TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 189. 1974

ASYMPTOTIC SOLUTIONS OF LINEAR VOLTERRA INTEGRAL
EQUATIONS WITH SINGULAR KERNELS

BY
J. S. W. WONG AND R. WONG(1)

ABSTRACT. Volterra integral equations of the form «/(r) = — f a(t — 7)u(r) dr, «(0)
= |, are considered, where a(r) € C(0,00) N L;(0,1). Explicit asymptotic forms are
obtained for the solutions, when the kernels a() have a specific asymptotic representation.
1. Introduction. In this paper, we study the asymptotic behavior of the solution
of the linear Volterra integral equation

(1.1) w@) = —j‘;‘ a(t — Tu(t)dr, u(0) =1,

where a(f) € C(0,0) N L,(0,1). By standard results on Volterra equations, we
know that equation (1.1) has a unique solution in C![0,c0). We are here
concerned with the problem of asymptotic stability of the zero solution of (1.1),
i.e. when the solution u(z) of (1.1) satisfies

(12) lim u($) = 0.

Equation (1.1) is a special case of a more general nonlinear equation studied by
Levin [7] and Levin and Nohel [8]; they obtain sufficient conditions so that (1.2)
will hold. For the linear equation (1.1), Hannsgen [5] has employed Laplace
transform methods to improve Levin’s result for this special case. Specifically, it
is shown in [5] that if a(/) satisfies

(1.3) -Da®(@®) >0, k=01,2,

and a(?) # a(0,), then the solution u(¢) of (1.1) satisfies (1.2). In this paper, we
are not concerned with sufficient conditions for the asymptotic stability of (1.1)
but rather with the rate of decay of solutions of (1.1) when it is known that the
equation is asymptotically stable. Thus, when the kernel a(7) is known to have a
specific asymptotic representation, one seeks for asymptotic representation of the
solution of (1.1). This approach has been investigated in a recent paper of
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Hannsgen [6]. A typical result is the following: suppose that a(f) = Ct* + b(z),
t = oo, where C > 0, b(f) is completely monotonic (i.e. (=1)*6®)(r) > 0,k = 0,
1,2,...) and b(r) = o(t?), -1 < § < a < 0; then the solution u(r) admits the
following asymptotic representation:

u(t) = T(a + 1)/CT(—a — ))}~*2+ O(t*), t— oo,

where ¢ > —2a + § — 2. The method of his study is based upon Bernstein’s
representation for completely monotonic functions [11, p. 161] and indirect
abelian theorems. Here we shall adopt a different approach whereby we assume
that a(r) possesses certain asymptotic behavior on a sector containing the positive
reals R* and obtain asymptotic representation of solutions of (1.1). This
approach does not require that a(r) is completely monotonic as a function of the
real variable ¢ but demands more information on a(f) as a function of the
complex variable 7 in a sector containing R*. In contrast, our method of study is
based upon tauberian theorems, inversion formulae for Laplace transforms and
asymptotic evaluation of contour integrals. It should be pointed out that some
more or less standard tauberian theorems have been used to obtain asymptotic
expansions of solutions of specific Volterra equations of the form (1.1) as t — o0;
see, for example, Levin and Nohel [9] and Bronikowski [1]. However, none of
these results are applicable to the situations to be considered in the present paper.
This is due to the fact that the Laplace transform of the solution of (1.1) often
behaves like the logarithmic function near the origin. In the next section we shall
prove a tauberian theorem which is quite different from the existing ones and
hence is of independent interest.

2. Preliminary considerations. Let T, denote the subset of the complex z-plane
given by

2.1) T={tlagt| <at#0}, 0<a<a/2

Let A(s) denote the Laplace transform of the function a(f) given by

(22) Als) = j:o e a(f)dr.

We shall assume throughout this paper that the kernel function a(r) satisfies the
following conditions:

(A,) a() is defined and analytic in T};

(A;) a(t) = O(t") as |t| > 0 in T, for some n > —1, and a(f) = O(1) as
|t| = oo in T;;

(A;) A(s) is analytic and Re A(s) positive on the right half-plane Re s > 0,
with the exception of a possible singularity at s = 0.

Assumption (A,) is markedly the major difference in our approach. Here we
assume the kernel function a(f) defined as a function of a complex variable over
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a sector containing the positive real axis. The first part of assumption (A, ) implies
that a(r) € L,(0,1). These two assumptions are stronger than that imposed by
Hannsgen [6]. The second part of assumption (A,) and assumption (A,),
however, are weaker than those imposed in [6]. In fact, if assumption (1.3) holds
then these two assumptions are clearly satisfied (see e.g. [10]). It should perhaps
be pointed out that assumption (A;) alone is sufficient for the asymptotic stability
of (1.1). On the other hand, if a(f) is completely monotonic then it has an analytic
continuation from R* to the whole right half-plane.

By rotating the ray of integration in (2.2), A(s) can be analytically continued
in view of (A,)), (A;) from the right half-plane Re s > 0 to the larger sector

23) SO ={s:|args| <72 +as#0}, a>0.
(See §2, Chapter VI and §5, Chapter VII of [4].) In the half-plane H, defined by
(24) H, = {s: Re(se?) > 0,]0] < a},

the function A(s) is represented by the integral

(2.5) A(s) = fomw a()e™'dt, s € H,.

By the principle of analytic continuation, the function A(s) does not depend on
the ray chosen for the integration. In what follows it is therefore understood that
A(s) is an analytic function in the sector S? and is represented by (2.5) in the half-
plane H, for every || < a.

Returning to (1.1) and taking Laplace transforms, we obtain

(2.6) U@E) =(@+A4()", Res>0,

where U(s) denotes the Laplace transform of the solution u(z). Since A(s) is
analytic in S2, U (s) is analytic in S? except at the zeros of s + A(s). In fact, we
shall now show that there exists a 0 < § < a such that U (s) is analytic in

@7 S; = {s: larg 5| < 7/2 + 8,5 # 0}.

From assumption (A;) it follows that s + A(s) has no zero in the right half-plane
{s: Res > 0}. (Note that A(s) may have a singularity at s = 0.) By (A,), we
know from the representation (2.5) that

(2.8) A(s) = O(s%), s— coin H,

where ¢ = min(1 + 7, 1). The estimate (2.8) shows that s + A(s) cannot have
zeros in S? for large absolute values of s. Since an analytic function (not
identically zero) can have only a finite number of zeros in any compact subset of
the plane, there must exist § > 0 such that s + A(s) has no zeros in S;.
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The complex inversion formula for Laplace transforms gives

(29) W) = 5 [ Ueds, 1>,

for some ¢ > 0, the integral above is taken as a principal value. (For a
justification of (2.9), see [5].) Since U (s) is analytic in S5 and U (s) = O(s™!) as
s = o0 in S, the Cauchy’s theorem then yields

(2.10) u(f) = % fc U(s)eds, >0,

where the contour C (Figure 1) is described as follows: for any r > 0, C consists
of the radial lines @ = (n/2 + §), |s| > r, 0 < 8 < a and the portion of the
semicircle of radius » shown. The integral in (2.10) is again taken as a principal
value.

Res=c

5 s-plane

Figure 1. Contour C

The principal tool for our subsequent analysis is the following Tauberian
result.

Theorem 1. Assume that

(i) F(s) is analytic in Sy,

(ii) F(s) = O uniformly as s = o in S;,

(iii) the inverse transform of F(s)

@11) 10 = s [ F(geds
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exists for t > 0, at least as a principal value for some ¢ > 0,
(iv) F(s) has the following limiting behavior

(2.12) F(s) = s*(log 5)"{Cy + O(s*)}, €>0,

ass —>0in Sywherea #+ 0and\ + 1,2,... .
Then the function f(t) given in (2.11) has the following asymprotic formula

@) f() = £8° {mcf’ 5~ D1 = )t + (10;2,)}

as t = +00, where D = d/d\.
Proof. Assumption (ii) implies by the Cauchy theorem that

(2.14) f@) = f F(s)e"ds,
where C is the contour shown in Figure 1. For fixed r > 0, the semicircle |s| = r,
larg s| < #/2 + & and the two radial lines arg s = +(n/2 + 8), |s| > r form such
a contour C. We refer to the first part of this contour as 4 and the second part
as B.

On B, H(s) is bounded, say by M, therefore we have

2ni

F(s)e®ds| < —Igj:w exp(ut cos(n/2 + 8))du

1
(2.15)
M e~ —trsind

= _f e nldy = 7 isnd ole™),

ast — +oo, where ¢ = rsin § > 0. Using (2.12), we can estimate the integral on
contour A as follows

1 C a
(2.16) i L F(s)e®ds = zr%. L s*1(log s)*e*ds + R(1),

where R(¢) satisfies the inequality

@17) IROI < 5 [, 181 (log 5)"e"ds.

A simple estimate yields

(2.18) R(?) = O((log 1)"/t**), ast— oo.
Combining estimates (2.15) and (2.18), we obtain the following,

219) f@= 2£— s*1(log s)"e*ds + 0((1‘:%:)«), ast —> oo.
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The integral in (2.19) has been studied by Wyman and Wong [13] and has the
asymptotic representation

L L s*1(log 5)"e*ds

2mi
_ (=log »)* 1 Sy o 1
= [r(1 —y PO =Ny + O((log :)2)]’

(2.20)
as ¢ > 0. Thus, (2.19) and (2.20) together give the desired result (2.13).

We note that the asymptotic representation given by (2.13) is independent of
A. Therefore, we may let A > m,m = 1,2, 3, ..., and deduce the following

Corollary 1. Under the hypothesis of Theorem 1, we have

221 f@) = (Co/1*)(~log > [(=1)*TN)a + O(1/log 1)]
Jora=1,2,3,....

As an immediate application of our corollary, we obtain the following result
concerning solutions of equation (1.1).

Theorem 2. Let a(t) = (t + 1) in equation (1.1). Then the solution u(z) of (1.1)
has the asymptotic representation

222) u(t) = (¢ log*(1/d))™" + O{t~'(log™(t/d)))},

ast = oo, where d = e and v is the Euler constant.

Proof. It is well known that the Laplace transform of a(f) = (¢ + 1)~ is given
by

o p=$
(2.23) Als) = [[7 Tt = ¥(1,1,9),

Re s > 0, where ¥ is the confluent hypogeometric function [3, §6.5]. It is also
known that the function ¥(1, 1,s) is analytic in the complex s-plane cut along the
negative real axis and has the following behavior near s = 0:

(2.29) A(s) = ¥(1,1,5) = —log s — y + O(s(log 5)™"),

s — 0 (see [3, §6.8] and note that the constant y is missing there). Thus, from (2.6)
we have

(2.25) U(s) = —(log sd)™'(1 + O(s)),

as s — 0 in the sector |arg s| < 7 — A < m. Applying Corollary 1 to (2.25), we
obtain the desired result (2.22).
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We note that the asymptotic representation (2.22) concerning solution () of
(1.1) is an improvement over an earlier result reported by Hannsgen [6] who
proved

u(t) = (¢ log?(¢/d))™ + Ot~ (log(1/d)) "),
where 0 < e < 1 and the constant d is also not specified.

3. The case when a(f) ~ ¢, y < 0. We present here in detail our analysis for
the case when a() satisfies the asymptotic form

@3.1) at) ~1", > 0inT,

where y < 0. The results are given by the following four theorems treating (i)
-1<y<0,@i))y=-1(@Gii)y<-landy # -2,-3,...,and (iv) y = -2,
-3, ... respectively.

Theorem 3. Let

(32) a(t) = m%—;t" +b60, tET,

where C >0, b(t) = O(t?) as t > 00 in T, and —1 < p < y < 0. Then the
solution u(?) of (1.1) satisfies

(3.3) u(@) =t727/CT(-1 —y) + O(t*), t— oo,
wheree = =2 — 2y + p.

Proof. Taking the Laplace transforms of (3.2) we have
(3.4) Als) = Cs + [[7 bea,

Re s > 0. Denote by B(s) the Laplace transform of b(f). Since b(r) € L,(0,1)
and b(f) = O(t?) as t > oo, it is easy to see that

3.5) B(s) = O(s*'), ass— 0,
in |arg s| < 7/2 — A < 7/2. Hence, it follows from (3.4) and (3.5) that

(3.6) A(s) = CsrI(1 + 0(s7°)),
as s — 0 in |arg 5| < @/2 — A. Substituting (3.6) into (2.6), we find
(3.7) U(s) = C-1s7*'1 + O(s™)),

ass — 0in Jarg s| < 7/2 - A.
In view of the analyticity of a(r) in T,, we can write A(s) and B(s) in terms of
a contour integral on a ray with arg ¢ =  where § € [—a, a. Such a representa-
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tion, as given by (2.5), is valid for s € Hj,. Following a similar argument as that
given above, we conclude that the formula (3.7) for U(s) is also valid in
larg(se®)| < m/2 — A. Since 8 is an arbitrary number in [-a, a), (3.7) holds for
s € S 0 < 6 < a. Substituting (3.7) into (2.10), the desired result (3.3) now
follows by a simple complex integration.

Remark 3.1. Hannsgen [6] obtained the conclusion (3.3) by an entirely different
technique. His condition on ¢ > —2 — 2y + p is more restrictive.

Theorem 4. Let

(3.8) a)=Ct'+b(t), tET,
where b(t) = O(t™) as t > o in T, and p > 1. Then the solution u(t) of (1.1)

satisfies

1 1
(3.9) u(l) = Ctl—ogzt + O(t—io—gj;), ast — oo.

Proof. Since t~! & L;(0, 1), we must consider the Laplace transform of a() in
two parts, namely,

(3.10) A©) = [ aear + [ alea.

As a(?) € L,(0, 1), the first integral in (3.10) is an entire function of s which we
denote by ¢(s). The second integral in (3.10) can be estimated by using the
limiting behavior of a(f) given in (3.8). Observe first that for Re s > 0,

(3.11) [7 remar = %1, 1,9).

The above integral has an analytic continuation into the angle |args| < 7 — A

and in the neighborhood of s = 0 it has the same asymptotic behavior as

¥(1, 1,s), as can be seen by a change of variable and comparison with (2.24).
By hypothesis, b(f) = O(t ) as t = o0 and p > 1. Hence

(.12) | ® be"dt = O(1),
as s > O in |arg s| < 7/2 — A. Combining (3.11) and (3.12) in (3.10), we obtain
(3.13) s + A(s) = C log(1/s) + Constant +0O(s")

ass—> 0inargs| < 7/2 — A, where 0 < e < 1.

By an argument similar to that used in the proof of Theorem 3 we argue along
any ray arg ¢t = 0, § € [—a,a] instead of the nonnegative real axis so that (3.13)
is valid for |arg(se?)] < @/2 — A. By varying 6, it follows that (3.13) holds for
s € 8;. A simple calculation then yields
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1 Constant 1
(3.19) U@ =-¢ log s{l *Togs t 0(logzs)}’

as s = 0 in S;. For each term above in (3.14), we appeal to our main Corollary
1, and obtain

1 Constant 1
ue) = Ct log’t + o(t log’t) + t log’t + O(t log‘t) + R(),

where
K Sl — of — 1
IR() < 3 ];, [log3se*ds| = O(t log’t)'

Grouping the appropriate O-terms above, we obtain the desired conclusion (3.9).
Remark 3.2, It should perhaps be noted that Theorem 2 can be considered as
a special case of Theorem 4.

Theorem S. Let
(3.15) at)=Crr+b(t), t€T,
wherey < —landy # -2, -3, ... and b(t) = O(t"") as t > oo in T,. Then the
solution u(?) of (1.1) satisfies
(3.16) u(f) = —Cr'/af + O(1/t**),
where —(N + 1) < y < —N and ay = J5° a(f)dt.

Proof. For fixed v, there exists N > 0 such that —(N + 1) < y < —N. Using
integration by parts, we find

00 - _ 00 N -
j; e “dt—(y+1) (Y+N)f t*Ne=dt + ¢ (s)
s"T(y+ N+ 1)
TaF DG Ny

SN0 Res>0)

where g, (s), ¢,(s) are appropriate entire functions. Thus, we may write A(s) in the
following form:

sV

—j;l Ve~ dt + @ (s)

G 4@ = Cr(** UL Y 4 [° b de + 96, Res >0,

where @ (s) is again some entire function. Since b(f) = O("!) as ¢t > 0, we can
easily prove the following relation

(3.18) 7 bear = 2( s)"

s—0,
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where p, are constants depending only on b(f). Note that (3.18) is valid for
|arg s| < @/2 — A, A > 0. Combining (3.17) and (3.18) we find
N-1
(3.19) s+A@) = 20 a,s" + CT(y + )51 + O(s¥),

ass > 0in Jargs| < #/2 - A, A > 0, wherea,,n =0, 1,..., N — 1, are again
constants. Letting s — 0 in (3.19), we find a, = fg° a(t) dt. From (3.19) and (2.6),
we obtain

(20) U@ = %r(7+’)+zbs+0(s~) Res >0,

1+l

as s = 0. The validity of (3.20) can be extended in the usual way to S, for some
8 > 0. Finally a simple inversion using formula (2.10) yields the desired result
(3.16).

Theorem 6. Let
(321 af)=Ct™"+b(t), tE€T,

where n=2,3,... and () = O(t™) as t > 0 in T, n > n+ 1. Then the
solution u(t) of (1.1) satisfies

(3.22) u(@) = —Ct™/a} + O(1/t" log 1), t— oo,
where ay = f;° a(t) dt.
Proof. The argument parallels the proof of Theorem 5. First, we note that

® -n-ut -3 1 =152 O 1,
[Foreman=e {n—l—"'+((n)—l)! "'((,.i)uzfn e ",

Thus, on account of (3.11) and (2.24), we have from (3.21)

(323) 4() = q34(s)+C( )1)' log 1+ [ be7dt, Res >0

Estimate (3.18) is also valid here for the last term in (3.23). Hence, we deduce
from (3.23) the following

(3.249) s+ A@s) = 2 a sk + C——— (( s)"]-) log + O(s").

The validity of (3.24) can be extended in the same way as before to S;. From (2.6)
and (3.24) above, we obtain

Us) = {2 C( s)"-) log + 0(s")}
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from which the desired result (3.22) follows readily from Corollary 1.

4. Kernels involving logarithms. In this section, we shall consider an extension
of Theorems 3 and 4 to those kernels a(f) which involve logarithms in the
following form:

4.1) a(t) ~ Ct'(log)’, t—>o0in T,

where —1 < y < 0 and o is some real number. Before proceeding to these
results, we need the following lemma.

Lemma. Let arg ¢ = 0 and |c| > 1. Then for any y > —1 and o real

@2) [ iM(log et = (kv)-%IS) {F( +h+ 0(1o;s)}

ass — 0in H,

This result is given in [12] for the case § = 0, but a slight modification of the
given proof will yield the desired extension.

Theorem 7. Let —1 < y < 0 and o real but arbitrary. Assume that a(t) satisfies
43) a@t) = (C/T(y + ))"(log )’ + (1), (€T,

where b(t) = O(t"(log 1)°®) as t > oo in T, and & > 0. Then the solution u(f) of
(2.1) satisfies

(49) u(e) = Cr(-yt—- 1)(log 0)° ((l og 1)° )}

as t = oo for some positive number e.

Proof. Let ¢ > 1 and from (4.3) write A(s) in the following form

A(s) = [) a(r)e*'dt + m—il—) f ® "(log 1)’ e"dt

+ j; ® b(r)e~"dt.

The last integral can be estimated as

4.5)

(4.6) f ® br)e*'dt = O(s~(log 5)°%),

as s = 0 in H,. By the above lemma, we have

@.7) s+ A(s) = Q(-’si‘j%—s)" 1+ o( (logl s),,)},
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for some ¢ > 0, and hence

) uE) = a—_%;—s)—{l + o((ng'-s-);)}

as s = 0 in H,. The validity of (4.8) can be extended in the usual way to S,. An
application of Theorem 1 to (4.8) then yields the desired result (4.4).

Theorem 8. Let 6 > —1 and
4.9) a() = Ct7'(log )’ + b(z), t€T,
where b(t) = O(t™'(log ©)*"") and n > 0. Then the solution u(t) of (2.1) satisfies

@.10) u(t) = %{' + o(@;)},

as t = oo, for some ¢ > 0.
Proof. As integration by parts gives
® o _ s ®© _
4.11) j; t7'(log )’e "dr = ofs) + o_-T—lj; (log 1)°**'e~dt,

where ¢(s) is an appropriate entire function. To the last integral in (4.11) we can
apply the result of our lemma. Thus

4.12) fc ® t7'(log )°e "'dt = @fs) + —=—— C log s) + O((log 5)°),
as s — 0 in H,. Similarly, we obtain

@13) [ boewar = of(-log 5y,
as s = 0 in H,. Using (4.9), (4.12) and (4.13), one easily obtains

@19 a6 = 5 oqcog {1+ o( i) )

as s — 0 in H, where e is some positive number. Extending the range of validity
in the usual way, we have from (4.14)

@.15) U = 3o s)""'{l + o(@)}

as s — 0 in S;. An application of Corollary 1 to (4.15) readily yields the desired
result (4.10).

Theorem 9. Let 6 < —1 and assume that
4.16) a(t) =Ct'(log )’ +b(t), t€T,
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where b(t) = O(t~'(log 1)*"") and n > 0. Then, the solution u(t) of (2.1) satisfies

@.17) ur) = C (108 < ((log t)')}

where ¢ > 0 and ay = J;° a(t)dt.
Proof. Let arg ¢ = 0 and |c| > 1. Write

(4.18) A(s) = Lc a(f)e™dt + C j; t~'(log t)’e *dt + f K)e*dt.

It is clear that (4.12) and (4.13) remain valid if the integration is performed on a
ray arg t = 0 rather than on the real axis. Hence, (4.18) together with (4.12) and
(4.13) yield

@19) 46 = o)+ eyl {1+ o) }

as s — 0 in S; for some ¢ > 0. Since 0 + 1 < 0, so by letting s — 0 in (4.19) we
have ¢(0) = a,. Therefore, we find

420) U(s) = (s + A(s)™" = - — =———(~log 5)™*! + O((log s)"*'™¥)

for some ¢ > 0, as s — 0in S;. By Corollary 1 again, we readily have the desired
result (4.17).

5. Examples. In this final section, we shall present some specific asymptotic
solutions to equation (2.1) when the kernel a(f) is explicitly given. These examples
serve to verify the general results presented in §§3 and 4 and, at the same time,
mark the boundary of our results.

Example 1. Consider a(f) = (¢(¢ + 2))"V2 It is well known that

(ER)) A(s) = e'Ko(s),
where K;(s) is the modified Bessel function of the third kind,

(52) ko) = 5, 2(3) [+ 0 -t0e 3]
where ¥(A) = I(A)/T(A). Since ¥(1) = —y (see [3, §1.7]), (5.2) implies
(5.3) Ko(s) = log(1/s) + (log 2 - y) + O(s? log ),

as s — 0. Therefore, (5.1) and (5.3) imply

s + A(s) = log(1/s) + (log 2 — v) + s log(1/s) + O(s),
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from which it follows that

_ 1 log2 -y 1
(5.4) U =~ s{l R o( 1ogzs)}’
as s — 0 in S;. An application of Corollary 1 to (5.4) then yields
(5.5) u(?) = 1/tlog*t + O(1/t log’t), t— 0.

This result agrees well with Theorem 4.

Example 2. Consider a(t) = #~'¢~V2(t + 1)”'. The Laplace transform of a(¢) is
known to be
(5.6) A(s) = e’ Erf.(Vs),

where Erf_ is the complementary error function defined by

Erf (s) = % f’ ® edr,

It is well known that Erf_ s has the following series representation valid for all
complex s:

(=1)"smnt
\/ar .go nQ2n+1)

From (5.7) and (5.6), we obtain s + A(s) = 1 — 27~V25Y2 + O(s), as s = O in Sp;
hence

(5.7) Erf,(s) =

U(s) = 1 + 277 V25Y2 + O(s),
as s = 0 in S;, from which it follows that
(5.8) u(t) = =tz + 0(1/1?), t— 0.

The asymptotic solution (5.8) readily agrees with Theorem 5, as a simple
integration will show that ff° dt/\/t(t + 1) = =.
Example 3. Consider a(r) = (¢ + 1)72 It is well known that

_(*_” = o*<T(—
(59) Alg) = T sT(=1,5),
where I'(a, 5) is the incomplete Gamma function given by I'(a,s) = f;° u*'e™du

which is analytic in the s-plane cut along the negative real axis. To find out the
asymptotic representation for A(s), we integrate by parts and obtain

—su
(5.10) A(s) =1- e’sflw eru =1-s¥(1,1,s).
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From (5.10) and the asymptotic representation (2.24) for ¥(1, 1,s), we find
(5.11) s+ A@)=1+slogs+ (1 + y)s + O(s*),
as s = 0 in S;, where § > 0 and ¢ > 1. Consequently, (5.11) yields
U@E)=1-slogs—(1+7y)s+ O(s),
as s = 0 in S; where ¢ > 1. From Corollary 1 again, we obtain
u() = -1/12+ 0(l/t*logt), t— .

This result is also in agreement with Theorem 6 since we can easily verify that
the constant @, = f3° dt/(t + 1) = 1.
Example 4. Consider the case when a(f) is given by

o T(1/2)  logt
©12) 0 = {55 T )

It is easy to verify that its Laplace transform is

(5.13) A(s) = logs/\/s, Res>0.

Although the function a(f) given by (5.12) does not satisfy the convexity
condition, it is easy to see from (5.13) that s + A(s) has no zeros in S for some
& > 0. Hence

U@) =Vs/(¥2+1ogs), s€ 8,8>0,

and in fact

(5.14) UG = Vs (1 + o( 2 ))

log s log s
as s = 0 in S;. Thus we have from Theorem 1

t-32 1

/.
(5.15) u(t) = m 1+ 0(‘(10—gt)—,)}, t— oo,

for some positive constant . (Note: I'(l/2) = /7). Estimate (5.15) can be
obtained also directly from Theorem 7.

Example 5. Consider a(f) = C+¢™° 0 <o < 1. The Laplace transform
A(s) = Cs7' + T(1 - 0)s°! and the Laplace transform U (s) of the solution is
given by

s s (1 - o)s°*!

VO = a3 crTi—or 7+ ¢ FrOE+C+ T =0
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Taking inverse transform of U (s), one obtains readily
(5.16) u(®) = cost+ O(t°%), - o0.

Conclusion (5.16) shows that asymptotic solution to equation (1.1) is available
even when the equation itself is not asymptotically stable.
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