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ISOLATED SINGULARITIES FOR SOLUTIONS OF THE NONLINEAR
STATIONARY NAVIER-STOKES EQUATIONS

BY

VICTOR L. SHAPIRO (1)

ABSTRACT. The notion for (u, p) to be a distribution solution of the nonlin-
ear stationary Navier-Stokes equations in an open set is defined, and a theorem
concerning the removability of isolated singularities for distribution solutions in
the punctured open ball B(0, ro) —1{0} is established. This result is then applied
to the classical situation to obtain a new theorem for the removability of isolated
singularities. In particular, in two dimensions this gives a better than expected
result when compared with the theory of removable isolated singularities for
harmonic functions.

1. Introduction. Let @ be a bounded open set in Euclidean N-space, Eys
N>2, andlet f=(/}, -+, fy) be a fixed vector in CHQ), 0< a< 1. (u, p) will
be said to be a regular solution of the nonlinear stationary Navier-Stokes equations
in Q if uis in C2*%Q,) and p isin Cl+a(91) for every open subset {}; whose
closure is contained in  and if, furthermore, (u, p) satisfies

a.1) vAui—ukauj/axk-ap/axj+/].=0, j=1,+¢+4 N,
(?uk/(?x,c =0,
in , where u = (“1’ ceey, ”N)’ v is a nonzero constant, and the summation con-

vention is used.

We let B(0, ry) designate the open N-ball with center 0 and radius 7, and
obtain as a corollary to Theorems 2 and 3 the following result for regular solutions
of (1.1) in B(0, 7)) - {0}.
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Theorem 1. Let (u, p) be a regular solution of (1.1) in B(0, ;) - {0} where
f is in C*(B(0, r))], 0< a < 1. Suppose that
(i) there is @ B> N such that u is in L'B[B(O, ro)];
(i) lu| = o(jx]=®N-1Y2) g5 |x| —0 for the case N =2;
i) |p] = o(jx|=N=1) as |x| — 0.
Then (u, p) can be defined at 0 so that (u, p) is a regular solution of (1.1) in
B(0, 7).
For N > 3, (ii) is superfluous.
We observe that for N = 3, Theorem 1 gives an improvement of the result
mentioned in the next to the last paragraph of [10]. Also for N = 2, Theorem 1

gives a better than expected result when compared with the theory of removable
isolated singularities for harmonic functions. (See the first paragraph of [10].)

If (u, p) is a regular solution of (1.1) in Q, then it satisfies

vAu’.—a[uiuk]/axk -ap/axj+ f;=0, j=1,.+4,N,
Ou,/dx, =0

1.2)

in Q.
In view of this fact, we shall say that (u, p) is a distribution solution of the

nonlinear stationary Navier-Stokes equations (1.1) in @ [where we now only sup-
pose that f is in L1(Q)] if u is in L2(Q), p is in L}(Q), and

1.3) L [vu,.A¢ + ulllka¢/axk + paqS/ax’, + ¢/’]¢ix =0, j=1y e, N,
J, lw,0/0x)dx = 0

for all ¢ in C J(Q).
We intend to establish the following result for isolated singularities of dis-
tribution solutions of (1.1).

Theorem 2. Let u be L2[B(0, ro)] and { and p be in L[B(o, ro)l: Suppose
(u, p) is a distribution solution of the nonlinear stationary Navier-Stokes equa-
tions (1.1) in B(0, r)) = 0}. Suppose furthermore that

@ N [50.y 161dx = 0=®=D) as 1 — 0, and that

Gi) N JBe0.n lu]7dx}!/Y = olr=N=1/2) g5 y — 0 where y=2 for N
23 and y>2 for N=2.

Then (v, p) is a distribution solution of (1.1) in B(0, ).

We shall also establish the following regularity result for distribution solu-
tions of (1.1).

Theorem 3. Let ) be a bounded open set in E N+ N 22, and assume that
u is in LAQ), B> N, and that p is in LY(Q). Suppose furthermore that (u, p)
is a distribution solution of the nonlinear stationary Navier-Stokes equations
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(1.1) in Q, where { is in CHQ), 0<a <1. Then (u, p) is equal almost every-
where in Q to a regular solution of (1.1).

It is clear that Theorem 1 is an immediate corollary to Theorems 2 and 3. We
establish Theorems 2 and 3 below in §4 and $3, respectively.

2. Fundamental lemmas. In order to establish Theorems 2 and 3 we shall
need some results in multiple trigonometric series.

Ve shall use the following notation: B(x, 7) will designate the open N-ball
with center x and radius r; T, will designate the N-dimensional torus {x: - 7 <
%;<mj=1,+-+, N}; (v, y) will designate the usual inner product x;y, ++++ +
xyYys and m will designate an integral lattice point.

For g in Ll(TN), we shall set

2.1) g m) = @m)~N fTN g(x)e=imx) gy

and designate the Abel partial means of g for ¢ > 0 by
2.2) q(x' = Z q“(m)ei(m,x)-lmlt.
m

(Throughout the rest of this paper, we shall not use the summation conven-
tion.)
It follows from [5, p. 56, (17)] that

@.3) glx B = @n)=N f.,N dWAG —y, Ddy

where

@4 Alx, D= lim byt 2 [ + |x + 20m| 2]~ (N+D)/2
R—o00 ml<R

and b, is a positive constant.
Observing that for ¢t >0, Alx, )>0 for x in Ty and that
(2m)~N fTN Alx, t)dx = 1, we see from (2.3) and (2.4) that

@.5)  if g in LY(T), 1<y <w, then
lim,_ er lq(x, £) ~ q(x)|” dx = 0.

Next, for j=1, «-+, N, we introduce the functions H,.(x) defined in Ey as
follows:

2.6) H®)=lim X imeimo=mlts| 2,
t—0 m#0 !
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From [5, p. 72], we obtain that the following properties prevail:

H(x) is in LYTy), and
.7 H;(m) = imj/|m|2 for m#0,
H0) = 0.

In a similar manner, we introduce the function H(x) defined in E n as follows:

@.8) H) =lim % eimm)=lmle|p2,
t—0 m#0

From [5, p. 72], we also obtain that the following properties prevail:

H(x) is in LX(T}), and
2.9 Hm) = |m|=2 for m £0,
HY0) = 0.
Also from [5, p. 72], we obtain

(2.10) H(x) - |x|2/2N and Hi(x) for j=1,e0e, N

are harmonic in E - U {2m},
m
and from (2.6, (2.7), (2.8), (2.9), (2.10), and [6, Lemma 2] that

(2.11) 3H(x)/6xi= H].(x) for x in E,_ - U 2aml.

m

From [5, p. 72] we also have that there are finite constants by, by, cy, and
c:, such that

IHG) = byl2] =N =D)| <y for N>3

2.12) |H(x) - b;‘, log |x|'l| < c;v for N=2
|H (x) - b,'vlex|‘N| <cy for N>2

for j=1,++4y N and x in TN-{OL

Next, using (2.6) through (2.12), we see that the following lemma holds:

Lemma 1. Let g(x) be in LI(TN), let 0<r, <1, and let n be a nonnegative
integer. Suppose furthermore q(x) is in C"*°{B(0, r)l 0<a <1, Set

0(x) = 2m)~N fTN gy H(x - y) dy

and
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0, =@mN [ g (x=ydy for j=1, 400\ N,

Then Q(x) is in C**2+%(B(0, r)] and Q,.(x) is in C"*1+%(B(0, r)] for every r such
that 0<r<r,.

Next, we intend to establish the following lemma:

Lemma 2. Let g(x) be in LI(TN) and let 0<r <1. Suppose that q(x) is
in LY[B(0, r,)] where 1<y<N. For j=1,+++,N, set

@.13) 0 () = (2m)~N f.,N aly)H (x - y)dy.

Then Qj(x) is.in LNY/(N=Y)[B(0, 1)] for every r such that 0<r < r
Let

(2.14) 0<r4<r3<r2<rl.

The lemma will be established if we can show

(2.15) Qj(x) is in LNY/(N=7)(B(0, r4)].

In order to do this, we choose a function Alx) such that
Mx)=1 for 0<|x| <1y
(2.16) =0 forr,< |x] <o and
Mx) in C*(Ep)

Next, we set

(.17) Q; () = m=" fTN My)g(y)H (x - y)dy and

0} ()= @m~ [ 11 - MylgyH (x - ) dy.
From (2.12), we have there is a constant c, such that
(2.18) |Hj(y)| scN|y|'(N‘1) for y in Ty -0}
From (2.16), (2.17), and (2.18), we have that
[ _N - -
10; ()| < eylam fB(o,,z) Mgz = y|=N=D gy

(2.19)
almost everywhere in B(0, '2)‘
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Consequently, it follows from [3, Lemma 5, p. 13] and the hypothesis of the
lemma that

(2.20) Q% isin LNY/(N=7)[g(0, 7)I.
Also from (2.10), (2.16), and (2.17), we have that
(2.21) 0’ is in C™[B(0, r,)l.

From (2.13) and (2.17), we have that Q.= Q.+ 0 whenever both Q. and
Q;’ are finite. But then (2.15) follows immediately from (2.20) and (2.21), and
the proof to the lemma is complete.

Lemma 3. Let g, r r and Q, be as in Lemma 2 except now suppose that
N <y<eco. Then Q;isin C 81B(0, )] for every 8 such that 0<8<1 - N/y)
and for every r sucb that 0<r<r,

Once again we suppose that (2.14) holds. Then the lemma will be established

if we can show

(2.22) 0, is in C°[B(0, r)] for 0<8<1-(N/y.

With b:, as in (2.12), set
(2.23) H,'l(") = H’.(x) - b','vxl.lxl"N for x in B(0, 2) - {0}

Then it follows from (2.10) and (2.12) that Hjl can be defined at 0 so that
(2.24) HJ.1 is harmonic in B(0, 2).

Next, with A defined as in (2.16), we set for x in B(0, '2)

(2.25) le(x) =@m)-N fB(O , )t(y)q(y)Hil(x - y)dy
1)
and
(2.26) 0,00 =@m™N [ NG =y )lx = 5| dy.
Ty

With Q]f' defined as in (2.17), we see from (2.13), (2.16), (2.25), and (2.26) that

(2.27) Qj(x) = le(x) + Qiz(x) + Q’; (x) for x in B(O, r3).
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Now as before (2.21) holds. From (2.24) and (2.25) we see that

(2.28) Q;, is harmonic in B(0, r,).

On the other hand, from (2.16), (2.26), the hypothesis of the lemma (3, Lemma
5, p- 13] and the following inequality (see [8, (21), p. 221])

o+ 5l + Bl e =] < KIB| ¥l 4 5]~ N=18) 4 [ == 148

where K is a constant independent of x and b, we see that

(2.29) Q;, is in C’[BO, r,)] for 0 <5< 1N/

But then (2.22) follows from (2.21), (2.27), (2.28) and (2.29), and the proof of
the lemma is complete.
Next, we set

@30) K, () =xx/|x>" for x40 and j, k=1,++, N, j#k,
and observe that K. (x) is a spherical harmonic Calderdn-Zygmund kernel (see
(1, p. 261]). We then define for j £ k and for x £ 27m

K:‘: (x) = lim Z [Kjk(x + 2nm) - Kjk(Zﬂm)] and
2.31) R—oo 1s|m|sR

* %k
K,.k(x) = Kik(x) + K (x).
Also, we observe from [1, p. 252] that the series defining K¥(x) is absolutely

convergent for x in lev where

(2.31") T,2V={z:z=x+y, |x| <2 and Iyi|<rr for j=1,+++5 N},

In particular, we note that K;!‘*(O) is defined.
Next, we observe from [1, pp. 257—261] that

. -N * i(m,x)
Jim (27) J Ty=B(0,€) Kiale)e ™= dx
(2.32) = fjkmimdml'z for m#£0

=0 for m=0
where {"i & is a nonzero constant.

We next establish the following lemma:
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Lemma 4. Let g(x) be in LI(TN) and let 0 <r <1. Suppose that q(x) is
in LY[B(0, r,)] where 1 <y <. Then for almost every x in B(0, '1) the fol-

lowing limit exists and is finite:

(2.33) q’k(X) = eli_.na ,f;kl(ZH)-N fTN q(y)K]*k(x _ y) dy.

=B(x,€)
Furthermore, 9k is in LY[B(0, r)] for every r such that 0<r < Ty

Once again we suppose that (2.14) holds. The lemma will be established if
we show that

(2.34)  the limit in (2.33) is finite valued almost everywhere in B(o, r4)

and
(2.35) 9, is in LY[B, 7).
We let A(x) be as in (2.16) and we set
. -1 -N *
@36) gl = lim £510m) er-a e MK G = ) dy.

Since Aly)g(y) is in L'y(TN), we have from [1, Theorem 1, p. 253] that

(2.37) q;k(") exists and is finite almost everywhere in T,,

and from [1, Theorem 2, p. 253] that
(2.38) (0 is in LY(T)).
Next, we set
" o -1 -N _ * (x =
(2.39) )= lim £l er-B ey 1 = AONGOIKT G = y) dy.

Since for z # 0 and z in T:, [where lev is defined in (2.31")], we have that
K;‘k(z) = K,.k(z) + K;‘l:‘(z) and since furthermore K;!‘,’:(z) is continuous in T12V’ we

conclude from (2.16) and (2.39) that
(2.40) q;k(x) is continuous in B(0, 73)-

But then from (2.33), (2.36), and (2.39) we have that qjk(x) = ql.'k(x) + q;'k(x)
whenever both q;k(x) and q’f'k(x) exist and are finite. Consequently (2.34) fol-
lows from (2.14), (2.37), and (2.40). Also (2.35) follows from (2.14), (2.38),
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and (2.40), and the proof of the lemma is complete.
Next, we state the following lemma.

Lemma 5. Let g(x) be in Ll(TN) and let 0<r, <1. Suppose that q(x) is
continuous in B(0,r ). For t>0 and j £k where j, k=1,+++, N, set

(2.41) (% 1) = z#:o q"(m)mjmk|m|'ze"(""")‘lmh.
m

Then

. -Ng=1 *
lim [?jk(x, ) - @mNes, er-au.n q()')K,.k(x—y)dy]

=0 for x in B(0, 'l)'

The above lemma follows from the material in [4, pp. 44—46]. We leave the
details to the reader.
Next, we establish the following lemma.

Lemma 6. Let g(x) be in L(T)) and let 0<r, <1. For t>0 and j£k
where j, k=1, <+, N, let q].k(x, t) be defined by (2.41). Suppose that q(x) is
in LY[B(0, r,)] where 1<y <oco. Then for almost every x in B0, r,),

tlirg q].k(x, 1) = q; k(x)
where qik(x) is defined almost everywhere by the limit in (2.33).

Once again we suppose that (2.14) holds. The lemma will be established if
we show

(2.42) for almost every x in B(0, r4), k_l‘l(l) qih(x, D= q’.k(x).

To establish (2.42), we let A be as in (2.16) and set

(2.43) q’;k("' ?) = "§0 g (m) = (Ag) A(m)]m].mdml“zei(m.x)‘lm| t

Since [1 - Mx)lg(x) = 0 in B(0, 7,), it follows from (2.39), (2.40), and Lemma
5 that

. " n .
(2.44) ix_l’x:) g% 0 = q,(x) for x in B(0, r,).
Next, we set

@.45) gl D = "§o (Ag) b m, | m| = 2iCm. )= m ¢
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and obtain from [4, pp. 44—46] (or from [1] and [5, pp. 55—56]) that

. ' -1 -N
6 lin {q].ku, 0 - &0 fTN_B ey NI e = 3) dy}
(2.46)

=0 almost everywhere in Ty
But then it follows from (2.36), (2.37), and (2.46) that

(2.47) lim g, k(x, =g, k(x) almost everywhere in T.

t-—o

From (2.41), (2.43), and (2.45), we have that

(2.48) qik(x’ = q;.k(x, D+ q']'.k(x, t).

On the other hand, from (2.33), (2.36), and (2.39) we have that ¢ k(x) q k(x) +
q k(x) whenever both ¢ k(x) and ¢, k(") exist and are finite. But then (2 42) fol-
lows from this fact, (2.37), (2.40), (2.44) and (2.47). The proof of the lemma is

consequently complete.
Next, we establish the analogue of Lemma 4 for Hélder continuous functions.

Lemma 7. Let g(x) be in LI(TN) and let 0<r, <1. Suppose that q(x) is
in C”Y[B(0,7,)], 0<y< 1. Then the limit in (2.33), called 9;4(x), exists and
is finite for every x in B(0, r,). Faurthermore qik(x) is in CY[B(0, r)] for every
r such that 0 <r< Ty

Once again we suppose that (2.14) holds. The lemma will be established if
we show that

(2.49) the limit in (2.33) is finite valued in B(0, 1'4)’
and
(2.50) 9, is in C”[B(0, 7).

We let A(x) be as in (2.16) and we define g k(x) by the limit in (2.36).
From [1, Theorem 11, p. 262] we have

(2.51) q;.k(x) exists and is finite everywhere in B(0, 'l)
and furthermore

(2.52) q;.k(x) is in C”[B(0, r,)].
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Next, for x in B(0, r,) we define 4/, (x) by the limit in (2.39). Since A(y) =
1 in B(0, r3), we have that

(2.53) q';.k(x) exists and is finite everywhere in B(0, r3).

Furthermore from (2.31), we have that for x in B(0, r3)

¢ = Elem N [1 - Mp)gly)K , (x = y) dy

-B(0,r,)
@.54) N 3

+ f;kl @m-N Ty=B(0,ry) l1- )\(y)]q(y)l(;'f: (x = y) dy.

But an easy computation shows that K;?‘k*(z) isin C l(lev) where qu is defined
by (2.31"). Consequently, it follows from (2.54) that

(2.55) q';.k(x) is in C[B(0, r4)].

Since qjk(x) =q ;k(x) + q;'k(x) whenever both q’.'k(x) and q;k(x) exist and are
finite, (2.49) follows from (2.51) and (2.53). Also (2.50) follows from (2.52) and
(2.55). The proof of the lemma is consequently complete.

Next, we establish the analogue of Lemma 6 for Hélder continuous functions.

Lemma 8. Let g(x) be in LI(TN) and let 0<r <1, For t>0 and itk
where j, k=1,+++, N, let q].k(x, t) be defined by (2.41). Suppose that q(x) is
in C”[B(0, r,)] where 0 <y < 1. Then for every x in B(0, ),

E:% qjk(x' t) = q]k(x)
where q].k(x) is defined everywbere in B(0, r|) by the limit in (2.33).

To establish the above lemma, we observe from its hypothesis and from Lemma
S that

iin; [qjk("’ - f;hl(Zﬂ)'N fTN-B(x.t) q(y)K:.‘k(x -y dy]
=0 everywhere in B(0, 'l)’

Invoking Lemma 7, we conclude from this last fact that

%i_% [q]-k(x, )-gq jk(")] =0 everywhere in B(0, r,).

This completes the proof of the lemma.
Next, we set
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N

2.56) K ={WN-Ds2- X x /|x|2+"’ for x40, j=1,++,N.
! T kaliigk

We then define, for x £ 2mam,

K*(x) = lim Z [K (x + 2am) - K (27m)] and
(2.57) ! R—% 1<|m|<srR ' !

K3 = K () + K ()

and observe as before that the series defining K¥*(x) is absolutely convergent

for x in va,
Now Kl.(x) is a spherical harmonic Calderdn-Zygmund kemel (see [1, p. 261]).

As a consequence we have from [1, pp. 257-261] that

and in particular that K;!‘*(O) is defined.

. -N *(,) = ilm,x)
lim (27) er-B 0.6 Kie dx
2.58) -
(2.5 =f,[(N-1)m,2.— > mi |m|=2 for m#£0,
! k=1;04k
=0 for m=0,

where {"]. is a nonzero constant.
The following two lemmas follow in a manner similar to that in which Lemmas
4, 6, 7, and 8 were established. We leave the details to the reader.

Lemma 9. Let q be in LI(TN) and let 0<r <1. Suppose that g(x) is in
L”[B(0, r,)] where 1<y <oo. Then for almost every x in B(0, r,) the following

limit exists and is finite.

2.59) (x) = lim ¢71Q2n)=N *
( ql(x) il_t'l(l) tf]. (27) fTN-B(x,f) q(y)K].(x-y)dy.

Also, g, is in LY[B(0, r)] for every r such that 0<r <r,. Furthermore for t>
0, set

N
(2.60) ¢ [(x 1) = Y ¢7m) [(N - l)mlz. - X mi] Iml"zei(m,X)-I'nlt.
m#0 k=1,j#k

Then for almost every x in B(0, ), lim, o q].(x. t)= qi(x).

Lemma 10. Let g(x) be in LI(TN) and let 0<r, <1. Suppose that ¢(x)
is in CY[B(0, '1)]’ 0<y< 1. Then the limit in (2.59), called qi(x), exists and
is finite for every x in B(0, r ). Also, q].(x) is in CY[B(0, r)] for every r such
that 0 <r<r,. Furthermore with qj(x, t) defined by (2.60), lim, o qj(x, t) =
q,.(x) for every x in B(0, '1)‘
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Next, we establish the following lemma.

Lemma 11. Let g(x) be in LI(TN) and let 0<r <1. For j=1,+++,N,
and t > 0, set

(2.61) qii(x’ 1) = Z q"(m)mf]m]'zei(’""‘)"lml‘.
m#0

(a) Suppose q is in LY[B(0, r)], 1 <y <oo. Then there exists a function
qii(x) in LY[B(0, r)] for every r such that 0 <r< ry with the property that
im,_,q.(x 1) = q].].(x) almost everywhere in B(0, r). Furthermore, q.(x) =
[g(x) - ¢7(0) + q].(x)]/N almost everywbere in B(0, r.) where q’.(x) is defined by
the limit in (2.59).

(b) Suppose q is in C”Y[B(0, 7)), 0<y<1. Then there exists a function
qji(x) in C”[B(0, r)] for every r such that 0<r< r, with the property that
lim, o q.,.(x, t) = qj,.(x) everywbere in B(0, rl). Furthermore, qj,.(x) =
[q(x) - 47(0) + q].(x)]/N everywhere in B(0, r,).

We first establish (a) of Lemma 11. Since this part of the lemma is true for

the special case ¢ = constant in T,, we see from the start that with no loss in
generality, we can assume that

(2.62) 47(0) = 0.

Next, we observe that

N
(2.63) m? ={|m|? + [(N -Dm?- X m, | 2| N
! T kaliifk

We consequently conclude from (2.2), (2.60), (2.61), (2.62), and (2.63) that
(2.64) q,{x 0 =lg(x )+ q(x, DI/N.
From [5, Theorem 2, pp. 55-56], we have that
(2.65) tlirg g(x, 1) = g(x) almost everywhere in B(0, )
From Lemma 9, we have that

(2.66) lin(n) qi(x, t) = q].(x) almost everywhere in B(0, ’l)'
11—

We conclude from (2.64), (2.65), and (2.66) that
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(2.67) lin:) q,.,.(x, ) = glx) + q,.(x) almost everywhere in B(0, 'l)’
t—

The conclusion to (a) of Lemma 11 then follows immediately from the hypothesis,
(2.62), (2.67), and Lemma 9.

The proof of (b) of Lemma 11 follows in a similar manner. In (2.65) and (2.66),
we replace almost everywhere by everywhere, and we use Lemma 10 instead of
Lemma 9. We leave the details to the reader.

Next, we state the following lemma.

Lemma 12. Let q(x) be in LY(T) and let 0<r, <1. For j,k=1,+++,N
and t > 0, set

qjk(x’ 1) = Z g (m)m .mk|m|‘2ei(m,x)-|m|z.
m#0 Y
Suppose that g(x) is in L7[B(0, r))], 1<y <N/(N 1), and that

1/y —(N=
{r’N fB(o") |q(x)|7dx} =o(r=N=1D) g5 r—o0.

Then there exists a function qjk(") which is in LY[B(0, r)] for every r such that
0<r<r, with the property that lim,_ o q,,(x, 1) = q,,(x) almost everywhere in
B(o, 'l)' Furthermore

-N v 1/ _ —(N=1)
{' fB(o,,) |qik(")| d"} = ofr ) as r —0.

Lemma 12 follows from the techniques used to establish Lemmas 3, 4, and
11(a) and [9, Lemma 5.1, p. 206]. We leave the details to the reader.
Next, we state the following lemma.

Lemma 13. Let q(x) be in L) (Ty) and define Q(x) and 0.(x) for j=1,
<+, N almost everywhere in T, by setting

0 (=GN [ Ty 4H (x ~ y) dy

and

0(x) = 2m)~N (H(x - y) dy.
%) = (n fTN ¢(H(x - y) dy
Then Q(x) and Qj(x) are in LI(TN) and as r — 0,

(2.68) N fB(o " IQ’.(x)l dx = olr~(N=1))
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and
=N = oly=(N=2) S
(2.69) ! B(0,r) |Q(x)] dx = ofr ) for N >3,
=ollog 71 for N=2.

The proof of (2.68) is very similar to that given on [7, p. 90]. (2.69) follows
in an analogous manner.

3. Proof of Theorem 3. To prove Theorem 3, it is clear that we can assume
with no loss in generality that @ = B(0, r() where 0<r( <1. Welet 0<r, <r,

and observe that the proof will be complete if we can show that there is a vector
field u’ and a function p’ such that u’ is in C2**{B(0, r)] and p’ is in
C1+9{B(0, )] for every r such that 0 <r< 7> suth that (', p") sacisfy (1.1) in
B(0, 7,) and such that u' =u and p' = p almost everywhere in B(0, 7). In order
to accomplish this fact, we introduce

<7

!
1 <79 <15 <1,

"
and choose a function 7{x) which is in C*(E,), which equals one in B(0, rl'
and equals zero in E, - B(0, r '). We then define a periodic vector field u*(x)
as follows:

w(x) = 7(x)u(x) for x in B(0, '0)’
=0 for x in Ty - B(o, '0)’

u¥ (%) = u*(x = 27m) for x in TN + 2am.

We define p*(x) and f*(x) in a similar manner and observe that (u*, p*) is a
distribution solution of (1.1) in B(0, r,) with f replaced by f*, i.e. (u*, p*)
satisfies (1.3) with Q = B(0, '1) and f replaced by f*.

It then follows that Theorem 3 will be established if we establish the fol-
lowing lemma.

Lemma 14. Let u, p and f be defined in E\ and be periodic of period 2x
in each variable. Assume also that u is in L'B(T ), B>N, that p is in Ll(T )
and that f is in C a(E ), 0<a <1, Suppose that (u. p) is a distribution solu-
tion of (1.1) in B(0, r ) 0<r, <1, ie., (u, p) satisfies (1.3) with Q = B(0, r D
Then (u, p) is almost everywbere equal to a regular solution of (1.1) in B(0, rl)

We see that in order to establish Lemma 14, we can assume from the start
with no loss in generality that

(3.1) [0)=0, j=1,.ue,N.



350 V. L. SHAPIRO

We first intend to establish

(3.2) p(x) is in LA’2[B(0, ] for every r such that 0 <r<r,.

For ease of notation for 0 <r <1, we shall say
¢ is in" Cln Tyl if ¢ is in CG[B(0, N] and
=0 in Ty - B(0, ).
We next observe from (2.5) that if ¢ is in LI(TN), ¢ is in Cjlr,, TN]’ and

q(x, t) is given by (2.2) that

o a9t
Jry 0 7 4= im o

(3.3)

(3.49)
== " X ¢ (m)im $=m).

As a consequence, we conclude from the hypothesis of Lemma 14, from (1.3),
and from (3.1) that, for ¢ in C‘:[rl. TN]’

N
> {uu;(m)lml2 +i 2 (ujuk) (m)m, + imp™m) - /;(m)}g‘)"(- m) =0
k=1

m#0
6.5 for j=1,++, N,
and
N
(3.6) > 1<Z m.uf(m)>¢A(—m)=O.
mfo \jz1 71

(We shall not use the summation convention in establishing Lemma 14.)
Next, with Hj(x) defined by (2.6), we set

(3.7 P ()= (@mN fTN PYH (x = y) dy
and
(3.8) U0 = 2m=N fTN u (Y, ()H,(x = y) dy.

With H(x) defined by (2.8), we set

(3.9) 3"].(::) =(@m)-N fTN /j(y)H(x -y)dy

and then we define
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N
(3.10) u,.(x) = P].(x) + E Ujk(x) - ?’.(x).

Now it follows from (3.7), 3.8), (3.9), (3.10) that

N
vXm) = |imp () +i Y m,(u u,)(m) - fm)]| |m|=2 for m#0,
j j ] ik i
(3.11) -
=0 for m=0.
As a consequence, we obtain from (3.5) and (3.11) that

(3.12) > [Vu;(m) + v;(m)]|m|2¢"(-m) =0 for j=1,+++,N.
m#0

Now (3.12) implies that

(3.13) fB(O"l) [vu’.(x) + vj(x)]AqS(x) dx=0, j=1,+++,N,

forall ¢ in C3lr,, T\l
We conclude from Weyl’s lemma (2, p- 199] that for j=1,«++, N there is a

function w].(x) such that
(3.14) w,.(x) is harmonic in B(0, ’1) and equal
almost everywhere in T to vu].(x) + vj(x).

Next, we set

N
(3.15) U = T @mN fTN u{yH (x = ) dy

j=1

and observe that

N
Um) = X imju;(m)|m|'2 for m # 0,
j=1

(3.16)

=0 for m=0.

From (3.6) and (3.16), it follows that

fB(O

forall ¢ in CJlr,, Ty), and we conclude once again from Wey!’s lemma that

) U(x)A¢p(x) dx = 0

71

U(x) = W(x) almost everywhere in B(0, 'l)
(3.17) where U'(x) is harmonic in B(0, '1)‘
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From (3.17) and [6, Lemma 2], it follows that

(3.18) lim X |m|*U (m)ei(m =lmlt_0 for x in B(o, r,).
t—0 m#0 !

Also from (3.14) and [6, Lemma 2], it follows that

N dw (x)
¢.19) lim 2 > imwXm)) eimx)= |mle Z —L— for x in B0, r;).
=0 m#O j=1 7 j=1 dx i
But from (3.14) and (3.16), we have
N R N A
(3.20) El im]w;(m)-ulmlz‘ll (m) = 1221 imvim) for m#0,

and we conclude from (3.18), (3.19), and (3.20) that

i ) I lt N aw](x) .
(3.21) }i_t}b ) E im v"(m) ilm,0)=|mit _ 3" for x in B(0, 1))

m#o ]:l j:l xj

Next, we set

(3.22) Fi) =N [ [ (x5 ay
N

and note from the hypothesis of the lemma and from Lemma 1 that

(3.23) Fi(x) is a continuous periodic function

which in C1+%(B(0, 7))] for j=1,+++, N.
Also we note from (3.22) that

(3.24) F(m) = im {(m)|m|=2 for m#40,

=0 for m =0,
Next, we observe from (3.11) and (3. 24) that
Z imy; (m) == p"(m) - z Z m m A uk)"(m)|m|'2
j=1 j=1 k=al
(3.25)

N
- F;(m) for m # 0.
j=1

Also, we observe that u.u; is in LA/2[B(0, 7,0}, and conclude from Lemmas
4, 6 and 11(a) that there is a function
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(3.26) ij(x) in LA/2[B(0, 1] for every 7 such that 0<r<r,

with the property that for j, k=1, ¢+, N

lim X mm,|m|= 2 2,) (m)eitm=)=|mlt
t—0 m#0 ik ik
(3.27)

= W].k(x) almost everywhere in B(0, r,).

Also from [5, Theorem 2, pp. 55—56], we have that

lim ¥ p(m)eimo=Imlt _ 5(4) _ p%0)
t—0 me
(3.28)

almost everywhere in B(0, 'l)’

and from [5, Theorem 2] in conjunction with (3.23) and (3.24) that

(3.29) lim 3 FXmei™®=Imlt _ p () for x in BO, r,).
t—0 m#o 7 j 1

We consequently conclude from (3.21), (3.25), (3.27), and (3.29) that

N N N
-p(x) + pN0) - E E Wik(x) - Z F,.(x)

j=1 k=1 j=1
N awj(x)

= 2, ——— almost everywhere in B0, r,).
j=1 X .

]
We rewrite this last fact as follows:

N N N
p(x) = pN0) = X > ij(x) - Z F,.(x)
j=1 k=1 j=1
(3.30)
N dw (x)
- 4 almost everywhere in B(0, 'l)°
j=1 x].

But then our desired result, namely (3.2), follows immediately from (3.14),
(3.23), (3.26), and (3.30).

Next, we intend to show the following:
(331 I N<B<2N, u is in LNA/CN-P)[p(o, )]
for every 7 such that 0<r<r, j=1,¢++,N.

First, we observe from (3.2), (3.7), and Lemma 2 that
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(3.32) if N<B<2N, P, isin LNA/@N=-B)[p(q, 1))

for every r such that 0 <7 <r,.

Likewise, since uu, is in LA’? on compact subsets of B(0, r,)> we have
from Lemma 2 and (3.8) that

(333) if N<B<2N, Uy isin LNA/CN=A)p(o, 1)]
for every r such that 0<r<r,.

Also, we have from the hypothesis of Lemma 12 and from (3.9) and Lemma 1
that

(3.34) F i(x) is a continuous periodic function which
is in C2**{B(0, r,)).
Consequently, it follows from (3.32), (3.33), (3.34), and (3.10) that
(3.35) if N<B<2N, v, isin LNB/CN=-B)(p(0, )] for
every 7 such that 0<r<r,.

But then (3.31) follows immediately from (3.14) and (3.35).
Next, we observe the following:

(3.36) if B=N+¢ where 0<e<N, then NB/(2N~B) >N + 2.

As a consequence of (3.31) and (3.36) and working iteratively, we can assume
that

(3.37) u; is in L3N/2[B(0, 7] for every 1
such that 0<r<r,, j=1,¢+¢, N.

But then N(3N/2)/[2N - 3N/2] = 3N and we conclude from (3.31) and (3.37)
that

(3.38) u; isin L3N[B(0, r)] for every r
such that 0<r<r;, j=1,e¢, N.
From (3.38), we obtain that
G.39) ww, isin L3N/2[B(, 7] for every r
such that 0<r <r,.

As a consequence we see from Lemmas 4, 6, and 11(a) and (3.39) that the func-
tion ij introduced in (3.26) and used in (3.27) actually is better than stated.
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In particular we now have that
(3.400 W, () isin L3N/2[B(0, r)] for every r

such that 0 <r <r,
and that (3.27) still holds. Also (3.30) still holds, and we conclude from (3.30),
(3.23), (3.14), and (3.40) that
(3.41)  p(x) is in L3N/2[B(0, )] for every r

such that 0 <r<r,.

But then it follows from (3.7), (3.41), and Lemma 3 that

(3.42) P, isin C'/6[B(0, 1)) for every r

such that 0<r< Ty
Likewise it follows from (3.8) and (3.39) that

(G.43) U, isin C'/6[B(0, )] for every r

such that 0 <7< .

As a consequence, we obtain from (3.10), (3.34), (3.42) and (3.43) that there
is a function vj' with the following properties:

(3.44) v].' is in C”G[B(O, )] for every r
such that 0 <7 <r, and equals v, almost
everywhere in T,

But then from (3.14) and (3.44), we obtain that there is a function u’.' with
the following properties:

(3.45) u].' is in C1/6[B(0, »] for every r
such that 0 <7 <r, and equals u; almost
everywhere in Tp.

But then it follows from (3.45) and Lemmas 7, 8, and 11(b) that the ij in
(3.26), (3.27), and (3.40) is much better than stated. In particular, we now have
that

(3.46) ij is in CI/G[B(O, ] for every r

such that 0 <7< Ty

Furthermore, we observe that (3.27) still holds and also that (3.30) still holds.
We consequently conclude from (3.30), (3.23), (3.14), and (3.46) that there is a
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function p'(x) with the following properties:
(3.47) p'(x) is in C1/6[B(0, )] for every r
such that 0 <7 <r, and equals p(x)

almost everywhere in T).

But then it follows from (3.7), (3.47), and Lemma 1 that
(3.48) P,. is in C1+1/6[B(0, r)] for every r

such that 0 <7 < 1y

Likewise it follows from (3.8) and (3.45) that
(3.49) U, isin C'*1/€[B(0, )] for every r
such that 0<r < Ty

As a consequence, we obtain from (3.10), (3.34), (3.48), and (3.49) that v;
in (3.46) is such that

(3.50) Uil is in C1+1/6[B(0, 7] for every r
such that 0 <r<r,.
But then from (3.14) and (3.50) we have that ] in (3.45) is such that
(3.51) u].' isin C! +1/G[B(O, 7)] for every r
such that 0 <7 <r,.
Next, it follows from (3.8), (3.51), and Lemma 1 that
(3.52) U’.k is in C2+1/6[B(0, 7)] for every r
such that 0<r <r,.

Also, we note from (3.8) that

U].;(m) = ("j”k) “(m)imklml"2 for m#£0,

-_-0 fof m=0-

As a consequence, for t > 0,
aU].k(x, )
Ox

i
We conclude from (3.52), (3.53), and [6, Lemma 2] that the function Wik(x)
introduced in (3.26) and used in (3.27) is such that

(3.53) = Z mimk|m|“z(ujuk)“(m)ei(m.x)-|m|t.
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(3.54) W, (x) is in C'+1/6[B(0, )] for every
such that 0 <7 <r,

and furthermore

oU., (x t)
(3.55) lim 3% 7

o, = W,.k(x) everywhere in B0, r,).

Since (3.30) still holds, and we conclude from (3.54), (3.14), and (3.23) that
p'(x) in (3.47) is such that

(3.56) p'(x)isin C 1“[B(O, ] for every r
such that 0<r < " where { = minla, 1/6).

But then it follows from (3.7), (3.56), and Lemma 1 that
(3.57) P]. is in C2+§[B(0, )] for every 7
such that 0<r< 7y

As a consequence, we obtain from (3.10), (3.44), (3.34), (3.52), and (3.57)
that

(3.58) vj' is in C2 +§[B(O, )] for every r
such that 0<r < LT

From (3.14), (3.45) and (3.58), we obtain
u; isin CZ*C[B(O, )] for every r
(3.39) such that 0<7<r,.
But then it follows from (3.8), (3.59), and Lemma 1 that
(3.60) U, isin c3*(B(0, 1] for every 7
such that 0<r<r,.
As a consequence, we see that we can replace (3.54) with the statement
(3.61) W,(x)isin c2*¥[B(0, )] for every r
such that 0<r<r,.

But (3.30) still holds, and we conclude from (3.14), (3.23), and (3.61) that
(3.62) p'(x) is in C'*{B(0, N for every r
such that 0<r<r,.
Next, it follows from (3.7), (3.62), and Lemma 1 that
(3.63) P, isin Cc2*%[B(0, r)] for every r

such that 0 <r < 2T
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As a consequence, we obtain from (3.10), (3.34), (3.60), and (3.63) that
(3.64) v’.' is in C2*%B(0, )] for every r
such that 0 <r<r .
But then from (3.14) and (3.64), we obtain that
(3.65) uj' is in C2*%[B(0, r)] for every r
such that 0 <r<r,.

The conclusion to the lemma follows immediately from (3.45), (3.47), (3.62),
and (3.65), and the proof of the lemma and consequently the theorem is complete.

4. Proof of Theorem 2. To prove Theorem 2 we can assume, with no loss in

generality, that

(4.1) 0<rl<ro<l,
and that
(4.2) u, p, and f=0 in Tp - B(o, ro).

Also, we assume that

(4.3) (u, p) is a distribution solution of (1.1) in B(0, ry) - {0}

and observe from (4.1), (4.2), and (4.3) that the theorem will be established once
we establish the following fact:

(4.4) For ¢ in Cglr;, Tyl both (3.5) and (3.6) are valid,

where with no loss in generality we have assumed that (3.1) holds.
In order to establish (4.4), we say

(4.5) ¢ isin Cglr), Ty - {0} if ¢ is in CF(B(0, r,) - {0}] and
¢=0in Ty -B(0,r).

We observe from (4.3) that the following fact does hold:
(4.6) For ¢ in C:[rl. Ty - {0}], both (3.5) and (3.6) are valid.

Next, we let P’., Ufk' f}'].k, and v; be defined almost everywhere in T, by
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(3.7), (3.8), (3.9), and (3.10) respectively and observe from (3.11) and (4.6) that

(4.7) For ¢ in Cylr), T - {0}, (3.12) holds.

From (4.7), we conclude that (3.13) holds for all ¢ in Cglr;, T, -10]]. Asa
consequence we conclude from Weyl’s lemma that for j =1, «++, N there is a func-
tion w].(x) such that

(4.8) wj(x) is harmonic in B(0, r,) - {0} and
equal almost everywhere in T to vuj(x) + v].(x).

From condition (ii) in the hypothesis of the theorem and Schwarz’s inequality,
we have for j, k=1, +++, N that

-N _ (~(N=1)
(4.9) r B(0.1) |u’.ukl dx = olr ) as r— 0 for N>3.

[We note for future reference that (4.9) is also true for N = 2.]

As a consequence, we conclude from condition (i) in the hypothesis of the
theorem, from (4.9), (3.7), and (3.8), and from [7, Lemma 4] that for j, k=1, +-.,
N both

~N |Pldx=o(r~N=2)), as r—0 and
(4.10) B(0,r) "~ 7

=N _ (- (N=2)
T fB(O,r) IU;‘IJ dx = olr ), as r—0 for N>3.
Likewise, we obtain from (3.9) and Lemma 13 that

(4.11) N B(0.1) |ff]| dx=0olr"N=2) a5+ =0 for N > 3.

We consequently conclude from condition (ii) in the hypothesis of the theorem,
from (4.10), (4.11) and (3.10) and from (4.8) that for j=1,+ ¢, N

4.12) N fB(o " |wj| dx=olr"WN=2) a5 r 0 for N>3.

Using the theory of spherical harmonics as in [7, (3.61) and (3.62), p. 941,
we conclude from (4.8) and (4.12) that the following holds:

(4.13) For N>3, w; can be defined at 0
so that w; is harmonic in B(0, ).

Next, for N > 2, we define U(x) almost everywhere in T, by 3.15) and
observe from (4.6), (3.6), and (3.16) that
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(4.14) fmo.m U)AS(x) dx =0 for ¢ in Clr,, Ty - 01,

From (4.14) and Weyl’s lemma, we conclude that

(4.15) U(x) =U'(x) almost everywhere in B(0, r,)
where U’(x) is harmonic in B(0, '1) -{ol.

From condition (ii) in the hypothesis of the theorem, we obtain

-N _ (=(N=1)/2
w6 r fB(o") |u’.| dx = ofr ) as r—0
for N>2 and j=1,.«+, N.

But then we obtain from [7, Lemma 4] and (3.15) that

-N — o= (N=2)
r B0 |U| dx = ofr ) for N>3,

(4.17)
=ollog 7~1) for N=2, as r —0.

We conclude from the theory of spherical harmonics that

(4.18) From N> 2, U’ can be defined at the
origin so that it is harmonic in B(0, r,).

Next, we show that (4.13) holds also for N = 2. To see this we observe from
[7, Lemma 4] and from Lemma 13 that

(4.19) For N =2, the expressions on the right-hand
side of the equality sign in (4.10) and (4.11)
are to be replaced by o(log r~1).

From (4.8), (3.10), (4.16), and (4.19), we next obtain that

-2 - -1/2 f =
(4.20) r B0 |w’.| dx = olr ) asr—0 forj=1,2.

Using the theory of spherical harmonics as before we conclude from (4.8) and
(4.20) that for j =1, 2,

(4.21) wj(x) =c, log |%| + G’.(x) for x in B(0, '1) - {0}
where c; is a constant and G].(x) is harmonic in B(0, 'l)'

From (4.15) and (4.21), we have that (3.18) and (3.19) hold for x in B(o, '1) -
{0}. We therefore obtain from (3.20) that (3.21) holds for x in B(0, 'l) - {0}, We
write this out as follows:
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N 96 (x)
Z Cxlxl -2 Z X = lim Z <Z zm]v (m)) i(m,x)=|m|¢

(4.22) j=1 j=1 ax" t—0 m#0 \j=1

for x in B(0, '1) - {o}

Next, we define F,.(x) almost everywhere in Ty by (3.22) and observe that
(3.24) and (3.25) hold. Also from condition (ii) in the hypothesis of the theorem,

we have that
(4.23) there is an r, with 0<r, <r, such that u,
isin LY/2[B(0, r,)] for j, k=1, 2.
Since y > 2, we conclude from (4.23), (3.25), Lemmas 6 and 11 that
(4.24) there is an 73 with 0 < 3 <1, and a
function M(x) in L![B(0, r‘,’)]’ such that

the expression on the right-hand side of the
equality sign in (4.22) is equal to M(x)
almost everywhere in B(0, r,).

From (3.22) and Lemma 13, we have that
N

(4.25) -2 = ols~1).

r B0 ’=21 IF’.| dx = o(r~ ")
From condition (ii) in the hypothesis of the theorem, we have that
4.26 -2 v/2 2 /7 _ (=1
(4.26) {r J.B(o, , |u ”kl dx olr~ %),
where with no loss in generality we can also assume that
(4.27) 2<y<4.

Now it follows from (3.25) and (4.24) that

M(x) + p(x) = p™0) + Z F (x)

j=1
(4.28)

N N ]
=-lim Z [E E m.m (uu (m)] i(m, %)= |m]¢

t=0 mg0 Lj=1 kal
almost everywhere in B(0, r3).

We conclude from condition (i) in the hypothesis of the theorem, from (4.25), (4.23),
(4.26), (4.27), Lemma 12, and (4.28) that
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(4.29) r2 |M(x)| dx = or=1) as r — 0.
B(0,r)

From (4.21), we have that G (x) is harmonic in B(0, r,) for j=1, +«, N.
Therefore an(x)/ c?xj is harmonic in B(0, '1)‘ Since 75 <r,, we conclude from
(4.22) and (4.24) that
(4.30) there is a function G(x) harmonic in B(0, r3) such that

2;‘.;1 c’x’.|xl‘2 = M(x) + G(x) almost everywhere in B(0, r,).

From (4.30) we obtain that

2( =3 5 _ -1
2N fB(o") xk|x| dx = fB(O,r) (M+G)xk|x| dx

for 0<r<r3 and k=1, 2.
From (4.29), (4.30), and (4.31) we further obtain that

4.31)

(4.32) mr=olr) fork=1, 2.

Sk

Therefore Cp = 0 for k=1, 2, and we conclude from (4.21) that

(4.33) for N =2, w; can be defined at 0

so that it is harmonic in B(0, ).

From (4.13) and (4.33), we obtain that

439 [ w(AG(dx=0 for ¢ in Clry, Tyl and j=1,+-4, N,
N

Likewise from (4.15) and (4.18), we have
(4.35) fTN UDAB)dx =0 for ¢ in C7lry, Tyl

From (4.8), we have that w].(x) = vu].(x) + v’.(x) almost everywhere in T,
From this fact, (4.34), and (3.11) we see that (3.5) holds for ¢ in C{lr,, Tyl
Likewise from (3.16) and (4.35), we see that (3.6) holds for ¢ in C:[rl, TN]‘
Consequently (4.4) is established and the proof of Theorem 2 is complete.
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