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BOUNDARY VALUE PROBLEMS
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ABSTRACT. This paper establishes conditions for the differentiability of solutions to
mixed problems for first order hyperbolic systems of the form (9/9r — T A4,8/3x; — BJu
= Fon [0,T]XQ, Mu= g on [0,T] X 32, «(0,x) = f(x), x € Q. Assuming that £, a
priori inequalities are known for this equation, it is shown that if F € H*([0,T] X Q),
8 € H+*2([0,T] X 3Q), f € H*(Q) satisfy the natural compatibility conditions associated
with this equation, then the solution is of class C” from [0, T] to H*?(R),0 < p < s. These
results are applied to mixed problems with distribution initial data and to quasi-linear
mixed problems.

1. Introduction. This paper studies the differentiability of solutions to the
following mixed problem for first order hyperbolic systems.

) Lu=F in[0,T]xQ, Mu=g in[0,T]XaQ,
1.1
u(0,x) = f(x) forx € Q.

The methods can also be applied to hyperbolic equations of higher order.
Applications are given to mixed problems with distribution initial data and to
quasilinear mixed problems.

Here Lu = 9,u — Gu with

Gu = 21 A;(t,x)3;u + B(t, x)u.
j=

The A4; and B are smooth, complex k X k matrix-valued functions defined on
R X Q, and they are constant outside a compact subset of R X Q. The solution
u(t,x) is a vector-valued function with k components. £ is an open subset of R™
with smooth, compact boundary 9 such that Q lies on one side of 0Q. Here
3 = 9/dx; and 8, = 3/9¢. The boundary matrix, 4, = 3 n;A4;, is assumed to be
nonsingular on RX 32 (n = (n,,...,n,) is the exterior unit normal to 9%).
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M(t, x) is a smooth / X k matrix-valued function defined on R X 9Q. M is of rank
! everywhere and constant for |¢] large.
It is assumed that there exist constants C and 8 such that

(12) lu()lle < CeP=I([lu(s)llg + [l Lullyxa)s

(1.3) lv(s)lle < CeBe=0(llv(Allg + IL*vlsx0)s

-0 <s <t < oo, forall u, v € Cg)(R X Q) such that Mu = 0, M*» = 0 on
R X 39.

Here L*, the formal adjoint of L, is defined by L*v = —9,v — G*v, with
G*v = — 3 9;4 v+ B*v. A*(1,x) is the conjugate transpose of the matrix
A;(1, x) and similarly for B*. The kernel of M(¢, x) is the boundary subspace and
is denoted by N(z, x). The adjoint boundary subspace is N* = (4,[N])*. We let
M*(t,x), the adjoint boundary operator, be any smooth (k — /) X k matrix-
valued function on R X 99 which is constant for |t| large and whose kernel is N*.

If ¥ C R", then Cf(V) is the space of functions on ¥V which are the
restrictions to V of functions in C(R™). Ly(V') is the space of functions
u=(u,...,u,) which are square integrable with respect to the Lebesgue
measure on V (surface measure on V, if ¥ is a hypersurface). The norm and inner
product in £,(V’) are denoted by ||-|l, and (-, -),. H°(V') is the usual Sobolev
space of functions on ¥ whose derivatives of order up to s lie in £,(V); its norm
is denoted by ||*[l, -

If u = u(t,x) is a function of ¢ and x, then, for fixed ¢, u(¢) is the function of x
obtained by freezing ¢; u(f)(x) = u(t, x). Similarly, if G is a differential operator,
as above, which has only x derivatives, then G(¢) is the operator with ¢ frozen
which acts on functions f{x) of x alone; G(1)f = X A4;()9,f + B()f.

Remark 1.1. The a priori inequalities (1.2) and (1.3) hold for a variety of
hyperbolic mixed problems, for example, the symmetric hyperbolic problems
studied by Friedrichs, Lax and Phillips [1], [6], the strictly hyperbolic problems
studied by Kreiss and Rauch [5], [8], and the symmetrizable problems studied by
Ikawa [3].

Remark 1.2. In case the 4;, B, and M do not depend on ¢, let G be the operator
in £,(2) with domain

DG) = {u € C)(Q): Mu = 0on 32},

and defined by Gu = 3 A;0;u + Bu, u € D(S). The inequalities (1.2) and (1.3)
hold if and only if &, the closure of G in £,(R), is the generator of a Cy-
semigroup in £,(R).

Remark 1.3. The above hypotheses on 4, B, @ and M may be weakened
somewhat; see §4.

In general, the assumption that f, F and g are smooth is not sufficient to insure
that the solution of (1.1) is smooth. For example, the mixed problem
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Lu=9d,u+d,u=0, x>012>0,
u(t,0) =0, ¢t >0, u(0,x) = f(x), x>0,

has solution u which is given by u(t,x) = f(x — ) for x > ¢ and u(t,x) = 0 for
0 < x < t. If f(0) # O, the solution is discontinuous along the line ¢ = x. This
difficulty is due to the fact that the initial conditions ¥ = f at ¢t = 0 and
boundary conditions ¥ = 0 for x = 0 are incompatible at the point t = x = 0.
However, if f is continuous and vanishes at x = 0, then the solution will be
continuous. The higher order compatibility conditions fU)(0) = 0 imply conti-
nuity of higher order derivatives of u.

The appropriate compatibility conditions on the data F, g and fin (1.1) which
are necessary to insure that the solution u is s times differentiable may be
obtained as follows. Suppose, for 0 < p <'s, 3fu is continuous on [0, 7] to
H*?(Q). Since the surface ¢ = 0 is noncharacteristic, the classical computation
of the Cauchy-Kowalewsky theorem shows that (37u)(0) = f, where f is
determined from f and F by f, = fand

p-1 p— 1
) 5=2 (77 e @sr + Gr PO,
1 <p<swithGy= Gand G, = 3;(9;4,)9;, + (8;B) = [3,,G; ], i > 1.
The restriction of u to [0, T] X 99 is of class C? from [0, T] to H*7'(dR) for
p<s—1 Thus 3/Mu = 3/g on [0,T] X 3Q for p < s — 1. Application of
Leibniz’ rule to compute this derivative yields the compatibility condition

a5) 2 (7)@m0)4 = 50 ondforo<p<s-1.

That the data F, g and f satisfy (1.5) is therefore a necessary condition for the
solution u of (1.1) to be of class C? on [0,7] to H*?(R) for 0 < p < s. It will be
shown that this is also a sufficient condition; see Theorem 3.1 and §4. In §4 we
also indicate how these results may be extended to higher order equations (for
example, the mixed problems studied by Sakamoto [10]).

In §5 these results are used to treat mixed problems with distribution initial
data by means of a duality argument. A similar method was employed previously
by Rauch and Taylor [9].

§6 contains an application to quasilinear mixed problems. Using the differen-
tiability results for the linear case, one may construct solutions to quasilinear
equations using an iterative technique.

In §7 it is shown that differentiability assumptions on u weaker than the above
still imply the compatibility conditions (1.5) are satisfied.

The authors wish to thank T. Kato, P. D. Lax, L. Nirenberg, Y. Ohya, R. S.
Phillips and M. Taylor for their advice and encouragement in this work.
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2. Preliminaries. If X is a Banach space and I C R is an interval, then C*(; X)
is the space of s times continuously differentiable functions on I with values in X.
Ifue C'(0,T); H'(R)),0 < r <s,and 0 < 1 < T, then we define

@1) IOlia = 3, 19/ 0

When the boundary conditions in (1.1) are homogeneous we use the following
notion of a strong solution. Given F € £,([0,T] X Q), f € £,(R), a function
u € £,([0, T] X Q) is a strong solution to

Lu=F on[0,T}]X®,  Mu=0 onl0,T]XdQ,
22)

u(0) =f onQ,

if there exists a sequence {u,} C Cg)([0,T]x Q) with u, > u, Lu,— F in
£,({0, T} X 2), Mu, = 0 on [0, T] X 02, and u,(0) — fin £,(R).

Proposition 2.1. For each F € £,([0, T] X Q), f € £,(R), there exists a unique
strong solution to (2.2) which belongs to C([0, T); £,(R)) and satisfies

(23) lu@le < CeP(lflla + | Flko.xa),
0 <t < T,withCand B asin(12).

Proof. If u is a solution to (2.2) there is an approximating sequence u,
€ C((0, T] X Q) with the properties above. Applying (1.2) to u, — u,, we see
that {u,} converges (to ) in C([0, T]; £,(2)) and (2.3) holds.

To prove existence, we may reduce to the case where f € Cg°(R) by approxi-
mating the general f € £,(R) by f, € C5°(Q) with f, = fin £,(R2). If u, is the
solution of (2.2) with f replaced by f, then, by applying (2.3) to u, — u,, we may
conclude that {u,} converges in C([0, T]; £,(R)), say u, — u. This u is the desired
solution to (2.2).

Assuming f € C§°(R2), we may reduce to the case where f = 0 by letting
v(x,?) = u(x,t) — f(x). The equation (2.2) for u is equivalent to the equation
Lv = F - Gf, Mv = 0,v(0) = 0, which has the same form as (2.2) except f = 0.

Once f= 0, a strong solution of (2.2) may be obtained using a standard
argument; see, for example, Lax and Phillips [6]. O

3. The differentiability theorem when the boundary conditions are homogeneous.

Theorem 3.1. Let f € H*(R), F € H*([0,T] X Q), and let f, be defined from f
and F by (1.4). A necessary and sufficient condition that the solution u of (2.2) belong
to C'([0,T); H*"(R)) for 0 < r < s is that the compatibility conditions (1.5) be
satisfied with g = 0. In this case there exists a constant C,, independent of F and f,
such that

G0 Nu@)lll,e < C(Iflla + 1 Flonsa + IFO)s-10)
Jor0<t<T
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Remark 3.1. Note that for ¢ > § > 0, the last term on the right side of (3.1)
may be estimated by the second term.

Example. Suppose, as in Remark 1.2, the 4;, B and M are independent of ¢. If
F =0, g =0, then the compatibility conditions (1.5) take the simple form
f € D(G°) N H*(Q), that is, f € H(?) and G*f(x) € N(x), x € 32,0 < p
< s — 1. Theorem 3.1 implies that D(G*) N H*(R) is admissible (as defined by
Kato [4, Definition 2.1]) with respect to &, i.e. the semigroup generated by &
leaves D(G*) N H*(Q) invariant and forms a Cy-semigroup in this space. Here
D(GF’) N H*(Q) is viewed as a Hilbert space with the norm of H*(Q).

Proof of Theorem 3.1. The necessity part of the theorem was established in §1;
it remains to prove the sufficiency part of the theorem and the inequality (3.1).
We isolate the technical details of the proof into the following four lemmas.

Lemma 3.1. Let f € H**3(Q), F € H¥+3([0, T] X Q), and suppose the compat-
ibility conditions (1.5) are satisfied with g = 0 not only for 0 < p < s — 1, but also
for p = s, s + 1 (where f, f,,, are defined by (1.4) with p = s, s + 1). Then there
exists w € H**2([0,T] X Q) such that Mw = 0 on [0,T] X 32, w(0) = f, and
3/(Lw - F)(0) =0for0<p<s.

Lemma 3.2. Suppose u € H**'([0, T] X Q) satisfies (2.2). Then the inequality
(3.1) holds.

Lemma 3.3. If the data f, F satisfy the hypotheses of Theorem 3.1 andr > s + 2,
then there exist sequences {f,} C H'(R), {F} C H'([0,T] X Q) with f,—> f in
H*(Q), E—> F in H*([0,T] X Q) and such that f,, F, satisfy the compatibility
conditions (1.5) with g = 0 for 0 < p < s + 1 and each n.

Lemma34.Iff=0,F € H(0,T]| X Q) and 3/F0) =0for0 < j <s-—1,
then the solution of (2.2) lies in H*([0, T] X ). ‘

Assuming for the moment that these lemmas are true, we complete the proof
of Theorem 3.1.

Suppose f, F satisfy the hypotheses of Lemma 3.1. We claim the solution u of
(2.2) belongs to H**'([0, T} x Q) (hence u € C’([0,T}; H*"(Q)), 0 < r <L s)
and the inequality (3.1) holds. To see this, let v = u — w, where w satisfies the
conclusions of Lemma 3.1. Then v is a strong solution to Lv = F — Lw, Mv = 0,
v(0) = 0. We have F — Lw € H**'([0,T] X @) and 98/(F — Lw)(0) = 0,0 < j
< s. It follows from Lemma 3.4 that v belongs to H**!([0, T] X 2). Therefore u
does also, and it follows immediately from Lemma 3.2 that the inequality (3.1)
holds.

Now suppose f, F are general data satisfying the hypotheses of Theorem 3.1,
and let { £}, {F;} be sequences which satisfy the conclusions of Lemma 3.3. If u,
is the solution to (2.2) corresponding to the data f, E, then inequality (3.1)
applied to u, — u,, shows that the sequence {u,} converges in C’([0, T); H*"(R)),
0<r<s. Since u, > u in £,([0, 7] X 2), u belongs to C"([0, T); H*"(R)),
0<r<s. O
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Proof of Lemma 3.1. We make a change of dependent variables, v = ru, where
r(t,x) is a smooth, invertible k& X k matrix-valued function on [0, 7] X & which
maps N(t,x) onto N(0, x) for (z,x) € [0, T] X 9Q. Such an r may be constructed
using, for example, the method in [7] (see the proof of Theorem 3). It is not hard
to show that v = ru is a strong solution to Kv = E, Pv = 0, v(0) = g, where
K=rLr-\,E=rF,P = Mr-\,and g = r(0)f.

The definition (1.4) of the f, is such that

wo =3 (7o)
p=0

is an approximate (Cauchy-Kowalewsky) solution of the problem Lu = F,
u(0) = f, in the sense that 37(Lu,, — F)(0) = Oon 2 for p < s, and u,(0) = f.
Let y, = 35t (17/p)g, be the corresponding approximate solution of the
transformed problem Kv = E, v(0) = g. One easily sees that r~1y, is another
approximate solution to the original problem. Hence u, is the Taylor expansion
of r-iy,uptoorders+ lats = 0.

The compatibility conditions on F and f assert that 3 (Mu,,)(0) = 0 on 3% for
p < s+ 1. Therefore 37(Mr~'y,)(0) = 0 on 32 for p < s+ 1. Now, since
ker((Mr=')(t,x)) = ker(M(0,x)) = N(0,x), we have

M(x,0) = S(t,x)(Mr=")(s,x)

for x € 9Q, where S is a smooth /X / matrix-valued function defined on
[0, T] x 99. It follows that 37(M(0, x)u,)(0) = O on 3% for p < s + 1. In other
words, g, € N(0,x) on 9Q forp < s + 1.

One can verify without difficulty that w = r~!y, satisfies the requirements of
Lemma 3.1. O

Proof of Lemma 3.2. Using localization, we reduce to the case where M is
constant and the relevant portion of the boundary of Q is contained in a
hyperplane. Then the tangential derivatives of u are easily estimated since they
satisfy mixed problems obtained by differentiation of the original equation
Lu = F. The normal derivative of u is estimated by expressing it in terms of the
other derivatives of u using the equation Lu = F and the fact that the boundary
matrix is nonsingular. Since the methods are standard, we are quite brief here. In
particular, the reader is referred to Ikawa [3, cf. Theorem 1 and Proposition 2.11].

Since |[|u(0)lll;q < const([|u(0)ll,g + [IIF(O)l,-10), it suffices to prove

(32)  lu@llle < const(luO)lllig + ILullppa) O <t<T.

Using a partition of unity and changes of the dependent variables and the
independent x variables, we may reduce to the case where @ = {x € R™: x,,
> 0,|x] < 1), the support of u is contained in {x € Q: |x| < }}, and the
boundary conditions take the form Mu =0 on [0,T] X T, where T = {x
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€ R™: x,, = 0,|x| < 1}and M is constant, independent of x and ¢ (cf. Ikawa [3,
pp. 449-452]). Furthermore, 4,, (which is now the boundary matrix) is nonsingu-
lar in [0, T] x Q.

Since M is constant, we have Md,u = M3 u =0 on [0,T]xT, 1 <
< m — 1. Substituting 3,u, 9;u into (3.2) with s replaced by s — 1 (we are using
induction on s), we obtain

(3.3) 13, u()ll|-10 < const(|[lu(0)ll|2g + Il LulZi0.xa + Nuli0.1xa)s

and similarly for ;u, 1 <j < m- 1.

Since A4,, is nonsingular, we may express 3, in terms of Lu, u, d,u, and 9;u,
1 <j<m-1(cf. [3, Equation (2.33)]). Using this and (3.3), we obtain an
inequality of the form (3.3) with d,u replaced by 9,u. Combining these
inequalities, we see that |||u(7)||| is dominated by the right side of (3.3). Noting
that ||“"3,[o.;]m = f4 |llu(r)|l|2qdr, we obtain (3.2) by an application of Gronwall’s
inequality. O

Proof of Lemma 3.3. It suffices to prove this lemma in a weaker form where the
sequences { f,}, {F,} satisfy all the conditions of the lemma except (1.5) for
p = s+ 1. Having done this, one can first approximate f and F by sequences
{£), {E)} satisfying (1.5) for 0 < p < s and then approximate the f, F, by
sequences satisfying (1.5) for0 < p < s + 1.

By making the same change of variables used in the proof of Lemma 3.1, we
may reduce to the case where the boundary operator M is independent of . Then
(1.5) becomes Mf, = Oon 3Q for0 < p < s — 1, and we must approximate f and
F by sequences { f,}, {F,} satisfying Mf,, = 0on 3@ for 0 < p < s.

One sees that the definition (1.4) can be written as f, = B,f + E, F, where

B,f = G*(0)f + terms of the form G, (0)- - G,0)f,
withg < p -1, and
E,F = sum of terms of the form G, (0)- - - G, (0)37 F(0),

withg+o<p-1.

Now choose {F} C¢ H™*([0, T] X Q), {g,} C H'**(®) with E — F in
H*([0,T]x Q), g, —fin H*(R), and write the desired sequence( f,} as f, = g, — h,,
where h, € H'(Q) must be chosen so that 4, — 0 in H*(R) and MB,h, =
M(B,g,+ E,F) on 32 for 0 < p < 5. Let T(x) be the inverse of M(x)
when it is restricted to the orthogonal complement of the kernel of M(x). Then
it suffices to solve the equation B,h, = a,, on 32 for 0 < p < 5, where
8,0 = TM(B,g, + E,F).

The operator B, has the form

!
Bpf = A,‘,’a,"f + ‘20 Cp.p-i a:uf’



310 J. B. RAUCH AND F. J. MASSEY III

where 9, f is the normal derivative of f on 82 and C, ,; is an operator of order
p — i which only involves derivatives tangential to 02. Thus the equation
B,h, = a,, can be written as 3/ h, = b,,, where

bon = 457 (Gpa = S, Copibin )

We see that b,, € H**7Y2(3Q) for 0 < p < s, and b,, = 0 in H*7"V2(3Q)
onlyfor0 <p<s—-1L

At this point we need the following results about the trace. Let RY
={x € R": x, >0} and R?"' = {x € R™: x,, = 0}. For ¢ > 0 there is a
continuous linear operator

-1
—: TI Ho-+V2(Re-') — HI(RT),

j=0
with 3/, <R(dp, . . . ,@4-1) |x,=0 = @ For s < g, consider the operator S defined
by

S(agy - - +,a,-1) = <R(ags - -+ ,a6-1,0,...,0).

The operator <% can be chosen so that S extends to a continuous operator from
sb H*J-V(R?™') to H*(R?}). For example the operator in the proof of
Theorem 2.5.7 of [2] has this property.

Using a partition of unity for & and local coordinate changes we can construct
a continuous linear operator R: [[{=g HI~/-V2(3Q) — H‘(Q) with 3/ R(ay, ...,
a,-,) s = a; and such that the operator S analogous to < is continuous from
II;=b H=7-V2(3Q) to H*(Q).

Using this operator S with ¢ = r + s, let y, € H**(2) be given by y,
= S(bops+ - +»bs-1)- Then y, > 0 in H*() and /'y, = b,, for0 < p<s— 1.
We write h, = y, + w,, where w, € H’(R) must be chosen so that w, — 0 in
H*(R),3’w,=0for0 < p<s—1,and ;w, = b,, — 8y, = cp.

To find such a sequence {w,}, we may reduce to the case where @ = RY by
using a partition of unity for @ and local coordinate changes.

Let 4,(1) = (s!)~'t°¢(nt), where ¢ € CP(R) with ¢(f) = 1 for ¢ near 0. Then
¥(0) =0 for i <s—1 and ¢(0) = 1. Also, |l¥,ll,0,0) < const n~Y2. By
repeating the c,, we may assume ||c, ||, < const n¥4. Then the desired w, are given

by wn(x) = ‘Pn(xm)cn(xl’ ceesX —l)' 0O
Proof of Lemma 3.4. We first show that if a > max(48,0) then

(34 lullaxa < 22Ca M [[(L + a)ullpxa

for all u € Cg)(R X ) such that Mu = 0 on R X 3% (with C as in (1.2)).
Examining the proof of Proposition 2.1, one sees that the same argument

shows that if —o0 <s <t < o0, fE £L,(R) there is a strong solution u

€ C([s,1); £5(R)) to Lu = O on [5,7] X Q, Mu = O on [s,#] X 3R, u(s) = fon Q.
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Let U(t,s)f = u(f), where u is the solution to this equation. We have ||U(t,s)|
< CePt-9) when U(t,s) is considered as a bounded operator on £, ().

To prove (3.4), let F = (L + a)u and suppose the support of u is contained in
(0,7) X Q. Then

us) = e [ * e Us, ) F() dr,

luls)la < Cetbars [ ete/2-8¥ eal2 || F(p)lgar.

Application of the Schwarz inequality yields

lus)lf < Cxa - 28)"e™ [ IF()Ge~dr.

We integrate this from o to 7 and interchange the order of integration to get

lullexa < C2(e = 28)™" o || Flijug-

This proves (3.4) since a — 28 > a/2 for a > 48.
It follows from (3.4) that if @ > max(48,0) and F € £,(R X Q) then there is
a strong solution w of

(3.5) (L+a)w=F onRXQ, Mw=0 onRXxQ,

which satisfies (3.4).

The results of Tartakoff [11, Theorem 1] iogether with (3.4) imply that, given
any integer s > 0, there is an a, such that if « > a; and F € H°(R X 2), then
the solution w of (3.5) also lies in H*(R X ). It should be noted that the
hypotheses on © in Theorem 1 of [11] can be weakened to allow for domains of
the form R X Q, where Q has a smooth, compact boundary.

To prove the lemma, we note that the hypotheses on F imply that there exists
F’ € H*(R X Q) which is an extension of F to R X  such that F'(f) = 0 for
t £0. Let @ > a, and let w be the solution of (3.5) with F replaced by e™* F".
Since w € H*(R X ), it remains to show u = ¢*w in [0, T] X Q. Since the
solution to (2.2) is unique, it suffices to show e*w is such a solution (with f = 0).
There exists {w,} C C@)(R X 2) with w, = w, (L + a)w, = e ™ F’ in £,(R X Q)
and Mw, = 0 on R X 0Q. Applying the inequality (1.2) to e*w,, we see that
w,(0) = 0 in £,(2). By considering the sequence u, = e*w,, we see that e*w
(when restricted to [0, T] X Q) is a strong solution to (2.2). O

4. Extensions.
1. Inhomogeneous boundary conditions. When g # 0 the equation (1.1) can be
reduced to (2.2) using a standard technique.

Proposition 5.1. Let f € H*(Q), F € H*(0,T] X ), g € H*V2([0, T] x Q).

Then the solution u of (1.1) belongs to C"({0, T]; H*"(R)), 0 < r < s, if (and only
if) (1.5) holds.
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Proof. There exists v € H**!([0, T] X ) such that Mv = g on [0, T] X 99. If
F' = F— Lv and f’ = f— v(0), then one can show that F’ and f’ satisfy (1.5)
with g = 0. Let w be the solution to (2.2) with F and f replaced by F’ and f’. By
Theorem 3.1 w belongs to C'([0,T]; H*"(2)), 0 < r<s. Sinceu =v+w, u
also has these properties. O

It is possible to reduce the assumptions on g in this proposition to g
€ H*([0, T] X 9Q) provided one can strengthen the inequality (1.2) to

(4.1) lu()lle < CePe=I(lluls)lla + [l Lullsgxa + | Mully1x00),

-0 < 5 <t < o0, u € Cg(R X Q). The justification of this requires a number
of modifications in the proof of Theorem 3.1 and is omitted.

Rauch [8] has shown that the inequality (4.1) holds for the class of mixed
problems formulated by Kreiss [5]. In addition, for these problems (4.1) may be
strengthened by adding the term [|ul|xag to the left side. This implies that in the
above proposition one may also conclude that the restriction of u to [0, T} X 92
lies in H*([0, T] X o).

2. Higher order problems. Our techniques can also be applied to mixed
problems for higher order systems provided the appropriate £, estimates are
known. In particular, sharp differentiability theorems can be obtained for the
mixed problems of Sakamoto [10]. In these problems, as with Kreiss’s problems,
the boundary conditions are inhomogeneous and the boundary values of the
solution can be estimated. For first order systems one starts with square
integrability as a continuable initial condition and proceeds to prove that
“satisfies compatibility conditions up to order s” is continuable. For Sakamoto’s
problems, on the other hand, the differentiability theorems yield the first
continuable conditions, i.e. satisfies compatibility conditions up to order s with
s + 1 greater than or equal to the order of the equation.

3. Assumptions on A;, B, M and Q. The assumption that the 4;, B and M are
constant outside a compact set can be removed by one of two devices. One can
work locally relying on finite speed of propagation and get differentiability
theorems in the spaces Hi,. Alternatively, one can assume that the 4;, B and M
and their derivatives up to a certain order are uniformly bounded on R X & and
R X 92 and then carry out the proof as before.

There are many situations in which 92 is not compact but the methods of §3
still work, for example if  is a half space or a cylinder © X R™ with © compact.
More generally, the results extend to the case where Q can be covered by a finite
number of coordinate patches and the patches do not grow narrow as one
approaches infinity. The situation is further complicated if the 4; are not constant
outside a compact set. In that case one must also assume that 3Q is uniformly
noncharacteristic in the sense that, on the patches which meet 98, 4, is invertible
with ||4,]| and ||4;!|| bounded. Of course one can work locally avoiding these
global problems.
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Theorem 3.1 is true as stated if the 4, B and M are only defined for
0 < t < T. The proof proceeds as before except for Lemma 3.4 which cannot be
reduced to the results of Tartakoff but must be proven directly.

5. Application to distribution initial data. In this section we discuss the solution
of the mixed problem

(51) Lu=0in[0,T]X® «€Nin[0,T]x3Q,  u0) =0

with distribution initial data ®. In addition to the assumptions already in force
we suppose that the mixed problems L, N and L*, N* (the latter with time
running backward) have finite speed of propagation.

Definition 5.1. The mixed problem (5.1) is said to have finite speed of
propagation if there is a number o such that, for ® € £,(2), the solution u of
(5.1) satisfies

supp u C {(t,x) € [0,T] X Q: (3 % € supp ®)|x — %| < o1}.

It is tempting to prescribe ® € D'(R) and to construct a solution by choosing
®, € D(Q) with &, > & in () hoping that the solutions with data @, will
converge in a weak sense. Unfortunately, they may not, or they may converge to
the “wrong” solution.

Example. Let @ = {x € R: x >0}, L = 9, + 9,, N = {0} C C". As in the
example in §1, the solution with u(0) = ® € D(Q) is given by u(r) = 7, where
7, is translation to the right by ¢ units. If @ is the distribution defined by the
function e'* then the above limiting procedure will lead to a “solution” whose
value at 1 = 1 is a distribution T’ with T = 0 on (0,1) and T = €Y~ on (1,00).
No such distribution exists. For the initial data ® = 0 the correct solution is
u = 0. However for ® € D(Q) with f & = 1, 7 '®(x/e) — 0 in D'(Q) while the
corresponding solutions «,(¢) have lim,_,ou,(f) = &, (the unit mass at x = ). This
“solution” is the correct one for u(0) = &, which is an extension of the zero
distribution to Q.

The source of difficulty in the above examples is that it is not enough to specify
the behavior of ® in the interior of £. Some information must be known about
its boundary behavior.

We will use the following notation. For a topological vector space E and its
dual E, {,) denotes the natural pairing E'’X E - C. If E or E' is a set of
functions on ¥ we sometimes write {, ), to emphasize this fact. Smooth functions
yield linear functionals via the £, scalar product. For example, to ¢ € Cg)(V)
we associate the distribution D(V) 3 ¢ - (¢,¢¥)y. For F € D((0.T) X Q) let ve
be the solution of L*vy = Fin [0,T] X Q, vg(T) = 0, and v € N* on [0,T]
X 39.

If u is a classical solution of (5.1) then (u, F)grjxe = (u(0).v£(0))o. Therefore,
it is reasonable to say that u € D'((0, T) X Q) is a solution of (5.1) if
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(5.2) @ Fgrpa = (B,0:(0)) forall F € B((0,T) X Q).

The difficulty here is that vz(0) may not be a test function, in which case the
right-hand side of (5.2) may not be meaningful for every ® € (). However,
vp(0) is severely restricted at 99 for it satisfies all the compatibility conditions
associated with the adjoint problem. The desired restriction on «(0) = & at 9Q
is that ® act continuously on functions satisfying these compatibility conditions.

In order to make this precise we make the following definitions. For f
€ H*(Q) let f = fand

bt -1
=2 ("7 )erortn
where G§ = G* and G} = [-9,,G,]. We say that f satisfies the adjoint
compatibility conditions up to order s at time ¢ if (compare (1.5))

(53) é(”)(afw)(t)f —0 ondR0<p<s—1
. )@ *,=0 ond0<p<s-1

Let K = {¢ € CG)(Q): ¢ satisfies (5.3) for 1 =0 and all s}, and let Ky
={¢ € K: ¢ = 0 for |x| > N}. Ky is naturally a Fréchet space (it is a closed
subspace of C*(2)), and K = UZ., Ky is given the (strict) inductive limit
topology. X', the dual of &, is equipped with the weak star topology so
(X’) = % In this topology a net S, converges to S in K’ if and only if
(S,,¢) = (S,¢) forall ¢ € K.

For ¢ € C{°(R) we associate the element of K’ given by X3 ¢ - (¢, {)q.
Thus C{°(2) is imbedded in K.

Lemma. C{(R) is dense in X

Proof. Suppose ¢ € (K”’) annihilates C3°(2). Then ¢ € Kand ¢(y) = {¢,¢)
for ¢y € K’. Thus 0 = {Y,0) = (p,¢)g for all ¢y € CF(R). The fundamental
lemma of the calculus of variations yields ¢ = 0. O

Definition. For ® € X" a distribution u € 2'((0, T) X ) is a solution of (5.1)
if (5.2) holds.

Theorem 5.1. For any ® € X’ there is a unique solution of (5.1). In addition, the
map ® — u is a continuous map of K’ into D'((0, T) X ) (both spaces with weak
star topology).

Proof. Uniqueness. If u; and u, are solutions then 0 = {u; — 4y, F (g 1)xq for all
test functions F so ¥, = u,.

Existence. The map F " {vp(0), D)o defines a linear functional u which
satisfies (5.2). All we need to show is the continuity of w. If £, — 0 in
(0, T) X ) then v (0) = 0 in K by our differentiability results and finiteness
of propagation speed for L*, N*. Therefore, u(F,) = {vg(0), ) — 0 showing
that u is a distribution.
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Continuous dependence. Suppose ®, is a net converging to zero in X” and u, are
the corresponding solutions. For any F € D((0,T) X Q), <u,, F) = {vg(0),d,)
- 0sou,—»>0in (0, T)xQ). O

Since the solution u is viewed as a state evolving in time, regularity results
asserting continuity in time are expected. In fact, we will show (Corollary 5.3)
that u is continuous on [0,7°] with values in 2'(2). First we give precise regularity
results when @ is restricted to lie in certain Hilbert spaces defined by “negative
norms.”

For s a nonnegative integer let K*(t) = { f € H*(Q): f satisfies (5.3)}. K*(¢) is
a closed linear subspace of H°() so it is a Hilbert space with norm || ||,g. Let
K™*() = (K°())’ be the dual of K°(1). For ¢ € Cf)(Q) we associate the
functional K*(f) @ x = (x, ¢ )e. By this correspondence () is densely imbed-
ded in K™*(¢). Define Cjg (K ~*(#)) to be the completion of C§)([0, T] X &) in the
norm supg<,< 7 |[Y(?)l|x-5,). We think of Cor1(K~*(#)) as continuous functions of ¢
whose value at time ¢ is in K~*(¢) for 0 < ¢ < T. Since the norm in Co.r(K™(1))
dominates that of C([0, T]; H™*(?)) we conclude that if u, = u in Co1(K™*())
then u, » u in (0, T) X Q).

Theorem 5.2. For ® € K™*(0) the solution u of (5.1) is in Cio.r)(K™*(1)) and
(54 ozl‘lgrllu(t)llx-m < c||®@llx-+o)

with ¢ independent of ®.

Proof. First we prove inequality (5.4) for the solutions of (5.1) with u«(0)
€ D). For ¥ € K*(¢) let v be the solution of

L*»=0in[0,]xXQ, v EN*in[0,7]%x092, v()="V.

Then (u(2), v(1))g = ((0),v(0))q so [(u(), ¥)a| < lv(0)ll;ql14(0)l|x-+0) Theorem
3.1 shows [[v(0)ll,e < cllv(®)llsg, so

(u(2), V)a| < cllu(0)llx-10) 1 ¥ll;g

which proves that [[u(?)llx-«y < cllu(0)||x-+)- The proof is completed by choosing
¢n € D(R) with ¢, > ® € K7*(0) (in particular ¢, > ® in K’) and letting u,
be the solution of (5.1) with data ¢,. Then u, is Cauchy in Cior)(K™*()) and
u, > uin D'((0,T) X ) so u, > uin Cor(K~°(1)). O

Definition. ¥ € D'((0, T) X Q) is a continuous function on [0, T| with values in
D'(Q) if for all ¢y € D(R) the distribution [u,y] € D((0,T)) defined by
D((0,T)) 2 ¢ = <u, 8¢ g.1)xq is a continuous function on [0,7].

Corollary 5.3. The solution u of Theorem 5.1 is a continuous function on [0, T] with
values in D'(Q).

Proof. For ¢ € D(R) choose R with supp ¢ C {x € Q: |x| < R} = @ and
let N be an integer such that N > R + oT with ¢ as in Definition 5.1. The norms
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|l .o define the topology on Ky (Sobolev lemma), so for ® € K’ there is an
integer s > 0 with [{®,¢)q| < cll¢ll,e for all & € Ky. The Hahn-Banach
theorem shows that there is ® € K~°(0) with & = ® on K. If i is a solution
of (5.1) with initial data &, we have & = u on (0, T') X 2 (finite speed for L, N).
Therefore

Cu¥Yarra = Edomma = fy SO, Padt,

so [u, ¥] is the continuous function {i(¢),y)g. O
The above argument actually shows that u is C* with values in D'(R). Also if
G and N do not depend on time it proves that u is C* with values in X’.

6. Applications to quasilinear mixed problems. We sketch the proof of a local
(in time) existence theorem for quasilinear mixed problems of the form

atu = 2 Aj(t’x7 u)aj“ + B(t,x, u)u + F,
6.1) M, x,u)u =0 for x € 0%,
u(0, x) = f(x).

It is well known that classical solutions may not exist for all time. As in the linear
case the arguments may be extended to cover inhomogeneous boundary condi-
tions and higher order quasilinear equations.

It is assumed that if u is a smooth function with |u(z,x) — f(x)| sufficiently
small then the linear problem with coefficients A,(z, x,u(t, x)), B(t,x,u(t, x)),
M(t,x,u(t,x)) satisfies inequalities (1.2), (1.3) for 0 < ¢ < T. The solution to
(6.1) is obtained as the limit of functions u, where (s, x) = f(x) and

O up = X Aj(t,x,u,_1)0;u, + B(t, x,tp_y)u, + F,
6.2) M@, x,u,_)u, = 0 for x € 3%,
u,(0,x) = f(x).

To carry out this iteration scheme it is necessary for u,_, to be smooth for all n
and for |u,_;(¢,x) — f(x)| to be small so that the linear problem (6.2) is well set.
The smoothness of u,_, is assured if certain compatibility conditions are satisfied
and |ju,_,(¢) — fll will be small provided we seek solutions in a thin strip
0L

A remark about the compatibility conditions is needed. Definition 1.4 of the f,
and the compatibility conditions (1.5) must be modified to take into account the
fact that 4, B, and M depend on u. When this is done the f, are determined by
F and the x derivatives of f, 4;, and B at ¢t = 0. In problem (6.2) these values do
not depend on n since u,(0) = f is independent of n. Thus, 3 (¢?/p!)J, is the
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Taylor series in time of u, for all n and also the Taylor series for the solution u
of (6.1) (assuming it exists). It follows that the compatibility conditions for the
problem (6.1) which assert the vanishing of the first Taylor coefficients of
M(t, x,u(t,x))u and for (6.2) which assert the vanishing of Taylor coefficients of
M(t,x,u,_,(t,x))u, are the same conditions. Consequently, if we assume that
these compatibility conditions on f, F hold up to order s then for each n
compatibility conditions up to order s will be satisfied for (6.2). If s is sufficiently
large this assures the smoothness of u,. A complete proof that the above scheme
leads to a solution of (6.1) will be given at a later date.

7. Remarks on the necessity of the compatibility conditions. The necessity part
of Theorem 3.1 may be strengthened somewhat.

Theorem 7.1. Let f € £,(2), F € H*([0, T] X Q) and suppose the solution u to
(2.2) belongs to C((0,T); H(R)). Then either f € H*(Q) and the compatibility
conditions (1.5) hold (with g = 0) or ||u(¢)ll,qg = o ast = 0.

Remark 7.1. In the proof we shall need the following fact. Let X and Y be
Banach spaces, {1} be a sequence in X which converges weakly to u, and {7;} be
a sequence in B(X, Y) which converges to T in the norm of B(X, Y). Then T; u,
converges to Tu weakly in Y.

Proof of Theorem 7.1. Arguing as in the introduction, we see that the equation
o,u = Gu + F implies 3”u € C((0, T); H*?(Q)) for 0 < p < s and we may
write 37 u(t) = B,(u(?) + E,())F, 0 < t < T, where B,(f) and E,(r), respective-
ly, are bounded operators from H*(R) and H*([0, T] X Q) into H*?(R) and the
maps ¢ = B,(z) and t — E,(¢) are continuous on [0,7] to B(H*(2), H*?(2)) and
B(H*([0, T] X 2), H*"?(Q)), respectively. Differentiating the boundary condi-
tions, Mu = 0, p times with respect to ¢, one obtains a relation of the form
C,(u(®) = K,)F, 0< ¢t < T, 0 <p< s~ 1, where G,(f) and K,(2),
respectively, are bounded operators from H°(2) and H°([0,7] X £) into
H*7'(3Q) and the maps ¢ — C,(r) and ¢ — K,(r) are continuous on [0,7]
to B(H*(Q), H-7-1(3Q)) and B(H*([0,T] X ), H*?"'(3Q)), respectively. For
f € H*(R) the compatibility conditions (1.5) (with g = 0) can be written as

(7'1) Cp(o)f = Kp(O)E 0 < p <s-1

Suppose lim inf,_|lu(7)|l,g < oo. Then there is a sequence 7, — 0 such that
u, = u(t,) converges weakly in H*(Q). By Proposition 2.1, u, converges to f in
£,(R). So f € H*() and u, converges to f weakly in H*(R). According to
Remark 7.1, C,(t)u, converges to C,(0) f weakly in H*7~'(3Q). Since K, (t)F
— K,(0)F in H*7~'(02), we conclude that (7.1) holds. O

Example. Let @ = [0,0), ¢ € C{)(2) and ¢(0) # 0. Then f(x) = x¥2¢(x)
belongs to £,(2) but not to H'(R). The solution to the mixed problem
du—0,u=0 1>0 x>0, u free for x =0, u0,x) = f(x), is u(t,x)
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= f(t + x). This shows that it is possible for the solution u of (2.2) to belong to
C((0,T); H'(R)) even when f & H'(RQ).

Theorem 7.1 can be strengthened if the mixed problem is reversible. This means
that inequalities of that form (1.2) and (1.3) hold not only for L, but also with L
replaced by —9d, — G. This implies that u(f;) depends continuously on u(ty) for
4 < tg as well as #; > 1, and it is possible to solve these mixed problems with
time running backward with Theorem 3.1 still holding. For simplicity we state
the following theorem with s = 1 and F = 0, but it may be extended to s > 1
and F # 0.

Theorem 7.2. Suppose the mixed problem (2.2) is reversible and f € L£,(R).
Suppose the solution to (2.2) with F = O has the property that for some t, € [0, T]
one has u(ty) € H'(R) and M(ty)u(ty) = 0. Then f € H'(Q) and M(0)f = 0.

Proof. This u is also the solution to the mixed problem (with time running
backward) L’ = 0 on [0,7,] X Q, Mu’ = 0 on [0, 2] X 32, with “initial value”
u'(t;) = u(ty) prescribed at t = ¢, It follows from Theorem 3.1 that u €
C([0,T); H'(R)) and M()u(z) = 0 for 0 < ¢ < 1, Taking ¢t = 0, we obtain the
conclusion of the theorem. [

BIBLIOGRAPHY

1. K. O. Friedrichs, Symmetric positive linear differential equations, Comm. Pure Appl. Math. 11
(1958), 333-418. MR 20 #7147.

2. L. Hormander, Linear partial differential operators, Die Grundlehren der math. Wissenschaften,
Band 116, Academic Press, New York; Springer-Verlag, Berlin, 1963. MR 28 #4221.

3. M. Ikawa, Mixed problem for a hyperbolic system of the first order, Publ. Res. Inst. Math. Sci.
Kyoto Univ. 7 (1971/72), 427-454.

4. T. Kato, Linear evolution equations of “hyperbolic” type, J. Fac. Sci. Univ. Tokyo Sect. I 17 (1970),
241-258. MR 43 #5347.

5. H.-O. Kreiss, Initial boundary value problems for hyperbolic systems, Comm. Pure Appl. Math. 23
(1970), 277-298.

6. P. D. Lax and R. S. Phillips, Local boundary conditions for dissipative symmetric linear differential
operators, Comm. Pure Appl. Math. 13 (1960), 427-455. MR 22 #9718.

7. F. J. Massey 111, Abstract evolution equations and the mixed problem for symmetric hyperbolic
systems, Trans. Amer. Math. Soc. 168 (1972), 165-188.

8. J. B. Rauch, £, is a continuable initial condition for Kreiss® mixed problems, Comm. Pure Appl.
Math. 25 (1972), 265-285.

9. J. B. Rauch and M. E. Taylor, Penetrations into shadow regions and unique continuation properties
in hyperbolic mixed problems, Indiana Univ. Math. J. 22 (1972), 277-285.

10. R. Sakamoto, Mixed problems for hyperbolic equations. 1, J. Math. Kyoto Univ. 10 (1970),
349-373; 11, Existence theorems with zero initial datas and energy inequalities with initial datas, ibid.,
403-417. MR 4 #632a,b.

11. D. S. Tartakoff, Regularity of solutions to boundary value problems for first order systems, Indiana
Univ. Math. J. 21 (1972), 1113-1129.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MICHIGAN 48104

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40506



