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FIXED POINT THEOREMS FOR CERTAIN CLASSES OF
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MO TAK KIANG(1)

ABSTRACT. Fixed point theorems for commuting semigroups of self-mappings are
considered in this paper. A generalization of the classical Markov-Kakutani theorem is first
given. This is followed by a fixed point theorem for commutative semigroups of continuous
asymptotically-nonexpansive self-mappings on a weakly compact, convex subset of a
strictly convex Banach space.

The Markov-Kakutani theorem [8], [7] asserts the existence of a common fixed
point of a semigroup 3 of continuous affine self-mappings on a compact convex
subset of a Hausdorff linear topological space. It is shown that the conclusion of
this theorem holds with a weaker assumption. While no element of 9 need be
affine, it is sufficient to guarantee the existence of a common fixed point when G
is continuous and asymptotically-affine. This result also gives some additional
information on the location of the common fixed point.

In the case when the space in question is Banach, De Marr [2] has obtained a
similar result for nonexpansive mappings. This result is further generalized by
Holmes [4] (cf. also [5]) to the case when T is continuous and asymptotically-
nonexpansive. All these results concern self-mappings on a compact convex
subset of a Banach space. A fixed point theorem for a commutative semigroup
of continuous asymptotically-nonexpansive self-mappings on a weakly compact,
convex subset of a strictly convex Banach space is also obtained. For weakly
compact convex subsets with normal structure, this result also provides some
additional information on its location. Under these conditions, the centre (in the
sense of Brodskii and Milman [1]) of the closed convex hull of the orbit of a
certain point is such a fixed point. A similar result is obtained in the case when
the convex subset in question is compact (cf. Holmes’ result mentioned above
which merely asserts the existence of a common fixed point). A counterexample
is included to show that when strict convexity is deleted, the conclusion of this
result concerning the location of the existing fixed point no longer holds.
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We conclude this paper with a method suggested by the above counterexample
to locate common fixed points for commuting semigroups of continuous asymp-
totically-nonexpansive self-mappings when the Banach space in question is not
necessarily strictly convex.

1. A mapping f of a linear space X into itself is called affine if f[Ax + (1 — A)y]
= M(x) + (1 = AN)f(y) for every x,y € X and all A € [0,1].

A family of self-mappings 9 on a linear space X is called affine if each f € G
is affine. 3 is called asymptotically-affine if for every x,y € X, there existsg € 9
such that

felAx + (1 = N)y] = Mg(x) + (1 = N)fg(y) foreveryfE S

and all A € [0, 1]. In such a case, we call x, y asymptotically-affine with respect to
g

It is clear that the notion that O be asymptotically-affine is a generalization of
the notion that 9 be affine. (Examples of commuting semigroups which are
asymptotically-affine but not affine are given in §4.)

Let X be a metric space with metric 4 and @ a family of self-mappings on X.
Let z € X. The set 3(z) = {z} U {f(2): f € T} is called the orbit of z.

1.1. Theorem 1 (Markov-Kakutani [8), [7]). Let X be a compact convex subset of
a Hausdorff linear topological space, and 3 be a commutative semigroup of
continuous affine self-mappings on X. Then 3 has a common fixed point.

Before proving Theorem 2, which is a generalization of Theorem 1, we prove
first the following simple lemmas on which the proof of the main theorem is
based.

Lemma 1. Let X be a compact subset of a Hausdorff topological space and
9: X = X a commutative semigroup of self-mappings. Let x € X; then there is a
point z € X with the property that for each f € 3, there is a net {g,f(x)} (with
a € U,, the family of all neighbourhoods of z directed by “C”) converging to z,
where g, € 3.

Proof. For every x € X, the collection {3f(x): f € T} has finite intersection
property (by the commutativity of ). Since X is a compact subset, (VeoIf(x)
# . Let z be a point in the intersection; then for each f € 9, z € If(x), i.e.,
z is a closure point of the set {gf(x): g € T). Hence there is a net {g,f(x)} in
9f(x) converging to z for each fixed f € 9 (with a € U,, the family of all
neighbourhoods of z directed by “C”). This proves the lemma.

We denote the fact that the net { g, f(x)} converges to z by lim, g, f(x) = z. It
is clear that since X is Hausdorff, z is the unique point to which the net {g,f(x)}
in the lemma above converges.
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Lemma 2. Let X be a convex subset of a linear topological space, and 3: X = X
be a commutative semigroup of asymptotically-affine, self-mappings. Then for every
finite set of points x), X3, ..., X, E X and N\, € [0,1], i = 1, ..., n with Zi_| N,
= 1, there is an h € 3 such that fh(Ci=) \ix;) = Si=1 Aifh(x)).

Proof. For n = 2, the conclusion is obvious by the hypothesis on 9. Assume
that the proposition is true forn = k — 1, where k > 3. Letx;, ..., x; € X and
NE01)i=1,...,k with 35, A\, = 1. Since

k k=1 Ai
= (-0 3 (725 )%+ Ao

and 9 is asymptotically-affine on X, there exists g € 3 such that the elements
Sk (W/(1 = A\))x; and x, are asymptotically-affine with respect to it. By the
induction hypothesis, there exists g’ € 3 such that

5o 2 (125 )0 = 2 (125 ) s foratlseo.

Hence h = gg’ is a member in 3 such that

fh 2 }\,x, 2 A,fh(x;) for auf (S 9
proving the assertion of the lemma.

1.2. Theorem 2. Let X be a compact convex subset of a Hausdorff linear
topological space, 3: X — X a commutative semigroup of continuous, asymptotical-
ly-affine self-mappings. Then G has a common fixed point.

Proof. Let x € X. By Lemma 1, there exists z € X with the property that for
every f € 9, there is a net {g,f(x)} (where g, € 9) converging to z, ie.
lim, g,f(x) = z.

We will show that 3 is affine on T 3(z). To this end it suffices to show that @
is affine on co 9(z):

Let y = 3" \g(z) where g, € 3, fori=1,...,n and 3/ A, = 1. Let
h e 9 be obtained by Lemma 2 with the property that fA[>[., A;g(x)]

=1 Aifhg(x) for every f € 3. Since z = lim, g, h(x), we have

f=f [E ’\igf(Z)] =f [,2:7, Agi [“E“ 8 h(x)]]
= lim fg.,h[g A g,.(x)] = g,l A f[lizn gahgi(x)]

= é Aifgi(z) forevery f € .
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Let 3721 Aigi(2) (where L, A; = 1) and 3, v,8,(2) (where I, y; = 1) be
two elements in co 9(z). For any B € [0,1], since B(Z/.; Aigi(2)) + (1 — B)
- (Cr, 1:8i(2)) is an element in co 3(z), we have

i[8(3 r80) + 0 - B)(E 180)]
= (3 Maw) + 1 - B) £ vsmo)

= B(f él }‘igi(z)) +(1- ﬁ)(f'g 'Yigi(z))-

Hence, 9 is a commutative semigroup of affine mappings of co 9(z) into itself.
Now €0 9(z) is clearly a compact convex subset of X. By the Markov-Kakutani
theorem, there is a common fixed point in T 9(z).

2. Fixed point theorems for commutative semigroups of continuous asympto-
tically-nonexpansive self-mappings are obtained in this section.

9 is called a family of asymptotically-nonexpansive mappings (a family of
asymptotic isometries) or simply asymptotically-nonexpansive (asymptotically-iso-
metric) if for every x, y € X, there exists g € I such that

d[ fg(x).fg(»)] < d(x,y),
df2(x).fg(»)] = d(x,y)) forevery f € T.

(Examples of commutative asymptotically-nonexpansive semigroups which fail
to be nonexpansive are given in §4.)

The set {z € X: there exists x € X such that for every f € 9, ¢ > 0, there
exists g € 9 with d[ fg(x),z] < ¢} is called the G-closure of X and is denoted by
X°.

2.1. We state first a result by Holmes and Narayanaswami [6] concerning
asymptotically-nonexpansive semigroups of self-mappings which will be used
subsequently.

Theorem 3 (Holmes and Narayanaswami [6]). Ler (X, d) be a metric space, and
9 a commutative semigroup of continuous asymptotically-nonexpansive mappings on
X.

() If z € X°, then 9 | 9(2) is a family of isometries.
(ii) If A is an arbitrary subset of X with the property that 3 | A is a family of
asymptotic isometries, then 3 | A is a family of isometries.
(iii) If z € X, then for every f € 3, € > 0, there exists g € 9 such that
d(fg(2).2) < e.

The following result by Holmes, which is a generalization of a theorem by De
Marr, will be compared with a corollary of the main result in this section:
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Theorem 4 (Holmes [4]). Let X be a nonempty compact convex subset of a Banach
space. If 3: X = X is a commutative semigroup of continuous asymptotically-
nonexpansive mappings, then 3 has a fixed point in X.

2.2. A convex subset C in a Banach space X is said to have normal structure
if for each bounded convex subset K of C which contains more than one point
there exists a point x in K which is not a diametral point of K. (A point x in X
is said to be a diametral point of K if sup{|lx — y||: y € K} = d where d is the
diameter of K.)

Let C be a closed convex and bounded subset of a Banach space X. Assume
furthermore that C is weakly compact and has normal structure. (It was shown
in [2] that the latter assumption is automatically satisfied when C is compact and
convex.)

The concept of the centre of C was introduced by Brodskii and Milman in [1].
It was shown there that the centre of a closed convex, bounded and weakly
compact subset C with normal structure of a Banach space X is a common fixed
point of all isometric mappings of C onto itself.

2.3. Let X be a compact subset of a general metric space. Suppose 9 is a
commutative semigroup of self-mappings on X. Since for each x € X, the
collection {3f(x): f € T} of closed subsets in X has the finite intersection
property, Meo9f(x) # &. Hence X # &. On the other hand, there are
examples of noncompact metric spaces X with commutative semigroups S of
self-mappings on it where X° # & (see Example 4.2 in §4). This idea motivates
the investigation of fixed point theorems for semigroups G of asymptotically-
nonexpansive self-mappings on a subset X of a Banach space where X° # .

The following result is obtained.

Theorem 5. Let X be a weakly compact, convex subset of a strictly convex Banach
space, 3: X = X a commutative semigroup of continuous asymptotically-nonexpan-
sive mappings. Suppose X° # O. Let z € X°; then 3 has a common fixed point in
€0 9(2).

2.4. The approach used in the proof of Theorem 5 is a generalization of that
used by Edelstein in a theorem in [3]. We proceed first by defining a mapping
from 9 X N to 9. This is followed by a few lemmas which are used in the proof
of Theorem 5.

By the definition of X2 and Theorem 3(iii), if z € X, then z has the property
that for every n € N, f € G, there exists g € I such that ||z — gf(2)l| < Vn.
Now, for each pair (f,n) € 9 X N, we make a fixed choice of g € 9 which
satisfies the above inequality. We obtain then a mapping y: 9 X N — 9 with
v(fin) = vy, satisfying [lz — v;,.f @)l < V.

Let S = {x € X: for every (f,n),|lx — y;,,f(¥)l| < V/n}. Sincez € S, S # @.

2.5. For this set S which is obtained when 9 is a commutative semigroup of
continuous, asymptotically-nonexpansive mappings we prove the following lem-
mas:
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Lemma 1. For every g € 3, g(S) C S.

Proof. For every x € §, by Theorem 3(i), 9 | 9(x) is a family of isometries.
By the definition of S, ||lx — y;,.f(x)ll < Y/n for all (f,n) € 3 x N. Hence we
have ||g(x) — v;.fg(x)ll < 1/n, showing that g(x) € S.

Lemma 2. G | S is a family of isometries.

Proof. Since @ is commutative, by Theorem 3(ii), it suffices to show that 3 | §
is a family of asymptotic isometries.

Suppose the contrary; then there exist x;, x, € S with the property that for
every f € O, there exists g; € 9 such that ||fg/(x;) — fg,(x)ll # llx; — x,lI.

Since T is asymptotically-nonexpansive, there is an # € 3 such that || fh(x,)
— fh(x)|l < llx = x,|| for every f € 9. For this A, let g be a member in 9 such
that ||hg(x;) — hg(x)ll # %, — x;|| is satisfied. Then

m lhg(xi) — hg(e)ll < llxg = x,ll.

For the pair of points hg(x,) and hg(x,), there exists ¢ € 3, such that for every
fE S

) fthg(xi) — fthg(x)ll < llhg(x) — hg(xe)ll < llxy = x|l
If we denote g, = thg, (2) becomes
@) If20(x1) — fole)ll < llhg(x) — hg(x)ll < Il = x,ll

for every f € 9. Now for each n, we have

llx = x20l < Nl = %p0800a)ll
(3) +Hlgon80(X1) = Ygon B0 + 112 = Yoo ()l
< 2/n + ||hg(x) — hg(x)ll.

Since n is arbitrary, (3) and (1) together imply that |lx; — x;|| < |lhg(x)
— hg(x)|l < llx = x;]l, which is a contradiction.

Hence < | S is a family of isometries. Consequently 9 | § is also a family of
isometries.

Lemma 3. If X is a convex subset of a strictly convex Banach space, then for every
f€9, fIAx, + (1 = Nx3] = M(x) + (1 = N)f(x;) holds for every x;, x; € §
and \ € [0,1].

Proof. Let x;, x, € S and suppose x = Ax; + (1 — A)x, where A € [0, 1]. We
first show that there exists a g € 9 (depending on x;, x, A) such that fgx
= Mg(x) + (1 — A)fg(x;) for every f € 9:
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Since G is commutative and asymptotically-nonexpansive, there exists g € 9
depending on x; (i = 1,2) and x (i.e. depending on x;, x, and A) such that

Ifg(x) = 8 < llx; — xll, G = 1,2), forall f € .
Now

e = xll = llxy = x2ll = llx — x|l
< lfg0a) — f(e)ll — llfg(x) — f2(x)l
< Ifgta) — fg(ll < llxy — x|

for every f € 9 (by applying Lemma 2).
The above inequalities imply that for every f € T we have

m Ia = xll = llfg(x) = fg()l

and

@ Wfg(a) — feCe)ll = llfg(x) = faCe)ll + llfg(xi) — fg()ll-
By a similar argument as above, we obtain also

) llx; = xl| = |l fg(x2) — fg(x)ll for every f € S.
By strict convexity (2) implies that

f2() - falxs) = Hm(m ~ fe()).

Hence,

J2) — fglxs) = B2 =2 ro ) — () by () ana (1)

lla = I

Consequently, fg(x) — fg(x2) = (A/(1 — A))(fg(x;) — fg(x)) which implies that
f8(x) = AMg(x) + (1 — N fg(x,) for every f € S.

Next, we observe that for every x;, x, € S, and A € [0, 1], if k € 3 (depend-
ing on x,, x,, A) is chosen to satisfy

fh[Ax, + (l - A)x;] = Afh(x,) + (l - A)fh(x:) for everyf €9
then

A+ (1= W] = S Jim o) + (1 = Nl b |

= n]i%{fyuh[}\xl +(1- A)le}
= Eim{Myuah(x)) + (1 = N) i, h(x2)}
= M)+ (1 =N f(x)
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by the continuity of mappings in G.
It is immediate that the above equality holds when x;, x, € S. Hence the
assertion of the lemma follows.

Lemma 4. Suppose X is a convex subset of strictly convex Banach space; then §
is convex.

Proof. It suffices to show that S is convex. Let x;, x, € S. For any choice
(f, n), we have

llx — Yf,nf(xl)" <ln and |x;, - Yf.nf(xz)" < 1/n.

Let x = Ax; + (1 — A)x, where A € [0, 1]. By Lemma 3, we have f(x) = Af(x;)
+ (1 = A)f(x,) for every f € 3, and A € [0, 1]. Hence

llx - Yf,uf (x)ll = “}‘xl +(1=Nx; - [Mf.nf (q)+(1- }‘)Yf,nf (x)]||
< Mlxy = v f Gl + (1 = N lxz = v/ )l < V.

This shows that x € S. Consequently S and therefore S is convex.

2.6. Proof of Theorem 5. For the point z € X, define a subset S as in the
discussion above. By Lemmas 1-4, 3 | § is a commutative semigroup of affine
isometries from the closed convex subset S into itself. Since X is weakly compact,
sois §. Now 3 | §'is a family of affine isometries on a convex subset; hence each
member in 9 | § is weakly continuous.

Since z € S, the set 3(z) is in S (by Lemma 1). As S is closed and convex, we
have © 9(z) C §. Hence O | ©0 9(z) is a commutative semigroup of affine
isometries on €0 9(z). By Lemma 3, each f € 9 maps €0 9(z) into itself. Since
T0 9(z) is a weakly compact convex subset, we obtain a common fixed point of
9 in €0 9(z) by the Markov-Kakutani theorem.

2.7. Corollaries to Theorem 5.

Corollary 1. Let X, 3, z, be as in Theorem 5. Let in addition X have normal
structure and suppose c is the centre of €0 3(z). Then c is a common fixed point of 3.

Proof. Since z € X2, for every f € 3, there is a sequence {g,} € 3 such that
z = lim,_, 8,f(2). Since T | 9(z) is a family of isometries, |g,(z) — g,(2)Il
= ||gnf(2) — 8.f(2)|l, which shows that the sequence {g,(z)} is Cauchy. Conse-
quently,

z= ,!L"; 8.f(2) =f}£n; g.(2) = f(r) for some t € ().

We proceed first by showing that 9: 9(z) - 9(z) is a family of onto mappings.
Let x € 9(z); then x = lim,_, k,(z) for some sequence {h,} € 9. By the fact
that 1 € 9(z) € § C X2 (where the subset S is as in the proof of Theorem 3),
and using a similar argument as above, lim,_,, h,(7) exists. Hence

x = lim hy(z) = lim h,f()) = f lim k(1) € fC).
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This shows that every fin 3 maps 9(z) onto itself. Hence, for every x € o 9(z)
=009() and f € T,

Ka —_ Ka
x = lim {z An,.f(zn)}. where z,, € 5), and 3% A,y = 1.
n— =1 i=

Since f is affine on T6 9(z), for each n,
Ka Kn
3 Mifea) = 1| 2 Mt |

Now the existence of lim,., {2 A,,f(z,;)} implies that lim,,. {35 A,.(z,,)}
exists, since f is an affine isometry on €0 9(z).
By the continuity of f, we obtain

x = lim {f [éil 7\...;(2,..:)]}

Ky
= 1[im{Z me}] e sl o
Consequently each f € 9 maps 0 9(z) onto itself. As T0 9(z) is a weakly
compact convex subset of x and G is a family of weakly continuous, affine
isometries from €0 9(z) onto itself, by a result of Brodskii and Milman [1], the
centre of €0 9(z) is a common fixed point of 3.

Corollary 2 (cf. Theorem 4). Let X be a compact, convex subset of a strictly
convex Banach space, 3: X — X be a commutative semigroup of asymptotically-
nonexpansive mappings. Then for each z € X°, the centre of €6 I(z) is a common

fixed point of S.

Proof. This follows immediately from Corollary 1 since each compact convex
subset of a Banach space is weakly compact and has normal structure.

2.8. The following example shows that when strict convexity is deleted from
the hypotheses of Corollary 2 to Theorem 5, the assertion that the centre of
€0 9(z) (where z € X°) is a common fixed point of 3 no longer holds.

Example. Let X be the closed unit ball of E2 with sup norm. Then X is clearly
compact and convex.

For every p = (a,b), let f: X > X be defined by f(p) = f(a,b) = (|b],-b).
Then f is nonexpansive. Indeed,

I£(a,5) = flc,ad)ll = l(1bl,—b) — (idl, —a)l|
= max{|b| - |d|,|b - d|} = |b - d|
< max{la - |, 6 — d[} = ll(a,5) — (c,d)l.
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Let 9 be the semigroup generated by f. The point p = (1,1) is clearly in the
S-closure of X. The orbit of p under 9 consists of only two points, (1, 1) and
(1, —1). However, the closed convex hull of these two points does not contain any
fixed point of f. This shows that strict convexity is essential in the hypotheses of
Corollary 2 to Theorem 5.

3. Let 9 be a commutative semigroup of nonexpansive or continuous asymp-
totically-nonexpansive mappings on a compact convex subset X of a Banach
space. The existence of a common fixed point has been established by De Marr
[2] and Holmes [4] respectively. Corollary 2 to Theorem 5 shows that if the
Banach space in question is furthermore strictly convex, then for every z € X°,
the centre of €0 9(z) is such a common fixed point. While the example following
Corollary 2 shows that when strict convexity is deleted, the set €5 3(z) (where
z € X°) need not contain any common fixed point, it suggests a certain relation
between 9(z) and such a point. We show that “the set of centres” in X with
respect to 9(z) does contain a common fixed point. This result also provides
alternate proofs to the theorems obtained by De Marr and Holmes. Furthermore,
it is shown that when dim X < n, this alternate approach enables us to construct
such a fixed point by at most n successive steps.

3.1. Let X be any bounded subset of a Banach space. Suppose 4 C X, for any
x € X; let

r(x) = sup{llx — yll: y € 4},
R = inf{r,(x): x € X},

and
C,={u € X: ,(u) = R}.

The set C, is called the set of centres in X with respect to A.

When 4 = X and X is a convex subset of a uniformly convex Banach space,
then the set of centres in X with respect to 4 is a singleton which coincides with
the centre of a subset introduced by Brodskii and Milman. Since a uniformly
convex Banach space has normal structure, the centre of such a set is a fixed
point for any self-mapping which is an onto isometry.

In general, C, could be empty. However, when X is compact and convex, C,
is necessarily nonempty and closed. Suppose 9: X — X is a commutative
semigroup of continuous, asymptotically-nonexpansive mappings. Since X°
# @, we can consider the restriction of @ on the compact subset 9(z), where
z € X°. By Theorem 3, 9 is a family of isometries of sz onto itself. It is from
the set of centres with respect to 9(z) that a common fixed point of G will be
constructed.
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32.Let9: X - Xand Y C X. The set Y is called G-invariant if f(Y) C Y for
every f € SG. A closed subset Y C X is called 9-stable if there is a collection 4
of closed subsets of X such that (i) Y = N4, (ii) for every x € Y, B € A,
there exists g € 9 such that fg(x) € B for every f € 9.

The following lemma is shown in [4] concerning G-stable subsets.

Lemma 1 (see [4]). (i) Any closed 3-invariant subset A is 3-stable.

(ii) An arbitrary intersection of 3-stable subsets is 3-stable.

(iii) Suppose A is O-stable and A is the corresponding collection of closed subsets.
If A contains a compact member, then there is a z € A such that the orbit 3(z) of
Z is contained in A.

Lemma 2. Let X be a compact convex subset of a Banach space, 3: X — X be a
commutative semigroup of nonexpansive mappings. Suppose z € X°; then C, (where
A = 9(z)) is a compact, convex TF-invariant subset of X.

Proof. (i) Since X is compact convex, C, is a nonempty closed, and therefore
compact subset of X.

(ii) Let ¢;, ¢c; € C,. By the definition of C,, we have 7,(c;) = r,(c;) = R
= inf{r,(x): x € X}, ie. sup{llc, — yll: y € 4} = sup{llc, — yll: y € 4} = R.
Let x = A¢; + (1 — A)c, where A € [0, 1]. Since, for every y € A4,

lx =yl = IAe; + (1 = Nez) = i
< AMlea =yl + (@ =Nlle; =yl <R,

we have sup{|lx — y||: y € A} = R. Hence x € C, showing that C, is convex.
(iii) By Theorem 3, and since A4 is compact, 3 | 4 is a family of onto isometries.
Hence, for every y € 4 and f € 9, we have y = f(a) for a € 4. Let x € C,,
then [|f(x) — yll = lIf(x) = f@I < |lx — all < R showing that ,(f(x)) < R.
By the definition of R, we have R = r,(f(x)) which implies that f(x) € C,.
As this result holds for all f € 3, the subset C, is -invariant.

Lemma 3. Let X be a compact convex subset of a Banach space, 3: X = X be a
commutative semigroup of continuous, asymptotically-nonexpansive mappings. Let
z € X%; then C, (where A = 3(2)) is a compact convex subset which is 3-stable.

Proof. Since X is compact convex, C, is nonempty, closed, and therefore
compact. It remains to show that C, is 9-stable.
Now, R = inf{r,(x): x € X} implies that

Cy= ﬂ[ﬂ F(z,R+e)] N X.

e>0] z€4

For any fixed x € C,and ¢ > 0, let {W}},c be a collection of subsets in 4 where

W = {z € A: sup{llfg(x) — f2Il: f € T} < llx — 2| + ¢}
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Using the fact that each f € T is an isometry of A = 3(z) onto itself, it can be
shown that {W}, o is an open covering of 4 (see the proof of the main theorem
in [4]). Since A is compact, we obtain a finite subcover of 4, say W, ..., W,.
The mapping g =g ... gy € 9 satisfies the condition that fg(x) €
B(z,R + ¢), for every f € 9 and z € A. Indeed, foreveryz € A,z = fg, - ...

- gn(2") for some 22 € S(z); therefore
Ifg-v..-ev@) =zl =lfgi- ... en®) = far ... W@ < R+e

Lemma 4. Let X, 3, A, C, be as in Lemma 2 (or Lemma 3 ); then C, has an
empty interior.

Proof. Let x € C,. Suppose, for some ¢ > 0, there is B(x, €) with B(x,e) C C,.
Now x € C, implies that 7,(x) = R (where R = inf{r,(x): x € X}). By the
compactness of A4, there is a point y, € 4 such that [lx — yyl| = R. Hence there
exists z € B(x,¢) such that ||z — yo|| = R + & for some § satisfying 0 < & < e.
This implies that r,(z) > R + 8, or 1,(z) & C,, contradicting the assumption that
B(x,e) C C,. Consequently, C, has an empty interior.

3.3. Theorem 6. Let X be a compact convex subset of a Banach space, 3: X = X
be a commutative semigroup of nonexpansive mappings. Let z € XZ; then there is a
common fixed point of 3 in C, (where A = 9(z)).

Proof. By Lemma 2, C, is a compact convex subset which is 9-invariant. Since
X is compact convex, R = inf 7,(x) < diam X (by a lemma in [2]). Hence C, is
a proper subset of X.

Denote X = X; and C, = X,, apply Lemma 2 to X,; we obtain a proper
compact convex subset in X, denoted by X;, which is again G-invariant.

Using induction, one obtains a transfinite sequence X;, X3, ..., X, Xy415 - -+
where each X, is properly contained in X, whenever 8> a, for all ordinal
numbers B and a. Consequently, X, is a singleton for some ordinal number a.
Since X, is also G-invariant, it is the required common fixed point.

Corollary 1. Let X, 3, z, C, be as in Theorem 6. Suppose dim X < n; then a
common fixed point for 3 can be constructed from C, by at most n successive steps.

Proof. By Lemma 4, C, has an empty interior. Since dim X < n, and as C,
consists of just boundary points itself, dim C, < n — 1. Now C, is a compact,
convex, G-invariant subset. By Lemma 2 we obtain a proper, compact, convex
subset of C,, say X,, with dim X; < n — 2. Hence, after at most n steps, we
obtain a G-invariant convex, compact subset X, with dim X, < 0. Thus X, is

necessarily a singleton, which is a common fixed point of S.

Theorem 7. Let X, C, be as in Theorem 6. Let I: X — X be a commutative
semigroup of continuous, asymptotically-nonexpansive mappings. Then there is a
common fixed point of 3 in C,.
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Proof. By Lemma 3, C, is a compact, convex, 9-stable subset of X. It is also
a proper subset of X (by the same argument used in the proof of Theorem 6).

Since C, is O-stable, there is a zy € C, such that 9(z,) C C, by Lemma 1.
Also MeofFz9) # & implies that there is zy € X N C,. By Theorem 3,
9| 9(z;) is a family of isometries of 3(z;) onto itself. Let X; = C, and
A, = 9(z). Suppose C,, denotes the set of centres in the convex compact subset
X with respect to 4,. By applying the same argument as before, C,, is a proper,
compact, convex, J-stable subset of X;. Using transfinite induction one obtains a
O-stable subset which is a singleton. By Lemma 1(iii), this singleton is necessarily
a common fixed point of 3.

Corollary 2. Let X, 9, C, be as in Theorem 7. Suppose dim X < n; then a
common fixed point of 3 can be constructed by at most n successive steps.

The proof is similar to the proof of Corollary 1.

4. Examples.
4.1. Let X be a normed linear space. Let f be a mapping defined as follows:

fx) =0, for [Ixl <1,

-1
= ("xllllxll )x, for [Ix|| > 1;

i.e. fis a mapping that maps the closed unit ball to the origin and moves vectors
outside the unit ball radially towards the origin to f{x) with ||f(x)|| = ||x|| = 1.
It is clear that fis not an affine mapping. The semigroup 3 generated by f s,
however, asymptotically-affine.
4.2. Let X be a normed linear space. For x € X, define f: X — X as follows:

) = (4)x, for [l < 1,
() = (%)‘Iﬁ;lh—_m)" for 1 < lIx]l < 3/2,
) = (%;“—‘/?)x for Ixll > 3/2.

Hence f is a mapping that “shrinks” the closed unit ball to the closed unit ball
centred at the origin with radius 1/4. For the annulus {x: 1 < ||x|| < 3/2}, the
action of f “expands” it to the annulus {x: 1/4 < ||x|| < 1}. For points outside
the closed ball with radius 3/2 centred at the origin, f simply moves them radially
towards the origin such that ||f(x)]| = |Ix|| — 1/2.

The mapping f fails to be nonexpansive. However, for every pair of points
x,y € X, when n > 2 [max{||x]], |yll} — 1], both the points x, y are inside the
closed unit ball. Hence, after f*, the action of f on f"(x) and f"(y) becomes a
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{-contraction. Consequently, for m sufficiently large, we have [f"f™(x)
= "I < llx =yl forn = 1,2, ... . This shows that the semigroup gener-
ated by f is asymptotically-nonexpansive.
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