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RANK r SOLUTIONS TO THE MATRIX EQUATION XAXT = C,
A ALTERNATE, OVER GF(2’)

BY
PHILIP G. BUCKHIESTER

ABSTRACT. Let GF(g) denote a finite field of characteristic two. Let ¥ denote an n-
dimensional vector space over GF(g). An n X n symmetric matrix A4 over GF(g) is said to
be an alternate matrix if 4 has zero diagonal. Let 4 be an n X n alternate matrix over
GF(g) and let C be an s X s symmetric matrix over GF(g). By using Albert’s canonical
forms for symmetric matrices over fields of characteristic two, the number N(4,C,n,s,r)
of s X n matrices X of rank r over GF(g) such that XAXT = C is determined.
A symmetric bilinear form on ¥, X ¥ is said to be alternating if f(x,x) = 0, for each x
in K. Let f be such a bilinear form. A basis (x;, ..., X, )1, ..., ), B = 2p, for ¥ is said to
be a symplectic basis for ¥ if f(x;,x) = f(»,) = 0 and f(x;,y) = 8, for each i,
j=1,2,...,p. In determining the number N(4,C,n,s,r), it is shown that a symplectic
basis for any subspace of ¥ can be extended to a symplectic basis for ¥. Furthermore, the
number of ways to make such an extension is determined.
1. Introduction. Let GF(g) denote a finite field of order ¢ = p’, p a prime. Let
A and C be symmetric matrices of order n, rank m and order s, rank &,
respectively, over GF(g). Carlitz [4] has determined the number N(4, C,n,s) of
s X n matrices X of arbitrary rank over GF(g), for p an odd prime, satisfying the
matrix equation X4 X7 = C when n = m. Perkins [9], [10] has determined the
number N(I,0,n,s) of solutions X over GF(g), ¢ = 2’, to the matrix equation
XXT = 0 and has enumerated the s X n matrices X of a given rank r over GF(g),
q = 2’, such that XXT = 0. The author [3] has determined the number
N(4,0,n,s) of s X n matrices X over GF(g), g = 2”, such that XAXT = 0.
An n X n symmetric matrix 4 over GF(2”) is called an alternate matrix if A has
0 diagonal. Let A be such a matrix. The purpose of this paper is to determine the
number N(4,C,n,s,r) of s X n matrices X of rank r over GF(q), ¢ = 2, such
that XAXT = C. In determining this number, Albert’s canonical forms for
symmetric matrices over fields of characteristic two are used [1]. These forms and
the necessary theorems concerning them appear in §2. In §3, the number
N(A4,C,n,s) of s X n matrices such that XAXT = C, where 4 and C are of full
rank, is determined. In §4, the requirement that 4 and C be of full rank is
dropped, and N(4, C,n,s,r) is determined.
The author wishes to express his appreciation to John D. Fulton, who
suggested investigation of the symplectic group, which is used in §3 of this paper.
Throughout the remainder of this paper, GF(g) will denote a finite field of
order ¢ = 2” and ¥, will denote an n-dimensional vector space over GF(q).
Further, if M is any matrix over GF(q), RS[M] will denote the row space of M.
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2. Albert’s canonical forms and bilinear forms over GF(g) . Let f be a symmetric
bilinear form on ¥, X ¥,. For any subspace E of ¥, define E* ={y € ¥ |
f(x.y) = 0 for all x in E }. Clearly, E* is a subspace of }. We say that f is
nondegenerate if V% = {0}. The rank of f is defined to be n — dim V%, fis said to
be an alternating bilinear form if f(x,x) = 0 for all x in ¥. An alternate matrix
over GF(q) is a symmetric matrix with 0 diagonal. Let F denote the 2p X 2p
matrix [,' J), where I, denotes the p X p identity matrix. Then E is an alternate
matrix of rank 2p. Chevalley [6] has shown that for each nondegenerate
alternating bilinear form f on ¥, X ¥, there exists a basis for ¥} such that, relative
to that basis, f(§,m) = £E 27 for all £ 9 in ¥,. Chevalley [6] has also shown that
if f is a bilinear form of rank 7 on ¥, X ¥, and if f(§,7) = §4n” for all §, nin ¥,
then the matrix rank of A is ¢. It follows that if f is a degenerate alternating
bilinear form of rank k on ¥, X ¥, then there exists a basis such that, relative to
that basis, f(£,1) = e[‘”]nf for all £, n in ¥, and, hence, k = 2p.

The following theorem, which appears in [7], will be needed.

Theorem 2.1. If E is a subspace of ¥V, then
dim E* = n — dim E + dim(E N V*).

From this theorem, it follows that if f is a nondegenerate bilinear form, then
for any subspace E of ¥, dim E* = n — dim E.
Albert [1] has proved the following theorems:

Theorem 2.2. Every matrix congruent to an alternate matrix is an alternate
matrix.

Theorem 2.3. Let A be any n X n nonsingular alternate matrix over GF(q). Then
there is a nonsingular matrix P such that PAPT = F,

Theorem 2.4. Let A be an n X n alternate matrix of rank k over GF(q). Then
there is a nonsingular matrix P such that PAPT = [79] (k = 2p).

The set of all n X n matrices P over GF(q) such that PEPT = F, 2p = n,
forms a group, called the symplectic group. Denote this group by Sp,(g). Dickson
[8] has calculated the order of Sp,(g) to be

@1 ISp.(9)l = (¢" — Dg™ ' (g™ 2 = )g"2---(g? = 1)q.

Let f be a nondegenerate, alternating bilinear form of rank 2p on ¥, n = 2p.
A basis (x;,...,X%,),...,),) for ¥, is called a symplectic basis for ¥ if
fxix) = O,f(yi,yj) = 0, and f(x;,y;) = §;foralli,j = 1,2,..., p. Chevalley
[6] has proved the existence of a symplectic basis for any n-dimensional vector
space ¥, on which a nondegenrate, alternating bilinear form has been defined.
The following theorem is a corollary to the proof of this result.



THE MATRIX EQUATION XAXT = C 203

Theorem 2.5. Let f be a nondegenerate, alternating bilinear form on V, X ¥,
n=2.If X, ... X0 Y15 .. ¥ ¥ < p, are independent vectors in V, such that
fxinx;)) =0foralli,j=1,2,...,p,f(yi,y;) =O0foralli,j=1,2,...,v,and
fOny) =05 for i=1,2,...,pand j=1,2,...,Y, then there exist vectors
Yyt1s =+ o Yp in Y, such that (x,, ..., X, 3, .. .,),) forms a symplectic basis for V,.

The following lemma will be needed in §§3 and 4.

Lemma 2.1. Let A and C be symmetric matrices of orders n and s, respectively,
over GF (q). If there exist nonsingular matrices P and Q such that PAPT = B and
QCQT = D, then N(A,C,n,s) = N(B,D,n,s). Further, for each r, 0 < r <
min(n,s), N(4,C,n,s,r) = N(B,D,n,s,r).

Proof. Since N(4, C,n,s) = I N(4, C, n,s,r), it suffices to prove only the
second statement of the lemma. If X is an s X n matrix of rank r, then
XBXT = D if and only if YAYT = C where Y = Q"' XP. Since P and Q are
nonsingular, the result follows.

For integers n and k, let [?] denote the g-binomial coefficient defined by
Bl=1 [k1=0,k>n [i]l= @/ (@k(@hw 0<k <n where (q)=
(g-1D(@2*-1):--(g’ - 1),j > 0. The following lemma, which appears in [2],
will be needed in §4.

Lemma 2.2. Let X be an s X t matrix of rank r over GF(q). The number of s X m
matrices [X,Y] of rank r + y over GF(q) is given by

m-—t s ;
L(s’ t,m, rr + Y) = [ y ]qr(m-l-v) IIO (q»’ - q’+')-
-

3. Determination of N(4,C,n,s), A and C of full rank. Let A be an n X n
nonsingular alternate matrix over GF(g). By Theorem 2.3, there exists a
nonsingular matrix P such that PAPT = E,n = 2p. By Lemma 2.1, for any s X s
symmetric matrix C, N(4,C,n,s) = N(F,,C,n,s). Let X be any s X n matrix and
let XEXT = (b;). A simple calculation shows that

[] 2
b, = XijeroXixe + XifepX;
ii kgl ik+p ik k_z‘m ik—p ik

] ]
= kzl xi*+pxi* + 21 x,-‘kx,;k,,p = 0.
- ™

Thus, XEXT has 0 diagonal. It follows that if C is any sXs symmetric,
nonalternate matrix, then N(4, C,n,s) = N(E,C,n,s) = 0.

Suppose C is an s X s alternate matrix of full rank. By Theorem 2.3, there
exists a nonsingular matrix Q such that QCQT = F, s = 2y. By Lemma 2.1,
N(4,C,n,s) = N(E,E,n,s). Thus, it suffices to find N(E, F,n,s).

For any s X n matrix X such that XEXT = F, s = 2y and n = 2p, rank X
= 2y < 2p. For P and Q in Sp,(q), let
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Py 1
p=|f a o=|3
B
R, S,

where P,, P,, Q, and Q, are y X n matrices and R;, R,, S}, and S, are (p — Y) X n
matnces Define the relation ~ on Sp,(¢) by P ~ Q if and only if P, = Q, and

= Q@,. Clearly, ~ is an equivalence relation on Sp,(¢). For any P in Sp,(g),
let [P] denote the equivalence class containing P.

Theorem 3.1. Define the mapping ¢ from {[P]| P € Sp,(q)} into {X | XEXT
= E} by ¢([P]) = X, where X is the s X n matrix such that row i of X equals row

iof P fori=12,...,v and row vy +j of X equals row p + j of P, for
J=1,2,...,v. Then ¢ is a one-to-one mapping onto {X | XEXT = E}.

Proof. By definition of ~, ¢ is well defined and one-to-one. Let f be the
bilinear form on ¥, X ¥, defined by f(¢7n) = ¢E97 for all £ 4 in ¥. Then
rank f = n — dim V% = rank , = 2p = n. Thus, V% = {0}. Clearly, f(¢¢)
= 0 for all £ in V. Hence, f is a nondegenerate, alternating bilinear form on
¥, X ¥,. By Theorem 2.1, if E is any subspace of ¥, then dim E* = n — dim E.
For any P in Sp,(g), PE,PT = E. Let P = [;!], where each of P, and P, is p X n.

Then
Pl . ... [AEPT PEPf] [0 1
I:Pz]li'[}’I Pl = [ PREPT PEPT | | Of
Hence, the rows of P form a symplectic basis for ¥. Let X = [j‘é] = ¢(P)),
where X, and X; are y X n. Then

X XEXT X EXS 0 I
XEXT = [Xz]};‘,[X."X{] - [ XLEXT  XEXT ] - [Iv 0] =5

Hence, the range of ¢ is a subset of {X | XE,XT = E}. In order to show that ¢
is onto, let X be an s X n matrix such that X. F XT = E. Suppose X = [ ], where
each of X; and X, is yXn, X; = [x,x,,...,x], and X =yl
Then f(x;,x;) = f(y;,y;) = 0 and f(x;,y;) = §; fori,j = 1,2,...,v. We will
show that the symplectic basis (x;, ..., Xy, %, ...,)) for the subspace RS[X] can
be extended to a symplectic basis for the whole space. If p =1y, then
(%15 <2 X215+ . .,)) forms a symplectic basis for ¥ and no extension is
necessary. Suppose p —y = 7 > 0. If (RS[X])* C RS[X] then, for any z in
RS[XD* z =3 a;x; + L., by, Thus, foranyj = 1,2,...,7,

0=1(zx)= ié a,f(x;,x;) + ig bif(yi,x;) = b;.
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Similarly, @; = 0 for j = 1,2,...,y. Thus, z =0 and (RS[X])* = {0}. But
dim (RS[X])* = 2p — dim RS[X] = 2p — 2y = 27 > 0. Hence, there exists z
in (RS[X])* — RS[X]. Suppose z,, z3, ..., 2z, kK < 7, have been chosen such that
z; is in (RS[M,_,])* — RS[M_] for i =1,2,...,k where M; denotes the
(s +j) X n matrix

v

X
2)

forj=0,1,...,k

2

Suppose (RS[M,])* C RS[M,]. Then if z is in (RS[M])*, z =3\, ,ax
+ 3L by + B ¢izi. As before, b, = f(z,x)) = 0 and a; = f(z,,) = 0 for
Jj=1,2,...,v. Hence, z = I, ¢;z;. Since f is an alternating bilinear form, z;
is in (RS[M,])* fori = 1,2,..., k. Thus, (RS[M,])* = <z,,2;,...,2), which
implies dim (RS[M,])* = k. But, dim (RS[M,])* = 2p — dim RS[M,] = 2p
— (2y + k). This implies 2p — 2y —k =k, or 2r =20 -2y =2k <21, a
contradiction. Hence, there exists z;,, in (RS[M,])* — RS[M,]. Thus, there exist
vectors zy, ..., 2, , in ¥ such that f(z,,2) = f(x;,2;) = f(y:,2) = Ofori = 1,
2,...,vyand j, k=1,2,...,p—7v. By Theorem 2.5, there exist vectors
W « v o5 Wpy Such that (X1, ..., %2150 0325 Y15 e e o3 )y @1y - o o, 0,-,) fOrms a
symplectic basis for V. Let Z = [z,...,z,,]", W =[@,...,0,,], and PT
= [X,\TZTX, WT]. Then P is in Sp,(q) and ¢([P]) = X. Thus, ¢ is onto.

Consider any P in Sp,(g). We seek the order of the equivalence class [P). Let
PT = [XTZTYTWT], where each of X and Y is y X n and each of Z and W is
(p — v) X n. Clearly, for any Q in Sp,(g), Q is in [P] if and only if QT
= [XTRTYTST]. Let X = [x;,...,x,]7and Y = [,...,)]". Then the order
of [P] is equal to the number of ways we can extend the symplectic basis
(15« 5%y 215+« + 5, for the subspace RS[}] to a symplectic basis (x;, ...,x,,
Nseeesp) for .

Theorem 3.2. Let f be a nondegenerate, alternating bilinear form defined on
KX W n = 2p. Let W be a 2y-dimensional subspace of V. If (X, ..., Xy, )15+ s
¥,) is a symplectic basis for W, then the number of ways to extend this basis for W
to a symplectic basis for V, is given by

p~y-1 i -1 ;
K(p,y) = il_'Io (g% - gq) .l.-[, g~

Proof. If zisin W N W*, thenz = 3\, a;x; + X)) b;y;. As in the proof of
Theorem 3.1, a; = b; = 0 for each j = 1,2,...,y. Hence W N W* = (0).
Since dim W* = 2p — 2y, there are g%~ — | vectors in W* — W. Thus, there
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are g%~2 — 1 choices for x,.i. SUppose X,., ..., Xy4x kK < p — v, have been
chosen so that x,,; is in (W @ (Xyups ..oy Xpeici ))* = (W O {Xypans v o os Xgaim1 D)
i=2 ..., kIfzisin(We {xpuy,..os X)) N (WD {xpyyy .05 X040 ), then
z=3Lax;+ 3 by, + 2k ¢ixpy Again, gy =b;=0forj=1,2,...,
v. Since f is alternating, it follows that

(W ® <x1+l’ LR axy+k>)‘ n (W ® <x1+l’ LR ,x1+k>) = <x1+|’ o ’x1+k>'

Thus, it is necessary and sufficient that x, .., be chosen from (W & {x,,y,...,
Xysx)* = Xyp1s+ oo s Xy Hence the number of choices for x4 is g2%~2r7*
— g*. Since this is true for any k < p — vy, it follows that the number of choices
for (xy41,+++,x,) is TI2Z3 " g%~ — ¢'. For a given choice of (x,415 - . .,%,), We
seek the number of choices for ()41, ...,),) such that f(x;,x;) = f(y;,5;) = 0
and f(x;,y;) = 8; for i, j=1,2,...,p. Let R =CXj,..0s Xy Xp4250005%p,
Yireeosyyy and S = {x, ..., %, )5, Then y,,, must be chosen in R*
— §* R C S implies S* C R*. Further, dmR* =20 —-(p—-1+y)=p—7v
+1 and dimS* =20 —(p +y) = p — y. Hence dim R*/S* =1 and |R*
— S* = q* (g — 1). Define the mapping f from R*/S* into GF(g) by
f(z+ S*)=f(z,x,,). It is easy to see that f is well defined. Let z, be such that
R*/S* = {zp + S*). Then, z, is R* — S* and so f(z, + S*) # 0. Thus, since
dim R*/S* = 1, fis one-to-one. Hence, there exists precisely one coset z) + S*
such that f(z; + S) = 1. For any u in S*, f(z; + u,x,4)) = 1. Thus, the number
of choices for y,., is equal to |S*| = ¢°. Having chosen 41, ...s Yy
k<p-1y, we define Ry = {X;,...,Xypkr Xyska2s «+ o XpsV1s o+ -2 Vyak) and S
= Xy, .0 03X V15 - -+ s Yyak)- Then p i, must be chosen from R} — S% and
must be such that f(),4x+1,Xy4k+1) = 1. An argument similar to the one above
shows that the number of choices for y .4 is equal to [S%| = ¢g*~r% Thus, for
any one of the I} (¢%* — g) choices for (x,41,...,x,), there are
precisely [1%Z} g*~* choices for ()41, . - - ,¥,). This completes the proof.

By Theorem 3.1, N(E, F,n,s) = |Sp,(¢)l/|[P]l. Since, for any P in Sp,(q),
[[P]l = K(p,v), we have determined N(F, F,n,s).

Theorem 3.3. Let A and C be nonsingular alternate matrices over GF(q) of orders
n = 2p and s = 2y, respectively. The number N(A, C,n,s) of s X n matrices X over
GF(q) such that XAXT = C s

N(A’ G, n’s) = ISB.(q)I/K(P, Y)’

where |Sp,(q)| is given by (2.1) and K(p, y) is given in Theorem 3.2. If D is any s X s
nonalternate matrix over GF(q), then N(4,D,n,s) = 0.

4. Determination of N(4,C,n,s,r). Let A be an n X n nonsingular alternate
matrix, n = 2p, over GF(g) and let C be an s X s alternate matrix of rank 2y < s.
By Theorem 2.3, Theorem 2.4, and Lemma 2.1, N(4,C,n,s,r) = N(E,G,,n,s,1),
where G, = [0 Let X = §;] be any s X n matrix such that XEXT = G,
where X] is 2y X n and X; is (s — 2y) X n. Then
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X XEXT X EXT E 0
4.1 ! TXT) = tet et LY
( ) [Xz]F};[XI XZ] [Xzf';xlr XZE:XZT 0 0OF

Hence, X, is such that X; E X" = F,. The number N(F, F,,n,2y) of such 2y X n
matrices X, is given in Theorem 3.3. Let X; = [x;,...,x,»,...,%]". By (4.1),
in order that X = [}] be such that XEXT = G, X, = [z,...,2,,,]7 must be
such that f(x;,z) = f(y:,2;) = f(2,2) =0, fori = 1,2,...,yand k,j =1,
2,...,5— 2y, where f(§9) = ¢En" forall §, nin V.

Theorem 4.1. For a given 2y X n matrix X, over GF(q) such that X, EX," = F,
the number of s X n matrices X = [}"2] of rank 2y + v over GF(q) such that
XEXT = G, is given by

—_ -1
4.2) RQ2y,n,5,2y + 1) = [s 727] Ho (q" ¥ - ¢)),
j-

where [*2"] is the g-binomial coefficient as defined in §2.

Proof. Let Z = [z,...,2,.15,]" be an (s — 1 — 2y) X n matrix over GF(g)
such that X, EZT = 0 and ZEZT = 0. Let D denote the (s — 1) X n matrix [5].
If rank D = 2y + 7, then in order that X, = [, ] be as required by the theorem,
it is necessary and sufficient that z,_, be chosen from (RS[D])* N RS[D]
= RS[Z]. Since rank D = 2y + 7, dimRS[Z] > . If dim RS[Z] > 7, then there
exists z, 1 <i <s—1— 2y, such that z is in RS[M_,] — {z,,...,z_,), where
[~ Xl ]
2

M=| | Jj=01..s5-1-2y

Z

But z; must be chosen from (RS[M,_,])*, whose intersection with RS[M,_,] is
€25+ ++52;1). Thus, dim RS[Z] = 7 and the number of choices for z,_,, is ¢". If
Z is such that rank D = 2y + 7 — 1, then z,_,, must be chosen from (RS[D])*
— RS[D] = (RS[D])* — RS[Z]. Since dim(RS[D])* =n—-(y+7-1) and
dimRS[Z] = 7 — 1, the number of choices for such a z,_,, is g™ — g™1,
Thus, we obtain the difference equation

R(2y,n,5,2y + 1) = q¢"RQ2y,n,s — 1,2y + 7)
+(g" o - g™ H)RQ2y,n,s — 1,2y + 7 - 1),

with initial conditions R(2y,n,s,2y) = 1, for all s > 2y, and R(2y,n,2y,2y + 1)
=0, for 7 # 0. By using a method due to Carlitz [5], one may derive
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R(2y,n,s,2y + 7) as given in (4.2) as the solution to this recurrence. It is easily
seen that (4.2) is the solution to this recurrence.

Together, Theorems 3.3 and 4.1 yield the number N(4, C,n,s,r), A nonsingu-
lar.

Theorem 4.2. Let A be an n X n nonsingular alternate matrix, n = 2p, over
GF(q) and let C be an s X s alternate matrix of rank 2y. Then

N(4,C,n,s5,2y + 1) = N(E,F,n,2y) - RQ2y,n,5,2y + 1),
0 < 7 < min(s,n) — 2y,

where N(E,F,,n,2y) is given in Theorem 3.3 and R(2y,n,s,2y + 7) is given in
Theorem 4.1.

Finally, let 4 be an n X n alternate matrix of rank 2p < nandlet Cbeans X s
alternate matrix of rank 2y < s. By Theorem 2.3, Theorem 2.4, and Lemma 2.1,
N(4,C,n,s,r) = N(G,,G,,n,s,r), 0 < r < min(s,n), where G, = [¢9] and G,
= [ 3] Let X be an s X n matrix of rank r over GF(g) such that XG,XT = G,
If X = [X; X;), where X] is s X 2p and X; is s X (n — 2p), then

E of|XxT
(4.3) [X.le[(;’ 0] [er] = X EXT = G,.

Further, rank X = r implies rank X; > r — (n — 2p). For any 7,
max(r — n + 2p — 2y,0) < 7 < min[min(s, 2p) — 2y,r — 2v],

the number N(F,G,,2p,s,2y + 1) of s X 2p matrices X; of rank 2y + 7 over
GF(g) such that X; EXT = G, is given in Theorem 4.2. Consider any such matrix
X;. By (4.3), any s X (n — 2p) matrix X; such that X = [X; X,] has rank r yields
XG,XT = G,. The number of such matrices X, is the number L(s,2p, n,2y + ,r),
given in Lemma 2.2. Thus, we have determined the number N(4, C,n,s,r).

Theorem 4.3. Let A be an n X n alternate matrix of rank 2p over GF(q). If C is
an s X s nonalternate matrix over GF(q), then N(4,C,n,s) = N(4,C,n,s,r) = 0
for all r. If C is an s X s alternate matrix of rank 2y over GF(q) and 2y <'r
< min(s,n), then the number N(A,C,n,s,r) of s X n matrices X of rank r over
GF(q) such that XAXT = C is given by

d(s,p,vr)
NA,Cns,r)= X N(E,G,2p,52y + 1) L(s,20,n,2y + 7,7)
r=h(r,n,p,y)
where N(F,, G,,2p,s,2y + 7) is given in Theorem 4.2, L(s,2p,n,2y + ,r) is given in
Lemma 2.2, where h(r,n,p,y) = max(r — n + 2p — 2y,0), and where d(s,p,y,7)
= min[min(s, 2p) — 2v,7 — 2v].
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Determination of the number N(4, C,n,s,r), where A is an n X n symmetric,
nonalternate matrix, will appear in a later communication.
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