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PAIRS OF COMPACTA AND TRIVIAL SHAPE
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ABSTRACT. Let (X, Y, 4), (X', Y’, A’) be triples of compact HausdorfT spaces. Using
ANR-systems the following is proved: sh ¥ = sh ¥’ = 0, sh(X, Y) = sh(X’,Y’) and
sh A = sh A’ imply sh(X,Y,4) = sh(X’,¥’,4’). All results concerning the shape of
decomposition spaces and addition properties of FAR’s, due to K. Borsuk and T.A.
Chapman, follow readily from this theorem. In particular, sh X = sh X’ = 0 and sh 4
= sh 4’ imply sh(X,A4) = sh(X’,4’), which in view of an example of Borsuk shows that
for compact metric pairs the ANR-system approach to shapes differs from the Borsuk
approach.

1. Introduction. The following is a typical result proved in this paper: Let (Y,
A), (Y’, A’) be pairs of compact Hausdorff spaces, let sh ¥ = sh Y’ = 0 and let
sh A = sh A’. Then sh(Y,4) = sh(Y’,A’) and thus sh(Y/4) = sh(Y’/4’). The
theorem was proved in [5] in the special case when Y = Y’ is the n-cube I". It
was generalized by K. Borsuk [2] to the case when both Y and Y’ are AR’s. The
assertion sh(Y/4) = sh(Y’/4’) for metric compacta Y, Y’ of trivial shape was
proved by T. A. Chapman [4] using methods of infinite-dimensional manifolds.
The more general assertion sh(Y,4) = sh(Y’,4’), is here obtained for the first
time.

Remark 1. Borsuk exhibited in [2] two compact metric pairs (Y, 4), (Y’, 4')
with Y = Y’ contractible and 4 homeomorphic to A4’, but such that sh(Y,A4)
# sh(Y’,4’). This does not contradict our assertion because our assertion refers
to shapes in the sense of [9], [6] while Borsuk’s assertion refers to his notion of
shape. It shows, however, that the two notions of shape differ in the relative case
as recently established by the author [8].

In this paper we actually prove a general result concerning triples of compacta
(X, Y, A) with sh Y = 0 (Theorem 3). The above stated theorem for pairs, as well
as all results on quotient spaces and FAR’s proved by Chapman in [3], [4] using
his method of infinite-dimensional manifolds, are easily derived from this general
theorem. The theorem itself is proved by elementary means, i.e. without use of
techniques of either infinite-dimensional manifolds or PL-topology.
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Throughout the paper we consider ANR-systems and their maps as defined in
[9]. Beside the case of spaces and their pairs, we also use ANR-systems of triples
(X,Y,A) = {(X, Y, A%, p\v» A}, where (X, Y, A), denotes the triple which consists
of compact ANR’s for metric spaces X, O ¥ D A,. This shorter notation is used
in other cases as well, e.g. (X \Int Y, Y\Int Y), stands for (X;\Int ¥, ¥\Int X).
In the case of triples, homotopy requirements in the definition of a map of
systems are replaced by homotopy of triples. Clearly, every map of systems of
triples h: (X,Y,A) = (X', Y’,A’) determines various restrictions, e.g., h | (X,Y):
(X,Y) > (X,Y’), h| A: A > A’. Whenever we speak about shape maps g: 4
— A’ between spaces (pairs or triples of spaces), we mean by g a homotopy class
of maps of systems g: A — A’, where A and A’ are ANR-systems associated with
A and A’ respectively (see [6]). In particular, g = g’: A > A’ means that
g==g': A— A As usual, sh A (sh A) denotes the shape of A (4) and sh A
< sh A’(sh 4 < sh A’) means that A’ (4’) shape dominates A (4).

2. ANR-systems of triples with trivial middle term. The main technical result in
this paper is the following theorem:

Theorem 1. Let (X,Y,A), (X',Y,A’) be ANR-systems of triples such that
Ay, ClInt X, for every A € A and shY = 0. Let f: (X,Y) » (X,Y) and g: A
—> A’ be maps of systems. Then there exists a map of systems of triples h: (X,Y,A)
- (X', Y',A’) such that the restrictions h | (X,Y) =~ fand h | A =~ g. The map of
systems h is unique up to homotopy.

In the proof we use repeatedly the following simple lemma:
Lemma. Let (M, L, K), (M, L', K') be triples of metric compacta such that

K C Int L and L' is an AR for metric spaces. Let ¢y, ¢y: (M,L,K) —»> (M',L',K’)
be maps such that o | K ~ ¢, | K in K,

oo | (M\Int L, L\Int L) ~ ¢ | (M\Int L, L\Int L) in (M’,L’).
Then @y == ¢, in (M’, L', K').

Proof. By assumption, there exist homotopies ®': K X I — K’, ®”: (M \Int L,
L\Int L) X I - (M’,L’) connecting

| K¢ |K and @, | M\int L, ¢, | M\Int L

respectively. Since K C Int L, @, ®” | (L\Int L) X I, ¢, | L and ¢ | L define a
map of a closed subset of L X I into L', which can be extended to a map
®,: (L,K)XI—> (L,K’), because L' is an AR. Since @, | (L\Int L)X I =
®” | (L\Int L) X I, the maps ®, and ®” define a homotopy ®: (M,L,K) X I
- (M’,L',K’) connecting g, and ¢,.

Proof of Theorem 1. Let (X, Y',A’) = {(X’, Y',4’),,4,» M}. By Lemma 5 of
[9], there exists an increasing function A: M — A such that h(u) > f(u), g(n).
The maps f, Pr(yne) and 8, Peuyn Clearly, form maps of systems homotopic with
f and g respectively. Thus, there is no loss of generality in assuming that f = g.
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For every p € M we now consider the mapping cone C, of the inclusion
Y, — X, sothat C;, = X, U cY,, where cY is the cone over Y. Note that cY,
is a contractible ANR and thus an AR.

For every p there exists a map x,: (X, Y, 4)y,) = (C’,cY’,4’), such that
0] Xu | Ary = 8

Indeed, A4y, and (Y\Int Y);, are disjoint closed subsets of Y and g, and
S | (Y\Int Y ), can be extended to a map (¥, 4)y,) = (cY’,A’), because cY, is
an AR. Moreover, this map coincides with f, on (Y \Int Y),, and thus can be
extended by £, | (X\Int Y ), to a map x, having all the desired properties. For
(M,L,K) = (A’f(“), Ym.),g), (M’,L’,K') = (C;,CY;‘,Q), Po = Xp P =f;,, the
lemma yields

3) X = Ji X, Y)m) - (C;,cY,’,).

We now note that for every p € M there is a y(u) > p such that

@ Qv | Yig = 0.

This is an immediate consequence of the assumption sh Y = 0 (see, e.g.,
Theorem 5 of [6]). By Lemma 5 of [9], one can assume that y: M — A is an
increasing function. It follows from (4) that the map g, ) admits an extension
Gy 10 Clyy Which is a map of triples Gy’ (C, Y, A )y = (X, Y, A'),

We now define i: M — A by h = fy. Clearly, h is an increasing function.
Moreover, for every p € M we put

(5) h‘, = q:w)xw): (X, Y,A)m) - (X’, Y’,A’)“.

We shall next show that for p” > y{u) the following homotopy of triples
holds:

(6) hpph(p)h(lt") =~ Qup” hl": (X, Y,A)h(”n) had (X', Y’,A’)».
First note that

) PuPhuma) = Gwgt) Xotw) Py

®) T P = Qg Gy P = Gt Tt P

because gy by (Xiery) C Xy and g | Xi) = Qo
We see that the proof of (6) reduces to establishing the homotopy

® Xikw) Pr)iu) == Gy Mur 2 (X Y, Ayyry = (C, Y, A )y
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Now (1) and (5) imply
(10) Xw Proyis) | Ay = 8u) Prny | Anrys
3] Gy P | Abry = Gy st 8usr) = Tolaivisn) B

and since g: A — A’ is a map of systems we have

(12) Xew Py | by = Qe e | Anery i Ay
On the other hand, by (3),

Moreover, by (5) and (2),

Since f: (X,Y) — (X', Y’) is a map of systems, there is a homotopy

(13)

(15) Jow Promen) = Qe Sy 0 (XY )y C(CcY) )

We apply now the lemma, by putting (M, L,K) = (X, Y,A)y,-, (M’,L’,K’)
= (C’, c Y"A')'KF)’ Qo = x‘m‘) p"(l‘)"(l")’ @ = qW)#' h“l', and we obtain (9)- Formu-
la (6) is thus established.

We now observe that for arbitrary p < ' there exists a p” > (') > Wu).
Hence, by (6),

(16) huProyrary = G Br = Goue G Bur == Qe B Priryppey -

Although the maps 4, need not form a map of systems (X,Y,A) = (X, Y’,A’) in
the sense of [9], it follows from (16) and Lemma 7 of [9] that for a suitable
increasing function A*: M — A, h* > h, the maps h,py,)pe(,) form a map of
systems h: (X,Y,A) - (X, Y,A’).

It follows from (5) and (3) that

Py | 6 Y Doy == Qg fur Py | (X3 ¥ oy
> fuPrgomio | (X0 Y ey in (X7, Y7),,

which shows thath | (X,Y) ~f.
Finally, by (5) and (1),

(17)

a18) PuPrmey | Ak ) = Gt 8ot Priwowe ) | Aoy

= guPromeq | Awgy i Ay,
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which shows that h | A =~ g. This completes the proof of the existence of h.

We now prove the uniqueness of h. Assume that h, k: (X,Y,A) = (X', Y’,A’)
are two maps of systems satisfying the assertion of the theorem. Sinceh | A >~ g
~k|A: A—> A forevery p € M thereis a A > hy{u), ky{p) such that

(19) hW)phW)A | Ay = km)l’k«p)x | Ay in A&@)-

Furthermore, h | (X,Y) =~ f =~ k | (X,Y), which means that for every p € M
there is a A > hy(u), k y{(u) such that

(20) hyyPrggon | (X3 Y W == kg Prggn | (XY ) in (X7, Y") iy € (C'€Y ") yi)-

There is no loss of generality in taking the same A in (19) and (20). Applying the
lemma with (M,L,K) = (X,Y,4),, (M',L,K')=(C,cY'"A)y» %o
= gty Pryiun Pt = Kyu)Picyiuyr» ONE Obtains

(p2)) Py Prar == kyuyPrgn 10 (C'5cY’, A )y

and composition with g, yields

22) Bui) Pa Protaor = Guvi) Ky Pren. 0 (X7, Y7, A7) ).

On the other hand, since h and k are maps of systems, we have

(23) PuPhn == Qg Pt Prigan
29 KuPrgn == Qg K ) Pt
so that (22) implies

(25) hyPrn =2 Ky Pigun -

This proves that h ~ k and completes the proof of Theorem 1.

3. Triples of compacta with trivial middle term. We now state and prove the
corresponding theorem for spaces.

Theorem 2. Let (X, Y, A), (X', Y', A’) be triples of compact Hausdor{f spaces such
thatsh' Y’ = 0. Letf: (X,Y) = (X', Y')and g: A — A’ be shape maps. Then there
exists a unique shape map h: (X,Y,A) = (X', Y',A’) such thath | (X,Y) = f and
hj4=g

Proof. We first observe that there exists an ANR-system (X, Y, A) associated
with (X, Y, A) and such that 4, C Int X for every A € A. Such a system is
obtained by suitably modifying the construction in the proof of Theorem 7 of [9].
With (X, Y, A’) we associate an arbitrary ANR-system expansion (X', Y’, A").
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By assumption, sh Y’ = 0 and we have maps of systems f: (X,Y) = (X, Y’),
g: A — A’. Then Theorem 1 yields a map of systems h: (X,Y,A) — (X, Y, A"),
which restricted to (X, Y) and A is homotopic to f and g respectively.
Consequently, we obtain a shape map h: (X, Y,4) = (X', Y’,A’) satisfying the
assertions of Theorem 2.

Remark 2. In the case that (X', Y’, A) is metric, a considerably simpler proof
of Theorem 2 can be given provided one is willing to use the main result of [7].
In that case, one can obtain, namely, an ANR-expansion (X', Y’,A’) where all Y,
are Hilbert cubes and thus AR’s. The proof of [7] uses, however, techniques of
PL-topology.

Theorem 3. Let (X, Y, A), (X', Y’, A’) be triples of compact Hausdor(f spaces with
sh Y = sh Y’ = 0. Then the following assertions hold:
(i) sh(X,Y) < sh(X’,Y’) and shA < shA’ imply
sh(X, Y,4) < sh(X",Y",4).
(ii) sh(X,Y) = sh(X’,Y’) and sh A = sh A’ imply
sh(X, Y,4) = sh(X’, Y’,4’).

Proof. By assumption there exist shape maps f: (X,Y) —» (X, Y’), f: (X', Y’)
—>(X,Y),g: 4 > A, g’: A > A such that

(1 =1,
() gg=1

By Theorem 2, there exist shape maps h: (X, Y,4) = (X', Y, 4’), k: (X', Y, 4’)
— (X, Y, A) such that

3) h|(X,Y =t hj4a=g
)] K| X,Y)="1 W| 4 =g¢g.
Consequently Wh: (X, Y, 4) — (X, Y, A) satisfies

(5) Wh|(X,Y)=ff=1,

6) hh|4d=gg=1

Since 1: (X, Y,4) = (X,Y,A4) also has these properties, it follows from the
uniqueness (Theorem 2), that

W) Wh = x,

which establishes sh(X, Y,4) < sh(X’,Y’,4’).

The proof of (ii) is analogous.

It was proved in [5] that sh(Y,A) = sh(Y’,4’) implies sh(Y/4) = sh(Y’/A’).
The same proof also establishes the following more general result:
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Theorem 4. Let h: (X,Y,A) = (X', Y’,A’) be a shape map and let p: (X,Y,A)
= (X/A,Y/A,A/A), p: (X', Y',A") > (X'/A’,Y'/A’,A'/A’) be quotient maps. Then
there is a unique shape map h*: (X/A, Y/A,A/A) = (X'/A’, Y'/A’,A'/A’) such that
p'h = h*p. Moreover, ifW: (X', Y',A’) = (X", Y",A") is another shape map, then
(Wh)* = h*h*, 1* = 1. Consequently, sh(X,Y,A) < sh(X',Y’,A’) implies
sh(X/A, Y/A,A/A) < sh(X'/A",Y'/A’,A’/A’) and sh(X,Y,A) = sh(X',Y",A’) im-
plies sh(X/A, Y/A,A/A) = sh(X'/4’, Y'/A’, A'/A").

4. Corollaries. We now derive from Theorems 3 and 4 a number of corollaries.
Some of these results, when restricted to the metric case, become known
theorems proved by Borsuk or Chapman. For simplicity we omit the results on
shape domination.

Corollary 1. Let (X, Y) be a compact Hausdor(f pair and A, A’ closed subsets of
Y. If shA =shA and shY =0, then sh(X,Y,A) = sh(X,Y,A4’) and thus
sh(X,A) = sh(X,A4’) and sh(X/A) = sh(X/4’).

This generalizes Chapman’s Theorem 1 of [4] and gives a positive answer to
problem (5.4) of [2] (for shape in the sense of ANR-systems).

Corollary 2. Let (X, A) be a compact Hausdorff pair such that sh A = 0 and let
aq be any point of A. Then sh(X, A) = sh(X, ay) and thus sh(X/A,A/A) = sh(X,ap)
and sh(X/A) = sh X.

Proof. Putting Y = A, A’ = {ay} and applying Corollary 1, one obtains
sh(X,A4) = sh(X,a;). Now Theorem 4 yields sh(X/4,4/4) = sh(X,a,) and
therefore also sh(X/4) = sh X.

Corollary 3. Let (X, Y, A), (X', Y, A’) be triples of compact Hausdorff spaces. If
shY =sh Y’ =0, sh(X/Y,Y/Y) = sh(X/Y',Y/Y’) and sh A = sh A’, then
sh(X, Y,4) = sh(X’,Y’,A’) and thus sh(X/4) = sh(X'/A’).

Proof. By Corollary 2, sh(X/Y,Y/Y)=sh(X,Y), sh(X/Y',Y/Y')=
sh(X’, Y’), so that sh(X,Y) = sh(X’,Y’). Now Theorem 3 implies sh(X, Y, 4)
= sh(X’, Y’,A’). This generalizes Chapman’s Theorem 2 of [4].

Corollary 4. Let X', X" be compact Hausdorff spaces and let X = X' U X",
X% = X’ N X". Then the following assertions hold:

()shX' =shX" =shX°=0=>sh X =0.

()shX°=shX=0=shX'=shX" =0.

Proof. Let Y = X/X° V' = X/X% Y" = X"/X% Then Y = Y’ V Y” is the
wedge of Y’ and Y”. By the assumptions in (i) and (ii) sh X° = 0, so that
Corollary 2 implies

(n shY =shX’, shY =shX”, shY=shX
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Furthermore, Y and Y” are retracts of Y and so
) shY <shY, shY <sh?Y.

Case (i). Since Y’ = Y/Y” and, by (1), sh Y” = sh X” = 0, Corollary 2
implies sh Y = sh Y’. Hence, by (1), sh X =sh X =sh Y’ =sh X' = 0.

Case (ii). By (1) and (2), sh X’ = sh Y’ < sh Y = sh X = 0, so that sh X’
= 0. Similarly, sh X" = 0.

(i) is Borsuk’s Theorem 14.1 of [1], and (ii) is Chapman’s Theorem 1 of [3], both
generalized to nonmetric compacta.

Corollary 5. Let (X, A) be a compact pair, Y a compact space, and f: A > Y a
map. If sh X = sh A = sh Y = O, then the adjunction space Z = X U, Y is also
of trivial shape.

Proof. Since Y C Z and sh Y = 0, Corollary 2 implies sh(Z/Y) = sh Z.
However, Z/Y is homeomorphic with X/4 and since sh 4 = 0, we obtain
sh(Z/Y) = sh(X/A) = sh X = 0. Hence, sh Z = 0.

The metric version of Corollary 5 is Theorem 2 of [3].
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