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ABSTRACT. Let D be a bounded symmetric domain. Let G be the uni-
versal covering group of the identity component AO(D) of the group of all holo-
morphic diffeomorphisms of D onto itself. In this case, any G-homogeneous
vector bundle E — D admits a natural structure of G-homogeneous holomorphic
vector bundles. The vector bundle E — D must be holomorphically trivial, since
D is a Stein manifold. We exhibit explicitly a holomorphic trivialization of E—
D by defining a map ®: G — GL (V) (V being the fiber of the vector bundle)
which extends the classical ‘‘universal factor of automorphy”’ for the action of
AO(D) on D. Then, we study the space H of all square integrable holomorphic
sections of E — D. The natural action of G on H defines a unitary irreducible
representation of G. The representations obtained in this way are square inte.
grable over G/Z (Z denotes the center of G) in the sense that the absolute
values of their matrix coefficients are in L 2(G/Z).

1. Introduction. Now, let G be any connected covering group of A (D).
Choose a base point o € D and represent D = G/K.

When G admits a finite dimensional faithful representation (in which case G
has infinite fundamental group), M. S. Narasimhan and K. Okamoto [9] have shown
that most of the discrete classes of G (obtained by Harish-Chandra in [6]) can be
realized on spaces of square integrable harmonic forms of type (0, ) with coef-
ficients in homogeneous holomorphic vector bundles on G/K arising from finite
dimensional irreducible unitary representations of K.

If we assume that G has a finite dimensional faithful representation we can
consider a complex form G_ of G and realize G/K as an open G-orbit in a com-
plex manifold G_/L where L = K_P, (see $2) is a closed complex Lie subgroup
of G_. Homogeneous vector bundles are obtained as associated bundles E, — D
to the principal K-bundle G — D where 7 is a continuous representation of K on
a finite dimensional complex vector space V. If 7 denotes an irreducible unitary
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representation of K, then 7 is uniquely extended to a holomorphic representation
? of L which is trivial on P,. Then the homogeneous vector bundle E, — G/K
is the restriction of the homogeneous holomorphic vector bundle E?, - Gc/ L to
the open submanifold G/K of G_/L. In this way E, — G/K picks up a structure
of a homogeneous holomorphic vector bundle.

When we drop the requirement that G have a complex form, we are led to con-
sider the following more general problem.

The existence and un iqueness of homogeneous holomorphic vector bundle
structures for homogeneous vector bundles over complex manifolds homogeneous
under a Lie group G. This is solved in [10].

In §2 we apply these results to the case when D is a bounded symmetric do-
main and G is the universal covering group of AO(D). In this case, the homoge-
neous vector bundle E, — D admits a natural structure of G-homogeneous holomor-
phic vector bundle which is described in Theorem 2.1. In the second part of §2
we are concerned with the problem of constructing explicitly a holomorphic trivial-
ization of E, — D. This is achieved by defining a map ®: G — G1(V) with the
properties stated in Theorem 2.3. Because of this, one is in good position to
study the space H of all square integrable holomorphic sections E, — D (when-
ever 7 is a unitary irreducible representation of K). The natural action of G on
H defines a unitary irreducible representation of G (cf. Theorem 3.1). The repre-
sentations obtained in this way are unitarily equivalent to those studied in [3]
and [4]. These representations are square integrable over G/Z, where Z denotes
the center of G.

An application of our constructions to the case where G is a connected
covering group of AO(D) implies that the Narasimhan-Okamoto result now extends
without change to the case where G has finite center. The extension to an arbi-
trary G depends only on the generalization of the Harish-Chandra character theory
of the discrete series representations, [5], [6] to that of square integrable ones.

The material of this paper is contained in the author’s doctoral dissertation
presented to the University of California, Berkeley. The author wishes to thank

Professor Joseph A. Wolf for much helpful advice and patient encouragement in
the preparation of this dissertation.

2. Homogeneous holomorphic vector bundles over bounded symmetric domains.
A bounded domain is a bounded, open connected subset of the complex vector
space CN, N being a positive integer. A bounded domain D is called symmetric
if each z € D is an isolated fixed point of an involutive holomorphic diffeomor-
phism s_ of D onto itself. If such a diffeomorphism s, exists it is unique. Let
G be a connected covering group of the identity component A (D) of the group of
all holomorphic diffeomorphisms of D onto itself. Then G is transitive on D.
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Choose a base point 0 € D and represent D = G/K. Let o denote the automorphism
g — sggs, of Ay(D) and let g, denote the Lie algebra of A (D). If we put ¢ =
do, we have the direct decomposition

@.1) go="%o+ ¥y

where fo coincides with the Lie algebra of K and the + 1 eigenspace of ¢ and
Py is the — 1 eigenspace of 6. Let g, £, b denote the complexifications of P
fo, and Y, respectively. We denote by 7 the canonical projection mapping G
onto D. We may identify P, with the real tangent space D of D at the point o
by the mapping Y — dm Y, (Y € ). We denote by T, (resp. 'I—'z) the holomor-
phic (resp. the antiholomorphic) tangent space of D at z. Put

2.2) b_={reh: dﬂeYeeToL p,={Yeh: d"eYeETol‘

As a corollary of Theorem 3.6 of 110] we have the following result:

2.1. Theorem. Let 7 be a continuous representation of K on a finite dimen--
sional vector space, E, — D the associated G-homogeneous complex vector bun-
dle. Then E, — D has a natural structure of G-homogeneous holomorphic vector
bundle for which the holomorphic sections s over an open set UC D are charac-
terized by

section: X[_+7(X)f_ =0 forall X € ¥,

holomorphic: X[ =0 forall X € p,.

Proof. In [10] we have defined a complex subalgebra [ of g by
[: {XE g: XO =0}-

From the definitions it follows easily that = £+ },. Since Uis invariant under
the complex linear extension of ¢ it follows that P, = [ N} and therefore (%, b,
ClE, I NIC pN L=, Now we want to prove that p, is an abelian ideal of [,
Let ], denote the complex structure of D, and let f’(‘; denote the Lie algebra of
the linear isotropy group K* corresponding to K. Then ] o belongs to the center
co of T (see [7]). Identifying the Lie algebras €, and B, for X, Y € b, we
have

0= []07 [xy Y]] = [[]0$ X]’ Y] + [Xy []O’ Y]] =‘2i[x9 Y]

since [} P C £. This shows that [b,, b,] = 0.

Since K is connected there is a unique extension A of 7 from K to [ such
that Alp, = 0. Now Theorem 3.6 of [10] provides the required G-homogeneous
holomorphic structure for E, — D. This completes the proof of the theorem.
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Let M be a connected complex manifold with a Hermitian structure; M is
said to be a Hermitian symmetric space if each point p € M is an isolated fixed
point of an involutive holomorphic isometry s p of M.

For any bounded domain D the Bergman kernel function of D defines a Kéh-
lerian structure on D, i.e. a Hermitian structure such that the almost complex
structure | of D is invariant under parallelism. With respect to this structure
any holomorphic diffeomorphism of D onto itself is an isometry, therefore any
bounded symmetric domain is a Hermitian symmetric space. Moreover, D is a
Hermitian symmetric space of noncompact type, which means that the Lie algebra
8o of Ay(D) is semisimple without compact factors and that (2.1) is a Cartan de-
composition of g,.

Conversely, if M is a Hermitian symmetric space of noncompact type, then
there exist a bounded symmetric domain D and a holomorphic diffeomorphism of
M onto D. We need to recall the Harish-Chandra realization of M as a bounded
symmetric domain D in order to exhibit explicitly a holomorphic trivialization of
E, —D. See [ 7]for details.

As before, let AO(M) be the identity component of the group of all isometries
of M. Let g, denote its Lie algebra and let

8=ty + %

be the Cartan decomposition of g, which arises from the symmetry with respect to
some point 0 in M. Let ¢, be the center of ¥ and let b, be some maximal
abelian subalgebra of f). Then ¢, C §; and b is a maximal abelian subalgebra
of g,

Let g be the complexification of g, and let ¢, b, ¥,  be the complex sub-
spaces of g spanned by ¢, b, £;, ). Now b is a Cartan subalgebra of g. Let
A denote the set of nonzero roots of g with respect to §. Since [§, T1C € and
[5, Pl C §, it is clear that either a root subspace g*C £ or g*C p(a €A). A
root & € A is called compact or noncompact according to g*C £ or g* C R More-
over, [f, $,1C }, (see (2.2)), therefore there exists a subset P C A such that

p+= Z ga'

aeP,

Since b, = vy(h_) and vy(g") =g~* (@ € A) where v denotes the conjugation of
g with respect to g, we see that P_=2,., g~%

We can introduce a linear ordering in the dual of the real vector space iE)o
such that the set P of all positive roots contains P, . We choose an ordering with
this property and whenever necessary we will be referring to it.
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Let G_ denote the simply connected Lie group with Lie algebra g. Let P_,
P, K_ denote the analytic subgroups of G_ corresponding to the subalgebras
P_, by, and T, respectively. (P_ and P, are abelian subspaces of §, cf. the
proof of Theorem 2.1.) Let G, K, denote the analytic subgroups of G_ corre-
sponding to g, and T, respectively. The mapping (g, k, p) — gkp is a holo-
morphic diffeomorphism of P_ x K_x P, onto an open submanifold of G_, con-
taining G o- For x € Go, let {(x) denote the unique element in P_ such that
x€ {(x)KcP,,. P_ and P, are simply connected abelian Lie groups; let log: P_
— D_ be the inverse of the exponential mapping. The mapping

xK ;) — log ), x€G,,

is a holomorphic diffeomorphism of 7,/K, onto a bounded domain D in the com-
plex vector space P_.

From now on, G will denote the universal covering group of A (M), and K
will denote the isotropy subgroup of G at o € M. Then we can make the identifica-
tion M =G/K. Let g — g, g €G, be the covering homomorphism G — G . The
mapping

Y:gK — 1og {@), g€,

is, therefore, a holomorphic diffeomorphism of G/K onto D.

Let 7 be a representation of K on the finite dimensional complex vector
space V. We want to define a holomorphic equivalence between the holomorphic
vector bundles E, — G/K and the trivial vector bundle D x V — D. This amounts
to defining a holomorphic diffeomorphism ¥ such that the diagram

Gx,VYDpxv
i !
G/K—*-» D

(2.3)

commutes and induces linear isomorphisms between fibers. To define such a map
¥ is equivalent to defining a map ®: G — GI(V) such that

O(gk) = B(g)r(k) for all g € G; all keK;
¥ and @ being related by
(2.4) Vg, v] = (Y(gK), Del), geG,veV.
To motivate our definition of the map ® in the general case let us consider
first the following example: The holomorphic tangent space of G/K at eK has

been identified with }_, and for every k& € K the differential of the map gK —
kgK at eK corresponds to the automorphism of ¥_ induced by Ad (k). This
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implies that the holomorphic tangent bundle of G/K is the homogeneous vector
bundle E,, where 7 denotes the representation of K on p_ induced by AdG. Let
p(g) denote the action of G on D given by

Pl (xK) = YlgxK), g,x¢€G.

Since the tangent bundle of D is already presented as a trivial vector bundle we
just have to compute the differential of p(g) at the origin O.

2.2. Lemma (cf. Lemma 1.9 of [1]). Let k: G — K_ be defined by g €
P_«l(g)P,. Then

dplg), = AdGC(K(g))lp_ for all g €G.

Proof. Given X € b_, by definition we have
p@)(eX) = log ({(g exp tX)),
for a sufficiently small t. Let g = g«(g)p with ¢ € P_ and p € P, then
g exp tX = qk(g)p exp tX = qr(g)exp t Ad (p)X)p.
Since [, p_1Ct, [, nIC b, and [hy, byl =10}, for Y € b, we have
Ad(exp Y)X = X + [v, X1+ 4[v, [y, X1}
Therefore we can write

AdPX =X +Z withZe £+,

Putting these things together we obtain
dp(g) X = [d/dt 10g({ G exp X}, _,
= [d/dt 1og (¢ (qulg)exp (X + ZDpN], _
= [d/dt log ({(g(exp t Ad (x(g))X exp ¢ Ad (k(gNZ)k(g)p))],_,
= [d/dt log (g exp t Ad(k(g)X)],_q = Ad(x(g))X,

where we have used the fact that K_P, is a subgroup of G_.

Lemma 2.2 tells us how we can define a holomorphic equivalence between
the holomorphic tangent bundle E, of G/K and the trivial bundle D x b_ — D.
We can just take as the map ®: G — Gl(}_) of (2.4) the map defined by

) = Adg kDb, g€

The situation in this example is particularly simple because the representa-
tion 7 of K factors thru the restriction to K of a representation of K_. In the
general case one has to be more careful.
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The Lie algebra fo being the Lie algebra of a compact Lie group, e.g. K,
is the direct sum £ =cg+ [%5, T,] of its center and its derived algebra 56 =
[£,, t,]. If K’ denotes the analytic subgroup of K which corresponds to 178
then K' is a compact, simply connected semisimple Lie group. Let C be the
analytic subgroup of K with Lie algebra ¢,. Then C is a simply connected
abelian Lie group and K = C x K' (direct product). Let £’ = [¥, £] be the derived
algebra of T and let §' = § N E'. Then §=c +§’. Since the compact roots of
g with respect to b can be identified with the roots of t' with respect to §’, it
follows that a linear functional A on % coincides on b’ with the highest weight
of some irreducible representation of K’ if and only if 2A(H,)/a(H,) is a non-
negative integer for every compact positive root a@ (H, is the unique element in
b such that B(H, H,) = a(H) for all H € b; B denotes the Killing form on g x g).
Therefore the irreducible representations of K are in one-to-one correspondence
A <1, with the linear functionals A on § such that 2A(H)/a(H,) is a non-
negative integer for every compact positive root Q.

Let a,, -+, be the set of all simple roots of g; here we are referring to
the set P of all positive roots introduced before. Assume that @, .-, a, (<
r) are all the noncompact positive roots among these. Define a linear functional

A, on § by
Ao(”a,.)=°: 1<i<t,
AO(HGI) = A(Hai)’ t<i S 7.
Now, there exists a finite dimensional irreducible representation 7 of G,_
with highest weight Aj. Let v be a nonzero highest weight vector. Let V de-
note the linear span of ir(kY: k € K_}; V is a K_-invariant subspace. Let

r Ao(le) =7(k){V, forall k € K_, then (V,7, 0) is an irreducible K_-module with
highest weight A;. Let 7, be the representation of K on V defined by

(2.5) TA(k) = eMH)rA (Z), ke (cxp H)K’, He Cor

where A=A - Ay. Ve claim that 7, is an irreducible representation of K on V

with highest wexghc A. In fact, it is an irreducible representation, because T

is irreducible, and, if H € Co

Al = [d/dr e)(’H)er(eprOtH)]t = MH) + 1, (H)

if Xeft,

1A(X) = [d/dr er(eprOtX)]ho = iAO(X).
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Therefore

B =+ AH = Al if He ¢,
H = AyH = Al if Heby =5, €,

hence, the highest weight of 7, is A.
Ve recall that we have defined the map k: G — K_ by

g=qxg), qeP., kg)eK_, peP,

Let K . denote the universal covering group of K_. Since GNis simply connected
the map k can be lifted, in a unique way, to a map R: G — K . such that Rle) =
e and making the following diagram commutative:

K

c

14!

G—’K .

We have the direct decomposmon t=c+ t’, hence, if K and ¢ denote the
analytic subgroups of K which correspond to the subalgebras t’ and c respec-
tively we have that 'k 2‘ X 'k (direct product). Let us define a map y: G —¢
by

R(g) € exp (y(g))'l\(':_, for all g€G.
Now we are in a position to define our desired map ®: G — Gl(V). Let

(2.6) O(g) = M7 (e »rA O(K(g)), g €G.

We want to point out the following properties of the map ®.

2.3. Theorem. (i) ®e) =1 identity transformation of V.

(i) Dlk,gk))=7,(k, )OI y(k,) for all g €G; k), k, € K.

(iii) X® =10 for all X € p,.
Moreover any continuously differentiable function ® : G — L(V) which satisfies
properties (i), (ii) and (iii) coincides with the function .

Before giving the proof of Thearem 2.3 we will state and prove the following
lemma.

2.4. Lemma. (i) (k,gk,) =k @)k, for all g €G; ky, k, €K.

(ii) dx‘(x) =0 forall g€G; X €,

Proof. For g €G, let g = qx(g)p where g € P_, p € P,. Given k, k, €K,
write
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T T oTolT N\ Tel.T
E gk, =k gk, =k qk] 'k k(@) k5 "pE,.
Since kP k=1 =P, forall k € K_, we conclude that «(k gk,) =k k(g)k,. To
prove (ii) it is convenient to introduce the following notation: let a: G — G_ be

the map defined by a(g) =2 and let 8: P_K_P, — K_ be the map defined by
Blgkp) = k whenever g € P_, k € K_ and p € P,. Suppose X,, X, € g, then

da (X, +iX,) = [d/dt alg exp X)), _ +ild/dt alg exp tX)],
= [d/at (a(g) expg tX D, o + ild/dt (alg) expg tX Mico

= [d/dt (alg) excht(X L +iX N)) t<0’
Now

dKe(xl +iX,)) = dﬁdt:l.‘(xl +iX,)
= dBld/dt (alg) excht(X LHIX M,

= W/dt (Blalg) expg X, +iX M, .
I X, +iX, €}, then

Blalg) excht(X‘ +iX,)) = Blgx(glp expc;"_(Xl +iX,)) = «(g),

since P, is a group, and therefore ng(.\’ L+ ixz) =0.

Proof of Theorem 2.3. From part (i) of Lemma 2.4 and the uniqueness of path
lifting it follows that R(k,gk,) = R(k,JR(g)R(k,) for all g € G; k , k, € K; which
in turns implies that

Ak gk,) = ¥k ) + ¥g) + yk,) for all g €G; ks k,eK.

Also, we need to observe that if k= (exp H)&', H € ¢ and k' € K', then the
uniqueness of path lifting implies that R(k) = R(exp H)X(k'), and moreover that
R(k) € K. and Rlexp H) = expy_ (H). Hence y(k)=H if k € (exp H)K', H € c,.

Therefore, going back to the definition (2.6) and using part (i) of Lemma 2.4
again, we have

A(Y (k1gk2))
Dk gh,) = 120 (klk gk,)))
- el(‘)‘(k1))1‘Aoal)®(g)eX(7(kz))onaz)
A(H)) A(H32)
=e ona l)@(g)e f‘o(k-z)
if k; € (exp H].)K', H;€cy, j=1,2. By taking a look at (2.5) we realize that

part (ii) ﬁc’)f the theorem is proved. We will prove now that X® =0 for all X € p,.
Let p: K_ — K_ denote the covering projection. Then
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dpldR (X)) = dx LX) =0 forall g€G, Xeh,.

Since dp is an isomorphism, it follows that dk’g(X) =0 forall X € p,. Let &:
'RC — ¢ denote the map defined by Bllexp Hk)=H (Hec, k€ 'ké)- Then

dyg(X) =dBdR (X)) =0, forallgeG, X¢€ P,

Therefore,
[X®1g) = Aty (XNB(g) + A7 @7, ), i () =0

forall g €G, X € p,.

Finally, we have to prove the uniqueness of the map ®. Let ®,: G — L(V)
(L(V) denotes the space of all linear maps of V into V) be any continuously dif-
ferentiable map with the properties (i), (ii) and (iii) of the Theorem 2.3. Then the
formula

(2.7) F(y(gK) = ¢, (g)0(g)~!
defines a continuously differentiable map F: D — L(V) such that

(2.8) F(k - z) = 7g(k)F(2)ry(&)~ 1 for all k €K; z€D.

In (2.2) we have identified p_ (resp. P,) with the holomorphic (resp. antiholo-
morphic) tangent space of D at 0, via the canonical projection #: G — D. Then,
since the holomc_;_tphic structure of D is G-invariant, we have dngxg € Tﬂ(g)
(resp. dm X €T, .\) if X €h_ (resp. X € ,). Thus a continuously different-
iable vector valued function on D is holomorphic if and only if (dﬂng)f =0 for
all g €G, X e,

From (2.7) it follows that

(dnng)F =[x 1))~ ! - @, (g)D(e)~ (X D) ()D~(g)

which shows that F is holomorphic since X® = X®, =0 forall X € h,.
Let us point out that the action of K on D is given by

k.z=Adk)z forall k€K, z€D.

Let C be the analytic subgroup of K, with Lie algebra ¢,. Then C is a torus.
If we decompose {_ into irreducible submodules under the action of C, the

characters which thus appear are nontrivial, since they correspond to the noncom-
pact simple roots which have a nonzero restriction to C,. Therefore, if f is a

holomorphic vector valued function on D then the Cauchy integral formula tells
us that

. (2.9) f(0) = fc o [(Ad®))db  for all z €D
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where dbh denotes the normalized Haar measure of C 0
We apply (2.9) to the holomorphic function F defined in (2.7):

FO) = f, FAdG)x)db = [ F@)db =F&) forall z€D;

here we have used (2.8) and the fact that 75(k) is a scalar multiple of the identity
for every k in the center of K. Thus we have proved that F(z) = F(0) = ®,(e)ie)~!
= I (identity of GL1(V)) for all z € D and therefore ®,(g) =®(g) for all g €G.
This completes the proof of the Theorem 2.3.

The map ®: G — G1(V) defined in (2.6), and since property (ii) of Theorem
2.3 holds, certainly defines a C™-equivalence ¥ (see 2.4) between the homoge-
neous holomorphic vector bundle E, — G/K induced by the irreducible representa-
tion 7, of K on V, and the trivial vector bundle D x V — D. Therefore, the pair
(¥, ¥) induced a bijection s > s’ between C™-sections of E, — G/K and those
of D x V— D. If we define the functions f_: G/K —V and f: D =V by

s(gk) =g, /()] and s'(2)=(z,f,(2)) forall geG, z€D

then /_ and [_, are related by

(2.10) [ (WgK)) = @)/ (g) for s «» s’ and all g€G.

According to Theorem 2.1 a C™-section s of E4 — G/K is holomorphic if
and only if X/s =0 forall X € ,. From (2.10) it follows that

X )f, = XBLe)/, (@) + D)X/, Ne).

Part (iii) of Theorem 2.3 implies now that [X/ Ig) = 0 if and only if (d7 X )f s
= 0. In other words, the bijection s «» s’ restricts to a bijection between the
holomorphic sections of E, — G/K and the holomorphic sections of D x V — D.
Hence ¥ is holomorphic.

As an application of the uniqueness part of Theorem 2.3, we willpoint out
here a functional equation satisfied by the map ®: G — G1(V) defined in (2.6).

Let 7, be an irreducible unitary representation of K on V and let x,: K—
C denote its character. Let ®: G — G1(V) denote the unique map satisfying
properties (i), (ii) and (iii) of Theorem 3.3. Then m(xkg) depends only on
E. Let dk denote the Haar measure on K, normalized by fKo dk = 1.

2.5. Theorem.

@.11) (dim V) fKo X (D0(xkg) dE = (V) for all x, g € G.
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Proof. Fix x € G. Let

Fg) = im V([ Xa(P0xkg) b))~

Then it is easy to check that

F(bgk) = F(g) for all g€ G, k€ K, b€ center of K,
XF=0 for all Xe€ h,.

These were the two properties we used in Theorem 2.3 to conclude that F(g) =
F(e) for all g € G. Now we compute

Fle) = (im VIO) [, Biry(6)df
= (@im VIOG) [ Xy By @)k = &)

(see 2.5), as a consequence of Schur orthogonality relations for the irreducible
representation A of the compact group K on V. This completes the proof of
the theorem.

Let G be a connected Lie group, K a compact subgroup. A spherical func-
tion of the pair (G, K) is a complex valued continuous function f on G, not iden-
tically 0 such that

2.12) I, rckg)a = fiyce).

Spherical functions have the properties (a) f(e) =1 and (b) [(klgkz) = f(g) for
all g €G; k,, k, € K. If we recall the properties (i) and (ii) of Theorem 2.3 the
connection between (2.11) and (2.12) is transparent.

3. Square integrable holomorphic sections. In this chapter we will be referring
to the situation and notation introduced in §2. In particular, M = G/K denotes a
Hermitian symmetric space of noncompact type, and G denotes the universal
covering group of 4(M). A denotes the highest weight of an irreducible repre-
sentation 7, of K on V, and E, — G/K denotes the homogeneous holomorphic
vector bundle over G/K induced by 75 (cf. Theorem 2.1).

To define a G-invariant Hermitian structure on E, — G/K it is necessary
and sufficient to have a K-invariant inner product on V. The one-to-one corre-
spondence between these structures is given by

(3.1 (g, v, [g, v'D = (v, v*) forall [g, 2], [g, 1€ E,.

For an irreducible representation 7, of K on V we can define a K-invariant in-
ner product on V if and only if A is a real linear functional on 9, i.e. A(H,) is
a real number for all @ € A. Thus, from now on A will denote a real linear
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functional on B such that 2A(H_)/a(H ) is a nonnegative integer for every com-
pact positive root @, We choose a K-invariant inner product ( , ) on V, which is
unique up to a multiplicative constant, and we introduce the corresponding G-in-
variant Hermitian structure on EA — G/K (see 3.1).

Let H, denote the space of all holomorphic sections s of E, — G/K such
that

(3.2) fG /i (500, st dx < oo,

dx denotes the volume element of the Hermitian symmetric space G/K. It is not
difficult to show that H, is a Hilbert space with the norm (3.2). Moreover the
natural action of G on the sections of E; — G/K, given by

(gs)(x) = gS(g-lx), g€ G, x€ G/K’

defines a unitary representation 7, of G on H,.

By making use of the holomorphic trivialization (2.3) defined by (2.4) and
(2.6) the space H, can be identified with the space of all holomorphic functions
f: D =V such that

jD (f(2), [(2)), dz < o=,

where (v, w),_ = (®(g)~ v, ®g)'w), z=g+0, v, w €V, and dz is the volume
element of D corresponding to dx under the map . The action of G is given by

(3.3) (uf)g - 0) = D@WDu~1g) "1 f(u~1g- 0), 4 g€G,

and in particular for k& € K we have

(3.4) (k)2) = ry(k)f(Ad (k)" 12), =ze€D,

since the action of K on D is given by the adjoint representation of K on §_
restricted to D; see also Theorem 2.3.

3.1, Theorem (cf. Theorem 2 of [2]). Tbhe representation m, of G on Hy is
irreducible. Moreover, H, ~10} if and only if H, contains the constant functions.

Proof. Let H be a nonzero closed invariant subspace of Hy. Take a func-
tion / € H such that f(0) # 0. For a fixed b € C ) the formula (3.4) shows that
the function z — f(Ad (b)z) is also in H, and therefore the constant function z
—/(0) belongs to H (see 2.9). Thus any two nonzero closed invariant subspaces
of Hy have a nonzero intersection. Since m, is unitary, the theorem is com-
pletely proved.

Theorem 3.1 leads us to consider the integral
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(3.5) fD (v, v)zdz = j;;o (D)~ 1v, ®g)~1v)dg, vev;

note that (®(g)~!v, ®(g)~!v) depends only on g. To compute this, one transforms
the integration over G as follows. (Cf.[7].) Let a, , be a maximal abelian sub-
space of }), and extend Gp, toa maximal abelian subalgebra a; of g,. Let o
be the subalgebra of g generated by a,. Then a is a Cartan subalgebra of g and
let a* =X RH, where @ runs over the set of all nonzero roots of g with respect
to & Then ap C a* and compatible orderings can be introduced in the dual
spaces of %, and a*. Let Q denote the set of positive roots which do not van-
ish identically on a, o .The Killing form of g, gives rise to a Euclidean metric
on 0y . Let dH denote the Riemannian measure on a‘,o induced by this metric.
Then if { is a continuous function with compact support on G,

(3.6) -fGo foy)dy = f I I1 sinh a(H)

dH (k,exp Hk.)dk, dk
0 act f /1 p fik,)ak, ak,

(dy and dk suitable normalized Haar measures).

In the special situation here, it is possible to select po with particular
reference to A. In fact one can find noncompact positive roots y,,:++, y, such
that y, * y; is never a root for i £1j and the real subspace Gy, generated by
X,y +X _y; isa maximal abelian subspace of ) (see [7]).

In order to reduce the problem of computing (3.5) to an integral computed in
[4], we will consider the homogeneous holomorphic vector bundle E, . — G/K
associated to the contragredient representation of 7, instead of E, — G/K.

Let V* denote the dual space of V. The map v — 1  defined by lu(w) =
(w, v) defines a real isomorphism of V onto V*. We can define an inner product
on V* by

(lv, lw) =w,v), v,wev.
Given a linear transformation T: V — V then T*: V — V will denote the adjoint
of T and !T: V* — V* will denote the transpose transformation. One can easily

check that ‘T1 =1, . The map ®*: G — Gl(V*) corresponding to the contra-
gredient representanon of s (see 2.6) is given by

o) = eV ()1, e,

as one can be convinced by using the uniqueness part of Theorem 2.3.
The function we now want to integrate over G is
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@*@)- 1, *(g)- )= |e"("'('))|2(‘rA O(K(g))lv, A O(K(g))lu)
- |ex(7(‘))|2(1er(K(g))*v, ler(K(g))"'u)

= [PO@)2, W@, 7, (Ke)*0), g€
For k,, k, €K and H € ap_ we have
0

(@* (k| exp HE,)"'1 , (D*(kl exp Hlez)'llu)
= |eMY (expH)) 2, O(K(exp H)*r, o(l?;' Yy, 7, 0(K(exp H))*rA O(E‘l‘ )
= e 2\ (exp H))“er(K(exp H ))TAO(E; D) 2

where we have taken into account the fact that A(ylexp H)) is real and that
er(K(exp H)) is selfadjoint for all H € ay .
According to (3.6) we have to compute

(3.7) fKOH’A O(K(exp H)r, o(k)vH 2dk = (dim V)~ leo(K(cxP H)?)

if |v|| = 1, where x Ao denotes the character of Ao’ This is a straightforward
consequence of the Schur orthogonality relations for the irreducible representa-
tion Tao of the compact group K, on V.

Thus the problem of computing

fD (1,1),dz
has been reduced to the more concrete problem of evaluating
J; ez"(‘y("pH))on(K(exp H)?) I-L |sinh a(H)|dH.
a€

Let [, denote the constant function f2)=v', z€D, v' eV*, |v'j=1 and
let p denote the half sum of all positive roots of g with respect to b. H,, will

denote the space of all square integrable holomorphic sections of E,« — G/K
(see 3.2).

L]

3.2. Theorem (cf. Theorem 4, [4)). In order to have H a+ # 10} it is neces-
sary and sufficient that A(H ,3) +p(H ﬁ) < 0 for all noncompact positive roots .

Moreover, it is possible to normalize the Haar measure on G in such a way
that (when H,, # {0})

I, 12 = f 1)1
= @im V)| TT (AG,) + plH))/plH )]~ 1.

aeP

(3.8
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(We recall that P denotes the set of all positive roots of g with respect to b.)

3.3. Remark . Let v, # 0 be a highest weight vector of the irreducible repre-
sentation 74. From (3.3) and (3.4) one easily deduces that

"A(xa)/vo =0 and "A(Ha)fuo = A(Ha)/vo

for all positive roots @ of g with respect to b. That is to say that 7, has an
extreme vector | 0 of weight A. Conversely, the representations #, constructed
here are precisely all the irreducible unitary representations of G which admit
an extreme vector.

3.4. Remark. If we realized G/K as a bounded domain in §, instead of in
p_ then we do not need to pass to the contragredient representation of 7,, and
the statement of Theorem 3.2 is still correct by replacing the space Huy by H,.

Square integrable representations. Let G be a connected semisimple Lie
group and let Z denote its center. Then if 7 is an irreducible unitary representa-
tion of G on a Hilbert space H we can find a unitary character 7, of Z such
that m(z) = n,(2)nle) for z € Z. Let Z be a subgroup of Z of finite index. Let
g — & denote the natural projection of G onto G, = G/Z,,. Given two nonzero
elements /, and f, in H, it is clear that |(#(g)/,. f,)| (g € G) depends only on
g and thus defines a continuous function of G,. We say that 7 is square inte-
grable, if there exist two elements f, £0, f, # 0 in H such that

Jo, Vel s 1125 <.

It is obvious that this definition does not depend on the choice of the subgroup
Z as long as Z/Z ) is finite.

Let 7 and 7' be two square integrable representations of G on the Hilbert
spaces H and H' respectively. Then if their central characters coincide on Z 0
it is clear that (#{g)f,, /)@ @)/], /;) depends only on Z" and therefore may be
regarded as a function on G, (/1' /2 € H; /l" /2' €H'; g € G). Then the following
Schur orthogonality relations hold (cf. [4]). If 7 and #' are not equivalent

fG o @) 15 1, X' @) s f)dE = 0
forall f;,f, €H and f, [, €H', and

(3.9) f 5 e > 1YY, [)dE =d2 1, 1000 1)

Gy dp ! 1+ [, € H), where d__ is a positive constant called the formal degree of u.
Clearly d,. depends on the choice of Z; and the normalization of the Haar

measure of G,. However once these have been fixed, it is obvious that two

equivalent square integrable representations have the same formal degree.
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Now we are going to prove that the representation 7,4 of G on Hy« is square
integrable and compute its formal degree.

Let us assume that H, #{0}. Then according to the Theorem 3.1, for any
v €V the constant function f € Hy, hence

fGo(d)(xg)' 1y, ®g)~lw)dg = (my ™ l)fv, fJ)<e all xeG;v,weV

(see 3.3). Therefore, (B(g)~!V*®(xg)~! as a function of g is integrable over G,
for all x € G. Let

Bl =0 [, (@)1 ate) 145

One can easily check that
@ r(k;"kz) = 75k JF(x)rp(k))~! forall x €G; &, k, €K.
(ii) XF=0forall X €p,
(cf. Theorem 3.3). Thus ¥ defines a holomorphic function F on D, namely
F@K)) = Fg) all g€G.

The Cauchy’s integral formula (2.9) and property (i) give

FO= [, FAaG))db = F) for all = €D;

we have taken into account the fact that 74(k) is a scalar whenever % is in the
center of K. Therefore, F(x) is equal to a constant. To evaluate this constant
F(e) we observe that

Fle) = ry®)F (e)ry®k)~1 for all k€K

(cf. (i)). Hence F(e) is a scalar. To evaluate the scalar we just take a
vector v € V of unit length and compute

2.

Flew, o) = [ @)1, )~ W)dz =,
Gy v

We have proved
3.5. Lemma. If the space Hy # 10} and v €V is such that |v|| = 1 then
fGo (@)~ M*olkg)~tdz = IIf | 29(x)-! forall x€G.

We now consider the space H,. associated with the contragredient representa-
tion of 7, and we assume that Hyo # 1{0}. To prove that the representation Tys
of G is square integrable we will consider

(3.10) I 6o g &Y o £, N2d%, ' €VE, o'l = 1.
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According to Lemma 3.5 we have
(g G0 f ) = fco (@*(x~1g)" L', ®*()~1v")dg

= "/vl" Z(Q*(x.-l)‘ lvl’ U')
hence, the integral (3.10) is equal to
4 *()-1 -
(3.1 I, 1 J, 197600t wy2az.
By a computation similar to the one we did before one obtains that
|(¢*(kl exp sz)" L, v9)|2

(3.12)
= e N7 (exp H))l(er(El)er(K(cxp H))er(I:Z)v, v)|?

for all k&, € K; H € oy and v’ =1,. Using the Schur orthogonality relations
of Tap O0 K, it follows that

fxoxxo |(ry ok )y ((lexp Hry Gk Do, 0|7 dk dk,

(3.13) = (dim V)~! fKO "rAO(K(exP H))ry o(kz)u ||zdk2
= (dim V)~ l)(Ao(K(exp H)?)
(see (3.7)). Making use of (3.6), (3.11), (3.12) and (3.13) we obtain
S e 6 1, 2 = (i V=1, N <

Therefore, 7, . is a square integrable representation of G and according to (3.8)
and (3.9) its formal degree is given by

dry, = Wim VIf, N~ 2 = | TT AH,) + o)V plH,)|
aeP

Note the similarity of this formula with the formula of Weyl which gives the dimen-
sion of an irreducible representation of a compact semisimple Lie group in terms
of its highest weight.

3.6. Remark. The Hodge star operator induces a conjugate linear isomorphism
between the Hilbert space Hy = Hg'o(E A) of all square integrable holomorphic
sections of E, — G/K and the space Hg"'(L ® E}) of all square integrable har-
monic (0, 7n) forms on G/K with values in L ® Ex. L denotes the canonical
line bundle of G/K and E} denotes the complex dual bundle of E,. Thus the
action of G on Hg"‘(L ® E}) defines also a unitary irreducible representation of
G which is square integrable over G/Z.
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