; 2, 1 Z, is 3<losed, so 0,(4)>1. 1f
0,(4) were generated by a single 3-element whose centralizer C in F were a
four-group, then A would leave C invariant, and since 4/0,(4) is a 2-group, A
would have a fixed point on F. Hence 0,(4) contains a fixed-point-free 3-ele-
ment.

Since A has no fixed points on F, F is a Sylow 2-subgroup of C(F) by
Lemma 3(iii), and so V induces a four-group on F. Hence A contains a four-
group, and we must show that A cannot have as Sylow 2-subgroup the four-group
(y»8) where y exchanges (w;,,) and (®,,a,) and & acts nontrivially on each.
Namely, if it did, then (y,8) would be induced by V; but [F,(y, 8)] contains an
involution from each of (@, a,) and (w,, a,), and also a four-group consisting
of elements in neither one (*‘cross-elements’’), so [F,(y,8)] has order 8; but
[F, vI< W which has order 4.

Hence, the four-group induced by V is (81, 82)where 31 centralizes
(@, a,) and &, centralizes (w,, a,). Now (8,59,) does not normalize any
cyclic group generated by a fixed-pointfree 3-element. Hence |0,(4)] =9, and
A contains 23 X 23, as claimed.

@) C,(V)> V.

Proof. Suppose false. [T:TO] =2, and [To :v1< 8 by Lemma 4. F induces
a four-group on V, so 4 < [To :vl<s.

We first find the exact isomorphism type of FV, which is as follows: there
are x, y €V such that V =(x, y) and FV =(x, y, a,;, a,) where x% = W)y yz =
@,, @, inverts x and centralizes y, and a, inverts y and centralizes x. To
prove this, we first note that the fusion pattern of involutions of F implies that
v, al] =(w,) and v, a,l=(w,), so that Cv(al)and Cy/(a,) both have order 8. Let
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C, ) =(W,y);  Cyla) = (W, ).

We have that F is a Sylow 2-subgroup of C_(F) (Lemma 3(iii)), so x #ymod W,
and la, x]= O, la,, yl= 0y It remains to show x?= o, and yl= ©y. Now
x centralizes (a,,®,)= F, say, and acts nontrivially on (a;,®,)=F; y cen-
tralizes F, and acts nontrivially on F,. There is a 3-element o of NG(F )
which acts nontrivially on F 2 and centralizes F 0 and so centralizes x mod CG(F).
Thus x normalizes (&, CG(F ». CG(F) = F x R where R has odd order, and the
subgroups of order 3|R| in (5, CG(F)) are (8¢, R) where ¢ € F satisfies PLPLS
=1, so c € F,. Hence

x8 =xcz where Z€R, c € Fz;
(xz)8 = (xcz)? = x%c*cz*z.

But x% € F, so (x2)% € F and 2z =1. Also, c¢*c =1 because ¢ € F,. Hence
(x2)% = x%, so x% € W' A F*{ = {wll. Similarly, y2 =Wy

Now take {x, y} as a basis for V. x%y?= ©,0, = @ is the unique central
involution of T, so with respect to this basis, the matrix-group induced by T on
V is contained in the Sylow 2-subgroup (8*, ((l) (l))) of Aut (V). The matrix-group
induced by F is ((3 ‘l))’ ((1] g)), which is normalized by (g 5) and B*. Hence, FV 4 T.

Take ¢ € T - T, and let U=A_ (V). The action of ¢ on U can be deter-
mined from the action of (g (l,) on B*. Namely, if T, = FV, then (U, ) = Dy
and we can choose ¢ so that qu centralizes V. If [TO:V]s 8, we have

Cy@ 21w, ¢),  IC, @)U, ¢]l =8,

and so |C,($)| =4 and C,(¢)= ((g g), (; %» = C8+(¢)' Hence ¢ can be chosen
so that ¢ induces 1 or (; f) on V.

Now (a!, V) contains precisely two Es’s, namely (al, W) and <a'l’ x, W
V normalizes them both. Suppose ¢ € T induces (} %) on V; then we claim ¢
also normalizes both these Eg’s. Namely, e CV(c)= W implies that ¢ inverts

la;s cl, so la;, cl e {xy, W) bur af =1 implies that o, inverts [a,,cl, so
[al, cl €(x, W); hence [al, cl € W, so ¢ normalizes both Es’s. Similarly, ¢
normalizes (a,, W) and (a,y, W). .

Let E= (a,, W). Now ¢? normalizes E (whether ¢2 induces 1 or (% f)
on V), so ¢ normalizes (E, E?). (E? is (ay W) or (a,y, W)) E and E® are
normalized by ¢ and FV, soby T,. Hence (E, E¢)<l T.

But, by Lemma 5a, V is maximal in T subject to being Abelian of exponent
< 4. Hence Lemma 5 applies to a, and a‘f, giving that a'f centralizes a,.
Hence (E, E®) is a normal E,, of T, contrary to hypothesis on T.
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This finishes the proof of (i).

CT(V) is a metacyclic group (Alperin [1]). We now employ a construction
which will give a homocyclic Abelian subgroup of index 1, 2, or 4 in CT(V)-

For y any involution of T, -~ W, and H any subgroup of G, we define

Wiy, HY=tv e W:y ™~y yol
Further, define
lw)={y e Ty~ Wiy~ o, and W(y; T) = (@)}
lw,) ={y € Ty-W:y~ @, and Wly; T) = (w,)}
Then a, €lw,), a, €l(w,). By Alperin’s theorem, if y € 1@,
L<Wly; VIS Wl TS W3 T =(w,),

for j=1, 2; and hence W(y; T,) = (w,)s so that Ilw,) and I{w,) centralize each
other elementwise (by application of Lemmas 5a and 5to V and T). Hence

Hl = (l(wl)) and H2 = (l(wz))
centralize each other.

(i) H,=(l,)) has A €V N H, with A] =o,.

Proof. Let ¢ be any element of T - T, and let z = qS"laqu.. Then W(z; T)
= qS'lW(al; T = ¢"l(wl)¢ = (®,), and so [a,,2z]=1 by Lemma 5. Hence E =
@,z W=E,.

v, a,land [v, z] are of order 2, so C(a,) and C,(2) are of order 8. We
claim C(a;)# C,(2). Namely, E contains more than one conjugate of » (e.g.,
® and a,®), so Lemma 3(iii) applies to E. Hence, if C(a,)=C(2), then E
would not be a Sylow 2-subgroup of CG(E), and so @, or w, would be central in
NG(E). If o, is central in N (E), let T*> T} > E where T* and T} are Sylow
2-subgroups of G and Cj(w)) respectively. W*< E and C,(V*)= W*, by Lemma
3(i). Hence W*=(w,, a), which is impossible since {(w,, a,) contains no con-
jugate of w. We may assume w, is central in NG(E)- Now there is 0 € G which
cycles a,,0,,and @, ; ¢~ '8¢ thencycles z,w,, and zw,, so 20, £ @.
Let T*> T} > E where T* and T} are Sylow 2-subgroups of G and C(2) re-
spectively. Then, as above, W* =(z, ®,) which is impossible.

Let Cv(a1)= (a, W), Cv(z)= (b, W). Then c=ab has order 4, and %=
® since ¢ exchanges Cv(al) and Cv(z) so that (¢, W)<l T.

Let U= Qs(CT(V»° Then U >V, by (i). The map u — u* (u € U) induces
a homomorphism from U/V into W, and this homomorphism commutes with T-con-
jugation. Soif [U:V]=2, the imag'e of this homomorphism is (); so, whether
[Uu:v]=2 or 4, there is y € U with y2 =c. Also, T, centralizes U/V, so that
o) = a,v for some v € V. Then
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2
_ A€ _aY _ y _ 2
0@y =af = & _(alv) =a,v°,

since y centralizes V. Hence vl = o, veV, and v= ala’l’ € H‘. This proves
(ii).

(iii) Write H = (H,,®), and take A, € H, NV with )\(2) = ;. Then there is
A< H with CH(A)= A, (Ags W) <A, and A er x Z, for some r>2. The in-
volutions of I(w,)are all congruent mod A, so that [H:A4] = 2. '

Proof. We first show that there is no K< T, K< H, with K ZyxZg.
For if so, let ¢ € T — T; then K¢< H¢, so K® centralizes K, and (K, K®) is
a normal Abelian subgroup of T of exponent 4. Hence (K, Kd’) has order 16, so
K= K¢', i.e., K< T. Then (K) W, since T has only one normal four-group.
H® centrahzes H and hence K so the involutions of H® lie in Q 1 CL(K)=w
(Alperin [1]); but a, e H®, a, ¢ W

Now B =(A,, W) < H, and B < T,. So there is a normal Abelian subgroup A
of H with B< A and A = C,(4); and we may take A to be normal in T,. Then
A has rank 2, since (4, Ad)) is a normal Abelian subgtoup of T (where ¢ €T -
T,) and so has rank 2. Q,(4)= B.

We claim that A = Cy, (B) For if not, there is R with A < R< C,(B), [rR:4]
=2, and R< T;. Now A > B (for if not, A=C (A) C (B)) let A =(\) x (w),
Al=2">8. Then R = (A, r) where 7* € A r2 centrahzes A and r centralizes

Q,(A), so A" = Az for some z € W—{1}. 7 2e C, () =17ZR)= (A%, @). The co-
boundary group of r on A is {A?z), so we may take r> € W. Now [R:Z(R)]= 4,
and the three maximal subgroups of R which contain Z(R) are A; (r, Z(R)); and
(A, Z(R)). A and (r)\ Z(R)) have exponent 27, while S =(r, Z(R)) has exponent 2"~1,
Hence §< T,. If 7% can be taken as 1, then K=,(S) is elementary of order 8, and for
any ¢ €T~ T, K® < H® which centtahzes H, so (K, K®) is a normal elemen-
tary subgroup of T of rank > 3. If 72 cannot be taken as 1, then K = 92(5)~
Z,xZ,, and K< T,, which we have already shown is impossible.

Now let y € I(@,). y ¢ A since Q,(A) =W, so y induces a nontrivial auto-
morphism of B, i.e., Z\g = A,z for some z € W - {1}. But then y ~ yz, so by def-
inition of I(@,), z= w,. Hence, all elements of I(w,) are congruent mod C(B)
= A.

(iv) Let H and A be as in (iii). Then there is A € A such that A = () x (w),
and a, inverts A; || = 2" > 4; al()\z) and aA(d?) < Iw,), while alw()tz) does
not meet I(w,). Thus, H> H, if and only if a0\ ¢ I(w,).

Proof. There is 7 € A with A =(7)x (w), and || = 2" > 4. Then there is
y € l(a)l) with a,y €4 - (72, o), for if not, H = (l(col), ) < (al, 7, )< H,
Take A = o,y for some such y. Clearly al()tz) and al)\()tz)g_ o) o0¢

I(wl) because we know from the fusion pattern in F that a 0 ~ a.
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For ¢ € T~ T,, we now let

D = (H, H®) = (a;» A) x (0, )

(where 1 is to H® as A is to H). Note that if T, =D, the isomorphism type of
T is determined.

(v) Suppose Ty>D=(a;sA)x (aysp) Then

(a) Each element of TO/D acts semiregularly on the set of D-classes of
E;¢’s of D (and hence [TO:D]54).

(b) Hy = {a;,A); hence (A),(p)<d T, and are exchanged by T/T, and T,

= FCr(V).
Proof. (a) Let x € Ty~ D fix a class of E,’s of D; we may assume x

normalizes E = (y;,¥,, W) where y, € l(w,), y, € l{»,). Now from the defini-
tion of 1(®,) and I(@,), all automorphisms of E that can be induced by an ele-
ment of T are already induced by V. So, adjusting x from V if necessary, we
may assume x centralizes E. x normalizes H=(Y,»A,®), so normalizes the
unique Zzn x Z, of H. Hence A* =A% mod W, for some odd integer a. Then

(A =yEA* =y M= (p AN mod W;

(y ) = (yzp)[tb'l mod W,

for some odd b. @—1 and b-1 are even, and so x fixes every class of E/’s
in D. So, adjusting x again from D, we may assume x normalizes F. But
NTO(F)= FV< D, so x €D.

(b) Let xD € Z(T /D). Then x must move the classes of Eg’s in both H
and H®. Adjusting x from D, we may assume aj =a,A mod W. Adjusting fur-
ther from V, we may assume aj = a,A or a Aw. If the latter, then

X _ - ~
(0,0) = adow =ad ~a,.

But we know from the fusion pattern in F that a,@ ~ . Hence aj = a,A,
(a,0) = ado, so ado ¢ I@,), hence H> H, =(a;,A) where A is as de-
scribed in (iv).

We shall write

A=, py;  C=Crv).

The structure of C now follows:

(vi) If Ty=D, then C=A.

If [T,:D]=2, then C is Abelian and ®(C)= (A, A%).

If [T0 :D] = 4, then ®(C)=A, and C = (p, 0) where p?" = Wy o = Wy
and [p,0l=1 or w. (Here 27 = || = |y|.)
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2n=1

Proof. The map x — x induces an isomorphism of A/A? onto W, and

this isomorphism commutes with T-conjugation; so T, centralizes A/ AZ.

Suppose [T :D]=2. Then C = (m,A), where #* € A. C/A is metacyclic
and Abelian, so 72 ¢ A2; #2A? is T-invariant in A/A2, so n? = Apmod A #
normalizes (A) and (), and centralizes V; so, since T/To exchanges (A) and
(1) there is j=0 or 1 with A" =Aw)} and §" = o). Then 7 centralizes A%, and
OV = \uo?. But 7 centralizes 72, so 7 centralizes (A, A?), and j= 0 as claimed.

Suppose [To :D] = 4. Then C/A? has order 16, has a central four-group
A/A?, and is metacyclic. Therefore, C/A? has exponent 4. By Lemma 6(a),
C/A? is Abelian with A/A? as Frattini subgroup, so that C is generated by ele-
ments p, 0 with p?=X\ and o = pmod A?. p and o centralize V and normalize
(A) and (u); so there are i=0or 1 and j=0 or 1 with AP = )La)"l, o= pa)g, AT
= Aw}, and pP= po). Then C=(p, 0) centralizes A%. Since p? €AA? and p
centralizes p?, we have i = 0. Then (\u)?” = Auw’. But (po)? € \uA? and po
centralizes (p0)?, so j=0. So C?=A is central in C; C’' = (lp, 01); and [p, 012
=1, so [p,0l=1 or w, as claimed.

(vii) If [T0 :D] =2, then for any 7 € CT(V)— A with 7% = Ap, we have

[aly 77]=)‘(0§, [a2’ 77}=Il(0§,

where £=0 or 1.

Proof. [al, 7)? = [al’ n?]= [al,)ty] =A2; hence [a.l, 7] = Aw for some w €
W. weH,, sow € (»,), and so [al,rr]=)\a>lf where £ =0or 1. Let p €T~
Tys af’ € azA, so a‘f and a, have the same effect on 7 by conjugation, so
la,,nl= pwf .

(viii) T - T, contains an involution.

Proof. (viii) holds if T/D - Ty/D contains an involution 8D. For then there
is a normal series of D whose factors are four-groups upon which & acts nontriv-
ially, and 5% e D; it follows that 8D contains an involution.

Hence we may assume [To :D]=2 and T/D is cyclic of order 4 (for if [To :
Dl=4, then T/D=Dg). Let & € T~ T,; then & interchanges a,C and a,C,
so 8% ¢ (a,0,, C); by replacing & with 8a, if necessary, we may assume 8% e
C. Hence 82 €A, and centralizes A. So we may choose A and g €()A) and (i)
so that A% = p, p® = A, Then C,(0) = (Ap). Further, (A7) = 82A%u; (A1)t =
84\2u%). As 8% €C,4(8) - A?, 8% is an odd power of Ay, so we can replace &
by an appropriate S\’ to get

82 =ny wl=Ay [al,rr]=)\o.)f, [az,n]=uwf,

by (vii).
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We next find the elements of T whose fourth powers or squares are .

They are
€ C: Order 8: If n> 3, we get )\lylV, where )tl =;&2n-3 and g, =5¢2"-3,
If n=2, we get V. Order 4: A u W, where p, =A2""7 and By = u2"e

€8C U da a,C: None, since in T/A, 8% =n.

€a,Cua,C: None, since (aIA)z = (u?) and (a.lﬂA)2 = ;wa(;zz).

€a,a,C: (alaZA)z =1, (alazﬂA)2 = a)g; so the only occurrence is that if
£=1, we have (a,a,7A) = w.

€8alCU5a2C: For y € C,

=m,a,.

2 _ 2 _ 52,8
(Ba,y)® =a)® mod A =8%ja, 1%

And (77ala.ZA)2 - wf. Soif £=0, 8a,C Uda,C consists of elements of order
4 whose squares €7ma,a,A; if £ =1, then b‘alCU 6a2C consists of elements
of order 8 whose fourth powers are .

Now consider the transfer v: G —T/T. Using the fom given in (10, p.
206, Lemma 14.4.1], we have

B = Hgag—ln %1 ... H852n-1g-lng32ng—ln g2 Hlgm1T .

The first product contains an odd number of factors g8g°l; no g‘oﬂg’l isin T,

since |8] = 2"*? and T, has exponent 27+, Since v(8) =1, some factor in a

product other than the first must liein T- Ty T-Ty= oCcu BalaZC v 8a1C U
5a2C. The elements of these four cosets of C have orders 27+2, 2742, 22"’5,

and 22+¢ respectively. Hence
n-1
if&£=1, 8% ~ da,y for some y € C;
n
if £=0, 8 ~ Oa;y  for some y € C.

Suppose first that € = 1. If n> 3, then 87" 7' =X, and N (A,p)) is a
Sylow 2-subgtoup of N G«)‘lyl»' (This is obtained by inspection of the subgroups
of order 8 in T whose unique involution is G-conjugate to w; these are repre-
sented up to T-conjugacy by (A ), (Alpz), and (Saly) where y € C.) Let y =
da,y; then since y ~ A p,, there is g € G with (y)® =(A;p,) and N ((y))E <
NT«AIFI»' But NT(()\ly.l))=(CT(t\lul), a,a,) where a,a, inverts Ap,; and
N (D =(C (), @) where w, raises y to the Sth power.

If £=1 and n =2, then || = 16 and 2"l _s2_q. N, (7)) is a Sylow
2-subgroup of N (7). Let y=25a,y; then there is g € G with (¥)® = () and
N Ky N8 < Np(m). But N(7) =(C (@), a,a,) where a a, cubes 7; and
N (y) =(C (), @,) where | raises y to the 5th power.

Now suppose & =0, 82" =gk and C A gp,) is a Sylow 2-subgroup of
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C;(Agpg). Let y=0a,y; since y ~ A, there is g € G with Y& =Ayp, and
CT(}')g < CT(AOI‘O)’ ive., (¥, )8 < (C, 8). Hence (y?,w)& = Q,(c, 8))=W. But
$?8 = w, so w8 = @) or ,, contrary to hypothesis.

We now have some easy fusion results:

(ix) No involution of T =T is ~ .

(x) Let x €T~ T, have %2~ w; then x ~ some element of T,.

Proof. (x) follows from (ix) by transfer; for if v: G — T/ T, is the transfer
homomorphism, then

v(x) =[] gxe™ [Tex%™" Tos

and all the factors gng'l lie in T,, by (ix). The first product contains an odd
number of gxg"l, so since v(x) = 1, some g:rg'l liesin T

To prove (ix), we suppose z is an involution of T — T0 with 2z ~ @w. Then
there is g € G with 28 = ® and C(2)¥ < T. Now if C(z) contains y with y4
= w, then y& € T gives that w8 € ®(®(T))< C, so w€ = w which contradicts 2%
= . Such a y exists in A whenever n> 3. If n=2 and [TO :D] = 4, then
there are elements 4, b generating C with @* = b and b* = 4, and ab or abw,
(according as C is Abelian or not) powers to @ and is centralized by z. If n=
2 and Ty=D, then T has normal E,’s. Suppose n =2 and [TO :D]}= 2. Since
(A) and (p) are exchanged by T/T, we can choose A and g so that z exchanges
A and p. Then n? = Ay is fixed by z, so 1 = [#?, z]= [, zJ[r, z] and 7 in-
verts 7, z). As Q,(C) is central in C, it follows that [7,2] e W. But z2=1,

so z also inverts [7, z]; therefore [r, z] €(w), and 7 or 7w, is centralized

by =z.
(xi) Suppose [T, :Dl=2. Then £ =0 in (vii), so that [al, 7#]l=\ and
[az, 7l = p.

More generally, the 2-group T given by
T = {{a, A) x (B> 1), my 7 a’ A2 B2 =;12n =72 =1; a inverts A
and B inverts p; a’ = B, N = p; 7 = Ay,

7 centralizes A, p, and 7; @7 = Aoy, B7 = Buo,),

where > 2, and o, =)t2”-1

27:-1
G =k 0=0,0,,

cannot occur as the Sylow 2-subgroup of a fusion-simple finite group, under the
assumptions: ®, and w, £ @; every involution of (a,A) x(B, p) is G-conjugate
to © or w,; and no involution of T - CT(“’I) is G-conjugate to .

Proof. We shall first verify that if [To :D]=2and £=1 in (vii), then T is
isomorphic to the group described. Let 7 be an involution of T~ T o» and take
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A and p so that A" = p. Let a, =a, and let afl =B, sothat B € a(p). There
is 7 €C - A with n? = Ay, by (vi); r centralizes 72, so m and t both invert
[#, 7], and so [m, 7] € (w); replacing = by 0, if necessary, we may assume n?
= Ay and r centralizes 7.

We now consider the given T. By transfer, every involutionof T - T is
conjugate to an element of Q,(T ) = (a,A) x (B, ), and hence to » or @,. By
assumption, then, every involution of T — T, is conjugate to ;.

We claim that for every involution x of T - T, (x, ) is G-conjugate to
(0,5 ) =W. Namely, x ~ @, implies that there is g € G with x¥ =, and
C (x) <Ty. As w is a square in Cp(x) (e.g., by the action of x on (A, p)),
w® €®(T ) = (A, p), and so w® = @, so that (x, )€ = (o)l, ).

Now let H =(maf, Ayp,) ©(W, ), where A = A2""% and Bo = an-z. Every
subgroup & Q; ©Dg of T with central involution G-conjugate to @ is T-conju-
gate to H. The H-conjugacy classes of noncentral involutions of H are repre-
sented by ®, and four elements x of T — T. For any of these x, (x, W) ~ W,

so there is g € G with (x, )¢ =W and NT((x, )8 < T. Hence H¢ < T, and by

adjusting g from T, we may assume H® = H. Therefore N_(H) acts transitively
on the five H-conjugacy classes of noncentral involutions of H, and so 5 divides
|Ag(H)].

Now NT(H) =(H, Ay 172"—2), and 72" 2 fixes three of the five classes of
noncentral involutions, while A only fixes one. So A(H)/Inn(H) is a subgroup
of 3 whose order is divisible by 5 and whose Sylow 2-subgroups are four-
groups permutation-isomorphic to ((12), (12)(34)). But 2 contains no such sub-
groups.

(xii) [T,:D1<2.

More generally, whenever the Sylow 2-subgroup T of a group G with no non-
trivial 2factor-group can be described as follows:

D ={(a,A)x{B, 1) as above (i.e., each factor is dihedral of order
2n-l =

-1
2"*! where n > 2), with DL Wy B
®y and @ = 0,0, where ®, ')‘G w;
T=(Dyp,0,7:p?=A, ?=p, [py0l=1 or w; [a,p]=)tco';, B, ol
‘—"I‘lﬂ);; [a’ 0]=(D’i, [B9 P]=wi; 2= 1; Pf=a9 af=B)’
where i, j are each 0 or 1;

then no involution of T — T, is ~ w, and hence every x € T - To with x2 ~n @
has x ~ T, The elements of order 4 in T, with square ~ @ (equivalently,
square equal to ®, since ®(T ) =(A, p)) are represented by A u, plus the fol-
lowing classes in T -{p, 0):
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If [p, 0] = », then
i=0, j=0: aBpoA (where A =(A,p)).
i=0, j=1: none.
i=1,7=0: appy(A, W)J
i=1, j=1: afpoA,app(\, W), and afpA.
Their centralizers in T are
Crlappy) = (oppgs Wy, B) i j=1,
= (appgs W, ps BA,0) if j=0 (assuming i=1).
CT(a.Bpo) = (aBpo, Wy A guy) = Z, oDy (assuming i +j=0).
Cr(aBp) = (aBps By 1) Ly x Ly x Z, (assuming i=j=1).
If [p,0l = 1, then
i=0, j=0: none.
i=0, j=1: aBpdA.
i=1, j=0: afpad,app(A¥; and app w(A)-
i=1, j=1: appy(M), app,w(r), and afpA.
Their centralizers in T are
CHlappy) = C.lapp ) = (appys ps W, 0) if =0,
= (appgs ps W, A g, B) if j=1 (assuming i=1).
CrlofBpo) = (aBpo,r, W) & Z, o D,.
C(aBp) = (aBp, W, Bu)  Z, x L, x L, (assuming i=j=1).
Proof. We will first establish that if [T :D] =4, then T can be described

as in the assumptions of (xii); and moreover, that notation may be chosen with
a=a, and B =0, (we shall need this for a transfer argument later in the proof
of (xii)).

(A) and (u) < T and are exchanged by T/T . So, if r is an involution of
T -Tgy, A and p €(A) and (p), and p, 0 € C.(V) = C, can be taken so that

p1’=0; p2=)t, 02=[l,; [p,0]=101’(0.

Now af €a,(u) If a] € a,(p?), then by replacing r with TA~"y" for some

7 (this does not alter the action of 7 on C) we may assume a’ =a.. If a” €a 2y,
y 1= % 1 & %
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it will be shown that we can still alter 7 so as to assume a'] =0y We need to

find the action of a| and a, on p and 0. Now [a,, p] €A =, p) < Z(C), and
so

la), 1 = lo), p2) = [o), A1 = A2,

Hence [al,p] = Aw, for some w € W. But w €H,, sow e(a)l). So [al, pl =
Mo, where i =0 or 1. Conjugating by , we get [af, o] = pw;.. But a =
a,mod{u), so has the same action as a, on 0; so [a,, 0] = pw}. Also,

la), o) = la; 0?1 =la, )= 1,

so [a, 0] €W; bue la,,0l €H,, so €{w)), so la,,0l= co’;; la,, pl = wé,
where j =0 or 1.

Now suppose of1 € “2#(4‘25' If [p, 0]l =1, then rp‘la also exchanges p and
o, and is an involution, and sends a, into az(pz), so can be further adjusted as
above to get a'1 =a,. If lp, 0] = @, then 7p~ o is an involution, but sends p to
ow; however, we may replace 0 by ow without altering the defining relations of
TO‘ With these adjustments, writing a = a, and 8= a,, we have the T described
in the hypotheses.

We now find which elements of T ;) — C have squares ~ w. No elements of
D - C have this property. Now T /A = (aA, BA, pA, 6A) where 7A exchanges
aA and BA, and exchanges pA and oA. So the T-classes of cosets of A in T,
are represented by aA, pA, apA, acA; aBA, aBpA; poA, apoA; afBpoA. The
cosets neither in D nor in C are represented by

apA, aoA; afBpA; apol; aBpoA.
If 5 €A, then (a0d)? = Amod A?, and (apod)? = pmod A?; so acA and

k

apoA contain no elements with square equal to w. Writing [p, 0] = @, we have,

for d €A,

(@Bpad)? = (aBpo) = w1k,

and afpoA is a single C~class. Also, (ap8)? = w"la“p‘o‘, so (apd)? = w if and
only if i=1 and 8 € py(A, W). And app (A, W) is a single C-class if [p, o] = o,
while it is two C-classes, represented by apu, and appjw, if [p,ol=1.

Note also that the proofs of (ix) and (x) go through under the assumptions of
(xii)s This completes the proof of the second part of (xii), and we will now use
the second part to prove the first part, namely that [T0 :D] < 2. We shall use
transfer to obtain a contradiction from the assumption [T0 :D] = 4.

By (x), 7w, ~ some element of T,. But r@, o Ayp,; for if so, there is g €

G with (rwl)g = Ay, and Crlrw )& < Cr(opy) = (r, C). In particular,

oto
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(aB)® €(r, C) but (aB)® £ w; but by (ix), no involution of (r,C) but @ is ~ @
~ aﬁ.
First assume [p, 0] = 0. By knowing C(2) for various z € T with 2?2 = o,

we get that if 1, ~ app,, then C (rw) and C_ (app,) are both Sylow 2-sub-
groups of their centralizers in G, so should be isomorphic; but they are not (e.g.,
they have different exponents). If 7w, 4 app, and 70, o Ajpg, but 70, ~ afpa,

then C(rw ) is a Sylow 2-subgroup of C_(rw,), so there is g € G with
(@Bpo)® =rw,, € (aBpo)¥ < C (rw ).

Now all the Qg’s in Cp(rw,) contain Agu,, so some element of the Qg in
Cr(aBpo) is conjugate to Ao, Now all elements of T -~ T, with square o are
T ,-conjugate, so we must have afBpow, ~ A u ; but aBpow, ~ afpo which

o Ay, by assumption. Finally, if 7w, ~ app,, then Crlapp)) =Z,xZ,x Z,
is conjugate to a subgroup of Cr(rw )= Z, °D2n+2, but this is impossible.

Now assume [p, o] = 1. If T, ~ Qpp, or Apu,w, then CT(rwl) is conjugate
to a subgroup of C .(app ). But the only involutions which are fourth powers in
C(rw,) and C (appy), respectively, are w and w, respectively, and o4 w,.
If 70, ~ afpo but not to apu, or Aju,, then there is g € G with

(0Bpo)f =10,  Crlafpo) < C (rw,),

and we get a contradiction by considering Q,’s, as before. Finally, if rw, ~
afp, we get L, xZ,xZ,<Z, °D_, ., @ contradiction.

(xiii) ala’i 4 w.

Proof. By (x), 7@, ~ some element of T ). Now by (xi), the only elements
of T, whose squares ~ w are T-conjugate to Agp; hence 7w, ~Agpo. CLA ) is a
Sylow 2-subgroup of C(Ay), so there is g € G with (@ =A pg and Clrw, )<
Cr Ay =(C,7). But (C,7) contains only one conjugate of @, namely w itself; and
alarl €Crlw,)), (0,d) ¥ 4 o.

(xiv) (:LICL'l ~w,, and F = (alaq, W) has AG(F)g 25’

Proof. F has precisely five conjugates of w, by (xiii). These five elements
of F are pemuted by A;(F), so A (F) <X..

Now for any z € F with z ~ w, let U be a Sylow 2-subgroup of C(z) which
contains F; then in U there is an element which conjugates the other four G-con-

jugates of w in F in two orbits of size 2. The only way this can hold for all
such z € F is for A(F) to be transitive on the five conjugates of w. Hence 5

divides |A(F)|. Also, V/W <A, (F), and A(F) cannot be normalized by a 3-
element of AG(F) (for [F, AO] has order 2 while [F, )\Opo] has order 4). Hence,
A(F) # 2;. We get A (F) & X, by looking at subgroups of the relevant orders
in Z,; in particular, 2, has no subgroup of order 20 in which the Sylow 2-sub-
groups are noncyclic.



28 A. R. PATTERSON

Hence, one of the following holds:

(a) |T| = 22"*3 (where n> 3, else T has normal E¢'s), and T={(a,,A)
X (@,s 1), 7) where 2=1, N =p, a’i: a,p (replacing 7 by some 7A™"y" if neces-
sary). (@, a,, W) has automizer 23 x 23, while (a,, a,u, W) has automizer
25,.

(b) |T| =227+ (where n>2), and T ={a;» A x (@,, p’), 7, 7) where 7% =
M, 7 cenuralizes A and g, la;,7l=), and lay, #l=p; 2= 1, o= ap, 7 =
7y and A" = p (replacing 7 by some 7A~"y’ if necessary). (@y @y W) has auto-
mizer 23 X 23, while (a,, a,p, W) has automizer 25.

We will now show that PSL,(g) (for ¢ = 3mod 4) and PSU,(g) (for ¢ =
1mod 4) have Sylow 2-subgroups such as we have found.

Let U be a 4-dimensional space over GF (g) or GF (¢2) respectively, and
write U = U, ® U,, where in the unitary case, U 1 and U, are nonsingular orthog-
onal subspaces of U, and U, and U, are 2-dimensional. Let H!.=SL1(V,.)
or U(Vi) respectively (i = 1, 2), where SL! means nonsingular linear transforma-
tions with determinant * 1. Let §, be a Sylow 2-subgroup of H; (i=1, 2). Then
S:‘ are semidihedral, and

. p2’ PPy e —1527"1
$;=0uB;:B; =1,8;=B; 8BS =B B; )
where det(8,)=1 and det(8,)=~ 1.
Let 0 be an involution exchanging U, and U,, and choose S, and §, so
that
o
3.’ =5i+l’ B?=Bi+l'

1
Then T =(8,, i, 3, g, B1B» 0) is a Sylow 2-subgroup of G, =SL, (¢) or
SU, (¢) respectively, and T/~ 1) is a Sylow 2-subgroup of G = PSL 4(q) or
PSU, (¢) respectively.

Let § = 81,813232; 8 is an involution of G,, and & inverts A =(Bf, g,
BB,y mod(~1). Let A=B,B,, p= Flﬁ;l; then A =(A, p), and 0 centralizes
A and inverts p. P w77 so A, = A2 and By = ;1.2'-2 are involu-
tions of G which are not conjugate to the involution 3% = (3' ?) of G. (-1 de-
notes the scalar matrix — 1 of degree 2.)

T, =(A, 8, 0) is a direct product of two dihedral groups. Let y = 8,. Then
y exchanges (A) and (u), and also exchanges ¢ and 6Smod A; hence (y, T,) =
sz l Z ,» Which is one of the isomorphism types we have obtained.

G has two conjugacy classes of E,’s, one coming from Qg © Qg of G, and
one coming from Qg © Dg of G,. Namely, let K =(82, 0)= «E' ?), (? f,))z Dg;
L=(A,p,,8) = Dg; M=(A,p,,8,8,) = Q. Then L and M both centralize K,
and KoL =Qy00y, KOM=DgoQ,.
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Case 2. Foreverya~® in Ty— CT(V), law N ccle ()| = 2, and there is
an~o in To- Cp(V) with aW N cclg (@k{a, aw,}. As before, we look first at
E\’s. Let a ~nw, aeTy-Cp(V), with aW Ncelg (@) =la, awl; let B~ o,
B €Ty~ Cp(V) with BW N ccl; (@) =1{B, Bw,}. By Lemmas 5a and 5 applied to
T, and V, we get that F = (a, B, W)= E,,.

Suppose C,(F)> W. Then by Lemma 3(iii), @, or ®, is the unique involu-
tion of (D(CV(F )), and is central in NG(F). If w;, let U be a Sylow 2-subgroup
of C,(a) (and so of G) containing F, and let R be a nomal Z, x Z, of U.
Then CL(R)=Q,(R) by Lemma 3(i), so a and @, €Q,(R) and Q,(R) = (@, )
But this contains two conjugates of w, violating Ql(R) ~ W. For w,, we argue
similarly with 8 instead of a.

Hence CV(F)= W, and V induces a four-group on F. But [a, V] and [B, V]
both have order 2, so Cv(a) and CV(B) are distinct groups of order 8; so V =
(%, y) where a*= aw, and B* =8, a¥ = a and ¥ = Bw,. Then (x, y) conju-
gates af} to afz for every z € W; so by the hypothesis of Case 2, a8 £ w.
Therefore, F contains exactly five conjugates of w.

Now let y € F, with y ~ ®, and let U be a Sylow 2-subgroup of C(y) con-
taining F. Let 8 € F with 8 ~ @ and 8 # y; then 8 ¢ W(U) = the unique normal
four-group of U. Hence, by Alperin’s theorem [1] and the hypothesis of Case 2,

8 is conjugate in U to dw for some unique w € W(U)#. If 8 ~ 8y, then F would
contain a four-group all of whose involutions are conjugate to ®, which it does not.
Hence 8W(U) N ccl (@) =1{8, 8w (U} say. There remain two conjugates of @ in
F; let @ be one; since the product of all five of them is 1, the fifth must be
7w,(U). We have now shown that for any ¥ ~ @ in F, there is v € Ng(F) which
permutes the other four conjugates of @ in two cycles of length 2. It follows that
AG(F ) is transitive on the five conjugates of w. Also, taking x, y € V as above,
[F, x] and [F, y] have order 2 while [F, xy] has order 4. Hence Ag(F) &£ st
for no 3-element can act fixed-point-freely on A, (F). Hence A (F)=Z,. By
Lemma 3(iii), F is a Sylow 2-subgroup of CG(F).

We have shown: Forany F = (a, 8, W) where a, 8 ~ w and aW N cclg (@)
={a, aw,} and BW Nccl; (@) =1{B, Bw,}, A;(F) = X, and F is a Sylow 2-sub-
group of CG(F). Also, for any ¥ ~ @ in F, and any Sylow 2-subgroup U of
CG()/) which contains F, the remaining four conjugates of @ in F may be written
as 8,00,(U), 7, and 7w,(U), where w,(U)~ w; (i=1,2), and 8,7 are to U as
a,f were to T. Also, we know what four-group it is which V(U) induces on F.

(i) T - T, contains an involution.

Proof. Let F = (a,f W) as above, and let U be a Sylow 2-subgroup of G
which contains a Sylow 2-subgroup R of N.(F). |R| = 2" and R/F = D,.

(R: RN UO]S 2, where U, = CU(W(U)). Now R NU, centralizes W(U)< F, and
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the Sylow 2-subgroups of 25 centralize only a subgroup of order 2 in F, so [R:
R NUgl=2. It follows that there is ¢ € R - U, such that o’ e Cr(F)=F, and
¢ acts nontrivially on both W(U) and F/W(U); and @F contains an involution.

i) CL(V)> V.

Proof. Let ¢ be an involution of T - T, let a €T, with aW N ccl; ()=
{a,aw,}, and let B = a®. Let F=(a,B,W). V induces a four-group on F,
and there are x, y € V with a” = aw,, $*=f; a¥ = a, B¥ = Boy. T/T, inter-
changes xW and yW, hence interchanges x? and yz; so {x%, y?} ={o,,0,}. So
there are two possibilities for AL (V): namely, writing matrices with respect to
the basis {x, y} of V, either

(@) x2= ©, and y2 = w,, so that a and B have the matrices (3 2) and
((l) g) respectively; or

(b) x%= w, and yl= ©,, sothat a and B have the matrices Q ;) and (21, (l))
respectively.

Now assume C.(V)=V. Then (¢, FV) normalizes (y, W), where y = af8;
we will obtain a contradiction by showing (y, W) 4 T. [TO :FV1< 2 by Lemma 4,
and we may assume [To :FV]= 2. Since ¢ is an involution, the fixed-point set
of ¢ on T,/V is a four-group, and in fact induces (3 g), G .

If (a) holds, then T = (FV, y) where y induces (% f) on V. If [a,y] and
(B, yl €W, then [y, yl €W and (y, W) < T; so we may assume [a, ylev-w.
a?=1, so aiaverts [a,y] and therefore [a,y] € xW. But y2 €C ()= W, so
y also inverts [a, y] and therefore [a, yl € (xy, W), which is impossible.

If (b) holds, then T =(FV, y) for some y, and we may assume la,ylev-
W. Again, a inverts [a,y). But a has the matrix (‘1) f) on V, and so a inverts
no element of V ~- W.

We shall now proceed as in Case 1 to obtain a homocyclic Abelian subgroup
of index 1, 2, or 4 in C(V). We define, as in Case 1,

Wy; Y <{veW: Y™~y yv}
for any involution y of T, — W and any subgroup H of G. Also
Jw) =ty e Ty-W:y~ o and W(y; G) = (w ),
H,= (](wi)), for i=1, 2.
Then H, and H, centralize each other.
(iii) H, contains A € V with )\g = ;.
Proof. Let a€J(w,), B € ](®,), and let F =(a, B, W). Then V=(x, y)

where a* = aw,, B*=f; a¥ = a, 7 = Bw,. xy has order 4, and xyW is the
unique T-invariant nonidentity element of V/W. Since C.(V)> V, it follows that



SYLOW 2-SUBGROUPS WITH NO NORMAL ABELIAN SUBGROUPS 31

xy is a square in C(V); say xy = r2. Then
G.O.)l =a* = a‘rz = (a[a9 f])’ = a[a, f]29

where [a,r] € V. Hence la,7)? = w,, and [a,r]= aa’ €H,.

(iv) Let H=(H,, ), and take Ay €V N H, with )tg = ;. Then there is
A< H with (W,A))< A, C,(A)=A, and AZ o %X L, for some n> 2. The in-
volutions of J(w,) are all congruent mod A, so that [H:4]= 2.

Proof. Identical to the proof of (iii) in Case 1.

(v) Let H, A be as in (iv). Then there is A € A such that A =(A) x (0); a
inverts A; and |A| = 2" > 4. Moreover, ak € J(@,), while aw and ale ¢ J(@,).
Hence H, = (a,A); and therefore (A) and (p) < T, and are exchanged by T/T,
and T = FCL (V). (Here p is to H® as A isto H, for ¢ €T - Ty

Proof. The existence of A is the same as in (iv), Case 1. If aw (or alw)
€J(@,), then |aW Nccl (@) > 3 (or |aAW N cel (@)] > 3), contrary to the hy-
pothesis of Case 2.

(vi) Suppose T, > D ={a,A)x(B,p). Then each element of Ty/D acts
semiregularly on the set of D-classes of E,.’s of D (and hence [T0 :DI< 4).

Proof. Identical to the proof of (v) (a) of Case 1.

We get the structure of C exactly as in Case 1, with A =(A, ) and C=
C,(v):

(vii) If T, =D, then C=A.

If [T,:D]=2, then C is Abelian and ®(C)=(Ap, A?).

If [T0 :D]= 4, then ®(C)= A, and C =(p, 0) where Pzn =0, " = W,
and [p,0l=1 or o.

The following fusion results are also proved exactly as in Case 1, (ix) and
(x):

(viii) No involution of T - T is ~ w.

(ix) Let x € T - T have x? ~ w; then x ~ some element of Ty

We now determine T completely in case [To :D)= 2.

(x) Suppose [T,:Dl=2. Then |T|= 22744 (for some n>2), and T =
{asA)x (B, p)hm,r) where 72 = Mg, m centralizes A and p and 7, [a,7]= A,
and [B,7)l=p; 72=1, a" =B, N = p. Every E| of T has automizer %, in G.

Proof. Let a €] (wl) and let B = a’, where 7 is an involution of T - To
Take A and p so that A" = p. Since C is Abelian with @ as characteristic in-
volution, C ={A, st, ) where 72 = Au. 7 then centralizes 72, so 7 inverts [r, 7]
and so [r, 7] e W. But since 7 is an involution, 7 inverts [, 7], so [r, 7] € (®).
If [r,7]l= w, we may replace 7 by w,to get

2l =y, [r,al=1.
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Then [a, 7% = [a,#?]=la, )\,#]=)\2, so [a,7]=Aw for some w eW. w €
H,, so w e(a)l), and (via 7)

la, 7] = /\wf, B, 7l = ;tcof (£=0or 1)

Hence T is as in the hypothesis of (xi) of Case 1, so by (xi) of Case 1, £ = 0.
Every E,, of T lies in D =(a,A) x (B, p), and is generated by W,y, and & for
some y € ](“’1) and 6 € ](wz); and we have shown that all such E,.’s have auto-
mizer 25.

We shall now observe that PSp, (¢) (for ¢ = 3mod 4) has this T as Sylow 2-
subgroup, and has the 25 fusion pattern in its E,.’s. Let U be a 4-dimensional
symplectic space over GF (g), and let U = U,® U, where U, and U, are 2-di-
mensional nonsingular orthogonal symplectic spaces. Let H,=SL (Vi) = Sp (Vi)
(i=1, 2). Sylow 2-subgroups of H; are (5, Bf), a quaternion group, in the nota-
tion for SL* (V) which we used following Case 1.

Let 0 be an involution exchanging U, and U,, and assume 8;': 8“1,
(Bf)o-= BZ?H. Then T =(5,, le’, 8, Bg, o) is a Sylow 2-subgroup of G, = Sp, (g),
and T/~ 1) is a Sylow 2-subgroup of G = PSp, (¢)

Let A = Bf ;, p= B%B;z Then o centralizes A and inverts g, and & =
8,8, inverts A and p. Let 7= Bf Then 7% = A, and

"7 = (8] = B} = BY(BT B = mu™,
77 = B32 = BABTIB;) =m~l,  m centralizes A and p.

Hence (03, A, 0, p,m)=T,. Let y=3,. Then y centralizes 7 and exchanges
A and p, and exchanges ¢ and 6. So this T has the correct isomorphism type.

It is well known that PSp, (9) g'Os(q). Now any E,,, say F, of a 5-dimen-
sional linear group of matrices with determinant 1, has the 25 fusion pattern
(where the field has odd characteristic); for F can be simultaneously diagonalized,
so that each f € F has the form diag(a, b, c, d, e) where a, b, c, d, e are each
+1 (and not all are 1). Since det(f) =1, two or four entries must be — 1, and
there are at most (;)= 10 with two - 1’s, and (2)= S with four — 1’s; there are
15 altogether, so we have 10 of the first kind and 5 of the second kind. F ad-
mits 2 5 acting on the five simultaneous eigenvectors, so the geometry of the 10
and 5 must be correct.

We now look at the case [T0 :D) = 4. First we will exhibit examples where
sucha T occurs. Namely, SL,(g) (for ¢ = 3mod 4) and SU (g) (for ¢ = 1mod 4)
have D;n +2 1 Z, as their Sylow 2-subgroups, where 2" is the highest power of
2 to divide g+ 1 or g — 1 respectively. (For these are the Sylow 2-subgroups
of GL,(g) and GU,(g), as in Fong and Carter [5]; and the Sylow 2-subgroup of
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the general group in dimension 4 becomes that of the special group in dimension

5 by adjustment of the fifth coordinate so that the determinant is 1, in each case.)
PSL, (7) and PSU (g) have the same Sylow 2-subgroups as the linear groups.
The above remark gives that all E, ’s must have the 25 fusion pattern in these
groups.

We shall show that if [T0 :D] = 4, then T must be isomorphic to the Sylow
2-subgroups of PSL (g) and PSU4 (¢) as described above.

The first step is to show that T can be described as in (xii) of Case 1, so
that we can use the calculation from (xii) of Case 1. Take an involution 7 € T -
Ty let a € J(w,), and let B =a'. We may assume A" = p. Now by (vii), C,(v)
=(p, 0) where p?> =X, 0% = p, and [p, 0l = w® for k=0 or 1. Then p" = ox for
some x € W. We may replace o by ox (and a,f,p by a,f,p) without altering
the relations th.ey satisfy; so we shall assume p’ = 6. Then we get [a, pl= )\w’i
anc! la, 0]l = o) as _in the proof of (xii) of Case 1; applying 7, we get [B, 0l=
oy and (B, pl= ol

For reference, we repeat the description of T:

n+l n+1
T=(a,p,B,o,r:a2=Bz=p2 = 2

n n . .
p2 =W ot = @, [p, gl = (o"; [a, p] = pzwll, [/3, ol = 02(012;

[a, 0]=(07i, [B,p]=w£; p’=0’, a’:B).

Here i, j, k are each 0 or 1. We have A =p?, p= 0%, and D = (a, ) x (B, p).

Note that {a, p) and (B, 0) are dihedral if i = O and semidihedral if i = 1.
The Sylow 2-subgroups of PSL(¢) and PSU,(g) are the T with k=0, i=1,
and j= 0; we need to show that these values of i, j, & must hold, and this will
be done by transfer arguments.

(xi) j=0 (i.e., a centralizes 0 and B centralizes p).

Proof. Suppose j=1, so that 8P = Bw,. Then ccly (B)=B(u), and C.(B)=
C(Bw) =(B) x (o, ppy, W), where (pry)*" = @, and (ppy)* = (op)” loiw,, so
that ®(C..(8))=(p?, W). Now Bw ~ ®,, so there is g € G with (8w)® = @, and
C(Bw)® < T;. Hence W& < ®(C(Bw)E < B(T)=(A,p), so W =W; but this
contradicts (Bw)® = w,.

(xii) i=1 (i.e., (a, p) and (B, 0) are semidihedral).

Proof. Suppose i=0. Let a* € ap(p?); then no x € a*W is ~ o, for if so,
then x € J(@,) since, by the hypothesis of Case 2, |W(x; G)| = 2, but W(x; T)=
(@), so Wix; G) = (®,). As we have (](a)l)) ={(a, pz)g x é](wl). Also, no in-
volution ¥ of aB{(p,0) can be ~ w, since Wl(y; G) = W.

Hence, the E,’s (a, B, W), (a*, B, W), and (a*, B*, W) (where B* € Bo(o?)
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contain respectively 5, 3, and 1 conjugates of w. They also represent the T-con-
jugacy classes of E,.’s of T; so any two E,¢’s of T which are G-conjugate
are T-conjugate.

We claim ap ~ w,. Namely, let M =(D, 1, po), maximal in T, so a~ M by
transfer. (We shall write ‘“x ~ H’’ to mean ‘‘x is conjugate to some element of
H’’.) The only involutions of M — D are conjugate to 7 or (if [p, 01=1) to aBpa.
All involutions of D are ~ W. So if ap £ ,, then either ap~7 L W or ap ~
aBpoAr and W.

Cap) = (ap, W, B, o), of order 27*4, if [p, dl = 1;
=(ap, W, B, 0%), of order 2"*, if [p, 0l = w.

C0) =(r) x (aB, paco’f), of order 2"*3.

|C.(aBpo)| = 2% and Cr(aBpo) > (W, 7) or {W,7Agu) according as [p, ol=
1 or w.

Suppose ap ~ 7« W. Then in fact C(ap) is a Sylow 2-subgroup of C;(ap),
so C,(r) is conjugate to a subgroup of C(ap}. But the only involution which is
a square in C,(ap) is w,, and o is a square in C(r), and ® £ @,. So we may
assume ap ~ afpo. Then C (aBpo) is conjugate to a subgroup of Cr(ap); but
 is also a square in C,(afpo).

Hence ap ~ w,, and there is g € G with (ap) = w; and C(ap)¥ < T,. We
may adjust g from T so that (ap)® € W and K€ = K, where K = (ap, 8, W). But
g normalizes {ccl (@) N K)=(B, Bw,, »)={B, W), contrary to ap ¢ (B, W) and
(ap)® €(B, W)

(xiii) k= 0.

Proof. Suppose k = 1. We then note that (app,)’ = w. We argue that app,
~ M=(D,r, po). Namely, the only involutions of T — M lie in T - T, (and so
are not conjugate to @ by (viii)), since p(D, po) contains no involutions. Hence,
if v is the transfer homomorphism from G to T/M, then

viappg) = [1glopngde ™ [Tewe ™ M = 1 gloppe)e ' .

Since the last product contains an odd number of factors, app, ~ M.

By (xii) of Case 1, the only elements of M whose squares are G-conjugate
to @ are T-conjugate to Agp, or 7@,.

We argue that appy L Agp,. Namely, if so, then there is g € G with (app )
=Aypy and Crlappy)® < CrAgpy). Now

Crlappy) = (oppo) x (apuoBorg, py & L, x D oasis

CT(AOF'O) =(7,p>0),
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so C(yp,) contains only one Z, x Z,, namely V. So (appg)® =Agp, and p§
€V. Hence p§ €AW or poW, and we have (ap, pt5) ~ V and ap ~ A, or .

Now (ap)? = apw, (ap)xo = apw,, so ap is conjugate to every element of
apW. Therefore in V, (ap)® is conjugate to every element of (ap)W. We shall
show that neither A nor A w is conjagate to its product with ®,, which will be
the desired contradiction. Suppose Ay ~ Aw,; then there is g € G with Af =
Agw, and C;( ) = CL(Ajw,), i.e., (B, p, 0)8 =(B, p, 0). Hence (p, o) =(p, o),
for (p, 0) is the only subgroup of index 2 in (B, p, ) whose derived group con-
tains an involution G-conjugate to . Now since w £ @, A-(p, o)) is a 2-
group and so its action on V is just that of T. But A, is not T-conjugate to

Aw,.
072
Therefore app; £ Ay, so appy~ 1wy Ao, Then C (o )=Z, o
,n42 2nd Crlapp))=Z, x Dot
Case 3. Thereis a~w in T~ CT(V), and for every such a, aW ncch((o)
={a, aw}. The basic strategy here is most simply explained by doing first the
case where V = C,(V).

Let V ={a, b), where a’=ow € Q,(Z(T)). Then the matrix-group, with re-
spect to the basis {a, b} of V, inducedon V by T is contained in (B*, (i (1))),
where B* denotes the subgroup of Aut (V) which fixes W elementwise. Note that

10 + (1 0y_¢1 0y (30
Cael@ =185, M= (L 9, G O,

(i) No involution can induce (; ?) on V.

D should be G-conjugate, which is impossible.

Proof. Let y be an involution of T, inducing (; (l)) on V; we shall show
(y> Wy« T. Since ( (l)) is central in A(V), we have [y, t] € V= CL(V) for
each t € T. But y?=1, so y inverts ly, ¢], and the only elements of V which
y inverts are those of W. So [y, ¢l € W forany ¢ € T, and (y, W)d T.

(ii) T, contains o~  inducing (3 (l)) on V. Forany ¢ €T - T, a? in-
duces (g (l))’ and (aa®) € aW.

Proof. The only automorphisms possible for a with ccl; (a)NaW = {a, cw}
are (1 9,¢G 9, and G %), and T/T, exchanges G 9and G D in Auc(v).
(% (1)) is impossible by (i), so a exists as claimed.

aa® induces (; (1)) on V, and (aa®)? er(aa"b): (@, W) If (aa®)? ew,
then aa®V would contain an involution, contrary to (i).

(iii) No element of T inverts V. Hence ATO(V)= ((?) ?), (; ?» (for if
larger, it contains (g g) since it is ({ ?)—invariant).

Proof. This follows from (aa®)? € aW.

Namely, suppose 8 € T invens V. Then §%=8s for some s €V, and

2
8=38% = (8s)* = 8ss%

hence ainverts s, so s €{(a, W). (a, W) T, soforall ¢t €T, ss’ € W.
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Let y = (@a®)?. We will compute 8” in two different ways. We shall need
to know 8°’¢. Now & = 8%x for some x € V, and

? L 6?0? <697 - 69?

= (5s)¢x[x, ad’] =5lx, ad)]sd)-

Hence

e ¢ ¢
& (8s)F = (8lx, a®1sP)s® = 8lx, a®1s%sls, a?l.
Now [x, a¢], [s, a¢], and s®s all lie in W; hence
&

%% =8w, for some w € W.
Also, y = au for some u € W. Hence 67 = (3w)aa¢ = 0ww =8; but 87 = 6% =
8a®. This contradiction establishes (iii).
(iv) Notation can be taken in T so that

T=(a,b,y,0,¢:(a,b) £ Z,xZ; y’=a, b’ =a’;
a.2=1, ya'=y'l, b¥*=b;
¢2 =1, y¢ =y“l, bd’ =a-lb, a¢ =ay).‘

Proof. A (V) (9, ( ), (; (1)» for some 9 which does not centralize W.
92 eCm,((} (l)))ﬁA (V) ((; (1)»’ and if 9% = (1 9) then (9(3 0))2 =1. So
there is © € AL(V)- ATo(V) with 92 = 1. Now (} ?)8 contains four involu-
tions, all conjugate in B*. So by making changes of basis in V corresponding
to a similarity-matrix € B, we may assume that 9 = (g (1’)' B* is Abelian, so
this change of basis will not affect the matrices induced by T, on V.

9% e C, V)=V, and also 9% e C,®)= (ab?); the coboundary group of 9
on V is (abz), so there is an involution ¢ inducing 9.

a?=¢2=1, and aa® = [a, ¢p]= (ap)? = y say induces G 9 on V. Both
& and ainvert y, so y2 €la, a~ !, by Gi). If y2=a~! -1
and b by b~ 1 which leaves all matrices unchanged.

, replace a by a

So, writing a¢ = 7, we can write T as
=(a,m b:a inverts 7 and centralizes b; a’ =n'%=p%=1; 2 = 7).

In particular, T' is cyclic. If follows from Chabot [6] that T cannot be
the Sylow 2-subgroup of a fusion-simple group. However, a direct argument is
easy via Gnin's first theorem. Namely, G has no nontrivial 2-factor-group and

Ng(1) = TC4(T), so by Grin’s first theorem (M. Hall (10, p. 214)), T is generated
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by G-conjugates of elements of T'. T'= (72). We will show that five nonidentity
cosets of ®(T)=(n?, b2) in T must fail to contain conjugates of elements of
(m?), which implies that T is not generated by conjugates of elements of T'.

{1, b, m, b, a, ab, am, anb} is a transversal to ®(T) in T.

The elements of 7®(T) U #b®(T) have order 16, so cannot be conjugate to
elements of (72 ).

If x € ab®(T), then x% = b2 or b = @, or 0y Soif x~z €(n?), then
x% ~ 22 gives W) ~ o

If x € anb®(T), then x? = ab? or a~'b? (note a=17?). So if x ~ z €(n?),
then ab? ~ a. But ab’ + a, for

C(@) = (7, b), ©,(C(a) = @, (7%, b)) = W;
CT(abz) = (772, b, am) > (am, ) = Dy

Hence CT(abz) and C.(a) are not isomorphic; but they are Sylow 2-subgroups of
CG(abz) and C(a), so would be isomorphic if ab? ~ a.

If x € b®(T), then x = b2, b%a?, b%a, or b%a~!. But (as just shown) none
of these are conjugate to elements of (n?).

We will now discuss the case C (V)= Zzn x Z,, where n > 3; this case
closely parallels the case C(V)=V.

Let C=C(V)=(a, b) where © = @' €Z(T), and b has order 4. We take
{a®"~2, b} as a basis for V; then the matrix-group inducedon V by T is con-
tained in (%", ({ (1)», and (; ?) is central.

(i) If y € T induces (% ?) on V, then we may replace a by ab if necessary
to get @ = a, b” = b, and y? € @®(C). (Note that if a is replaced by ab (and b
by b), we still have a® '~ o and ALV <(BY G D)

Proof. Since y induces (; f) on V, we have @’ = @'b’ where i = 1mod 4;
and b” = b. y? € C which is Abelian, so y2 centralizes &, and

a = (@) wb) = aizwibi(i+1).

But i +1=2mod 4, so j must be even; so we have a= aiz, soi=1or 1+ 2"'1,
and @” = az for some z € W.

Suppose there is y inducing (% ?) on V with y2 =1, Then forany t €T,
ly, t1 € C and y inverts [y, t]; but the only elements of C which y inverts, are
in W, so ly, TI< W and (y, W) is a normal Eg of T.

Hence yC contains no involutions. z € (w), for otherwise Cc(y)= (az. bz) =
coboundaries of y on C, so yC would contain an involution. (i) follows.

(ii) T, contains a ~ @ inducing (g ?) on V. If ¢ €T~T, then a® in-
duces (3 (1))’ and (@a®)? € ad(C).
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Proof. Same as the proof of (ii) in the case C,(V)=V.

(iii) No element of T inverts V. Hence Ap (V)=(( 9), ¢ ) (for if
larger, it contains (3 g) since it is invariant under (} ).

Proof. Suppose & € T, inverts V. a®= as for some s € C. Let beT-
T,; then 8= 8% for some x € C, and (as)® = @¥% = (2%)%®, Hence

@%)® = @*)°%% _ (0s)?* = a®sP [0, x].
Now

(@a®)?)? = (as « a?s?[a?, x])? = (aa®sls, a®1s®la?, «1)2.

But aa? induces (; ?) on V, soby (i), [C, aa®I< W, and

(@a?)?)? = (@a®)2(sls, a®1s®[a®, x1)? mod W
= (@a®)2(ss®) s, a®12la®, x]* mod W.
Write y = (@a®)?, so that C=(y, b) by (i); then

y® = Yss®Vs, a®Pla®, x1 mod W.

Now Cé,=()'2, b) is a characteristic maximal subgroup of C, so [s, a?l, ss¢,
and [a®, x] all lie in C 1- Hence

y8 =y mod (Cf, W) = (y“, 5%).

e, for some c €C; 82 €

However, computing ys directly, we have ys =y~
C implies that 8 centralizes y, so

y= (y'lc)8 = ol oyl

1

so that & centralizes ¢ and therefore ¢ € W; so y8 =y~ mod(y4, b?), contra-

dicting the above.
We have all this for any ¢ € T~ T,. If T~ T, contains an involution, we

shall choose ¢ to be an involution.
(iv) Suppose T - T, contains an involution ¢. Then, letting 7 = ag, we

have
T=(a,m b:a inverts 7 and centralizes b;
n+2 n
a2=”2 =b4=1;ﬂb=ﬂl+2 ) ("23)0

Proof. It follows from (ii) that 7 has order 2**2, and that C = (ﬂ‘, b). We
need to compute 7%; 7 = (ag)? = ag®.
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Now 5% = a?"~?ipi for some odd i and j, since V/W is operator-isomorphic
to W. (We have taken @ = n%; this is consistent with (i).) Then

T e P P Y P U

so j= 1, and b® = a®" " %ip for odd i. Then

ab = a¢a-2" i pp2"i
If i=- 1mod 4, we are done. If i = 1mod 4, then the involution a¢a of T -
T0 has

pada_ pdo_ (az”’zib)a= a-z"‘zib

1

so using ¢ instead of ¢ (which replaces 7 = a¢ by ap®= aglp, al=nr=2

b _ 771..-2’1

which is a power of 7), we may assume 7 , as claimed.

We will now use a transfer argument similar to the one where C = V. Again,
®(T) = (7%, b?), and {1, b, 7, 7b, a, ab, am, anb} is a transversal to ®(T) in
T. T'=(n?), and by Gnin’s theorem, T is generated by G-conjugates of ele-
ments of (172).

The elements of 7®(T)U 7nb®(T) have order 2"*2, so are not conjugate to
elements of (7?).

If x € ab®(T), then x% = b2 or b’w =w, or w,. Soif x ~z €(n?), then

x%n 22 gives @, ~ w, contrary to hypothesis.

If x.€ bO(T), then x2 = b2n** for some k. So if x ~ z €(n?), then (b2n4k)
~ (7%, But CT(n‘“‘) =(m, b) is a Sylow 2-subgroup of CG(V‘“‘), while CT(b2ﬂ4"~)2
(n?,b). Sothere is g € G with

(b2nky& = (z%k),  (a?, b)8 < (m) b)s:

and hence (72, b)8 = (7%, b), i.e., g € NG((rrz, b)). However, as (772, b) does
not admit in G any automorphisms of odd order, T covers NG((ﬂz, b)); and
(b?m%*) is not T-conjugate to (77“‘).

If x € anb®(T), then x% = b27*2", and by the above, x is not conjugate
to any element of (172).

We now have five nonidentity cosets of ®(T) in T which cannot contain
conjugates of (772), which violates Grin’s theorem.

We now assume that T — T contains no involutions. Let ¢ be any ele-
ment of T - T, which induces an automorphism of V whose square is 1. If @2
may be taken in V, then @V contains an involution; hence, (¢, C)/V contains
only one involution. We shall show that if (¢, C):v]> 8, then (¢, C)/V is non-
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Abelian. Let y = aa®; then (i) implies that C = (y2, ), and if (g, C):V]>8
then y2 has order > 4mod V. Now

y® = (@a®)® = y~la, 7).

¢2 €C, so ¢? = b5y’ for some s, ¢, and [a, $2]= [a, y2]= 4, yd’ =y~ 144t

Since y2 has order > 4mod V, it follows that (b, C)/V is non-Abelian. There-

fore, 3(95, C)/V is either cyclic of order 4, or generalized quaternion, with ¢2 =
n=

a mod V.

Let y = aa¢, a=y? (this is consistent with (i)). Then

y¢ = (aa¢)¢ = y-l[a., ¢2] = y-l[a, azn-sibqu Odd i

- n-2. ~14 n-l.
=yla2 1=)’ 2 i

n~2 n=2
@ -ale; @ W=a?
=1
where w = a .
. . . . -2
Since V/W is operator-isomorphic to W, we have 5% = a?*~*kp! for some

odd k and I; since ¢? centralizes b, it follows as in the case ¢2 =1 that [ =
1. Then C,(¢)= (@*~%b?), and so $? = a®*~%ib mod W, for some odd j- Re-
place ¢ by ¢! if necessary, to get ¢2 = azn-Sfb, for some odd j. Since ¢
centralizes ¢2, we get

2n-3 n-2

n-3 - n=3.
2" Tb=a? To? @ k),

so that bq5 =a?"" ijzn- 3b.
Therefore,

T =(as bsys 0, b: |a] =2 and (a, b) = Zz,,xZ4; y2=a, b’ =wb; a’=1,
n-l,

n=3,
ya.= y—l' b= b ¢2 —a? ip, y¢ - y—l +2 i

n=2. .n=-3
- a2 2

= o b, a® = ay).
Here o = a2 ! and i, j are odd.

T is generated by a and ¢, and @(T)=(y. b). T' =(y). We shall use the
same transfer argument. We take {1, ¢, a, ap} as a transversal to &(T) in T.

The elements of ad®(T) have order 27*2, so cannot be conjugate to any
element of (y).

Let x € ¢O(T); then x% = a2~ ?%p! for some 0dd k and I Soif x~ z €

2n=3y m=3p m=3p, .

(y), then there are odd k, m such that a ~a b. Now a b is
conjugated by y to its own fifth power, and by a to an element which generates
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a dxffetent cyclic group of order 8 in T; so [T:C (azn-3kb)] > 4. Also,
C (azn- ™) =(y, b, a) if n> 4 and (y, b) if n= 3. Therefore, C (azn-a'")
is a Sylow 2-subgroup of C (a "‘), and there is g € G with

-3 n=3 -3
(a2" kp)e a? m (@, bye< CT(az" m),

It follows that (a, b)g (@, b). But T covers N;(a, b)), and a3 s ot T-
conjugate to a? Sk,

Hence, two of the three nonidentity cosets of ®(T) in T are free of conju-
gates of elements of T'. Hence T is not generated by conjugates of elements of
T', and this case is finished.

We may now assume that (,(C(V)) is a group of order 64 and exponent 8.
In this case it is quite easy to find the group induced on V by T/C (where C=
C, (V). Let c, d generate V,=0Q (C) so that c* = @, and take {c? d%} asa
basxs for V. Then the matnx-group mduced on V by T is a subgroup of «l !)
B8%), an (; 2) is central, as before.

Let 9 be any automorphism of V, which fixes W elementwise. It is easily
checked that if ©= c’d’ and d®= ckdl then (though V, need not be Abelian)

2 2 . 2 0y
PRENN +jkd1(l+l), 4° =Ck(z+l)d1k+1 ;

and if 9 has the matrix (;’, 'g) on V with respect to {c2, d%}, then

i a B
= d 4.
(k l) (y 3) mod 4
() If y € T induces (} 9) on V, then y* induces (} J) on Vs, e,

y'zdy = d. (This implies d is not central in C.)
Proof. Let y have matrix (;; 1) on Vs, so (’ ’) (; (1)) mod 4. Then y?

i2ejk G+ D 10
( . ) 2) = ) mod 8.
i+ ) jk+1 4 1
(ii) None of the matrices (g g), (3 ;), (; f) can be induced on V by T.
Proof. If x € T induces one of the above on V, then x2 does not centralize
V,. But x2eC NC &) Q,(C)=V, and C,(x)=W, so C NC(x)=W and

x? must centralize V

has the matrix

5
(iii) T induces precisely (( ?), (; (l)'» on V, and T contains & ~ @
inducing (g ?)-

Proof. The only automorphisms possible for a with W(a; G) =(w) are.
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(g ‘1)), (g ?), and (% ?)- Since (; (1)) is not induced by an involution, and (} )

conjugates (3 f) to (g (1))’ a exists as claimed. If T induced more than «(3, 2)7
(; (l)»’ it would induce one of the matrices in (ii) (which are the nonidentity ele-
ments of a four-group complementary in B* to ((3 ?), (; ?)»o

Ve will now determine the structure of C. Let r be the largest integer with
[V':Vr_l]= 4, where V= Qi(C)- If C>V, thenlet x generate C mod V ;
Ql((x))= (w) and we can take z € V, so that Vr = (xzn—r' z), where C has ex-
ponent 2". If C =V, then take x € V  with P ©, and then take z € V,
so that C = V, = (x z).

(iv) C/V__, is Abelian, but C/V__; is non-Abelian with a derived group
D/V,_, of order 2; DT’ (w)- If C>V, then D/V,_, is generated by the
only involution that is an eighth power in C/V__,.

Proof. With the above notation in C, C' is generated by [x, z] since C is
metacyclic. Now {x2"~~, 22"} is a basis for V, as in (i). It follows from
Lemma 6(c) that ®(C) = C? centralizes V5. Hence (®(C), z) centralizes PLai 3,
and by (i), [x, 22" %1= w has order 2. By Lemma 6(c), [x, z] then has order
2=2 5o lies in Vo _=V,_s )

Let ¢ be any element of T — T,. The action of ¢ on W shows that w is
the only characteristic involution of C. Now V _,/V__ 3 has only one involu-
tion which is characteristic in C/ Vr_ 39 and this must map to ® under the isomor-
phism of Lemma 6(f). This completes the proof of (iv).

Now take a as in (iii), and take any ¢ € T - T, which induces an automor-

phism of V whose square is 1. Let

y=aa®; a=y2

By (i), y2 does not centralize d (for d as in (i)). Since ®(C) centralizes Vi,
it follows that C =(y?, e) where e € C — ®(C) has some power equal to d.

If yz were not of maximal order in C, then e must be of maximal order in C,
and @, (e)) = (w); but we already know that @, (d) £ (w). Hence y? has maxi-
mal order in C, and C =(y2, V,). (Here r is the largest integer with [V’ : V'_l]
= 4, and 2" is the exponent of C and hence the order of yz.)

(v) Taking ¢, a,y,a as above, let P=(y, C) (so P is a normal subgroup
of index 4 in T). Then P =(y, b) where a inverts y and centralizes b, and
|6] = 2%, and (b)N(y) = 1.

Proof. For any z, t € P, la,zt] = [a,tlla, 2, so la, zt] = [a, ¢] if and
only if z € CG(CL). Hence

l{la, 2): z € P}| = |P|/IC(a)l.
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Suppose we kaew |Cpla)| = 2"+1, or equivalently, [P, al=(y?). Now
C (a) (w,d?), and so C (a)/W is cyclic of order 2"=1, Moreover, @ is not
a square in C (a) since it 1s not a square in C(a). It follows that Cpla)=
(W, b) for some b, and bz’ = d* or wd* since othermse C p(a) would contain
an Eg (while P contains no Eg). This would establish (v).

We first show that [P, al<(y% W)=(a, W). Namely, let C;=(y, 0,0
then if [P, al (a, W), there is i with [C;; al<(a, W) bue [C, ,» alg (a, W).
Let z € C y With [z, a]l ¢ (a, W). o inverts its commutator [a, z], so lla, 2], al
= la, 2]~ 2. But [C. il C] 2, and C and C , are a-invariant, so [a, z) €
Ci’ and hence [[a, z] a] €(a, W). So [a, z]2 € (a, W) but [a, 2] ¢ (a, W).

This implies (Lemma 6(g)) that

la, z) = @’d** for some j and some odd k.
But then
la, 2% = (@'d**)* = a~7a%* £ [a, 2]7L.

Now [P, al<(y? W) implies |Cpla)] > 2". If |Cpla)] = 27, then the above
argument gives Cpla) 7, x Z,,_, and there is b € P with b? €Cpla) and
|b| = 27. Then

b? = (61 = B2 = Blb, al)? = b2[b, allp, al.
Thus b inverts [b, al, so [b,al e W as QZ(C) is central in C. But W(a; G)=
(@), so [, al € (@), and b or be? (for ¢ as in (i) lies in CP(a). Hence
|Cpla)l = 27+l and (v) holds.
(v) is true for any ¢ € T = T, which induces an automorphism of V whose
square is 1. We shall now determine T if ¢ can be taken as an involution.
(vi) Suppose T - T, contains an involution ¢. Let 7= a¢, so that y =

72 and a=n*. Then

T =(a, 7, b: a inverts 7 and centralizes b;

+2 r n-r+2.
az-_-nzn =2 =1 a® =t *? '), for some odd i
Proof. 5% = 57" ""* for odd j and , since V,/V,_, is operator-isomor-
phic to W. Since q&z =1, and ¢ inverts 7,

2 . an=T . A=T, . n-r 2 on=r,. n-r
2 2 kY =2 2 -
b=0%" = (a2 B = (bia? kY ko pi g2 kiKg=2""Tk

since (a)= [P, al< (P, a) and hence (a) is a nomal cyclic subgroup of the
metacyclic group C; as a is also a generator of C, this gives C' <(a). Also,
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Q,(C) < Z(C) implies that K = 1mod 4. It follows that j = 1mod 4, and as j% =
1mod 2", wehave j=1 or j=1+2""1, If j=1+2""1 then

b b¢2 _ (bl+zr-la2n—rk)¢ _ (bl+27-1a2n—rk)(bl+zr~1a2n-rk)zr-la_2n~rk

Now by Lemma 6(f), B+~ lazn‘-rk)r-l = e g2k b2~ Lo Hence

a contradiction. Therefore 5% = bazn—"‘, for odd k.
Hence,
n-r Ner+2
7 = (0)? = b~ b = ad(b™)Pb = a2 kp~lp = gl 2"k,

and (vi) is proved.

By Griin’s theorem, T is generated by conjugates of elements of T' =(y).
O(T) =(y, b2).

The elements of #®(T) U #b®(T) have order 27*2, so are not conjugate to
elements of (y).

If x € ab®(T), then x = ab’y® for some odd j, and
_zn-ri-lik; xzr-l

. . . n-r+2. .
x2 = bly~kpiyk = 20y =k(1+2 yk = p2ig =, or w,.

So x ~ z €(y) would imply @, ~ ®, contrary to hypothesis.
If x € 5®(T), then x = by* for odd j, and

A -1 2r--l 2r--2
%2 = b%7y2™  for some m; X2 =b" 2t "
. 27=2m 2r=2p : 2r=2p
So if x ~ z €(y), then (@ ) ~ (a ) for some m. N;)w Cla )=
(7, b) has index 2 in T, so is a Sylow 2-subgroup of Cg(azf- ™). So there is

g €G with

(@ga? m)E = (@MY, (5, BYE < (my Y,

and hence (y, b)® =(y, b). But T covers N g((y. b)), and (@ laz'- 2"") is not T-
conjugate to (@~ 2’”).
If x € anb®(T) = pb®(T), then x = Hb’ y’e for some odd j, and

x2 = (b¢)j(y¢)kbjy’° =5222"7m g0 odd m;
xzf-l _ bzr-laizn-Z

and by the above, x is not conjugate to any element of (y)
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We now have five nonidentity cosets of ®(T) in T which cannot contain G-

conjugates of elements of T', violating Griin’s theorem.

(vii) Suppose T - T, contains no involutions. Let ¢ be any element of T
- T, which induces on V an automorphism whose square is 1. Thea (¢, C)/V,
is either cyclic of order 4 or generalized quaternion, with ¢2 = a®" """ mod V.

Proof. If ¢* €V , then (#, V,)/V,_, & Dg, and there is v € V, with (¢v)?
€V, _1; (v V,_l)/ V,., & Dy and jteration gives x €V, with ($x)?=1. So
P2 ¢ V,, and (¢, C Y V, contains only one involution. We need to show that
(¢, C)/Vr is non-Abelian if its order is > 8. We have y = aa¢, and so yd’ =
y~Ha, #?]; but by (v), C=(y?% b), and ¢? € C, so [a,¢?=la, y2!1=y* for
some ¢, and yd’ = y’l"““. Since y2 has order > 4mod V,, this gives that

(> CY V, is non-Abelian; (vii) follows.

(viii) Suppose T - T, contains no involutions. Let ¢ be any element of
T - T, which induces on V an automorphism whose square is 1. Take a,y,a
as in (V). Theﬂ T= <al bl a, Yy ¢) = ((y’ b): a’¢), Whefe

lyl = 2n+l, |6| =2" where n >r>3;

y2=a, ya=y-l’ ba=b, a2=1;

_14on=T+L, n-r, n-r-l1,
y¢=y 142 i b?® = ba? i, a¢=ay, ¢2=ba2 i

Here i and j are odd.
Proof. By (vii), ¢% = p™a?™ "1 for odd . Replacing b by an odd power
of b, we may assume m is a power of 2. Then

ner-1,. -laZ""'i ~14277TH,

y® = @®)? =y o, 1=y la, a2 =

Also, @ centralizes $?; now b® = 552" "t forodd s, t since V'/Vr_l is

operator-isomorphic to W, and so

ner=l. ner -r=1, -
b'”az i (bsaz ¢)ma2" r i(=1427 r+li)

- bsmazn-rtmka_zn-r-li+22(n-r)i2
’

for odd K; hence m = sm and
2T = 2Py K 4 22 ()32,

The latter equation implies m is odd, so m =1 and s = 1. This, together with

(v), proves (viii).
We will use again the transfer argument based on Griin’s theorem. ®(T) =
(y, b) has index 4 in T, while T'=(y). Now
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¥ = (0 ~Lah)® = algp~1)Pagh® = a(¢a-2"-'j)—la(¢ 22" iy q aZ""qu-laan-Z"—'j.
Write k=— 1+ 2""7*1i 5o that y‘75 = y*; then y‘f’.l = y™ where y*™ = y. Then

b= a¢-1a2""jma¢a-2""’,- _ a¢-xaa-2"",-m¢a-z"",-
- a¢-la¢a-z""jmka-2"",~ _ ya-z""“,-.
It follows that ®@(T)) =(y?, b?) = (a, b?).
If x € ag®(T), then x? = (ap)? mod ®(®(T)), since a and ¢ both cen-
tralize ®(T)/O@(T)). Now

(@$)? = agp~'p%ags = o~ 6a?" " o= yb  mod BB(T);

n=r+l.
a2

(yb)? = ybyb = y?blb, ylb = y%b ib=a mod(a’, b?).
Hence |yb| = 2"*!; also, every element of yb®(®(T)) has order 2"*!, and |x| =
2"+2 > |y|, so x is not conjugate to any element of (y).
Suppose x € ¢O(T). Then x = pb°y" for some s, t and
52 = 62621 (6 2)Vb%yt = p2(6?)7y 12

ner+l

i)tbsyt

-7+l
= ¢2(b¢)sbsy2n ’ “!  for some odd u;

—r4l. —-r, - —r-1 -r
= ba?” T a5 T 2 a?”TT mod (b2, a?" ).
_ ner=-1 r=l ner
(x2)2' 1= (ba? z)2 , for some z € (b2, a% );
r=-1 ,n=2
=b? &t k for some odd k.

So if x is conjugate to an element of (y), then PN T CT(azﬁ‘z)
= (ap,y, b), and CT(aZ"-zbZ'-l)= (¢, y, b). By Sylow’s theorem, (a¢,y, b)

= (¢, y, b); but the former has exponent 2"*+? while the latter has exponent

" +1.

It follows that T cannot be generated by conjugates of elements of T', and
so Grin's theorem is violated.

This completes the proof of Theorem A.

We will now assume that the involutions of W fall into three distinct G-con-
jugacy classes. Clearly the direct product G of two simple groups whose Sylow
2-subgroups are dihedral or semidihedral of sufficiently large order will have such
a configuration for W. We will show that this is the only possibility for the
Sylow 2-subgroup of G:

Theorem B. Let T be a Sylow 2-subgroup of a finite fusion-simple group G.
Assume that T has no normal elementary subgroup of order 8; NG(T)= TCG(T);
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T % Dg; and the involutions of the unique normal four-group W of T fall into
three G-classes. Then T is the direct product of two groups each of which is di-
bedral or semidibedral.

Proof of Theorem B. By Theorem 1, T has a normal subgroup V = Z, x Z;
and C,.(V) is a metacyclic group by Alperin [1].
We shall use the following supplement to Lemma 6:

'Lemma 7. Let L be a metacyclic 2-group containing a central subgroup V =
Z,xZ, Then

@) For j=1,2,... let V.= Q(L). Suppose V,:V, 1 =4 but [V,:v,_|]
<2 for j>i+1 (as in Lemma 6(e)). Then L/V,_, is Abelian.

(b) Let © be an automorphism of L which inverts a, b € L where L =(a, b).
Then O inverts V.

Proof. (a) Let [L:Vi] = 2", then L can be generated by two elements a, y
where y €V, has order 2 and a¥ =x € V, has order 2. Since L/Vl. is Abelian,
la, yle V,» and we claim that la, yl e V,_,- If not, then la, y] has order 2¢
where e > i~ 2, and by Lemma 6(c), .

21'-2

|la, y 1 =271*2[q, ]| =20-i*25

contradicting Q,(L)< Z(L).

(b) One of a and b, say a, must be of maximal order in L. Then there is
y € L such that (a?, y) = V,(a y)=L, and (Qz((a)), Qz((y))) = V. Clearly
9 inverts Q,(a). We claim 9 inverts Q,(y)). For, replacing y by an element
of yV,_, if necessary, we may assume b = a™y for some number m. Then

y=a""a"y =a""b;
yD= @ ™6)°= amp! = p~1am[a™, b1 = ylz,

for some z € L'. By (@), L'<V,_,, so |z| < 2i=2, Now

(y"lz)z - y‘zz[z, y"l]z - y-ZZZe’

. - k -
where e is odd, since [z, y~!1=1 mod(z*). By induction, (y ~12)*" =y 2kzzkl,

for odd f. Taking k=i~ 2, we have

21'-2 2i»2 B

. -
._y"zl 2221 /.

2 T2 )

But 2277 = 1, so 9 inverts Q,((y)) as claimed.
As in the proof of Theorem A, we will use fusion pattems in E,/’s of T.
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The first task is to establish that T has E, 6’s of a suitable kind.
Define

R ={x € G: x is conjugate to a nonidentity element of W}.

IfyeBﬁT—W, define

W) =ix e W:y ~; yxh

(i) T has a subgroup F = E | generated by G-conjugates of elements of W.

Proof. By Glauberman’s Z*-theorem, T — W contains G-conjugates of each
element of W,

Assume (i) is false. Let 0* € T-W, o* ~w €W. Let T* be a Sylow 2-
subgroup of C;(@*) containing (W, o*). If W*O W=1 then F=WW* will do;
so W*N W#£ 1. W*N W#(w), since W* only contains one G-conjugate of w.
Let W* N W =(7n); then the seven involutions of WW* are w, &, 7, w*, &%, n* =170
©*®, and ©*§. Now w* ~, @*z for some z € w#, and z £ 7 since o* £ w*p*.
So there is v € V such that either (w*)” = w*w, and hence (E*)V = &*w, or (W*)
= 0*{, and hence (E*) = £*6.

We have proved: If (i) is false, then for any y € T N 8 - W, we have |W(y)|
= 2; and moreover, if z € W, W(yz) = W(y).

Suppose there are ¥, 8 € T N 3~ W with W(y)# W(5). Then y and & com-
mute by Lemma 5, and the above remark implies that (W, y, 8) is not of order 8.
Hence F =(W,y,0) satisfies (i).

So we may assume that

(i.i) There is w € W with W(y)=(w) forall ye TN 3 - W:

We now prove

(i.ii) If y € cclg (@) N(T - W), then ® is not a square in C(y).

Proof. Let K =(w,y). Then there is v € V with y¥ = yo and 0¥ = . But
if T* is a Sylow 2-subgroup of C;(y) containing K, then K NW* =(y), so there
is u € V* with @*=wy and y* = y. Hence A (K) =X,

Let N=N;(K), C=Cg(K), and let S be a Sylow 2-subgroup of C which
contains Cp(y). Then N=CN,(S) and N/C = 23, so Ny(SYNy()NC = 23..
Hence N contains a 3-element acting on § so as to cycle K. But B(S) < the
Frattini subgroup of some Sylow 2-subgroup of T, so is metacyclic, and does not
admit an automorphism of order 3 from G. So K N®(S)=1 and ® is not a square
in S, which proves (i.ii).

(i.iii) If y € 3N (T - W), then yW contains some conjugate of .

Proof. Let E=(W,y), and let T*be a Sylow 2-subgroup of C(y) containing
E. Then W*NE>(y). If W*NE=(y) then WNW=1 and so (W, W)=F
satisfies (i). Hence W*< E and |W* N W| = 2. We need only show w* ¢V, i.e.,
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W* AW+ (w). But y ~ yo in T, so @ € W* would give two conjugate elements
of W*,

Let & be the set of all subgroups E of T where E& Eg and E = (En3).
Every E ed contains w. Moreover

(i.iv) If E € \9, then A (E) = 3, and the three classes of involutions of
E are iy}, E 1’ and nE , whete 7 eW-(w) and E‘: consists of conjugates of
o. (E, is a four-subgroup of E.)

Proof. By (i.iii), E = (W, y) where y ~ w. Let T* be a Sylow 2-subgroup
of C.(y) containing E. Then W* < E, and so there are v, u € V, V* respec-
tively with ¥ = yo and o” = wy; v and u both centralize W* N W =(7) say.
Hence v and u generate 23 as claimed in (i.iv).

We now introduce H={(3 NT)<d T:

(i.v) Let H=(3 N T) and let 2% = max{|yd|: y,8 € 3N T}. Then a> 2,
and H is the direct product of (7) and a dihedral group of order 22+l for some
7 € W - (w). (It then follows from (i.iii) that H = () x (y,d) for some y,d €
cclg (@) N(T-W).)

Proof. If a=1, then H is elementary Abelian and > W, so T has a normal
Eg.

If y,8 €3 NT, let 0=y5; if |o] > 4 then Q,(oN < B(T), so Q, (oD <
W and is equal to (o).

By (i.iii), there are y,8 € cclg (@) N (T - W) such that [|yd] =

Suppose a= 2. Then H is non-Abelian, so |H| > 2%. But also H/(w) is
elementary, so |H| < 2° by the four-generator theorem of [12). Let y,8 €
cclg (@) N (T = W) with [y8] =4, so D=(y,8)= Dy and H=D°C,(D). But
C,(D) is elementary by (i.ii). Hence C,(D)=Z(H)< T, so C4(D)= W and
H =D x(r) for some 7 e W - ().

Suppose a@> 3, and let y,8 € 3N (T = W) with 6=y of order 2%. Then
92((0)) is a subgroup of order 4 in V. Let B = (92«0», W); BV NH, and
B < T since all subgroups of order 8 in V are normal in T.

Let BK A< H where A< T and A is a maximal Abelian subgroup of H.

Suppose that H contains no normal Z,x Z, of T. Then A is of type (27, 2)
for some r. Also A = C (B); for if not, then r> 3, and taking A< RZ C (B)

with [R:A1=2 and R <l T, we get that Q,(R) is Abelian of type (4, 2, 2) or
(4, 4), both of which are impossible. Now (i.i) implies that all y € 3 N (T - W)
induce the same automorphism of B. Hence, all such y are congruent mod A =
C,(B). It follows that [H:Al= 2 and H=(7)x(y,8) where 7 € W - () and
y,8 € 3 N (T - W) with |yd| maximal, proving (i.v). (This is the same argument
as in the proofs of (iii) and (iv) in Theorem A, Case 1.)

! Hence it will suffice to show that H contains no normal Z PR z 4 of T, and
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we will do this now. Suppose H>R = Z, x Z, where R< T. Then ©Q,(R)=W.
Now by (i.iii), H = (W, cch (@) N(T-W), so R < H gives W< ®(H) and there-
fore H = (ccl; (@) N(T - W)). Let

U=celg @) N(T-W), Hy=HNCLR),

so that R< Hy.

For any y € ¥, [R, y]l= (), and it follows that there are exactly three auto-
morphisms which y € U can induce on R, and they are distinguished only by
Cr(y), which has order 8. Hence, 2< [H:H 1< 4.

(a) It cannot happen that there is y € { such that H, is generated by two
elements both of which y inverts.

Proof. If so, then y inverts R, by Lemma 7(b). But then W(y)= W, contra-
dicting (i.i).

) [H:H )= 4.

Proof. Suppose [H:HO] = 2. Then all y € ¥ are congruent mod Hg, so H
=(xy: xy €Y, x e Hyp) = ({x: x e Hy, xy € U}, y), where y is some fixed member
of U. {x: x € Hy, xy €U} is y-invariant, and so the group it generates has index
2in H, so Hy=(x: x €Hy, xy € A). As Hy/®(H,) is a four-group, H, =(x, y)
where xy,yy € . But then y inverts both x and y, contradicting (a).

By (i.ii), the automorphism 9 of R with [R, 9]=(w) and U,(CL(D)) = (w)
cannot be induced by an element of %. Hence there are y and 8 € ¥ inducing
distinct automorphisms of R, and HO(yS) contains no elements of U. Then

H=(Hgpy 8, U=HynUu (Hy6 n ).

(c) There are x, y € H, with xy € ¥, y8 € ¥, and Hy=(x, y).
Proof.
H=(Hyn U HS NA)=(xy,yd: x,y € H, xy € U, y§ € U)

=({x,y:x,y € Hy xy € U, y8 € Ul, y, d).

By (a),{x: x € Hj, xy € Y)< some maximal subgroup X of H,, and (y: y € Hy,
y8 € Y)< some maximal subgroup Y of H,. Then H<(X, Y,y,d).

Suppose y and & centralize H,/®(H); then they normalize X and Y, so
[H:({X, Y)]=4, so (X, Y)= Hg, and (c) follows. Hence, we may assume y or é
fails to centralize H/®(H ).

Suppose ¥, say, does not centralize H /(I)(HO). By Lemma 7(a), H, has a
quotient HO = Z , % 2L, for some r> 2. If r=2, then H o/ ®H) is operator-
1somorph1c to W (Lemma 6(f)), so y must centralize HO/Q(H ). Hence H =
(@)yx (b) with |a| = 27 > 8, |6] = 4, and
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where 1, j, and [ are all odd. We claim no a"b" with m odd is inverted by v,
which implies that Hyy N U< ((D(HO), b)y (where b‘D(HO)= b). Namely, taking
m=1,

@B") = @5 @2 kB 1y = 4i*2 T hnitin,
So if y inverts @b", then
-n=j+In mod4, -nll+1)=; mod4;

but /+ 1 is even and j is odd.
If neither y nor 8 centralizes H/®(H ), then

H=(Hy N¥, Hd N¥) < (By, B8) <(B,y,8)<H,

where B =<®(H0), b) (so y and & normalizes B).
So we may assume y centralizes Hy/®(H,) and & does not. Then

HS(Hoyn?I,BSH?I)S ({x:xyeyl,xEH()},B,y,a).

Now {x: xy €U, x € HO} < some maximal subgroup X of Hg, so H< (X, B,y ).
X # B, since then H< (B, y,8). Hence there is x € X with x ¢ ®(H ), xy € ¥,
and x° = xb mod ®(H,). Then (xy)® = xbzy®, for some z € ®(H,). But yie Hgy
NA<L Xy, so ys = yy for some u € X; then (ry)s = xbzuy = ty, where t = xbzu =
xb or b mod ®(H ). But then H;=(x, t), contrary to (a).

(d) Take x, y € H; with xy €U, y0 € ¥, and H,=(x, y). Then the set of
all elements of H inverted by y is (x, W), and ditto for & is {y, W). Qz«x, W)
=Q,(y, W) = the unique maximal subgroup of R inverted by ¥ and & (namely,
the one in which @ is a square).

Proof. Suppose u ¢ H, has u ¢ (x, W), u® €(x, W), and u” = 2~ 1. No ele-
ment of x(x2, W) is a square in H,, as x is a generator for H;, so u? € (x4, W).
If (x, W= (x, z) for z € W= (x), then u% = z'x% for some i, j, so by Lemma 6(g),
u = v'x' mod W, where v?=2. As u #{W, ), u=vx’ mod W. Butthen (z, x) is an
Abelian group which contains R, so y inverts R, and W(y)= W, contrary to (i.i).

(&) (82 e ®(H,).

Proof. Certainly () € Hy. If () ¢ ®(H,)s then y and & would both in-
vert the same subgroup of H,, namely ()%, W), so x and y would not generate
H,.

(6) (x, Wy={u € Hy: u is inverted by every element of Hyy N U}. Hence &
normalizes (x, W).
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Proof. Let ty e Hyy N ¥U; then ¢t € (x, W), so ¢ centralizes {x, W) and ty
inverts (x, W). Applying (d) to ty instead of y, we get (f).

(g) Hy=R.

Proof. Suppose H, > R. One of x and y has maximal order in H; suppose

it is %, so |x| > 8. By (), x° = x'z, where i=1l and z €W; (xz)8 x%2,

Since 0 inverts ﬂz((x)), the minus 51gn must occur, and xP=x” 12, for some z
€ W. Moreover, & inverts {(x2, W) so (x2, W) <{y, W) ﬁ(D(Ho)=(y2, w). |x|>
lyl, so (x% W)={y% W), and H, = (x, y, W) contains (x , W) with index 2.
Since R< Hy,, H, is Abelian of type (2', 4), with |x| = |y| =2" and r>3. Ap-

-1

plying the same arguments to y, we get x = x =1z and yY =y~ lw, for z, w e W.

By (e), (48)2 € ®(H,). We will show that there are ¢, u € H; with ty,ud € ¥
and (¢y)@d) an involution, which means (W, ty, ud) = F satisfies (i).
Namely, yx' and 8y’ €U for all i, j; and

yx'8y’ = ydlxl2)yT = ydx =iz,
(yxiayj)Z - (ya)Z(x—z i ])')' Sx-zzzyy ()/8)2 -2i 2’2 iyd

Now there is v € R such that H; = (v)x(y) and y centralizes v while & cen-

. r=2
tralizes vy? . We may choose v and the generators x and y so that xy~1
v. Then

(yxi3yj)2 (y3)2 —21y2z-21+2]z % (ya)Z =27 2(1 Dyiy,
But also

v=v" = (xy'l)y =xlyw = v~ lw;

27-2 2r—2 21—2

r=2
272 (uy? ) = ey 7ly? Y = xlzyy =y? )z

vy
so w and z are the squares in the subgroups of R centralized by y and 9, i.e.,
w=1v? and z=v’w. Hence,

(yxi5yj)2 _ (y3)2v"2iy2(""i)(v2a>)iv2j - (y5)2y2(i-i)vzimi,

where (0) = Ql(_(y». Whatever the value of (y)? e®(H,), i and j can be chosen
so that (yxi3yi )2 = 1, as claimed.

(h) Final step in the proof of (i.v).

We have H, = R =({x, y); but by (d), (x, W) =(y, W), so R>(x, y).

Let H=(7)x(y,d) as in (i.v). Then H has two classes of Ey’s, represented
by E= (W, y) and F =(W,8). By (i.iv), E and F each contain a unique involu-
tion—say a,f3 respectively—of W — (@), which is the only representative of its
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conjugacy class in E, F respectively. If a = then a is the only representa-
tive of its class in T, contrary to the Z*-theorem. Hence a and B are 7 and mw,
and E and F are not G-conjugate.

(G.vi) C(H)=W.

Proof. As C.(H)< T, it suffices to show that CL.(H) is elementary. Let
B be an element of order 4 in C,(H). B? ed(T)< C,(V), and as B? is an in-
volution, we have 82 € W. Then B? € W - (), by (i.ii). Suppose 7 =32 and
7 is the isolated involution of E. Let S be a Sylow 2-subgroup of CG(F) which
contains (F, B); let N = NG(F), so N = NN(S)CG(F). Now Bz =7 = (mw)w. By
(i.iv), N is transitive on {(rw)o, (70)3, (7w)wd}. Hence Ny (S) is transitive on
this set, so 82 € ®(§) implies {(7w)w, (7, (70)wd} < B(S), which is impossible
as ®(S) contains no E’s.

Since E and F are G-conjugate, T = HCT(E). Now H=(7)x(y,8) and y
dynsydynw, 84 8, & 4 dnw (by (i.). Hence (y,8)=(ccl;@)NT)Q T,
and so (y8)< T.

Let C,={x € CL(E): (8) = (48) mod ((y8)*)}. Since (y8)< T and y €E
inverts y8, we have T = HC,;. C;/W is cyclic by (i.vi) and so C, is Abelian.
But also H =({(7)x (¥, 8), so

T =(y,8)C,; T/y,d) is Abelian.

Hence 7 is a central involution of T which is not in T'. Hence G has a sub-
group of index 2, by Lemma 5.43 of (131

This contradiction completes the proof of (i), so we have: T contains sub-
groups F & E, . with F=(F N 3).

We now establish the fusion pattem in such an E,:

(i) If F&E,, and F=(F N 8), then A (F) & 2, x Z,,

Proof. Let FXT, F E\4, and F= (F 0 B). Lemma 3(ii) implies that
A;(F) is not a 2-group. We shall show that A;(F) is a {2, 3}-group.

First suppose 7 divides |AG(F~)|. W< F, so F" contains three distinct G-
classes; so every element of F* lies in 3, and all the 7-elements 0 of AG(F)
have the same subgroups A, B of F as [F, 0] and CF(O) respectively. The sub-
group K of A (F) generated by its 7-elements lies in a copy of L;(Z), acting
completely reducibly on F=A x B. K is normal in AG(F), so AG(F) acts on A
=[F, Kl and B= CF(K). Hence AG(F) lies in a copy of L3(2) which acts com-
pletely reducibly. Let T* be a Sylow 2-subgroup of G containing a Sylow 2-sub-
group U of N (F). Then [U, F1< ®(T*) N F = W*, and Co(U)< C(V*)= W,
So (B, [4, U< W*, and as B n[A, Ul=1, (A, U] has order 2. The Sylow 2-sub-
groups of L,(2) do not have a commutator of order 2 on A. So |AGWF), =2 or 4,
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and |AG(F)|=73.2% or 7. 2% where a=1 or 2. But L,(2) has no subgroups
of these orders. Hence, 7 does not divide |A;(F)|.

We next show that V induces a four-group on F. If not, then CV(F-) has
order 8, and since Cp(V)=W, thereis v €V - C,(F), and a transversal {1, x,
y, z} to W in F, such that x¥ = xw, y” = yn, and z" = 2£, where W ={w, 7, &)
Take £ to be the involution of (D(CV(F )). By Lemma 3(ii) and (iii), ¢ is the only
G-conjugate of & to lie in F, and £ is central in NG(F ).

Now no 7 € zW lies in 3; for if so, let U be a Sylow 2-subgroup of CG(ﬂ)
which contains F; then W(U)< F and C(V(U)) = W(U) by Lemma 3(i). Hence
& e W), so W(U)=(&, ), contrary to m ~ 7.

Since F = (F N 3), we have F =(W, y,8) where y,8 €3, [y, V]l= (o), [5,
Vl=(n), and y8W N B is empty.

Let U be a Sylow 2-subgroup of CG(y) which contains F. As above, W(U)
=(£,y). It follows that y ~ @ or 7 (not &), and ¥ L y€ ~ 1 or ®. Now ¥y ~ y
and Y€ ~ y€o = yn, so yW< 8. Similarly 8W < 3. It follows that yoW = F* - F
n3.

Now since € is central in NG(F), AG(F ) has no S-elements, and no fixed-point-free
3-elements, so is a {2, 3}-group whose 3-elements © have the following orbits on
F*: Y#,{aiy{ﬁ}s{aﬁ}, Y#a, Y#B, and Y#aﬁ, where Y and (a, ) are disjoint
four-groups of F. y8W must be a union of some of these D-orbits, since ydW =
F¥ - F N 8. The product of the elements of y8W is 1, and the only union of O-
orbits with this property and size 4 is (say) v*aulal = Ya. But then W= {xy:
x and y € ydW} = Y; this is impossible as the elements of W are not G-conju-
gate to each other.

Now suppose 5 divides |A;(F)|. The 5-elements of L ,(2) partition F* in-
to three orbits of size 5, while the 3-elements partition it into five orbits of size
3, or four of size 3 and three of size 1. So if 3 divides |A;(F)| then F* can-
not contain three distinct classes, and AG(F ) is a {2, S}-group. The only such
subgroup of L 4(2) with 2-part > 4 is a Frobenius group of order 20, but this

contains no four-group, and V ‘induces a four-group on F.

Therefore, A(F) is a {2, 3}-group. We next show that A;(F) acts fixed-
point-freely on F". Suppose not; as W = C.(V), the fixed points of A(F) all
lic in W, and each is the only representative in F of its G-conjugacy class (Lem-
ma 3(ii)). If all three elements of w* were fixed, then 3 N F = W#, so F>(8n
F). It follows that precisely one element of W, say , is fixed by A (F).

Let N=N;(F) and let R/C,(F)= 0,(N/C,(F)). Let S be a Sylow 2-sub-
group of R, and let T* be a Sylow 2-subgroup of G which contains S. Then N =
RN\ (8)= C,(FINy(S), so N normalizes ®(S) N F. ®(S) N F < ®(T*) NF = W* =
{1, w*, &, n*} where w* ~ ©, etc. Now we have that w* is the only one of
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w*, &, n* which is the only member of its G-conjugacy class to lie in F. By
Lemma 3(ii), & and 7* are not central in N _(F). It follows that ®(S)N F can-
not be W*, (&%), or (7*), so ¥S) NF <(o*) = (w)-

Therefore, F®(S)/®(S) = F/F N ®(S) is elementary of order 8 or 16. As
S/®(S) is elementary of order at most 16 [12], S = (F, s) for some s. Hence
OZ(AG(F» is cyclic, and cannot faithfully admit a 3-element of AG(F). As
A(F) is solvable, we get that 0,(A(F)) > 1.

Since A(F) has a fixed point, 0,(A;(F)) = (0) is of order 3, with F =
[F, 6] x C(0) and [F, o], CL(0) both of order 4. The normalizer of such a (o)
in L,(2) has 2-part a four-group, so |A(F)| = 12 and V acts nontrivially on
C(0) and [F, o]. It follows that W N C(0) =(w), so C(0) = (w, y) for some
y. Then there is v € V with

Y =yo; GIF, o))’ = yolF, dl.

Now ([F, o], w) < F, so there is 8 € 3N (F —([F, 0}, w)). Let T, be a Sylow
2-subgroup of C(8) containing F. Then Lemma 3(i) implies W, =(w, 8). But
8 is conjugate to 8w by (v, o). This contradiction establishes that A(F) acts
fixed-point-freely on F¥,

To show AL(F) = 2, x X, it will suffice to show that |0,(A(F))| =9,
since AL(F) contains a four-group and we know the structure of the normalizer
in L,(2) of a group of order 9. 1f 0,(A;(F)) = 1, then 0,(A;(F)) must be a
faithful module for a four-group, so must be of order 9. Hence we will show
0(AL(F) = L.

Let K= 0,(AL(F)). CL(K) =H is invariant under a Sylow 3-subgroup of
AG(F). If this Sylow 3-subgroup had nontrivial fixed-point-set H, on H, then
H, would contain a fixed point for AL(F). So H is a four-group upon which some
3-element acts fixed-point-freely.

Let S be a Sylow 2-subgroup of N_(F), and let T* be a Sylow 2-subgroup
of G containing S. Then V* Q4 S, so K intersects the group induced on F by
V* nontrivially. If this intersection had order 4, then H = W* = C(V*) and no
3-element could act nontrivially on H. Hence the intersection has order 2, and
is generated mod C(F) by some v € V*.

W* <Cp@). I Cgv) = W* then Cp(v) = H=W*, so CL(v) contains H with
index 2. Therefore [F, v] has order 2.

We claim no fixed-point-free 3-element p can occur in NG(F). For if so,
let X be a p-invariant complement to H in F. We can choose {r, s, t} = H* and
Ix, y, z} = x* so that the p-orbits of F* are

ir. s, t}; {x, y, z}; {rx, sy, tz}; {rz, sx, iy} {ry, sz, ex}
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2 . .
Now v, v*, and v”° have as centralizers in F the three groups of order 8 con-

taining H. We may assume
Cw)=(H,x), CL")=(H,y), CF(vpz)= (H, z);
(F,l1="(r)y [F,v"1=(s), [F, vp2]=(t).

Then y¥ = yr, 2V = zr; 200”2 zrs = zt, so all the elements of F* except 7, s,
and ¢ are conjugate under (v, p). This is impossible as F¥ contains three dis-

tinct G-classes.

It follows that the Sylow 3-subgroups of AG(F) are generated by elements o
with [F, 0] = H and C(0) = X say a complement to H in F. Hence every con-
jugate of v by an element of (o) has the same centralizer. As the automorphism
of F induced by v lies in the center of a Sylow 2-subgroup of AG(F), we get
that CL(v) is invariant under AG(F). w* < C F(v), so the three (0)-orbits in
Cp() are already distinct G-orbits, and so C(v) contains a fixed point of
A (F). This contradiction completes the proof that 0,(A (F))=1, and so finishes
the proof of (ii).

(iii) Let F beany E,, of T with F=(F N8). Let W= {a, & n}, let
F=AxB where A = cclg(@) NF, and 4 = (o, a); B* - ccl; (YN F, and B
= B

Let R be any normal Z4 X Z4 of T. Then R = (v, u) where v2=w, 4=
& a inverts v and centralizes u, and B inverts « and centralizes v.

Proof. QI(R) =W, Since CR(F) =W (Lemma 3(iii)), R induces a full Sy-
low 2-subgroup of AL(F)= E,x 2,. AL(F) contains automorphisms p, & such
that

(F,pl=4, C.G=B; [F,3l=B, C.0-Aa.

Also, there is v € R - W such that a¥ = aw and the automorphism of F induced
by v centralizes &.

Let K = (CG(F), v, 0) where O’CG(F) induces @ on F. L = (CG(F), v)d
K, so K= LN/(S), where S = (v, F) is a Sylow 2-subgroup of L (Lemma 3(iii)).
So we can find a 3-element o € N (S) such that oC(F) induces G. o centra-
lizes S/F and F/B, hence [S, 0] = [F, 6] = B; so [v, 0] ¢ B, and [v?, o] =
v, 01*lv, 0] € (£). But v’ =w, & or 7, and [v?, 6] = 1 if v? = w, and is other-
wise &8 or B. Hence we must have [v%, 0l =1 and v? = . Since v leaves B
invariant and centralizes &, v must centralize 8, as claimed.

We now fix a particular F < T with F = E  and F = (F n 8). We take
notation in F so that
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W#={w, &l F=(W, co*,f*) where a)*"'a),f*"‘f;
cch(w) NF ={w, o oo™l cclg (&) NF={§ &% E6%;

cclg (7}) N F = the remaining set of nine involutions of F.
Define

Ho)={y e T-W:y~w and W)= {0)};
E)={yeT-W:y~¢ and Wiy) = (£)};

H,=(lw)); Hg=(IE).

(Here W(y) means {x € W: y ~ yx}.)

(iv) Let R be any normal Z, x Z, of T; thenall y € Kw) induce the same
automorphism of R.

Proof. By applying (iii) to F and R, we get that R = (v, u) where (v, W) =
CR(&%) and (u, W) is the set of elements of R inverted by &*.

Let E =(&, y, W). In E, we have y, 0, yo € cclg(@); &, & &&* € ccl;(§);
7, & w, & € ccl(n); ¥, yn are R-conjugate; ¥E*, y&*w, yE+E€, yE*n are R-conjugate.
Now the sets of G-conjugate involutions of E have sizes 3, 3, and 9 where the
ones of size 3 are four-groups. Hence |ccl (n) NE| £ 3, so |ccl () NE|=9
and y, & fulfill the conditions of a, B in (iii). Hence, by (iii) applied to E and
R, y inverts C (&) = (v, W) and centralizes the set (u, W) of elements of R in-
verted by &*. This determines the action of ¥ on R.

We now return to our usual normal Z4 X Z4, V, of T.

(v) VN H contains A with )t(z) = .
Proof. By applying (iii) to F and V, we get V =(v, u) where v% = o, u?
= £, o* inverts v and centralizes u, and &* inverts # and centralizes v.

Suppose some y € vw*W is conjugate in G to an element of W. Let E = (W,&%,y);
then E = (E NR), and of the involutions of E,&* and £&*¢ €cclg &), &0 and E*q €
cclg (), while the elements of Y¥*W are all conjugate. If no element of yW were conju-
gate to @, then ccl; (@) N E={w} or {w} U y€*W, contrary to (iii). Hence, yz ~ for
some z €W, The set {w}U yW U yE*W is not eligible as ccl; () NE because the
product of its members, which would be invariant under AG(E), is w. Hence
lcclg(w) NE| =3 and ccl; (@) NE = {w, yz, yzol, so yz € (w). Then vy €
(I(w)) for some y € W and we may take Aj = vy.

We will show, by transfer, that some y € vw*W is conjugate to an element of
W. Assume the contrary.

First, v is not a square in C(V) = C. For if t € C had t? = v, then

w=[w* v]= " 2= i’ 1.
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But 93(C)/ V is central in T (since operator-isomorphic to a subgroup of W), so
lo*, 1] € v, and we get

w=51% [bhi=vz GeW); ()= vz

It follows that C is Abelian of type (4, 2") for some r > 2. Hence every ele-
ment of LC, @*] has the form [x, @*] for some x € C, and similarly for £*. As
w* 4 o*¢ and & L £, [C, w*] and [C, £*] are cyclic. [C, 0*]< the set of
elements of C inverted by @*, which is (v, W); hence [C, 0*]= (w), and [C:
C@*)]=2, and C=(v)x(y), for some y € Ccolo*). As [C.E*)] =8, [c, €]
is cyclic of order Y|y|, and is generated by yzw for some w € W. It follows that
&* inverts y2, and then that yg* =y~ !z for some z € W.

Next, ®(T) < (w,y). Forif x € T had x* = v mod(w, y), then

o =" ¥* = (0¥ xlo, x1.

Since w* inverts lw*, x], [o*, x] € (v, W), and by our assumption, [w*, x] e W.
But then [o*, xllo*, xJ¥ =1 4 w. As T? = ®(T), we have ®(T)< (o, y).

Hence, (@, y2) < ®(T) < (w, y)-

Suppose first that ®(T) = (w, y?). Then the four-generator theorem of [12]
gives T = (v, y, 0*,&*). Let M=(w,y, 0*, £*), a maximal subgroup of T; by
transfer, @*v is conjugate to some element of M. If z # 1, then all the involu-
tions of M are T-conjugate to elements of w*W,&¥W, w*E*W, or W, so w*v is
conjugate to an element of W. Hence, z =1 and ®*v is G-conjugate to &y,
E*yw, or w*€*y. Now

C(0*) = (00) x (@) x (€7, y);
CE%) = CE%w) = (€7) x (€Y x (0", v);
CT(w*f*y) =(W, o, ‘f*)'> =E\

The unique involutions in the derived groups of C (£*y) = C(*yw) and
CT(co*v) are not G-conjugate. Hence w*v ~ 0*€*y, and there is g € G with

WE5E =0 ES=(W,0v,y)=F say,

where E = Cp(0*¢*y) and y is either & or &*y.

Now if E =(E n3), then all elements of E# would be conjugate to elements
of W; hence En 3= (W, 0** and |[Fn 3| =7.

If y=¢*, then F N3 =(W, EV . so (W, )& = (W, &), But this is impos-

sible as (W, ©*) contains only one conjugate of & while (W, £*) contains three.
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If y=£&*y, then, as £*yW< E - EA B, we have F N 3 = (W, w*vy), and
(W, ©*)8 = (W, w*vy). But o*vyW is a single T-class and so some element of
W has five conjugates in (W, o*vy), which is contradicted in (W, w*).

Suppose now that ®(T) =(w, y), so that there is x € T - (C, *, £*) with
x% = w'y® for some odd e. Then

[f*y y]e = [f*, ye] = [E*y xZ] = [6*7 x][f*’ x]x.

Now &X[€%, x]= (%) € I(€), so w* centralizes £*[£*, x] and hence [£*, x].
So [£*, x] €(w, y). Since (w, x%) = (w,y), x centralizes [£*, x], and

[5*9 y]e = [’f*y x]Z-

Now [€*, y1= y2z where z € W, so [£*, x1* = (4%2)°. But [¢*,x]l € (0,y) =
(1), so =z te((y» and [£%, x]1=y/t, where ¢t € W and y/ may be taken as y©
or y°y, where (y;) = Qz((y». (If |y| = 4 then we can always take y/ =%, since [£*, x]?
=[£*, yF implies that [£*, x] is a generator for C.) Also, £* inverts y.
Now (0*)* = w* or w*w. (xv)2=x? mod W, so (xv)? has the same form as

x? and we may replace x by xv, if necessary, to get the following relations be-
tween %, &*, w*, and v:

[w*, x]= 1.

x? = w"y® = y say, by choice of y € C(@*); then [£*, x]= yt for some
teW,
since [€%, x]2 = [¢*%, x%]= [€%, 1= 2.

x £ C, so x does not centralize v since then x would centralize V. Also,
xw* ¢ C, so [v, x]=€& or fw. As x centralizes w*, (xw*)? = x2, so we can

replace x by xo*, if necessary, to get the following relations for (v, x,*, 0*):

Vx=vfy )’x=)” x2=)';

% €M=1;

¥ xl=1, [£%x]= ywifk, for some j, k.

As ®(T) = (0, y), the four-generator theorem of [12] implies that T = (v, x, 0*, &),
If we can find a maximal subgroup M of T all of whose involutions are G-
conjugate to elements of W, then by transfer w*v is conjugate to an element of
W. We establish that such an M can be found by simply examining the squares
of the elements of the nonidentity cosets of ®(T) in T, so as to see which co-
sets have the property that all their involutions are conjugate to elements of W.
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We take coset representatives v, @*, &*, x, vo*, v€*, vx, W*€*, w*x, E*x,
vo*&*, vo*x, vE¥x, 0*E*x, and vw*&*x for the nonidentity cosets of ®(T) = (v, y)
in T. Using that (myi)z = (ryi)z for any r € T, we get the following table for
these squares:

x (y)? = oy * (m*f*yi)z -1
* (@%H2=y2 (€*y)? = IE*
* f*yi)z =1 * (co*xyi)z - yl+2i
« ()2 = yl+2i (vw*f*yi)z -1
(vm*yi)z - yz,' * (va)*xyi)z - fyl +2;
+ W) =0 WE*y)? = o T ERT
x (vxy)? = oy ¥ @'y = ig*

(v € *ey")? = g+,

The cosets marked * are those all of whose involutions are conjugate to elements
of W for all values of j and k.

If follows that if £8 £ 1, then M = (w*, £*, x) has all its involutions conju-
gate to elements of W; while if £¥ = 1, M = (0*, £*vx) does.

(vi) (Hw' W) contains no normal Z 4x 2L, of T.

Proof. Let H=(H,,W) and suppose R < H where R is anormal Z, x Z, of
T. W=®R), so H = (Il®), W)= (I@)). All elements of I(w) are congruent
mod C(R), by (iv), so

H=(x0": x € C,(R) and x0* € ()
= (x:x € C(R) and x0™ € (), 0™

Now w* normalizes {x: x € C(R) and xw* € I(@)}, so (x: x € C(R) and xw*

€ 1)) has index 2 in H, and H N CL(R)=(x: x € CL(R) and xw* € I(w)). Hence
Hn CT(R) is generated by elements which @* inverts. Applying ‘Lemma 7(b) to

H N CL(R), we get that w* inverts R, so W(w*)=W, contrary to w* € 1),

The same argument as in the proof of (i.v) now gives that (H,_, W) is the direct
product of a dihedral group of order > 8 and a group of order 2. We can take nota-
tion as follows:

(vii) (H,, W) =(m) x (A, ©*), where 7 € W —(w) and Aw*, o* €l@). (ccl; (@)
NT)=(A, 0*), so (A, 0¥) I T. |A|>4.

(Hgy W) =(p)x (s £*) where p € W=(£) and pl*, &* € I€). {1y €*) = (ccl )
N T) so is normal in T. || > 4.
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Since (A) and ()4 T, A(V) is induced by (w*,&*), and hence T = (CT(V),
(0*1 E*)‘

Let C=C(V), A=(X, p). Then

(viii) (a) QI(C/A) is central in T.

(b) Suppose p2=A, 0% =p, and r2 = Ay, where p, 0,7 € C. Then [w*,pl=
X or Aw, lw*,71= X or Aw, [w*, 0l=1 or w; and E*,pl=1 or &, [£*,7]l=p
or /.tf, [f*, ol = p or /.uf

Proof. (a) Suppose p and 0 € C with p2=A and 02 =p. Then pA={x €
C: x* €M\?} is T-invariant, and so is pA.

(b) Suppose x = p, 0, or 7; then lw*, x] e H, AC=(A). Now p?=A, so p
centralizes [w*, pl. 72 = Ay and 7 normalizes (A) and (), so must centralize
them both, since (A) N () = 1, and so 7 centralizes [w*,7]. Hence

A= [ A= (0% p?] = (0¥ p1?, so [w¥ pl=A mod(w),

A 0" Ml = [0 721 = [0% 712, so [0*r1=A mod (@)
Also,

1= [(1)*’ [l] = [(D*, 02]= [(0*9 0][0)*, o]d.
Now lw*, 0]l €A, and 0% centralizes A, so [w*, 017 = [0*, 0l mod W (Lemma
6(g)). Hence

1=[w%0® mod(w),

and so [w*, 6]= A% for some k, where A, generates Q,(A)).
Similarly [£*, al = p mod (£), [£*,7] = pmod (£), and [2*, pl= Ko
We need only prove that k and n are even. For this, we use that every x €

£*0*C has C.(x)= W, so x? € C implies x®> € W. Let x=&*w*p. Then
x? = (w*p)f‘ (%) = w'ppg "0’ = p! pop mod(w)
= o mod(w),

as p € C. Hence ¢ € W. Similarly AF € W, and (viii) is proved.

(ix) C/A is elementary (of order < 4).

Proof. We will show that A, g, Ap cannot be fourth powers in C. First sup~
pose 8 € C, 8% = My, and let 7 = 82, Then by (viii),

A= [(l.)*’ 82] = [(O*y 8]2[0)*7 8’ 8] mod ((D).

Now if [w*, 8] has order 2%, then lw*, s1k=2 ey < z(C), so [w*,8,8]
has order < 2¢~2 by Lemma 6(c). Hence by Lemma 6(d), [w*, 81?[w*, 8, 8] has

order 2¢=1, Hence
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A = 2871 = 4|l%, 8]}

But [w*, 8] € H, N C=(}), so this is impossible.
Now suppose & € C, 84 = A, and let p= 52. Then

A= [(l)*, p] = [0)*, 8]2[(0*9 5, 8] mod (@)

has order %|lw*, 8]|, a contradiction as before. By symmetry, (ix) holds.

(x) Let X =(w, ®*) or (&, £*). Then the Sylow 2-subgroups of CG(X) are
of the form Q x X where Q is dihedral or semidihedral.

Proof. Take X =(&, £*). By (ii), there are 3-elements y and & € Ng(F)
where y cycles (w, o*) and centralizes X, and 8 cycles X and centralizes
(@5 ©*). Let R=C,(X); then 8 acts on R, and by the Frattini argument there
is a O-invariant Sylow 2-subgroup S of R.

F/X is a four-group of R/X, and the normalizer in R/X of F/X is
(NG(P) N C,(X))/X =(Ay, F)/X, where A, generates Q,((A)). This implies that
the Sylow 2-subgroups of R/X are of maximal class, and they are dihedral or
semidihedral since F/X is a four-group.

We will show that R/X has Sylow 2-subgroups of order > 16, by exhibiting
an element of order > 8 in R/X. Namely, if |A| > 8 or if C contains p with p?
= A (so that p or pp, centralizes X), then A or p or pp, has order > 8 mod X.
So we may assume |A| = 4 and no such p exists. If there is no 7 € C with > =
Ay, it follows from (viii) that (w*, W) is a normal Eg of T. So we may assume
that [A| =4 and C=(A, g, 7) where 72 = Ay and |u| = 2" > 4.

D =(w*, ) x (£*, p) is a maximal subgroup of T, and its exponent is 2" =
|#l. The elements of 7A, ro*A, r€*A, and ro*E*A (where A =(A, p)) have the
following orders and squares, respectively: 2™*!; 2741, 8 with squares A¢" or
Mof’; and 4 or 2, with square w'¢’, where in (viii) we have [w*, 7] = Aw’ and
[£*, 7] = l‘fj-

Let v be the transfer homomorphism from G to T/D. Then

n=l - n _
v =Tlere [ler’e™ - IIe” &' Il &' I1er” &0,

in the usual way. |r| = 2?*!, so all the factors in Ilgrg™! lie in T - D. Since

2n-2

v(r) = 1, some factor of order 8, 4, or 2 must lie in T = D. This means that
either 12" 2 A, &*x (x € A), 2l r0*&*x (x €A), or 12" ~ r0*E*x (x € A).
We will obtain a contradiction from each possibility.

Suppose 22 ré*x (x € A). Then the squares of these elements are con-
jugate, so, using that A ~.. Aw, we have 2l AT, If n =2, this means A
~ AT Now CT(A{’j) ={(C, £&*) and C (M) = C, so there is g € G with (\)€ =
AT and C8 <(Cy &%. C is the only Abelian maximal subgroup of (C, &*), so
g normalizes C. But A;(C) is a 2-group, so is covered by T, and Ay is not
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T-conjugate to A&, If n > 3, then we have )\ocozﬁ.3 ~ AT, where o generates
Q,(p). There is g €G with (#owzn-3)g =\’ and (C, ¥ & < (C, €%); as
above, g normalizes C, which is impossible.

Now suppose 27l rw*E*x (x € A). Then 2t 7w*¢* = a say; Cp(a)
=(a, W)=(a)x(w)=A say.

Suppose 7 = 2. Then we have Ay~ @, and there is g € G with @® = Ay and
A8<C, so A8 =(Ay, W), Now N.(A) =(4, A, p) and N.(Au, W)) = T, so there
is b €G such that \» € T and A\® conjugates Ap to Auw. But the elements of
T which conjugate A to Apw are those of Cw*, and none of these have squares
A2 = .

Supspose n> 3. Then we have #szn-3 ~ a, and there is g € G with a8 =

2n=

Ho® and A% < (C, 0*). Now the G-conjugates of ® in {C, w*) are conju-

gate in (C, 0*) to © or w*; so we may assume w€ = or w*, and A8 =B or
2n=3 *
y 0%,

All elements of order 4 in A are G-conjugate (in fact, T-conjugate). But

L, where B =(y0w2"-3,w) and L =(pp0

Ko ¢ Mows for if so, there is g € G with pf = p w and (C, 0*)¢ = (C, 0*). C
is the unique Abelian maximal subgroup of (C, »*), so C& = C; but T covers
NG(C), and o "ZT [TRAR

It follows that A o/ B, and so A® = L. Now N (L)| > INL(4)], but N (L)
only inverts L, whereas N (A) induces a four-group on A. Hence, N.(L) can-
not be a Sylow 2-subgroup of NG(L)’ and there must be some Y<T, Y = Z4 X
Z, (with the proper G-fusion pattern of involutions), such that A~ L ~ Y and
NL(Y) is a Sylow 2-subgroup of N_(Y).

We shall now find Y. Y <D, for otherwise Y ~.. A. The elements of D
with squares ~ € = (#szn-3)2 are T-conjugate to pg, p@, or ®*ug, and D N
cclg (@) = {w}u w*(A). Taking Y to have (pg), (pow)s or (@*y) as a direct
factor, we get the following possibilities (up to T-conjugacy) for Y:

ot (g @) = B,or (s w*).
@ (po@s @) = B, or (pw, w"}.
co*poz (w*yo, w)y=Y; (co*yo, w*).-. Y,; or (co*po, co*w) =Y,

Y #B, since A4 B. If Y ¢1Y, Y, ¥,}, then [N (V)] = 27+ = IN(L)],
violating that N.(L) is not a Sylow 2-subgroup of N G(L); for the same reason,
Y 6’{)’2, Y3}. So Y= (a)*;to, ).

A ~ Y and N.(Y) is a Sylow 2-subgroup of N_(Y). Therefore, there is b €
G with A® = ¥ and N (4) <N(Y). N.(4) = (A, A, pg) and Np(Y) = (*, py
o), £*, A), where po inverts A; CT(Y) =(w*, pty @) and &* inverts Y. There-
fore p.g €{w*, uy 0)&*; but (w*, p, w)&* consists of involutions.
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We may now suppose 2"

~10*¢* = a say. Cr(a) =(a, W)=A say is ele-
mentary of order 8.

Suppose 7 = 2. Then we have 7 = w€ ~ @, and there is g € G with a8 =17
and A8<T. Ve claim A8 £ D; namely, if A%< D, then A8 < (W, @y fo) =E
say, where ccl; (@) NE ={w, 0, ww,} and ccl (&) NE =1, &, &L If of
= w, then (aw)8 = 7w = ¢, but aw ~ a ~ . Hence, by T-conjugacy, we may as-
sume w€ =, and (similarly) 8= 60' so A€ =(y, @y cfo) But then NT(A) =
(A5 A, py) and N (A8) = C(48) = E, and neither N..(4) nor N.(A®) is isomor-
phic to a subgroup of the other, so there must be some Y <T, Y & Eg, with
A~ A%~ Y and Np(Y) a Sylow 2-subgroup of N(Y), so that [N..(Y)| > [N, (4)].
The argument above shows that Y £ D, and so Y ~. 4, violation [N,(Y)| >
IN(4)|. Hence, A8 £D, and we may assume A8 = A. But then ® and § are
the only members of their G-classes in 4, so w8 =w, £8=¢, and a8 = = wé,
which is impossible.

Suppose 7> 3. Then £~ @, and there is g € G with a8 = £ and A8< T.
leclg (O N Al =5, so A8 D, and we may assume A& = A. But then, as before,
we get ®8 = w, 78 = 7, and a® = £ = wy, which is impossible.

We now have that the Sylow 2-subgroups of R/X are dihedral or semidihedral
of order > 16. Also, we have the 3-elements y and & of N (X), and a S-invar-
iant Sylow 2-subgroup S of CG(X) =R, as described at the beginning of the proof
of (x).

(A, ®*)< R, so there is x € R with (A, 0*)* <S. (0X)* € R/X lies in
®(S/X), so is the unique central involution of S/X. The element y (or y'l) of
Ng(F) N R sends o to w*, and so y*X € R/X sends w*X to (@*)*X.

Let Y/X = 02,(R/X), and let M/Y be a minimal normal subgroup of R/Y.
Write R for R/Y. Then § = S/X has center (@*), so * € M. Since M4 R
and y* €R, (0*)* €M and MN S has index at most 2 in S. As § is dihedral
or semidihedral of order > 16, the Sylow 2-subgroups of M are non-Abelian inde-
composable and M is a non-Abelian simple group. Therefore, M) = M, i.e.,
MY = MY = M. R/M has odd or twice-odd order, so (R/M)(* =1 [7], i.e.,
R™Y = M.

We now show that R(®)N X = 1. Namely, R® and X are both -invariant,
and & acts irreducibly on X, so RN X #1 if and only if X < R®™, R s
in the kernel of the transfer v: R — S/S’. But for y €X,

v(y) = [TGeyg™)s' = 55",

since X < Z(R) (where g runs over a transversal to S in R). As S$/X is dihedral
or semidihedral and X < Z(S), S’ is generated by a single commutator, so S’ is
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cyclic and there is y € X = S'. This y is not in the kernel of v, hence not in
R®, so R nx=1.

Let S;,=SAM, and P=S, N R®™), so S;=PxX. Pis S-invariant and is
dihedral or semidihedral of order > 8, so is centralized by 8. If § 1=, then §
= P x X and (x) holds. Suppose [S :Sl] =2. Then |S/P| =8 and & acts fixed-
point-freely on XP/P < S/P, so S/P is elementary with one fixed point under J;
so C(0) £ P. Now S = Cg(d)[S, 8] and C4(8) > P, [S,8]> X, X nC(d) =1; so
X =[S, 8] and § = Cy(d) x X, where C(8) = S/X is dihedral or semidihedral.

(xi) Take p and o as in (viii); the [p, &1 =[0, 0*]=1.

Proof. [p, £*1=1 or & by (viii). Suppose [p, £&*] = £. Then py, centralizes
&* (where Ko generates Q,(u)), and

lowy» ©*1=2"1 or Aley; (p;;o)2 =M.

Hence (A, €) < ®(C.(£%). But (x) gives that O(C(£¥) is cyclic.

We will now show that T is a direct product of dihedral and semidihedral
groups. This is true if C=(A, p), forthen T =H, x Hg. If [C: (A, )] =2,
then (xi) implies that we may assume C = (A, p, r) where 7% = Ap. Hence 7 cen-
tralizes A and p (since it normalizes (A) and (p)), and T = (A, p, 7, 0*, £*),
where 7% = M, [0*, 7] = Ao’y [£¥, 7] = pé’, and 7 centralizes (A, p). By symmetry,
we may assume |A| <|u| =2">4. Then T is the same group encountered in the
proof of (x) while showing that R/X contained elements of order > 8, except that
IA| need not be 4. The transfer argument used in the proof of (x) to eliminate
this T does not require |A| = 4, and applies in the present case (if one reads
A, for A where necessary). Hence, this T cannot occur.

We may now assume [C:A] =4, where A=(X, p). Let p and 0 € C with
p? =\ and o’ = p. To show T is a direct product of dihedral and semidihedral

groups, we need only show [p, 0] = 1, by (xi). Now [p, o] € V since [p?, ¢%] =
1, by Lemma 6(c). But

%
(€N w™p))? = (¢ *a)z(m*p)§ 0% = 0w’ = [p, 6] mod W.
P .
Since C({*0w*p) = W, we must have [p, gl €W. So

T =(ps 0 0% &™), where p? =), 0” = 5 [o", o] = (€%, p] = 1;
" pl =o', [¢%, 0] = pe*; lp,ol=yew.

The squares of the elements of T are
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ct=A (%A)? = MA2)
(@A) = (u?) (£¥oA)? = £-(\D)
(@A) = wip?) (E%poA)? = £y MA?)
(0*0)? = () @EN)2 =1
(@'poA)? = w'yp?) (@€ pA) = o
E*A)2 = (A2) (@*E*A)? = £*

(0EpoN)? = w'ERy

We claim all involutions of T ate conjugate to elements of W. This follows
by transfer if o' or &k £1, as all the involutions of the maximal subgroups (C,
w*) or (C, £*) are then conjugate to elements of W. If o’ = &* = 1, transfer
gives w*p ~ £*o o/ the elements of W. But then, supposing |C(£*0)]| >
|Cr@*p)|; Clo*p) is conjugate to a subgroup of C(£*0), contrary to (£)=
Q,((Cw*p))), (o) = ditto for &*o.

We now claim w’=w and &* = £, For if o’=1, then (W, o*p, &) satisfies
the hypotheses of (ii). The classes in G of the elements of W and &*W are
known, and w*p{*W is contained in a single class, w*p ~ w*pw, and w*pé ~
w*py. It follows that w*pz ~ w for some z € W, and w*pz€ + w. This gives
w*pz € l(w), whence pz € H, =(w*, A), a contradiction.

By symmetry, we need only deal with the cases y =w and y = 1.

Suppose y = 7. Then w*&*po = (w*p)(€*0) = a say is an involution, so is
conjugate to some element of W. C(a) = {a, w) x (@*pA ), where (w*p)touo)z
=7. Let a® €W and C(a)® < T. Then 3% € ®(T), so 78 =7, and (an)® =
a®y. Therefore, afy (an)f. But a ~an in T (e.g., by Aguy)-

For the case y = w, we need that p, quow. If py~ pow, there is g €G
with p& = pow and Cp(uo)® = Crlp)). ®(C () = C? = A, and by examining
squares in cosets of A we get that C& = C. Now A_(C) is a 2-group, so
Ag(C) = AL(C); but p oy po.

Now suppose y =w. Let M =(y, p, w*, £*¥); then T = M contains no in-
volutions, so by transfer, £*o is conjugate to an element of M. Since (£*0)? =
£, we get {*on g, pow, or o¥u,. Now if £*0 ~ g or p o, then there is & €
G with (£*0)® = fo of pyw and C(*0)8 < CT("O)‘ C (&%) =(0*, M)x ({*a),
and Cp(p ) = (C, ©*). The unique four-group of ®(C({*0)) must go under g
to the unique four-group of CT(;LO), i.e., W& =W. But £*0 is conjugate in T to
&*oz for every z € W (namely, (£%0)” = E¥ow, (£%0)0 = £*0¢) and Loz *
pozw for z €W.

Hence £*o ~ w*p o g and pyo. Indeed, the elements of T that can be
G-conjugate to {*o are represented up to T-conjugacy by w*uy, w*é*0, and
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w*E*pa. The latter two have centralizers in T of order 24, Now
€% = (0", Ay x (¢ 7o),
CT(w*p0)= W, o, m*yo) = (¥, 0, ©*)= (0™ x (0) x (0).

It follows that C..(y) is a Sylow 2-subgroup of C(y) where y is either £*0 or w*p,.
Hence one of C..(*0) and C.(w*w,) is isomorphic to a subgroup of the other. But
this is false, since the only Abelian rank 3 subgroups of CT(f*G) are of type
(2, 2, 4) and C(w*p ) is of type (2, 2, 2") for 7> 3.

This completes the proof of Theorem B.
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