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GALOIS THEORY FOR FIELDS K/k FINITELY GENERATED()
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NICKOLAS HEEREMA AND JAMES DEVENEY

ABSTRACT. Let K be a field of characteristic p # 0. A subgroup G of the group H'(K)
of rank ¢ higher derivations (¢ < o) is Galois if G is the group of all din H'(K) having a
given subfield 4 in its field of constants where X is finitely generated over h. We prove: G
is Galois if and only if it is the closed group (in the higher derivation topology) generated
over K by a finite, abelian, independent normal iterative set F of higher derivations or
equivalently, if and only if it is a closed group generated by a normal subset possessing a
dual basis. If ¢ < oo the higher derivation topology is discrete. M. Sweedler has shown
that, in this case, h is a Galois subfield if and only if K/h is finite modular and purely
inseparable. Also, the characterization of Galois groups for t < oo is closely related to the
Galois theory announced by Gerstenhaber and and Zaromp. In the case ¢ = o0, a subfield
h is Galois if and only if K/h is regular. Among the applications made are the following:
(1) N,A(K”") is the separable algebraic closure of & in K, and (2) if K/h is algebraically
closed, K/h is regular if and only if K/A(K”") is modular for n > 0.

I. Introduction. Let K be a field having characteristic p # 0 and let 2 be a
subfield over which X is finitely generated. This paper is concerned with two
related theories. §§1 through IV are devoted to a characterization in terms of
abelian sets of generators of the group of all infinite higher derivations on K over
h. A subfield & of K is the field of constants of a set of infinite higher derivations
if and only if K/h is regular. These results are contained in Theorems 4.2, 4.3, and
4.5. §§VI and VII are concerned with the corresponding theory in the case
[K: h] < oo. Again, the group of all higher derivations of rank ¢ having a given
field of constants is characterized in terms of abelian sets of generators where
t > peX/h-1 The finite dimensional theory is similar to, though distinct from, a
theory due to Gerstenhaber and Zaromp [10]. Integration of the two theories
leads to a number of results connecting modularity, regularity and relative
algebraic closure. For example, if K/h is finitely generated then N,A(K?") is the
separable algebraic closure of 4 in K (Theorem 7.2). This extends a result of
Dieudonné [11, Proposition 14]. If, in addition, K/A is algebraically closed then
K/h is regular if and only if K/h(K?") is modular for all n (Theorem 7.4).

I1. Definitions and preliminary resuits. Throughout this paper, K will be a field
of characteristic p # 0. A rank ¢ higher derivation on K is a sequence d
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={d|0<i<t+1} of additive maps of K into K such that d,(ab)
= X {di(a)d(b) | i + j = r}and dj is the identity map. The set H'(K) of all rank
t higher derivations on K is a group with respect to the composition d o e = f
where f; = X {d,e,| m+n =} [l, Theorem 1, p. 33]. Note that the first
nonzero map (of subscript > 0) is a derivation. The field of constants of a subset
GCH'(K) is {a € K|d(a) =0,i >0,(d) € G}. H/(K) will denote the
group of all higher derivations on K whose field of constants contains the subfield
h.

From this point until §V we will consider infinite higher derivations (t = o)
only.

The index i(d) of a nonzero higher derivation is either 1 or if 4 has the property
d, # 0and d; = 0if ¢ 1 j, then i(d) = ¢. We call din H*(K) iterative of index
q, or simply iterative, if (j)d,; = d,;d,-;) for all i and j < i, whereas d,, = 0 if
q ¥ m. A complete description of iterative higher derivations has been given by
Zerla [3). If d € H*(K) has index ¢, and a is in K, then ad = e where e,; = a'd,;
and ¢; = 0if g 1. It is clear that ad is a higher derivation. The group generated
over k by a subset F of H®(K) is the subgroup generated by {ad | a € K,d
€ F}.

Letd € H®(K) and let k be the field of constants of 4. Then the dimension
of d is defined to be the transcendence degree of K over k (i.e., tr.d. (K/k)). A
higher derivation is normal if d; # 0. A set F = {d* | « € A} of higher deriva-
tions is abelian if d*df = dfd foralla, B € A, 0 < i,j < 0. A set of nonzero
higher derivations on K is independent if the set of first nonzero maps of F with
subscript > 0 is independent over K. We will need the following.

(2.1) [2, Theorem 1]. Let B be a p-basis for K and let f: Z X B — K be an
arbitrary function. There is a unique (d;) € H®(K) such that for each b € B
andi € Z, d,(b) = f(i,b).

(2.2) [8, p. 436]. Let (d;) € H*(K) and a € K. Then d;,(a?) = (d;(a))” and
if p and j are relatively prime, then d;(a”) = 0.

As a simple corollary of (2.2) we have dj(a?") = 0 if p"  j. The following
theorem can be found in the literature; however a proof is given here for
convenience. A field K is a regular extension of a subfield k if K/k is separable
and k is algebraically closed in K [5].

(2.3) Theorem. Let k be the field of constants of a set of higher derivations on K.
Then K is regular over k.

Proof. We show first that K is separable over k, i.e., K? and k are linearly
disjoint over k”. Suppose there exists {z, ...,z,} C k, independent over k? and
dependent over K”. Then there exists a relation of minimal length among
{z1,...,2,) over K?, 3 {afz;| 1 < i < s} = 0 (possibly renumbering) a; € K,
a; # 0, 1 <i <s Without loss of generality we may assume af = 1 and
a, & k. Then there exists a map in some higher derivation (d;) such that
da) # 0. Thus (S (afz |1 <i<s) = [d(@)z+ - +[4(@)),
= (, which yields a nonzero relation of shorter length, a contradiction. Thus K
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is separable over k. Suppose 8 € K, and @ is separable algebraic over k. Let
(d;) € H(K). For a given integer r > 0 we choose s so that r < p®. Since 8 is
separable algebraic over k, k(f) = k(9”°). Since p* > r, d(87') = - -- = d,(67")
= 0, and hence k(f) = k(9”°) is contained in the field of constants of (d;)/.,.
Since r and (d;) were arbitrary, @ is in k. Hence k is algebraically closed in X.

(2.4) Theorem (7, Theorem 15, p. 384]. Let K be a field obtained by adjoining a
finite number of elements to h. If K/h preserves p-independence, then a subset T of K
is a separating transcendency basis for K/h if and only if it is a relative p-basis for
K/h.

II1. Separating transcendency bases and higher derivations.

(3.1) Lemma. Let {k, |1 < n < o} and h be subfields of K where k; C k; if
J > i. Then if k, and h are linearly disjoint for all n, N{k, | 1 < n < oo} and h are
linearly disjoint.

Proof. By [4, Lemma 1.62, p. 57] there exists a unique minimal extension k of
N{k,| 1 < n < o} such that k and A are linearly disjoint. Since k, and 4 are
linearly disjoint for all n, k C k, for all n, and hence k = N{k, |1 < n < ).

Throughout the rest of this paper & will be a subfield of K such that X is finitely
generated over h.

(3.2) Theorem. Let F = {dW,...,d™} be an abelian set of one-dimensional
higher derivations in K over h, and let their field of constants be k. Then

(1) trd. (K/k) < n;

(2) If F is independent, then tr.d. (K/k) = n.

Proof. (1) We use induction on n. If n = 1, the result holds since d® is one-
dimensional. Let k,_,; be the field of constants of {d(, . ..,d®D} and k, the field
of constants of d®. Then trd. (K/k,.,) < n-1, trd. (K/k,) =1, and k
= k,., N k,. All we need to show is tr.d. (K,_;/k) < 1. It will suffice to show
that any subset of k, , which is algebraically independent over k remains
algebraically independent over k,. We will prove the stronger condition that &,_;
and &, are linearly disjoint. Consider the chain {k,, | 1 < i < oo} of subfields of
K where k,; = {x € K|d"(x) = -+ = d,ff'll(x) = 0}. Note that N{k,;| 1
< i< o} =k, and K**' C k,; by (2.2). We claim k,; and k,_, are linearly
disjoint for all i, 1 < i < oo. Since KP™| C k,,, we have kP*' C k,, and hence
k,-; is purely inseparable over k,; N k,_;. Since {d¥,...,d®} is abelian,
{dW],,,...,d® V| } is a set of higher derivations on k,,, and has field of
constants k,; N k,_;. Thus by (2.4), k,; is separable over k,; N k,_,. and hence
k,; and k,_, are linearly disjoint [6, Theorem 21, p. 197]. By (3.1). k, and k,_,
are linearly disjoint, and (1) follows.

Now assume {d®,...,d®} is independent. Since we have n independent
derivations in K over k and K is separably generated over k, it follows that
tr.d. (K/k) > n[6. Corollary, p. 179], and hence tr.d. (K/k) = n.
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(3.3) Definition. Let F = {d",...,d®™} be an abelian set of one-dimensional
higher derivations in K over A. Let the first nonzero map of d) be d{). Then a
subset S = {x,,...,x,} of K will be called a dual base for {dO,...,d®™}if

(1) dx) = L1<i<n,

2dI(x) =0,1<s< o0,i #j.

In view of (2.4) and (3.2) a dual basis is necessarily a separating transcendency
basis for K over the field of constants k of F.

(3.4) Theorem. Let F = {dW,...,d™} be an abelian set of one-dimensional
iterative higher derivations on K/h. F is independent if and only if F has a dual basis.

Proof. Assume F independent. Let k, be the field of constants of {d®,...,
d®-D}. Then, by (3.2), tr.d. (K/ky) = n— 1. If d® |, = O, then {d(V,...,d™}
are independent derivations on K/k, and it would follow that tr.d. (K/k,) > n.
Thus d |, is a nonzero derivation on ko whose pth power is zero and there is an
X, € ko such that d(x,) = 1. Let k; be the field of constants of d® and
consider F = {d®|;,...,d®™|, }. Since F is abelian F is an abelian set of
iterative higher derivations on k. If 3 {a;d®|li = 1,...,n— ;¢ €k} =0
then 3 {4,d¥|¢mli = 1,...,n =1} =0 and hence I {a,d{|i=1,...,n
— 1} = O since X is separable algebraic over k(x,). Thus F is independent and
by the induction hypothesis, has a dual basis x;, ..., x,_;. The set {x;,...,x,} is
then a dual basis for F.

IV. The Galois correspondence.

(4.1) Definition. Let G be a subgroup of H*(K). The sequence {G;} defined by
Gi=Gand. GG={d)€EG|d=d=--=d,=0}for 2<j< 0 is
called the higher derivation series of G.

It is easily verified that each term in the higher derivation series is a normal
subgroup of G and N{G,|j > 0} = {e} where e is the identity of G. Using the
higher derivation series as a basis of open neighborhoods at e we make G a
topological group. Let H¢ denote the closure of a subgroup H of G. Given
d € H*(K) of index g, v(d) = e = {¢;| 0 < i < oo} where e, = d,; and
¢ = 0if (g + 1) 1, it is clear that v(d) is a higher derivation. The v-closure 7(F)
of a set Fin H®(K) is {v'(d) | d € F,i > 0} where v%(d) = d. We recall the
basic assumption that K is a finitely generated extension of the subfield A. A
subgroup of H,°(K) with field of constants k will be called Galois if G is the
group of all higher derivations which contain & in their field of constants.

(4.2) Theorem. A subgroup G of H°(K) is Galois if and only if G is the closure,
W(F))', of the subgroup generated over K by v(F), where F is a finite abelian normal
independent set of one-dimensional iterative higher derivations in H*(K). If
G = (U(F))" has field of constants k, then tr.d. (K/k) = |F|.

Proof. Suppose G is Galois with field of constants k. Let S = {x,...,x,} be
a separating transcendency basis for K over k, and let P be a p-basis for k. Since
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K is a separable extension of k, P U S is a p-basis for K. Using (2.1) we describe
aset F={dW,...,d™} of iterative higher derivations [3, Theorem 2] by the
conditions

(i) d(x) =0ifx € Sandj > lorx € Pandj > 0,

(i) d(x;) = 6, ;for 1 < i,j < n.

Elementary calculations show F to be abelian. Each d®) is one-dimensional since
k(xy,...s%,...,x,) is contained in its field of constants. Thus F is a finite
abelian normal independent set of one-dimensional iterative higher derivations in
G. We claim that (7(F))" = G.

Let (d;) be in G and have first nonzero map d, with d,(x;) = a,i=1,...,n.
The first nonzero map of g = [[ {a;,v""'(d®)|i=1,...,n} is g, and g, = d,
since d, being a derivation is completely determined by {d,(x;) | i = 1,...,n}and
g,(x;) = dy(x;). Thus g~! o dis in G,,,. It follows by iteration of this process that,
if dis in G and r is any integer, thereis a g € (7(F)) such that g, = d; fori <r
or, equivalently, ((F)) = G mod G. Hence (#(F))° = G.

Conversely, suppose G = (7(F))‘ for F as in the theorem. Let {x,, ..., x,} be
a dual basis for F and let k be the field of constants of F. Since {x,,...,x,}is a
separating transcendency basis for K/k the above approximation process can be
applied to show that (5(F))" = HZ(K).

(4.3) Theorem. Let K = h(xi,...,x,). There exists a unique minimal extension
k of h in K such that K/k is regular. k is a subfield of each field k), K 2 k; 2 h,
K/k, regular and is the field of constants of H{*(K).

Proof. It suffices to show for k, K 2 k 2 h, where K is regular over k, that k
is the field of constants of a set of higher derivations in K over A. Let {x,, ..., x,}
be a separating transcendency basis for K over k, and let F be as constructed
in (4.2). Let k, be the field of constants of F. Then k, 2 k. But by (3.2),
tr.d. (K/k;) = n, and since k is algebraically closed in K, &, = k.

Thus if we set R = {G C H®(K) | G is the closed subgroup generated over K
by 7(F) where F is as in (4.2)} and S = {k | K is regular and finitely generated
over k}, then the maps g: R — S, given by g(G) = field of constants of G, and
f: S = R, given by f(k) = H(K), are inverse bijections.

(4.4) Definition. A subfield k of K over which K is finitely generated will be
called Galois if K is regular over k. A subgroup G of H®(K) with field of
constants k& will be called Galois if K is finitely generated over k and G
= H(K).

Let G be a Galois subgroup of H*(K). Then a set F of generators for G as in
Theorem (4.2) will be called a standard generating set.

(4.5) Theorem. Let h be a Galois subfield of K and let k be an intermediate field.
The following are equivalent.

(1) k is a Galois subfield of K.

(2) There exists {dW, . ..,d™} a standard set of generators for HZ(K) such that
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{dm,..., d®}, t < n, has field of constants k. The set {dV, ...,d"} is a standard
set of generators for H® (K).
(3) k is algebraically closed in K and every d in H{°(k) can be extended to K.

Proof. Assume (1). Note that k is regular over h. Let S be a p-basis for h; let
T = {x....,x,} be a separating transcendency basis for K over k, and let
L = {x,41....,X,} be a separating transcendency basis for k over h. Then
T, U LU Sisa p-basis for Kand T} U T, is a separating transcendency basis
for K over h. Let {d,...,d®} be as in (4.2). Then {d,...,d™} is a standard
set of generators for H;°(K) and {d®, ...,d®} is a standard set of generators for
HZ(K). Note that {d¢+D|,,...,d™|.} is a standard set of generators for H°(k).

Obviously (2) implies (1) and (2) implies (3). Assume (3). It suffices to show K
is separable over k. Let {x;,...,x,} be a separating transcendency basis for k
over h, and let {d®,...,d¥} be a standard generating set for Hy°(k). Then
{d,...,d®}is a basis for Der,(k), the space of all derivations on k over h. Since
these derivations can be extended to K it follows that every derivation on &
extends to K. Thus by [6, Theorem 18, p. 184], K is separable over k, and hence
regular over k.

Dropping the algebraically closed assumptions of Theorem (4.5) we have the
following.

(4.6) Theorem. Let K/h be finitely generated and separable and let k be an
intermediate field. Then K/k is separable if and only if every d in Hy® (k) extends to
H®(K).

Proof. Assume k/h separable. Let S be a p-basis for A, I} a separating
transcendency basis for k/h and T; a separating transcendency basis for K/k.
Theorem (2.2), the fact that 7 U S is a p-basis for k, and the fact that
T U T U S is a p-basis for K/h together imply that every element of Hy°(k)
extends to H{°(K). To prove the converse one notes that every derivation on k
over h is the first nonzero map d, of a higher derivation on k over A. This follows
from the fact that a p-basis for k over A is a separating transcendency basis for k
over h, a p-basis for A extends to a p-basis for k and (3.1). Thus every d in Der, (k)
extends to K. As in the proof of (4.5) it follows that K/k is separable.

V. Higher derivations of finite rank; preliminaries. The following result on
derivations will be used. K O k will always be fields of characteristic p # 0.

(5.1) Theorem [10, p. 1011]. Let py, ..., p, be commuting derivations in K with
field of constants k. If they are linearly independent over k, then

(1) they are independent over K;

Q) [K: k] 2 P

(3) equality holds if and only if the k-space V, spanned by py, ..., p, is closed
under the formation of pth powers.
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(5.2) Proposition. Let F = {p,,...,p,} be derivations on K. The following are
equivalent.

(a) F is abelian, independent (over K), and has the property pf = 0,1 < i < n.

(b) K = k(x,,...,x,) where k is the field of constants of F and p,(x;) = &,
1 <i,j < n. The set {x,...,x,} is a p-basis for K/k.

Proof. Assume (a). We use induction on n. If n = 1, [K: k] = p by (5.1). Since
pf = 0, there is an x, in K for which p,(x;) = 1 [3, Lemma 4, p. 408]. Assume
the result for n — 1, n > 1. From (5.1), [K: k] = p". Let k; be the field of
constants of {p;,...,p,_} and let { y,...,5,} be a p-basis for K/k; for which
pi(y;) = 8,0 < i,j < n— 1.Since{p,...,p,}is abelian p,(k) C k and since
[K: k] < p" pn I, # 0 by (5.1). Hence there is an element x, in k such that
pa(x,) = 1. Since x, € k;, p;(x,) =0, j < n. Also, k; = k(x,) by (5.1). By
commutativity of the p;, p,(y;) is in k;, for j = 1,...,n— 1. Thus, p,(y;)
=3 {axi|i=1,...,p— 2,a € k}. Note that since p} = 0, a,_; = 0. Then
z=3{a_xifili=1,...,p— 1} has the property p,(z) = p,(y;). Choose
x; = y;— z.Since z € k;, we have pi(x;)) = 8, 1 <i,j < n.

Assume (b). Clearly F is independent. The field of constants k; of p; is
k(x;,...,%,...,x,). Thusy € Kis a polynomial in x; over k; of degree < p and
pf = 0. One easily verifies that p;p; = p;p; The set {x;,...,x,} being p-
independent [6, Corollary 4, p. 183] is a p-basis for K/k.

The abelian condition in part (a) of (5.2) is essential. A finite independent set
of derivations, {p;,...,p,}, on K such that p =0, 1 < i < n, need not be
abelian. For given distinct subfields &, k, of K such that [K: k;] = p and K/k; is
purely inseparable, there are independent derivations py, p, for which p? = 0 and
which have &, and k, as respective field of constants. If p,p, = p,p; it would
follow that [K: k; N k;] = p2. A counterexample to this conclusion is easily
constructed.

(5.3) Definition. A relative p-base for K over k as in (2.4) will be called a dual
p-base with respect to {p;,...,p,}-

Using (5.2) we have the following. A finite-dimensional subspace of the K-
space Der(K) of derivations on K is Galois if and only if it is generated over X
by a set {p;,...,p,} of commuting independent derivations such that pf = 0,
1 < i < n. This is precisely the type of charaterization which will be established
for higher derivations.

Let d = (d;) be a higher derivation of finite rank ¢. For 1 < s < ¢, the s-
section of 4 is the higher derivatione = (d;| i = 0,...,s). The s-section of a set
of higher derivations is the set of s-sections. For d # 0 in H'(K), with first
nonzero map d, we define p(d) = min{s | p* - r > 1}.

Observation. Ford € H'(K), p(d) is the exponent of K over the field of constants
of d.
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Proof. Let p(d) = 5. If d,(x) # O butd, = 0 for 0 < i < r, then d -y, (x#*")

= (d,(x))”"" # 0. However d,(x?") = 0, j > 0, by the remark followmg (2.2).

We call 4 € H'(K) iterative if d is the rth section of an iterative higher
derivation in H®(K). A finite rank iterative d is normal if for some j > 0, i(d)
is [t/p’] + 1, where [¢/p/] is the greatest integer less than or equal to #/p/. A
normal higher derivation d has minimal index for a given p(d). A finite set F of
nonzero higher derivations on K is said to be independent if the set of first
nonzero maps of F (of subscript > 1) is independent over K.

In the next proof we will use the fact that if d is iterative and has index ¢ then
the restriction of d to the field of constants of its first nonzero map is an iterative
higher derivation having index pg (assuming pg < rank d).

VI. The finite rank Galois correspondence.

(6.1) Theorem. Let F = {dM,...,d™} be an abelian set of independent iterative
members of H'(K) and let k be the field of constants of F. Then [K: k]
= pp(d(")+---+p(d(")).

Proof is by induction on p(F) = max{p(d®) | d®) € F}. If p(F) = 1, each
d® has but one nonzero map with positive subscript and (5.1) applies A
counterexample to this conclusion is easily constructed. that if d = (d;) is
iterative of index ¢ then (d,,/)’* = 0.)

Hence assume the result holds for p(F) = j — 1 or less, and consider the case
KF) =j.Let{x,,...,x,} be a dual basis with respect to the set of first nonzero
maps of F, and let k, be their field of constants. Then [K: k;] = p" by (5.1).

By the abelian condition d()(k;) C k for all i and j. Hence F |, is an abelian
set of iterative higher derivations. Also, if d{") is the first nonzero map of 4¢) then,
if pt; < t we have, by (2.2), d)(x?) = (d{)(x))”. Thus d§))|, is the first nonzero
map of d¥|,. Let F = {d®+V|, ,...d®|, } be the nonzero elements of Fl;. By
the above remarks d)(xf) = 8, for b < i,j < n. It follows that Fis independ-
ent over k, and {xf,,,...,x?}is a p-basis for k,/k,, k, being the field of constants
of the first nonzero maps of F. By induction,

[kl : k] = pp(d(»l))_l+ cee +p(d("))-'l
= pp(d(l)).|+ oo tp(d)-1
and

[K: K] = [K: kJlky: K] = prare---sta,

(6.2) Corollary. If d = (d;) is a nonzero finite iterative higher derivation in K with
fleld of constants k, then [K: k] = pP®. If y is any element of K such that
d,w(y) # 0, then K = k(y)
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Proof.

d,(d)pr(d)—l(yp’m‘) = ( (d)(.)’))p’(‘H # 0,

hence [k(y): k] > p”¥) and thus K = k().

Let F = {d",...,d™} be a set of rank ¢ higher derivations on K. {x;, ..., X,}
is a dual basis for F if both of the following are true.

(1) K = k(x,,...,x,), k the field of constants of F.

(2) d9(x;) = 1, where d{) is the first nonzero map of d) and all other maps
in F with nonzero subscript take x; into zero.

(6.3) Theorem., Let F = {d",...,d®} be a subset of H'(K). The following are
equivalent.

(a) F is an abelian set of independent iterative higher derivations.

(b) F has a dual basis {x,, . . .,X,}.
If {x1,...,X,} is a dual basis, then K = k(x;) & -+ & k(x,), k; = k(x,, ...,
Ris«.esXy) is the field of constants of d©). Also, x; is purely inseparable over k of
exponent p(d®).

Proof. Assume (a). We use induction on n. If n = 1, the result follows from [3,
Theorem 2]. Hence assume the result holds for n — 1, and let k; be the field of
constants of d. Then F = {d®|,,...,d™|,} is an abelian set of iterative
higher derivations on k, with field of constants k. Let { y;, . . .,y,} be a dual basis
with respect to the first nonzero maps, {d{)}, of F. Then K = k(y). If
azd(z)l,, * + a,d®|,, = 0, then since d{)(») = 0, i > 2, we have a,dQ)
+ - +a, d(") = 0. Thus F is also independent, and in particular d{)|;, # 0
2 S j < n Let {x5,...,x,} be a dual basis for F. Note that d“g(x,) =
1<j<t2<i< n Now let k, be the field of constants of {d(z) d(")}
Then as above d|,, is nonzero with field of constants k and d{V|,, # 0 Hence
there exists x, in k, such that d{®(x;) = 1 and d®(x;) = 0, j # ;. Then
{x1,...,x,} is a dual basis for F.

Assume (b). Clearly F is independent. By [3, Lemma 5, p. 410] each higher
derivation of F is iterative. One easily verifies d¥)dY) = dU)d%).

Noting that d¥(k(x;)) C k(x;), i > 0, and d{)(x;) = 1 we conclude that
dU)Ik(,) is an (iterative) higher derivation and p(d(l)) = p(dU )|k(, y)- Thus [k(x;):
k] = pl’(“”) Since K = k(x,,...,x,) and [K: k] = ppdV)- - +id®) by Theorem
6.1, it follows that K = k(x) ® - - - & k(x,). Also k(x;,...,%,...,%,) C kK,
the constant field of dU), and since [K: k(x;,...,%,...,x,)] = [K: k;] we have
ki=k(xi,.oos%yenesXy)

It is shown in Jacobson [6, p. 195] that if K = k(x;) & - - - & k(x,) and x; is
purely inseparable over k then {x,,...,x,} is a dual basis.

If d has index g, and a is in K, then ad = e where e,; = a'd, and ¢ = 0 if
q *j. It is clear that ad is a higher derivation. The group generated over K by a
subset F of H*(K) is the subgroup generated by {ad | a € k,d € F}.
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Given d € H'(K) of index g, v(d) = e € H'(K) where ey, = d; for
(g+1)i<tand g =0if (g + 1) tj,j < t. Clearly d) is a higher derivation.
The v closure 5(F) of aset Fin H'(K)is F U {v'(d) | d € F,i > 1}. A subgroup
G of H'(K) with field of constants k, [K: k] < oo, will be called Galois if G is
the group of all higher derivations in H'(K) which contain k in their fields of
constants.

(6.4) Theorem. A subgroup G of H'(K) is Galois if and only if G is generated over
K by §(F) whete F is a finite abelian normal independent iterative subset of H'(K).
If G is Galois with field of constants k, and is generated by v(F) where F
= {d",...,d™} as above, if {x,,...,x,} is a dual basis for F, then K = k(x,)
® -+ ® k(x,), x; is purely inseparable of degree pPd over k and hence
[K: k] = prd®+---+pd®),

Proof. Suppose G is Galois with field of constants k. Sweedler has shown [9]
that K = k(x;) ®, - - ® k(x,), the x; purely inseparable over k. Let F
={dO,...,d™} be a set of higher derivations having {x;,...,x,} as a dual
basis. By the remark following the definition of normality and by (6.3) we can
assume that F is an abelian iterative independent normal subset of G. Let (§(F))
be the subgroup of G generated over K by 5(F). We claim (5(F)) = G.

Let d be in G. We will prove d € (§(F)) by descending induction on the
subscript of the first nonzero map of d = (d;). Suppose d to be in G
={d€ G|d =:--=d,_, =0)}. Then d, is a derivation and is completely
determined by 4,(x;) = a5 j = 1,...,n. By the observation following the
definition of p(d), x; has exponent m; = p(d\)) over k; and hence over k in view
of Theorem 6.3. If a; # O then r > i(dY)) since dU) is normal. Otherwise we
would have rp™ < ¢t and d,pmj(x}’"’) = d,(x;)"” #* 0 whereas xf" is in k. Let
e = I {v-@")(a;dV) | o; # 0). The first nonzero map of e is e, and ¢, = d,.
Thus, doe™! is in G, If r =t we have G, C (§(F)) and, for r < ¢, G
C G,.1(#(F)). It follows that G = (5(F)).

Conversely, suppose G is generated by 5(F) where F is a finite abelian normal
independent iterative subset of H'(K). Then by (6.3), if {x;,...,x,} is a dual
basis for F, K = k(x;) ® - & k(x,), and since F is normal, F must be
precisely as above; hence G is Galois. The remaining assertions of the theorem
are contained in (6.3).

Although the results of Theorem (6.4) are similar to those of [10, Theorem 4,
p. 1013], Theorem (6.4) does not follow from Theorem 4 since one cannot
determine a priori that F is a standard set of generations.

Suppose p" < t < p*l. If weset H = {G C H'(K) | Gis generated over K by
U(F) where F is as in (6.4)} and K = {k | [K: k] < o0, K*™' C k and K/k is
modular}, then the maps g: J# = K given by g(G) = field of constants of G and
f: K — 4 given by f(k) = H{!(K) are inverse bijections.

Using (6.3) we can state Theorem (6.4) in part as follows.
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(6.5) Theorem. A subgroup of G of H'(K) is Galois if and only if G is generated
over K by i(F) where F is a finite normal subset of G possessing a dual basis.

VII. Regularity vs. modularity.

(7.1) Theorem. Let K/h be finitely generated. If K/h is separable then K/h(K?")
is modular for all n > 0. If K/h is regular, h = N{WK?) | n > 1}.

Proof. Let {x,,...,x,} be a separating transcendency basis for K/h. Let
{dO,...,d9} be the standard generating set of H,°(K) having {x,...,x,} as
dual basis. If F={d®|1 < i< s} where d) ={d? |0 < < p"} and &,
={xeK|d?x) =01 <i<s1<j<p"} then K is modular over k,
[9, Theorem 1, p. 403]. By (2.2), h(K”"') C k,. By choice of {x,,...,x,},
k(k”") (xi5...,x) = K. Thus [K: k(K*™")] < p+Ds, By (6.1), [K: k,] =
p*Ds, Thus k, = k(K?™").

If K/k is regular, k is the field of constants of HX®(K). Hence k =
N{k(K?") | n > 1}

(7.2) Theorem. If K/h is finitely generated then N{h(K”)|n > 1} is the
separable algebraic closure of h in K.

Proof. Let K = h(x;,...,x,). If x;, ..., x, is a transcendency basis for K/h
then for some n > 0, x7,, ..., x¥" are separable algebraic over h(x,, .. .,x,). It
follows that A(K?")/h is separable. If x in K is separable algebraic over A then x
is in A(K?") for all n since x is both separable and purely inseparable over A(K?").
Thus h,, the separable algebraic closure of 4 in K, isin N{A(K?") | n > 1}. Leth
be the algebraic closure of 4 in K. As above A(K?™)/h is separable for some m.
Hence A(K?")/h is regular and, by (7.1), & = N{A(A(K?"))”)|n > 1} or
h = N{AK?)|n > 1). Thus N{(K?") | n > 1} C h. Finally, since for some n,
h(K”")/h is separable, N{h(K?")|n > 1}/h is separable algebraic. Hence A,
= N{HK"”)|n> 1}

(7.3) Corollary. Let K/h be finitely generated. If K/h is separable then
N{A(K?") | n > 1} is the algebraic closure of h in K.

(7.4) Theorem. Let K/h be finitely generated. If h is algebraically closed in K then
K/h is regular if and only if K/h(K?") is modular for all n > 0.

Proof. Assume

K/h(K?") modular for n > 0. Then K” and h(K”") are linearly disjoint for all
n and hence, by (3.1), K? and N{A(K?") | n > 1} are linearly disjoint. Since K/h
is algebraically closed #”” = h N K? and h = N{(K?") | n > 1} by (7.2). Thus
K is separable over h. The converse is part of Theorem (7.1).

In §IV we established that for any subfield 4 for which K/h is finitely generated
there is a unique minimal intermediate field A* such that K/h* is regular. The fact
that 4* need not be the algebraic closure of % in X is illustrated by the following
example.
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(7.5) Example {7, §10, p. 391]. Let P be a perfect field and let z, y, u be
algebraically independent over P. If h = P(y?,u”?) and K = P(z,y’,y + zu)
then K/h is algebraically closed but K is not separable over 4. Thus A* = K.

Conjecture. tr.d. (h*/h) < 1 in general.
From the same reference we have the following.

(7.6) Corollary. Assume K/h finitely generated. If tr.d. (h/P) < 1 where P is the
maximal perfect subfield of h, then the regular closure h* of h in K is the algebraic
closure of h in K.

Proof. [7, Theorem 9(b), p. 378] and [7, Theorem 15, p. 384].
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