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ABSTRACT. C. Bessaga has given conditions for a Banach space to be homeo-
morphic with its countable product. In this paper, we extend and generalize these
results to complete metric topological vector spaces by using infinite dimensional
techniques.

1. Introduction. Let M be a topological vector space (TVS), and let M* de-
note its countable product. The hypothesis that M is homeomorphic to (X)M® is
contained in several important theorems in infinite dimensional topology. For ex-
ample, it is used in Henderson and Schori’s paper [8]. In the following, we will
establish equivalent conditions for a metric TVS M to be homeomorphic to M%.

If d is a metric on a TVS M we say that d is translation invariant if
d(x +y,y)=d(x,0) for all x,y € M. We say that d is strictly monotone if 0 <
t <s implies d(tx, 0) < ds,, 0) for all nonzero x € M.

Let ¢, be the Banach space consisting of sequences of real numbers such
that the absolute values tend toward zero. The norm is the supremum norm. Let
l (p > 0) be the collection of sequences of reals {x } such that 24 lx; |? <oo
thh the quasi-norm being {23°_,| |? }12_ Finally, let 5,8 6 net,2,... bEaman
trix of positive real numbers satisfying:

Na,, <a,, <+ (r=1,2,...),and

DXL a0fagayy <@ @=12000).

By M(a "), we mean the collection of all real sequences, x = {xi}, such that |x| =
sup, a, |%,| <oo for all a. The metric on M(a, ) is then just

1 Ix yla
dx, y) = Z —_—
asl 2% T+lx=yl,"
Given {(M, di)| i=1,2,...}, a collection of complete metric TVS’s such
that each metric is translation invariant and strictly monotone, and given one of
the coordinate spaces E listed above, we define EEM' to be the set of sequences
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{x,}, x,€ M, such that {d(x, 0)}e E. 2 M’ has the topology induced from the met-
ric pE({di( » )}, 0) where pg is the metric on E. It is easy to show that 2 M’
is a metric TVS, We will use the notation £zM when all the spaces (M, 4°) =
(M, d) for some fixed pair (M, d).

Bessaga has proven in [5] that:

Theorem. Let X be a Banach space with norm || ||. If X = EIIX (using ||-||
for d above), then X = X%,

As a consequence of this theorem, Bessaga has shown that, for K> X,
1,(R) = 1,(R)“, Here 1,(K) is the set of N-sequences of reals, {x
with at most countably many nonzero coordinates and with =

X*Ae Card (R)
AeCard (K)‘xkl < oo
The norm is the obvious one.

Using entirely different techniques, we have proven the converse of this theo-

rem, and, in fact, have shown

Theorem 0. Let X be an infinite dimensional Banach space. Then EIIX [~
X% using any equivalent norm on X.

We have also generalized this result to:

Theorem 1. Let M be a complete metric TVS with translation invariant,
strictly monotone metric d, Then M = M® if and only if both M = I, xM and
M=z et

Note that we are not assuming that M is either locally convex or separable.

Remark 1. It was shown by R. D. Anderson [1] that all separable Fréchet
(complete, locally convex, metric TVS) spaces are homeomorphic to /,. Then,
since every infinite dimensional Fréchet space F clearly contains a closed, sep-
arable, infinite dimensional subspace K, we know that every infinite dimension-
al Fréchet space contains a closed subspace homeomorphic to /;. We may apply
the Bartle-Graves-Michael theorem to the quotient space F/K to produce a ho-
meomorphism between F and K x F/K (see [5, Theorem 8.1]). Since [, is obvi-
ously homeomorphic to [, x I, we have:

FGKxF/K'zlle/K gllx(lle/K)zlle.

Therefore, every infinite dimensional Fréchet space F satisfies F & [, x F
and, in particular, so does every Banach space.

Remark 2 As a consequence of Theorem 6.7 [9] and of a result of Eidelheit
and Mazur [7] all complete metric TVS’s have a translation invariane, strictly
monotone metric, Thus, every complete metric TVS has a metric satisfying the
hypothesis of Theorem 1.

Now, the proaof of Theorem 1 is similar in style to the Anderson-Bing paper
[3]. We actually show that:
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Gte0D 1, x3y WS, (€ [xM

(Step 2) 3 ,l[(z,lll\{o!) x (M\fo})]

S, @ ij i @
(Step ) =iz, "\ ) o (Ux )] vivon
(Step 4) ~ (Ell Il)w < M?
«(Step 5) > p©

where 177 = {{n*}e [2 111 A n].(ni) = 0} using 7, to mean the projection onto the

jth coordinate of = 1111’ and where

K':{{rq"—'[ ]“’ ,él |71~ }

using | | to represent the norm on 21111. The K¥s and [/’s occur as technical

difficulties, in that we construct a map which, when restricted to the complement
of these sets, is a homeomorphism.
As a consequence of the proof of Theorem 1, we also have the following:

Theorem 2 Let {(Mi, d¥)|i =1, 2,...} be a collection of complete metric
TVS’s such that each metric is translation invariant and strictly monotone, If
M1 x M’ for some j, then EllMi -~ ﬂ;:lMi.

We may generalize these results to obtain:

Theorem 3. Let E and E' be any two of the spaces c, L, (>0, Ma,).
Let M be a complete metric TVS with translation invariant, strictly monotone
metric d. Then M = M® if and only if both M =1, x M and M = 2 M. Also, if
{(Mi, d)|i=1,2,...} is a collection of complete metric TVS’s such that each

d! is translation invariant and strictly monotone, and if I, x M = M for some
. i i i
jr then SpM' x TIT_ M* 2 3 iM%,

2. Lemmas. We say that a subset K CM is infinitely deficient if there ex-
ists a homeomorphism b from M to I, x M such that h(K) C {0} x M. We say that
K CM is strongly negligible if, for every open cover G of M there exists a ho-
meomorphism 5 from M onto M\K such that for any x€ M there isa g€ G
which contains both x and h(x).

Lemma L. Let M be a complete metric space, K CM a countable union of
closed, infinitely deficient sets. Then K is strongly negligible in M.
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Proof. Lemma 1 in Cutler’s paper [6] contains this result.

A set KCM has property Z (is a Z-set) in M if for each nonempty, homotop-
ically trivial, open set U in M it is true that U\K is nonempty and homotopically
trivial.

We need the following two lemmas on Z-sets:

Lemma 2 The following are equivalent in 1,:

1. K bas property Z in 1,

2. K bas property Z locally in 1, (i.e. each point of K lies in an open set
O for which K N O bhas property Z in O),

Proof. See Lemma 1 [4].
Lemma 3. Countable unions of Z-sets are strongly negligible from 1.

Proof. See Anderson’s paper [2, Theorem 1.
Lemma 4 is a necessary technical lemma:

Lemma 4. Let M be a metric TVS with translation invariant, strictly monotone
metric d, Then, if {x } is a sequence in M converging to x and |t} is a se-
quence of nonnegative real numbers such that dit_x_, 0) converges to d(ix, 0),
then {tnxnl converges to ix.

Proof. Suppose {,} does not converge to ¢. Then there exists a subsequence
(call it {t,} again) such that

L.t >t + € for some fixed €> 0, all 7, or

2. t, <t~ ¢ for some fixed €> 0, all n.

But then
L dt,x,, 0)>d(t + x,, 0) — dt + é)x, 0) > dlex, 0), or
2, dt,x,, 0) <d((t - x,, 0) — d((z - &)x, 0) <dlzx, 0).

Contradiction. Therefore, {z } converges to t, and, hence {t"xnl converges to
tx.

Lemma 5. Any complete metric TVS M is homeomorphic to R x M/R where
R is the real line.

Proof. In Michael’s paper [10], Corollary 7.3 says: Let G be a metrizable
group, and H be a closed subgroup which is isomorphic to the additive group of a
complete, metrizable, locally convex TVS, Then there exists a cross section,
i.e. a continuous function ¥: G/H — G such that ¢ ¢ = identity where ¢: G —
G/H is the canonical map. Identifying R with a one-dimensional subspace of M,
we then have the homeomorphism

hM—MRxR
x — (¢(x), x — g o P(x))
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where ¢ is the canonical map, and where ¢ is the cross section guaranteed in
the above corollary.
Finally, we observe

Lemma 6. Let M be a complete metric TVS with translation invariant, strictly
monotone metric d. Then le(M, d) = Ell(M, d/(1 + d)).

Proof. The required isomorphism is the identity map. Just use the fact that if
{xii, yle 3, 1(M, d) and 37_ d(x;,y,) <1, then

i=1

dx,y) < dx, y)
2 Tl+dx,y)

S“(x,w yi), all i

The notion of summability is the same in both spaces. This can be seen by letting
{yil = 0 above, and applying the inequality to all elements in the sequence whose
absolute value is less than 1.

3. Proofs of Theorems. Note that it is enough to prove Theorem 1 to prove
Theorem 0. This follows from the fact that any infinite dimensional Banach space
B has an [ factor, i.e. B I, x B. (See Remark 1.) Thus SllB =B x EllB =

1, xBx ZIIB =1 x EllB. Also, Theorem 2 can be obtained by replacing EllM

by leMi in the proof of Theorem 1, and observing that the map is constructed
coordinate-wise,

Proof of Theorem 1. Applying Lemma 6, we will assume that the metric d on
M is bounded. We will first prove that I, x 21 lM is homeomorphic to M%,

Step L1 x%, M =3, [, 1) x Ml

Since 1, = 211(21111), I xZ, M= Ell(zllll) x EllM. But this is just
211[(211 1,) x M] when we use addition of the metrics, i.e. d'= | | +d where | |
is the norm on 2,1 I, and 4 is the metric on M. This is the same space when we

use p = max(| |, d) as well, since p < d’'< 2p. We will use p in the following.
Step 2.3, [(2, 1)) x Ml =3, [, 1,\0}) x (M\foh].

Now
%, 1%, ;N0 x (\ioh] = %, (&, 1) x MNCUL v (Un)]

where

L ={{¢* e E'l [(2,l 1) x M): ﬂz(fi) has jth coordinate 0},

M=l €3 (3, 1) x M: m, (€)= O
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Here 7, and my are the projections onto 3, /1 and M. Note that the LY and M!
are all closed. They are infinitely deficient since /, = I, x [, and M = [, x

M. Thus, by Lemma 1, [(UL%) U ({JM?)] is strongly negligible in 3, 1[(2'.111 D x ML
In particular, we have the required homeomorphism.

Step 3. 2, (5, 1,\0D x (M\IOD] = [(X, 1)*NU 1) U (U K] x [MN\O}®.

The I/ and K! are defined as follows:
. X o
IM=tiin*le [2,1111“’.”].(11’) =0}

and

k=1 1+ Ifkl

Ki= {{r"} e[Ellzl]“’: > 1 < i}.

Here, m; is projection onto the jth coordinate.
Define

b:E,l [(E,ill\{o;) x (M\{o}] — [(zll,l)w\(u Iif) U (Kf)] x [M\{o}]*
e (gx, 1yx,, .00, t % ye)

where ¢ > 0 is chosen such that

.0)
p(e x 0)--'3—"£—.

n n’ P( X1 0)
For n = 1, the denommator will be, by defmmon, 1, Note that x, is actually a
pair: x, {x M! with ! ezllll and x,; M e M. Thus t, %, {t xl t, xM}

Since p is strictly monotone and unbounded on rays, a unique such choice
exists. The map b is continuous since it is coordinate-wise continuous by Lemma
4,

Define

3:[(21111) x M]® — 211 [(5'.,l 1,) x M
by
ER R (slzl, $yZgs v0s S Z s 0ee)
where s> 0 is chosen such that
7, oz, 0)]
[l'I"+l (1 +p(=z,, 0))]

p(s,z,, 0

Again, a unique such point may be chosen.
To show that g is into 2, l[(z, . ) x M], observe that
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=) ~ p(z 0) > ( id 0)
5 | L - sy o £ | Dtz DY
n=1 n*l(l + P(Z »0)) n=1 i=2 (1 + P(zi’ 0))

Let 7, = d(z,, 0). Then, looking at the partial sums 8 of the bracket on the right

(f 1), we have by induction

S, =1-r,- ryeent o f /)l ) e Qe Y1 ar )

Note that 0<7,/(1+r) <1, all i. Therefore, letting u;=1=r,/(1+7)=1/1+ 7,
we have

2\ ... [T \g(l-—uz)...(l-un)
1+r2 1""n+1

Sexpleuy—uy—cee—u) since 0<u;<1, all i,

- exp 1 1 >
l+r2 l+r"+1

I£ 27 1/(1 +7) = o, then exp( - 1/(1 + 1) =ee = 1/(L+ 7 ) tends toward 0.
Therefore, the sum in brackets is 1, If 0 < 2‘:.‘;1 1/(1 + 7) <oo, then 0<

exp(-21/(1 + 7)) < 1. Hence, the sum is less than or equal to 1 -
exp(-Z1/(1 + r)). Therefore,

o0 1y lp(z . 0) hnd 1
i= i < P( , 0l1 - _ L
’E Lzz(l o 0))] z, l: exp ( 5 1+pz, 0))]

< oo,

By Theorem 15 5 of [11], we also have that oy (1 -u PO ET ju, <,
Now, let M - L, 1 )w\(Ul”) u( UK’)] x [M\{Oﬂ“ Then, we can show

that
g|.’:1, °h = identity on 211[(21111\¥0¥) x (M\{o})]

by writing out the composition coordinate-wise, and applying induction. Also,
glfh, is continuous since, given ¢ > 0 and {z.} choose N such that

Z plgllz D, 0) <s,

i=N

where g({z D), is the ith coordinate of g({z D). Then pick N (z)), a neighborhood
of the ith coordmate (i=1,...,N), such that given {z’ } thh z eN,i=1,2,
-, N, implies

p(g(izjl)i, g({z;})i) <e/4N, im1l,...,N-1,
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and, in addition, such that for N,, we have |p(z;, 0) - p(z,, 0)] < ¢/4N. Then,
given {zj’l such that z: €N, i=1,...,N, implies

T #lgliz)D,» g(iz'D)

isl

N-1 00 00
<X plglz D, g(lz;l)i)i- > p(g({zjl)i, 0)+ ZN (0, g({z;i)i)
i=N i

i=l

< (N = 1)e/4N) + /4 + ¢/4 + N(e/4N) < e.

This follows from:

El plgliz]D,, 0) < > plgliz;D,, 0) + /4N
in isl

t(z;, 0) p(z,, 0) + ¢/4N.

Therefore, 27 ’Np(g({z’.' D;» 0) <e/4 + N(e/4N),

Now, to show that b © glx’, = identity on M, we again write out the composi-
tion coordinate-wise and apply induction. Thus, we have that b is the required
homeomorphism,

step 4. 12, 1)°NU ) U (UKD] x M\O® o (F; 1))° x M.

Ve know that {0} is strongly negligible from M. Therefore (M\{0O})® & M®,
To show

[(2,11,)“’ L) o (Ux")] = (3, )"

we will show that each K’ and I¥/ is a Z-set.

First, we claim each K’ is closed. To show this, pick {x*}e (K/)° where
(K7)¢ is the complement of K’, Then 0.1/ |x*|) > j. Pick N such that
2231 1/(1 + |%*)) > j. Then there exists a neighborhood U of {x"!z’sl, uc
[2,111]”' such that 27 1/(1 + |y%]) > f for all {y*} € U. Then, let O = U x
u°,;’+1[z,llll. O is open in [2“11]“’, and {x*}€0. Also O N K/ = &, Thus K/ is
closed. Moreover, K’ is nowhere dense since it contains no bounded sequences
and is closed, and any open set must contain bounded sequences.

We claim K’ is a Z-set. Given a convex basic open set U and a map f: $"—
UNK?, look at f(S™), For all f(s) € U, > K?, pick a constant N such that

(0 =N, 1/ +](),)) > j, and

(2) U contains full factors from N on.
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This can be done since f(S?) is compact and lies in (K’)°. Then to each f(s) €
{(S™) associate the point {x,} such that (x;,+-«,xy) =(f(s);,--.,f(s)y) and

x, =0 for all k> N. Then, the line segment from f(s) to {x.} is not in K’, But
then, since ([T, lI 1Y = {int} e [z, 1]” 0 for all but a finite number of i’s}
is contractible in itself, we may defme a map / E** — UNK/ with | |S =f.
Thus, by Lemma 2, each K/ is a Z-set.

To show that each [/ is a Z-set, we can use an argument similar to the
above. Just keep away from the appropriate 0 coordinate,

Thus, by Lemma 3 [(U7¥) U (UK?)] is strongly negligible, and we have
the homeomorphism,

Step 5. (Ellll)“’x M® = M%,

21111 = 1,. Therefore (lell)(" x M®=17x M®. By Lemma 5, we have M =
RxM/R. Thus M® = (R x M/R)* & R®x (M/R)®, By Anderson’s paper [1] we
have R® & I, = l‘;’. Thus M & R“x (M/R)” & R x R“x (M/R)* I x
(R x M/R)®= I7x M®, Thus M® & IPx M” = (T, 1,)"x M®.

From Step 1 through Step 5, we have I, x I, M = M®. Also, Step 5 shows
that M“= [, x M®,

If we assume M X M“, then M X M“x I x M®x I, x M. Hence M = M® =
I, x EIIM =/ xMx E“M &M lelM QEIIM.

If we assume M [, x M and M gEIIM, then we have M gzllM =Mx
EIIM =1 xszwlM &/ x zllM &~ M2,

But, then, we have proven Theorem 1.

Proof of Theorem 3. Let E and E’ be any two of the spaces listed. If F is
a coordinate space, we define F*={{x"} € F: x> 0 for all i}. Then, Bessaga has
shown, i in [5], that there exists a homeomorphism 5: E * — (E")* such that, for
{x'}e E*, x7 = 0 if and only if = (b(ix? ) = 0. 7, is projection onto the jth coordi-
nate,

Let d’be the max metric on / 1 X M, and define

H: ZE(Il X M) —'25.(11 X M)
PANCRIER
where each ¢; > 0 is chosen such that {d'(¢,x;, 0)} = b({d'(x;, O)}).
Then H is 1-1 since, if {t;x,} = H({x }) = H(y D) = {s,y,}, then b(id'(x,, O) =
b({d'(y,, 0)}). Hence, d'(x;, 0)=d'(y,, 0) for all i. But then {x;} =1{y;} since
d' is strictly monotone.
H is onto since, given {y,}e Z5+(; x M), choose {s; ;¥;} such that

{d'(s;y;, O} = b'l({d'(y 0)}) Then H(s,y ) = {y,} since d' is strictly mono-
tone, ThlS also shows how to define H™ 1
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Now H and H™! are continuous by Lemma 4. Note that the same proof works
if we allow M to change.
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