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ISOMETRIES OF *-INVARIANT SUBSPACES(1)
BY
ARTHUR LUBIN

ABSTRACT. We consider families of increasing *-invariant subspaces of
H 2(D), and from these we construct canonical isometries from certain L2 spaces

to H2. We give necessary and sufficient conditions for these maps to be unitary,
and discuss the relevance to a problem concerning a concrete model theory for
a certain class of operators.

1. Introduction. Let H? denote the usual Hardy class of functions holomor-

phic in the unit disc D. Beurling showed [2] that any closed subspace invariant
under multiplication by z is of the form s(2)H?, where s is inner. Here we con-

sider the *-invariant space M= (sH2)!, where s is a singular inner function. It
is well known (see [5] for details) that

i0
s(2) = exp _J‘021r ei9+ Z at9)),
e -2z

where ¢ is a finite positive singular measure.

In §$2, we decompose M into a *‘continuous chain” of increasing * -invariant
subspaces, and from this chain we construct a canonical isometry from a certain
L2 space onto M. This generalizes a map used by Ahern and Clark (1], and
Kriete [6]. In §3, we give necessary and sufficient conditions for this map to be
unitary, and in $4, we examine some measure theoretic implications of these con-
ditions. In §5 we generalize our methods, and finally, in $6 we show relations of
these isometries to concrete canonical models of a class of operators defined by
Kriete [7], and point out relations of our work to his.

We consider only singular * -invariant subspaces since in the general case,
¢ = s+ B where s is singular, and

Ea—z

B(2) = II I

|1-az
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and by writing (¢H?)* = (BH)L @ B(sH?)', we can consider separately the
singular and Blaschke product cases [1l. If {(B H?)} is any family of increasing
* .invariant subspaces of (BH?)?', it follows that each B, is a subprodict of B.
Relabeling if necessary, we assume B has zeroes a,, «++, a, _ 1> and then
7 1, b () =(1-]q) 3% B(2)(1-3;2)" 1, forms an orthonormal basis for
(B,HH* [11). Then (Vic,)(2) = £2_ ¢ b (2) maps I? unitarily onto (BH?)! in
a canonical manner. We thus restrict ourselves to the singular case where fami-
lies of subspaces are uncountable, and hence such natural orthonormal bases do
not exist.

2. Constructing isometries. For o a positive singular Borel measure on the
unit circle T (which we identify with [0, 27]), we say {o,}, .1 is a (right) con-
tinuous chain if

(i) 04, =0; 0, is the zero measure,

(i) if A<y, (0, - 0,) is a positive Borel measure,

(iii) @A) = o\(T) is a (right) continuous function of A.

Ve note that (i) implies that 0, <o u» A < and hence the only possible
atoms of o, are atoms of ¢. In what follows, the subscript A will implicitly
range over [0, 27].

Given a singular inner function

elf - z

[ e
s(z) = exp —fe +zdf(0)]

and a right continuous chain {o,}, let

[ i
s)(2) = exp| - fe A zdax(e)],

-z

My = (s,H)*, and
P, be orthogonal projection on M,.

We denote M, by M and P, by P, and note that since s, is a singular inner
function dividing s, {M x} is an increasing family of *-invariant subspaces of M.
From Beurling’s theorem [2] and the continuity condition on @) = 0,(T), we have

the following proposition.
Proposition 2.1. (i) M, = n“»M#.

(ii) If oy} is a continuous chain, then (U, M ) is dense in My,

B<A

Details of the proof can be found in [7]. Thus, 2.1 shows that the increasing
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family of projections “’A} is right continuous in the strong operator topology.
For z € D fixed, and 1 the constant function,

(P, 1(2) = 1 - 5,(2)5,(0) = ([0, AD
is a complex Borel measure on [0, 27].

do(6)

v, (0, \) = [ ——

0 1-ze

is also a Borel measure, and a simple computation shows that p _(E) =
Je 25,(s)(0) v, (), i.e., du () = 25\(2)5,(0) v (A). Thus, v=v, and p=p,
are equivalent, i.e., mutually absolutely continuous, positive measures, and

Ula, b)) = 0,(T) -0 (T).

Proposition 2.2. There exists F(z, A) such that for each z € D, F(z, X) €
L®W) and dv () = Flz, \) @A),

Proof. Fix z €D and let C_ = sup,|1/(1 - ze~*)|. Then for (a, Bl C T,

J‘Zﬂ

so |v,(E)| < C_UE) forall ECT. Fz M) is just the Radon-Nikodym derivative
of v, Kv.
Thus, g, <, so for c € L%(y) we define

(Va2) = [27 N de,O) = 2 [ 27 sy (s,(0)Flz, X) ).

a(ob o )( 0)

v, ((a, )] = < C h(a, ),

Proposition 2.3. V: L2 — M is an isometry.

Proof. Let X(a, ] be the characteristic function of (a, 4], and S the closed
linear span of all such x. Since Vx( 5] = P,1- P,1 is the projection of 1 onto
M, © M, V maps S isometrically into M. For c eLz(p), c,— 6 lc,}CS, we
have {Vcnl Cauchy in M, and since for z € D fixed, (Vc n)(z) —'(Vc)(z) V is
an isometry on all of L%(p).

Proposition 2.4. Let ¢ € L¥(y).
(i) If N =0 a.e. for A> a, then (V) € M.
(ii) If dA) =0 a.e. for A< a, then (Vo) € M:'= saHZ.

Proof. For continuous ¢, (Vc) is the limit of Riemann sums and the proposi-
tion is clear. The general case follows by continuity.
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Corollary 2.5. Let Q,: L¥u) — LAy by

(0, = ), x<),

=0, x>\
Then P\V = VQ,.

Proof. (V) = iy 51¢(#) dPAl) + Jix,2m] () AP, 1). Since the first summand
is in M) and the second is in MA’ we have (P 1% ) ji:o N dx) dP,1) = V(Qxc)
Since c is arbitrary, the proposition follows

3. Conditions for unitary maps. We know that V(L%(y)) is a closed subspace
of M, and we now consider when V is actually onto. It is clear that a necessary
condition for this is that {o,} be a continuous chain, since if ¢,(T) has a jump
at )to, define

o(E) = lnn o, (B

€-40

)\6(

and let

i0
3 = exp[- f & zd«?(o)].
e -2z

Then S is a singular inner function and V(Lz(pl[o A ))) C(SH)* and
V(L ("I(Ao 2”])) Csy H 2 s0 N= (SA H)t e (st)J' is an infinite dime nsional
subspace of M, since o, #0, and N caanot be contained in V(L?). Thus, we
now assume that all chains {o,} are continuous, which is equivalent to assuming
that p and v are nonatomic measures. _

For { €D, let Ky(2)=(1- S({)s(2))/(1 - {2) be the projection of the repro-

ducing kernel (1 - ¢2)~! onto M. One can see that K ¢ is in the range of V iff
) Fz )+ BN -1=Fz ) G N1-2) ae. D]

holds for all z € D. Since the linear span of the K, is dense in M, V is onto
iff (%) holds for all £ € D, which is equivalent to F(z, ) = (1 - ze~#/(A\)-1 o
some real [ Details for this are found in [10].

Ve get this result more simply by following the methods used by Kriete [7].
Kriete constructs a unitary map

F: M= D= [T LA, AN,

where 9 is a direct integral space. The measures v ) are defined by the relation
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Jsaa0- [ ([, k0 d ) a9

for all b € C(T) [7, p. 133]. It is easy to see that our isometry V is the unitary
map F-1! restricted to D,, the set of functions in ) dependmg only on A, i.e.,
if B\, 6) efDAC 9, then for each Ag b()to, 0) el (VAO) is constant a.e. [VA IR
Thus, V is onto iff Dy = D. As Knete remarks [7, p. 137], this holds iff v, =
8/“), a unit point mass at f(A). If we consider bz(0) (1-ze-19)-1¢ am),
we see that

JE G-z toy@ = [0 (7 (1= ze) @(0)) dk),
so we have F(z, A) = fom(l - ze~i%)-1 dv,(0). Hence, we have

Proposition 3.1. V is onto iff there is a real { such that F(z, ) =
(1-ze~fAN=1 g e [V, ie.

d [fo’” (1- ze~i)- ldax(e)] =(1- ze-"’“’)-ld[j’:" ab,(e)].

Ve note that K = 1 - s(2)s(0) = P1 = W(1) is always in the range of V.
From this, it follows that V(L?) cannot be * -invariant unless V is onto.

4. Descriptions of the chains of measures. We now examine more closely
what

do ,(6)
w W) 1
() d[fo - ze"'“’] = - ze-i/(h)dv(»

implies ahout the chain {0,}.

Proposition 4.1. (*#) bolds iff for all A, o,(E) = U(f~E) n [0, AD), for
all ECT.

Proof. Suppose (**) holds, so that v, = §;(,)- Then for EC T, consider
H6) = x(6) in the equation defining v,. Thus,

A8 = [ xe @@ = [} (f, x50 b, 0) ko)

= Iy (J @) 09

A
0 X;-1 )(s) afs) = U/~ E) n [0, AD.
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Conversely, suppose 0,(E) = A~ XE) N [0, A]). Then we get [}v _(E)dfs) =
fo X;-1g, (s) diAs). Since A is arbitrary, we have that v _(E) = XI_I(E)(S) a.e.
[vl,so v= 8/( ) and (**) follows.

A general finite positive singular ¢ can be wntten as o = E’ a}8’ + 0, where
a;>0, Ea, < oo, 8 is a unit point mass at 0] and 0 is a contmuous singular
measure. Then if {0“3 is a continuous chain, o) =2a (A)S ;i + o \» Where for each
j» @; is a continuous xncreasmg function of A, a(0) = O al(2n) =a, and 0} is
a contmuous chain for 0. If we let v ([O M)=a (A) and v'([0, )t]) (T),

then dA)) = d[oA(T)] 2 adv ()t) + dv()\)

Proposition 4.2. Using the above notation, (**) holds if and only if the
measures v, , j=1,2,+++, and v are mutually singular, {(0) = 0,. a.e. [ui],
and ‘?‘X(E) =2/~ XE) n [0, AD.

Proof. (*¥ implies that

for d5,(0) a; () P @0 _dvo

=+ == - _—
0 - ze—i0 P l_ze-ne, ] l_ze-ze (] 1—ze"e

Since each side is a holomorphic function of z, we equate the nth derivatives
evaluated at 0, and we get

. ~ -in6, . . ~
[ e=m0ag\@ + Te e = X [F e o) + [Fe-n0aig).
i i

Taking complex conjugates, and then considering linear combinations and mono-
tone limits yields, for any bounded Borel function b,

T 40 d5\@ + TuO)a W - T [ U1 v, + [ Upio) 4O
7 7
Let b,(60) = xj BK}(O) and By = {~1({6,}). Then
a = [} @ = x5 @ <}; b )+ da'(o)>.
7
Since A is arbitrary, we have

[ 0 = z Jens,, 0+ Jens, 4O

Hence, vy is carried in B K> and

V(B =v(Bp) =0 if a %K
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Clearly f(6) = 6, a.e. [v;], and considering only (UgBy)®, Proposition 4.1
completes the proof.

We note that given any Borel measurable f: [0, 271 — [0, 27], and any
continuous singular o, there is a Borel measure v such that A/~ (E)) = o(E)
[9]. If we choose such a v and define o,(E) = f~(E) N [0, AD), then {o,} isa
continuous chain with corresponding F(z, A) = (1 - ze~#A) =1, Thus, all chains
arise in this manner, and any onto f may occur.

It is difficult to determine whether a given chain {oxi, where o is continuous,
satisfies the condition of Proposition 4.2. We now consider those chains obtained
by letting o, = o Ay i.e., o restricted to A,, where {A,} is an increasing family
of Borel sets. We see that if (A, - By) U (By — A,) is countable for all A, then
a a = al B\ for all continuous o, so it suffices to consider collections {A,}
modulo thls equivalence relation. We now suppose that {o| A } is a chain which
satisfies (¥) for all continuous singular o, and we characterize the
collection {A,}.

Ve first note that continuity of the chain {0,} implies that §, =
(4, - Up,q ) and D) = (n/»)« .~ 4)) are at most countable for all A. (If
not, one could find a continuous o carried in S, or D, , and a)) = ox(T)
would jump at A;.) Hence {A,} is equivalent to {n“>AAp}, and we may assume
that A, = n;»xA We may also assume that Ay =@ and A, = [o, 2nl.

For x €[0, 27, let A= inf{A|x € A,}, and defmc ®) = A . Then

YD) = bly e 4, ,A<A =y A }_s,‘ , and y~ ([0, AD = U,“AS
U (A u U A ,) = A, so y is Borel measurable and y~ ) is countable
for all p. Hence there exists a countable (perhaps finite) collection of disjoint

Borel sets {B } with U B; =[o, 27, Y —yIB 1-1, ¥(B; ) D ¥B, +l) (4. For
any contmuous o, defme o by

.
o8 =oly; UN =0"/(s), SCT.
Let B,.: [0, 27] — [0, 271] be defined by

B =y x if xey(B),
=0 if x kyi(Bi).

Then 0.(5) = o{B($)) since offod) = 0.

Now, suppose S, = (4, - U NG} ) has at least two elements for all A € E,
where E is uncountable. Then lB } has (at least) two uncountable sets, B, and
B,. Clearly we can choose a contmuous singular ¢ carried on S Y1 ‘(yz(B U
B such that oly7(S)) = 0 (8) = oly; U8) =0 (S) forall SCT. Then 0(S) =0
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if j>2, and v([0, AD) = 0,(T) = 0(4,) = oy~ [0, N)) = 20,0, AD =
(o, +0,)(0, A = 20 ([0, AD.

Since {g,} satxsfxes (**) for some f, we have

0 w0 dol6)
0. ze-af(eg 0 . ze=i0 JAy | _ ze-i0
) dA6)
,Z- fy.‘ 10, 1 - ze=%¢
do (6) o (6)

I e
0 ze-xpl(a) 0 | - ze~iB2(6)

S P U2 BION 14 (14 2o 82O -1 agg,

Comparing nth derivatives at z = 0, we have, since A is arbitrary,

2e-inf(8) - =B  =ink2®) vl

Thus, 8,(6) = 8,(6) a.e. [v], which is impossible since B, N B, =& and
B0) € B,. Thus, the set E is countable, and by taking an equivalent collection
{A,\}, we may assume E=g.

Proposition 4.3. Suppose {A,} induces a unitary map V: LAy) — M for all
continuous singular 0. Then

(Ax -U A,;) =lp\h, A€E
B>A

=d, A €ES,

for some set E. Further, (¥+) holds with {(\) = p,, A, = f(E N[0, A]), AS) =
o(f(E N S)), and AE®) = 0. '

Proof. We have proved all but the final statement:

,u,>k

={AA = A = (%) for some x €[0, 271} = [0, 27)).

Let x € Ay. Then xeA,‘ for A_<A so x €5, < Thus, S,‘ ={x} and x=
1) € {(E nlo, AD. Letxe/(En[O AD. Tbenx /(A),A <M A €E
Hence, x €A xQA ,s0 Ay=f(EN[0,AD. 0,(8) =4/~ (5)0[0 )t]], so
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UUS) =o(f(S N E)) forall SCT since f|g is 1-1.
Thus, L E°) = 0.
Conversely, if {4,} is an increasing family of Borel sets with
@) 4y=9, A,y =0, 201,
Gi) N A= 4,, and

Al- U A#={PAL AGE,
(i) K=

>N

=¢1 heEc’

for some Borel set E, we can define f(A) = p, if A €E, f(\) =0 if A € E°,
Then f is Borel measurable by Kuratowski’s isomorphism theorem [8). If we let
o\ = o Ay then {o )\} is a continuous chain satisfying (**), and hence induces an
onto map V.

5. More general isometries. The isometries we have defined are closely re-
lated to the map U= [e'*dP,: M — M. (This is defined as the limit in the
strong operator topology of appropriate simple functions. See [3] for details.)
This leads us to examine the special role played by the function 1.

.AProposition 5.1. V: L¥y) — M is onto if and only if 1 is cyclic for
[€'*dP,. More precisely,

Range (V) = span{U”1}_

Proof. Since AP, [2" ()) dP, () = «(x) dP,f, we have U" = [eim™rap,,
n=0, 1, +--. Thus, U?1= V(e®N). The proposition now follows since {e
is dense in L(y).

For € M, define p ([0, A) = (Pyf, /). Then p, is a positive Borel measure
and we have V: L (u ) — M defined by (V,c)(2) = [ c(A) dP,/)(2). Analogous to
V=V, we have

inA;

Proposition 5.2. V: Lz(y ) — M is an isometry. VQ, = P,V, where Q,:
2(u/) —L ("'/|[0 N) o restrzctzorz, and Range (V) span{ U™/}

n= 00"

Now, given l0,}, Is,}, and {M,}, we can ask whether some VL (I.L )— M
is unitary. We show below that V =V,: L¥y) — M is the best candxdate for a
unitary map.

Lemma 5.2. Let g, (2) = 2", Then for z €D, n> 0, u(")([o, A = (ngn)(z)
is a complex Borel measure. Forany z € D, n> 0, y(") < p.

Proof. The proof follows by a simple induction.
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Proposition 5.3. Suppose V: LXu) — M is onto. Then V: L¥y) — M is
onto.

Proof. If V, is onto, there isa ¢, € LAy ,) with

Wyep= [T e, WP,/ =1- S20) = [27 AP, 1.

Then, dP,1)(2) = ¢ (X) &P, /)(2) for z € D. In particular, c,(A) AP, /)(0) = du().

Suppose p.,(E) =0, FCE. Then 0= ||xF||z2( )= I V/Xp“f,b so Vxg = 0.
Thus, 0=(Vxg) = [ AP, /)0),s0 p(F) = 0 and p < p,

Suppose p(E) = 0. Then by Lemma 5.2, [xg(A) dP\: M — M annihilates 2"
for all > 0, and is hence the zero operator. Hence, [ dP,f=0= (V/XE) and
Hy < pe Thus, given c €L (u ), ¢/ c, is well defined with respect to the measure
algebra of p, and

Iel f |2 du ) = [ |02 APy, /)

- f1« VP

Thus, Vl(C/Cl) = V/(c) so V, is onto.

dP,1,1) = Il—ll
)| L2

6. Conclusion. Let {o,} be a chain yielding a unitary V: L¥(du) -22 M,
with F(z, A) = (1 - ze~¥/M)=1, Then, by techniques similar to those of Ahem
and Clark [1], who aised o, =0} ©.3) which corresponds to f(A) = (1 - ze=#) -1,
we have that

(V') = Lim (2rs) ()1 [ gle?)53(re™0)1 - e/ V)14,
r—1
If T: M — M is the restricted shift defined by Tg= P, zg, g € M, and M, K:
LHp) — L%u) are defined by
o (T)-o\(T)

(MO = e/Ned), (KW = 2 fo*e o) dA9),

then T = V(I- KMV*. Thus, we say that V implements the concrete model
theory for (- K)M)*. This is a special case of a class of operators considered
by Kriete [7]. In the nononto case, V(L)) is the image of a certain one-dimen-
sional section of D. It is not clear whether this space has any special signifi-

%

cance with respect to restricted shifts or * -invariant subspaces.
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