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THE EXISTENCE, CHARACTERIZATION AND
ESSENTIAL UNIQUENESS OF SOLUTIONS
OF L™ EXTREMAL PROBLEMS(})
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S. D. FISHER AND J. W. JEROME

ABSTRACT. Let I = (a, b) be an interval in R and let H™® consist of
those real-valued functions f such that f (=1 ;5 absolutely continuous on /
and f () ¢ L. Let L be a linear differential operator of order n with
leading coefficient 1, a=x, <.+« <x =05 be a partition of I and let the
linear functionals Lij on H7® be given by

n—1
Lijf= VEO‘ang)f(V)(xi)’ j=Leee ki1, m,

where 1 < k <n and the k n-tuples (a(O)

. (;"1)) are linearly inde-
pendent. Let i . be prescnbed real numbers and let U=1{f ¢ H™™: L f Tij

J=1leees ks t =1,+++, m}, In this paper we consider the extremal problem
- sl o= =inelliLy] oz rel.

We show that there are, in general, many solutions to (*) but that there is,

under certain consistency assumptions on L and the L‘.., a fundamental (or

core) interval of the form (x., x; 0) on which all solutions to (*) agree; ny is
determined by the k; and saushes n, > 1. Further, if s is any solution to (*)
then on (x , ’+"0)’ |Ls| = a a.e. Further, we show that there is a uniquely
determined solution s, to (*), found by minimizing ||Lf " Lo over all subintervals
(x,, %t l), j=1,¢¢+, m~ 1, with the property that |Ls,.,| is constant on each
subinterval (xi’ x, ﬂ) and Ls, is a step function with at most n — 1 discon-
tinuities on (xj, xiﬂ)' When L = D", s, is a piecewise perfect spline. Examples
show that the results are essentially best possible.

1. Introduction. Let m points x  <x,<:.+<x_ and m interpolation values
Ty2 T2+ +*s 7, be prescribed in R and let 7 be a positive integer satisfying 7 <
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m - 1. We denote by H™*(x,, x ) the real linear space of functions f such that
f@=1) is absolutely continuous on (x, x_) and /) € L®(x,, x_). The minimi-

zation problem on (x r xm) given by

s, oo =@

b/ ot f € H™ s 2,)s ) =75 1<i <m)

(1.1)

was shown to have a solution s € H*(x, x_) in [8] via the property that {f™:
feH™™(x,, x ), [(x) =r;, 1 <i<m} is weak* closed in L*(x, x_). In fact, a
much more general result was obtained for linear inequality constraints and non-
singular linear differential operators of order 7. In his dissertation [12], Smith
showed that a solution s of (1.1) exists which has the property that |s(™)] is a
step function on (¥, x ) with discontinuities restricted to X, +++, x__, and

moreover that s

is a step function on (xi, xiﬂ), i=1,00e, m—1, with at
most n — 1 discontinuities on each such interval. His method consisted of con-
sidering limits of certain sequences of Lp extremal solutions as p - o, the latter
having been characterized analytically by Golomb [S]. In this paper, we show that

there exist 7+ 1 consecutive points x ,+++, x among X,,+++, X such that

r+n

any two solutions of (1.1) agree on the interval [x,, x_ ] and such that every

Tem

solution of (1.1) satisfies |s™)| = a a.e. on (x., x. _). Moreover, we show that

r rT+m
there is a unique solution of (1.1) on [xl, x ] with the further property that in-
ductively, on each subinterval (x;, x, ), 1<i<m=~1, ess sup|f™)| is minimal;
this unique solution s has the property that |s(")| is equivalent to a step function

on (x,, x ) with discontinuities restricted to x,,+++, %

o 1 and moreover that
s

is equivalent to a step function on (¥;, ¥;,,), 1< i< m~1, with at most
n - 1 discontinuities on each such interval.

In fact, our results are much more general and (1.1) is but the prototype of a
class of problems which we now describe. We consider again the m points x, <
+++ <x_ and, associated with each of these points x, we consider the linear
functionals L. on H”‘°°(x1, xm) defined by

n-1
Lyf= & afP), j=lieesky i=loeym
v=0

for prescribed real numbers “(7)’ such that, for each i, the k n-tuples (a( ) ees ,
("" D) are linearly independent; here 1 <k; <7 for i= l,u‘ , m and, at x and

xm the derivatives are one-sided or, equ1valently, taken in the limiting sense.

Let L be a nonsingular linear differential operator on [xl, xm] of order » of the

form
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n-1
- D" j
L=D"+ 20 cp

where c; € Cla, 8], j=0, 1,-++, n—= 1. We consider the generalized minimization
problem on (x;, x_)

(1.2) "LS"L“ =a-= inf{||L/||L°°: feU},
(1.3) U={feH™ % )L f=r., 1<j<k, 1<i<ml,

for prescribed real numbers 7,.. U is clearly nonempty because of the linear inde-

k; .
pendence of {(ag.’),o .., aﬁ.;" ))}j;l for i=1,+++, m. We state now

Theorem 1. The minimization problem (1.2) has a solution s € H™*(x " xm)
and the class S(U) of all such solutions s for a fixed choice of U is a convex
set. Let §,(U) = S(U) and for 2<i<m, let S,(U) consist of all solutions to the
minimization problem

a,_, = inf{||Ls||

1

Lot e €S, (L

Then each S,(U) is nonempty; in particular, S_(U) = n:’; §,(U) is nonempty.

1

In order to obtain characterization and uniqueness results we must make addi-
tional assumptions regarding the differential operator L and the linear functionals
L;- Regarding L we assume

@ c; € C'la, b]; the null space of the formal adjoint L* of L given by

n
(1.4) L* =23 17D f)
j=0
is spanned by a Tchebycheff system, i.e., if u € C"[x v xm] satisfies L*2=0 on
[x, =) andif u(y,)=+++=u(y,) =0 for any set of 7 points %, <y, <+++<y,
<x_,then =0 on [x, x 1.

We remark that there exists a positive constant & such that, if x, -x, <9,
then the null space of L* is spanned by a Tchebycheff system [7, p. 346]. Now
let L, e Ly denote the lexicographic ordering of the L., i.e., if Ny =0 and
N, = k

i ;=1 i=1,+++, my with N=N_, we define

v?

(1.5) "‘N,-_1+1'=Lif’ IS]Ski, i=1,00e,m,
Ve define n; to be the maximum positive integer satisfying the following

property: For any 7, consecutive points among ¥ ,+++y ¥ the sum of

the integers k; associated with these points does not exceed n. Clearly,
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we have 1 <7 <7 Then our assumption regarding the functionals L ,+++, Ly
is as follows.
(I N>n+1 and L and the Li are consistent:

(a) For every n, consecutive points x. yese and prescribed
y 7y P Ag+1 p

* ¥Ag+ng
values y; there is a function u in the null space of L satisfying L u=y,, i=

Nag+ Lo Nyg g
\ (b) For every 7, + 1 consecutive points Fag? "t Fhgamg such that
0410 . P .. .
2””‘0 k,2n+1 the equations L;u=0, i=Ny _,+1,++, Ny for u in

the null space of L imply «=0.

Theorem 2. Suppose (1) and (II) are satisfied. Then there is a fundamental
1 for some 1< A, SA, Sm=n, satisfying zt-z__;l"o k;
> n+ 1 such that any two solutions of (1.2) agree on ]J. Moreover, if s € S(U),

interval | = [xh, xlz+no

then |Ls| = a a.e. on ]. The class of solutions S _(U), as defined in Theorem 1,
contains a single element s,. Moreover, s, satisfies the property that |Ls,| is

equivalent to a step function on (x xm) with discontinuities restricted to x

l’
e Xy and, on (xi, xiﬂ), i=1l,s+e, m=1, Ls, is equivalent to a step

2’
function with at most n— 1 discontinuities on each such interval.

We have restricted our attention in this theorem to the case N>n+ 1 as is
stated in (II). For N = » and linear functionals consistent with respect to the null
space of L the unique solution of (1.2) is defined by (generalized) interpolation
and a =0 in this case. The case a =0 is possible when N> n+ 1 but is of
little interest. In $2 we present a complete proof of Theorem 1, though the exis-
tence of a solution of (1.2) has been established with more general linear func-
tional constraints in [8]. Then, in §3, we give a proof of Theorem 2 and show,
through two examples, that the result is essentially best possible.

It is of considerable interest, we feel, that for L = D", spline solutions arise
naturally as unique solutions s, of (1.2) which are singled out so that si") has
minimum L% norm on (xl., xi+1)’ i=1,-++, m~ 1. The emergence of splines as
certain L™ extremal solutions is not new and appears elsewhere, viz., in the
Favard-Achieser-Krein theorem [1], [2] on the best L™ approximation of periodic
functions by trigonometric polynomials, in the elegant solution by Schoenberg and
Cavaretta [11] of Landau’s problem on the half-line regarding the best estimation
of derivatives and in the very general results of Golomb [6] concerning the estima-
tion of uniform norms of periodic functions, with certain zero Fourier coefficients,
in terms of higher order derivatives. Also of mention here are the papers of Favard
[3] and Glaeser [4].

Finally, we mention that the L™ extremal solutions have certain optimal
approximation properties in the L™ norm [9] in analogy with the generalized
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spline extremals which arise in L? minimization problems. When L = D*, the L™
splines are piecewise polynomials of degree n, whereas the L? splines are piece-
wise of degree 2n - 1.

2. Existence. In this section, we shall present a proof of Theorem 1. For
this, we require some notation which we now introduce. H™*(x » xm) is a Banach
space under the norm

n

= 6))
@.1) el = ’Z_:O 1 oy vy

Let N, denote the n dimeasional null space of L of C"[xl, xm] functions. For

the kernel 0(-, £) eN;, £elx xm], defined by

1'
[Df0(-,f)]§=8. j=0,000,m =1,

jon=1°

we have the well-known representation, for f € H"'°°(xl, xm),

@.2) ) = ule) + [T Ble, OLAEVAE,  x, <2 <x,,
where u € N and

Ox, &) if x> ¢

0 otherwise

é(x’ é.) =

Now let U, be the linear subspace of N, consisting of those functions ¢ satis-
fying Li].¢ =0, j=1,40+5 k;5 =142+, m Uy clearly has dimension k satisfy-
ing 0 <k<nm Let gy, p, be continuous linear functionals on H™™(x,, x )
satisfying yi(v,.) = aij’ 1<i, j<k, where v),+++, v, are a basis for U;. For
convenience of notation, we order the Lij and r;; as L TERES LN and Tt T
It is an elementary fact of linear algebra that there exist » — k& members le, vee,
Ljn-k of {L P LNf (we allow k= 0) such that Bpssees iy le,- .oy Ljn-k
are linearly independent over N, i.e., if u €N, and p,u=0,1<i<k, and
L,-Uu=0, 1<v<n-k,then u=0.

Proof of Theorem 1. In order to show that the minimization problem (1.2) has
a solution, it suffices to show that every nonempty intersection of LU with a
closed ball B in L™(x " xm) contains all its weak” sequential limit points. In-
deed, this reduction is possible since, if ||[Lu, |00 ¥ @, {Lu,} CLUNB, then
Lu, contains a weak” convergent subsequence [13, p. 137] converging to an ele-
ment which must have norm less than or equal to a by the lower semicontinuity
of the norm with respect to weak” convergence. Thus, let {f v} CU be such that
{Lf,}is weak® convergent to y € L®(x,, x ) with ||Lf || <C. We immediately
deduce that ||y|| < C from the relations
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@.3) [ soae— [Tyoag
forall x, <B<y<x . We now set

2.4 ) = ule) + 77 Be, Ey(E)dE

where u € N; is to be determined in such a way that { € U. Now by the weak”
convergence of Lf, and the Peano-type representations

@.5) Lfy=r;= :"Lié(” ELI(EVdE+ L a,

for i=1,+++, N and u, € NL, we deduce that Liuv is convergent to

(2.6) L=ry= [ 7B, En(E)aE

for i=1,+++, N. Here L 0(., §) is, of course, an integrable function of £ on
(x,, x,). Define now u € N by

@.7) y,u=0, 1<j<k, LJ.u:I., 1<v<n-k

' 4 ]V
We now claim that
(2.8) Lil='i’ i= l,-..,N,

where [ is defined by (2.4). Indeed, if we define functions '17” € N, satisfying
U, -u, €Uy and p, @, =0, 1<i<k, then the sequence {Z,} is convergent to u
in the norm on N; given by

k n—k
@9 lolly, = 5 66 + T 1L, @)
i=1 v=1

Now if A is any of the linear functionals L ,+++, Ly then A is continuous on

N, in the norm defined by (2.9) and hence )LG'V) — Mu). But )\'171, =Au,,, so that,
if A=L ig? then

(2.10) L.u=<l,, 1<ig<N,
since io was arbitrary. Now by (2.4) we have
(2.11) Lf=Lau+ :l”'L,.é(., Ey(&)dE

so that (2.8) follows from (2.6), (2.10) and (2.11). This completes the proof of the
assertion that (1.2) has a solution. Since it is clear that S(U) is convex, we need
only verify the last statement of the theorem. To do this, we define, inductively,
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convex sets §,(U), 1 <i<m,as follows. §,(U) = S(U). 1f S,(U) has been de-
fined for 1 < i< m~-1, and is nonempty, we consider the minimization problem

(2.12) ILs|| = a; = inf{|L/] O fes

L%(x,xi,1) L%®(x;%;,

S; +(U) is defined to be the set of all solutions of (2.12). Since any member of
Sm(U) clearly satisfies the second statement of Theorem 1, it suffices to show
that (2.10) has a solution for each #, i =1,+++, m = 1. We sketch here the proof
for an arbitrary i=i,. Let a io be given by (2.12) and choose a sequence {f,}C
Sio(U) satisfying ess sup,_ f(xio»"iou)ll"/"(x)l \ a;, which is possible since

LS io(U) is bounded and nonempty in L”(xio, %io +l)' By the weak™ relative com-

pactness of {Lf,} in L™(x,, x ), we can select a subsequence {/y’} of {f,}
such that Lfy; is weak™ convergent to y € L(x, x_). Defining f by (2.4),
where u € N; is defined, as before, by (2.7), we deduce that €S ‘.O(U). Here the
only change is the replacement of f, by fy j in (2.5). Finally, the lower semi-
continuity of the norm with respect to weak* convergence implies that

ess sup, ("iov"io+l)lL/ (x)] = a;, Which completes the proof of the theorem.

3. Characterization and uniqueness. We assume throughout this section that
hypotheses (I) and (II) are satisfied. We begin with three closely related proposi-
tions which are the essential ingredients in the proof of Theorem 2. The term
interpolation of data will mean the specification of values of L,¢++, L.

Proposition 1. Let n, be given as in §1. Let E be a closed set in [x » xm]
with the property that E intersects in a set of positive measure any collection of
n, consecutive intervals in the collection {[x, x; +1“’:"=—11‘ Then, given data at
the points x,+++, X, there is a function f{ € H"'°°(xl, xm) which interpolates
those data such that Lf is supported in E. !

Proof. By the definition of 7, and the hypothesis, there is a closed subset
E, of E of positive measure lying in an interval /= (x;, x,,,) where there are at
most n of the functionals L ij associated with the points Xppprtets X,

Let L®(E,) denote those bounded measurable functions on R which vanish
a.e. off E, that is, which are supported on E,. If g € L™(E,), then

3. ) <[ 00 ey, x 2%

gives the unique function in H™*(x, x_) which vanishes for x < x; and for
which Lf=g. Because of our assumption (I),

(3.2) 0x; y) =Y ¢i(x)¢’;()')

j=1
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for some choice {¢,,+++, @} of a basis of the null space N, of L and some
choice {g},+++, ¢:§ of*a basis :f the null space of L* [10, pp. 75-78]; in addi-
tion, (I) implies that {¢1, coe, ¢n¥ is a Tchebycheff system. If we substitute the
expression (3.2) for 6 into (3.1) we find that

(3.3) ) = 3 ) f, g0 )y, x>x, ..
j=1

We wish to show that the coefficients of ¢,+++, ¢ in (3.3) may be any n-tuple
of real numbers for an appropriate choice of g € L”(E l). Hence, consider the map
T defined by

(3.4) Tg ={ f, g(y)¢’;(y)dy}:=1, g e L(E,).

T is clearly linear; if T were not onto R”, then there would be scalars 8,,+++,
B, oot all zero, with

0=38; f, g0)$:(y)dy = f, g (Z B i¢>;(y9dy, for all g € L™(E,).
i=1 1

This implies that 2'1' B}. qS]. vanishes a.e. on E; and since E ) has positive

measure and ¥¢’;, cee, ¢:¥ is Tchebycheff, we learn 3% B; ¢;'.‘ = 0 which in turn
implies all the B,. are zero. Hence, T is onto and we deduce the following:

Given data at %, ,+++,x,, there is an element / of H™"*(x,x )
(3.5)  which vanishes identically on [x,, x;] and which interpolates the

given data at x; ,,+--, x  such that L{ is supported on E,.

Again, by the definition of n; and the hypotheses, there is a closed subset
E, of E of positive measure in some interval I'= ("k’ xk+1) to the left of E|
where there are no more than n of the functionals Li!. associated with the points
% 412**» %;. Repeating the argument above we see that any set of data at the
points x; between E, and E, may be interpolated by a function g in H™*(x, xm)
which vanishes identically to the left of E, and for which Lg is supported on E,.
Adding to g an appropriate f from (3.5) we see that the interpolation can actually
be accomplished by a function b which vanishes identically to the left of E o for
which Lij b =0 for all those functionals Lij associated with the points Xpppres
x ., and for which Lb is supported on E, UVE,,.

Suppose now the sets E,.-+, E, have been constructed as above, t > 2. If
there are n, or fewer of the points x; to the left of E, then there are n or fewer
of the functionals Li]. associated with these points x,+++, X 4<mg; hence,
given data at x,++-, x, there is, by hypothesis, an element / of the null space
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of L which interpolates those data at x,,++, x. Adding to { an appropriate
element g of H™*™(x,, x ) with Lg supported on E U+ UE, we see that the
data at x,+++, x, may be interpolated by a function b in H™*(x " xm) with Lb
supported in E and for which L .5 =0 for all the functionals associated with the
points x 4 00y X . If there are more than 7, of the points x; to the left of E,,
then by hypothesis there is a closed subset E,,, of E lying in one of the inter-
vals (x,, x, +1) to the left of E ‘ where there are no more than n of the function-
als L, associated with the points x; which lie between E ;) and E,.
Now we repeat the argument which led to (3.5) to obtain a function b €

.+ and E,,
which vanishes to the left of E ,,, for which Lb is supported on E U++-UE

H™®(x, x_) which interpolates arbitrary prescribed data between E
t+1
and which satisfies L b =0 for all the functionals associated with the points to
the right of E,. We continue in this fashion until there are 7 or fewer points
remaining, at which time we terminate the process by using the argument given
above. Any data can be interpolated by a finite sum of the functions just con-
structed. This completes the proof.

Proposition 2. Let A and B be two disjoint sets of positive measure in any
interval 1= [x;, x,,\], 1<i<m-1. Then given b € H**(x , x ) with Lb sup-
ported on A, there is a g € H™™ with Lg supported on B such that g interpolates

the same data as b at x,,+¢¢, x

1’ m'

Proof. We know that b is given by, after suitable modification,
n
3.6) ba) = X 6,00 [ LHS Oy for x> %, .
j=1

(By subtracting an appropriate element of the null space of L we may assume that
b vanishes identically on [x, x,].) The proof that a g exists with Lg € L*(B)
and g(x) = K(x), x ¢ (%;, %,4,), is identical with the proof that leads to (3.5) and
need not be repeated.

The next proposition is a sharpening of Proposition 2 which allows us to
control the sign of Lf and yet still interpolate any given data. We will need the
notion of two sets being interspersed.

Definition. Let A and B be two sets of positive measure. We say A and B
intersperse at least k times if there are subsets A ,+++, A, of A of positive
measure and subsets B ,+++, B, of B if k isoddand B ,-++, B, | if k is
even, of positive measure which satisfy the following inequalities for all j for
which they are meaningful:

B.7 a;< b]. <a,, for all ae Ai’ b,. € B]..

1
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Equivalently, A and B intersperse at least k times if the function which is 1 on
A and -1 on B and 0 elsewhere changes sign at least & times on R.

Proposition 3. Let A and B be disjoint sets of positive measure in any
interval 1 =[x, x;, .1, i=1,+++, m - 1, which intersperse at least n times. Then
given b € H"™(x,, x_) with Lh supported on I, there is a function g eH™®(x), x )
with Lg supported on | which interpolates the same data as b at Kppeers %
and further, g may be chosen so that Lg is nonnegative on A and nonpositive
on B.

Proof. Again we may subtract an element of the null space of L from » and
thereby assume that b vanishes identically on [x,, x;1. For x> x,,,, we know
that h(x) is given by (3.6) and, as before, we need only show that there is a func-
tion ¢ = Lg € L®(x,, x_) having the desired support and sign properties and with

J, 50wy - [ S D0y,  j=1,0ee,n.

g, of course, is then given g(x) = f:l 6(x; £) $(£)dE for x <x<x_.

Let V be the set of bounded measurable functions on I which are nonnegative
on A and nonpositive on B. V is a convex cone. Let T be given by (3.4); T(V)
is then a convex cone in R”; if the origin were not an' interior point of T(V), then
there would be scalars B,,+++, B,, not all zero, with

n
8, [, 6560y 20, forall pev.
1
Equivalently,

L p(y) <’$ Bit;b’;(y))dy >0, forall peV.

This clearly implies that ® =2 B,' ¢;k is nonnegative on A and nonpositive on B.
Since A and B intersperse at least n times, ® must have at least n zeros; since
{¢T, see, qS:} is a Tchebycheff system, ® must vanish identically and hence all
the 3, are zero. This contradiction shows that the origin is an interior point of
the cone T(V) and hence T(V) = R” and the proof is completed.

Proof of Theorem 2. Let [ be any solution of (1.2) with a >0 and for §> 0
let E be the set where |Lf| < a — 8. Suppose that E intersects in a set of posi-
tive measure any collection of 7, consecutive intervals in the collection
{lx;, x;,1 }’;‘;‘ll . By Proposition 1, then, there is a function g € H™%(x,, x )

]
with Lg supported on E such that g interpolates the same data as f. Consider
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for € > 0 the function b= (1+¢)~!(f + ¢g). Clearly b € H™®(x |, x_) and b lies
in U defined in (1.3); further, when € is sufficiently small, [|LA||; o is strictly®
less than a, a contradiction. It follows that there is a collection of n, consecu-
tive intervals on which |Lf| = a a.e. for this solution f.

Let I,+++, I, be those intervals among {[x;, x,, 1175 ! with the property
that for each 'i’ j= 1,24+, p, there is some solution /] to (1.2) with |L/J| <a
on a set Ej [« Ij of positive measure. If this set of intervals is empty, then | =
[x,, x_]. Thus, assume p> 1. Now let g=p~!(f, ++¢s + /p); then g is a solu-
tion to (1.2) and by construction |Lg| < @ on a set of positive measure in each of
the intervals l » j=1,++¢, p. However, we have already proved that there are n,
consecutive mtervals on which |Lg| = a a.e. Hence, the collection {I. }_l omits
n, consecutive intervals in [x, x ] and hence |Lf| = a a.e. on these n, con-
secutive intervals for any solution / to (1.2).

Let | 1 be the union of the n, intervals found above; let | be the largest
interval of the form [x, x, 1 which contains ], and such that |Lf| = a a.e. on |
for all solutions [ of (1.2); it is possible that | = J ;-VWe claim there are #+1 or
more of the functionals L. associated with the points x,+.-, X} . p+ Suppose
this is false; we shall construct a solution f of (1.2) with |Lf| < a'<a a.e. on
], a contradiction. Let us suppose for simplicity that &> 1; minor modifications
of the following take care of the case k= 1. Suppose also that k + 7 < m; let
I = (xk_l, xk) and I, = (xk“, xk““). By the definition of I, there is a solu-
tion f, of (1.2) with |Lf,| < a -8 on a closed set E| of positive measure in I,
and a solution f, of (1.2) with |L/2| < a -d on a closed set’ E, of positive
measure in I,; let g =%(f, +/,) sothat g is a solution of (1.2) and |Lg| < a~ &
(some 8> 0) on both E| and E,. Let b be the element of H™*™(x,, x_) which
vanishes identically on [x, x, ] and for which Lb is Lg on ] and zero else-
where. Since the functionals Ll.,. are consistent and since there are 7 or fewer of
them associated with the points x,+++, x, _ there is an b € H**(x, x )
which vanishes identically on [x ¢ %o l], which interpolates b at Xpro oo X s
and for which Lb, is supported on E 1+ (This is just the content of (3.5).) Further,
there is an b, € H™%(x,, x_) which vanishes identically on [x, xk“], which
interpolates b~ b, at Xk 4rg1? "2 X, and for which Lb, is supported on E,,
since h-h, agrees with a member of Nponlx g% ] Consider now the
function f=g-elb~h -5); f€ H™>(x |, x_) and, by construction, f € U.
Further,

(Lg)1-€ on ],

Lg +eLh; on E,,

Lg +eLb, on E,,

Lg elsewhere.

Lf



402 S. D. FISHER AND J. W. JEROME

Hence, for sufficiently small ¢, Lf is a solution to (1.2); but |Lf| <a’'<a a.e.
on |, a contradiction. Consequently, we learn that there are n+ 1 or more of the
functionals Lij associated with the points x,,++-, X, Now let f and g be
any two solutions to (1.2). Then Lf=Lg a.e. on | by convexity; hence by (3.1)
[-g=¢ on | where ¢ is in the null space of L. However, Lij(/) = Li].(g) for
all the functionals Lij and thus Ll.]. (¢) = 0 for those 7+ 1 or more functionals

associated with the points X, ,¢¢+, x . This implies ¢ =0 by the consistenc
po I3 P y y

of the functionals and hence =g onk }: as desired.

Let =[x, ,, x;] be one of the subintervals and let s € S.(U). If o;_, =0,
then go onto [x;, x,,,]. Otherwise, an application of Proposition 2, with B con-
sisting of those points in I with |Ls,| < a;_, =0 (or some subset of that set)
with A =1 - B, with b any function in H™*(x v xm) such that Lh=0 off A and
Lh=Lsy, on A, and g an interpolant of b such that Lg is supported in B, shows
that |Ls,| = a,_, a.e. on I through a consideration of s, —€(h - g). Hence, if

Sy is any element in S_(U), then |Ls,| = a;_, ae. on each I.=[xj-1, x].], i=

2,+++, m. If s is any other element of Sm(U),lthen sois Y(s + s*) and hence
|L(s, + )| = 2a;_, a.e.on l’.. Consequently, Ls, = Ls on I. and therefore
Ls, =Ls a.e. on (xl, xm). Thus s, =s on [xl, xm], as desired.

Finally, we show that Ls, is a step function on each interval I; to do this
we use Proposition 3. Assume first that a;> 0. In Proposition 3 take A to be
the set where Ls, =-a,; and B to be the set where Ls, = a; and 4 to be aty
function in H™(x " xm) with Lh =0 off I and Lh= Ls, on I. Suppose that A
and B intersperse n or more times on I. Then by Proposition 3 there is a func-
tion g in H™™(x , x ) with Lg supported on I, Lg>0 on A and Lg< 0 on B
such that g interpolates the same data as h. Consider the function f=s, -
e(b—-g); f€U and Lf=Ls, off I and Lf=(1-¢)Ls, +¢Lg on I. Since Lg
has the opposite sign of Ls,, when ¢ is sufficiently small, |Lf|| will be strictly
less than a; on I, a contradiction. This proves the final assertion of Theorem 2
when a;> 0. If a; =0, then the assertion is trivial.

Corollary 1. There is a spline solution to (1.2) when L = D",

Corollary 2. If ng=n=m-~1, then the solution to (1.2) is uniquely deter-
mined in [x, x_].

For exafnple, if we specify only the values of the function at the points

Xppeees X 4y as discussed in the introduction, then n, = » and since there are

0
only 7 intervals, the solution must be unique in [xl, xnﬂ]. We give a few simple
examples below to illustrate the lack of uniqueness in general and the fact that

the knots in the spline solution need not fall at the interpolation nodes.



SOLUTIONS OF L* EXTREMAL PROBLEMS 403

Example 1. Let L = D and take m = 3 with the data (0, 0), (1, 1) and (2, 1).
Then n, is 1 and it is simple to see that any solution of (1.2) must coincide on
[0, 1] with the line segment joining (0, 0) to (1, 1). However, on [1, 2] there are
many possibilities; one can take any C! function whose graph joins (1, 1) to
(2, 1) and whose slope is always between ~1 and 1. The spline solution, of
course, contains the horizontal segment joining (1, 1) to (2, 1).

Example 2. Let L = D2 and m = 4 with the following data: (=2, 0), (-1, -1),
(1, 1) and (2, 0). Here n, =2 and there are 3 intervals. Let F be the solution on
the fundamental interval extended to [-2, 2] so that F solves (1.1) and let a, be
the sup norm of |F"| on the remaining interval so that a, < a. Let G(x) = ~F(~x)
for ~2<x<2. Then G € H»™(=2,2), G(x) =r, for i=1,+++, 4, and ||G"|| = a..
Hence, by uniqueness, G(x) = F(x) on the fundamental interval. However, either
[-2, 1] or [1, 2] together with [~1, 1] constitutes the fundamental interval and
hence a,=a and G=F on [-2, 2]. Thus the solution F is uniquely determined
on [~2, 2] and is odd about x = 0; in particular, F(0) = 0. This implies that F"
changes sign at x =0 and hence the spline solution has a knot at x = 0, which
is not a node.

The authors have recently shown, in an article to appear in the Journal of
Approximation Theory, that problem (*) of the abstract for L = D" admits a per-
fect spline solution under hypothesis II of this paper. That is, there is a solution
s for which D"s = * a, with at most n discontinuities of D™s between consecu-
tive nodes.
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