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ON SYLOW 2-SUBGROUPS WITH NO NORMAL ABELIAN SUBGROUPS

OF RANK 3, IN FINITE FUSION-SIMPLE GROUPS

BY

ANNE R. PATTERSON

ABSTRACT.        Let  T be any finite 2-group which has a normal four-group

but has no normal Abelian subgroup of rank 3, and assume   T is not the dihedral

group of order 8.   If  T is a Sylow 2-subgroup of a finite fusion-simple group G,

it follows (Thompson) from Glauberman's Z*-theorem that  T has exactly one

normal four-group, say   W.   This paper establishes what isomorphism types of  T

can so occur under the hypothesis that H^CT) = TCAT) and the three noniden-

tity elements of W are not all G-conjugate.   All   T arrived at in this paper are

known to so occur.

The reason for this hypothesis is that the similar situation for T with a

normal four-group and no normal Abelian subgroup of rank 3, where  T is a

Sylow 2-subgroup of a finite simple group  G but without the above hypothesis,

had been analyzed earlier by the author (under her maiden name, MacWilliams;

Trans. Amer. Math. Soc. 150 (1970), 345-408).

The result of Feit and Thompson [7] suggests that one might classify finite

simple groups by their Sylow 2-subgroups.   One measure of the complexity of the

possible 2-structure of a group is its normal 2-rank, i.e., the largest rank of an

Abelian 2-subgroup which is normal in some Sylow 2-subgroup containing it.  If

the normal 2-rank is  1, then the Sylow 2-subgroup is cyclic or of maximal class

(Blackburn [3]), and the simple groups with normal 2-rank 1 are known (Brauer,

Gorenstein, Walter, Alperin [4], [9], [2]).   The present paper is a completion of

[12], in which a start was made on finding the 2-groups T that can occur as Sylow

2-subgroups of simple groups G with normal 2-rank 2; except that in the present

paper we actually assume only that G is fusion-simple, i.e., that G has no proper

2-quotient, no nonidentity normal subgroup of odd order, and no nonidentity central

elements.

We use the following result of Thompson, of which a proof is given in [12]:

If G is a fusion-simple group with normal 2-rank 2, then the Sylow 2-subgroups
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of G are either dihedral of order 8 or have precisely one normal four-group.   The

2-groups which can arise will be found by considering the various possibilities for

the G-fusion of the involutions of this four-group.

In view of [12], we shall assume the following:

Hypothesis.   T is a 2-group with normal 2-rank 2;  T is a Sylow 2-subgroup

of a fusion-simple finite group G; NG(T) = TCG(T);  T sfli D ■ and the involutions

of the unique normal four-group W of T ate not all G-conjugate.

We shall obtain the following results under this hypothesis:

Theorem A.   Suppose that the involutions of W fall into two G-classes.   Then

one of the following holds:

(a) T&D      \ Z,, where m > 4.

(b) T = ((a,X)x(ß,p), 77, r: a2 = \2" = ß2 = u2" = 1, a\a = X~1,ßnß =

j»~*; 772 = A//, 77 centralizes A and u, [a, 77] = A, [ß, 77] = p; r2 = I, aT = ß, a'

= p, rr = 77), where re > 2.

(c) TSD*    \ Z-, a/here m> 4.

Theorem B.   Suppose that the involutions of W fall into three G-classes.

Then T is the direct product of two groups each of which is dihedral or semidihe-

dral.

These results are best-possible in that all the  T named actually occur under

the hypotheses.   Examples are:   Theorem A(a), PSL4(z7) for q = 3mod 4 and

PSU4(?) for q = lmod 4; (b)   PSp4 (q) for q = 3mod 4;  (c)   PSL^(q) for q a

3mod 4 and  PSU, lq) tot q = 1 mod 4; Theorem B, any direct product of two sim-

ple groups each of whose Sylow 2-subgroups is dihedral or semidihedral.

The notation used is mostly standard (and coincides with that of [12]).   An,

involution is an element of order 2 in some group.   D    denotes the dihedral group

of order re, and E    the elementary Abelian group of order re.   2    and 2    denote

respectively the symmetric and alternating groups of degree re.

If H and  K ate subgroups of some group X, and K normalizes H, then

AAH), called "the automizer of H in K", is the group of automorphisms of H

induced by K (by conjugation).

If x  and y £ some group X, and H < X, then x »\,„ y, or "x is fused to y in

H", means that there is h £ H with x   = y. x ~ y means x ~x y.

If H is a subgroup of some group X, a transversal to H in X means a com-

plete set of coset representatives for H in X.

If H < some group X, then H" means the set of nonidentity elements of H.

Since G has no proper 2-quotient, the transfer homomorphism v: G —» T/T

(or into any quotient of T/T ) is always thé trivial homomorphism.   We shall fre-

quently use the following consequence of this, of which a proof is given in [12]:
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Thompson transfer theorem.   Let T be a Sylow 2-subgroup of a finite group G

with no proper 2-quotient, and let HI be a maximal subgroup of T.   Let x be any

involution of G - M.   Then some G-conjugate of x lies in M.

We shall also use other transfer arguments, which will be spelled out explic-

itly as they occur.

The first step in proving Theorems A and B is to show that we may assume  T

has a normal subgroup V= Z   x Z,; for then C_(V*) is a metacyclic 2-group

(Alperin [l]), and this fact is a great help in constructing T.  We shall prove

Theorem 1.   Let T be a Sylow 2-subgroup of a fusion-simple group G.   As-

sume that T has no normal elementary subgroup of order 8; Nr(T) = TCr(T);

T 9^ D„; and the involutions of the unique normal four-group W of T are not all

G-conjugate.   Then T has a normal subgroup isomorphic to Z . x Z,.

Proof.   Suppose not.   W < T; if VI = CT(W), then T = W or T S Dg, and both

of these contradict our hypotheses,   by Burnside's theorem (Huppert [11, IV. 2.5,

p. 418]).

Suppose W < B Sé Z4 x Z2, where B < T and B = CT(B).   If W < Z(T), then

AT(B) is elementaty and so every y e T - B has y2 e B O Cr(y) = W, so $(T) =

W.   From W < Z(T) and NG(T) = TCG(T), it follows by Burnside's theorem and

the hypothesis that no two involutions of W are fused in G.   T contains involu-

tions y 4 W fused to the involutions of W, by Glauberman's Z*-theorem [8].   But

for such a y, (y, W) is a normal E. of T.

Hence W is noncentral in T, and if (z) = ö (ß), then z is not G-conjugate

to any othet element of B.   Aut(ß)ö£ D_, and A_(ß) is a subgroup of Aut(ß)

which does not centralize VI.   We shall write  TQ = CAW), of index 2 in T.

First, suppose AT(ß) is cyclic of order 4.   Then all the involutions of T

lie in T0 = (Ç, B) where £ inverts B.  So if C 4 1, then íij(T) = W, and z is

not conjugate to any othet involution of T, violating the Z*-theorem.   So there

are   r, C e T such that T = (r, B) with r2 = £, £2 = 1, and £ inverting B.   $(TQ)

= W, and so (Ç, W) < TQ; but r also normalizes (¿", W), so (£, W) is a normal

e8 of r.

Next suppose AT(ß) is elementary.   We claim no involution of T - TQ is

fused to z.   Fot if r is an involution of T - Tn, then we can take notation in B

so that B = (a) x <&), zz2 = z; bT = zè, zzr = a.   If r ~ z, there is g e G with r* =

z and Cr(7)8 < T (by Sylow's theorem in CG(sr)).   Then zg e 0(T) < W, so z8 - z,

contrary to r8 = z.

|AT(ß)| = 2 would give TQ = B, and hence z not conjugate to any other ele-

ment of T.   Hence   |AT(ß)| = 4, and  TQ = (£, B) where £2 - 1,  z^^z, and  £

inverts B.
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Some a £T-T0 has a° = a, ba = zb, and a2 £(a) = CB(a).  Now T = (B,

Ç, a) and so C = Caw tot some w £ W, otherwise (£, W) « T.   Hence, (a£)   =

a2£a£=a2a~lw.   So io/A2 e W if and only if a2 ¿W.   Replacing ff by <r£ if

necessary, we get a2 £ (z) = C^Or).   Then, replacing a by ffi» if necessary, we

get a   = 1.   So notation may be chosen in B with

T = (B, C, r) where B = (a) x (b), a2 = z; ¿2 » 1, ¿inverts B, r2 = 1, aT =

<2 and ¿>r= ex, Ç = ¿iaizv for some tzz £ W.

Now r inverts [7, £] = ûiîz, so w - b or zfc.   Replacing £ by &£ if necessary,

we may assume £   = Çflb.

Since NG(T)= T€g(T), Gruh's theorem [lO, Theorem 14.4.4, p. 214] implies that T

is generated by conjugates of T  = (ab).   We will show T cannot be so generated,

by showing that five of the seven nonidentity cosets of T   in F cannot contain

conjugates of elements of T'.   We take \£, £r, 7, b, £b, £rb, rrb\ to represent the

nonidentity cosets of T' in T.

Now £rB consists of elements of order 8, so £rT   and £rbT   do not contain

conjugates of elements of T •

Suppose x £ b(ab) is G-conjugate to an element of T .   Since b and zb 4^G z,

x = ab or abz, and we conclude that a ~ G ab.   Now Cj.(a) = (B, 7); CAab) =

(B, r£);   and  CTla), Cj.lab) ate Sylow 2-subgroups of CG(a), CG(aè) respec-

tively (since T has no central elements of order 4), so we should have CT(a) =

CT(ab) by Sylow's theorem; but CT(a) has exponent 4 while Cj(ab) has ex-

ponent 8.

Suppose x e r(ab) is G-conjugate to an element of T .   r(z2Í>) consists of in-

volutions, so x is an involution, and we have shown that no involution of T — T.

can be G-conjugate to z.

We next consider £(ab) and £b(ab).   Both are single conjugacy classes un-

der T; we shall show that one of them must fail to contain conjugates of ele-

ments of T , i.e., conjugates of z.   Suppose £^z.   Then there is g £ G with

¿* = z and CT(08 < T.   CT(¿) = (W, (Así Eg, and CT(¿), CT(¿)r are the only

two Eg's of T, hence g may be chosen £ G with

£* = z,    (w, O8 = <w, £).

The F-classes of involutions in (W, ¿) are

\z\; \b, zb\; \£, £z\; \£b, £zb\.

Now if 0> ¿G b, then z = II cclG (è) n (W, ¿> is fixed by NG«W, £)), contrary to

C8 = z.  Hence, £b ~ è, and so every element of £b(ab) is G-conjugate to 6, so

not G-conjugate to z.  So £b(ab) contains no conjugate of an element of T'.

Thus, £rT , £rbT , bT , rT , and £bT   (or £T ') all fail to contain conjugates
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of elements of T , in violation of Gru'n's theorem.

Next, suppose Aj.(B) = Aut(B), and p, t,, r eT have the following actions

on B:

p: a —> ab, b —* b.

C:a-*a-\ b -» b.

t: a —» a, b —» a b.

For any such p, £, t, we have [£, r] eW and [£, p] e W.  Namely, p   e

CB(p) = W, so

i-[p2,a = [p,ûp[p,a
and p inverts [p, £],  so [p, <£] £ W.   Also, the Jacobi identity gives

l^[p,Cl,T]HC,r-\pi[r,p-l,öP

= 1 . [£, T~l, p]T . [£x, £]p    mod (zz2),    for some x e B

m [C,t~ , p]    mod (a ).

Hence [£, r_1, p] e (a2).  Since [B, p] = (b), this requires [£, r~l] e Cfi(p) = W.

Hence no £ as above has ¿,   = 1, for if it did, (£, W) would be a normal E

of T.

Now T - TQ has no involutions G-conjugate to z = zz . For if y eT — TQ is

conjugate to z, then Cß(y) = (a) or (zz£>) and so if g e G has y8 = z and CjXy)8

< T, then z8 e <t>(T) < (B, ¿), hence z8 € W, hence z8 = z, contrary to y8 = z.

By the Z*-theorem, pB or p£B must contain a conjugate of z; choose nota-

tion so that pB contains a conjugate of z, so that we can take p so that p =1.

But then p inverts its commutator [p, r], so [p, r] and [p, Q eW, and (p, W) is

a normal Fg of T.

We may now assume that T has no notmal Z^ x Z4, but VI <B —Z     x Z.

where 72 > 3, ß < T, and B = CT(B).   Write B = (zz) x (b ) where  |zz| = 2", |è| = 2;

then Aut(B) = (2, p, r), where S = Aut((zz)) (fixing b), so that 2sZ n_2 x Z2;

p: zz -^ ab, b —* b; and n a—>a, b —*zb where z is the unique involution of (a).

Then p and r centralize 2, and [p, 7] = 77 where 27: a —» zzz, b —» b, so that 77

is the unique involution of $(2) if 72 > 4.

We claim AT(B) does not contain 27 (and hence AT(B) is elementary, since

77 is the unique involution of $(Aut(B)))«   Namely, suppose x eT with ax = az

and bx - b.   Then (B, x) < T,   We may choose x e xB so that x=l orx=è.

If x2 = 1, then (W, x) = ÜX((B, x)) is a normal Fg of T.   If x2 = b, then

(zz2"~ , x)= Q2((B, x)) is a normal Z4 x Z4 of T.
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AT(B) is elementary, so AT(B) < Oj(Aut (ß)). If re = 3, fljiAuttB)^

Aut(B); if re > 4, then flj(Aut(B)) = (tp, - 1, p, r), where - 1 is inversion of B,

and tp: a —* al+2"~  , b —> b,  so cf>2 = n.   Since 77 ̂ Aut(ß), AT(ß) n 2 = 1,

(- 1), or (- 77).   The set of involutions of Oj(Aut(ß)) - 2 is pi-1 u rT u cbprT

(or, just pT \jrT it n = 3), where T =(- 1, 77).   Of these three cosets of T, the

product of any two elements from distinct sets has order 4, so A,-.(ß) contains

elements from at most one of pT, rT, and cßprT.  It follows that At(b) is ele-

mentary of order at most 4.

We will use Glauberman's Z*-theorem to finish this case.

(i)  Let y 4 z be an involution of T such that 2 is a square in Cj.(y).   Then

y ■/• z.

Proof.   If y ~ z,  then there is g £ G with y8 = z and CT(y)8 < T,  so zg £

$(T).   As $(T) < B, we have z8 £ W.   Now the only G-conjugate of 2 in W is z

itself; this follows from the hypothesis that not all involutions of W are G-con-

jugate, if W < Z(T);  while if W ¿ Z(T) it follows from Burnside's theorem and

the assumption NG(T) = TCg(T).   Hence z8 = 2, contrary to y8 = z.

(ii)  Suppose that any two E's of T that are G-conjugate are T-conjugate.

Then there is no y £ C^(W) - B with y ^ z and y ~ yx for all x £ W.

Proof.   Suppose false; then there is g £ G with y8 = z and (W, y)8 = (W, y).

But 2 = II(cclG(z) n (W, y)) is stable under NG«W, y».

(iii)  (Completion of argument if W < Z(T)).   Let T0 = CT(W), a2 = a

We claim no involution of T — TQ  is conjugate to 2.   Namely, any involu-

tion y of T - T0 induces one of the following automorphisms of B: r, rrr, - r,

- rrr; (if re > 4) c/>pr, ncbpr, - tbpr, - rrqbpr.   By conjugacy in Aut(ß) (i.e., choice

of basis in B), we need only consider r, - r, cp'pr, and - cf>pr.   But each of these

automorphisms fixes an element of B (namely a2 or a2b) whose square is 2,

and this contradicts (i).

Hence  TQ = (a, b, s), where s    = 1,  s ~ 2,  and s  centralizes b  and sends

a to a~    or a~ z,  so that (s, a) is dihedral or semidihedral.   T = (B, s, t) where

/ induces one of the eight automorphisms listed above; by replacing t with st

and changing basis in B, we may assume t induces r or cf>pr on B.

(iii.i)   Assume that W ¿ Z(T) and (s, a) is semidihedral.

If t £ T - T0 induces t on B, so that a1 = a and ¿>( = zb, then we may as-

sume t2 = 1 or a.   If ¿2 = a, then

cz 2 = [s, zj] = [s, « ] = [s, r] [s, r] .

Now s inverts its commutator [s, /],   so [s, /] £ (a2, b), but then [s, t][s, t]1 £

(i24),  contrary to the line above.   Hence  t   = 1,  so r inverts [s, t] and hence

[s, t] £(a2b).   Also [s, ta2b] = z[s, t], so we may assume [s, t] = 1  or a2b.
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If [s, t] = 1, then tb centralizes s and (tb)   = z, contrary to (i).   Hence

s1 = sa2b,  and s ~ sx for every * e W.   No element of T - T0  centralizes an

element of TQ - B,  so all Bg's of T lie in  TQ and so are T-conjugate to (W, s);

this contradicts (ii).

It t e T - TQ induces c/>pr on B, so that 72 > 4 and zz' = aa2b, b' = zb, then

we may assume t   = 1.   So z inverts [s, z] and [s, z] e(a2b).   As before, we may

assume s' = sa2b, and we need only show that every Bg of T lies in T0.   But

if not, there are involutions in sB and tB that centralize each other, i.e., (sx)'y

= sx where x e (a2, b) and y e (a2b).   But then

sx = (sx)'y = (sa2bxl)y = sa2bx    mod (z),

a contradiction.

(iii.ii)  Assume that W ■/ Z(T) and (s, a) is dihedral.   Then TQ has two

classes of Fg's instead of one.   The following vatiation of (ii) will be useful:

(iii.ii.i)   Suppose every Fg  of T lies in  TQ;  then s 7^ sb.

Proof.   Since s ^ z,  there is g e G with s8 = z and (W, s)8 = (W, s) or

(W, sa).   If s -v s&, then z = n(cclG (z) n (W, s)) is stable under NG((W, s)), so

we must have (W, s)8 = (W, szz).   But also, cclG (z) n (W, szz) is forced to be \z]

U Wsa, so \b, bz\g = )fe, èzj.   Therefore (sb)8 = s8b8 = zb8 •/• z, contrary to sb

^ s ^ z.

Suppose now that t e T - TQ induces r on B, so that zz' = zz and bl = zb.

We may assume  t   = 1  or zz.   It z   = zz,  then

zz2 = [s. t2] = [s, t][s, tY,

and so [s, t] e a(a2, b).

Suppose [s, t] e a(a2).   Then a2 = [s, t][s, tV implies that [s, t] = a or zzz,

and (s, t) is accordingly dihedral or semidihedral.   If semidihedral, then all the

involutions of the maximal subgroup (s, t) of T are conjugate to z, so by trans-

fer, b ~ z, contrary to assumption.   Suppose (s, t) is dihedral.   Now no element

of sB centralizes any element of tB, so evety Eg of T lies in Tn, and so, by

(iii.ii.i), s 76 sb; also, as (s, t) is maximal in T, transfer gives st -^ z.   $(T) =

T  = (a),  and T is generated by s, z,  and è.   Grün's theorem applies as in the

previous case, and so we need only find five cosets of $(T) in T which cannot

contain G-conjugates of elements of (a).   sbQiT) and stQ>iT) are already known

to have this property since they consist of conjugate involutions.   r$(T) and

tb$>iT) have it, since their elements are all of order larger than |zz|.   We claim

no element of ¿7$(T) is conjugate to an element of (zz), i.e., there are no k and

odd 772 with a2 mb ~ a2  .   Namely, if so, then zz2    4 (z), so CT(zz2 )= (B, t)

is a Sylow 2-subgroup of CG(zz2  ).   Since B < CT(a2 mb), there is g e G with
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(a2kmb)8 = alk and ß8 < (ß, t), and hence ß8 = B.   But T covers NG(ß)/CG(ß),

and a    mb is not T-conjugate to a    .

Suppose now that t   = a and [s, t] £ab(a2).   Then a2 = [s, t][s, t]' implies

that [s, t] = aa2b or aa2bz.   We shall use transfer.   Every element of tB has

order 2™    , and every element of tsB has order 8.   Hence, the transfer v from

G to T/Tq has the value

fits) =l\\gtsg-1: Tglts) = Tg\T0

where g runs over some transversal to T in G, since terms like gits) g-1 and

gits) g~    have order < 8 so lie in TQ.   (We are using the form for vits) given,

for instance, in [10, Lemma 14.4.1, p. 206].)  The number of g in the transversal

with Tglts) = Tg is odd, so since G has no proper 2-quotient, some gits)g~

lies in Tq, and hence in B as its order is 8.   Thus, gits)g~    £ a        (a2, b),

and so a2 ~ (ts)   = a2b.   CT(a2) = (B, t), CT(a2b) = (B, ts), and so these are

Sylow 2-subgroups of CG(aA and CG(«2r;) respectively, so should be isomorphic.

But (B, t) has exponent 2"+    and (B, ts) has exponent 2".

We may therefore assume t2 = 1.   It follows as in (iii.i) that we may assume

[s, t] = a2b; this implies (via a ) that s ~ sb.   Also, no element of sB  cen-

tralizes an element of T - TQ,  so every Eg of T lies in Tn.   This contradicts

(iii.ii.i).

Suppose now that t £ T - TQ induces cf>pr on B,  so that re > 4 and a   =

aaJo,  bl = zb.   As in (iii.i), we may assume r   = 1 and [s, t] = aJb.   This implies

s ~ sb.   The only Eg's of T which do not lie in TQ ate T-conjugate to (z, sa,

ta2b).   There is g £ G with s8 = z and (W, s)8 < Tn or (W, s)8 = (z, sa, ta2b).

But (2, sa, ta2b) contains four elements of T - T0; none of these are G-conjugate

to z,  since they ceptralize «2 or aJb and (i) applies.   (W, s)8 contains five con-

jugates of z.  Hence (W, s)g < TQ, and the argument of (iii.ii.i) applies.

(iv)  (Completion of argument if W < Z(T)).  Assume W is central in T; then

AT(B)<[l,-l,-jr]Upr.

Suppose some x £ T induces p (or equivalently, 77p) on B, so that ax =

ab,  bx = b.   We may assume x2 = 1 or b.   U =(x, C„(x)) = (x, a , b) is a normal

Abelian subgroup of T; and if x2 = 1 then Ö^SEg, ií x2 = b then Ü2(U) =

Z, x Z ., so T has a normal E„ or a normal Z. x Z., contrary to assumption.

Hence A^B) can contain only the elements - p ot - np of pT; and it can-

not contain both, since then it would contain 77.   So, with suitable choice of

basis,  AT(B) = (- 1); (- 77); or (- p).

No two involutions of W ate G-conjugate (Burnside's theorem and NG(T) =

TCG(T)).  By transfer, every involution of T is G-conjugate to some involution
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of W, so G has exactly three classes of involutions; by the Z*-theorem, T-B contains

conjugates of all three involutions of VI.   In particular, T = (B, x) where x ~G z.

If AT(B) - (- n) or (- p), then the T-classes of involutions in T-B are

x(zz  ) and xb(a ),  so some involution of W is conjugate to no other element of T,

violating the Z*-theorem.

Suppose At(b) =(- 1).   Then the T-classes of involutions in T - ß are

x(a2), xb(a2), xa(a2), and xab(a2).   Precisely two of these four T-classes are

fused in G.

If x ~ xb, xa, or xab, then by replacing a with ab if necessary we may as-

sume x ~ xb or xa.   If x ~ xb, let x8 = z and (W,x)e < T.   (VI, xa) contains at

most three G-conjugates of any of its involutions, while (VI, x) contains five con-

jugates of z, so we may assume (W, x)8 = (VI, x).   But z = ücclG (z) O (W, x) is

stable under NG((W, x)).  If x ~ xa, then the maximal subgroup (a, x) of T has

only one G-class of involutions, so by transfer, G has only one class of involu-

tions, which is false.

Hence x is not fused to any of xb, xa, or xab.   If xb ~ xab or xa, we can

choose notation in B so that xb ~ xzz; then the maximal subgroup (a, xb) of T

has only two G-classes of involutions, so by transfer, so does G, which is false.

Hence xzz ~ xab.   Choose b e \b, zb] so that xa ~ b.   Then there is g e G

such that (xa)8 = b and (VI, xa)8 < T.   (VI, xa) contains five G-conjugates of b,

while (W, x) contains at most three G-conjugates of any of its involutions.   Hence,

we may assume (W, xa)8 = (W, xa).   But b = IlcclG (b) C\ (W, xa) is stable under

NG((W, xa)).

Now any normal Abelian subgroup B of T with VI < B and B = CT(B) must

have rank 2, and since T has no normal Z4 x Z4, ß S Z     x Z2 for some n > 1;

we have discussed all cases (n = 1, tj = 2, n > 3) and shown none can occur.

Thus the ptoof of Theorem 1 is complete.

In view of Theorem 1, we may now assume that T contains a normal subgroup

V= Z4 x Z4.   W = ßj(V) is the unique normal four-group of T.   C^(V) is meta-

cyclic (Alperin [l]), so Qj(CT(v)) = VI.

The argument will divide according to fusion patterns in elementary subgroups

of Cj(VI), containing conjugates of central involutions of T.

Lemma 1.   CT(W) — C_(V) contains a conjugate of some central involution

of T.

Proof.   If W < Z(T) this is just the Z*-cheorem.   If W ¿ Z(t), the Z*-theorem

tells us that T - CT(v) contains a conjugate y of the unique central involution

cu of T.  If y 4CTiW), then there are a, b e V such that y exchanges a and b,

and y centralizes ab, and iab)   = co.   By Sylow's theorem in CG(a>), there is g

e G with y8 = cú and iab)8 e T; then co8 e 3>(T) < CT(W), but <a8 4 w.  The other
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two involutions of W ate not conjugate to <u,  so co8 4^-j-iV); hence co8 £ Cj.(W)

- C_(V),  as desired.

Lemma 2.   Every E,,   of T lies in CTiW),

Proof.   We may choose a basis for V such that AAV) < (8 , (j  0)), where

8    denotes the subgroup of Aut(V) which fixes W elementwise.

Suppose E is an E16 of T with E ft CT(W).   Then |E O U/| = 2, and in

Aut(V), (,   ¿) must centralize each automorphism induced on V by E n CT(W).

Now C~+((j   J)) has order 4;  so E = (co, z, y, t) where z inverts  V, y has ma-

trix (2   j) on  V,  and t has matrix (j  0) on  V.

We claim that if Q,ACTlV)) has order 64, then (2  2) cannot be induced by

an involution on V.  Namely, let \a, b\ be the chosen basis for V; then there is

a basis \c, d\ for fi3(Cr(V)) such that c2 = a,  d2 = b,  and [c, d]=\ or u>.   If

cy = ca/, zF = cV,

then /3 and y are even because y centralizes  W and so centralizes fl3(Cr(V))/V;

and then

ay m {c2)y m (cVV m c2«dW= ab2 m c2d\

by=c2yd2i = a1b = cid2;

hence  a = 8 = 1 mod 4, while ß = y = 2 mod 4.   And

2 „2 ,

c = c y    = ca Aßydß(a + S)_

but a + 8 = 2 mod 4, while ß = 2 mod 4, so /3(a + Ô) = 4 mod 8, so our equation

is impossible.

Hence O^C^V)) has order < 32,  so that some element of  V lies outside

«IKCjXy)); since V is central in C*T(V) and CT(V) is a 2-generator group, we

get that Cj.(V) is Abelian.   Therefore, the set S of elements of C^V) inverted

by zy is a subgroup of CT(V).   But 02(5) = S D V = W; hence 5 = W.

Now for any x € CT(W), [x, 2y] £ CT(V) and is inverted by the involution

zy;  so [CT(W), zy]< W.   Also  t normalizes (W, zy).   So  T = (Cr(W), i) normal-

izes (W, zy), contrary to the assumption that T has no normal E&.

We shall want to study F16's of T.   The following remarks about Ei6's

will be useful:

Lemma 3.   Let F be any E.,  of G.

(i)   Let T* be any Sylow 2-subgroup of G  that contains F;  let V* be a

normal Z^ x Z4  of T*.   Then  V* and F normalize each other, and Cp(V*) =

W* < F.
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(ii)   Suppose F contains more than one G-conjugate of some central involu-

tion co of T.    Then no conjugate y of co with y e F can be central in NG(F).

(This implies that AAF) is not a 2-group.)

(iii) Suppose F contains more than one G-conjugate of some central involu-

tion co of T. Suppose F is not a Sylow 2-subgroup of CG(F). Let T* > K> F

where T*, K are Sylow 2-subgroups of G, CG(F) respectively. Then $(K) n F

z's of order 2, and $(K) O F = (£) where Ç e W*, ^ ^ co, and £ is central in

NG(F).

Proof,   (i)   By Lemma 2, F centralizes VI*, and so by the four-generator

theorem of [12], F > W*.' Also, [V*, F] < VI*, so V* and F normalize each

other.   Alperin's theorem (Alperin [1]) in T* implies that CF(K*) = W*.

(ii)  Suppose y e F is conjugate to co and is central in NG(F).   Let 8 e F,

8 ~ co, and 8 4 y.   Let T* > F where T* is a Sylow 2-subgroup of CG(z5) (and

hence of G).   Then by (i), Cp(V*) = W*, so W* = (8, y).   But 8 is the only con-

jugate of 8 to lie in  W* (by Burnside's theorem and the hypotheses on NG(T)

and VI).

(iii)   K > F implies Í>(K) 4 1, by the four-generator theorem.   K < CjAVI*),

so the involutions of <I>(/0 all centralize V*, so lie in W*.  So 1 < 4>(K) O F

<W*.

Let N = NG(F);  then N = CG(F)NN(K) (Frattini argument), so N normalizes

$(K) n F.   If 3>(K) O F = W* or (tu*) (where w* ~G w), then co* would be cen-

tral in N, contrary to (ii).   Hence, (iii) holds.

Next, we have some useful results concerning 2-groups.

Lemma 4.   There is no 2-group T with V < T,  V S Z4 x Z4, CT(V) = V,

T having no normal Eg,  and [CT(f21(V/)):   V] = 16.

Proof.   Let W =iij(V), and let T0 = CT(W).  If [TQ:V] = 16, T„ induces

on V the full subgroup 8    (as in the proof of Lemma 2) of Aut (V).

There is a four-group of 5B    of which every involution a has C^(a) = VI.

(Namely, the matrices  1, (\  A, (\ 3), (2  2) form such a four-group; this four-

group can also be described as [B+, cp] where qb is any automorphism of order

3 in Aut(V).)   Let R/V induce this four-group on V.   Then every r e R has

r2 e Cv(r) = W; hence $(R) = W, and [R :$(/?)] = 16.

There is ß e S    such that ^viß) = VI and all the elements of V inverted

by ß lie in W.   (Namely, (J  2).)   Let x eTQ induce ß on V.   Then x2 eC^x)

= VI.  Hence TQ centralizes x ,  so for any r e R,

l = U2,7]=[x,7]x[x,r].
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Hence [x, r] £ V and is inverted by x, so [x, r] £ W.   Therefore [R, x] < W.

Hence $((x, R)) = W, and (x, R) is a five-generator group.   But then T has a

normal elementary subgroup of order 8, by the four-generator theorem of [12].

Lemma 5 (Thompson).   Ler S be a 2-group, A a normal Abelian subgroup of

S maximal subject to having exponent < 4.   Assume W = flj(A) is central in 5.

For any involution x £S -W, define W(x) = jz e W: x ~s xzj.   Then if x and y

are involutions of S -VI with W(x) O W(y) = I, x centralizes y.

Proof.   S stabilizes the chain A > W > 1 (i.e., centralizes each of the factors

A/W and W/l), so 0(S) centralizes A.  Hence if |xy| > 4, then the involution z

of (xy) centralizes A, so lies in A by Alperin's theorem [1].  But x ~ xz and

y ~ yz, so z £ W(x) D W(y).

We shall want to apply Lemma 5 with A = V and S = CT(W).  To justify this,

we give

Lemma 5a.   Let T be a 2-group containing no normal Eg, and suppose V <

T where V— Z4 x Z4.  Assume Cj.(flj(V)) bas index 2 in T,   Then V is a

normal Abelian subgroup of CAW) and is maximal such subfect to having exponent

<4.

Proof.   Suppose not, and let X > V, [X : V] = 2, where X is a normal Abelian

subgroup of CT(W) with exponent 4.   Then X = (x, V) for some involution x.

Qj(X)s E8, so X jd T and there is t £ T - CTiW) with x'= y where y 4 xmod V.

Let s = xy. Then s £ CT(V), so fl2«s)) < V, by Alperin's theorem applied

to T and V. So if |s| > 4 and s2 is an element of order 4 in (s), then s2 £ V

and x centralizes s2; but x inverts all powers of s. Hence |s| < 2, and s £ V

by Alperin's theorem, contrary to x ^ y mod V.

We shall need some remarks on metacyclic 2-groups containing a central Z4

xZ4:

Lemma 6.   Let L be a metacyclic 2-group containing a central Z. x Z,, V

say (so V = fl2(L)).   Then

(a) Any section of exponent 4 in L is Abelian.

(b) Let V{ = Q2.(L) = (x e L: |x| < 2'). Then every element of V¡ has order

< 2', so that V. = {x £L: \x\ < 2%

(c) Let x, y £L; then  \[x, y2]\ = l/2\[x, y]\ (unless [x, y] = 1).

(d) Let x, y £L with  |x| = 2m,  \y\ = 2* < 2m; then  \xy\ = 2m.

(e) There is r with [V. : V£_j] = 4 for 1 < 2 < r,  while [V¿ : V^j] = 2 /or

r + 1 < z < log2 (exponent ID).

(f) // [V¿ : Vf._ j] = 4, then the map x —» x2'       induces an (operator-isomor-

phism of V/V¿_ j ore/o VV.



SYLOW 2-SUBGROUPS WITH NO NORMAL ABELIAN SUBGROUPS 13

(g)  If x, y e L and x2 = y2, then x = y mod VI.

Proof,   (a)  Let M/S be a section of exponent 4 in L.  Then M is metacyclic,

so is generated by x, y with (x) <3 M and y~ xy = x" tor some number a.  Since

Q2((x)) is central in L, a = lmod 4.  Hence M' =(x°-1) < zM4 < S since M/S

has exponent 4.

(b) We need to show that it x, y e L have order < 2', so does xy.  Suppose

this is false, and let i be the smallest integer for which it is false (then i > 3).

Let D=(x eL: \x\ < 2i_1) = {x e L: |x| < 2*~l\.  Let x and y have orders

< 2'' but  |xy| > 2l + 1.

K lxl < \y\ = 2', then, in L/D, x = 1 and so xy = y; y2 e D implies (xy)2

eD, so that |(xy)2| < 2''-1, so |xy| < 2'.

If |x| = \y\ = 2 , then, in L/D, x and y are involutions; if |xy| > 4 in L/D

then L/D contains a D„,  contrary to (a).

(c) We may assume [x, y] 4 1.  Let (z) be a normal cyclic subgroup of L

which contains L ; then

[x, y] = z    '    for some £ and some odd i;

U,y2] = [x,y][x,yF = z2*f(za)2*1';

but « = 1 mod 4, so

[x, y ] = z        '    for some odd /,

and (c) follows.

(d) (xy)2 = xyxy = xxy[y, x]y = x2ydy, where tí = [y, x].   Let M = (x, y).

Now M   = $(M) = (x2, y2) is generated by elements of order < 2m     ; hence

every element of $(M) has order < 2m~l.   Also, M4 = (x4, y4) and every element

of M4 has order <2m~2.  M/M* has exponent 4, so is Abelian by (a).   Hence

d €M4 and so has order < 2m_2.

(xy)2=x2y2dy.   \y2\,  \dy\<2m~2,  so   \y2tP\ < 2m~2, while  |x2| = 2m-1.

The lemma follows by induction.

(e) Suppose not; then, for some i, [V¿:Ví_i] = 2 but [V¿+i : V¿] = 4.  Then

V.  j/V,.! has order 8, exponent 4 (hence is Abelian), and only one involution,

which is impossible.

(f) It suffices to-show that x —* x2 induces an isomorphism of V,-/V._i

onto Vi_l/Vi_2, and iterate.   Vi_l = $>(V¿) - V2, so the induced map is onto.

For x, y e v\,

(xy)   = xyxy = x y[y, x]y.
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Now V/V* is Abelian, and V? = V._2,  so [y, x] £ V._2.   Hence (xy)2 =

x y   mod V,   »,  so x —» x    induces an isomorphism.

(g)  Let x=   yt.   Then x2 = lyt)2 = y2tyt,  so y inverts /.   Since V = 02(L)

is central in L,  this implies í   = 1.

We will now assume that the involutions of VI fall into two G-classes, say

{coi and ico,, co2|.

Theorem A.   Lei T be a Sylow 2-subgroup of a finite group G which is

fusion-simple.   Assume that T has no normal elementary subgroup of order 8;

NG(T) = TCG(T);  T ^k Dg; and the involutions of the unique normal four-group Vf

of T fall into two G-classes.

Then one of the following holds:

(a) TSíD      \ Z2, where m>4.

(b) T = ((a™\) x (ß, p), n, r:  a2 = A2" = ß2 = a2"   = 1,  aAa = A"1, ßpß =

¡l     , rr   = Aft, 77 centralizes A and ¡x, [a, 77] = A, [ß, rr] = p;  r2 = 1,   aT = ß,

Ar = p, rrT = 77), where re > 2.

(c) T» D+    1 Z„  «/¿ere m > 4.
2»« 2

Proof of Theorem A.   Firstly, if W < Z(T), then the two G-conjugate involu-

tions 6>j, co2 of VI must be conjugate in NG(T), by Burnside's theorem.   But

this is impossible because NG(T) = TCG(T).   Hence W ¿ Z(T), and Qj(Z(r)) =

(co) say has order 2;  and coj, co2 £ W - Z(T).

Let  V be a normal  Z    x Z    of T (V exists by Theorem 1).   By Lemma 1,

CAVI) - CAV) cortains a conjugate  a of co.   By Alperin's theorem [1],   a does

not centralize V,  so there is v £ V with  av = ax, where x £ IV _ {1}.  Then if

y £ W - (x), we have (ay)v = axy.   Hence, for all  a ^ co,  a £ CT(W) - CT(V),

we have | cclG ( a) n aW\ = 2 or 4.

Hence, we can partition the proof of Theorem A into three cases:

1.   C_(W) - CAV) contains  a ^ co with every element of aW conjugate toco.

2..   1 is false, but CT(W) - CT(V) contains  a ~ co with cclG (co) <~\ aW =

{a, CKDjj.

3.   1 and 2 are false, but CT(W) - Cr(V) contains a ~ co, and, for every

such a, cclG Ico) naW = {a, aco\.

We shall write TQ tot CT(W).

Case 1.   Tiere ts  a ~ co in T0 - CT(V) u/z'ii  aW < cclG(co).   Let T*  be

a Sylow 2-subgroup of CG(a), and hence of G, containing (a, W).   W* n (a, W)

contains a.   If it contained more, it would contain a conjugate of cop so W* =

(a, co.) or (a, co2); but these both contain two conjugates of co, while W* con-

tains only one conjugate of co.

Hence W* n W = 1.   Since W < T*, [W*, W] < (a), so W* normalizes (a, Vf).
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Now co. and <u2 are the only members of their G-conjugacy class in (a, W), so

are fixed or exchanged by W*. It they are exchanged, then co.co2 = co e [W, W*],

which is false.   Hence [W*, W] = 1, and F = W*W = W* x VI & El(¡.

Let    (VI*)   ={a.,a.j, a2\.  Then co^,co2, av a2 e F are G-conjugate to (Uj,

while a, co, aco, acOj, aco2  e F are G-conjugate to co.  We shall now determine

the full G-fusion pattern in F, and show that AG(F) contains a subgroup isomor-

phic to  2, x 2-1.

F<T* (Lemma 2), so, for each f e F - VI*, I 4 if, V*] < W* (where V* is

any normal Z4 x Z4 of T*).   In particular, o)j ~ co^x for some x e (W*)    and

w2 ~ eu2y for some y € (W*)  •   Therefore   |cclG (coA O F| > 6.

If 5 divides |AG(p)|, then F must contain 10 conjugates of Wj and 5 of

co, and the product of the 5 conjugates of co is 1. But a • co • aco • aco. • ata,

«<u¿ 1.

If 7 divides  |Ag(F)|, then there is a hyperplane of F whose involutions

are all G-conjugate, and F has at most one additional involution of this conju-

gacy class.   Hence, there is a three-member subset S of \co.,co2,a.,aA, or a

four-member subset S of ja, co, aco, aco., aco A, such that all involutions of (5)

are conjugate.   But this is false.

Hence AAf) is a Í2, 3Î-group, and is not a 2-group by Lemma 3(ii).
ü

We now note that AG(F) has no fixed points on F  ; for if N = NG(F),  then

CF(N) < W* n VI = 1, by Lemma 3(ii).

The size of each orbit of N on F is a j 2, 3!-number, and so F contains at

least 6 conjugates of co.   But if F contained exactly 6 conjugates of co, their

product would be fixed by N and so must be 1, which means that the sixth would

be the product of the five we have already; but this product is co, which would

not be a sixth element.   Hence |cclG (co) n F\ > 7.

Suppose |cclG (co) OF| = 7. Then there is some union of orbits of N which

has size 7. Hence N contains no fixed-point-ftee 3-element, and the 3-elements

of N have orbits as follows:

ix}; jy!; jxy!; \a, b, ab] = Y# say; xY#; yY#; xyY**.

Each orbit of N is a union of these, and it follows that cclG ico) D F falls into

an orbit of N with size 4 and one with size 3.  Since N has no fixed points on

F, the product of the elements in each orbit is 1.   Hence the orbits are  Y    and

(say) ixl U xY .   In particular, cclG ico) nF isa hyperplane of F.   But we have

already seen that this is false; and indeed, the same argument shows that

\cclG ico A HF\ 4 7.

Suppose  |cclG(ü>) OF| = 8.   Then  |cclG ico A O F\ = 6 or 7.   7 is impos-

sible as we have just shown; and 6 would leave one element for F   — cclG ico)

UcclG(<i>,), necessarily central in N.
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Hence |cclG (co) O F| = 9 and |cclG (co j) O F\ = 6. This means that there is

precisely one x £ (Vf*) with a>l ~ cOjX, and precisely one y £ iVf*) with a>2 ~

co2y.   By interchanging a^ and  a2 if necessary, we may assume

eo, ~ co.a..

(Note that coj ~ coja, or <¿>2a2, not coja since cota ~ co.) Then the product of

all the conjugates of cOj lying in  F must be 1, and so

<u2«\. co2a2.

Hence, F = (coj, aj) x (co2, a2) where (coj, at) and (co2, a2) contain all the

conjugates of co^, and all the "cross-elements" are conjugate to co».  The auto-

morphism-group of this pattern in F is isomorphic to  2, \ Z2<  We will now show

that AG(F) contains a subgroup isomorphic to  2, x 2,, where one direct factor

acts on (coj, a^) and the other acts on (co2, a.-).

Let A = AG(F).  A is not a 2-group;  2, \ Z2 is 3-closed, so 0,(A)> 1.  If

0,(A) were generated by a single 3-element whose centralizer C in F were a

four-group, then A would leave  C invariant, and since  A/0,(A) is a 2-group, A

would have a fixed point on F.   Hence 0,(A) contains a fixed-point-free 3-ele-

ment.

Since A has no fixed points on F,  F is a Sylow 2-subgroup of CG(F) by

Lemma 3(iii), and so V induces a four-group on  F.  Hence A contains a four-

group, and we must show that A cannot have as Sylow 2-subgroup the four-group

(y, 8) where y exchanges (coj, at) and (co2, a2) and 8 acts nontrivially on each.

Namely, if it did, then (y,8) would be induced by  V; but  [F,(y,8)] contains an

involution from each of (co., a.) and (co2, aA, and also a four-group consisting

of elements in neither one ("cross-elements"), so [F,(y,8f] has order 8; but

[F, V] < Vf which has order 4.

Hence, the four-group induced by  V is (8., 52) where    S, centralizes

(co., a.) and 82 centralizes (co2, a,).  Now (8.,8A does not normalize any

cyclic group generated by a fixed-point-free 3-element.  Hence  |0,(A)| = 9, and

A contains  2, x 2,, as claimed.

(i)  CT(V)>V,

Proof.  Suppose false.   [T:TQ] = 2, and  [Tn : v] < 8 by Lemma 4.   F induces

a four-group on  V, so 4 < [Tq :Vl < 8.

We first find the exact isomorphism type of  FV, which is as follows:  there

are x, y £ V such that  V = (x, y) and FV =(x, y, av a2) where x2 = COj, y2 =

co2, aj inverts  x and centralizes y, and  a2 inverts y and centralizes x.   To

prove this, we first note that the fusion pattern of involutions of F implies that

[v, a.] = (co. ) and  W, a 2] = (co 2), so that C „(a A and CyiaJ both have order 8. Let
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Cv(al)=(W,y);       Cv(aA = (W, x).

We have that F is a Sylow 2-subgroup of CG(p) (Lemma 3(iii)), so x ^ y mod VI,

and [a., x]= co., [a2,y] = co2i. It remains to show x   = <Oj and y   = co^. Now

x centralizes  (a2,coA = F, say, and acts nontrivially on (a^, co.)- F.; y cen-

tralizes  Fj and acts nontrivially on F2.   There is a 3-element 8 of NG(F)

which acts nontrivially on F2 and centralizes  F., and so centralizes x mod CAf).

Thus  x normalizes (8, CAf)).  Cg(F)= F x R where  R has odd order, and the

subgroups of order 3|R| in (z5, CG(p)) are (Sc, R) where c e F satisfies c    c c

= 1, so c e F2.   Hence

x   = xcz   where z e R, ce F.;

(x2)8 = (xcz)2 = x2-*c cz z.

But x   e F, so (x )   e F and 2*2 = 1.  Also, cxc = 1 because c e F2.   Hence

(x2)8 = x2, so x2 e W# O F* = Icüjl. Similarly, y2 = cor

Now take íx, y¡ as a basis for V.   x y   = co,a>2 = co is the unique central

involution of T, so with respect to this basis, the matrix-group induced by T on

V is contained in the Sylow 2-subgroup (8 , (J Q)) of Aut (v).  The matrix-group

induced by F is  ((¡* °), (* °)), which is normalized by (° J) and 8+. Hence, FV« T.

Take cp eT - TQ, and let  U = AT (v). The action of 0 on  Ü can be deter-

mined from the action of (l  A on  8 .  Namely, if  TQ = FV, then (U, cp) = Dg

and we can choose cp so that cp    centralizes   V.   If [TQ: v] = 8, we have

tyc/>) > [U, cp],       |Ly<p)| \[U, cf>]\ = 8,

and so  ICyOp)! = 4 and (^(0)= <(^ °), (^  2)) = C8+(ç6). Hence ci can be chosen

so that cp    induces  1 or (2  2) on  V.

Now (aj, V) contains precisely two Eg's, namely  (a.j, W) and  (a,, x, Vl).

V normalizes them both.  Suppose  c e T0 induces  (2 \) on  V; then we claim c

also notmalizes both these  Eg's.   Namely,  c    eCAc)= W implies that c inverts

Uji c], so [aj, c] e (xy, Vl); but a2 = 1 implies that al inverts  [a,, c], so

[aj,c] e(x, Vl); hence  [a.j,c] £ If, so c normalizes both Eg's.  Similarly, c

normalizes (a2, W) and (ct2y, VI). .

Let E= (aJ( W).  Now <tS2 normalizes  E (whether cf>2 induces 1 or (2 ?)

on V), so q> normalizes (E, E*).  (E* is (a2, W) or (a2y, W).)  E and E* are

normalized by c and FV, so by TQ.  Hence (E, E*) <3 T.

But, by Lemma 5a,  V is maximal in  T0 subject to being Abelian of exponent

< 4.  Hence Lemma 5 applies to a} and   at, giving that   a* centralizes a,.

Hence (E, E^) is a normal E,, of  T, contrary to hypothesis on T.
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This finishes the proof of (i).

CAV) is a metacyclic group (Alperin UJ).  We now employ a construction

which will give a homocyclic Abelian subgroup of index 1, 2, or 4 in  CT(v).

For y any involution of   TQ - VI, and  H any subgroup of   G, we define

V/ly; H) = \v£W:y^H yv\.

Further, define

/(co1) = !y £ T0- W:y~co, and W(>"> T) = <wl>!'

/(co2) = \y £ T0 - VI : y ~ co, and W(y; T) = <<u2>».

Then  a, £ llcoA, a2 £ lla>2).  By Alperin's theorem, if y £ íleo A,

1 < V/ly; V) < Wly; TQ) < VIiy; T) = (co.),

fot j= I, 2; and hence   Vlly; TQ)= (co), so that  /(co,) and  /(co2) centralize each

other elementwise (by application of Lemmas 5a and 5 to  V and   TA.   Hence

Hl = (l(û>A)      and       H2 = (l(co2))

centralize each other.

(ii)  Hj ^(titùA) has A0 £ V n/i, with A2 =cov

Proof.   Let </> be any element of  T - TQ, and let 2 = <p~1alcf>.  Then iHz; T)

= cb~lVflax; T)cb = cp~  (co^rA = (co2), and so  [a,,z]=l by Lemma 5.   Hence E =

(àj.z, W)3ïE16.

[V,   aj] and  [v, 2] are of order 2, so  Cyla^ and  C.7(z) are of order 8.   We

claim CyXaj)/ Cy(z).   Namely,   E contains more than one conjugate of co (e.g.,

co and atco), so Lemma 3(iii) applies to E.   Hence, if Cy(aA= Cy(z), then  E

would not be a Sylow 2-subgroup of  Cg(e), and so  co,   or a>2 would be central in

NG(E).  If cox is central in NG(E), let T*> T*> E where  T* and  T* ate Sylow

2-subgroups of  G and  CG(co'j) respectively.   W*< E and  Cg(V*)=  W*, by Lemma

3(i).  Hence  W* = (co,, a.), which is impossible since (co., a.) contains no con-

jugate of co.  We may assume co2 is central in NG(E).  Now there is S £ G which

cycles  a,,co,, and a co.; cp~   8(p then cycles z,co2, and zco2, so zco2^¿co.

Let  T*> T* > E where  T* and  T* are Sylow 2-subgroups of G and CG(z) re-

spectively.   Then, as above,  W* = (2, co2) which is impossible.

Let Cvlal)= (a, W), Cy(z)=(b, Vl). Then c = ab   has order 4, and    c2 =

co since  r/> exchanges   C^iaj) and  CAz) so that (c, W) <\ T.

Let  U = Q3(CT(V)).  Then   U > V, by (i).   The map zz —» zz4  lu £ U) induces

a homomorphism from  U/V into W, and this homomorphism commutes with T-con-

jugation.  So if  W : VI = 2, the image of this homomorphism is (co); so, whether

W : V] = 2 or 4, there is y £ U with y   = c.   Also,  TQ centralizes  U/'V, so that

a^i = a.v tot some   v £ V.   Then
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ajeo, = aj = ay   = (a^v)y = a^v ,

since y centralizes  V.   Hence v   = cuy, v e V, and v = a^ay e H¡.   This proves

(ii).

s(iii) Write H = (tfj, co), and take XQ e H{ O V with AQ = coj.  Then there i

A < H with CH(A)= A, (AQ, W) < A, and AsZ    x Z2 for some r> 2.   The in-

volutions of /(cOj)are all congruent mod A, so that [H : A] = 2.

Proof.   We first show that there is no K < TQ,   K< H, with K S Z4 x Z4.

For if so, let cp e T - TQ; then K* < H*, so  K* centralizes  K, and (K, K*) is

a normal Abelian subgroup of T of exponent 4.   Hence  (K, rv™) has order 16, so

K = K   ,  i.e.,   K « T.   Then 0^/0= W, since  T has only one normal four-group.

H^ centralizes  H and hence   K,  so the involutions of H^ lie in Qj(Cy.(K)) = W

(Alperin [l]); but a2 e H4', a2 4 W.

Now B =(^o' W) < H, and B « TQ. So there is a normal Abelian subgroup A

of f/ with B < A and A = CH(A); and we may take A to be normal in TQ. Then

A has rank 2, since (A, A"7") is a normal Abelian subgroup of T (where cp eT —

TA and so has rank 2.   i)2(A) = B.

We claim that A = Ch(b).  For if not, there is R with A < R < CH(ß), [R :A]

= 2, and  R <1 T„.   Now  A > ß  (for if not, A = CH(A) = CH(ß));  let A = (A) x (co),

|A| = 2" > 8.   Then  R = (A, r) where  r   e A.   r    centralizes A and r centralizes

fl2((A)), so Ar = Az for some z eVI-{l\.   r2 e CA(r) = Z(R) = (A2, co).  The co-

boundary group of r on A is (A z),   so we may take r   e IV.   Now  [R :Z(R)]= 4,

and the three maximal subgroups of  R which contain  Z(R) are A; (r, Z(r)); and

(rA, Z(R)).  A and (rA, Z(r)) have exponent 2", while S =(r, Z(r)) has exponent 2""1.

Hence S < T0.  If r    can be taken as 1, then K = iîj(S) is elementary of order 8, and for

any q> eT - TQ, K® < H® which centralizes  H, so (K, K7 is a normal elemen-

tary subgroup of T of rank > 3.   If r    cannot be taken as  1,  then  K = OjCsO =

Z4 x Z4, and  K <¡ TQ, which we have already shown is impossible.

Now let y e /(coj).  y 4 A since Oj(A)= VI, so y induces a nontrivial auto-

morphism of B, i.e., A¿ = AQz for some z e VI - {11.  But then y ~ yz, so by def-

inition of   /(cOj), z= coj.  Hence, all elements of /(coj) are congruent mod CAB)

= A.

(iv) Let H and A be as in (iii).   Then there is A e A such that A = (A) x (co),

and cij inverts A; |A| = 2" > 4; a^A2) and aA(A2) < l(coA, while ajCo(A2) does

not meet licoA.  Thus, H > f/j if and only if ctjCoA ¿ /(cOj).

Proof.   There is 77 e A with A =(7z)x (co), and |t7| = 2" > 4.   Then there is

y e /(coj) with a^y e A - (n2, co), for if not, H = (l(coA,co) < (a., n2,co)< H,

Take A= a^y for some such y.  Clearly a,(A ) and aA(X ) <l(co A.  a.coi

¡(co.) because we know from the fusion pattern in  F that  a.co ~ co,.
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For <f> £ T — Tq, we now let

D = (H,H4') = (av Á) x (a2, p.)

(where p is to H® as A is to H).   Note that if TQ = D, the isomorphism type of

T is determined.

(v)  Suppose TQ> D = (ax,X)x (a2,p).  Then

(a) Each element of TAD acts semiregularly on the set of D-classes of

E16's of D (and hence [Tq:D]<4).

(b) f7j = (aj, A); hence (A),(íí)<1 TQ and are exchanged by T/TQ, and Tn

= FCT(V).

Proof,   (a)  Let x £ TQ- D fix a class of El(¡'s of D; we may assume x

normalizes E = <jj,y2,W) where yt £/(cOj), y2 £/(co2).  Now from the defini-

tion of /(cOj) and /(co2), all automorphisms of E that can be induced by an ele-

ment of T0 ate already induced by V.   So, adjusting x from V if necessary, we

may assume x centralizes  E.   x normalizes  fY = (y,, A, co), so normalizes the

unique Z     x Z, of fY.  Hence A* = \" mod VI, tot some odd integer a.   Then

(yiA)x = yxXx = y,Aa = (y^A*-1    mod VI;

iy2p)x = (y2/jV6_1    mod VI,

for some odd  b.   a—I and è— 1 are even, and so x fixes every class of E,6's

in D.   So, adjusting x again from D, we may assume x normalizes E.   But

NT (F)= FV< D, so x 6 0.

(b)   Let xD £ Z(Tq/d).  Then x must move the classes of Eg's in both H

and H   .   Adjusting x from D, we may assume ax. = ajA mod VI.   Adjusting fur-

ther from  V, we may assume a^ = a,A or ajAon.  If the latter, then

(ajeo)* = ajAcoco = a,A ~ a .

But we know from the fusion pattern in F that a}co ^ co,.  Hence a^ = a.A,

(a^coY = ajAco, so ajAco 4 /(co,), hence fY > E, = (aj,A) where A is as de-

scribed in (iv).

We shall write

A = <A, p);      C=CT(V).

The structure of C now follows:

(vi) If T0 = D, then C = A.

If [T0 :D]= 2, then C is Abelian and 0(C) = (A/i,A2>.

If [Tq:D]= 4, then 0(C) = A, and C = (p, a) where p

and  [p, cr]= 1  or co,.   (Here 2" = |A| =   \p\.)

2"     ,,      „2"co., cr'   = co.
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Proof.   The map x —>x induces an isomorphism of A/A    onto W, and

this isomorphism commutes with T-conjugation; so TQ centralizes A/A ,.

Suppose [Tq:D]=2.   Then C = (t7,A), where 272 eA.  C/A is metacyclic

and Abelian, so 772 4 A2; 772A2 is T-invariant in A/A2, so 772 = Azxmod A2.  27

normalizes (A) and (p), and centralizes V; so, since T/Tn exchanges (A) and

(p), there is 7 = 0 or 1 with Xn = Aco'j and p? • pio2. Then 27 centralizes A2, and

iXpT = Aftco'.  But 77 centralizes 77 , so 27 centralizes (Xp, A ), and /»0 as claimed.

Suppose [Tq :D]= 4.   Then C/A    has order 16, has a central four-group

A/A , and is metacyclic.   Therefore, C/A    has exponent 4.   By Lemma 6(a),

C/A    is Abelian with A/A    as Frattini subgroup, so that C is generated by ele-

ments p, o with p   =X and cr2 = /i mod A .  p and o" centralize V and normalize

(A) and (p); so there are 2 = 0 or 1 and 7 = 0 or 1 with A^ = AcOj, p17 = ftco', A0-

= Aco7j, and pp=pco'2.   Then C = (p,cr) centralizes A2.  Since p2 eAA2 and p

centralizes p , we have 2 = 0.   Then iXp.)*"* = Xpco',.  But (per)2 e XpA2 and per

centralizes ipa)r, so 7 = 0.  So C   = A is central in C; C' = ([p, a]); and [p, a]

= 1, so [p, a]= 1 or co, as claimed.

(vii) If [T0 iß] = 2, then for any 27 e CT(v)- A with zr2 = A/t, we have

[ctj, 77] = AcOj,      [a2,77] = pío I,

where cf = 0 or 1.

Proof.   [a.j,77]   = [a.j,772]= [cij, A/i] = A ; hence [a j, 77] = Aizz for some zz- e

VI.   w e /7j, so «z/ e (coj), and so [cij, 27] = AcOj   where £ = 0 or 1.   Let cp eT -

TQ; ctj  e a2A, so a^ and a2 have the same effect on 27 by conjugation, so

[a2,27]= pxo^.

(viii)   T — TQ contains an involution.

Proof, (viii) holds if T/D — TQ/D contains an involution z5D. For then there

is a normal series of D whose factors are four-groups upon which 8 acts nontriv-

ially, and 8   e D; it follows that 8D contains an involution.

Hence we may assume [Tq '.O] - 2 and T/D is cyclic of order 4 (for if [Tq :

D]=4, then T/£>âiDg).   Let   8 eT-TQ; then 8 interchanges ctjC and a2C,

so 8   e (a,a2, C); by replacing 8 with 8a. if necessary, we may assume 5   e

C.  Hence 8   £ rrA, and centralizes A.  So we may choose A and p e(A) and (p)

so that AS = zx, /iS = A.  Then C&(8) = (Xp). Further, (5A£)2 = ¿52Ay'; (5A1)4 =

S4(A !zí2z). As S4 e CA(S) - A2, S4 is an odd power of Xp, so we can replace 8

by an appropriate <SA!  to get

8   = 27,   77  = Xp;      [ctj, 27] = Aco j,    [a2,77] = paA,

by (vii).
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We next find the elements of  T whose fourth powers or squares are co.

They are

£ C:  Order 8:   If re > 3, we get Aj/x,!/, where A. = A and p¡ = p2

If re = 2, we get rrV.   Order 4:  kQpQW, where pQ = A and pQ = p2

eSCuSajOjC:  None, since in  T/A, 82=m.

£ a,C ua2C:  None, since (a,A)2 = (p2) and (ajTrA)2 = pco = (p2).

£ ata2C:   (a,a2A)   = 1,  (aja^A)   = co^; so the only occurrence is that if

cf = 1, we have (aja^A)   = co.

£<5atCu5a2C:   For y £ C,

(5a,y)   = (5a,)      mod A    = 52a,at = va a .

And (77a,a2A) = co . So if <f = 0, 5a,C uSa2C consists of elements of order

4 whose squares £77a,a2A; if ç= 1, then 5a,CU 5a2C consists of elements

of order 8 whose fourth powers are co.

Now consider the transfer  v: G —>T/TQ.   Using the form given in [10, p.

206, Lemma 14.4.1], we have

v(5)=ng5g-iiig52g-i...ng52"-ving52ving52^ig-iT0.

The first product contains an odd number of factors g5g~   ; no g5g~    is in  TQ

since   |5| = 2™+    and  TQ has exponent 2"+ .   Since vl8) = 1, some factor in a

product other than the first must lie in  T-TQ.   T — TQ = ÔCU Sa.a,CU 8a.C U

5a2C.   The elements of these four cosets of C have orders  2"+ , 2C+ , 2  +   ,

and 2  +^  respectively.   Hence

,«-1
if ç = 1,    5 ~ 5a,y    for some y £ C;

if ç = 0,    5     ~ 5a,y        for some y £ C.

Suppose first that f =* 1.   If re > 3, then 5 = A1tx1, and NT((Ajzaj)) is a

Sylow 2-subgroup of Ng((Ajííj)).   (This is obtained by inspection of the subgroups

of order 8 in  T whose unique involution is G-conjugate to co; these are repre-

sented up to T-conjugacy by (Ajfi,), (A,/ij), and (5a,y) where y £ C)  Let y =

8axy; then since y ~ Aj/z,, there is g£G with (y)8 =(Xlp1) and N^.Wy))8^

NT((Ajftl)).   But N7.((Ajfi.j)) = (Cr(A.pA, aya2) where ata2 inverts Aj//^; and

NA(y)) = (CAy), co.) where co.  raises y to the 5th power.

If ff = 1 and re = 2, then  |5| = 16 and S2""1 = S2 = 77,.  NT«») is a Sylow

2-subgroup of NG((7r)).   Let y = 5a,y; then there is g £ G with (y)8 = (rr) and

Nr((y))8 < NT((7r)).  But Nr((77))= (CT(77), ata2) where a,a2 cubes 77; and

Nr((y)) =!(C_(y), co,) where co, raises y to the 5th power.

Now suppose ç = 0.  5     =/\.Qp0, and CAX0pQ) is a Sylow 2-subgroup of
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CG(XQpA.   Let y = f5a.jy; since y ~ XQp0, there is g e G with y8 = XQpQ and

CjXy)8 < CT(A0fí0), i.e., (y,co)8< (C,8).  Hence (y2,co)8 = ilj((C, 5))= W.   But

(y )* = co, so co8 = co.  or co2, contrary to hypothesis.

We now have some easy fusion results:

(ix) No involution of T - TQ is ~ co,.

(x)  Let x e T - T0 have x   ^ co; then x ~ some element of TQ.

Proof,   (x) follows from (ix) by transfer; for if v: G —>T/TQ is the transfer

homomorphism, then

vix) = l[gxg'lngx2g-1T0,

and all the factors gx g~     lie in  TQ, by (ix).   The first product contains an odd

number of gxg~  , so since vix) = 1, some gxg~    lies in TQ.

To prove (ix), we suppose z is an involution of T - TQ with z ^ co.  Then

there is g e G with z8 = co arid CjXz)8 < T.   Now if CAz) contains y with y

= co, then y8 eT gives that co8 e <Ï>($(t)) < C, so cog = co which contradicts z8

= co,.  Such a y exists in A   whenever 72 > 3.   If 72 = 2' and [TQ tu] = 4, then

there are elements a, b generating C with az m è and èz = a, and ab or zzèco.

(according as C is Abelian or not) powers to co and is centralized by z.  If 72 =

2 and TQ = D, then T has normal E,6's.  Suppose 77 = 2 and [Tq :D]= 2.   Since

(A) and (p) are exchanged by T/TQ, we can choose A and p so that z exchanges

A and p.   Then 77   = A/i is fixed by z, so 1 = [77 , z] = [77, zF[t7, z] and 27 in-

verts  [77, z].  As ß2(C) is central in C, it follows that [rr, z] e W.   But z2 = 1,

so z also inverts  [77, z]; therefore  [27, z] e (co), and 77 or 77co,   is centralized

by z.

(xi)  Suppose  [Tq : D] = 2.   Then cf = 0 in (vii), so that  [tXj, tt] = A and

[a2,7r] = 74.

More generally, the 2-group T given by

T = <(a, A) x (ß, p), 77, r: a2 = A2   = ß2 = p2   = r2 = 1; a inverts A

and |8 inverts /¿; a   = ß, X  = p; n   = Xp,

77 centralizes A, zj, and r; a77 = oAco1, jS^  =ßpco7),

-,71—1

where 72 > 2, and coj = A        ,

27I—1
C02 = p ,   CO = COyC02,

cannot occur as the Sylow 2-subgroup of a fusion-simple finite group, under the

assumptions:  co j and a>2 7C co; every involution of (a, A) x (ß, p) is G-conjugate

to co or C0y, and no involution of T - CT(co.) is G-conjugate to co.

Proof.   We shall first verify that if [TQ : D] = 2 and z; =. 1  in (vii), then  T is

isomorphic to the group described.   Let t be an involution of T - TQ, and take
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A and p so that Ar = p.   Let a, = a, and let a^ = ß, so that ß £ a2(<x).   There

is rr 6 G - A with rr   = Xp, by (vi); r centralizes 77 , so 77 and r both invert

[77, r], and so [77, r] £(co); replacing 77 by ttco,  if necessary, we may assume 772

= Xp and r centralizes 77.

We now consider the given T,   By transfer, every involution of T -TQ is

conjugate to an element of fljCTg) = (a, A)x (ß, p), and hence to co or co,.   By

assumption, then, every involution of T -TQ is conjugate to co,.

We claim that for every involution x of T - TQ, (x, co) is G-conjugate to

(co., to) = VI,  Namely, x ^ to.  implies that there is g £ G with x8 = C0j and

C_(x)8 < Tn.   As co is a square in CT(x) (e.g., by the action of x on (A, p)),

cog eO(Tn) = (A, p), and so to8 = co, so that (x, co)8 = (coy co).

Now let H = (naß, XQpQ) ° (W, r), where AQ = A2  "     and pQ = p2       .   Every

subgroup = Q8 ° Bg of T with central involution G-conjugate to co is T-conju-

gate to H.  The E-conjugacy classes of noncentral involutions of H ate repre-

sented by co.  and four elements x of T — TQ.  For any of these x, (x, co) «v u/

so there is g £ G with (x, co)8 = VJ and N^Kx, co))8 < T.   Hence H8 < T, and by

adjusting g from T, we may assume H8 = H.   Therefore NG(E) acts transitively

on the five E-conjugacy classes of noncentral involutions of H, and so 5 divides

IV«>|.
Now N_(E) = (H, A., 77 ), and 772 fixes three of the five classes of

noncentral involutions, while AQ  only fixes one.   So AG(E)/Inn(E) is a subgroup

of 2, whose order is divisible by 5 and whose Sylow 2-subgroups are four-

groups permutation-isomorphic to ((12), (12)(34)).   But 2,  contains no such sub-

groups.

(xii)  [T0:D]<2.

More generally, whenever the Sylow 2-subgroup T of a group G with no non-

trivial 2-factor-group can be described as follows:

D = (a, X) x (ß, p)    as above (i.e., each factor is dihedral of order

2n+1 where re > 2), with A2"     =cOj, p2"     =

co2, and co = co,co2,   where coj >G co;

T = (D, p,a,r: p2 = X, a2 = p, [p, o] = 1 or co; [a, p] = Xco\, [ß, a]

= ¿¿co*; [a, a] = co\, [ß, p] = to\; r2 = 1; pT = a, aT = ß),

where i, j ate each 0 or 1;

then no involution of T - T0 is ~ co, and hence every x £T -TQ with x   ^ to

has x ~ TQ.  The elements of order 4 in TQ with square ~ co (equivalently,

square equal to co, since 0(TQ) = (A, p)) ate represented by A./z. plus the fol-

lowing classes in TQ -ip, a):
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If [p, er] = co, then

i = 0, y = 0:

J-0. 7=1:

2 = 1, 7 = 0:

z = l, 7=1:

25

a/3poA (where   A = (A, p)).

none.

ap,i0<A, Vl).'

aßpoA, app.0(X, W), and ctßpA.

Their centralizers in T are

CT(op/t0)= <ap/i0, W, p, ß)     if 7=1,

= <aptt0, W, /x, /3A0cr) if 7 = 0   (assuming i = 1).

CT(aßpa) = <cz/3po-, W, rAn/i0) ö Z4 ° Dg    (assuming » + ;' = 0).

CT(aßp) = (aj3p, ß, p0) sZ4xZjxZ2    (assuming t ■/ - 1).

If [p,o]= 1, then

= 0, 7 = 0:    none.

= 0, 7=1:   a/SpcrA.

= 1, 7=0:    aßpoA,app0(X), and ap7inco(A).

= 1, 7=1:   apzi0(A), app0co(X), and a./3pA.

Their centralizers in T are

CT(ap/i0) = CjXap/^co) = <appi0, p, W, a) if ; = 0,

= ("PfV A1' W' °^o* ^ if 7 = 1    (assuming í = 1).

CTiaßpa) = (aßpa, r, W) Si Z4 o Dg.

CTiaßp) = (a/3p, W, /3/z0) S Z4 x Z2 x Z2    (assuming  i = / = 1).

Proof.   We will first establish that if [T. : D] = 4, then T can be described

as in the assumptions of (xii); and moreover, that notation may be chosen with

a = a. and ß = a2 (we shall need this for a transfer argument later in the proof

of (xii)).

(A) and (p) < TQ and are exchanged by T/TQ.  So, if r is an involution of

T - T., A and p e (A) and (p), and p, a e CAV) = C, can be taken so that

pT = cr,    p   = A,    a   = /¿;    [p, ff] = 1  or co.

Now a' e a2(p).  If a' e a2(/t2), then by replacing r with rX~rpr tot some

r (this does not alter the action of r on Q we may assume a. = a,.  If ctj e OL7p(p ),
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it will be shown that we can still alter r so as to assume a^ = a .   We need to

find the action of a.  and a    on p and a.   Now [a., p] £ A =(A, p) < Z(C), and

[a1,p]2 = [a1,p2]=[a1,A] = A2.

Hence [a,, p] = Xw, fot some w £ VI,   But w £ H., so w £ (co A.   So [a., p] =

Xco\, where i = 0 or 1.   Conjugating by r, we get [a,, cr] = pco'.   But aT =

a   mod(zi), so has the same action as a2 on a; so [a , a] = pco\.   Also,

[a,, cr]2 = [a,, a2] = [a,, ft] = 1,

so [a,, a] £ VI; but [a, ,cr] £ E,, so £ (co,), so [ax,o] = co'.; [a2, p] = co'2,

where / = 0 or 1.

Now suppose aT. £ a.^/z. ).   If [p, a] = 1, then rp~ a also exchanges p and

cr, and is an involution, and sends a.   into a.(u \, so can be further adjusted as

above to get aT. = a  .   If [p, a] = co, then rp~ a is an involution, but sends p to

creo; however, we may replace a by aco without altering the defining relations of

T_.  With these adjustments, writing a = a.  and ß = a  , we have the T described

in the hypotheses.

We now find which elements of TQ - C have squares ^ co.   No elements of

D - C have this property.   Now F./A = (aA, /3A, pA, oA) where rA exchanges

aA and ßA, and exchanges pA and aA.   So the T-classes of cosets of A in TQ

ate represented by aA, pA, apA, aoA; a/3A, aßpA; poA, apoA; aßpoA.   The

cosets neither in D nor in C are represented by

apA, acrA; aßpA; apoA; aßpoA.

If 5 £ A, then (acr5)2 = Amod A2, and (apa8)2 = zxmod A2; so acrA and

apoA contain no elements with square equal to co.   Writing [p, a] = to , we have,

for 5 £ A,

(aßpoS)2 = (aßpa)2 = cof+y+\

and aßpoA is a single C-class.   Also, (ap5)   = cOj5a/35, so (ap5)   = co if and

only if z = 1 and  5 £ p0(X, VI).   And apfiAX, Vl) is a single C-class if [p, a] = co,

while it is two C-classes, represented by appQ  and app. co, it [p,a]= 1.

Note also that the proofs of (ix) and (x) go through under the assumptions of

(xii).   This completes the proof of the second part of (xii), and we will now use

the second part to prove the first part, namely that [TQ :D]   < 2.   We shall use

transfer to obtain a contradiction from the assumption [T. : D] = 4.

By (x), reo. ~ some element of TQ.   But rco. -4 A0/z0; for if so, there is g £

G with (reo,)8 = AQzi0  and C^írco,)8 < CAXquA = (r, C).   In particular,
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(aß)8 e (r, C) but (aß)8 4 co; but by (ix), no involution of (r, C) but co is ~ co

~ aß.

First assume [p, a] = co.   By knowing Cj-U) for various z eTQ with z2 = co,

we get that if rcoj ~ O-PP0> then CT(rcoA and CT(ap/i0) are both Sylow 2-sub-

groups of their centralizers in G, so should be isomorphic; but they are not (e.g.,

they have different exponents).   If rco, -4 app0  and reo, t¿ A..71.., but reo. ~ aßpa,

then CT(rcOj) is a Sylow 2-subgroup of CG(rco.), so there is g e G with

(aßpa)8 = rco j,      C T(aßpcr)8 < C r(rco, ).

Now all the Q's in CArcoA contain XQpQ, so some element of the Qs in

CAaßpa) is conjugate to A.fi,,.   Now all elements of T - Tß with square co are

T.-conjugate, so we must have aßpcrco. ~ A./i.; but aßpaco. ~ aßpa which

•4 XQp0 by assumption.   Finally, if rco^ ~ ap(z0, then C^Xap/i-) sZ, xZ, xZ,

is conjugate to a subgroup of Cj,(rco,) SZ, °D      2, but this is impossible.

Now assume [p, a] = 1.   If rco, ~ aPPn or aPPn<J>i trlen CT(rco.) is conjugate

to a subgroup of CT(appQ).   But the only involutions which are fourth powers in

CArcoA and CAappQ), respectively, are co and co, respectively, and co'-/co,.

If rcoj ~ aßpa but not to appQ or XQpQ, then there is g e G with

iaßpa)8 = rcov      CTiaßpa)8 < CT(rco. ),

and we get a contradiction by considering QR's, as before.   Finally, if reo, ~

aßp, we get Z, xZ,xZ2<Z4 °D  n  2, a conttadiction.

(xiii)  a^aJ. -4 co.

Proof.   By (x), reo. ~ some element of TQ.   Now by (xi), the only elements

of TQ whose squares ~co are T-conjugate to XQp.; hence rco. ^XQp0.  CAXQpA is a

Sylow 2-subgroup of CG(A0zz0), so there is g e G with ircoA8 =XQpQ and C^ircoj)8^

Cj-ÍXqPq) =(C,r).  But (C,r) contains only one conjugate of co, namely co itself; and

a.aT. eCjXrcoj), (ct-jO.^)8 7Ó co.

(xiv)   a^'j ~ coj, and F = (a^^, W) has AG(F) S 2«.

Proof.   F has precisely five conjugates of co, by (xiii).   These five elements

of F are permuted by AG(F), so AG(F) < 2  .

Now for any z e F with z ^ co, let U be a Sylow 2-subgroup of CG(z) which

contains F; then in U there is an element which conjugates the other four G-con-

jugates of co in F in two orbits of size 2.   The only way this can hold for all

such z e F is for AG(F) to be transitive on the five conjugates of co.   Hence 5

divides  |AG(F)|.   Also, V/VI < AG(F), and AAF) cannot be normalized by a 3-

element of AG(F) (for [F, XA has order 2 while [F, X0pA has order 4).  Hence,

AG(F) Si 2,.   We get AG(F) S£ 2,  by looking at subgroups of the relevant orders

in 2.;  in particular, 2.  has no subgroup of order 20 in which the Sylow 2-sub-

groups are noncyclic.
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Hence, one of the following holds:

(a) |T| = 22n+3 (where re > 3, else T has normal E16's), and T^cij.A)

x <a2, p), r) where r2 = 1, Ar = p, a^ = a2p (replacing r by some rX~rpT it neces-

sary),   (a,, a2, W) has automizer 1^ x 1,, while (a,, a2p., W) has automizer

25,.

(b) \T\ = 22n+4 (where re > 2), and T =«aj, A) x <a2, tt), 77, r> where rr2 =

Xp, rr centralizes A and p, [aj,77] = A, and [a2,77]=tt; 7=1, a, = a2/z, 77 =

77, and Xr = p (replacing t by some rX~rpT if necessary).   (av a2, W) has auto-

mizer 2, x 2,, while {a,, a2p, Vl) has automizer 2..

We will now show that PSL4 (£7) (for q = 3 mod 4) and PSU4 iq) (for q m

lmod 4) have Sylow 2-subgroups such as we have found.

Let U be a 4-dimensional space over GF iq) or GF iq ) respectively, and

write U = ¿7. © i/2, wnere 1° tne unitary case,  (/,  and U2 ate nonsingular orthog-

onal subspaces of U, and U.  and U2 ate 2-dimensional.   Let E. = SL   (V.)

or UiV A respectively (i = 1, 2), where SL    means nonsingular linear transforma-

tions with determinant ± 1.   Let 5. be a Sylow 2-subgroup of H ■ (i = 1, 2).  Then

5. are semidihedral, and

S.= (8.,ß.:ß2.T=l, 82 = ß2.r'\ 87lßä. = ß71ß?~1)
l %     I     •!      Ti *        Z "Z Z      "Z    Z "Z     "Z

where det(5.)= 1 and det(/3.) = - 1.

Let  a be an involution exchanging  U.  and  ¿72, and choose S, and 52 so

that

8a = 8.^,,     ßa = ß.+r
1      1+1       ' 1    "1+1

Then T = (5,, ß\, 82, ß\, ßxß2, o) is a Sylow 2-subgroup of Gj = SL4 iq) or

SU4 Iq) respectively, and T/(- 1) is a Sylow 2-subgroup of G = PSL.G?) or

PSU4 (q) respectively.

Let 5 = 5jj8j52/32; 5 is an involution of G., and 5 inverts A =(ßl, ß2,

/3j/32)mod(-1).   Let  A= ßxß2 , P = ßißj  , then A=(A,/i), and a centralizes
\ 1 • \27-1 i 2r_ 1 \ \27~2 , ?7-2
A and inverts p,. A = - 1 = p        , so A2 = A and p2 = p ate involu-

tions of G which are not conjugate to the involution 52 = ("' °) of G.   (- I de-

notes the scalar matrix - 1 of degree 2.)

T0 = (A, 5, a) is a direct product of two dihedral groups.   Let y = <5j.   Then

y exchanges (A) and (p), and also exchanges  cr and oSmod A; hence (y, TA S

D     |_ Z2, which is one of the isomorphism types we have obtained.

G has two conjugacy classes of E16's, one coming from Q8 ° Qg of G,  and

one coming from Qg ° Dg of G,.  Namely, let K =(82, a)= ((~< °A, (° 'Q)>~ Dg;

L = (X2p2,8)2i Ds; M=(X2p2,8l82) 2iQ8.   Then L and M both centralize K,
and K ° L S 28 ° 2g, K o m s Dg o g
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Case 2.   For every a~ co in TQ- Cj.(V), \aVI O cclG (co)| = 2, and there is

a ~ co in T0— Cr(v) with aW D cclG (co)= ¡a, acojt.  As before, we look first at

E.g's.   Let a ~ co, a e T0 - CT(v), with aW O cclG (co) = {a, acOj!; let ß ~ co,

ß e T0 - CT(V) with ßW n cclG (co) = \ß, ßco2\.   By Lemmas 5a and 5 applied to

T0 and V, we get that F = (a, ß, Vl) S El6.

Suppose Cy(F)> VI.   Then by Lemma 3(iii), C0j or co2 is the unique involu-

tion of $(C.,(F)), and is central in NG(F).  If C0j, let U be a Sylow 2-subgroup

of CAa) (and so of G) containing F, and let R be a normal Z4 x Z4 of U.

Then CpÍR^QjÍR) by Lemma 3(i), so a and C0j eñj(R) and Qj(R)= (a,cOj>.

But this contains two conjugates of co, violating Oj(R)~ VI.   For co2, we argue

similarly with ß instead of a.

Hence Cy(F) = VI, and V induces a four-group on F.   But [a, v] and [ß, v]

both have order 2, so CAa) and CAß) are distinct groups of order 8; so V =

(x, y) where ax = acOj and ßx = ß, ay = a and ßy = ßco2.  Then (x, y) conju-

gates aß to aßz for every z e VI; so by the hypothesis of Case 2, aß ii co».

Therefore, F contains exactly five conjugates of co.

Now let y e F, with y ^ co, and let U be a Sylow 2-subgroup of CG(y) con-

taining F.  Let 8 e F with 8 ^ co and 8 4 y; then 8 4 Vl(U) = the unique normal

four-group of U.   Hence, by Alperin's theorem [l] and the hypothesis of Case 2,

8 is conjugate in  U to 8w for some unique w e VI(U) .   If 8 ^ 8y, then F would

contain a four-group all of whose involutions are conjugate to co, which it does not.

Hence 8WÍU) O cclG (co) = \8, ScOyiu)] say.   There remain two conjugates of co in

F; let 77 be one; since the product of all five of them is  1, the fifth must be

nco2iU).  We have now shown that for any y ~ co in F, there is v e NG(F) which

permutes the other four conjugates of co in two cycles of length 2.   It follows that

Ag(F) is transitive on the five conjugates of co.   Also, taking x, y e V as above,

[p. x] and [p. y] have order 2 while [p. xy] has order 4.   Hence AGÍF)SÍ 2*,

for no 3-element can act fixed-point-freely on AyiF).  Hence Ag(F)= 2_.  By

Lemma 3(iii),  F is a Sylow 2-subgroup of CG(F).

We have shown:   For any  F = (a, ß, W) where a, ß ~ co and aVI O cclG (co)

= ia, acoji and ßW r>cclG(co)= \ß,ßco2], AGÍF) Si 1^ and F is a Sylow 2-sub-

group of Cg(F).  Also, for any y ~ co in F, and any Sylow 2-subgroup U of

CG(y) which contains  F, the remaining four conjugates of co in F may be written

as 8, ScOyiU), 27, and na>2iu), where co¿(t/)~co. (z = 1, 2), and ¿5,77 are to U as

a, ß were to T.   Also, we know what four-group it is which VÍU) induces on F.

(i)   T — T„ contains an involution.

Proof.   Let F = (a, ß W) as above, and let ii be a Sylow 2-subgroup of G

which contains a Sylow 2-subgroup R of NG(p).   \r\ = 27 and R/p Si Dg.

[R: R n[/0]<2, where  UQ = CyiWiu)).  Now R D UQ centralizes WiU)<F, and
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the Sylow 2-subgroups of 2. centralize only a subgroup of order 2 in F, so [R:

R n En] = 2. It follows that there is <ß £ R- UQ such that <p2 £ CR(F) = F, and

<p acts nontrivially on both V/lu) and F/Vl(u); and <?jF contains an involution.

(ii) cT(v)> v..
Proof.   Let <p be an involution of T - Tn, let a £ TQ with aW H cclG (co) =

{a, acó,!, and let jS = a®.   Let F = (a, ß, VI).   V induces a four-group on F,

and there are x, y £ V with a* = aco,, ßx = ß; ay = a, ßy = ßco^.   T/Tq inter-

changes xW and yVf, hence interchanges x    and y ; so \x , y ] ={co., coA.  So

there are two possibilities for Ap(v):  namely, writing matrices with respect to

the basis \x, y\ of V, either

(a) x   = co, and y   = o>2, so that a and ß have the matrices (q °) and

(Q A respectively; or

(b) x   = co2 and y   = co,, so that a and ß have the matrices (J  j) and (2  :)

respectively.

Now assume CAv) = V.   Then (<p, FV) normalizes (y, VI), where y = aß;

we will obtain a contradiction by showing (y, W) <1 T.   ÍTQ : FV] < 2 by Lemma 4,

and we may assume  [TQ :FV] = 2.   Since r/> is an involution, the fixed-point set

of cf> on Tq/V is a four-group, and in fact induces  ((q  3), (2   ].))•

If (a) holds, then TQ = (FV, y) where y induces  (2  2) on V.   If [a,y] and

[ß, y] £ W, then [y, y] £ W and (y, W) <l T; so we may assume [a, y] £ V - Vf.

a2 = 1, so a inverts  [a, y] and therefore [a, y] £ xW.   But y2 £Cv(y)= W, so

y also inverts  [a, y] and therefore  [a, y] £ (xy, VI), which is impossible.

If (b) holds, then TQ = (FV, y) for some y, and we may assume [a,y] £ V -

VI.   Again, a inverts  [a, y].  But a has the matrix (Q  ,) on V, and so a inverts

no element of V - W.

We shall now proceed as in Case 1 to obtain a homocyclic Abelian subgroup

of index  1, 2, or 4 in C.j.(v).  We define, as in Case 1,

Vl(y; H) = \v £ W : y ^ yv\

for any involution y of TQ - VI and any subgroup H of G.   Also

/(co.) = \y £ T0 - W : y ~ co and Wly; G) = (co.)\,

H. = </(&>.)),    for z = 1, 2.

Then E, and E2 centralize each other.

(iii)  H,  contains XQ £ V with AQ = co,.

Proof.   Let a £ jico A, ß £ /(co.,), and let F = (a, ß, W>.  Then  V = (x. y)

where a* = aco,, j8* = ß; ay = a, ßv = ßa>2.   xy has order 4, and xyW is the

unique T-invariant nonidentity element of V/VI.  Since C7-(v)> V, it follows that
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xy is a square in C_(v); say xy = r .   Then

acOj = axy = ar   = (a[a, r])r = a[a, r]2,

where [a, r] e V.  Hence [a, r]2 = coj, and [a, r] = aaT e Hv

(iv)  Let H = (Wj, co), and take AQ e V D Hj with A2 = coj.  Then there is

A <l H with (W, XQ) < A, CH(A) = A, and A Sá Z n x Z2 for some 72 > 2.   The in-

volutions of jico.) are all congruent mod A, so that [ß :A]= 2.

Proof.   Identical to the ptoof of (iii) in Case 1.

(v) Let H, A be as in (iv). Then there is A e A such that A = (A) x (co); a

inverts A; and |A| = 2" > 4. Moreover, aX e/(o>j), while aco and aAco 4 jico.).

Hence f/j = (a, A); and therefore (A) and (p)< TQ and are exchanged by T/TQ,

and T0 = FCT(V).  (Here p is to H* as A is to H, for <f> e T - Tn.)

Proof.   The existence of A is the same as in (iv), Case 1.   If aco (or aAco)

e jico A, then |aW ncclG(co)| > 3 (or |aAw O cclG(co)| > 3), contrary to the hy-

pothesis of Case 2.

(vi)  Suppose  T0 > D = (a, A) x (ß, p).  Then each element of Tq/D acts

semiregularly on the set of D-classes of E16's of D (and hence [Tq :D]< 4).

Proof.   Identical to the proof of (v) (a) of Case 1.

We get the structure of C exactly as in Case 1, with A =(A, it) and C =

CT(V):

(vii) If Tn = D, then C = A.0

If [T0:D]=2, then C is Abelian and $(C) = (Azx, A2).

If [T0 :D]= 4, then <S>(C) = A, and C=(p, a) where p2" = coj, a2" = co2,

and [p, a] = 1 or co.

The following fusion results are also proved exactly as in Case 1, (ix) and

(x):

(viii) No involution of T - TQ is ~ co.

(ix)  Let x e T - T q have x   ~ co; then x ~ some element of Tn.

We now determine T completely in case [T0:D]= 2.

(x) Suppose [T0:D]=2.   Then  \T\ = 22n+4 (fot some « > 2), and T =

((a, X) x (ß,p), 27, r) where rz2 = Aft, 27 centralizes A and /t and r, [a,77] = A,

and [/S, 27] = p; r   = 1, ar = ß, XT = p,.   Every E,, of T has automizer 2. in G.

Proof.   Let a e/(cOj) and let ß = aT, where r is an involution of T - Tn.

Take A and /1 so that XT = zx.  Since C is Abelian with co as characteristic in-

volution, C = (A,it,77) where 772 = Xp. r then centralizes 77 , so 77 inverts \r,n\

and so [r, n] e VI.   But since 7 is an involution, r inverts [r, 27], so [t, n] e (co).

If [r, 27]= co, we may replace n by   trcojto get

77   = Xp,       [r, 77] = 1.
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Then [a, it]2 = [a,7r2]= [a, A, p] = A2, so [a, n] = Xw fot some w £ Vf.   w €

E,, so w £ (co j), and (via r)

[a, 77] = Acof,       [ß, rr] = pco{       (f = 0 or 1).

Hence T is as in the hypothesis of (xi) of Case 1, so by (xi) of Case 1, <f = 0.

Every E,,  of T lies in D = (a, X) x (ß, p), and is generated by VI, y, and 5 for

some y £ /(coj) and 5 £/(co2); and we have shown that all such El6's have auto-

mizer 2,.

We shall now observe that PSp4 iq) (for q = 3 mod 4) has this T as Sylow 2-

subgroup, and has the 2. fusion pattern in its  E.g's.   Let U be a 4-dimensional

symplectic space over G¥iq), and let U = Ej © E2 where E,  and E2 are 2-di-

mensional nonsingular orthogonal symplectic spaces.   Let E. = SL(V )= Sp(V.)

(z = 1, 2).  Sylow 2-subgroups of E. are (8., ß.), a quaternion group, in the nota-

tion for SL   (V A which we used following Case 1.

Let a be an involution exchanging  U.  and E2, and assume 5. = 5.   .,

(/32r= j8?+r   Then T = (8v ß\, 82, ß\, a) is a Sylow 2-subgroup of G^ = Sp4 iq),

and T/(— 1) is a Sylow 2-subgroup of G = PSp4 (q).

Let A = ßlß2, p- ß\ß2   ■   Then cr centralizes A and inverts p, and 5*

5,52 inverts A and p.   Let 77 = ß2.   Then 77   = Xp, and

^ =(ß]V = ß22 = ß21(ß72ß22) = np~\

77ctS = /3J2 = ß\iß72ß22) = 7tX~1,      tt centralizes A and p.

Hence (08, X, 0, p, tt, = TQ.   Let y = 52.   Then y centralizes 77 and exchanges

A and p, and exchanges cr and 08.  So this T has the correct isomorphism type.

It is well known that  PSp4 iq) = O^iq). Now any E16, say F, of a 5-dimen-

sional linear group of matrices with determinant  1, has the 2, fusion pattern

(where the field has odd characteristic); for F can be simultaneously diagonalized,

so that each / £ F has the form diag la, b, c, d, e) where a, b, c, d, e ate each

± 1 (and not all are 1).   Since det (/) = 1, two or four entries must be - 1, and

there are at most (2)= 10 with two - l's, and i\) = 5 with four - l's; there are

15 altogether, so we have 10 of the first kind and 5 of the second kind.   F ad-

mits  2, acting on the five simultaneous eigenvectors, so the geometry of the  10

and 5 must be correct.

We now look at the case [Tq : D]= 4.   First we will exhibit examples where

such a T occurs.  Namely, SL, iq-) (tot q = 3mod 4) and SU» iq) (for q = 1 mod 4)

have D      2 \ Z2   as their Sylow 2-subgroups, where 2" is the highest power of

2 to divide q + 1 or q - 1 respectively.   (For these are the Sylow 2-subgroups

of GL4 Iq) and GU4 Iq), as in Fong and Carter [5]; and the Sylow 2-subgroup of
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the general group in dimension 4 becomes that of the special group in dimension

5 by adjustment of the fifth coordinate so that the determinant is  1, in each case.)

PSL, (q) and PSU, iq) have the same Sylow 2-subgroups as the linear groups.

The above remark gives that all E16's must have the 2; fusion pattern in these

groups.

We shall show that if [TQ : D] = 4, then T must be isomorphic to the Sylow

2-subgroups of PSL, iq) and  PSU5 iq) as described above.

The first step is to show that T can be described as in (xii) of Case 1, so

that we can use the calculation from (xii) of Case 1.   Take an involution r e T —

TQ, let a e jico A, and let ß = aT<.  We may assume Ar = p.  Now by (vii), Cr(V)

= (p, o) where p2 = A, a2 = p, and [p, a] = cok for k = 0 or 1.   Then pT = ox for

some x eW.   We may replace a by ax (and a,ß,p by a,ß,p) without altering

the relations they satisfy; so we shall assume pT = a.  Then we get [a, p] = Xco'

and [a, a] = co'j as in the proof of (xii) of Case 1; applying r, we get [ß, a] =

pco'2 and [ß, p]= co'2.

For reference, we repeat the description of T:

., ~ -.72 + 1 -,72 + 1 .,

T=(a,p,ß, a,r:a2 = /32 = p2       = a2       =r2 = l;

p2   =cOj, a2   = co2; [p, o] = cok; [a, p] = p2co\, [ß, a] = a2co\;

[a, a] = co\, [ß, p] = co2; pT = a, aT = ß) .

Here i, j, k are each 0 or 1. We have A » p2, p « a2, and D = (a, X)x(ß, p).

Note that  (a, p) and (ß, a) are dihedral if z = 0 and semidihedral if i = 1.

The Sylow 2-subgroups of  PSL5 (q) and PSU5 (q) are the T with k = 0, im I,

and 7 = 0; we need to show that these values of z, /, k must hold, and this will

be done by transfer arguments.

(xi)  7=0 (i.e., a centralizes o and ß centralizes p).

Proof.   Suppose / = 1, so that ßp=ßco2.   Then cclT   iß) = ß(p), andCr(/3) =

CT(/3co) = (/3) x (a,ppQ, W), where (pp0)2" = «j and ipp0)a = ipp0)~lco\co2, so

that $(Cr(/3)) = (p2, W).  Now ßco ~ co2, so there is g e G with (ßco)8 » co2 and

CT(/3co)8 < T0.  Hence W8 < í>(CT(/3co))8 < í>(Tn) = (A, p), so VIe = W; but this

contradicts ißco)8 = coy.

(xii) z = 1 (i.e., (a,p) and (ß, a) are semidihedral).

Proof.  Suppose z = 0.   Let a* e ap(p2); then no x e a*W is ~ co, for if so,

then x £/(cjj) since, by the hypothesis of Case 2, |w(x; g)\ = 2, but W(x; T) =

(coj), so W(x; G) = (coj).   As we have (j(coA) = (a, p2), x ?f /(û)j).   Also, no in-

volution y of a/8(p, a) can be ~ co, since Vliy; G) = W.

Hence, the E16's (a, ß, Vl), (a*, ß,Vf), and (a*, ß*, W) (where /8* e/3ff((72))
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contain respectively  5, 3, and  1  conjugates of co.   They also represent the T-con-

jugacy classes of E,, 's of T; so any two E,6's of T which are G-conjugate

are T-conjugate.

We claim ap ~ co,.   Namely, let M = (D,r, pa), maximal in T, so a~ M by

transfer.   (We shall write "x ~ E" to mean "x is conjugate to some element of

H".)  The only involutions of M - D ate conjugate to r or (if [p, o]= 1) to aßpa.

All involutions of D ate ~ VI.  So if ap 4' to., then either ap ~ r <4 W or ap ~

aßpa 4- r and VI.

CTiap) = (ap, W, ß, a),    of order 2"+4, if [p, a] = 1;

= (ap, W, ß, a2),    of order 2"+3, if [p, a] = co.

Cr(r) =(r)x (aß, paco\),    of order 2n+3.

\CT(aßpa)\ = 25 and CT(aßpa)>(w,r) or (W,7A0p0) according as [p, a] =

1 or co.

Suppose ap ~ 7 t¿ W.   Then in fact CjXap) is a Sylow 2-subgroup of CG(ap),

so CAr) is conjugate to a subgroup of CT(ap).  But the only involution which is

a square in Cr(ap) is co-, and co is a square in CAr), and co 4'Co2.  So we may

assume ap ^ aßpa.  Then CAaßpo) is conjugate to a subgroup of CAap); but

co is also a square in CjXajSpcr).

Hence  ap ~ co,, and there is g £ G with  (ap)8 = co,   and C^Xap)8 < Tn.   We

may adjust g ¡torn T so that  (ap)8 £ W and  K8 = K, where  K = (ap, ß, w).   But

g normalizes (cclG (co) O /<)= (/3, ßa>2, co) = (ß, Vl), contrary to ap 4 (ß, VI) and

(ap)8 £(ß,V).

(xiii)  k = 0.

Proof.   Suppose k = 1. We then note that (apzin)   = ct>. We argue that app0

~ M = (D, r, pa).  Namely, the only involutions of T — M lie in T — TQ (and so

are not conjugate to co by (viii)), since p(D, pa) contains no involutions.   Hence,

if v is the transfer homomorphism from G to T/M, then

viapp0) = HglappAg~lTlgcog-1M ^Uglap^g^M.

Since the last product contains an odd number of factors, appQ »v. M.

By (xii) of Case 1, the only elements of M whose squares are G-conjugate

to co are T-conjugate to AQp0 or 7co..

We argue that  appQ ¿ XQpQ.   Namely, if so, then there is g £ G with  iappA8

= Aoit0 and Cr(app0)8<   Cr(A0p0).  Now

Cr(app0) = (apß0) x (apn0ßaXQ, p) S Z4 x D      ,;
2"

CT(X0p0) = (r,p,a),
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so C_(A0/i0) contains only one Z4 x Z4, namely V.   So (appA8 = A0iz0 and p^

e V. Hence /i8, eXQW or pQW, and we have (op, pQ) ~ V and op ~ AQ or pQ.

Now (ap)CT= apeo, (ap)    = apcOj, so ap is conjugate to every element of

apVI.   Therefore in V, iap)8 is conjugate to every element of (ap)8«'.   We shall

show that neither AQ nor AQco is conjugate to its product with o>2, which will be

the desired contradiction.   Suppose A. <\, A.co2; then there is g e G with A8 =

AQco2 and Cr(AQ)8 = CT(AQco2), i.e., (ß, p, a)8 = (ß, p, a). Hence (p, a)8 = (p, a),

for (p, a) is the only subgroup of index 2 in (ß, p, a) whose derived group con-

tains an involution G-conjugate to co.  Now since co -4 C0j, AA(p, a)) is a 2-

group and so its action on V is just that of T.   But AQ is not T-conjugate to

A0co2.

Therefore appQ >/> XQp.Q, so appQ ^ rcOy 4-XQpQ.   Then Cr(rco1)SZ4°

D      2 and CAappASi Z4 x D      ,  should be G-conjugate, which is impossible.

Czzse 3.   There is a^co in TQ - CT(v), and for every such a, aVI OcclG(co)

= {a, aco\.   The basic strategy here is most simply explained by doing first the

case where V = CAv).

Let V = (zz, b), where zz2 = co e flj(Z(T)).   Then the mattix-group, with re-

spect to the basis \a, b] of V, induced on V by T is contained in (8 , (    .)),

where 8    denotes the subgroup of Aut (V) which fixes VI elementwise.   Note that

V(î ?)) = [8+,(| «A.«} «),(] »»,
(i)  No involution can induce L   A on V.

Proof.   Let y be an involution of TQ inducing (2  ,) on V; we shall show

(y, V/)<\ T.  Since (2 °A is central in AT(v), we have [y, t] e V = CT(v) for

each t eT.   But y   =1, so y inverts [y, f], and the only elements of V which

y inverts are those of W.  So [y, t] e W for any t e T, and (y, W) «d T.

(ii)   TQ contains a~co inducing (q  j) on  V.   For any cp e T - TQ, a* in-

duces (^  °A, and (aa*)2 e zzW.

Proof.   The only automorphisms possible for a  with   cclG(a)rta»i/= ia, aco!

are (\  °), (¡> °A, and (\ °A, and T/TQ exchanges (¡* \) and (\ °) in Aut(V).

(2  j) is impossible by (i), so a exists as claimed.

aa* induces (\  °) on V, and (aa*)2 e Cv(aa*) = (zz, W).   If (aa*)2 6 W,

then aa^V   would contain an involution, contrary to (i).

(iii) No element of TQ inverts V.   Hence AT (V) = ((y °), i\ °A) (for if

larger, it contains (; ,) since it is (,   j)-invariant).

Proof.   This follows from (aa^)2 e aV.

Namely, suppose 8 eT. inverts   V.   Then 8a= 8s for some s eV, and

8 = 8a2 = (8s)a = 8ssa;

hence a inverts s, so s e (zz, W).  (a, W)<3 T, so for all t e T, ss* e W.
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Let y = (aa^) .   We will compute 8^ in two different ways.   We shall need

to know 5a .  Now 8 = S^x fot some x £ V, and

5a* = (S*x)a* = (S*)aV* = (5a)V*

Hence

= (5s)^x[x,a*] = S[x,a*]s^.

5aa* = (5s)a* = (5[x, a*]s*)s^ = 5[x, a<*]s*s[s, a*].

Now [x, a*], [s, a*], and s*s all lie in Vf; hence

5       = Szzz,    for some w £ VI.

Also, y=au for some u £W.   Hence 8y = (5z/v)aa* = I8w)w = 8; but 87 = 8au =

5a .   This contradiction establishes (iii).

(iv) Notation can be taken in T so that

T=(a,b,y,a,<f>: (a, b) « Z4 x Z4; y2 = a, by = a2b;

a2 = l, ya=y_1, ba=b;

cp2 = 1, y* = y"1, b4, = a~lb, a* = ay)7

Proof. A7-(V) = (0, (q j), (2 ,)) for some 0 which does not centralize VI.

D2 £C8+((} J))OATO(V)=((» J)), and if D2 = i\ °A then (Q(3 J))2 = 1. So

there is 0 eAT(V)- AT (V) with D2 = 1. Now (} J)B+contains four involu-

tions, all conjugate in 8*. So by making changes of basis in V corresponding

to a similarity-matrix e S , we may assume that 0 = (3 ,). B is Abelian, so

this change of basis will not affect the matrices induced by TQ on V.

Ö2 £CTiV)=V, and also 02 £ CV(D) = (ab2); the coboundary group of 0

on V is (ab ), so there is an involution cp inducing Q.

a2 = cf>2 = 1, and aa* = [a, </>] = (a</>)2 = y say induces (2  °) on V.   Both

cf> and ainvert y, so y    £\a, a~  \, by (ii).   If y2 = a     , replace a by a~

and b by b~  , which leaves all matrices unchanged.

So, writing acp = 77, we can write T as

T = (a, tt, b: a inverts 77 and centralizes  b; a2 = 7716 = ¿>4 = 1; 77e = 775).

In particular,  T' is cyclic.   If follows from Chabot [6] that T cannot be

the Sylow 2-subgroup of a fusion-simple group.   However, a direct argument is

easy via Gru'n's first theorem.   Namely, G has no nontrivial 2-factor-group and

NG(T)= TCG(T), so by Gru'n's first theorem (M. Hall [lO, p. 214]), T is generated
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by G-conjugates of elements of T .   T =(rr ).   We will show that five nonidentity

cosets of Oír) = (77 , b  ) in T must fail to contain conjugates of elements of

(77  ), which implies that T is not generated by conjugates of elements of 7"'.

[l, b, rr, rrb, a, ab, a77, atb\ is a transversal to Oír) in T.

The elements of ttO(T) U 77zVO(T) have order 16, so cannot be conjugate to

elements of (77  )i.

If x £ aèO(T), then x   = b    or b tt   = co, or co^.  So if x ~ z e(772), then

x   ^ z    gives co^ ~ co*.

If x £ a77&0(r), then x2 = ab2 or a~lb2 (note a = rr4).  So if x ~ z £(rr2 ),

then ab2 ~ a.   But ab   4- a, for

CT(a) = (tt, b), 0,(CT(a)) = ÜxÍ(tt2, b)) = W;

CTiab2) = (tt2, b, air) > (arr, n2) S D,6.

Hence CAab ) and CAa) are not isomorphic; but they are Sylow 2-subgroups of

CAab  ) and CG(a), so would be isomorphic if ab   ~ a.

If x £ èO(T), then x2 = b2, b2a2, b2a, or b2a~l.   But (as just shown) none

of these are conjugate to elements of (77 ).

We will now discuss the case C7.(v) = Z     x Z., where re > 3; this case
z 2n 4' —

closely parallels the case CjAV) = V.

Let C = CT(V) = (a, b) where co = a2"      £ Z(t), and b has order 4.  We take
in — 2

fa , èl as a basis for V; then the matrix-group induced on V by T is con-

tained in (B , (j   ,)), and (2  ,) is central.

(i)  If y £ T induces (2   ,) on V, then we may replace a by ab if necessary

to get ay = a, by = b, and y2 £ oO(C).   (Note that if a is replaced by ai> (and b

by H we still have a2""1 = co and Ar(v)<<8+, (j  J)).)

Proof.   Since y induces (2  ,) on V, we have ay = a'b' where 2 = lmod 4;

and by = b.   y    £ C which is Abelian, so y    centralizes a, and

a = ia^'Ylcob)' = a''2co'V(,'+1).

But z + 1 = 2mod 4, so /' must be even; so we have a = a' , so i = 1 or 1 + 2"~  ,

and ay = az for some z £ VI.

Suppose there is y inducing (2  j) on V with y   = 1.   Then for any í e T,

[y, r] £ C and y inverts [y, 1]; but the only elements of C which y inverts, are

in VI, so [y, T] < VI and (y, Vl) is a normal Eg of T.

Hence yC contains no involutions,   z £ (co), for otherwise CG(y)=(a , b )a

coboundaries of y on C, so yC would contain an involution,   (i) follows.

(ii)  T0 contains a ~ co inducing (q ?) on V.  If <f> £ T - TQ, then a* in-

duces (\ °), and (aa*)2 £ aO(C).
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Proof.   Same as the proof of (ii) in the case CT(v) = V.

(iii) No element of T„ inverts V.  Hence ATq(v)=((^ °A, (»  °)) (for if

larger, it contains (q  ,) since it is invariant under (j   j)).

Proof.   Suppose <5 e TQ inverts V.   a   = as for some s e C.   Let cp eT -

:or some x eC, and (as)* = (a r = (a'

(a*)8 = (a*)8** = (as)** = a*s*[a*, x].

T0; then z3 = o^x for some" x e C, and (as)* = (a8)* = (a*)80.  Hen

Now

((aa*)2)8 = (as . a*s*[a*, x])2 = (aa*s[s, a*]s*[a*, x])2.

But aa* induces (2  J) on  V, so by (i),  [C, aa*]< W, and

((aa*)2)8 = (aa*)2(s[s, a*]s*[a*, x])2    mod W

= (aa*)2(ss*)2[s, a*]2[a*,.x]2'   mod VI.

Write y = (aa*)2, so that C = (y, ¿>) by (i); then

y8=y(ss*)2[s,a*]2[a*,x]2    mod W.

Now C, =(y , b) is a characteristic maximal subgroup of C, so [s, a*], «s',

and [a*, x] all lie in Cj.   Hence

yS^y    mod(C2, W) = <y4, è2>.

However, computing y directly, we have y = y~ c, for some c e C; f5 e

C implies that 8    centralizes y, so

/  -1  \8     i  -1   \-l   8 -l   S
y=(y    c)   = (y   c)   c   = yc    c ,

so that 8 centralizes c and therefore c e W; so y =y" mod(y , b ), contra-

dicting the above.

We have all this for any cp eT - TQ. It T - TQ contains an involution, we

shall choose cp to be an involution.

(iv) Suppose T - TQ contains an involution <p. Then, letting 77 = ac/>, we

have

T = (a, 77, b : a inverts 27 and centralizes b;

Proof. It follows from (ii) that 77 has order 2n+, and that C = (77 , b). We

need to compute 77fe; 27* = (acrj)6 = acpb.
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Now b® = a 'b! tor some odd z and /, since  V/VI is operator-isomorphic

to VI.   (We have taken zz = 27 ; this is consistent with (i).)  Then

72-2

so 7= 1, and b    = a 'b for odd z.   Then

i2 .,72—2.     .    ± -72—2.       -,72—2 .     .v . .,72—2...    ..     .2
b = b4,   = (zz2      'b'f = a'2      '(a2      *b>)> = a2      '«»"V ;

, , 72 —2 . n .
77* = aç6zz-2 ' = 7777 "2    '.

If i s- lmod 4, we are done.  If i = lmod 4, then the involution acpa of T-

T0 has

èa*a= è*a= (zz2""2¿c,)a= zz-2""2^,

so using c/>    instead of <£ (which replaces 77 = acp by aci   = acp[q), a]= 2727"

which is a power of 77), we may assume 77   = 27  +    , as claimed.

We will now use a transfer argument similar to the one where C = V.   Again,

Oír) = (772 , b2), and j 1, b, n, nb, a, ab, an, anb] is a transversal to Oír) in

T.   T' = (77 ), and by Gni'n's theorem, T is generated by G-conjugates of ele-

ments of (77 ).

The elements of tt$(t)u 27í>$(T) have order 2n+ , so are not conjugate to

elements of (77  ).

If x e ak&iT), then x   = b    or b co = coj or a>2.   So if x ~ z e(n ), then

x   ~z    gives C0j ~ co, contrary to hypothesis.

If x.ebQiT), then x2 = fcV* for some /e.   So if x ~ z e (n2), then (&2274t)

~(774fc).  But CT(774*) = (77,è) is a Sylow 2-subgroup of Cg(t74*), while CT(t72274*)>

(77 , b).  So there is g e G with

</32774fe)8 = <774fe),       (n2,b)8<(n,b),

and hence (77  , b)8 = (rr2, b), i.e., g e NG((?72, è)). However, as (tt2, b) does

not admit in G any automorphisms of odd order, T covers Ng((t7 , b)); and

(b2nAk) is not T-conjugate to (77    ).

If x e a77¿r<I>(T), then x   = b n      , and by the above, x is not conjugate

to any element of (77 ).

We now have five nonidentity cosets of (Mr) in T which cannot contain

conjugates of (77 ), which violates Grù'n's theorem.

We now assume that T - TQ contains no involutions.   Let cp be any ele-

ment of T - TQ which induces an automorphism of V whose square is 1.  If $

may be taken in  V, then (bV contains an involution; hence, (cp, C)/V contains

only one involution.   We shall show that if [(c¿, C):V] > 8, then (cp, C)/V is non-
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Abelian.   Let y = aa*; then (i) implies that C = (y2, b), and if [(cp, C) : v] > 8

then y    has order > 4 mod V.  Now

y* = (aa*)* = y-1[a,çA2].

cp2 £C, so t?2 = bsy2t for some s, t, and [a, rp2] = [a, y2t] = y4<; y* = y-1+4<.

Since y    has order > 4mod V, it follows that (cp, C)/V is non-Abelian.   There-

fore, (cf>, C)/V is either cyclic of order 4, or generalized quaternion, with <f>   =

a mod V.

Let y = aa^, a = y    (this is consistent with (i)).   Then

y* = (aa*)* = y-![a, cp2] = y"1^, «2""3<6«],    odd i

-l„2"-2z -l+2"_1z.
= y    fl =y

4> -1 Z   2n~2^      „-2"~2
a* = a    co;       (a        r =a ,

, 2n-1
where co = a

Since V/W is operator-isomorphic to W, we have b    = a b   for some

odd k and /; since rp    centralizes è, it follows as in the case rp   = 1 that I =

1.   Then Cyl<p)= (a2"~2b2), and so rp2 = a2"~ 'b mod W, for some odd /.   Re-

place rp by cf>~    if necessary, to get cf>   = a        'b, for some odd /'.  Since rp

centralizes rp , we get

„_3 _2"-3/   2"~3/  2n~2k,\
a1      b = a 'co       (a        *¿>),

, , d> 2"~2z    2"_57
so that 6^ = a 'co'       è.

Therefore,

T = (a,b,y,a,<f>: \a\ = 2" and (a, b) SZ n x Z4; y2 = a, by = coè; a2 = 1,

ya=y-1,èa=è;rp2=«2""\y* = y-1+2'2"1S

fc* =   a2n-2Wn~\, a*=a.y).

Here co = a and z, /' are odd.

T is generated by a and <p, and 0(T) = (y, b).   T =(y).   We shall use the

same transfer argument.   We take {1, cf>, a, acb\ as a transversal to Oír) in T.

The elements of acpO(T) have order 2n+ , so cannot be conjugate to any

element of (y).

Let x £ rpO(T); then x2 = a2"- kbl for some odd k and Z.  So if x ~ z e

(y), then there are odd k, m such that a2       m ~ a2 è.  Now a ¿is

conjugated by y to its own fifth power, and by a to an element which generates
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a different cyclic group of order 8 in T; so [T:C.j.(zz b)]>4.   Also,

CTia2"'im)=(y, b, acp) if 72 > 4, and (y, b) it n= 3.   Therefore, CTia2"~im)

is a Sylow 2-subgroup of CG(zz m), and there is g e G with

(<z2""%)8 = a2"'3™,       (a, b)8< CT(zz2"-3'»).

It follows that (zz, b)8 = {a, b).   But T covers NG((zz, b)), and a2"     m is not T-

conjugate to a 0.

Hence, two of the three nonidentity cosets of $(T) in T are free of conju-

gates of elements of T .   Hence T is not generated by conjugates of elements of

T , and this case is finished.

We may now assume that fi,(C^.(V)) is a group of order 64 and exponent 8.

In this case it is quite easy to find the group induced on V by T/C (where C =

C~,(V)).   Let c, d generate V, = 0,(C) so that c   = co, and take \c , d ] as a

basis for V.   Then the matrix-group induced on V by T is a subgroup of ((j  j),

8 ), and (2   j) is central, as before.

Let ö be any automorphism of V, which fixes W elementwise.  It is easily

checked that if c®= c'd' and d®= cd , then (though V, need not be Abelian)

e&m/*tWiiH>% d°2 = C*«+'V*+'2 ;

and if Q has the matrix („ 5) on V with respect to \c , d ], then

a   ß

y

(i) If y e T induces (2  j) on V, then y    induces (4 J) on V,, i.e.,

y~  dy = d.   (This implies z^ is not central in  C.)

Proof.   Let y have matrix (l,   '¡) on V,, so i\   ',) = i2  j) mod 4.   Then y

has the matrix

' z'2 + jk     jii + I)

C '/My a) mod4

/ z¿ + /A    jii + I) \       / 1    0 \

U(z' + /)    iÄ + I2 ) "   \ 4   l)

(ii) None of the matrices (2 j), (Q A, (2  2) can be induced on V by T.

Proof.   If x e T induces one of the above on V, then x    does not centralize

V..   But x2 eC OCr(x); fl2(C)= V, and Cy(x)= W, so C nCT(x)= W and

x    must centralize V,.

(iii)  T0 induces precisely ((q  j), (2  ,)) on V, and TQ contains a ~ «a

inducing (g  j).

Proof.   The only automorphisms possible for a with W(a; G) = (co) are»
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(q  A, (^  A, and (2  ,)•  Since (2  ,) is not induced by an involution, and (J  ?)

conjugates ig  A to i2  A, a exists as claimed.   If TQ induced more than ((q J),

(2   j)), it would induce one of the matrices in (ii) (which are the nonidentity ele-

ments of a four-group complementary in  8    to ((q   , ), l\   ,))).

We will now determine the structure of C.   Let r be the largest integer with

[Vr:Vr_j]= 4, where V. = tl.iC).  If C> V., then let x generate C mod Vt;

flj((x))= (co) and we can take z £ V   so that V  = (x        , z), where C has ex-

ponent 2".   If C= Vr, then take x £ Vf with x2       = co, and then take z £ V

so that C = V  = (x, z).

(iv) C/Vr_2 is Abelian, but C/Vj._, is non-Abelian with a derived group

D/Vr_3 of order 2; D2r-3 = (co). If C> V., then D/Vf_i is generated by the

only involution that is an eighth power in C/V _,.

Proof.   With the above notation in C, C' is generated by [x, z] since C is

metacyclic.   Now ix , z 1 is a basis for V, as in (i).   It follows from

Lemma 6(c) that 0(C) = C    centralizes  V,.   Hence (0(C), z) centralizes z2      ,

and by (i),  [x, z        ] = co has order 2.   By Lemma 6(c),  [x, z] then has order

2r~2 so lies in  V    , - V    ,.
r-2 r-i

Let rp be any element of T - TQ.   The action of rp on W shows that co is

the only characteristic involution of   C.   Now  V _2//V _, has only one involu-

tion which is characteristic in C/V _,, and this must map to co under the isomor-

phism of Lemma 6(f).   This completes the proof of (iv).

Now take a as in (iii), and take any rp £ T - TQ which induces an automor-

phism of V whose square is  1.   Let

y = aay;      a = y¿.

By (i), y    does not centralize d (for d as in (i)).   Since 0(C) centralizes Vj,

it follows that C = (y , e) where e £ C - 0(C) has some power equal to d.

If y    were not of maximal order in  C, then c must be of maximal order in  C,

and 0,((e))= (co); but we already know that Q,li(d))4 (to).   Hence y    has maxi-

mal order in C, and C = (y , Vf).   (Here r is the largest integer with [Vr:Vr_j]

= 4, and 2" is the exponent of C and hence the order of y .)

(v)  Taking rp, a, y, a as above, let  P = (y, C) (so P is a normal subgroup

of index 4 in  T).   Then  P-(y, b) where  a inverts y and centralizes  b, and

\b\=2r, and (b)n(y)= 1.

Proof.   For any z, t £ P, [a,zt\ = [a,z][a, zY, so [a, zi] = [a, ¿] if and

only if z £ CG(a).   Hence

|![a,z]:2£Pl| = |P|/|Cp(a)|.
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Suppose we knew  |Cp(a)| = 2r+ , or equivalently,  [P, a] = (y ).   Now

Cy(a) = (co, d ), and so Cp(a)/VI is cyclic of order 2r     .  Moreover, co is not

a square in C (a), since it is not a square in C„(a).  It follows that Cp(a) =

(VI, b) fot some b, and b = d   or cod    since otherwise C p(a) would contain

an Eg (while P contains no Eg).   This would establish (v).

We first show that [P, a]<(y2, Vl) = (a. VI).   Namely, let C. = (y, ß.(C));

then if [P, a]¿ (zz, W), there is i with [Cf, a]< (a, W) but [C. j, a]¿ (a, W).

Let z eC.   , with [2, a] 4 (a, VI).   a inverts its commutator [a,z], so [[a,z], a]

= [a,z]     .   But [C.  , :Cf]= 2, and C. and C{  j are a-invariant, so [a,z] e

C., and hence [[a,z], a]  e (zz, Vl).   So [a,z]2 e (zz, Vl) but [a,z]¿(a, VI).

This implies (Lemma 6(g)) that

[a, z] = a}d       for some 7 and some odd «t.

But then

[a,z]a=ia'd2k)a = a-'d2k4[a,z]-1.

Now [P,a]<(y2, W) implies  |Cp(a)| > 2r.  If |Cp(a)| = 2T, then the above

argument gives Cp(a) sZ,xZ    _,, and there is b e P with b   e Cp(a) and

\b\ = 2T.   Then

b- = ib2)a= iba)2 = (fete, a])2 = b2[b, a]b[b, a].

Thus b inverts  [b, a], so [b, a] e VI as Q2(C) is central in C.   But Via; G) =

(co), so [b, a] e(co), and è 01 be    (for c as in (i)) lies in Cp(a). Hence

|Cp(a)| = 2r+1, and (v) holds.

(v) is true for any cP e T - TQ which induces an automorphism of V whose

square is   1.   We shall now determine  T if c6 can be taken as an involution.

(vi)  Suppose  T — T0 contains an involution ci>.   Let 77 = a<?S, so that y =

77    and a = n .   Then

T =(a, 77, b : a inverts 77 and centralizes b;

a2 = 772       = b2   = 1; 77e = 771 +2 ' >,    for some odd i.

Proof.   è>* = tVíz for odd j and k, since V /Vr_j  is operator-isomor-

phic to VI.   Since cp   = 1, and c/> inverts 77,

¿ = è*2 = (c)yfl2"-r*)* = (^2n"r*ya-2n~r* = V2a2n-T»Ka-2n"\

since (zz)= [P, a] O \P, a) and hence (zz) is a normal cyclic subgroup of the

metacyclic group C; as a is also a generator of  C, this gives  C  < (zz).   Also,
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iî2(C)< Z(C) implies that  K = 1 mod 4.   It follows that /' = 1 mod 4, and as ;'2 s

1 mod 2T, we have / = 1  or /' = 1 + 2T~  .  If / = 1 + 2r~  , then

é = ^2 = (^«'"V-'*)* = (fc»«'-1fl2;i-,*)(6i«-1fl2»- W2"-\

Now by Lemma 6(f),   (è1+2'" V"-'*)2'-1 = fc2'-lfl2—»A = ¿,2'- l^  Hence

1+27-l     n-rk     r-\ n—r,

b = b1+2     a2      H2     coa'2      * = bco,

a contradiction.   Therefore ¿r  = ba , for odd k.

Hence,

rrb = (o4)b = afc-Vfc = oxp^tb = axpa-2n~Tkb-lb - ir1"8""'*2*,

and (vi) is proved.

By Gru'n's theorem,  T is generated by conjugates of elements of T =(y).

0(T) = (y, b2).

The elements of t70(T) U 77rrO(T) have order 2"+, so are not conjugate to

elements of (y).

If x £ aèO(T), then x = ab'yk tot some odd /', and

X2 = biy-kbiyk m b2iy-kll+2"-^2i)yk m b2ia-2»-'+1ik.  x2

So jcv.2 e(y) would imply co, ~ co, contrary to hypothesis.

If x £ &0(r), then x = b'yk fot odd /, and

x2 = b2'y2m,    for some ttz;       x2"' = ^'a2''^.

Soif x~z £(y), then (cOja2'"2"2) ~ <a2r_2m> for some 772.  Now CT(a2r~2m) =

(77, 6) has index 2 in T, so is a Sylow 2-subgroup of C (a        m).  So there is

g £ G with

(co,*2'"2™)8 = (a2''2™), <y. ¿>>g < (rr, 6>,

and hence (y, &)8 =(y, b).  But T covers N (<y, 6)), and <cü1a2r~ m) is not T-

conjugate to (a ).

If x £ anb<P(T) = çàtrO(T), then x = rptVy* for some odd j, and

x2 = (b4')i(y4>)kbiyk = è2/a2"",ra    for odd ttz;

x        = b       a ¿

and by the above, x is not conjugate to any element of (y).
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We now have five nonidentity cosets of *I>(T) in T which cannot contain G-

conjugates of elements of T , violating Gru'n's theorem.

(vii) Suppose T - TQ contains no involutions.   Let cp be any element of T

— TQ which induces on V an automorphism whosei square is 1.   Then (cp, C)/V

is either cyclic of order 4 or generalized quaternion, with 0   = a moa V'f.

Proof.  If q>2 e Vf, then (<f>, V)/Vr_x Si D&, and there is v e V, with (cf>v)2

eVr-V v^11' VT-?/vr-2 =D8 and iteration gives x eVf with (cpx)2 = 1.   So

cp    4 V , and (cp, C)/Vr contains only one involution.  We need to show that

(4>, C)/V'   is non-Abelian if its order is > 8.  We have y = aa*, and so y* =

y_1[a,<p2]; but by (v), C=(y2, b), and <p2 e C, so [a,<f>2] = [a, y2t] = y4t for

some t, and y    = y~  + '.  Since y    has order > 4mod V , this gives that

(q>, C)/Vr is non-Abelian; (vii) follows.

(viii) Suppose T - T0 contains no involutions.   Let q> be any element of

T—Tq which induces on V an automorphism whose square is 1.   Take a,y,a

as in (v).  Then T = (a, b, a, y, cp) = ((y, b), a, cp), where

|y| = 2"    ,    |¿| = 2r   wherew>r>3;

2 a -1        7a      7 2       1
y   = a,    y   =y    ,    b   - b,    ar = 1;

y   =y ,    br=ba       ',    aT = ay,   cp   = ba '.

Here z and 7 are odd.

Proof.   By (vii), c/>   = bma ' for odd 1.   Replacing b by an odd power

of b, we may assume 772 is a power of 2.   Then

/ = (oa*)* = y-Ha, «p2] = y-Ha, zz2"-"1'] = y^a2"^ = y-1«""'*1'.

Also, cp centralizes cp  ; now ¿>* = èszz        ' for odd s, t since V /Vf_ j is

operator-isomorphic to W, and so

bt*a2n-r~h = (/3^2n-'z)ma2"-'-11(_l+2»-'+li)

= esmß2"-'zmiffl-2»-r-1I+22(»-^2
1

for odd K; hence m = sm and

2"-Ti=2n-rtmK+22(n-r)i2.

The latter equation implies »22 is odd, so 722 = 1 and s = 1.  This, together with

(v), proves (viii).

We will use again the transfer argument based on Gni'n's theorem.  *$(T) =

(y, b) has index 4 in T, while T' =(y).  Now
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yb = (axp-lacp)b = a(cf>-l)ba<pb = a^a"2*" Va^a"2*"'') = aa2"~ V1^-2""'''.

Write k = -l + 2"-r+li, so that y* = yk; then y*"1 = ym where ykm = y.   Then

yb = axf>1a2      ""axpa-2      > = orp^oa-2      ""rpa-2      <

1 -,ri-r. ^n — r. -,n-r + \ .

= CKp-1a<pa-2      ""^a-2      ' = ya"2 '.

It follows that 0(0(T)) = (y2, b2) = (a, b2).

If x £ arpO(T), then x2  = (arp)2 mod 0(0(T)), since a and cp both cen-

tralize 0(T)/0(0(T)).  Now

(arp)2 = axp^cfatp = acp-liba2"" " 'Virp a yb   mod 0(0(T));

? 9    r -1 9        ,fZ —T + l . » -

iyb)    = ybyb = y b[b, y]b = y ba 1b = a    mod (a , b ) .

Hence |yè| = 2n+1; also, every element of yfrO(0(T)) has order 2n+1, and |x| =

2"+   > |y|, so x is not conjugate to any element of (y).

Suppose x £ rpO(T).   Then x = <f>bsy( fot some s, t and

x2 = rp2(rz*)V)'èV = rp2(Í7*)sy(-1+2''"r+1'')Vyí

= rp2(è*nyn~r+lu<,    for some odd u;

-,rt — T+l.,     tT>—7-.,   _   ~n—r ,n-r—1 ,      ,n—r
= fca2 '(¿>a2      ')5*>V      ut = ba2 mod(b2,a2      ).

(x2)2      =(èa 2>       »    for some z e (Í.2, a2      );

27-l   2«-2
= b       a , fot some odd k.

Soif x is conjugate to an element of (y), then a ~ a ft        .  C   (a2™     )

= (acp,y, i>),  and CT(a2"     i>2       ) = (cf>,y, b).   By Sylow's theorem, (arp, y, ft)

= (rp, y, è); but the former has exponent  2"+    while the latter has exponent

2n+1.

It follows that T cannot be generated by conjugates of elements of T , and

so Gru'n's theorem is violated.

This completes the proof of Theorem A.

We will now assume that the involutions of VI fall into three distinct G-con-

jugacy classes.   Clearly the direct product G of two simple groups whose Sylow

2-subgroups are dihedral or semidihedral of sufficiently large order will have such

a configuration for IV.   We will show that this is the only possibility for the

Sylow 2-subgroup of G:

Theorem B.   Let T be a Sylow 2-subgroup of a finite fusion-simple group G.

Assume that T has no normal elementary subgroup of order 8; NG(T) = TCG(T);
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T ^È D„; and the involutions of the unique normal four-group VI of T fall into

three G-classes.   Then T is the direct product of two groups each of which is di-

hedral or semidihedral.

Proof of Theorem B.   By Theorem 1,  T has a normal subgroup V = Z,xZ.;

and Cj.(V) is a metacyclic group by Alperin [l].

We shall use the following supplement to Lemma 6:

'Lemma 7.   Let L be a metacyclic 2-group containing a central subgroup V Si

7i. x Z4<   Then

(a) For 7= 1, 2, •••   let V. = Q.(L).   Suppose [V{ : Vf_j] = 4 but [V.:V._j]

< 2 for / > z + 1  (zzs ¿72 Lemma 6(e)).   Then  L/V _2  is Abelian.

(b) Let D be an automorphism of L which inverts a, b e L where L = (a, b).

Then £> inverts V.

Proof,   (a)   Let [L : V.] = 2T; then  L can be generated by two elements a, y

where y e V. has order 27 and a    = x e V. has order 2!.   Since L/V. is Abelian,

[a, y] e V-, and we claim that [a, y] e V._2.   If not, then [a, y] has order 2e

where e > z - 2, and by Lemma 6(c),

|[a,y2¿"2]| = 2-¿+2|[zz,y]| = 2s-¿+2>l,

contradicting 02(L)<Z(L).

(b)   One of a and b, say zz, must be of maximal order in   L.   Then there is

y e L such that (zz2',  y) = V¿, (zz, y) = L, and (ü2((a)), Í22«y))) = V.   Clearly

£) inverts ÇlA(a)).  We claim Q inverts QA(y)).   For, replacing y by an element

of yV._ j  if necessary, we may assume  b = amy for some number m.   Then

y = zz-mzzmy = a~mb;

yC=ia-mb)t>=amb-1 = b-lam[am,b-l] = y-lz,

for some z e L'.   By (a),  V < V._2,   so \z\ < 2'~2.  Now

iy~lz)2 = y~2z[z, y-l]z = y-2z2e,

where e is odd, since [z, y~  ] = 1 mod(z ).   By induction, (y ~ z)     = y~    z2 ',

for odd /.   Taking k = z - 2, we have

/   2i_2\C     /   -I   \2!'~2 -21'"2   2¿_2/(y2       )    = (y   lzY        = y z¿       '.

But z = 1, so  0 inverts 02((y)) as claimed.

As in the proof of Theorem A, we will use fusion patterns in E16's of T.
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The first task is to establish that T has E16's of a suitable kind.

Define

3 = {x £ G: x is conjugate to a nonidentity element of Vl\.

lí y £ 3 n T - Vf, define

W(y) = jx £ Vf: y ~G yx\.

(i)  T has a subgroup FSE^ generated by G-conjugates of elements of VI.

Proof. By Glauberman's Z*-theorem, T - Vf contains G-conjugates of each

element of Vr.

Assume (i) is false.   Let co* £ T - Vf, co* ~ co £ VI.   Let T* be a Sylow 2-

subgroup of CG(co*) containing (Vf, co*).   If Vf* O Vf = 1 then F = V/W* will do;

so Vf* O Vf 4 1.   W* n IV / (co), since W* only contains one G-conjugate of co.

Let Vf* n Vf = (r¡); then the seven involutions of VfVf* are co,£,r¡, co*, rf*, 77* = 77.

co*co, and co*£.  Now co* ~v co*z for some z £ Vf , and z ^ 77 since co* -4 00*17*1.

So there is v £ V such that either (co*)" = co*co, and hence (£*)" = ¿;*co, or (co*)"

= co*f, and hence (£*)" = £*&

We have proved: If (i) is false, then for any y £ T C\ %- VI, we have \Vf(y)\

= 2; and moreover, if z £ Vf, V/lyz)= Vfiy).

Suppose there are y, 8 £ T n g- Vf with Vfiy)4 W(S). Then y and 8 com-

mute by Lemma 5, and the above remark implies that (Vf,y, 8) is not of order 8.

Hence F = (Vf, y, 8) satisfies (i).

So we may assume that

(i.i)  There is co e Vf with Vf(y) = (co) for all y £ T n 3 - Vf,:

We now prove

(i.ii)  If y £ cclG (co) O (T - Vf), then co is not a square in CT(y).

Proof. Let K = (co, y). Then there is v £ V with yv = yco and co" = co. But

if T* is a Sylow 2-subgroup of CG(y) containing K, then K HVf* =(y), so there

is u £ V* with co" = coy and y" = y.  Hence AG(K) = 2y

Let N = NG(f<), C = CG(f<), and let S be a Sylow 2-subgroup of C which

contains CT(y).   Then N = CNN(S) and N/C ^ 2j, so NN(S)/NN(S) OCS 2j,.

Hence N contains a 3-element acting on S so as to cycle K.  But O(S) < the

Frattini subgroup of some Sylow 2-subgroup of T, so is metacyclic, and does not

admit an automorphism of order 3 from G.   So K O OtS) = 1 and co is not a square

in S, which proves (i.ii).

(i.iii)   If y £ 3 ^ (F - W),  then yW contains some conjugate of co.

Proof.   Let E = (Vf, y), and let T*be a Sylow 2-subgroup of CG(y) containing

E.   Then fn£> <y). If W* O E = (y) then W* H Vf = 1 and so (Vf*, Vf) = F

satisfies (i).  Hence Vf* < E and \W* n Vf\ = 2.  We need only show co* 4 Vf, i.e.,
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VI* O VI 4 (<o).  But y ~ yco in T, so co e IV* would give two conjugate elements

of VI*.

Let »a be the set of all subgroups E of T where E Si Eg and E = (E D 3).

Every E e <¿> contains W.   Moreover

(i.iv) If E e <o, then AAE) = 2,, and the three classes of involutions of

E are \tj], Ej, and r/Ej, where 77 e W-(co) and Ej consists of conjugates of

co.   (E.  is a four-subgroup of E.)

Proof.   By (i.iii), E = (W, y) where y ~ co.   Let T* be a Sylow 2-subgroup

of CG(y) containing E.   Then W* < E, and so there are v, u e V, V* respec-

tively with yv = yco and co" = coy; v and zz both centralize VI* D VI = (r¡) say.

Hence v and zz generate  2    as claimed in (i.iv).

We now introduce H = (3 <~\ T) <¡ T:

(i.v)  Let H = (3 n T) and let 2a = max! |yS| : y, S e 3 O TL  Then a > 2,

and H is the direct product of (77) and a dihedral group of order 2fl+ , for some

27 e W - (co).   (It then follows from (i.iii) that H = (77) x (y, 8) for some y, 8 e

cclG(co) D(T- W).)

Proof.   If a = 1, then H is elementary Abelian and > VI, so T has a normal

If y,Se 3 nr, let a=yS; if H > 4 then fíjíMK $(T), so ÍÍj«cr))<

W and is equal to (co).

By (i.iii), there are y,8 e cclG (co) H (T - Vl) such that |yS| = 2".

Suppose a = 2.   Then H is non-Abelian, so  |fi| > 2 .   But also H/(co) is

elementary, so |ß| < 25 by the four-generator theorem of [12],   Let y, 8 e

cclG (co) n(T-W) with |y8| = 4, so D = (y, 8) Si Dg and H = D ° CH(D).   But

CH(D) is elementary by (i.ii).  Hence CH(D)= Z(fl)<l T, so CH(i>)= W and

H = D x (77) for some 77 e W - (co).

Suppose zz > 3, and let y, S e 3 <"> (T - W) with o= yz5 of order 2a.   Then

iî2((cr)) is a subgroup of order 4 in V.   Let B = (Q2((ff)), W); B < V D H, and

B <3 T since all subgroups of order 8 in V are normal in T.

Let B < A < H where A <i T and A is a maximal Abelian subgroup of H.

Suppose that H contains no normal Z4 x Z4 of T.   Then A is of type (2r, 2)

for some r.   Also A = CH(ß); for if not, then r > 3, and taking A < R < CH(ß)

with [R :A] = 2 and R < T, we get that fl2(R) is Abelian of type (4, 2, 2) or

(4, 4), both of which are impossible.  Now (i.i) implies that all y e 3 n (T - Vl)

induce the same automorphism of B.   Hence, all such y are congruent mod A =

CH(B).  It follows that [H : A] = 2 and H =(n)x (y, 8) where n e W - (co) and

y, 5 e 3 n (T - W) with |yS| maximal, proving (i.v).   (This is the same argument

as in the proofs of (iii) and (iv) in Theorem A, Case 1.)

Hence it will suffice to show that H contains no normal Z4 x Z4 of T, and



50 A. R. PATTERSON

we will do this now. Suppose E > R Si Z4 x Z4 where R < T. Then fij(ß) = W.

Now by (i.iii), E = (W, cclG (co) O (T - «0), so R < H gives W < 0(E) and there-

fore E = (cclG (co) O IT - IV)).   Let

21 = cclG (co) nlT-w),      H0 = HnCTlR),

so that R < HQ.

For any y £ 21, [R, y] = (co), and it follows that there are exactly three auto-

morphisms which y £ 21 can induce on R, and they are distinguished only by

CAy), which has order 8.   Hence, 2 < [E :Eq] < 4.

(a) It cannot happen that there is y £ 21 such that E„ is generated by two

elements both of which y inverts.

Proof.   If so, then y inverts R, by Lemma 7(b).   But then  Wly) = W, contra-

dicting (i.i).

(b) [H:HQ]=4.

Proof.   Suppose  [E :Eq] = 2.   Then all y £ 21 are congruent mod EQ,  so H

= (xy: xy £ 21, x £ H A = (\x: x £ HQ, xy £ 211, y), where y is some fixed member

of 21.   {x: x £ E0,  xy £ 21! is y-invariant, and so the group it generates has index

2 in E, so E0 = (x: x £ HQ,  xy £ 21).   As E0/O(EQ) is a four-group, EQ = (x, y)

where xy, yy £ 21.   But then y inverts both x and y,  contradicting (a).

By (i.ii), the automorphism 0 of R with [R, Q] = (co) and Uj(CR(Q)) = (co)

cannot be induced by an element of 21. Hence there are y and 5 £ 21 inducing

distinct automorphisms of R, and H Ay8) contains no elements of 21.   Then

H=(H0,y,8),      21 = lHQy n 21) u (E05 n 21).

(c) There are x, y £ HQ with xy £ 21, y5 £ 21, and EQ = (x, y).

Proof.

E = (H0y n 21, E05 n 21) = (xy, y5 : x, y £ /YQ, xy £ 21, y5 £ 21)

= (!x, y:x,y£H0,xy£ 21, y5  £ 21}, y, 5).

By (a),(x: x £ EQ,  xy £ 21)< some maximal subgroup X of E0, and (y: y £ En,

yS £ 2I)< some maximal subgroup V of E(J.   Then H <(X, Y,y,8).

Suppose y and 5 centralize EQ/O(E0); then they normalize X and Y, so

[E:(X, y)]= 4, so (X, V)= E0, and (c) follows.   Hence, we may assume y or 5

fails to centralize E0/O(EQ).

Suppose y, say, does not centralize E0/O(EQ).   By Lemma 7(a),  EQ has a

quotient EQ = Z     x Z4, for some r > 2.   If r = 2, then EQ/O(E0) is operator-

isomorphic to VI (Lemma 6(f)), so y must centralize Eq/OÍEq).   Hence HQ =

(a)x (b) with |a| = 2r > 8,  \b\ = 4, and
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where i, j, and  I are all odd.   We claim no Smbn with 772 odd is inverted by y,

which implies that HQy n 21 < (Q(hA, b)y (where b$ÍHA = b).   Namely, taking

772 =   1,

iab"V = iïbAiâ2"2^1)" = ai+2T~2knbi+ln.

So if y inverts Sb", then

-72 = j + In     mod 4,       -nil + 1) s 7    mod 4 ;

but / + 1 is even and j is odd.

If neither y nor 5 centralizes HQ/Q>iHQ), then

H = (HQy O 21, ß0r5 n 21) < (By, BzS) < (B,y, 8)< H,

where  ß =■ \<¡>ÍH A, b)  (so y and 8 normalizes B).

So we may assume y centralizes Hq/$ÍHA and S does not.   Then

H< (H0yC\ SI, ßS o2I)< (jx : xy e 21, x e HQ], B, y, 8).

Now |x: xy e 21, x e ßQ| < some maximal subgroup X of H0, so H <(X, B, y, §).

Xfiß, since then H < (B,y,8).   Hence there is x € X with x ^$(HQ), xy e 21,

and x8 = xb mod &ÍH A.   Then (xy)8 = x&zy 8, for some z 6 <I>(/70).   But y8 e ß0y

n 21 < Xy, so y   = zzy for some u e X; then ixy)   = xbzuy = zy, where í = x&zzz a

xb or e mod$(/V0).   But then  HQ =(x, <),  contrary to (a).

(d) Take x, y e H0 with xy e 21, yS e 21,  and ßQ = (x, y).   Then the set of

all elements of HQ inverted by y is (x, VI), and ditto for 8 is(y, Vl).  Q2((x, Vl))

= fi2((y, V/))= the unique maximal subgroup of  R inverted by y and S (namely,

the one in which co is a square).

Proof.   Suppose zz e HQ has zz 4(x, Vl), u    e(x, Vl), and zz^ = zz" .  No ele-

ment of x(x , W) is a square in HQ, as x is a generator for ßQ, so zz   € (x , W).

If (x, W) = (x, z) for z e W - (x),  then zz   = zlx2j for some i, j, so by Lemma 6(g),

u = v'x! mod VI, where v   = z.   As zz 4 (W, x),  zz s yx7 mod VI.   But then (zz, x) is an

Abelian group which contains  R,  so y inverts  R,  and  W(y) =» W,  contrary to (i.i).

(e) (yö)2 e *(//„).

Proof. Certainly (yo)2 eH„. If (y§)2 ¿$(/ip), then y and 8 would both in-

vert the same subgroup of H-, namely (iy8) , Vl), so x and y would not generate

H0.

(f) (x, W) = \u e HQ: u is inverted by every element of HQy <"i 21!.   Hence 8

normalizes (x, W).
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Proof.   Let ty £ HQy n 21; then t £ (x, IV), so t centralizes (x, Vl) and ty

inverts (x, VI).   Applying (d) to ty instead of y, we get (f).

(g)  HQ = R.

Proof.   Suppose EQ > R.   One of x and y has maximal order in HQ; suppose

it is x, so |x| > 8.    By (f), x8 = x'z, where i = ±1 and z £ V!; (X2)Z = x±2.

Since 5 inverts 02((x)), the minus sign must occur, and x   =» x" z, for some z

eVI.  Moreover, S inverts (x2, VI) so (x2, W) <(y, Vi) n 0(EQ) = (y2. IV).   |x| >

|y|, so (x2. W) = (y2, VI), and HQ = (x, y, Vf) contains (x2. IV) with index 2.

Since R < EQ, EQ is Abelian of type (2r, 4), with |x| = \y\ = 2r and r> 3.   Ap-

plying the same arguments to y, we get x   = x~ z and y    = y~ w, tot z, w £ VI.

By (e), (y5)2 £0(En).  We will show that there are r, u £ HQ with ty, u8 £ 21

and lty)(u8) an involution, which means (VI, ty, u8) = F satisfies (i).

Namely, yx1 and 5y' e 21 for all i, j; and

y*V = y8(x-1z)y = ySx-'z'y';

(yx2'5y7)2 = (yS)2(x-¿2y)r Wy' = (yS)2x-2iy2'z V.

Now there is v £ R such that EQ = (v)x(y) and y centralizes v while 5 cen-

tralizes vy . We may choose v and the generators x and y so that xy" =

v.   Then

(yx'V)2 = (yÔ)2X-2iy2'-2i+27zV . (yS^-ZyO-'W.

But also

V « tr » (xy~ )' = x~ ytf = i/~ tzz;

,y2 -2 = (,y2r"V = (xy-V2"2)8 = x^zyy-2'-2 = (.y2'"2)"^;

so w and z are the squares in the subgroups of R centralized by y and S, i.e.,

w = v   and z =» v co.  Hence,

(yxV)2 = (yS^-V^-Vco)'*2'^ (yS^y^'-'V'co'',

where (co) = iij((y)).   Whatever the value of iy8)   eO(E0), z and ;' can be chosen

so that iyxl8y})   = 1, as claimed.

(h)   Final step in the proof of (i.v).

We have E„ = R = (x, y); but by (d), (x. Vl) - (y, IV), so R > (x, y).

Let H = (77) x (y, 5) as in (i.v).   Then E has two classes of Eg's, represented

by E = (W, y) and F = (W, 5).   By (i.iv), E and F each contain a unique involu-

tion—say a, ß respectively—of IV- (co), which is the only representative of its
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conjugacy class in E, F respectively.   If a = ß then a is the only representa-

tive of its class in T, contrary to the Z*-theorem.  Hence a and ß ate tt and rrco,

and E and F are not G-conjugate.

(i.vi)  Cr(E)= VI.

Proof.   As Cj.(e)<3 T, it suffices to show that Cj-Ih) is elementary.   Let

ß be an element of order 4 in Cr(E).   ß2 £0(T)< Ct(v), and as ß2 is an in-

volution, we have ß2 £ VI.   Then ß2 £ Vf - (co), by (i.ii).   Suppose rr = ß2 and

77 is the isolated involution of E.   Let S be a Sylow 2-subgroup of CG(p) which

contains (F, ß); let N = Ng(F), so N = Nn(S>Cg(F).  Now ß2 = rr = (ttco)co.   By

(i.iv), N is transitive on \(ttco)co, (ttco)8, (ttco)co8\.   Hence N^(S) is transitive on

this set, so ß2 £0(S) implies \(rrco)co, (ttù>)8, Ittco)co8} < 0(S), which is impossible

as 0(5) contains no Eg's.

Since E and F are G-conjugate, T= HCtIE). Now H = (rr)x(y, 8) and y

-4 yn, y -4 ynco, 8 -4 8rr, 8 4> 8ttco (by (i.i)). Hence (y, 5) » (cclG (co) n T) O T,

and so (yö) <i T.

Let Cj = |x £ CTlE): (y8Y = (y5) mod ((yS)4)|. Since (y5) <l T and y e E

inverts y5, we have T= HC.. C^/VI is cyclic by (i.vi) and so Cj is Abelian.

But also E = (77) x (y, 8), so

T = (y, 5>Cj;   T/(y, 5) is Abelian.

Hence 77 is a central involution of T which is not in T .   Hence G has a sub-

group of index 2, by Lemma 5.43 of [l3l.

This contradiction completes the proof of (i), so we have: T contains sub-

groups F = Ej6 with F » (F O 3).

We now establish the fusion pattern in such an E16:

(ii)  If F Si E16 and F - (F n 3). then Ag(F) Sí2^x 2y

Proof.   Let F < T,  F S E16, and F = (F n 3).   Lemma 3(ii) implies that

Ag(f) is not a 2-group.   We shall show that AAf) is a Í2, 3i-group.

First suppose 7 divides |Ag(F)|.   IV < F, so F    contains three distinct G-

classes; so every element of F    lies in 3> and all the 7-elements a of AAF)

have the same subgroups A, B of F as [F, cr] and Cp(cr) respectively.   The sub-

group K oí AAf) generated by its 7-elements lies in a copy of L,.(2), acting

completely reducibly on F = A x B.   K is normal in Ag(F), so Ag(F) acts on A

= [F, K.] and B = CplK).   Hence Ag(f) lies in a copy of L?(2) which acts com-

pletely reducibly.   Let T* be a Sylow 2-subgroup of G containing a Sylow 2-sub-

group U of NG(F).   Then [U, F] < 0(7*) n F = IV*. and CpiU)< CF(V*)= IV*.

So (B, [A, U])< VI*,   and as B D [A. U] => 1, U. El has order 2.   The Sylow 2-sub-

groups of L,(2) do not have a commutator of order 2 on A.  So |AG(p)|2 =■ 2 or 4,
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and |Ag(f)| = 7 • 3 • 2" or 7 • 2a, where a = 1 or 2.   But L,(2) has no subgroups

of these orders.   Hence, 7 does not divide |Ag(f)|.

We next show that V induces a four-group on F.   If not, then C„(F) has

order 8, and since Cp(V) = W, there is v e V — CyiF), and a transversal 11, x,

y, z] to VI in F, such that xv = xco, yv - yq, and z" = z£, where W = ico, tj, ¿¡].

Take zf to be the involution of QiCyiF)).   By Lemma 3(ii) and (iii), zf is the only

G-conjugate of zf to lie in F, and <f is central in NG(F).

Now no 77 e zW lies in 3; for if so, let U be a Sylow 2-subgroup of CAn)

which contains F; then WÍU)< F and CF(v((i))= Wiu) by Lemma 3(i). Hence

£ e W(U), so W(i/) = (f, 77), contrary to 77 ~ rzzf.

Since F = (F n 3), we have F = <tV, y, S) where y, ¿5 e 3, [y, v] = (co), [5,

Vl = (27), and y8VI H 3 is empty.

Let U be a Sylow 2-subgroup of CG(y) which contains F.   As above, Vliu)

= (£» y).  It follows that y ~ co or 77 (not £), and y i¿ y¿f ~ 77 or co.  Now y ~ yco

and y£ ~ y£co = yq, so  yW < 3-   Similarly 8VI < 3-   It follows that y8W = F^ - F

n3.
Now since £ is central in NG(F), Ag(f) has no 5-elements, and no fixed-point-free

3-elements, so is a i 2, 3i-group whose 3-elements Q have the following orbits on

F#: Y#,fa¡,í/3!,jaz8!, Y#a, Y#/3, and Y#a/3, where Y and (a, ß) are disjoint

four-groups of F.  yoW must be a union of some of these O-otbits, since y8VI =

F   - F O 3-   The product of the elements of y8W is 1, and the only union of 0-

orbits with this property and size 4 is (say)  Y  a U fa! = Ya.   But then   VI = jxy:
11

x and y ey8W] = Y;  this is impossible as the elements of VI    are not G-conju-

gate to each othet.

Now suppose 5 divides  |Ag(f)|.   The 5-elements of L4(2) partition F    in-

to three orbits of size  5, while the 3-elements partition it into five orbits of size

3, or four of size 3 and three of size  1.   So if 3 divides  |AG(F)| then F    can-

not contain three distinct classes, and AG(F) is a Í2, 5i-group.   The only such

subgroup of L4(2) with 2-part > 4 is a Frobenius group of order 20, but this

contains no four-group, and V induces a four-group on F.

Therefore, AG(F) is a i 2, 3i-group.   We next show that Ag(F) acts fixed-

point-freely on F .   Suppose not; as VI = Cp(v), the fixed points of Ag(f) all

lie in W, and each is the only representative in F of its G-conjugacy class (Lem-

ma 3(ii)).   If all three elements of W# were fixed, then 3 n F =» W#, so F > (3 H

F).  It follows that precisely one element of VI, say co, is fixed by Ag(f).

Let N = NG(F) and let R/CG(F) = 02(N/CG(F)).   Let S be a Sylow 2-sub-

group of R, and let T* be a Sylow 2-subgroup of G which contains 5.   Then N =

RNN(S)= CGiF)NNiS), so N normalizes <È(S) O F.  $(S) O F < $(T*) n F = W* =

il, co*,¿;*, r)*] where co* <\, co, etc.   Now we have that co* is the only one of
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fc>*» £*> V* which is the only member of its G-conjugacy class to lie in F.   By

Lemma 3(ii), £* and 77* are not central in NG(F).   It follows that 0(S) n F can-

not be Vf*, <tf% or (77*), so 0(S) H F < <<*>*> = <<4

Therefore, F0(S)/O(S) Si F/F n 0(S) is elementary of order 8 or 16.   As

S/0(S) is elementary of order at most 16 [12], 5 = (F, s) for some s.   Hence

02(AG(F)) is cyclic, and cannot faithfully admit a 3-element of AG(F).   As

AG(F) is solvable, we get that 03(AG(F)) > 1.

Since AG(F) has a fixed point, 0,(AG(F)) = (a) is of order 3, with F =

[F, a] x Cp(cr) and [F, a], Cp(a) both of order 4.   The normalizer of such a (a)

in L4(2) has 2-part a four-group, so |AG(F)| = 12 and V acts nontrivially on

Cp(ff) and [F, a].   It follows that Vf O Cp(a) = (co), so Cp(a) = (co, y) tot some

y.   Then there is v £ V with

yv = yco;       ly[F, a])v = yco[F, a].

Now <[F, rr], co) < F, so there is 5 £ 3 <"» (F - <[F, cr], co)).   Let Fj be a Sylow

2-subgroup of CG(5) containing F.   Then Lemma 3(i) implies Vf   =(co, 5).   But

5 is conjugate to 5co by (v, a).   This contradiction establishes that A  (F) acts

fixed-point-freely on  Fff.

To show AG(F) Si 25 x 2-, it will suffice to show that |03(AG(F))| = 9,

since AG(F) contains a four-group and we know the structure of the normalizer

in L4(2) of a group of order 9.   If 02(AG(F)) = 1, then 0?(AG(F)) must be a

faithful module for a four-group, so must be of order 9.   Hence we will show

02(AG(F)) = 1.

Let  K = CL(AG(F)).   CplK) = E is invariant under a Sylow 3-subgroup of

AG(F).   If this Sylow 3-subgroup had nontrivial fixed-point-set HQ on H, then

H0 would contain a fixed point for AG(F).   So E is a four-group upon which some

3-element acts fixed-point-freely.

Let S be a Sylow 2-subgroup of NG(F),  and let T* be a Sylow 2-subgroup

of G containing S.   Then  V* < S,  so  K intersects the group induced on F by

V* nontrivially.   If this intersection had order 4, then H = Vf* = Cp(V*) and no

3-element could act nontrivially on E.   Hence the intersection has order 2, and

is generated mod CG(F) by some v £ V*.

VI* < Cplv).   If Cp(v) = VI* then C p(v) = E = IV*, so Cplv) contains E with

index 2.   Therefore [F, v] has order 2.

We claim no fixed-point-free 3-element p can occur in NG(F).   For if so,

let X be a p-invariant complement to H in F.   We can choose \r, s, t\ = H" and

|x, y, z\= X"  so that the p-orbits of F# are

jr. s, t}; \x, y, z\; \rx, sy, tz\; \rz, sx, ty\; fry, sz, tx\.
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Now v, vp,  and vp   have as centralizers in F the three groups of order 8 con-

taining H.   We may assume

CF(v)=(H,x),       CF(vP)=(H,y),       CF(vp2)=(H,z);

[F, v]-'(r),      [F, z/] = (s),      [F,vp2] = (t).

Then yv = yr, zv = zr; zvv   = zrs = zt, so all the elements of Fff except r, s,

and t are conjugate under (v, p).   This is impossible as Fff contains three dis-

tinct G-classes.

It follows that the Sylow 3-subgroups of AG(F) are generated by elements a

with [F, a] = H and CAo) = X say a complement to H in F.  Hence every con-

jugate of v   by an element of (a) has the same centralizer.   As the automorphism

of F induced by v lies in the center of a Sylow 2-subgroup of AG(F), we get

that C Av) is invariant under AG(F).   W* < CAv), so the three (a)-orbits in

Cp(v) are already distinct G-orbits, and so Cpiv) contains a fixed point of

AG(F).   This contradiction completes the proof that 02(AG(F))= 1, and so finishes

the proof of (ii).

(iii)   Let F be any E x& of T with F = (F D 3).   Let Vl# = \co, £ 77!,  let

F = A x B where A# = cclG(co) H F, and A = (co, a); B# = cclG(#n F, and B

= (6 |6>.
Let R  be any normal  Z4 x Z    of T.   Then R = (t>, zz) where v   = co,  u   =

if, a inverts f and centralizes zz, and ß inverts zz and centralizes v.

Proof.   Qj(R) = W.   Since CR(F) = VI (Lemma 3(iii)), R induces a full Sy-

low 2-subgroup of AG(F) Si 2, x 2,.   A..(F)  contains automorphisms p~, ä such

that

[F,p] = A,   CF(p) = ß;      [F,â] = B,   CF(â) = A.

Also, there is v e R - W such that av = aco and the automorphism of F induced

by v centralizes ¿r.

Let K = (CG(F), tv, a) where aCG(F) induces a  on F.   L =  (CG(F), 1/) <3

K, so  K = LNK(5), where S = (f, F) is a Sylow 2-subgroup of L (Lemma 3(iii)).

So we can find a 3-element a e N „(S) such that aCr(F) induces a.   a centra-

lizes S/F and F/B, hence [S, a] = [F, cr] = B; so [f, a] e B , and [zz2, a] =

[v, a]v\.v, a] e (f).   But v   = co, Ç, or 27, and [v , a] = 1 if v   =; co, and is other-

wise  if/3 or /3.   HenCe we must have [v , a] = 1 and v   = co.   Since v leaves B

invariant and centralizes a, v must centralize ß, as claimed.

We now fix a particular F <T with F Si E.. and F=(Fn 3).  We take

notation in  F so that
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Define

W# = ¡co, t, 77!;       F = (W, co* £*)   where co*~ co, £*~ f;

cclG(co) n F = Ico, co* coco*};       cclG(f ) H F = if, £*, ££*};

cclr (77) O F = the remaining set of nine involutions of F.

/(co) = iy £T-W:y~co and IV(y) = (co)};

U) = \y £ T - VI : y ~ £ and Vfiy) = (£)];

H^dlco));       H¿ = (!(£)).

(Here Vl(y) means \x £ VI: y *. yx\.)

(iv)  Let R be any normal Z4 x Z4 of T; then all y £ /(co) induce the same

automorphism of R.

Proof.   By applying (iii) to F and R, we get that R = (v, u) where (v, VI) =

C„(f*) and (zz, IV) is the set of elements of R inverted by £*.

Let E = (£*, y, W).   In E, we have y, co, yco £ cclG(co); rf, £ f£* £ cclG(#;

77, tf'co, ^77 e cc1g(t7); yf, yr, are «-conjugate; y£*, y£*co, y£*£, y£*r¡ ate R-conjugate.

Now the sets of G-conjugate involutions of E have sizes 3, 3, and 9 where the

ones of size 3 are four-groups.   Hence  |cclG(/7) O E| ^ 3, so |cclG(77) O E| = 9

and y, £* fulfill the conditions of a, ß in (iii).   Hence, by (iii) applied to E and

R, y inverts C„(£*) = (v, VI) and centralizes the set (u, Vl) of elements of R in-

verted by £*.   This determines the action of y on R.

We now return to our usual normal Z4 x Z4,  V, of T.

(v)   V O Ea contains XQ with Xq = co.

Proof.   By applying (iii) to F  and V, we get V =(v, u) where v   = co, u

= £, co* inverts v and centralizes u, and £* inverts u and centralizes v.

Suppose some y £ vco*VI is conjugate in G to an element of VI.  Let E = ^Vl,£*,y);

then E = (E n 3), and of the involutions of E, £* and £*£ £ cclG (£), £*co and f *T) £

cclG (77), while the elements of y£*VI ate all conjugate.  If no element of ylV were conju-

gate to co, then cclG (co) n E = |co! or Icoi U y£*VI, contrary to (iii). Hence, yz ~ co for

some z £ VI. The set {coi U ylV U y£*VI is not eligible as cclG (co) n E because the

product of its members, which would be invariant under AG(E), is co.   Hence

|cclG(co) OE| = 3 and cclG(co) O E = }co, yz, yzco\, so yz £ ¡Ico).   Then t>y £

(l(co)) fot some y £ IV and we may take X„ = tzy.

We will show, by transfer, that some y £ vco*VI is conjugate to an element of

IV.   Assume the contrary.

First, v is not a square in C_(V) = C.   For if t £ C had t   = v, then

co = [co*, v] = [co* t2] = [co*, t][co*, tY.
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But fi,(C)/V is central in  T (since operator-isomorphic to a subgroup of W), so

[co*, t] e V, and we get

co = [co*, t]2;       [co*, t] = vz    (z e IV);       (co Y = co vz.

It follows that C is Abelian of type (4, 2r) for some r > 2.   Hence every ele-

ment of [C, co*] has the form  [x, co*] for some x e C, and similarly for <f*.   As

co* <4 co*£ and cf* -4 £*<o, [C, co*] and  [C, if*] are cyclic.   [C, co*] < the set of

elements of C inverted by co*, which is (v, Vl); hence [C,co*]= (co), and [C:

Cc(co*)]=2, and C = (v)x(y), for some y e Cc(co*).   As  |Cc(<f)| = 8,  [C,f*]

is cyclic of order lA\y\, and is generated by yiw for some w e VI.   It follows that

if* inverts y  ,  and then that y      = y~  z for some z e W.

Next, Oír) < (co, y).   For if x eT had x2 s v mod (co, y), then

co = [co , x ] = [co , x][co , x]x.

Since co* inverts  [co*, x], [co*, x] e (v, Vl), and by our assumption,  [co*, x] e W.

But then  [co*, x][co*, xY = 1 4 <u.   As  T2 = $(T), we have $(T) < (co, y).

Hence, (co,y2) < $(T) < (co, y).

Suppose first that <I>(T) = (co, y  ).   Then the four-generator theorem of [12]

gives  T = (v, y, co*,tf*).   Let M = (co, y, co*, f*),  a maximal subgroup of T; by

transfer, co*t> is conjugate to some element of M.   It z 4 1, then all the involu-

tions of M are T-conjugate to elements of co*W, f*W, co*<f*W, or W, so co*v is

conjugate to an element of W.   Hence, z = 1 and co*v is G-conjugate to zf*y,

f*yco, or co*Ç*y.   Now

CT(co v) = (co v)x (co) x (f , y);

CTH*y) = CT(f *yco) = (f *y) x (f ) x (co*, v);

CT(co*f*y) = (W,co*,f*y)SE16.

The unique involutions in the derived groups of Cj.i¿;*y) = C7-(zf*yco) and

Cj.ico*v) are not G-conjugate.   Hence co*v ~ co*f*y, and there is g e G with

(co*^ y)8 = co v;      E8 =(VI,co v,y)= F    say,

where  E= CT(co*^*y) and y is either £* or f*y.

Now if  E=(Efl 3), then all elements of E    would be conjugate to elements

of VI; hence  E O 3 = (VI, co*)# and \F O 31 = 7.

If y = f*, then F D 3 = <W, ̂*>#, so (W, co*)8 = (W, ¿f*).   But this is impos-

sible as (W,co*) contains only one conjugate of i while (W,zf*) contains three.
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If y = £*y, then, as £*yW < E - E A 3, we have F n 3 = (Vf, co*vy), and

(VI, co*)8 = (VI, co*vy). But co*i>yW is a single T-class and so some element of

IV has five conjugates in (W, co*fy), which is contradicted in (W, co*).

Suppose now that 0(T) = (co, y), so that there is x £ T - (C, co*, £*) with

x   = corye  for some odd e.   Then

If*. yle = If*. /] - [f *, x2] = if*, x][£*, xT.

Now £*[£*, x]= l£*¥ 6/(f),  so co*  centralizes £*[£*, x] and hence  [£*,xl

So [f*,x] £(co,y).   Since (co, x ) = {co,y), x centralizes [f*,x], and

[f*,yf = [f*,x]2.

Now [f*, y\ = y2z where z £ W, so If*, x]2 = ly2z)e.   But [f*, x] £ (co, y) =

Oír), so z £ Oj((y)) and [f*, x] = yh,  where  r £ W and yf may be taken as ye

or y'yj where (yt) ■ fi2((y)). (If |y| = 4 then we can always take yf = ye, since [f*, x]2

= [£*,y¥ implies that [£*, x] is a generator for C.)  Also, f* inverts y.

Now (co*)x = co* or co*co>.  ixv)   = x   mod IV, so (xv)   has the same form as

x    and we may replace x by xv, if necessary, to get the following relations be-

tween x,f*,co*, and v:

[co*,x]= 1.

x2 = co'ye = y say, by choice of y £ Cc(co*);  then If*, x] = yr for some

t £Vf,

since tf*,x]2=[f*,x2]=[f*,y] = y2.

x 4 C,  so x does not centralize v since then x would centralize  V.   Also,

xco* 4 C, so  [v, x] = £ or £co.   As x centralizes co*, (xco*)   = x ,  so we can

replace x by  xco*, if necessary, to get the following relations for (v, x, £*, co*):

X ¿- X 2
v   = VÇ,     y    = y,    x    = y;

t t -1 O -1 Cd
v    = v,     y     = y    ;       v     = v    ,    y     = y;

[co*, £*]=!;

[co*, x] = 1,    [£*, x] = yco'£   ,    tot some /, k.

As 0(T) = (co, y), the four-generator theorem of [12] implies that T = (v, x,co*,£*).

If we can find a maximal subgroup M of T all of whose involutions are G-

conjugate to elements of Vf, then by transfer co*v is conjugate to an element of

W.   We establish that such an M can be found by simply examining the squares

of the elements of the nonidentity cosets of 0(t) in T, so as to see which co-

sets have the property that all their involutions are conjugate to elements of  Vf.
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We take coset representatives v, co*, tf*, x, vco*, v£*, vx, co*cf*, co*x, cf*x,

tvco*tf*, t7CO*x, t/if*x, eo*tf*x, and t7CO*cf*x for the nonidentity cosets of 4>(T) = (co, y)

in T.   Using that (rcoy1)   = (77')    for any r eT, we get the following table for

these squares:

*    ivy1)2 = coy2'' *    (co*cf *y')2 = 1

*    (co*y')2=y2i (£ V')2 = co'¿*

* (fV')2=i * (coV')2 = y1+2i

* (xy')2=yl+2í (7vrv')2 = i

(tmyVmy2* *   (vco^yA2 = zfy1+2/

*   (^V')2=co (,cfV)2 = ̂ +1^+1

* W)2=cosy+2í (wtV)2-«"^*

(vcoTxyi^co^1.

The cosets marked * are those all of whose involutions are conjugate to elements

of W for all values of 7 and k.

If follows that if zf  4 1, then M = (co*, cf*, x) has all its involutions conju-

gate to elements of VI; while if tf   = 1, M = (co*, £*vx) does.

(vi)  (Hm, Vl) contains no normal Z4 x 2¡. of T.

Proof.   Let H = (f/^, W) and suppose R < H where R is a normal Z4 x Z4 of

T.   W = 0(R), so H = (/(co), W)= </(co)).   All elements of /(co) are congruent

mod Cr(R), by (iv), so

H = (xco*: x e CT(R) and xco* e l(co))

= ((x : x e CT(R) and xco* e /(co)), co*).

Now co* normalizes ix: x e CT(R) and xco* e/(co)¡, so (x: x e Ct(R) and xco*

e /(co)) has index 2 in H, and H O CT(R) = (x: x e CT(R) and xco* e ¡(co)).  Hence

H O C~(r) is generated by elements which co* inverts.   Applying Lemma 7(b) to

H O CT(R), we get that co* inverts R, so W(co*)= VI, contrary to co* e ¡ico).

The same argument as in the proof of (i.v) now gives that (H^, Vl) is the direct

product of a dihedral group of order > 8 and a group of order 2.   We can take nota-

tion as follows:

(vii) (Ha),W) = (n)x(X,co*), where 27 eVI-(co) and Aco*,co* e/(co).  (cclG (co)

O T) = (A, co*), so (A, to*) < T.   \X\ > 4.

(Hç, W)=(p)x(p,£*) where p e VI - (O and p£*,£* e /(£)• (f> f*> = (cclG(£)

H T) so is normal in T.   \p\ > 4.
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Since (A) and (p) <\ T, AT(v) is induced by (co*, £*), and hence T = <CT(v),

co*,£*).

Let C=CT(V), A=(X,p).  Then

(viii)  (a)  Qj(C/A) is central in T.

(b)  Suppose p2 = A, a2 = p, and r2 = Xp, where p, a,r £ C.  Then [io*,p\ =

X or Aco, [co*,r]=A or Aco, [co*,ff]= 1 or co; and [f*,p] = 1 or f, [£*,r]=p

or p£, [£*, o] = p or p£.

Proof,   (a)  Suppose p and cr £ C with p2 = A and ff2 = p.   Then pA = [x £

C: x   eAA | is T-invariant, and so is pA.

(b)  Suppose x = p, o-, or 7; then [co*, x] £ H^ O C =( A).  Now p2 = A, so p

centralizes [co*,p].  r   = Xp and 7 normalizes (A) and (p), so must centralize

them both, since (A) O (p) = l, and so 7 centralizes [co*, r].   Hence

A   = [co , A] = [co , p2] = [co , p] , so [co , p] = A    mod (co),

X   = [co , Ap] = [co , t ] = [co , r] , so [co , r] = X    mod (co).

Also,

1 = [co*, p] = [co*, a2] = [co*, ff][co*, aV.

Now [co*, cr] £ A, and cr centralizes A, so [co*, ay = [co*, ff] mod Vf (Lemma

6(g)).    Hence

1 = [co , a]      mod (co),

and so [co*, a]= A* for some k, where AQ generates Q2((A)).

Similarly [£*, a] = p mod (£), [£*, r] = p mod (£), and [c**,p]=p^.

We need only prove that k and n ate even.   For this, we use that every x €

£*co*C has Cc(x) = Vf, so x2 £ C implies x2 £ Vf.   Let x = £*co*p.  Then

x2 = (co*p)^ (co*p) = co*pp0""co*p a p~VoP    mod(co)

= Pq   mod (co),

as p e C.   Hence Pg £ IV.   Similarly AQ £ Vf, and (viii) is proved.

(ix)  C/A is elementary (of order < 4).

Proof.   We will show that A, p, Ap cannot be fourth powers in C.   First sup-

pose 8 £ C, 8   = Xp, and let r = 8 .  Then by (viii),

A = [co*, S2] = [co*, S]2[co*, 5, 5]   mod (co).

Now if [co*, SI has order 2k, then [co*, S]2*"2 e V < Z(C), so Itu*, 8, 5]

has order < 2*~2 by Lemma 6(c).   Hence by Lemma 6(d), [co*, 8]2[ío*, 8, 8] has

order 2*"1.   Hence
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|A| = 2*-1=1^|[co*,S]|,

But [co*, 8] e Hœ O C =(A), so this is impossible.

Now suppose 8 e C, 8   = A, and let p = 8 .   Then

A = [co , p] = [co , 8] [co , 8, 8]   mod (co)

has order M|[co*, 8]\, a contradiction as before.   By symmetry, (ix) holds.

(x)   Let X = (co, co*) or (tf, if*).   Then the Sylow 2-subgroups of CG(X) are

of the form Q x X where Q is dihedral or semidihedral.

Proof.   Take X = (tf, if*).   By (ii), there are 3-elements y and 8 e NG(F)

where y cycles (co, co*) and centralizes X, and 8 cycles X and centralizes

(co, co*).   Let R = CG(X); then 8 acts on R, and by the Frattini argument there

is a S-invariant Sylow 2-subgroup S of R.

F/X is a four-group of R/X, and the normalizer in R/X of F/X is

(NG(F) O CG(X))/X =(A0, F)/X, where AQ generates Q2«A)).   This implies that

the Sylow 2-subgroups of R/X are of maximal class, and they are dihedral or

semidihedral since F/X is a four-group.

We will show that R/X has Sylow 2-subgroups of order > 16, by exhibiting

an element of order > 8 in R/X.  Namely, if |A| > 8 or if C contains p with p

= A (so that p or ppQ centralizes X), then A or p or pp. has order > 8 mod X.

So we may assume  |A| = 4 and no such p exists.   If there is no t e C with T   =

Ap;, it follows from (viii) that (co*, VI) is a normal Eg of T.   So we may assume

that |A| = 4 and C = (A, p, r) where r2 = Xp and \p\ = 2" > 4.

D = (co*, X) x (<f*, p) is a maximal subgroup of T, and its exponent is 2" =

|/i|.  The elements of rA, rco*A, rzf*A, and rco*tf*A (where A = (A, p)) have the

following orders and squares, respectively: 2"+ ; 2"+ ; 8, with squares Atf' or

XcoÇ; and 4 or 2, with square co'tf', where in (viii) we have [co*, r] = Aco1 and

[£*, r] = /ttf'.
Let 2/ be the transfer homomorphism from G to T/D.   Then

^r)=\\gTg-il\gr2g-K..l\gr2n~2g-1X[gT2n~\-ll\gT2ng-'D,

in the usual way.   \r\ = 2n+ , so all the factors in Ilgrg-    lie in T - D.  Since

v(r) = 1, some factor of order 8, 4, or 2 must lie in T - D.   This means that

either r2""2 ~ rf*x (x e A), r2""1 ^ rco*^*x (x e A), or r2" ^ tco*¿j*x ix e A).

We will obtain a contradiction from each possibility.

Suppose r ~ r¿f*x (x e A).   Then the squares of these elements are con-

jugate, so, using that A ~_ Aco, we have r -\, A£'.   If 72 = 2, this means Xp

~ Azf'. Now CT(Af') = (C, tf*) and CT(Att) = C, so there is g e G with (Xp)8 =

Atf' and C8 < (C, tf*). C is the only Abelian maximal subgroup of (C, tf*), so

g normalizes  C.   But Ar(C) is a 2-group, so is covered by T, and Xp is not
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T-conjugate to Af'.   If tz > 3, then we have AgCO ~ X£!, where pQ generates

Q2«p».   There is g £ G with (z^co2"-3)8 = X£> and (C, co*)8 < (C, £*); as

above, g normalizes  C, which is impossible.

Now suppose 72"      <\, rco*f*x (x £ A).   Then r ~ rco*£* = a say; CT(a)

= (a, VI) = (a) x (co) = A  say.

Suppose tz = 2.   Then we have Xp ~ a, and there is g £ G with a8 = Xp and

A8 < C, so A8 =(Xfi, IV).  Now NT(A) = (A, A, p) and NT((Azx, iv)) = T, so there

is i £ G such that A   £ T and A    conjugates Xp. to A/xco.   But the elements of

T which conjugate Ap to Apeo are those of Ceo*, and none of these have squares

~ A   = co.

Suppose tz > 3.   Then we have p.co ~ a, and there is g £ G with a8 =

p_co and A8 < (C, co*).   Now the G-conjugates of co in  (C, co*) are conju-

gate in (C, co*) to co or co*; so we may assume co8 = co or co*, and A8 m B or

L, where B = (p.co , co) and L=(p.co , co*).

All elements of order 4 in A are G-conjugate (in fact, T-conjugate).   But

pa 4G Prfif'i for if so, there is g £ G with p8 = pQco and (C, co*)8 = (C, co*).   C

is the unique Abelian maximal subgroup of (C, co*), so C8 = C\ but T covers

NG(C), and pQ 4T pQco.

It follows that A 4 B, and so A8 = L.   Now |NG(L)| > |NT(A)|, but NT(L)

only inverts L, whereas N_(A) induces a four-group on A.   Hence, N_(L) can-

not be a Sylow 2-subgroup of Nr(L), and there must be some  Y <T, Y = Z4 x

Z2  (with the proper G-fusion pattern of involutions), such that A ~ L ~ Y and

NT(Y) is a Sylow 2-subgroup of NG(Y).

We shall now find Y.   Y < D, tot otherwise  Y ~_ A.   The elements of D

with squares ~ £ = (ííqCO )    are T-conjugate to p0, zíqCO, or co*p0, and D O

cclG (co) = ¡co! U co*(A).   Taking Y to have (p0), (p0<>>),   or (co*pQ) as a direct

factor, we get the following possibilities (up to T-conjugacy) for  Y:

íl0:(rl0'(ú)= ß'or (rV^*)-

p0co : (p0co, co) = B, or (p0co, co*).

co*p0 : (co*p0, co) = Yjj (co*p0, co*)= Y\; or (co*p0, co*co) = Yy

Y4B, since A 4 B.   If Y d\Yy Yy Y¿, then |NT(Y)| = 2n+3 = |NT(L)|,

violating that NT(L) is not a Sylow 2-subgroup of NG(L); for the same reason,

y d\Y2, V3I.  So y = (co*p0, co).

A ~ Y and N_(Y) is a Sylow 2-subgroup of NG(Y).   Therefore, there is i £

G with A*= Y and NrU)* < NT(Y).   Nr(A) = (A, X, pA and NT(Y) =((co*, p,

co),£*,X), where p0 inverts A; Cj.(Y) = (co*, p, co) and f* inverts Y.   There-

fore p* £(co*, p, co)£*; but (co*, p, co)£* consists of involutions.
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We may now suppose r     ~ rco*if* = a say.  CT(a) = (a, VI) = A say is ele-

mentary of order 8.

Suppose 72 = 2.  Then we have 77 = cotf ~ zz, and there is g e G with a8 = 77

and A8 < T.   We claim A8 4. D; namely, if A8 < D, then A8 < (W, co0, tfQ) = E

say, where cclG (co) O E = ico, coQ, coco A and cclG (¿A C\ E = {tf, tfQ, tftf0l.   If co*

= co, then (aco)8 = jjco = tf, but tzco ~ zz ~ 77.  Hence, by T-conjugacy, we may as-

sume co8 = coQ and (similarly) f8 = £0, so A8 = (77, co0, tfn).  But then NT(A) =

(A, A, p0) and NT(A8) = CT(A8) = E, and neither NT(A) nor Nr(A8) is isomor-

phic to a subgroup of the other, so there must be some Y <T, Y = Eg, with

A ~ A8 ~ Y and NT(Y) a Sylow 2-subgroup of NG(Y), so that |NT(Y)| > |NT(A)|.

The argument above shows that Y 4 D, and so Y ~T A, violation |NT(Y)| >

|NT(A)|.   Hence, A8 ¿ D, and we may assume A8 = A.  But then co and tf are

the only members of their G-classes in A, so co8 = co, tf8 = f, and tz8 = 77 = cotf,

which is impossible.

Suppose 72 > 3.  Then tf ~ a, and there is g e G with a8 = tf and A8 < T.

|cclG (tf) n A\ = 5, so A8 4. D, and we may assume A8 = A.  But then, as before,

we get co8 = co, 77s = 77, and a8 = tf = C077, which is impossible.

We now have that the Sylow 2-subgroups of R/X are dihedral or semidihedral

of order > 16.   Also, we have the 3-elements y and 8 of NG(X), and a S-invar-

iant Sylow 2-subgroup S of C¡G(X) = R, as described at the beginning of the proof

of (x).

(A, co*)< R, so there is x e R with (A, co*)* < S.  (coX)x e R/X lies in

<Ï>(S/X), so is the unique central involution of S/X.  The element y (or y     ) of

NG(F) n R sends co to co*, and so yxX e R/X sends co*X to (co*)*X.

Let Y/X = 02((R/X), and let M/Y be a minimal normal subgroup of R/Y.

Write R for R/Y.   Then S S S/X has center (côx), so co* e M.  Since M< R

and yx e R, (co*)x e M and MHS nas index at most 2 in 5.   As S   is dihedral

or semidihedral of order > 16, the Sylow 2-subgroups of M are non-Abelian inde-

composable and M is a non-Abelian simple group.   Therefore, Ar00' = M, i.e.,

Mioo)Y = MY = M.   R/M has odd or twice-odd order, so (R/M)(oo) =1 [7], i.e.,
R(oo)Y = M.

We now show that R(00' O X = 1. Namely, R(0°' and X are both S-invariant,

and 8 acts irreducibly on X, so R(oo)0 X 4 1 if and only if X < R(oo). R(oo) is

in the kernel of the transfer v: R —* S/S .  But for y e X,

v(y) = Yl(gyg-l)s' = yS',

since X < Z(R) (where g runs over a transversal to S in R).  As S/X is dihedral

or semidihedral and X < Z(S), 5    is generated by a single commutator, so S    is
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cyclic and there is y £ X - S .   This y is not in the kernel of v, hence not in

R(°°\ so R(oo)nx = i.

Let Sj = S H M, and P = Sj n R(oo), so Sj = P x X.   P is 5-invariant and is

dihedral or semidihedral of order > 8, so is centralized by 5.   If Sj = S, then S

= P x X and (x) holds.  Suppose [S :Sj] = 2.  Then \S/P\ = 8 and 5 acts fixed-

point-freely on XP/P < S/P, so S/P is elementary with one fixed point under 5;

so Cs(5) i P.  Now S = CS(8)[S, 8] and C$(8) > P, [S, 5] > X, X n C$(8) = 1; so

X = [S, 8] and S = Cs(8) x X, where C$(8) Si S/X is dihedral or semidihedral.

(xi)  Take p and a as in (viii); the [p, £*] = [a, co*] = 1.

Proof,   [p, £*] = 1 or £ by (viii).  Suppose [p, f*] = f.   Then pp0 centralizes

£* (where p. generates Q2((p))), and

[pp0, co ] = A~   or A- co;      ipp0)   = Af.

Hence (A, £ ) < 0(CT(f*)).   But (x) gives that 0(CT(f*)) is cyclic.

We will now show that T is a direct product of dihedral and semidihedral

groups.  This is true if C = (A, p), for then T = f/fflx E¿.  If [C: (A, p)] = 2,

then (xi) implies that we may assume C = (A, p, r) where r   = Ap.  Hence r cen-

tralizes A and p (since it normalizes (A) and (p)\ and   T = (A, p, r, co*, f*),

where r   = Ap, [co*, r] = Aco1, [£*, r] = pf, and r centralizes (A, p).   By symmetry,

we may assume  |A| < |zx| = 2" > 4.  Then T is the same group encountered in the

proof of (x) while showing that R/X contained elements of order > 8, except that

|A| need not be 4.   The transfer argument used in the proof of (x) to eliminate

this T does not require |A| = 4, and applies in the present case (if one reads

A.  for A where necessary).   Hence, this  T cannot occur.

We may now assume [C : A] = 4, where A = (A, p).   Let p and a £ C with

p   = X and cr   = p.   To show T is a direct product of dihedral and semidihedral

groups, we need only show [p, a] = 1, by (xi).  Now [p, a] £ V since [p2, a2] -

1, by Lemma 6(c).   But

ll£*o)lco*p))2 = i£*a)2lco*pr crco*p = co*paco*p = [p, a]    mod VI.

Since Cyl£*aco*p) = IV, we must have [p, cr] £ VI.,  So

T = (p, a, co ,£ ), where p   = A, a  = p; [co ,a]= [£*, p] = 1;

[co*, p] = Aco2, [£*, a] = p£k; [p, a] = y £ IV.

The squares of the elements of T ate
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C2=A (f*pA)2=A(A2)

(co*A)2=(tt2) (^*aA)2=^(A2)

(co*pA)2 = co V) (tf *pzrA)2 = tfky X(X2)

(co*aA)2 = p(p2) (co*f *A)2 = 1

(co*poA)2 = coiyp(p2) (co*f *pA)2 = co*

(f*A)2=(A2) (co*f*aA)2=^

(co*tf*paA)2=co,'tf*y

We claim all involutions of T are conjugate to elements of W.   This follows

by transfer if co! or if   4 1, as all the involutions of the maximal subgroups (C,

co*) or (C, tf*) are then conjugate to elements of VI.   If co1 = if   = 1, transfer

gives co*p ~ tf*cr -4 the elements of IV.   But then, supposing |Cr(tf*c7)| >

|C7.(co*p)|, CT(co*p) is conjugate to a subgroup of C_(tf*cr), contrary to (f ) =

ni($(Cr(co*p))), (co) = ditto for f*ff.

We now claim co1 = co and f   = ¿;.   For if co1 = 1, then (W, co*p, if*) satisfies

the hypotheses of (ii).   The classes in G of the elements of W and ¿¡*W are

known, and co*ptf*W is contained in a single class, co*p ~ co*pco, and co*p¿j ~

co*pr¡.   It follows that co*pz ~ co for some z e W, and co*pztf t¿ co.   This gives

co*pz € /(co), whence pz e Ha = (co*, A), a contradiction.

By symmetry, we need only deal with the cases y = co and y = 77.

Suppose y = 77.   Then co*tf*pa = (co*p)(tf*o-) = a say is an involution, so is

conjugate to some element of W.   C^Xa) = (a, co) x (co*pX p ), where (co*pX.pA)

= 77.  Let a8 eVI and CT(a)8 < T.   Then r¡8 6 3>(T), so t/8 = 77, and (aq)8 =

a877.   Therefore, ag -y  (az/)8.   But a ~ a77 in T (e.g., by A0/iQ).

For the case y = co, we need that pQ -4 p0co.   If pQ ~ p0<o, there is g e G

with ft8, = (IqCo  and Cr(/i0)8 = CT(pA.   Q>iCTipQ)) = C   = A, and by examining

squares in cosets of A we get that  C8 - C.   Now A-.(C) is a 2-group, so

AG(C) = AT(C); but p0 r/T pQco.

Now suppose y = co.   Let M = (p, p, co*, tf*); then T — M contains no in-

volutions, so by transfer, ff*o" is conjugate to an element of M.   Since (tf*ff)   =

tf, we get tf*ff nj pQ, pQco, or co*pQ.  Now if tf*cr ~ p. or figCO, then there is g e

G with (tf*a)8 = /i0 or p0co and CT(tf*a)8 < CT(pA.   Cr(tf*a) =(co*, A)x <tf*a),

and CjX/x.) = (C, co*).   The unique four-group of <5(CT(f*cr)) must go under g

to the unique four-group of C^ipA, i.e., W8 = W.   But tf*a is conjugate in T to

tf*az fot every z e VI (namely, (¿;*o)p = tf*aco, (f*a)     = tf*atf) and /i0z  o¿

PqZco for z e W.

Hence £*tf ~ co*p0 "4 p0 and zt-co.   Indeed, the elements of  T that can be

G-conjugate to f*a ate represented up to T-conjugacy by co*pn, co*tf*cr, and
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co*£*pa.   The latter two have centralizers in T of order 2 .  Now

CT(£*a)=(co*,X)x(£*o),

CT(co*p0)=(W, a, co*n0) = (W, a,co*)=(co*)x(co)x (a).

It follows that Cj.(y) is a Sylow 2-subgroup of CG(y) where y is either f*<7 or co*pQ.

Hence one of CTl£*a) and Cr(co*p0) is isomorphic to a subgroup of the other.   But

this is false, since the only Abelian rank  3 subgroups of CT(£*a) are of type

(2, 2, 4) and Cr(co*p0) is of type (2, 2, 2r) for r > 3.

This completes the proof of Theorem B.
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