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WAVE EQUATIONS WITH FINITE VELOCITY OF PROPAGATION(Y)
BY
STEPHEN ]. BERMAN

ABSTRACT. If B is a selfadjoint translation-invariant operator on the space
L2 of complex-valued functions on n-dimensional Euclidean space which are
square-summable with respect to Lebesgue measure, then the wave equation
d2F/dt? + BZF = 0 has the solution F(t) = (cos tB)f + ((sin tB)/B)g, for f and
g in L2, In the classical case in which —B? is the Laplacian, this solution has
finite velocity of propagation in the sense that (letting supp denote support of a
function) supp F(t) C(supp f U supp g) +K¢ for all f and g and some compact
set K ; independent of f and g. We show that a converse holds, namely, if cos tB
has finite velocity of propagation (that is, if supp(cos ¢tB)f C supp I"'Kt for
all f and some compact K ) for three values of ¢ whose reciprocals are inde-
pendent over the rationals, then B2 must be a second order differential operator.

If Euclidean space is replaced by a locally compact abelian group which
does not contain the real line as a subgroup, then cos tB has finite velocity of
propagation for all ¢ if and only if it is convolution with a distribution Tt such
that all T‘ are supported on a compact open subgroup.

Problems of a similar nature are discussed for compact connected abelian
groups and for the nonabelian group SL (2, R).

Introduction. Let R” be the set of all n-tuples of real numbers with the usual
group structure. The wave equation in n dimensions

2 n 2
(0.1) 0°F - 9°F_
atz jal axlz

has finite velocity of propagation in the following sense: Suppose that we have a
solution to (0.1) satisfying the initial conditions F(o, X1y Xgrtecy xn) =

fCeys %5522y x,) and (3/00)F(0, % 5e ¢, x,) = glx,y+++, x,), where [ and g are
sufficiently smooth functions. Then if f and g have compact support, so does F
as a function of (xl,- .o, xn) € R for each fixed ¢ > 0, and in fact if f and g
are both supported on {x € R™: |x | <a (G=1,-++,n)} for some positive a,, then
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F(t, .) is supported on {x € R™: |x,| <a;+ ¢ (j=1,-., n)} (see Petrovsky [9)).
The problem we are concerned with is: to what extent does this property charac-
terize - 2;’31 0%/ ax,? among the translation-invariant operators on L2(R")? And
what is true if R is replaced by an arbitrary locally compact abelian group?

Let us first consider translation-invariant operators on groups. Let G be a
locally compact abelian group with dual group I'; if x€G and yeI' we write
(x,y) or Yx) for the value of y at x. Fix a Haar measure on G. If y €G and
f €L¥G), we define (Ty/)(x) =fx —y). Then T is clearly an isometry on
L2(G). We recall that the Fourier transform, defined by fy) = J (=% y)f(x)dx
for f€ LY(G), is an isometry of L%(G) onto L%(I'). If B is an operator defined
on a subspace D of L?(G) with range in L%(G) and D is closed under every
translation Ty, then we say that B is translation-invariant if l':'Ty = TyB for all
y €G. Now if B is any measurable function op'I’, then we define B on the do-
main D = {f e LXG): Bfe LAT)} by (Bf) = Bf. It is not hard to show that D is
dense and closed under translations, and B is a closed operator that commutes
with all translations. Conversely, if B is a closed translation-invariant operator
defined on a translation-invariant subspace D of L?(G), then there is a mea-
surable function B on I' such that Bf€ L AT) and (Bf) = Bf for all f € D; see
Segal [13, p. 454]. If B and B are related in this way we shall sometimes say
that B is the operator determined by f8 or that B corresponds to B. If B corre-
sponds to B, then clearly the complex conjugate function B corresponds to the
adjoint B* and B is selfadjoint if and only if B is real. Note that if B is
positive, then B has a selfadjoint square root, namely the operator determined by
B%. Furthermore, B is a bounded operator if and only if the corresponding func-
tion B belongs to L™(T).

Now consider the differential equation

0.2) d’F/dt? + B'F =0

where F is a function of the real variable ¢ with values in a Hilbert space H
and B is a (not necessarily bounded) selfadjoint operator on H. Given any f,
g €H, the function

(0.3) F(#) = (cos(¢B)f + (sin(tB))/B)g
satisfies (0.2) in the sense that

(22/dtD(F(1), b) +(F, B%b) =0

for all b in the domain of B2. Furthermore, F satisfies the initial conditions
F(0)=f and F ‘0) = g in the sense that

(a/d)(F(0), b)|, = (& b)

for all b in the domain in B.
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If we take H = LR") and B is the square root of =3%/dx3 = +++ - 82/8:::
then the solution (0.3) has finite velocity of propagation in the sense mentioned
above. In Chapter 1 we prove that if (0.3) has finite velocity of propagation and
if B is a closed translation-invariant operator with real corresponding f3, then
B2 must be a second order differential operator; in fact, it will suffice to con-
sider the operator cos(¢B) alone. In later chapters we consider the case H =
L%G), G a locally compact abelian group.

These results are contained in a thesis submitted to the Mathematics De-
partment of M.I.T. in partial fulfillment of the requirements for the Ph.D. degree.
The author would like to thank Professor I. E. Segal for suggesting this line of
investigation and for many helpful conversations.

1. The Euclidean case. Let B be a bounded translation-invariant operator
on L%(R™). As discussed above, there is a bounded measurable function 8 on
R” such that (Bf) = Bf for all f € L2(R"). The domain of dependence of B is
the smallest closed convex set such that if f € L?(R?) has compact support then
supp(Bf) CN + supp(f). The existence of such a set follows from the theory of
distributions (Schwartz [12]), for we may take as N the closed convex hull of the
support of the Fourier transform of the distribution f; see Fourés and Segal [4,
p- 402].

Note that if B is unbounded it may not have a domain of dependence in any
reasonable sense. For example, in the one-dimensional case, if B(x) =
explalx|), a> 0, then (Bf)"= Bf defines a closed translation-invariant operator
on D ={feL%R): BfeL2(R)}. But if f€D, then { has an analytic extension to
a strip about R in C, so supp(f) = R. Hence supp(Bf) CN + supp(f) is true for
all {€D and all nonempty subsets N of R.

The main theorem of this section is the following:

Theorem 1. Let B be a real-valued measurable function on R® whose square

is equal almost everywhere on R" to a second degree polynomial, that is,

n n
1.n BN2= 3 g xx+ X byx te
k,l=1;k2l k=1 ,

Then for any t > 0, the map from LR into itself given by

(1.2) frf, where f‘(x) = f(x)cos (¢8(x))

is of norm < 1 and its domain of dependence is contained in {y € R™:
Iyl StVapg k=100, nh

Conversely, let B be a real-valued measurable function on R® and suppose
that there are three positive numbers t i (j=1, 2, 3) such that {t;.'l: i=1,2,3}
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is independent over the rational numbers and such that the map [ —, f defined in
(1.2) has compact domain of dependence for j =1, 2, 3. Then (B(x)) zs equal a.e.
to a second degree polynomial.

Remark 1. Theorem 1 solves the problem posed in the introduction, that is,
if cos(¢B) has finite velocity of propagation then B? is a second order differen-
tial operator.

We break the proof of Theorem 1 into a series of lemmas.

Recall that if b, and b, are complex numbers, then cos ® l,) = cos (bz) if
and only if b, = +b, + 2m for some integer n. Also recall that an entire function
is one which is defined and analytic everywhere in the complex plane C".

Lemma 1. Let ¢, and t, be two real numbers independent over the rationals
and let 8 be a complex-valued measurable function on R™ such that cos(t,B) is
constant almost everywhere (a.e.) on R* and cos(t,B) is equal to an entire func-
tion a.e. on R Then either B2 is equal to a constant a.e. on R" or else there
exist integers n, and n, such that 3 assumes only the four values

n(inl/zl:t "2/‘2) a.e. on R®,

Proof. Suppose that cos (¢, 8(x)) = cos (¢, B(x)) for a.e. x. Then Blx) differs
from $B(x ) by an integral multiple of 27/t, for a.e. x, so that B (and hence
cos (¢,8)) maps almost all of R” onto a countable set. Hence cos(¢,f) is also
constant a.e.

Now suppose cos (¢,8(x)) = cos(¢;8(xy)) for a.e. x and j =1,2. Then for
a.e. x € R” there exist integers n j(x) such that

(1.3) Bx) = :tB(xo) + Zﬂn].(x)/ti (j=1, 2.
If for some x the signs in (1.3) are the same for j =1 and j = 2, then subtraction
gives 0 = 2nln (x)/t, - n,(x)/t,), so that n,(x) =n,() = 0 and Blx) = £B(x,)

Thetrefore, if the set on which the signs differ has measure 0, then Bz is a con-
stant a.e. Otherwise, there is a set A of positive measure on which the signs in

(1.3) differ for j =1 and j = 2 and addition gives
(1.4) Blx) = mln (/t; + n (/1)) (x € A).

We may assume x, € A. Hence (1.4) is valid when x = %, and from (1.3) we see
that (1.4) must hold for a.e. x and some (perhaps different) integers n,(x), nz(x).
But now if (1.4) holds for x, y and cos(t,B(x)) = cos(t, B(y)), then

ln (x) + n,(x)t, /t,) differs from tmln (y) +n,(y),/t,) by a multiple of 27, and
the mdependence of t, and ¢, implies n’(x) = :tn’(y) Hence, from (1.4), B has
the desired form.

Lemma 2. Let t, and t, be two real numbers independent over the rationals
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and let B be a complex-valued measurable function on R such that cos(t B) is
equal a.e. on R to an entire function ¢, (G =1, 2). Then either B? is equaI a.e.
on R to an entire function or else tbere exist integers n, and n, such that B
assumes only the four values n(tn /t, tn,/t)) a.e. on B.

Proof. Let W={z€eC: C (z);é t1 for j=1and 2}. Fix xye RN W such
that cos (¢,8(x)) = C fxg)s ] = 1, 2. Define holomorphic funcnons ¥; in a neigh-
borhood of x, by Y (z) = t Larc cos(C ](z)) where any branch of arc cos is
chosen. Then cos(t’y,) C’(z)= cos(tiB) a.e. near x,, SO

“(1.5) yj=tB+2mm/t, ae . x  (j=1,2)

where n i is an integer-valued function. Let A be the set of x for which the
signs in (1.5) differ, B the set where they are the same. Then y, +y, =
2mln /t; +n,/t,) on A, so that if A has positive measure then y, + 7y, is con-
stant, and we see easily that the n j are constant on A. Similarly, y, -y, =
2nln\/t, - n,/t,) on B, sothat if B has positive measure, then y, - ¥, is con-
stant and the n; are constant on B. So if both A and B have positive measure,
then the y; are constant, so that the C ; are constant and Lemma 1 applies. So
we may assume that one of A, B has measure 0, in which case the n j are con-
stant on the other and (1.5) holds a.e. for fixed integers e By changing the
branches of arc cos used to define Yj» we may assume B= iy a.e. Further-
more yl 72'

Now each y. determines a (multiple-valued) analytic function in W in the
sense of Saks and Zygmund [11, p. 247]. Using the fact that arc cos can be de-
fined locally on C (W) 1t is easy to see that y. is arbitrarily continuable along
any curve in W begmnmg at x, that cos(¢ y) C o and that yl yz. Hence
yl is also arbitrarily continuable. Furthermore, yl is single-valued. For, if y,
has two values f(z) and g(2) in a nbhd of some z,, then cos (t(2)) = cos(t’g(z)),
so that g(z) = £f(z) + 2m (z)/t ., and the usual reasoning shows that g is con-
stant or else f=*g and /2 g So yl is in fact a single-valued analytic function
in W. Now if z ¢ W, then yl is continuous in an annular nbhd of z, hence
for any 7> 0, y1 must map a sufficiently small annular neighborhood of z, into
a connected component of {w € C: |cos (¢,v@) - C,(z)|< 5}, and these compo-
nents are all bounded for small 17. So yl has a temovable singularity at z, . Thus
71 is entire. Finally note that y1 B? a.e.on R.

Lemma 3. Let t, and t, be two real numbers independent over the rationals
and let B be a complex-valued measurable function on R such that cos(1,f) is
equal a.e. on R" to an entire function o (G =1, 2). Then either B? is equal

a.e. on R” to a continuous function or eIse there exist integers n and n., such that
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B assumes only the four values n(tn /t, tn,/t,) a.e. on R

Proof. Let W ={x e R*: Cj(x) # %1 for j=1 and 2}. For each x €W, de-
fine y; in a neighborhood of %, by y; = t;.'l arc cos(C i)' By the usual argument,
}'j(x) = tB(x) + 2m l.(x)/ t; so either Ci is constant or else 8= :!:y,. a.e. There-
fore, either Lemma 1 applies or else we may change 3 on a set of measure 0 so
that B2 is continuous on W. From now on, we assume the latter.

Now let x, ¢ W. Suppose C,(x,) = —1, the other possibilities being handled
similarly. Let ¢> 0 and choose a nbhd U of x,, such that |IC l(x) +1| <e forall
x €U, hence |cos (tlB(x)) +1| <eforall xeUNW, If ¢ is small enough, then
B(x)? €{(z/t})%: |z - k| <1 for some odd integer k} if x€UN W, and each con-
nected component of this set has the form P, = {(z/t,)% |z = ka| <1} for some
odd integer k. We wish to show that 82 maps all of U N W into one of the P R
First we show that each line in a certain direction is mapped into a single P, as
follows: The complement of W is the zero set of the eatire function (C 1= 1).
(C, + 1XC, - 1)(C, + 1). By the Weierstrass preparation theorem (see Gunning
and Rossi [5, p. 68]), we can choose coordinates %, %, %, for R so that
in some nbhd of x, for every fixed x,+++, %, _, there exist only finitely many
x, so that P X,_1 x )W If xy= (Xl,- ooy Xn), we may assume that
Us=fre=(xpyeee,x,) Ix’. - X,.I <7} for some 7> 0. Now fix x,eee, % _;
that |x; - X_| <7, so that there exist y, <y, <. <y, such that Geyoeees
X, _10 y)eW if |y - Xn| <1, unless y = Y; for some j. Now each interval

such

{Gepeeesx, 15y) y;<y< }',41} is connected and contained in UN W, hence is
mapped by Bz into some P,. Fix a particular y P and suppose that B? maps
{(xl,..., X, 1 y): Yi-1 <y <y].} into P, and {(xl"”' X,a1? y): Y; <y <)’j+;¥
into P . Let a; (i = 1, 2, 3) be a sequence converging to y; from above (that is,
a;> yj) and b; a sequence converging to y i from below. Then
Blxyseeesx, _15a,) and Blx seeesx, ;s b,) are bounded sequences, hence have
convergent subsequences, and we may assume B(xl, ceey X, 0@ i) — a,
B(xl,o ces X, 1 bi) — b, Forp=1,2, C"(xl,~-~,xn_l,yj)= limicp(xl,-o-,xn_l, ai)
= lim, cos(th(xl, ceey X, 1)) =cos (tpa), and this also equals cos (tpb) by
the same equations. Since ("1” X, _1» y,.) ¢ W, we have Cp =11 atthis
point, for p =1 or 2. Assuming p =1 for definiteness, we have cos (tla) =
cos(z,b) = t1, hence t,a =k 7 and t,b =k, 7 for integers k, and k,. But also
cos(£,a) = cos(¢,b), so tya = tt,b+ 2k for some integer k, or (¢,/t )k, =
t(¢,/t,)k, + 2k. By the independence of ¢, and t,, we have k, = 1k, and a?
= b2, It follows that k =m, and that B2 maps all of e geeesx,_1py)
ly = X,| <q} nW into a single P,.

Suppose that 82 maps Xy X, _1sy)ly =X, | <nl into P,. Let
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{(xl, R )6R"°’l BZ maps {(xl,...,x"_l, y): |y-Xn| <pt AW into Pki.
Then A is nonempty, since (X},--+, X _,)€A. Also A is open, for if (eyseees

_1) €A then there exists y such that ("1’“ *y%,_1»y) €W is mapped by Bz
into P x> hence there exists an open connected set B in R" containing ("1’ cee

1Y), and B? must map B into P,. By the previous paragraph, A contains
the projection of B on R"™!, It follows similarly that 4 is closed in {(x;,-+

1) Ix -X. | <My j=1,0004n -1}, hence A ={lx,++0,x,_,): Ix].-Xl.| <17,
] = 1 R ll, so that B maps all of UN W into P,.

If we define Blxy)? = (kn/t,)* and define B? on the rest of the complement
of W in a similar fashion, then it follows easily that Bz is a continuous function.

Lemma 4. Let B be a complex-valued function on C such that B? is an en-
tire function. If the entire function cos(B) is of exponential type, then % is a
second degree polynomial.

Proof. By hypothesis there exist constants k and s such that
(1.6) lcos (B(2)] < kesl#l forall z €C.

Write B(z) = u(z) + iv(z) where u and v are real-valued. We claim that for every
€> 0 there exists a constant N such that

(L.7) 14| <(s+|z] for |2| 2 N.

For, if not, there exist €>0 and z, (=1, 2, 3,-+-) such that |v(z,)| >
(s + €|z, | and |z,| — = as 7 — «. Hence |v(z,)| — = and by (1.6) we have
for all n sufficiently large:
, —o( ;
2lcos (B(z,,»l _ Ie:u(z,‘)e v(z,) ‘e '“(zn')e”(znﬁ

S elv(zn)l “1> e(S+e)|zn| _

2e€|2"'k' Yeos(B(z )] - 1.

. But this inequality obviously cannot hold as # — . We have a contradiction and
1.7) is estabhshed.

Now B2 =4%~v? + 2iuv, and so Re(-B?) = v? - 42 <v <(s + % z|? for
large |z|. It follows from the real part Liouville theorem (Titchmarsh [14, p. 87])
that B2 is a second degree polynomial.

Proof of Theorem 1. If € L*(R") and /, is defined as in (1.2), then ||f |, =
"f,"z <Ifll, = Ifl,- I B is as in (1.1), we may assume that B is defined every-
where in C” and satisfies (1,1) everywhere. Then cos(tB(2)) is an entire func-
tion. Now for each fixed &, I, k > I, we know that “kk": +a, X%+ a”xf +
by, + b,x, +c is positive for all x,, x; in R, hence the quadratic part is



134 S. J. BERMAN

positive and a? PYRS 4a w12 It follows that, for any fixed €> 0, we have
|BR)|% < (3. vag, + ‘)IZ,J) for |z| sufficiently large, so that

|cos(28(2))] < exp(#|B(2)]) < exp (tz(\/-a_,; + e)lzkl).

If p, is the distribution on R” whose Fourier transform is cos(¢B), then by the
Paley-Wiener-Schwartz theorem (Schwartz [12, p. 271]) the support of K, is con-
tained in {y € R™: |y, | <tva,, k=1,--+, nl. This proves the first part of the
theorem.

Conversely, suppose that 8 and t; are as stated. Then f and /" have en-
tire extensions which are of exponennal type. Hence / /[ is a meromorphic
function on C” equal to cos(t B) a.e. on R™. But | ca]n be chosen to be non-
zero at any prescribed point (for example, if [ is identically 1 on the interval
[0, a] and O elsewhere, then f(z) = —(e~%%% - 1)/iz has zeros at z = +27/a,
t4n/a, +6n/a,.++), so-that cos(t ﬁ) has an entire extension which we denote
C;. By Lemma 3, we may assume ﬁ is continuous and cos ¢ B C; everywhere
on R, By a theorem of Lindelsf (see Malgrange [8, p. 306]), an entn'e function
of one variable which is the quotient of entire functions of exponential type must
itself be of exponential type. Hence if we fix any 7 - 1 of x,,++,x_, then C;
as a function of the remaining variable is of exponential type. By Lemma 4, 82
is a second degtee polynomial in any one variable when the others are fixed.
Hence 2 is a polynomial of some degree, say p: B(x) = 2ia1op € x%+ Qx),
where deg Q < p - 1 and at least one ¢, is nonzero. Let w = (“’1" ooy w") eR®
be such that Zc w® £ 0. Then if p: R = R", p(r) = rw, we have BX(p(r)) =
Se 7 *w® + 0(p(r) = PZc ,w* + Q(plr)). But B - p satisfies the hypotheses of
Lemmas 2 and 4, so (8 - p) 2 is a second degree polynomial in r, implying p < 2,
as wanted.

Remark 3. Note that if we assume that both cos(¢B) and (sin(¢B))/B have
finite velocity of propagation, then it follows more easily that 32 has an entire
extension.

Note also that if B2 is as in (1.1), then (sin(¢tB))/B has finite velocity of
propagation.

2. The locally compact abelian case. In order to extend Theorem 1 to an
arbitrary locally compact abelian (LCA) group we use the theory of distributions
- on such groups developed by F. Bruhat in [2]. We will briefly review some of the
important facts below.
An elementary group is a group of the form G = R” x T? x Z9 x @, where p,
q, and 7 are nonnegative integers and R, T, Z, and ® represent the real numbers,
the circle group, the integers, and a finite abelian group, respectively. We let
9(G) be the set of complex-valued functions on G which are infinitely differentiable
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(with respect to the R and T variables) and have compact support. We define
&(G) to be the set of complex-valued functions on G which are infinitely differen-
tiable and which have the property that the product of any derivative of the func-
tion and any polynomial (in the R and Z variables) is bounded on G.

Let G be a locally compact abelian group. A pair of subgroups H, H' of G
will be called a good pair if the following three conditions are satisfied: H is a
subgroup generated by a compact neighborhood of the identity in G (such a sub-
group must be open); H' is a compact subgroup of H; H/H' is an elementary
group. If H, H' is a good pair of subgroups of G, then D(H, H') is defined to be
the set of continuous complex-valued functions on G which are supported on H
and constant on the cosets of H' such that the function induced on H/H' is in
DH/H'"). We define D(G) to be the union of the DH/H') for all good pairs of
subgroups H, H'. The spaces S(H/H') and 3G) are defined similarly. We give
9XH, H') the topology of D(H/H'), and 9(G) the inductive limit topology; sim-
ilarly for 8. Finally, we define &(G) to be the set of all functions locally in
9(G). Then DG) C &G) C &(G) and each of these inclusions is continuous with
dense image. A continuous linear functional on 9(G) is called a distribution on
G; if the functional can be extended continuously to 8(G) it is called a tempered
distribution; with the appropriate definition of support, a distribution extends con-
tinuously to &(G) if and only if it has compact support.

If I is the dual of G and f€ LY(G), the Fourier transform ; of f is defined
on T by fly) = [f(x)A~x)dx, where dx is a fixed Haar measure on G. The
Fourier transform is an isomorphism of &G) onto &(I'). We define the Fourier
transform of a distribution by transposition, that is,'f(/) = T(f) for T €8'(G),
f€ &I'). The Fourier transform is an isomorphism between &'(G) and &'(I).

In order to extend Theorem 1 to LCA groups we need to know that the stand-
ard facts about distributions on Euclidean spaces are true in general. These
facts are stated in the Appendix. In what follows, a reference to Theorem A.n
refers to a theorem in the Appendix.

The following is the main result of this section.

Theorem 2. Let G be a locally compact abelian group with dual group T.
Suppose that T does not contain R as a subgroup. Let B be a measurable real-
valued function on I'. Suppose that for every t > 0 there exists a compact sub-
set K, of G such that if f€ L*G) has compact support and if /€ LG) is de-
fined by ft(y) = f(3) cos (tB(3)), then f , also bas compact support and in fact

.1) supp(f) C supp (/) + K,

Suppose further that there exists t,> 0 such that U{K‘: 0<t <t} is contained
in a compact set. Then for every t >0, cos(tf) is the Fourier transform of a
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distribution p, on G, and there is a compact open subgroup H of G such that
supp(p,) CH forall £>0. If |, is defined as above, then f,=[*p,. The function
|B| is equal almost everywhere to a function which is constant on the cosets of
the annibilator of H.

Conversely, given any real-valued measurable function B on I' such that
|B| is constant on the cosets of a compact open subgroup A of T', for every
t >0 there exists p, € &'(G) such that i, = cos () and such that, if € L%G)
bas compact support and . is defined as above, then (2.1) holds with K, equal
to the annihilator of A for all t > 0.

Proof. We prove the converse first. Suppose |B| is constant on the cosets
of compact open A CI'. For any ¢ >0, cos(¢f) is in L*(I'), so by Theorem A.1
there exists p, € &'(G) with I, = cos(¢8). By Theorem A.2, supp(u,) CH for all
t >0, where H is the annihilator of A. Now H is compact open because A is
compact open. If f€ L%(G) has compact support and f (€L %(G) is defined by
f .= f cos(¢B), then, by Theorem A.6, | = yt)A and since the Fourier transform
is an isomorphism we have f, = f*p,. supp(f,) C supp(f) + supp () C supp (/) + H.

We now turn to the first part of the theorem. We start by proving 8 2 contin-
uous.

Lemma 5. Under the bypotheses of the theorem, B2 is equal a.e. to a con-
tinuous function, even without the assumption that I" does not contain R as a
subgroup. If T is metrizable we need not assume that \ J{K £ 05t tol is con-
tained in a compact set for some ¢t

Proof. For fixed ¢, for all f € L%(G) with compact support we have
&) cos By =1 ) for almost every y €T', and both f and f, are continuous.
It follows that for every ¢ there exists a continuous function C, on I" such that
cos (t8(y)) = C (y) for almost every y € I'. Hence there is a subset A of I whose
complement has Haar measure 0 such that if y €A then cos(tB(y)) = C ) for
almost every ¢ > 0.

Now suppose that y, — y, where y, €A forall n=1,2,-+-.Then there is
a subset B of R which is almost all of the positive axis such that if ¢ € B then

2.2) cos(tBly)) = Cly,) = Cy) as n — e

Since these functions are bounded by 1, we see that for all s >0
sin(sB8(y,)) <
-—'-B(—;;)-—— = fO cos (lﬁ(‘y”)) dt — fO Ct(y) dt

where we use the convention (sin(s + 0))/0 = s. We claim that there must exist
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s €B such that [JC t(y)dt # 0. For, otherwise C t(y) =0 for a.e. t >0, and from
(2.2), cos (tﬁ(yn)) — 0 for a.e. t >0 as n — oo. Hence cos (ZIB(y")) =

2 cos? (¢B(y,) -1 — -1 for a.e. t, a contradiction. Therefore there exists

s € B as wanted, and

1-[cos sB(y,)1? 1-C (32

( .
Bl [(sm sBly,)/, /3(}',,)]2 (¢ dn)?

If y€A, then C _(y) = cos(sB(y)) and (B(yn))z — (B()?% Hence B? is se-
quentially continuous on A. Furthermore, if y ¢ A, then (B(y"))2 has a limit as
n — o for any sequence y, in A converging to y (such sequences exist since
A is almost all of I'), and this limit is independent of the choice of sequence.
It is easy to see that if $ is redefined on the complement of A to be this limit
then B2 is sequentially continuous, hence continuous if I' is metrizable.

In the general case, in which I is not necessarily metrizable, let K be a
symmetric compact nbhd of 0 in G such that K, CK if 0 <t <t;. Then K gen-
erates a g-compact open subgroup S of G. Now the dual of S is metrizable, and
this dual is I'/2, where X is the annihilator of S. Suppose that y; and y, lie
in the same coset of = in I'. Define € L%G) by

(D= (xy,) if x€Kk,
=0 otherwise.

Then f(y,) = measure of K £0. If f,= f cos (), then it is clear that both / and
f, are supported on § if ¢ < s hence [ and / are constant on the cosets of 2, that
is, forall 1<t C (71)/(71) /,(yl) fz(}’z) C (yz)/ (y,)and /(yl) f (72) #£ 0, hence
C,y,) = C(y,). Now there exists A CI" whose complement has measure 0 such
that, for y € A, C (y) = cos(¢(y)) for a.e. t > 0; hence if y, and y, are in A
then cos (¢B(y,)) = cos (tB(y,)) for a.e. ¢, hence (B(y,))? = (,B(yz))z Define B
on I'/2 as follows. Since A is almost all of T, by Lemma 6 (below), almost
every coset of I'/Z must be of the form y + %, y €4, and if ﬁ(y +2) = By,
then B is well defined a.e. by the above. Suppose f € L) has compact support.
Define f,€ L*(S) by f, =] cos (tB) Now the Haar measure of § is the restriction
of the Haar measure of G since S is open, and f and / can be considered func-
tions on G. Then / (3 = fy) cos ¢BH)) a.e. v.ET. Hence supp(f,) Csupp() + K,
(<t ) By the metnzable case proven above, ﬁ can be altered on a set of F/E-
measure 0 so that |B| is continuous. Hence by Lemma 6 (below), 8 can be
altered on a set of '-measure 0 so that |B| = |'§ on| is continuous.

Lemma 6. Let T be a locally compact abelian group with compact subgroup
2. Let m: T —T/Z be the natural projection and let p be a Haar measure on T,
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If we define v on T/E by WE) = ula='(E)), then v is a Haar measure on T'/Z.
Furthermore, if A is a subset of I" whose complement bas Haar measure 0, then
the complement of m(A) bas Haar measure 0 as a subset of T'/2.

Proof. It is clear that v is a translation-invariant measure, and it suffices to
show that it is nonzero on open sets and finite on compact sets. The first is clear
because 7~ !(E) is open if E is open, and so it only remains to show that if E
is compact in T'/Z then 7~ !(E) is compact in I'. Given compact E in I'/Z, let
(U) jeg be an open cover of 7~ YE) by sets with compact closure. Then (m(U Vjey-is an
open cover of E, and by compactness E is contained in a finite subcover, E C 1r(U ) Y)
cee U n(U ) Clearly, n~X(E) C (U (YU vy )+ H. So n~XE) is contamed
ina compact set and since it is closed it must be compact.

As for the second statement, let A and ~7{A) denote the  complements of A
and 7(4) in G and G/H. Then virm(4)) = pla=1(~ 2(4))) < [,L(A) 0.

We now return to the theorem. Let 8 have the property of the Theorem. We
may assume by Lemma’ 5 that 82 is continuous. Let [ € L2(G) have compact
support and define f, by f: = cos (tB). By Theorem A.1 there exists p, € 8'(G)
such that fI, is the function cos (¢8). By Theorem A.G, f,={*u; By hypothesis,
supp(f,) Csupp(f) + K,. Given any compact nbhd ] of 0, there is a net of func-
tions f, all having support in ] such that f, — 8 in 9'(G), 8, being the point
mass at 0€G. If f,  =f *pu,then f, , —p, in 9'(G) (see Bruhat [2, p. 57))
and supp(f, ) Csupp(f,) + K, C J + K,. Hence supp(p,) CJ + K,, and since |
is any compact nbhd of 0€ G we have supp(u) C K,.

We suppose from now on that K, = supp (u,).

Consider any one-parameter subgroup of I', that is a continuous homomor-
phism p: R — T". For fixed y, €T, we have

1,y + p(0) = cos 48y, + p(M).

In Theorem A.7, take G, =G and G, =R, and let v, = pg ((-y )p,). Then
v,€&'(R) and for all re R

(vp =1y =y oy —p() = =y ) (p())
= ‘:z(yo + p(7) = cos (1Bly, + p(N).

Hence if f,=f*v, [€ L%(R) with compact support, then /(r) =
f@) cos (tﬁ(yo + p(r))) and by Theorem 1 there exist real a(, a,, and @, such
that

(Blyg + PN? = ayr + ayr+ ag,

Now the image of p lies in the connected component I') of the identity in T.
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Since a connected group is the product of a Euclidean space and a compact con-
nected group, I'j must be compact, hence so are its cosets. But lyo + p(): re R}
is in such a coset and ﬁz is continuous, hence bounded, hence constant, that is,

By, + pMN? = (B(yo))z for all r eR.

Since the one-parameter subgroups of I' generate ', (Hewitt and Ross [6, p. 410),
it follows that 87 is constant on the cosets of I'y. Hence also cos (t8) is con-
stant on the cosets of Fo, and, by Theorem A.2, supp(pl) CH, forall t >0,
where H is the annihilator of I'), hence open.

Since I'/T" is totally disconnected, every compact subset of H, is con-
tained in a compact open subgroup of H, hence of G. Suppose K, C K for
t<t,. Then KCH, where H is a compact open subgroup. It follows from
Theorem A.G and the identity cos (26) = 2(cos(0))* - 1 that p, = 2, *p, 8,
and now it is easy to see that K, CH forall ¢ > 0.

A well-known structure theorem for locally compact abelian groups states
that any such group is isomorphic to the product of a Euclidean space and a group
that does not contain R as a subgroup (Weil [15, p. 110]). By applying Theorems
1 and 2 to each factor we get the following result, whose proof we omit (see [1]).

Theorem 3. Let G be a locally compact abelian group with dual group T.
Suppose I =R™ x I, where T"| does not contain R as a subgroup. Let B be a
measurable real-valued function on . Suppose that for every t > 0 there exists
a compact subset K, of G such that if f€ L*(G) has compact support and if
f,€ L*(G) is defined by f‘ = [ cos (tB), then {, also bas compact support and in
fact supp (/t) Csupp(f) + K  Suppose further that there exists t, > 0 such that
UIK,: 0<t <t} is contained in a compact set. Then after changing B on a
set of measure O we have, forall (y, y)e R" xT',,

n
Bly, M2= X a,.,‘(y)yjy,e + X b (Y)y; + )
1<jsksn j=1
where all of the coefficients @ps bi’ and c are constant on the cosets of some
compact open subgroup A, of T'; and |ajj(y)| <M forall j (=1,+++,n) and
yeT and some constant M.
And conversely.

3. Compact groups. The distributions discussed in Chapter 2 do not in
general have the property that supp(y)) is small if ¢ is small. The following
theorem characterizes such p, in the case of the circle group T.

We represent the circle as the interval [-7, 7] with the endpoints identified
and addition modulo 2. For f€ L1(T), we define its Fourier transform to be
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fn) = f_’_’” f(x)e~"*dx, neZ. Any f€ L -m, n) can be considered as a function on
R merely by defining it to be 0 off [-#, 7]; the extended function is in L!(R)
and its Fourier transform on R is an extension of f on Z. Note that if fe T(T)
is 0 in a nbhd of # then its extension to R is in $(R), and conversely if

f€ R) has its support in (-7, #) then f can be considered a function on T.
Similarly one can identify distributions on T which are 0 in a nbhd of # and
distributions on R with support in (-7, 7).

Theorem 4. Let B be a nonnegative function on Z and define yte@'(T) by
fi, = cos (tB). Suppose that there exists t,> 0 such that supp(p,) C(~Ym, Y%n) if
0<t <ty Then there exist ay, a,, and a, in R such that

3.1) (Bm)2=an®+amn+a, foral nel,
and
(3.2) azxz +ax+ay>0 forall x €R.

Conversely, given 8 satisfying (3.1) and (3.2), and letting {I, = cos(¢B), we
bave

supp(p) Cl-tVa,, tv/a,] if tVa,<m

Proof. To establish the converse, let B satisfy (3.1) and (3.2). By Theorem 1,
there exists v, € D'(R) such that 7 (x) = cos (¢8(x)) for all x€R, and supp(v pLe
[-tvay, tva). I tya, <m then v, can be considered a distribution on T, and
v [(n) = ji(n) so that v, =p,.

Now suppose we have p, € £'(T) with fi, = cos(¢8) and supp () C(~%m, %n)
if 0<t <ty Let s(?) be the smallest number such that supp(p) C[-s(d), s(2)],
so that s(1) <Y7 if 0<t<tg. Now pu *p =Y, + 8, §, being the point mass
at 0, and by the theorem of Titchmarsh-Lions (see [7]) s(21) = 2s(s) if 2¢ < ¢,
By induction, s(t) = 27"s(2") if 2"t < t;, ne N. Now given any nonzero ¢ < ¢,
there exists n € N such that 2% <t < 2"*!1. Then s(t) = 27"s(2%) < 27"(4a) <
mt/ty, that is, s() <sgt, where s, =n/t,.

If fe LXR), supp(P) C(-%m %n), and t< ¢y, then supp(f*p) C (~m m),
and both f and f *u, can be considered as functions on R. Thus we have a map
fr>[*p, from {f € L?(R): supp(f) C(~Y%m, %m} into LAR) which decreases
norms, We wish to show that f - f *u, is a norm-decreasing map on all of LY(R)
into LAR). Now if f€ L%R) and supp(f) C(k - %m, k + %) for some k, then
letting 7, denote translation by k we have

f*p,= fk(r-k/* "‘t) €eL¥R) and |f* Ftllz <l
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If fe LAR) has compact support, then f is a finite sum f=3.f,, each f, having
support in an interval of length < 7 and supp(f ) pairwise disjoint, and so
f*yt=2j(f’.*p)eL2(R) and :

7+ #,||ZSE||/,-*#¢||2.<.2||/j||2= = “/“2'
i i

2

2

]

Hence f 1 f*p, is a norm-decreasing map of {f€ L%R): supp(f) is compact} into
L2R). Hence it has an extension ®, defined on all of L%(R), and this extension
is also norm-decreasing. Now the map f - f *p , commutes with translations, so
) , must also. Hence by the theorem quoted in the introduction there exists
¢,€ L™(R) such that ||¢ |, <1 and (®f )W) =1 (x)¢ () for fe L%R) and
x € R, But if { has compact support then ((Dtﬂ“= fﬁt, and so ¢, = fI,. Now by
the Paley-Wiener theorem, [ , has an entire extension F, of exponential type
<sgt if £<t;, and we have that F,= ¢, is bounded by 1 on R.
Now B is defined only on Z, but cos(z8(n)) = F (n) for all £ <t; and F,
is defined on all of C. We must extend 8 to R so that we can apply Theorem 1.
First we get a bound on fB. By a theorem of Bernstein (Zygmund [16, p. 276]),
we see that |F,(x)| <syt forall x € R. Hence for any n€N and £ < ¢, we have

5;(:; D sin(s)ds| = 1= Yeos(¢B(n + 1)) = cos (18(n)]
(3.3)
= YF(n+ D= Flo)| = U [T FiDde] < s
We claim
(3.4) |B(n+ 1) - Bn)| < 225, forall neZ.

For, if not, there exists n € Z such that |B(n + 1) - B(n)| > 2/25s, hence if
t,=mpBn+ 1)+ B! then t <o Let m=%(Bn+ 1) + Bln)), and consider
two cases:

(i) Suppose B(n)>Ym. Then 3(B(n + 1) + Bln)) > 4B(n + 1), and if Bln) <
s <B(n+ 1), we have

m Blnm _ _ 7B(n + 1) 3
i sﬁ(n e 1B <t s<t Bln+ 1) = ——B(n T T

and so

I fﬁ('” D sin t,sds| > |B(n+ 1) - B(n)| sin

S =—|B(n + 1) - B(n)]

1
V2.

T
4

> WVD2Zsy> s
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which contradicts (3.3).
(ii) Suppose B(n) < ¥m. Then

Im/2

B(n-l»l)
m/2

sin lnsds > sin t"sds

s lein ™ 1B(n+l)+/3(n)

(sm 4) iz %
again contradicting (3.3). Hence (3.4) must hold. It follows easily that
(3.5) |B(n)] < 2v/2 sqlnl +18(0)] for all n € Z.

Recall that the Fourier coefficients of a function in HT) go to 0 faster
than any polynomial, and such a function is the uniform limit of its Fourier series.
Let { be any function in $(T) with support in (~%m, Yn). Defining f,
t<Y%t,, by [ (n) = /() cos(¢B(n)), we see that supp(f) C(-Y%m, %n). As func-
tions on R, f and f, have Fourier transforms which extend to entire functions
on C. For z€C,

/(z)F (2) = /(z) = fn f{(s)e™% ds

B f:/riz ( > f:(n)ei”s)e-iszds

- T Amrcos GB [T/2, emistemmgs,

Considering these as functions of ¢ for fixed z, we get by formal termwise
differentiation

[/ (2)F (2] = - Z f(n)B(n) sin (:8(n)) fﬂ/z ~is(z=n) gg,

2
%[f(z)Ft(z)] =- Z /(")(ﬁ(fl))zcos(tﬁ(n))f”/z —is(zon) g,
t

-00

and this is justified because for any z € C, the series are uniformly summable in
t since f€ T(T) and (3.5) holds. Also

n=-=00

fiz[f(z)F‘(z)h— f n/2 ( p> /(,,)(B(,,))ZCos(,ﬁ(,,))ems) omi5% gg
t

is the Fourier transform of a function in L%R) supported on (-%m, %n).
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Now [(m)F (m) = f(m) cos(¢B(m)) if meZ and
(@2/d L (mE ()] = = (Blm))? flm) cos (18(m) = ~(Blm)? [(m)F (m)
so that if we let '

(d%/df(2)F (2]
F ‘(z)f(z)

(B/' t(z)) 2

where the denominator is £ 0 then B;' , agrees with B? whenever they are both
defined. Also, for every z € C there exists ¢ <%t such that F (2) £ 0, since
2F2 - F, = 1. Now if t; £ty 1 # 1,

Ty

- [/ (2 F ()]

[F, () = g-t;[/z(z)s,(zn [7,)F, (a0

t:tl telz

since these are the Fourier transforms of functions with compact support C (~, m)
and agree on Z, that is, the Fourier coefficients are the same. Hence we
get a single entire function B2 extending the given B2 Also [ cos(tB) = fF : on
Z and both are Fourier transforms of functions in T(R) with compact support, SO
they are equal on C. Hence F (x) = cos(¢8(x)) for all x€R.

So we have a family g, (+ <%¢() of distributions on R with compact support
such that {I, = cos(¢f) for some function B on R. Define p, for ¥4t; <2<ty by
By, = 2;1.‘2 - 8y. Then fi, = cos (¢) for these ¢ also. Continue, defining p, €
&'(R) forall >0, so that , = cos(f). Now B satisfies the hypotheses of
Theorem 1 and so must have the desired form.

Theorem 4 can be generalized to arbitrary compact connected abelian groups.
Recall that a group is compact and connected if and only if its dual is discrete
and torsion-free; see [10, p. 47].

Theorem 5. Let G be a compact connected abelian group with dual group T,
Let B be areal function on T and let p € P(G) satisfy fi,= cos (¢B). The fol-
lowing are equivalent:

(i) For every nbbd U of 0 in G there exists t,> 0 such that supp(p.) cu
for all t<t,.

(ii) For every homomorphism p: L — T and every A€ T, there exist alp, M),
bp, N), and c(p, ) in R such that

(B + p(m))2 = dlp, Nn? + Hp, N+ clp, N) forall n€l,
sup alp, A) <o for each such p, and
A

alp, Nr? + blp, Nr+ lp, ) >0 forall reR.
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Proof. See [1].

4. A nonabelian group. In this section we take a very brief look at what can
happen on nonabelian groups. We consider only a particular group where there is
an analogue of the Paley-Wiener theorem.

Consider the group § of complex matrices : /_3) such that |a|? - |B]%=1.
This group is isomorphic to SL(2, R) under the m:p

a +b, b,—-a
1 2 2

B a b,+a, a;-b,

where a =@, + ia,, B=b, +ib,. Each element of the group defines a_conformal
mapping of the interior of the unit circle onto itself by z - (az + B)/(Bz + 2),
and two matrices define the same conformal mapping if and only if they are equal
or one is the negative of the other. The group we shall consider is the group G
of all conformal mappings of the unit circle, or, equivalently, the quotient of 9
by (3 9, (<1 _OL.

We let K be the compact subgroup of G consisting of all rotations, or the

i6
e 0 of g
0 e"ie

(this will cause no confusion). A function f on G (or §) is called a spherical
function if flkgk") = f(g) forall k, k' €K and g€ G (or §).

For each s € C on the line Re(s) = %, define a unitary representation U(., s)
of G on LXT) by

[Ug, )/N(=) = |dlg2)/dz|*[(gz) (g € G, [ € LAM), |2| = 1.

subgroup

(For details of this and what follows, see Ehrenpreis and Mautner [3].) We call
{s € C: Re(s) = }4} the dual of G. Let @, = ei"%, n=0, £1, £2,... be the usual
orthonormal basis of LXT). The Fourier transform of a function [ € LYG) is in
general an operator-valued function; for each s, f (s) is a bounded operator on
LAT). But if f is a spherical function, then ( f(s)an, a,)=0 unless n=m=0,
and so [(s) is determined by the scalar (f(s)ag, ay) = [of(g){Ug, S)ay, a,) dg.
Hence the Fourier transform of a spherical L! function can be considered a scalar-
valued function [(s) on {Re(s) = 4}

A form of the Plancherel theorem holds for spherical functions, the measure
on {Re(s) = %} being
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- s -1) tan(~nl(s - Y))ds,

or, letting s = Y% + it,

Tt _ o-Tt
(i) tan(-indddt = ¢
e +e”

That is, if [ is a spherical function in L' N L%(G), then

-t

mt _
fc |/(3)|2d8=f|/(%-+ it)lzt.______:m - e .

e—ﬂl

Now G has a bi-variant Laplace-Beltrami operator A, which on the spherical
functions corresponds to multiplication by s(1 - s) on the dual. That is, if f is
in the space § C°0° of infinitely differentiable spherical functions with compact
support, then (A)"(s) = s(1 = 5)/(s). If > 0 and ¢ >-%a, then @A + ¢ corre-
sponds to multiplication by as(1-s)+c=al4+id4-id+c=ah+t)+c>0.
If B is defined on the spherical L2 functions by (Bf)"(s) = |as(1 - s) + c|%f(s),
then B is densely defined and both cos (tB) and (sin(tB))/B are bounded opera-
tors on the spherical L? functions by the Plancherel theorem. The Paley-Wiener
theorem for G (Ehrenpreis [3, p. 13]) states that if /€ SC3, then [ is in SR), ]
has an entire extension of exponential type (the type depending on the size of the
support), and f(s) = f(1 - s); and conversely. From this it follows easily that
cos(tB) maps SC7 onto itself, and in fact supp(cos(1B)) Csupp(f) + K, inde-
pendent of f; and the same is true of (sin(tB))/B.

Note that if does not make sense to say that B is a translation-invariant
operator on the spherical functions because the set of spherical functions is not
invariant under translation.

A converse holds in the following sense: Let 8 be a real-valued measurable
function on {Re(s) = %4}. Then by the Plancherel theorem B determines a densely
defined operator B on the spherical L2 functions by (Bf)™(s) = f(s) B(s). If
supp (cos (¢B)/) C supp(f) + K, orall t>0 andall fe SC‘: and some K, inde-
pendent of f, then BZ=aA + ¢, a> 0, ¢ >-Y%a. For, cos(tf) is entire of ex-
ponential type for the usual reasons and cos (¢8(s)) = cos (¢B(1 - s)), hence
(B()? = bs? + as + ¢ and (B(s)? = (B(1 - s))% Therefore a+ b=10, (B(s)? =
as(l-5s) +c

APPENDIX

We state here those facts about distributions on LCA groups which are
needed in the proof of Theorem 2. They are probably well known to the experts,
but do not seem to have found their way into print. The proofs invariably depend

upon reduction to the case of elementary groups. Complete proofs can be found
in [1].
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Theorem A.1. If f€ LP(G), 1 <p <, then the map ® +» [ Hx)f(x)dx is a
tempered distribution on G. If f€ LXG), then the Fourier transform of the dis-
tribution determined by | is the distribution determined by fe L),

For any x € G we define r_ on MG) by (7,9)y) = ¢ly - x). Now r_ isa
continuous map of &(G) into itself, and we define 7_ on 8'(G) by transposition,
that is, (7, TX@) = T(r, @) for all ¢ € NG).

Theorem A.2. Let H be an open subgroup of G and A CT the annihilator
of H. Let T € S'(G). Then the support of T is contained in H if and only if T is
invariant under translation by A, that is, if and only if r,yf" =T forall yeA

We recall the notion of tensor product and convolution of distributions from
Bruhat [2). Given two locally compact groups G , and G, and Se (G,) and
T e 2'(G,), there is a unique distribution S ® Te€ P'(G, x G,) such that
§ @T)(tﬁl ® ¢,) = S(ép)T(,) for all ¢> e NG ), i=1,2 Then Fubini’s theorem
is true, that is, for any ¢e@(G x G,), (S ® T)(¢) =S,T ¢(x, =T S,qS(x, y).

For any closed sets A and B of G, the followxng two condmons are equiv-
alent:

(i) For every compact subset K of G, (A x B) N K* is compact in G x G,
where K* = {(x, y): x + ye K}.

(ii) For every compact KC G, A N (K - B) is compact in G.

If A and B satisfy these conditions, we say that they are compatible.

If S, TeD'(G) and supp(S) and supp(T) are compatible, then we define
S*T(#) =(5, ® T )d(x + y) for ¢ € NG), and then § +T ¢ L'(G).

Theorem A.3. Let a € &G), T € 9'(G), and suppose that supp(a) and
supp(T) are compatible. Then axT is the function
(a* () = (T, alx - ),
and this function is in &(G).

Definition. Let G = R” x 1? x Z9 x ®. Define OM(G) to be the set of all
complex-valued functions f on G which are infinitely differentiable with respect
to the R and T variables, and such that for every o€ N? and re N? there exists
ke Z such that

(1 + |2 Dk + |m|2)'*D°'f/(x, t, m @)
is bounded on G, where
L g gt g

DO’,T____‘__‘... ———-o"_——

Xt o
axl ax"" atl ot n




WAVE EQUATIONS WITH FINITE VELOCITY OF PROPAGATION 147

Definition. For any locally compact abelian group G, define V] M(G) to be the
set of all functions @ in &(G) such that for every good pair H, H' in G there
exists a subgroup H" of G such that H, H" is a good pair and the restriction of a
to H is constant on the cosets of H', inducing a function ¥ in GM(H/H").

Theorem A.4. For any locally compact abelian group G, we have O uQ =
{o € &(G): agp e XG) for all ¢ e NG}

Theorem A.5. If T € &'(G), where G is a locally compact abelian group, then
TeO wuD)s and in fact T is given by the function T(3) = (T, 7).

Theorem A.6. If G is a locally compact abelian group, S € 8'(G), and T €
&'(G), then S*T €8'(G) and (S+1) "= §T.

Theorem A.7. Let p: I'; — T, be a continuous homomorphism between locally
compact abelian groups, py: G, — G, its adjoint. Then pl(¢) = ¢ op, defines
a map ply: &G D= 6(62) according to Brubat [2, p. 57, Proposition 8]. Let
py: 6'(G) = &'(G)) be its adjoint, that is, if pe &'(G,) then (py (), $) =
(1 p (D)) for all qSeg(Gl). Then for every y, €T'| and pe 5'(62), we have
(s Py ) = (pg();, y,)- Also supp(pfp) C p(supp ().
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