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ABSTRACT. The space of summands (with respect to vector addition) of a
convex polytope in n dimensions is studiede This space is shown to be iso-
morphic to a convex pointed cone in Euclidean space. The extreme rays of this
cone correspond to similarity classes of indecomposable polytopes. The de-
composition of a polytope is described and a bound is given for the number of
indecomposable summands needed. A means of determining indecomposability
from the equations of the bounding hyperplanes is given.

1. Introduction. If A and B are convex compact subsets of E”, their
Minkowski sum, A + B, is defined

A+B={a+b:acA beBh

Analogously M ={\a: @ € A} for A> 0. C is said to be indecomposable if the
decomposition C = A + B is possible only when A and B are each of the form
M + {x} for some nonnegative X’s and vectors x.

Indecomposability was introduced by Gale [2] in an abstract which contains,
without proof, numerous observations concerning decomposable and indecompos-
able sets. Griinbaum [3, p. 243, 244] mentions the addition of convex sets in

connection with measures of symmetry and calls attention to the question of deter-
mining the necessary and sufficient conditions for a polytope to be indecompos-

able. This question was studied by Shephard [7] who found a sufficient condi-
tion which deals with the combinatorial type of the polytope. The purpose of
this paper is to answer Grinbaum’s question by giving the necessary and suffi-
cient condition. We also show that any polytope can be written as a sum of inde-
composable polytopes, and we give a sharp bound on the number required. This
refines a result announced by Gale [2]. More complete details of the outline pre-
sented here can be found in [6]. McMullen [5] presents an alternative approach
to the same problems.

2. Preliminaries. Rigorous study of polytopes can be fruitfully based on
the support function and the tools of linear algebra. The support function of a
compact convex set O, denoted KQ, u) is defined on E" as follows:
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O, ) = sug (x+u).

In these terms, the supporting hyperplane to Q with outer normal u (u different
from 0, the zero vector) has equation x+uz = KQ, u). We denote by S(Q, u) the
intersection of Q with this hyperplane. In symbols S(Q, ) = {x € Q: x+u= KQ, »)}
when u#0. If u=0, S(Q, ) is not defined.

We will write R < Q provided dim S(R, ) < dim S(Q, #) for all u# 0. The
following theorem of Shephard [7] shows the value of this relation and is central

to our methods:

Theorem 1. There exists a polytope S so that R + S = Q iff R<Q and, for
each u# 0 for which S(Q, u) is an edge of Q, the corresponding face S(R, u) is
either a vertex or an edge of R no longer than S(Q, u).

The following result [6] (also discovered independently by Flowers [1]) will
provide a useful alternative to the definition of the < relation.

Theorem 2. If R, Q are polytopes in E", n> 2, then the following are equiv-
alent:

(a R<Q.

(b) dim S(Q, ) = 0 implies dim S(R, u) = 0.

(c) If we denote by Np(F) the set of all outer normals to hyperplanes which
intersect the polytope P along the face F, then for each u# 0, NQ(S(Q, w) C
N (S(R, u)), and consequently ING(Q"): Q' is a face of O} is a refinement of
{NL(R): R’ is a face of R}

If 9<R and R<Q wecall R and Q locally similar and write R ~ Q.
Local similarity is clearly an equivalence relation. The equivalence class
determined by Q will be denoted [Q]. If Q <R but it is not the case that 0 ~ R,
then we write O <R,

3. The summands of P. For the remainder of this paper, P will denote a
fixed n-dimensional polytope in E", where n> 2. {ul, Uy oo, ull will denote a
set of outer normals, one for each n - 1 dimensional face of P. Henceforth, sub-
scripted #’s will always refer to this set of normals. The space of summands of
P, denoted XP), is defined as follows.

Definition. &(P) ={R: there exist a Q and A> 0 such that R + Q = AP},
(Alternatively, by Theorem 1, &(P) ={Q: 0 < P}.)

It is not hard to see that &(P) consists entirely of polytopes and is a closed
convex cone. Furthermore, all members of XP) are formed by intersecting half-
spaces with outer normals among the .. That is
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Lemma lo I[ R €&P)’ R={X: x.uisb(R’ ui) /Or i:zl’ 2,000,/}.

Proof. Suppose R is n-dimensional and R+ Q = AP. R is the intersection of
the half-spaces containing R which are determined by those hyperplanes generated
by the n — 1 dimensional faces (see Griinbaum [4, p. 31]). These half-spaces are
among the half-spaces {x: x- u; < KR, ui)}; i=1, 2,+«+, f, for the following rea-
son: for any #, S(Q, u) + S(R, u) = S(AP, u) = AS(P, 4) and so dim S(R, v) =n -1
implies dim S(P, u) = n ~ 1 whence  is one of u, uy+++, u, Thus nfl{x:
xeu; <HR, u)} CR. Butclearly R C n’lix: xeou, <HR, u)h

Now if R is not of dimension 7, it has dimension <n. Let R'=R + P,
clearly an n-polytope since P is and since R, P CE" Since h(R', u) = KR, ) +
KP, u) we have

R+P=R'={x:xou,; <HR', u),i=1,+, f}
ez xeu, SBR, )y i=1,000, flelasxou, <HP, u), i=1,000, f}

={x:x-ui_<_h(R, ui), i=1,00+, f}+ P,

Therefore, RO {x: x+ u;< MR, u), i=1,+++, f. But by definition of the support
function R Cx: x+u, <HR, u), i=1,00, fh
This lemma may be used to show:

Lemma 2. Suppose F = S(R, u) and is a face of R, where R € P). Let U’
be the maximal subset of U =1{u,+++, u} with the property that F Clx: x+u; =
KR, u)} for all u; € U' (alternatively, F CS(R, u))). Then dim F = n - dim U".

Now we define a mapping A: XP)— E/ by
AR) = (KR, u), H(R, uy),+++, KR, u)).

The mapping A is clearly linear and continuous (in terms of the Hausdorff metric
on P)) because R — KR, ) has these properties. Lemma 1 shows that A is
1-1. It is not hard to show that if A(Qi) — A(Q) then 9,— 0 so A~ is con-
tinuous as well. Consequently, we will sometimes work with the closed convex
cone AXP) instead of XP) so that we can use the tools of linear algebra. Re-
sults about &(P) will translate immediately into results about AXP) and vice
versa.

Now for the main machinery. We will associate with each local similarity
class [R] a set of linear homogeneous equations and inequalities in f variables.
It will turn out that the set of f-tuples of real numbers satisfying this system of
equations and inequalities is precisely AlRl. To define these equations and ine-
qualities we associate with R certain distinquished subsets of the indices 1, 2, s,
f as follows. Suppose we have 7 + 1 of these indices, say 1, 2,+++, 2+ 1, such
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that the hyperplanes x+u; = bR, u) for i=1, 2,+++, n have as their entire inter-
section a vertex of R, say r,. Then we call {1, 2,+++, n+ 1} a *‘vertex set” of
indices for the polytope R. Such sets come in two types:

(1) rygeu,, ,=HR, u,, ) (i.e., all hyperplanes are concurrent at r,);

(2) rgeu,, , <HKR, u,, ) (i.e., the hyperplanes are not all concurrent).

In case (1), we say {1,+++, n+ 1} is a vertex set of type E(R). In case (2),
we say it is of type I(R).

In either case, there is an (7 + 1)-tuple of scalars Aj,++, A ., such that
2’{” Aju;= 0. Since the hyperplanes x+u,= KR, u) for i=1,+++, n intersect
in a poiat, the u,+++, u, are linearly independent and the (7 + 1)-tuple of A;’s
is essentially unique (to within a scalar multiple) and A, , # 0. Ve can assume
X"H > 0. and henceforth we do so. In case (1):

0=ry (f )tiui) = ’f Aroou) = "i:l AHKR, u).

In case (2):
n+1 nt1 nt1
0=ry ( p> )‘i"i) =X Ai(ro-ui) <Y )tib(R. ”i)’
1 1 1

Lemma 3. (1) If Q <R and | is a set of indices such that there exists a
vertex r of R with reu;= KR, u,.) when i € |, then there exists a vertex q of
Q with qeu;=bQ, u) when i €].

(2) If Q <R then there exists a set of indices of type KR) which is also of
type E(Q).

Proof. (1) Suppose Q <R with Q+ T=AR and 7=S(R, ), 4= 5(0, v), t=
S(T, u). Then g +t= M and

(%) qou; SKQ, u), teu,<KT, u)
for each i by definition of the support function. Consequently
Mew,_ qeu+teu; < KO, u..) + KT, u)

= KO+ T, u) = KR, «)

(%)

with equality iff equality holds in both of (). But for i € ] we have equality in
(*%) whence we also have it in (*).

(2) If Q <R then by Theorem 2 there exists # such that $(Q, u) = ¢, a ver-
tex of O, while dim S(R, 2) > 0. S(R, ) therefore contains at least two distinct
vertices of R, say 7, and r,. We can find indices, 1, 2,+++, 7+ 1, say, such
that
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(a) 8 is the unique intersection of hyperplanes x. u; = KR, "i)’ i= 1000, m
(b) r, lieson x+u,, , = MR, u,,,) but r; does not. Now suppose Q+ T =
AR with tt, € S(T, u) such that

g+t =X,  q+t, =)v2.
As before we have

)v’.-ui= qeu;+tiou; < KQ, u) + KT, u) = KAR, u)

with equality iff g+ u; = Ko, "i) and t;eu;= KT, u i)' But when j=1 we have
equality if i=1,+++, 7 and if j=2 equality holds when i=n + 1. Consequently,
geu;=KQ, u) when i=1,-++, n+ 1, making that set of indices an E(Q). But
(a) and (b) guarantee that this set is an I(R).

Lemma 4. Let 8,, 8,,+++, 8, be real numbers such that
(a) for every E(R) with 2, ¢E(R) Mi¥; = 0, we bave 2, E(Ry MO =0, and
(b) for every KR) with X, 4 py A, =0, we bave X, 28> 0.

el(R)
Thenif Q={x:x+u;<8,i=1-++»f}, Q<R

Proof. We will show that dim S(R, #) = 0 implies dim S(Q, #) = 0 and then
rely upon Theorem 2. Suppose S(R, u) =7 and r lies on x+u,= KR, u) fora
maximal set of indices J. By Lemma 2 there exist at least n indices, say 1, 2,
+++ n, in ] which correspond to a linearly independent set of #;’s. The corre-
sponding x+u;= 0, i € ], are concurrent at a point 9, (if ] contains only 7 in-
dices this is obvious; if | has more than n indices we rely on part (a) of the
hypothesis).

We next show that ¢, € Q. For if not, then

(%) 9o u;> 8, for at least one i

where i ¢ ], for convenience, say i=n+ 1. Now {1, 2,+++, n+ 1} is either an
E(R) or an I(R) (recall that rotU;= KR, u'.) if i=1, 2000, n)s Soif 2'1""1 Au,
=0, A, ,>0, then 2’{” A;3,> 0 by hypothesis. But () yields

ntl . nt1 n+1
O=qo-(§ )t,.ui) = ; )ti(qooui)> 21 Ad,

a contradiction.

Now let g be any point of Q. We wish to show g.u < 9, u with equality iff
9=4, (here u is the earlier mentioned vector such that o= S(R, u)). This will
show that S(Q, ) = g, and dim S(Q, ») = 0.

Ifid], Tou; < bR, u i) and so we can choose a nonnegative A sufficiently
small that
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roru;+ Mg -qg) u, <hR, u)

whenever i ¢ J. If i € ], we have
roru; + Mg —qp)eu;= MR, u) + Nq-u) - N,

for any A > 0.
But since ¢ €Q, g-u,;<§,, so

ror4;+ Mg -qp)eu; <HR, u) foric€].
Therefore, if A> 0 is sufficiently small,
Tt U+ Mg - qo) cu; < KR, ui),

for any i whatsoever. By Lemma 1 this means r, + Mg - qo) € R for the appropriate
A But then, since ry = S(R, ),

[rg+ Mg-gl-u< KR, &) =ryeu
with equality iff r, + Ng - qo) =71,. Equivalently,
qeu< qo cu
with equality iff ¢ = q,. This finishes the proof.

Corollary 1. If O, R € XP) then the following are equivalent:

(1) 9<R

(2) (a) Each E(R) is an E(Q), and (b) each IR) is an E(Q) or an I(Q).
(3) (a) For every E(R) with X, ER) Au; =0 we have 2, E(R) A M0, ui) =0,
and (b) for every KR) with EieI(R) Aju;=0 we have zm(R) )tib(Q, ui) >0.

Now to each R we can associate a set of linear homogeneous relations as fol-
lows. For an index set of the type E(R) where Ei €E(R) Aju; =0, assign the equa-
tion £; p gy A£; =0 in the variables ;. Foran I(R) corresponding to
2, Ry N4y =0 we assign 2, p A€, > 0. Our last result shows that these rela-
tions depend only on [R], that is if Q ~ R then Q gives rise to these relations
too. Define e R] and #R] respectively to be the essentially unique systems of
equations and inequalities respectively corresponding to E(R) and I(R) respec-

tively.

Lemma 5. (1) A(R) is the solution set of e[R] U AR, a relatively open set
in the flat determined by €[ R).
(2) Q<R iff AQ) erel bd(A[R]).

Proof. Part 1 follows from the last result and Lemma 4.
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As for (2), if Q <R then part (2) of Lemma 3 gives A(Q) € rel bd(A[R]). On
the other hand, if A(Q) € rel bd(A[R]), then A(Q) ¢ A[R] since A[R] is relatively
open. Thus it is not the case that Q ~ R. But A(Q) € A—[-ET c XR) so 0 <R.
Thus Q <R.

At this point it is possible to give a condition for indecomposability of a
polytope based on the recognition that R is indecomposable iff A(R) lies on a
face of AXP) of dimension 7 We shall not prove this because, by restricting
ourselves to polytopes with Steiner points at 0, we can get a more pleasing re-
sult. Similarly, we can now represent any AQ in AYP) as a positive combina-
tion of points lying on extreme rays of AXP). To achieve a better result we now
investigate polytopes with Steiner points at 0.

4. Polytopes with Steiner point at the origin. The Steiner point of a poly-
tope [8] may be defined

41 s(P) =lZ vip) »,
1

where p,s+++, p, are the vertices of P and V(pi) is the ratio of the » ~ 1 con-
tent of that portion of the unit n — 1 sphere centered at 0 cut off by N » (pi) to
the n -~ 1 content of the whole unit n - 1 sphere.

The Steiner point mapping P — s(P) has some interesting properties [8] among
which is: s(P + Q) = s(P) + s(Q). Given a polytope P it is therefore clear that
by choosing x = — s(P), the translate P + x is the unique translate of P whose
Steiner point is at 0.

Henceforth, we restrict ourselves to sets with Steiner point at 0. In so doing,
no decompositions of a set are really ‘‘lost’’ provided we are content not to dis-
tinguish between two decompositions, one of which consists of sets which are
translates of the corresponding sets in the other decomposition. Forif A+ B=C
we have s(C) = s(A) + s(B) whence (A - s(4)) + (B = s(B)) = (C - s(C)). The sets
in the latter decomposition have Steiner points at 0. The appropriate definition
of indecomposability becomes

Definition. A is indecomposable if A = B + C is possible only if B and C
are of the form M for suitable nonnegative A’s.

We will use the following notations:

So(P)=10: 0 €XP) and s(Q) =0}, [Ql;={R: R €[Q] and s(R) = 0}

We shall now show that restricting a polytope to have s(R) = 0 as well as
R ~ O amounts to adding 7 more linear homogeneous equations to those defining

ALQl.
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Let 7., 7,54+, 1, be the vertices of P. Each r; can be gotten as the inter-
section of certain of the hyperplanes x.u; = MR, "i) (see Lemma 1) and so has
coordinates which are linear homogeneous functions of the quantities A(R, ui) (if
we solve for a coordinate using Cramer’s rule, one column of the determinant in
the numerator has the AR, ui) as entries). Furthermore, if QO ~ R then to each
vertex r; € R there exists a vertex q; € O which is the intersection of the corre-
sponding hyperplanes x+u, = h(Q, u)) (Corollary 1, part Aa)). This ¢ ; has coor-
dinates which are the same linear homogeneous functions of the KQ, u).

By Theorem 2, @~ P implies V(p)) = V(g)). In view of the linear form of 4.1
and our remarks about the determination of the vertices by linear homogeneous
functions, which functions are the same for all members of the local similarity
class, it follows that, for polytopes Q in a fixed local similarity class [P], the
requirement s(Q) = 0 is equivalent to the requirement that the numbers »(Q, "i)
satisfy n linear homogeneous equations in the variables fl, fz, cee, f,. Call
this set of equations e [Pl

Lemma 6. Tbe rank of the system e[ P] y eo[P] is n + rank (e[ P]).

Proof. If Q ~ P and x € E”, we can find a suitable translate, Q’, of Q
with s(Q) = x. Simply take Q' = Q + (x - s(Q)). Thus the coordinates of the
Steiner point are independently variable regardless of the local similarity class.
Now each equation of e [P] refers to one particular coordinate, so it follows that
no equation of e([P] can be deduced from any combination of equations in e[P]
) eo[P] -which does not include the equation in question. This yields the result.
Apparently we are faced with the inconvenience that, for different local simi-
larity classes, we obtain different systems e [Pl. Our next lemma shows that,
while the equations may be different, the inconvenience this poses is only apparent.

Lemma 7. Let A be the flat in E! determined by equations elPl. If Q€
&P) then a necessary and sufficient condition for s(Q) = 0 is that A(Q) € A.

Proof. We have already discussed the case where Q ~ P so let us assume
Q <P. Then by Lemma 5, A(Q) € rel bd(A[PI\ Choose P’ in [P] with s(P") =
0 (i.e., A(P") € A[P] N A). Since [P] is relatively open (Lemma 5) P’ €
rel int[P] .and, if 0 <A< 1, AP’ +(1-NQ €[P). Thus, for such A
AQ) eA iff AAP'+(1-NQ) eA
iff sSOWP' +(1-NQ) =0
iff s(Q) =o0.

As a result, we have
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Corollary 2. (1) ASO(P) = AMP) N A, a closed set;

(2) AlQl, = AlQl N A, a nonempty set;

(3) AlQl is relatively open, i.e., open in the [lat determined by the hyper-
planes defined by the equations e{Q] N eo[Q];

(9 if R<Q and R, Q €8(P) then AR € rel bd(ALQ] ).

Proof. Parts (1), (2), and (3) are quite straightforward. For part (4), since
ALQ], is nonempty, it contains A(Q”) say. All points of the form MA(Q') +
(1-NAR), 0<A<1, liein A[Q]) so A(R) is a limit point of A[Q];. But, by
the convexity of A[Rlo, no point of the form AM(Q’) + (1 = DA(R), A< 0, lies in
AR] ;. Thus AR € rel bd (ALQ] ).

Theorem 3. The following are each necessary and sufficient for P to be in-
decomposable:

(D) dim §,(P) = 1;

(2) f-n-rank(eP]) = 1.

Proof. Suppose dim 8 (P) = 1. Then AS(P) is a ray or a line. But it can-
not be a line since s(Q) = 0 implies A(Q, u)> 0 for each i. Therefore, if Q €
S (P), A(Q) = M(P) for A> 0 whereupon Q AP. Conversely, if P is indecompo-
sable, any Q in ) (P) is of the form AP where A> 0, and so A(Q) = M(P),
again making A8 (P) a ray whence dim AS (P) =1. Now dim AS (P) dim A[P] 0
(by part (4) of Corollary 2) and dim A[P] = / - n - rank(e[P]) by Lemma 6 and
part (3) of Corollary 2, and a standard law of nullity argument.

A weaker version of the following theorem was announced by Gale [2].

Theorem 4. Let P be an n-polytope with { faces. Then there exist indecom-
posable polytopes P ,++y P, sothat P =P +«+++ P,. Furthermore, they can
be chosen so that k< f~ n - rank (e[ P]).

Proof. Let €»++, e, be a basis for E" XQ) = Enlb(Q e)+b(Q -e)l
is a continuous linear funcnonal on & (P) Let B denote lQ €d (P) XQ) =1}

Since s(Q) =0 if Q € B, we have b(Q, e) and KQ, —e)>0 for each e,. Con-
sequently, each KQ, e,) and KQ, - e) < 1. This places Q inside a parellel-

epiped of dimension 2 along each coordmate axis. Therefore AB is a bounded set
in R/, But since I is continuous, B is closed so AB is closed and bounded,

hence compact. AB is also convex and clearly dim AB = dim AS o(P) = 1. Now,
by Carathéodory’s theorem, any point of AB can be written as a convex combina-

tion of at most dim & (P) exueme points of AB. Thus P =, Pi+eeet NP,
where 0 <A, < 1, 2" =1,k<dim§ oP)=f-n- rank(e[P]) and AP, is extreme
in AB. But the mdecomposable polytopes of & (P) are precisely those of the
form AQ, A > 0, where A(Q) is extreme in .
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