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RANK r SOLUTIONS TO THE MATRIX EQUATION XAXT = C,
A ALTERNATE, OVER GF(2')

BY

PHILIP G. BUCKHIESTER

ABSTRACT. Let GF(?) denote a finite field of characteristic two. Let Vn denote an n-

dimensional vector space over GF(?). An n x n symmetric matrix A over GF(q) is said to

be an alternate matrix if A has zero diagonal. Let A be an n x n alternate matrix over

GF(?) and let C be an s X s symmetric matrix over GF(g). By using Albert's canonical

forms for symmetric matrices over fields of characteristic two, the number N(A,C,n,s,r)

of s X n matrices X of rank r over GF(q) such that XA XT = C is determined.

A symmetric bilinear form on V, x Vn is said to be alternating if f(x,x) — 0, for each x

in Ii. Let/be such a bilinear form. A basis fa,... ,xf,yi,... ,yp), n = 2p, for !£is said to
be a symplectic basis for V, if f(x¡,xj) =f(yi,yj) = 0 and f(x„y¡) = S,¡, for each i,
j « I, 2, .... p. In determining the number N(A,C,n,s,r), it is shown that a symplectic

basis for any subspace of V, can be extended to a symplectic basis for V,. Furthermore, the

number of ways to make such an extension is determined.

1. Introduction. Let GY(q) denote a finite field of order q = p",p a prime. Let

A and C be symmetric matrices of order n, rank m and order s, rank k,

respectively, over GF(q). Carlitz [4] has determined the number N(A,C,n,s) of

jXn matrices X of arbitrary rank over G¥(q), for p an odd prime, satisfying the

matrix equation XAXT = C when n = m. Perkins [9], [10] has determined the

number N(I,0,n,s) of solutions X over G¥(q), q = 2", to the matrix equation

XX T = 0 and has enumerated the s x n matrices A' of a given rank r over GF(q),

q — 2y, such that XXT = 0. The author [3] has determined the number

N(A,0,n,s) of s X n matrices X over GF(q), q = 2y, such that XAXT = 0.

An n X n symmetric matrix A over GF(2;') is called an alternate matrix if A has

0 diagonal. Let A be such a matrix. The purpose of this paper is to determine the

number N(A,C,n,s,r) of sXn matrices X of rank r over GF(q), q = 2", such

that XAXT = C. In determining this number, Albert's canonical forms for

symmetric matrices over fields of characteristic two are used [1]. These forms and

the necessary theorems concerning them appear in §2. In §3, the number

N(A,C,n,s) of s X n matrices such that XAXT = C, where A and C are of full

rank, is determined. In §4, the requirement that A and C be of full rank is

dropped, and N(A,C,n,s,r) is determined.

The author wishes to express his appreciation to John D. Fulton, who

suggested investigation of the symplectic group, which is used in §3 of this paper.

Throughout the remainder of this paper, GF(q) will denote a finite field of

order q = 2y and Vn will denote an «-dimensional vector space over GF(tf).

Further, if M is any matrix over GF(q), RS[M] will denote the row space of M.
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2. Albert's canonical forms and bilinear forms over GF(^). Let/be a symmetric

bilinear form on V„xV„. For any subspace E of Vn, define E* = [y E VH \

f(x,y) = 0 for all x in E }. Clearly, E* is a subspace of Vn. We say that / is

nondegenerate if V* = {0}. The rank off is defined to be n — dim V*„.fis said to

be an alternating bilinear form if f(x, x) = 0 for all x in Vn. An alternate matrix

over G¥(q) is a symmetric matrix with 0 diagonal. Let Fp denote the 2p X 2p

matrix [,t „'], where /p denotes the p X p identity matrix. Then Fp is an alternate

matrix of rank 2p. Chevalley [6] has shown that for each nondegenerate

alternating bilinear form / on V„ X Vn, there exists a basis for Vn such that, relative

to that basis,/(|,n) = é,Fpt\T for all £, tj in Vn. Chevalley [6] has also shown that

if/is a bilinear form of rank t on V„ X Vn and if/(|,tj) = iA-nT for all £, 17 in V„

then the matrix rank of A is t. It follows that if / is a degenerate alternating

bilinear form of rank k on Vn X Vn, then there exists a basis such that, relative to

that basis, /(£,tj) = £[o'o]nr for all £, n in Vn and, hence, k = 2p.

The following theorem, which appears in [7], will be needed.

Theorem 2.1. // E is a subspace of Vn, then

dim E* = ti - dim £ + dim(£ n V*).

From this theorem, it follows that if / is a nondegenerate bilinear form, then

for any subspace E of Vn, dim E* = n — dim E.

Albert [1] has proved the following theorems:

Theorem 2.2. Every matrix congruent to an alternate matrix is an alternate

matrix.

Theorem 23. Let A be any nXn nonsingular alternate matrix over GF(q). Then

there is a nonsingular matrix P such that PAPT = Fp.

Theorem 2.4. Let A be an nX n alternate matrix of rank k over G¥(q). Then

there is a nonsingular matrix P such that PAP7 = [0'¡J] (k — 2p).

The set of all ti X ti matrices P over GF(^) such that PFpPT = Fp, 2p = n,

forms a group, called the symplectic group. Denote this group by Sp„(ç). Dickson

[8] has calculated the order of Sp„(q) to be

(2.1) iSp^)! = (q" - lk-V2 - Ik""3 ■■■(q2- Ik-

Let / be a nondegenerate, alternating bilinear form of rank 2p on J£, 7» = 2p.

A basis (xx,... ,xfl,yx,.. .,yp) for Vn is called a symplectic basis for Vn if

f(x„Xj) = 0,f(y¡,yj) = 0, and f(x„yj) = 8U for all i,j = 1, 2, ..., p. Chevalley
[6] has proved the existence of a symplectic basis for any 71-dimensional vector

space Vn on which a nondegenrate, alternating bilinear form has been denned.

The following theorem is a corollary to the proof of this result.
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Theorem 2.5. Let f be a nondegenerate, alternating bilinear form on VnXVn,

n = 2p. If xx, ..., xp,yx, ... ,yv y < p, are independent vectors in Vn such that

f(x¡,Xj) = Ofor all i,j = 1, 2, ..., p,f(y¡,yj) = Ofor all i,j = 1, 2, ..., y, and
f(x¡,yj) = 8¡j for i = 1, 2, ..., p a/tí/ y = 1, 2, ..., y, then there exist vectors

yy+\, ...,y„in V„ such that (xx,..., xp ,yx,... ,yp) forms a symplectic basis for V„.

The following lemma will be needed in §§3 and 4.

Lemma 2.1. Let A and C be symmetric matrices of orders n and s, respectively,

over GF (q). If there exist nonsingular matrices P and Q such that PAPT = B and

QCQT = D, then N(A,C,n,s) = N(B,D,n,s). Further, for each r, 0 < r <

min(n,j), N(A,C,n,s,r) = N(B,D,n,s,r).

Proof. Since N(A, C,n,s) = 2fïno(',',) N(A,C, n,s,r), it suffices to prove only the

second statement of the lemma. If X is an s X n matrix of rank r, then

XBXT = D if and only if Y A YT = C where Y = Q~x XP. Since P and Q are

nonsingular, the result follows.

For integers n and k, let [k] denote the ^-binomial coefficient defined by

[Si = 1; M « 0, k > »; [¡H = (q)J(q\(q)„-k, 0 < k < n, where (q)j =
(q - \)(q2 - 1) • • • (qj - l),j > 0. The following lemma, which appears in [2],

will be needed in §4.

Lemma 2.2. Let X be an s X t matrix of rank r over GF(^). The number of s X m

matrices [X, Y] of rank r + y over GF(^) is given by

L(s,t,m,r,r + y) = [OT ~ 'J^O-mO g fo* - q>«),

3. Determination of N(A,C,n,s), A and C of full rank. Let A be an « X «

nonsingular alternate matrix over GF(^). By Theorem 2.3, there exists a

nonsingular matrix P such that PA P T = Fp, n = 2p. By Lemma 2.1, for any s X s

symmetric matrix C, #(4, C, n, s) = N(FP, C, n, s). Let X be any sXn matrix and

let XFpXT = (by). A simple calculation shows that

p 2p

bu = 2 -X/jt+p*!,* +   2   •Xijt-p-X/,*
*»i *—p+i
p p

= 2 -^a+p-*/,* + 2 •*i,*-x;,a+p = 0.
*—i i—i

Thus, XFPXT has 0 diagonal. It follows that if C is any jXj symmetric,

nonalteraate matrix, then N(A,C,n,s) = N(Fp,C,n,s) = 0.

Suppose C is an s X s alternate matrix of full rank. By Theorem 2.3, there

exists a nonsingular matrix Q such that QCQT = F,, s = 2y. By Lemma 2.1,

N(A,C,n,s) = N(Fp,Fy,n,s). Thus, it suffices to find N(Fp,Fy,n,s).

For any sXn matrix X such that XFpXT = FT s = 2y and n = 2p, rank A'

= 2y < 2p. For P and Q in Sp,^), let
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P =

P\

R\
P2

R2

and     Q =

0.

Ô2
S2

where Px, P2, Qx, and Q2 are y X ti matrices and Rx, R2, Sx, and S2 are (p - y) X ti

matrices. Define the relation ~ on Sp,(^) by P ~ Q if and only if Px = Qx and

P2 = (22- Clearly, ~ is an equivalence relation on Sp^). For any P in Sp„(#),

let [P] denote the equivalence class containing P.

Theorem 3.1. Define the mapping <J> from {[P] | P E Sp„(q)} into {X | XFpXT

= F,) by <b([P]) = X, where X is the sX n matrix such that row i of X equals row

i of P, for i = 1, 2, ..., y, and row y +j of X equals row p + j of P, for

j = 1, 2, ..., y. Then <J> is a one-to-one mapping onto [X \ XFpXT = £,}.

Proof. By definition of ~, <f> is well defined and one-to-one. Let / be the

bilinear form on I{x(¡; defined by /(£,n) = îFpriT for all £, n in Vn. Then

rank/ = 7» - dim V* = rank Fp = 2p = n. Thus, V* = {0}. Clearly, /(£,£)

= 0 for all i in J£. Hence, / is a nondegenerate, alternating bilinear form on

V„ X V„. By Theorem 2.1, if £ is any subspace of V„, then dim E* = n - dim £.

For any ^ in Sr,(ö), />^/>t = £,. Let P = [£], where each of Px and ¿>2 is P X «•

Then

\P^F\prpr\-\PxFoPx        ^O-l0   '"I

Hence, the rows of P form a symplectic basis for Vn. Let A' = [Xl] = 4>([P]),

where Xx and A^ are y x ti. Then

XFPXT \X:\F\Xrxr\-\XxF"XxT      '«WlTO   4~| _ F

Hence, the range of <p is a subset of {A" | AT-JA"7- = £j. In order to show that <b

is onto, let X be an s X n matrix such that XFpXT = £,. Suppose X = [Xj], where

each of A¡ and X2 is y x 7», Aj = [jc1;.X2, .. -,xy]T, and A"2 = [yx,y2,... ,yy]T.

Then f(x¡,Xj) = f(y¡,yj) = 0 and/fo,^) = 5y for »',/ = 1, 2, ..., y. We will
show that the symplectic basis (xx,... ,xY,yi,... ,yy) for the subspace RS[A] can

be extended to a symplectic basis for the whole space. If p = y, then

(xx,...,xy,yx,...,yy) forms a symplectic basis for V„ and no extension is

necessary. Suppose p - y = t > 0. If (RS[A"])* ç RS[A"] then, for any z in

(RS[A-])*, z = 27-, aiXi + 2/-i b,yt. Thus, for any/ = 1, 2, ..., y,

0 =/(*,*,.) = 2 aj(xhxj) + 2 ¿./U,*,) = bj.
i—\ I— 1
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Similarly, a, — 0 for j - 1, 2,...» y. Thus, z = 0 and (RS[A"])* = {0}. But

dim (RS[A"])* = 2p - dim RS^] = 2p - 2y = 2t > 0. Hence, there exists zx

in (RS[A"])* — RS^]. Suppose z2, z3,..., zk, k < t, have been chosen such that

z¡ is in (RS[A*;_,])* - RS[Af¡_,] for i = 1, 2, ..., k, where M¡ denotes the

(s + j)Xn matrix

for y - 0, 1,..., k.

Suppose (RS[M*])* ç RS[Mk]. Then if z is in (RSfA/J)*, z = 2,r-i a¡x¡

+ 2,r-i t^y, + 2,ii c¡z¡. As before, bj = /(*,*») = 0 and a¡ = /(z,^) = 0 for

j = 1, 2, ..., y. Hence, z = 2f-i c¡z¡. Since/is an alternating bilinear form, z,

is in (RS[A/J)* for i = 1, 2, ..., k. Thus, (RS[A/*])* = <z,,z2,... ,z4>, which

implies dim (RS[M*])* = k. But, dim (RS[M*])* = 2p - dim RS[Mk] = 2p

- (2y + k). This implies 2p - 2y - A: = £, or 2t = 2p - 2y = 2k < 2t, a

contradiction. Hence, there exists zt+1 in (RSfA/*])* - RS[A/A]. Thus, there exist

vectors zx, ..., zp_Y in V„ such that f(zk,Zj) = f(x¡,Zj) = f(y¡,Zj) = 0 for / = 1,

2, ..., y and y, /c = 1, 2, ..., p - y. By Theorem 2.5, there exist vectors

cö,, ..., wp_, such that (xx,... ,xy,zx,... ,1^^,... ,yy,ux,.. .,(4^) forms a

symplectic basis for Vn. Let Z = [z,,... ,zp_Y]r, W = [wi,... ,<0p_Y]r, and Pr

= [AlrZrX2r WT\ Then /» is in Sr,(<7) and <i>([P]) = X. Thus, <p is onto.

Consider any P in Sp,(<7). We seek the order of the equivalence class [P]. Let

PT = [XTZTYTWT], where each of * and y is y X n and each of Z and IT is

(p - y) X n. Clearly, for any Q in Sp.^), Q is in [P] if and only if QT
= [ArrÄryrSr]. Let A" = [*„ ... ,xy]T and Y = [yx,... ^f. Then the order

of [P] is equal to the number of ways we can extend the symplectic basis

(jci, ...,xy,yx,... ,yy) for the subspace RS[*] to a symplectic basis (xx,...,xp,

yx,... ,y„) fox VH.

Theorem 3.2. Let f be a nondegenerate, alternating bilinear form defined on

V„ X Vn, n = 2p. Let W be a 2y-dimensional subspace ofVn. If(xx,...,xy,yx,...,

yy) is a symplectic basis for W, then the number of ways to extend this basis for W

to a symplectic basis for V„ is given by

K(P,y) = Pn' to2"-*-' - ?o n ?""'•
i=0 i—y

Proof. If z is in W D W*, then z = 2/., a,*, + 2/=i b¡y¡. As in the proof of
Theorem 3.1, a} = è, = 0 for each j = 1, 2,..., y. Hence W n W* = (0).

Since dim W* = 2p - 2y, there are q2*-1* - 1 vectors in W* - W. Thus, there
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are q2»-2* - 1 choices for xy+x. Suppose xy+x, ..., xy+k, k < p - y, have been

chosen so that xyH is in (W ® (xy+x,.. ,,xy+i_x})* - (W ® (xy+x,...,xy+i_x}),

i = 2, ..., k.U z is in(W ® (xy+x,... ,xy+k)>)* n (W ® (xy+l,.. .,xy+k}), then

¿ = 27-1 a/** + 27-1 b¡y¡ + 2,*=i c¡xy+i. Again, a¡ = è, = 0 for y = 1, 2,...,
y. Since / is alternating, it follows that

(W© (xy+x,.. .,xy+k)>)* n (W© <jct+1, ...,JCY+t» = (xy+x,.. .,xy+k).

Thus, it is necessary and sufficient that xy+k+x be chosen from (W ® (xy+x,...,

xy+ky)* — (xy+x,.. .,xy+ky. Hence the number of choices for xy+k+x is q2f2t-k

- qk. Since this is true for any k < p — y, it follows that the number of choices

for (xy+x,...,xp) is n,Co~' qlp~ly~' - <?'• For a given choice of (xy+x,..., x„), we

seek the number of choices for (yy+x,... ,y„) such that/fo.jcy) = f(y¡,yj) = 0

and f(x¡,yj) = 8¡j for », / = 1, 2, ..., p. Let R = <*,,... ,xy,xy+2,.. .,x„,

^l»• • • »J'y) ana" S = (xx,.. .,xp,yx,... ,yy}. Then yr+1 must be chosen in R*

- S*. R Ç S implies S* Q R*. Further, dim R* = 2p - (p - 1 + y) = p - y
+ 1  and dim S* = 2p - (p + y) = p - y.  Hence dim Ä7S* = 1  and  \R*

- S*\ = qp~y(q - 1). Define the mapping / from R*/S* into GF(q) by

/(z + S*)=/(z,jcy+1). It is easy to see that / is well defined. Let z0 be such that

r*/S* = <z„ + S*}. Then, z0 is /?* - S* and so /(z0 + S*) # 0. Thus, since

dim R*/S* = 1,/is one-to-one. Hence, there exists precisely one coset Z| + S*

such that/(z, + 5) = 1. For any i» in S*,f(zx + u,xy+x) = 1. Thus, the number

of choices for yy+x is equal to |S*| = qf~y. Having chosen yy+x, .. ,,yy+k,

k < p - y, we define Rx = (xx,... ,xy+k,xy+k+2,.. .,xp,yx,...,yy+k} and S,

= <*,,.. .,x„,yx,.. ,,yy+ky. Then yy+k+x must be chosen from R*x — S*x and

must be such that f(yy+k+x,xy+k+x) = 1. An argument similar to the one above

shows that the number of choices foryY+A+1 is equal to |S^| = q''~y~k. Thus, for

any one of the IIPT' (q2p~2y~''- q') choices for (xy+x,.. .,xp), there are

precisely Tlf^l 9'>~, choices for (yy+x,...,yp). This completes the proof.

By Theorem 3.1, N(Fp,Fy,n,s) = |Sn,(?)|/|[P]|. Since, for any P in Spn(q),

\[P]\ = K(p,y), we have detennined N(F0,Fy,n,s).

Theorem 33. Let A and C be nonsingular alternate matrices over GF(<7) of orders

7» = 2p and s = 2y, respectively. The number N(A, C,n,s) ofsXn matrices X over

GF(q) such that XAXT = C is

N(A,C,n,s) = |Sb,(î)|/*(p,y),

where |Sp,(^)| is given by (2.1) and K(p, y) is given in Theorem 3.2. If D is any sXs

nonalternate matrix over G¥(q), then N(A,D,n,s) = 0.

4. Determination of N(A,C,n,s,r). Let A be an ti X t» nonsingular alternate

matrix, ti = 2p, over GF(#) and let C be an s X s alternate matrix of rank 2y < s.

By Theorem 2.3, Theorem 2.4, and Lemma 2.1, N(A, C,n,s,r) = N(FD,Gy, n,s, r),

where Gy = [o'Sl- Let A" = [£] be any s X n matrix such that XFpXT = Gv

where A, is 2y X n and A"2 is (s - 2y) X tj. Then
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(4.1) R]W*/] XxFpXxT   XxF„Xi

X2 FpXx     X2Fp X2a-p 3
Hence, A", is such that XxFpXxT = Fy. The number N(Fp,Fy,n,2y) of such 2y Xn

matrices A", is given in Theorem 3.3. Let A¡

in order that X = [£] be such that XFpXT

such that/fo.z,) = /(.v„z,)
2, ...,s-2y, where/(£,r/)

f(zk,Zj) = 0, for/ = 1,2,
É/J.,ribrall£îiinl£.

[jc,,...,xr,^i,...,^f. By (4.1),
Gy, X2 = [z,,... ,zí_2t]t must be

,y and k,j = 1,

Theorem 4.1. For a given 2yXn matrix Aj over GF(q) such that Xx FpXxT = Fy,

the number of sXn matrices X = [x\] of rank 2y + t over GF(q) such that

Gy is given byXFpXT =

(4.2) R(2y,n,s,2y + r) = [S  ^ 8 (i""2^ " <?'),

where [*~T2ï] w //ie q-binomial coefficient as defined in §2.

Proof. Let Z = [z,,... ,zî_i_2ï]r be an (s — 1 - 2y) X n matrix over GF(^)

such that A¡ ¿£Zr = 0 and ZF„ZT = 0. Let D denote the (s - 1) X n matrix [x¿].

If rank Z) = 2y + t, then in order that X2 = [,* ] be as required by the theorem,

it is necessary and sufficient that zs_2y be chosen from (RS[Z)])* D RS[D]

= RS[Z]. Since rank D = 2y + t, dimRS[Z] > t. If dim RS[Z] > t, then there

exists z„ 1 <. i < s — 1 — 2y, such that z, is in RS[A^_,] — <z,,... .z,^), where

A^.=

*1
«I

0, 1, ..., i - 1 - 2y.

But z, must be chosen from (RS^-,])*, whose intersection with RS[A/{_i] is

<zl5... ,z,_i>. Thus, dimRS[Z] = t and the number of choices for zs^2y is ^T. If

Z is such that rank D = 2y + r - 1, then zs_2v must be chosen from (RS[Z)])*

- RS[Z>] = (RS[/J>])* - RS[Z].   Since   dim(RS[Z)])* = « - (2y + t - 1)   and
dimRS[Z]

Thus, we obtain the difference equation

t - 1, the number of choices for such a z,_2y is q»-2y-T+i — q*-1.

R(2y,n,s,2y + t) = qTR(2y,n,s - l,2y + t)

+(q„-2y-r+\ _ 9r-i)Ä(2y,«,j - l,2y + t - 1),

with initial conditions R(2y,n,s,2y) = 1, for all j > 2y, and Ä(2y,n,2y,2y + t)

= 0, for t ^ 0. By using a method due to Carlitz [5], one may derive
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R(2y, n, s, 2y + t) as given in (4.2) as the solution to this recurrence. It is easily

seen that (4.2) is the solution to this recurrence.

Together, Theorems 3.3 and 4.1 yield the number N(A,C,n,s,r), A nonsingu-

lar.

Theorem 4.2. Let A be an nX n nonsingular alternate matrix, n = 2p, over

GF(q) and let C be an sXs alternate matrix of rank 2y. Then

N(A,C,n,s,2y + r) = N(Fp,Fy,n,2y) ■ R(2y,n,s,2y + r),

0 < t < min(j,«) - 2y,

where N(Fp,Fy,n, 2y) is given in Theorem 3.3 and R(2y, n,s,2y + r) is given in

Theorem 4.1.

Finally, let A be an n X n alternate matrix of rank 2p < n and let C be an s X s

alternate matrix of rank 2y < s. By Theorem 2.3, Theorem 2.4, and Lemma 2.1,

N(A,C,n,s,r) = N(Gp,Gy,n,s,r), 0 < r < min(s,n), where Gp = [q'o] and Gy

= [o ¡}]. Let A" be an s X « matrix of rank r over GF(q) such that XGpXT = Gy.

If X = [A¡ A"2], where A¡ is s X 2p and X2 is s X (n - 2p), then

Further, rank X = r implies rank A¡ > r — (n — 2p). For any t,

max(r - n + 2p — 2y,0) < t < min[min(i,2p) — 2y,r — 2y],

the number N(F0,Gy,2p,s,2y + r) of s X 2p matrices A¡ of rank 2y + t over

GF(q) such that XxFpXxT = Gy is given in Theorem 4.2. Consider any such matrix

Ai. By (4.3), any sx(n - 2p) matrix A"2 such that X = [A¡ X2] has rank r yields

XGpXT = Gy. The number of such matrices A"2 is the number L(s, 2p, n, 2y + t, r),

given in Lemma 2.2. Thus, we have determined the number N(A, C,n,s,r).

Theorem 43. Let A be an nX n alternate matrix of rank 2p over GF(q). If C is

an sXs nonalternate matrix over GF(q), then N(A,C,n,s) = N(A,C,n,s,r) = 0

for all r. If C is an sXs alternate matrix of rank 2y over GF(q) and 2y < r

< min(i,n), then the number N(A,C,n,s,r) of s X n matrices X of rank r over

GF(q) such that XAXT — C is given by

d(w,ts)
N(A,C,n,s,r) =      2     N(Fp,Gy,2p,s,2y + t) • L(s,2p,n,2y + r,r)

T=Hr,n,p,i)

where N(Fp,Gy, 2p,s, 2y + t) is given in Theorem 4.2, L(s, 2p, n, 2y + t, r) is given in

Lemma 2.2, where h(r,n,p,y) = max(r — n + 2p - 2y,0), and where d(s,p,y,r)

= min[min(j,2p) — 2y,r — 2y].
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Determination of the number N(A,C,n,s,r), where A is an 7» X 7» symmetric,

nonalternate matrix, will appear in a later communication.
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