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ABSTRACT. Let M (F) be an n x n matrix ring with entries in the field F,

and let SAX., •• •,X. ) be the standard polynomial in k variables. Amitsur-

Levitzki have shown that S7 (X^, • • • ,X~ ) vanishes for all specializations of

X.,'--,X      to elements of M (F), Now, with respect to the transpose, let M  (F)

be the set of antisymmetric elements and let M (F) be the set of symmetric

elements. Kostant has shown using Lie group theory that for n  even

Sj -2WX*'" >Xj _-) vanishes for all specializations of X.,' •• ,X-        to ele-

ments of M~(F). By strictly elementary methods we have obtained the following

strengthening of Kostant's theorem:

S,  _AX.,' • •, A"2  _-) vanishes for all specializations of X., ••• ,X.     7

to elements of M~(F), for all n.
n

S2 _ ,(^i,,-•• ,A^2j) vanishes for all specializations of X.,' • • ,X^     -

to elements of M~(F) and of X^     ,  to an element of M (F), for all n.
n In-1 n

S2 _JX., • • ' ,Xj _j) vanishes for all specializations of ^,t* •• tX^ ,

to elements of M  (F) and of X.     - to an element of M (F), for n odd.

These are the best possible results if F has characteristic 0; a complete

analysis of the problem is also given if F has characteristic 2.

Introduction. The object of this paper is to prove the results described in the

abstract. The method of proof is to exploit certain properties of the trace (given

in §l) in connection with an undirected graph whose edges correspond to elemen-

tary symmetric and antisymmetric matrices (see §2). §§3—6 consist of manipula-

tions of the graph to prove the main theorem (Theorem 1). Although Theorem 1 is

sharp in characteristic 0 (as shown via counterexamples in.§8), more results can

be obtained in characteristic 2 and, at times, in odd characteristic (viz. §7). The

sharpness of these results is also explained in §8. In §9 the relationship of Theo-

rem 1 and the theory of identities of rings with involution is given.

In recent months two other people, Joan Hutchinson and Frank Owens, inde-

Presented to the Society, January 25, 1973 under the title Standard identities for

matrix rings with involution; received by the editors March 23, 1973.

AMS (MOS) subject classifications (1970). Primary 15A24, 15A57, 16A28, 16A38;

Secondary 05C30, 05C35.

Key words and phrases. Antisymmetric, involution, matrix algebra, polynomial identi-

ty, standard identity, symmetric, transpose.

( 1) The author is a doctoral candidate at Yale University working under a NSF re-

search grant, and would like to thank N. Jacobson, his advisor, and N. White, both of

whom offered invaluable advice in the preparation of this paper.

Copyright 6 1974, American Mathematical Society



254 L. H. ROWEN

pendently studying similar questions, have announced elementary proofs of

Kostant's theorem and its extension to n odd, which is J-0(", 2n - 2, 0) in the

terminology of this paper. I have not yet had the opportunity to see their proofs in

detail, although Mr. Owens has issued a summary of his proof.

1. Preliminary results.   Define the standard polynomial S,   as follows:

5,(Xj, X2, — ,X.) = ^(sg Tt)Xv. X     — Xnk, taking the sum over all permuta-

tions n of (1, • • • ,k) where sg rr is the sign of n, +1 if n is even and — 1 if w

is odd. Clearly 5,   is multilinear, i.e. linear in each of its variables, and alter-

nating.

An immediate consequence of the definition is

(1)
5fc + l(Xl' ' ' * ' Xk + 1) = X1S*(X2' - * • ' Xk + 1) - X2SlSX\' X3' " ' ' Xk + l)

+ ... + (-i)*xik+1sJk(xl....,xik).

Let Í2 be a domain and let M (ft) be the algebra of n x n matrices with en-

tries in ft. There is a canonical base B    of matric units c¿., 1 < i, j < n, where

e.. is the matrix whose only nonzero entry is 1 in the (i, /)-position. Clearly

2? , e.. = 1, and multiplication in M (ft) is induced by e ..e    = 8. e. . Let B„ =
z=l    it        ' r n '      i)   rs        ;r   is n

\e..\ 1 < i < n] U ¡e.. + e .1 1 < i <i < n\ and let B~ = \e..-e..\ 1 < i <i <n\.
1   I! 1      -     — i] ;i i      - ' — n I) 11 '      — ' —

ß„ and B~  are each sets of elements of M (ft) which are linearly independent

over ft. Let M  (ft) and M~(ft) be the submodules of M (ft) for which B    and
n n n n

B~  are the respective bases. If char ft ^ 2 then M (ft) and M~(ft) are the sets
n *■ n n

of symmetric and antisymmetric elements of ft, with respect to the transpose (*)

given by its action on the base, e .. = e .. .

Consider now the class of sentences \it (n, k, /)), where £fi(", k, t) says,

"For any field F of characteristic p, S , (A ., • • • ,A . ) = 0 for all sets of matrices

{A ,,•••,A.} with t elements in M (F) and with (k - t) elements in M~(F)." Let
1 ft n n

n be any permutation of (1, • • • k). Then from the definition of S,, we see that

S,(A,,• • • ,A.) = 0 <=»SAA   ., • • • ,A.) = 0. Thus, an equivalent formulation of

S. (n, k, t) says, "For any field F of characteristic p, Sk(A ,,•• • ,Ak) = 0 for

any A,, — *A.       in M~(F), A, _    ,,•••, A.   in M (F)." Let us say by conven-

tion that £ («, k, t) holds if k < 0 or if t < -1 or if / > k.

Lemma 1. £„("> ^> ') zs equivalent to the sentence, "In characteristic p,

Sk(Av...,Ak) = 0 forall Av...,Ak_t in B~ and ^_| + 1,- • • ,Ak in 8*."

Furthermore we have the implications:

(a) £0(», ¿, i) implies £ (», &, i) /or a// p.

(b) £ (n, k, t) and £p(», *, Í - l) twp/y S.p(n, k + 1, r),

(c) £,,(«, &, i) implies j? (n - 1, A, r).

Proof. These assertions are all trivial. Since S,   is multilinear, it suffices
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to consider only matrices in B~  and B  . Consequently, (a) is immediate, (b) fol-

lows from (1), and (c) is a result of the natural embedding Bnc-* B     ,.    Q.E.D.

Remark. In view of Lemma 1, one can demonstrate £ («, k, t) by showing

there exists a domain Ü of characteristic p such that Sfc(A j, • • • , A, ) = 0 for all

Av-'' ,Ak_t in M~(Q) and Ak_t  i»***»^ la MB(Q). When p = 0 we will at

times take Q = Z, the integers, Í2 = Q, the rational numbers, or Q = R, the real

numbers.

A major result concerning the polynomial S,   is

Theorem (Amitsur and Levitzki [1]). S 2n(A 1'"' '^2n^ = ® for a" ^i»*'* >^2n

in M (F), P any field.

Clearly the Amitsur-Levitzki theorem implies S-An, 2n, t) for all p, all t.

Conversely, we claim that the Amitsur-Levitzki theorem is implied by £A», 2«, t)

for all t. Indeed, it is enough to verify the Amitsur-Levitzki theorem for elements

of B  , since S      is multilinear; hence we may assume F has characteristic 0.

But in this case B    u B"  is a base for M (F), so it is enough to show that
n n "1

S - (A ,,•••,A    ) = 0 for A .,•••, A 2    in Bn u B~. Reordering these matrices,

we may assume A ,,•••, A,     ,eß"  and A,     .   ,,•••, A,   6fl  , for some t.
1 V        '    2n-t        n 2n-/ + l'        '     ¿n        n1

But then ItAn, 2n, t) implies S~ (A .,•••, A    ) = 0, so the claim is established.

Considering the Amitsur-Levitzki theorem as a consequence of £n(«, 2«, /)

for all t, one may wonder which other sentences are true. Lemma 1 shows that

£-Sni ^> ') ls true f°r ^ > 2». In a brilliant paper linking the theory of standard

polynomials to Lie group theory, B. Kostant [3, p. 247] proved, among other

things,

Theorem (Kostant). &An, 2ra - 2, 0) for n even.

The main objective of this paper is to give the following complete charac-

terization of the sentences £Q in the following result, proved by elementary

methods; an elementary proof of Kostant's theorem will be a by-product.

Theorem 1. S.Q(n, 2» - 1, t) for t « 0 or t » 1, £0(n, In - 2, 0) ¡or all n.   If

n is odd, £n(«, 2« - 2, 1).

Counterexamples are given for all sentences °¡-0(», k, <), all situations not

already discussed, namely for 2 < t < k < 2n, 0 < t < k < 2« - 3, all n, or t = 1,

k = 2« - 2, n even.

A complete analysis of the characteristic 2 case is also given in the much

easier

Theorem 2. S.An, k, t) for k >n + t.

Counterexamples are given for all sentences S.A», k, t), k < n + t.
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Before starting the proof of Theorem 1, which is largely graph-theoretic, we

give some easy algebraic results.

Lemma 2. £,,(«, k, t) implies £ An - 1, k - 1, t - 1) and St An - 1, k - 1, r),

for any p.

Proof. Assume £.,(«, k, i). To show £.,(« — 1, h - 1, r - 1), we must show

that for all A1,-",A¿_Í in M~_j(F) and all Ak_t  .,••• ,Ak_l in Mn   ,(F),

^k-l^l''"'^*-P = °' Vel1 suPPose ■S*-i^i'",»^*_i^ = ^"7y = la«';'efy" Em"

bedding Mn_ AF) canonically into Mß(F), let Afc = evn+ e    , t>e{l,...,»-l}.

Afc e ^n(F), so by hypothesis S¿(A j, • • •, A¿) = 0. On the other hand, if 1 < r, s <

k - 1, then Af(eWfl + eny)As = 0, so

^(A1,...,A,) = 5fe_1(A1,...,A,_1)A,+ (-l)*-1A,Sfe_1(A1,.

^«.♦•J + ̂^^ + .J

e.   +(-l)*-1 V a .e  ..
iv   in *-J     v;   n;

Thus, 0 = a      for all a, i> in {l,...,n - 1}, implying 5^_ jiAj,. • ',^fe_ j) = 0,

as was to be shown. Hence, £,,(«, k, t) implies £ An - 1, k - I, t - 1),

The proof £,,(«, &, t) implies £A" - 1, k-1, t) is analogous if we let Afc =

e     - e      at the corresponding place.    Q.E.D.

It is well known that the trace defines a symmetric bilinear form on Al (F),

given by (Aj, A2) = tr(AjA2) for Aj, A2 in Mn(F). Moreover, if Aj = 2 aijea

then (A., e    ) = a    , which shows that the trace bilinear form is nondegenerate.

The following lemmas are based on ideas used by Kostant [3].

Lemma 3. // char Fj¿2, then M (F) and M~(F) are nondegenerate subspaces

of M (F), relative to the trace bilinear form.
1     n '

Proof. Since char F ¿ 2, MjÍF) = M*(F) ® M~(F), given by A = % (A + A*) +

lA(A- A*). The lemma will follow from the fact that Mß(F) and M~(F) are orthog-

onal under the trace bilinear form. Indeed, if V e MJ.F) and K e M~(F), then

(y, K) = tr VK = tr KY = tr(KY)* = tr Y* K*= tr(- YK) = - (y, K), so (Y, K) =

0.    Q.E.D.

Lemma 4. Let A,..««« ,Afe_t eM^(F), ^t_/+i»" *'»^¿ e M*(F). // t is even

then the matrix S,(A ,, • • •, A, ) t's symmetric if k = 0 or 3 (mod 4), fl«</ antisym-

metric if k = 1 or 2 (mod 4). // r is odrf rien rie matrix S,(A ,,• • •,Ak) is anti'

symmetric if k = 0 or 3 (mod 4), an¿ symmetric if k = 1 or 2 (mod 4).
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Proof. Let [x] denote the greatest integer of x. If ir is a permutation of (1,

2,• • • k), then the permutation (£¿ Jj£ _i,'.'.', ffl ls a product of the [k/2] trans-

positions (n-1, nk), (jt2, 7t{k - 1)),..., (jr[*/2], 7r(£ - [&/2])). Thus, SA.A ., A 2, • • •, Afe) =

(-l)^GV Afc_lf...f A,). Now (AnlAn2 ... Aff/ = (-l)fe-'A77,Aff(,_1)...A

Thus,

Sjk(A1,Aî,...,A/-(-l)*-^(AJk,AA.1,...tA1)

The sign (_i)fe-i+l*/2j g¡ves the des¡red resuits#    Q.E.D.

Lemma 5 (Kostant [3, p. 244]). For A{ in M (F), 1 < i < 2k - 1,

Proof. For any permutation n of (1, 2, • • •, 2k - 2) and for 1 < 7' < 2k - 3,

trtAiru+iï4»(/+2)-*i*»(a*-2r42*-iAffiAir2 ••* V

= tr(A;rl... VW)"' 'W.îïSa-i**
Therefore,

/ 2*-3

"^1^2 ••• A7T(2fe-2r42fc-l +   Z   V+lA*,+2) ••' V*-2)A2*-l'47rl '"
x ;=1

Aff,- + /42*-Arl ■,"47r(2«-2))

= (2* - DtrG^jA^ ... Amk_2fak_x).

Moreover, sg 77 is the sign of the permutation

/1.2k - 2 2k - 1\

\7r(; + l)...77(2*-2)2/fe-.lwl ... n(j-l)nj    )

because the permutation

/ttI.Tt(2k - 2) 2Ä - 1\

\/r(/ + 1) . -. tK2¿ - 2) 2* - 1 ítI • • - tK; - 1)    ni      '

is always even (its sign is (-1)<2     1~J" = + 1 for any k, j). Hence, summing

over all n, we see tr S2k_ (A. j,• • •, ¿2fc_j) = (2* - l)a(S2k_2(Al," • >^2«-2^2*-1^*

Q.E.D.
Putting together the above lemmas yields the following key result

Lemma 6. (a) Let k be an even integer, and let F be a field in which

2(2^ - 1) has an inverse. // tr S2t_ j(A,,. •• ,A2fc_ j) = 0 for all Aj,"- >^2*-l

in M~(F), then S2k_2(A v-• • ,A2k_2) = 0 for all Av---,A2k_2 in Ai~(F).
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(b) // n is odd and if tr/(S,     AA  , • • • ,A       J) = 0 for all A.,"- ¡A2n-2

in AT(Q), A2n_ j t« Af+(Q), then £Q(«, 2« - 2, 0), £Q(«, 2n - 2, 1),

£0(k, 2/2 - 1, 0), £0(n, 2« - 1, 1), £0(« - 1, 2(« - 1)-1, 0), £„(«-1, 2v«-l)-l,l),

£0(n-l,2(«-l)-2, 0).

Proof, (a) By Lemma 5, tc(S2k_AA j, • • • .^2t-2^2fc-l^ = ° ^or a^ ^l»"*»

A,,   ,  in A1~(F). But S.,   ,(A.,...,A,,    ,) e M ~(F) by Lemma 4. Hence by the
2ä—1 n ¿r— 2     I '    ¿fe— I n J *

nondegeneracy of the trace bilinear form on A1~(F), S.,   AA.,•••, A ,     ) =0.

(b) By Lemma 5, tr(S2n_2(A v • ■ • ,A2n-2^A2n- 1^ = 0 for a11 ̂  1' " ' ' >A2n-2

in Af~(Q), ^2n-l *n Aln(Q). But 52n_2(Aj,-•• ,A2n_2) is symmetric by Lemma

4. By the nondegeneracy of the trace bilinear form on Mn(Q), S2 _ÂA.,---,A2 _,) =

0, implying J-rXn, 2rz - 2, 0). Likewise, since

S2n-Ml'A2' •••'/42«-l) = 52n-l(/l2' ' " > A2n-V A 0'

the hypothesis implies tr(S (A2, • • • ,A_     ,)A ,) = 0, all A ,, • • •, A       - in

M~(Q) and A2     .  in M (Q). Since S2     AA  t... yA2  _,) is antisymmetric by

Lemma 4, we conclude S2n-2^A2' ' " ' 'A2n- l^ = ^' Provlng £n^w' ^" _ ^» ^' From

£0(ra, 2rz - 2, 0) and £Q(«, 2« - 2, 1) we get £Q(«, 2rz - 1, 0) and £„(«, 2« - 1, 1)

by Lemma 1, and from £Q(«, 2« - 2, 1) we get £0(« - 1, 2(n - 1)—1, 1) and

£0(/2 - 1, 2(rz - 1)-1, 0) by Lemma 2. But then we get £„(« - 1, 2(n - l)-2, 0)

by part (a).    Q.E.D.

In this paper, all monomials will be assumed to have degree < 1 in each in-

determinate.

Often we shall be interested in the sums of certain monomials of the poly-

nomial S,. In particular, we formulate

Definition. Let V,,V,,»--,V     be monomials in X,,...,X,   such that the
1'     2'        '    m 1'        '    k

degree of X. in V. ■■• V     is 0 or 1, all /. Then S, (X,, • • • ,X, ; V ,,-••, V  ) is

defined as the sum of exactly those (signed) submonomials of SAX, — ,X.) in

which V., • • •, Vm are each submonomials. (In other words, a typical monomial

of Sk(Xv-.-,Xk; Vj.-.-.Kj has the form

±roVTiV^-V.VT,'
where TQ,'--,T     are arbitrary monomials in X.,---,X,   and p is a permutation

of (1,•••,/»).

Lemma 7. Let A .,. • • ,Aft e Bn U B   , and for r < (k - l)/2 let A =

A{A2 ...A2r + 1 +(-iy^2r + lA2r ' ' ' A 1 ' ll S   elements °f  \& p ' ' ' »A 2r + l '  UTe

symmetric and if the other (2r + 1 - s) elements are antisymmetric then
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A £ B~  when s + r is even, and A e B    when s + r is odd. Moreover, for any

m>0,

Sk(Av ..., Ak; AlA2-.. A2r+V Vv ■■■, Vj

+ S¿Al>—>AVA2r+lA2r'~AVVV'~>VJ

= Sk-2ß>AW~>A»VV~>VJ

Proof.

A*-ALi~'AïA*i+(-irA*i'~AlALi

= (-l)2>+l-y2r+1...A2Al+(-lYAl...A2A2r+l)

= (-l)r+1-*A.

Thus A  is symmetric or antisymmetric depending on whether r + s is odd or

even. The rest of the lemma is immediate.    Q.E.D.

2. Beginning of proof of Theorem 1: The graph  T. In view of Lemma 6, Theo-

rem 1 is implied by the statement, "£ An, 2n - 1, 1) for all odd n > 1." There-

fore, to prove Theorem 1 it suffices to show, for all n > 1, XQ(«, 2« - 1, 1) and

£ An, 2n - 1, 0). This assertion will be proved by induction on n. Clearly,

£.(n, 2n - 1, 1) and ¿An, In - 1, 0) for n = 2, so we shall assume S.Am, 2m - 1, 1)

and £0(w, 2m - 1, 0) for all m, 2 < m < n, and will show £Q(n, 2n - 1, 1) and

£„(«, 2s - 1, 0).

The focus of attention is the proof of ®0(n, 2n - 1, 1). As already observed,

we need only show S {(A j, • • • ,A2n_ ,) = 0 for all A j,« • « »^2n-2 *n ^~(R),

A2 , in Mn(R), and in fact if n is odd we need only tr 5, _l(A.,... ,A _,) =

0, by Lemma 6. Since S.     ,  is multilinear we may assume /I.     , e ß  . We claim
7     / 2r2— 1 J 2n— 1 n

that it suffices to consider A2  _ .  in \e.. \ I < i <«{. Indeed, identifying 1 with

the multiplicative unit of M (R), let us assume A.,      , = e.. + e.. and let  Y = 1 +

(V2/2 - l)(e¿¿ + e..) + W2/2)(e.. - «..). Y*Y=YY*=l and YA2n_ ,Y* = e.. -

YS2n-l(AV->A2n-l)Y* = S2n-¿YAlY*>'-'>YA2n-2Y*>eu-*ir)

= S2n-l{YAXY*i---'YA2n-2Y*>ei)-hn-X{YAXY*'--->YA2n-2Y*>%í

Moreover, Y tr52n_1(AI,...,A2n_1)y*=tr(y52n_1(A1,...,A2n_1) Y*) =

« S2„- |<™ , ^. • • * ' YA 2n- 2Y*> •«> - » *2*- 1<™ 1 **• • • • . YA2n-2Y*> *,A

Since YAY   is antisymmetric, 1 < r < 2« - 2, the claim is established.
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Thus we may assume A»_ . € {e¿¿ | 1 < i < n\, and by symmetry we shall

assume A2n_ i *■ *i i« Since $2n_ ,  is multilinear and alternating, we may assume

Al>'"'A2n-2€Bñ> and Ai¿Aj li i^J'

Generalizing the situation slightly, suppose u > 1 is arbitrary and S is a

subset of B~ U Icjj!. There is a graph T(S) associated with S, constructed as

follows:

The vertices of T(S) are the indices I, •••,», and each element y of S is

represented by an edge Y of T(S), where Y = ¡1, 1| if Y - e.. and Y = {z, j\ if

y = e... - e .. Using the terminology of [4], we view T(S) as an undirected graph,

with at most one edge joining any two given vertices. TXo) has a loop, {l, 1|, if

and only if e,. e o.

Let em {Ylt"• ,Y I, v> 2. Let (Ynl,... ,Ynk)be a sequence of edges, n a

permutation of (1, • • • ,v) such that for 1 < r < k one may order the endpoints i   and

;'r of ?nr in a way so that z'2 = jv i^ - f2,..., ik = jk_ j. Then we call

{(?,,•••, y^.,), ¿p/.I a paie of length k with initial vertex i.  and terminal

vertex j, (cf. [4, p. 22]). The vertices ¿,  and /.   will be called end vertices,

whereas /., i,   and i   and j , 2 <r < k - lt will be called intermediate vertices.

Since a given vertex may be incident to many edges, an index might be both an in-

termediate and an end vertex of the same path. By definition, the intermediate

vertices of a path occur in pairs.

Lemma 8. Let k > 2. Given a sequence of edges \Y  ., • • •, ?',) of T(b),

there is at most one value each of », and j,  such that   \\Y  ., • • •, y_fc), *',, jk)

is a path. Moreover there is a   1:1 correspondence between paths of r(S) of length

k and nonzero monomials in Y,, • • • ,Y    of degree k. In this correspondence, the

monomial Y  . • • • Y  ,   associated with the path {(?_.,— , Yn,), i., j, \ has val-

ue ±e.  .   ,
'Vk

Proof. First assume k = 2. If (Ynl, Y„2)is the sequence of edges of a path,

then we must be able to write y  j, Y v2 respectively as |ij, j A, {t'2, j2\, where

/', = i*. Since  y^j ¡^ Yn2, we have ix 4 /', so the first assertion of the lemma is

immediate for k = 2.

For k > 2, if (y_j, • • •, Ynk) is the sequence of edges of a path, then

<?77l> ?ît2>' <?7T2' *W' • * • '(Yn(k- D' *W are a11 se(luences of edges of Paths-

By iteration of the case k = 2, we see that the sequence of edges of a path of

arbitrary length > 2 uniquely determines the initial and terminal vertices.

To prove the second assertion, let (9^ , • • •, 9^) be the sequence of edges

of a path of T(S). It is immediate from the first assertion that Y^^ • • • Ynk =
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±e.  .   ¿ 0, where i, and /.   are the initial and terminal vertices of the path de-

'I'* AAV to »
termined by ( Y^j, • • •, Y^). This correspondence ( YnV • • •, YffJk) *•* Ynl • • •  V^

is easily seen to be the desired   1:1 correspondence between paths of iXo) of

length k and nonzero monomials in Y.,' ••, Y    of degree k.    Q.E.D.

For any nonzero monomial in Yj, • • •, Y , the path corresponding to this

monomial will be called the associated path. Let the T(S)-degree of a vertex of

HS) be the number of edges (in HS)) incident to it, with double loop count (i.e.

{1, lj is counted twice in the F(S)-degree of the vertex 1). When the graph under

consideration is clear, we shall denote r(S)-degree merely as the degree. If

Sv(Y ., ...tYj)¿0 then there is a nonzero monomial Ynl • • • YVv, implying T(S)

has a path of length v. Since all intermediate vertices in this path are in pairs,

only the end vertices can have odd degree. It follows that exactly zero or two ver-

tices have odd degree. If all vertices have even degree then the end vertices of

any path of length v must be the same. Such a path is called an Euler path and

its associated monomial has value ± e.. where i is the end vertex.

Lemma 9. Let S = {Yj,-.., Yj Ç B~ U {1, lj, v>2. If S (Y ,. • •, Y ) ¿ 0

then one of the following two situations holds:

(a) Each vertex i of T(S) has even degree d .If v is odd then S (Y.,...,Y ) =

j8 2"_j d.e.., suitable ß in Z.

(b) Two vertices i  and  j  have odd degree, and for some  a in  Z,

S (Y,,...,Y ) = a(e..±e..).

Proof, (a) Suppose all vertices have even degree. Then all paths of length v

ate Euler. Call two paths equivalent if they differ by a cyclic permutation. Con-

sider one of these equivalence classes of Euler paths. A representative path with

end vertices r has value ye    where y = ± 1, and it is easy to see that y is an

invariant of the class. Let us say the class has positive (negative) type if y =

+ 1 (y = -D.

Let i be an arbitrary vertex. The intermediate vertices of any path are in

pairs, so it is easy to see there are (d./2) Euler paths with end vertices i in

any equivalence class. These (d./2) paths have the same value, which is ye^., y

as above. Since any cyclic permutation on (1, • • •, v) has sign +1 (because v is

odd), we conclude that ei{S (Y^ • •., Yj)e{i = d(di/2)eij, where Ô is the number

of classes of positive type minus the number of classes of negative type. Thus

Sj,Yj, • • •, Y ) = (Ô/2)S"=1 d.eH. Now the number of classes of Euler paths is

even, because we can pair the Euler path whose sequence of edges is

%ri» • • * > Í'ni) w"h its opposite path whose sequence of edges is (Y    , • • •, rff,)î

this pairing induces a pairing of equivalence classes, showing in turn that 8 is
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even. Let ß = 8/2. Then ß e Z and 5 (y.,..., y ) = ß 2U , de...
•" ' r0 v      1' '     v        "      1 = 1     z    i!

(b) Suppose some vertex i has odd degree. Then some other vertex ;' has

odd degree and i, j are the end vertices of any path of length v. Thus, the as-

sociated monomials have value ± e.. or ±e .., and S (Y,,- • • ,Y ) = ae.. + ße .
¡y ;i v     1'        ■    v i; y

suitable a, ß in Z. But S (yif- • •, y ) is either symmetric or antisymmetric by

Lemma 4, so ß = ± a.    Q.E.D.

Now let S = ÍA,,- • • ,A,     . !, where A ., — ,A,     , iß"  and A.     , = e,..
1 2n-1  ' 1 '     2n-2 n 2n~ 1 11

The sum of all degrees in T(o) is 2(2« - 1) = 4« - 2. Since T(S) has n vertices,

some vertex has degree < 3. We consider the following two cases:

Case I. Some vertex has degree 0, 1, or 3.

Case II. Some vertex has degree 2, and no vertex has degree 0, 1, or 3.

3. Case 1. Assume the vertex ;' has degree 0, 1, or 3. First suppose / has

degree 0. Then / does not occur in A ,, — , A.      .. Hence we may view A ., • • •,

A        j  in Mn_ j(Z). S2n_ j  is an identity of Mn_ }(Z) by the Amitsur-Levitzki

theorem and (1), so S2n_ j(A ., •• • ,A~_ ,) = 0 and we are done.

Suppose / has degree 1. We may assume / is incident to A,, in which case

e..A   = 0 for r > 1. Thus, by (1),

c.,5.       (A.,...,A,     .) = e.A.5,     ,(A,,...,A.     ,)=0
;j   2n-l      1 2n-l ;;    1    2«-2      2 2ri-l

by Amitsur-Levitzki, viewing A2'" ' ■ A2n~l  m ^n-\^' This implies

^2»-l^l*'*'' ^2n-l^ = ° by Lemma 9(b).

Thus, we may assume / has degree 3. If / = 1 then / occurs twice in A2  _ ,,

so ;' occurs in only one other Af, which we may assume is A,. Then it is clear

ey,S2n-ÁAV '->A2n-l)= ej,A2n-lAlS2n-2{A2- '"■A2n-2) = 0

by £0(« - 1, 2(« - 1), 0), viewing A2, — ,A2  _2 in M~     (Z)(since ; does not

occur in these matrices). Hence $2n_ ,(A p • • • >^2n- i- = ^ ^ Lemma 9(b).

So we may assume ; 4 I« In particular we may assume that /' occurs in A j,

A2, A,. By the Amitsur-Levitzki theorem we get S2 (e.., A ., — ,A2n_ j) = 0, so

expanding by (1) yields

0 = ei,S2n(eii'Al./42n-l)

(2) ~eJiei,S2«-AAV—-A2«-l)-ei,AlS2n-l{ej?A2>'~>A2»-l)

+ eiiA2S2n-Aey? AV Ay~ ■ A2n-l>

-*,jAiS2n-l{ei?AVArA4--~>A2n-l)

since e.A   =0 unless r= 1, 2, or 3.
yy    r '     '
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We shall now show ejjAiS2n- i^*«« Av ' ' ' >A2n- 0 = °* Let V ^1» ft*

A2 = U2, j], A3 = 1¿3, 7!. Any nonzero monomial of e..A { S 2n_ A\e.., A2,. •• ,^2n_,)

must be either of the form

or of the form

+ e . A,A_. • • • A_ A,e . A~A„.    .^•••A_..     ,,
-    H    1   14 Ttr   3   77    2   77(r+l) 7T(2n-l)

-    77    1    774 77r   2   77    3    77(r+l) 7T(2n-l)

where 77 is a permutation of (4, • • •, 2« - 1). Thus

e77yll52n-l(e,y"42'"-"42„-l)

= ejJAl{S2n-l{ejfA2'--->A2n-VAiej,A2)

+ S2n-l{eifAV~'A2«-VA2eßfAl))

= ei,Al<S2„.l^y V A2' A*>'-'>A2»-V V//V

+ S2n-l(Ar  en>ArA4>-->A2n-VA2ei,Al))

= eiiAlS2n-¿A>A4>--''A2„-¿

by Lemma 7, where A = A,e..A,-A.c..A, eB~. In fact, A = ± (e .   .   - e .   . ),
7 ^3   7J    2 2   j;    3        n ' ¡2'3        '3'2 '

so j does not occur in A, A., • • • ,A2  _ ., which we may therefore view in

/Vr_,(Z). Hence S2jt_ j(A, A4,. • • ,A2f|_ ,) - 0 by £„(« - 1, 2(« - 1) - 1, 1), so

e.A.S       Ae .., A  , • • ■, A.  _.) = 0. Analogous arguments show

ejjA2S2*-\(eji*AVAi*'~*At«-l)-(i and

•#Va«-i(V AV AvAv • • • ' A2n-i) = °.

so (2) implies 0 = e..e;7.52r|_1(A ,,-..,A 2n_1) = e..52n_1(A1,...,A2n_1). We

conclude by Lemma 9(b) that S2n_ X(A  , • • • ,A2n_ j) = 0, so Case I has been

taken care of.

4. Reduction to n even and introduction of the graph T'.

Lemma 10. For u> 2, v > 1, let  Y ,, « •• ,Y 2   e B~ and Y = e... Suppose

some vertex   i  of Hi Y x, • • •, V      ,J)   has degree   2.   If  i = 1   then

S2v  .(y,,- • •, Y2t>  j) = 0. // ¿ / 1 ¿Aere ièere z's a permutation 77 of (1,. • • ,2v)

for which i occurs in Y  ,  and Y  .,, and
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e.s,   .(y.,..., y,   ,)e..
f:  2v+l     1 '    2f+l    ii

= (sgj7)e..(y„,s,   ,(y„„..., y„„ ,, y,   .)y„.
e IJ      772    2f-l       773 77(2v)        2v+l      771

- y77lS2i-l(y773' •"' y77(2v)' V2v^Ylj2-eu

Proof. If 7 = 1 then i does not occur in Y , 1 < r < 2w, so yr y,    l =

y2t) + 1 yr = 0. implying ^2f;+1(V1,' • •, Y2v+i- -O.Ui¿l then there is a permu-

tation 77 of (1, ••• ,2v) for which i occurs in y  .  and y ,. Clearly e..Y  =

Y e.. = 0 for r > 3, so the rest of the lemma is an easy consequence of

(1).    Q.E.D.

Now suppose n is odd. We claim tr $2n_ AA .,• • • >A2n_ j) = 0. This is trivi-

al unless all vertices of T(§) have even degree. But then some vertex i has de-

gree 2, and by Lemma 10 we have a permutation 77 of (1, • • •, 2n - 2) such that i

occurs in Anl and A^. Viewing Any ' ,An(2n_iy A2n_y  '-■■ M„_ A2), we

have by £„(« - 1, 2t>-l)-l, 1) that i2(«-i)-i (/W"-A(2«-2)' A2n-l)m 0l

Hence e,^2„_ AA,, •• • >¿2n_ ¿eu = 0 by Lemma 10, so S2n_ jtA,,-.• ,/42„_ ^ =

0 by Lemma 9(a), establishing the claim. Hence, we have £q(«, 2t2 - 1, 1) and

£0(t2, 2« - 1, 0) by Lemma 6, and are done for 72 odd.

Thus we shall assume for the remainder of the proof of Theorem 1 that 72 is

even, and we shall prove £q(« + 1, 2(tj + l)-l, 0). Since (72 + 1) is odd, it is

enough to show for all A,, •••,A2 in B~ . and A2n j = cn, that

trS2(n+1)_1(A1,...,A2n+1) = 0. Let S' = Ul.«««,A2jt+1l and let T-degree of

an index denote its degree in T(S'). Clearly tr S. ,(A,, • • •, A, .) = 0 if any

index has odd T-degree (cf. Lemma 9), so we may assume that all indices have

even T-degree.

Consider the edges of T(o') having an incident vertex of T-degree 2. The set

of all such edges, together with all their incident vertices, forms a subgraph T' of

T(o). Any index which is not a vertex of T' will be said to have T'-degree 0. By

definition of T', any edge of T' is incident to a vertex of T-degree 2. On the

other hand, by Lemma 9(a), S2n+J~AV'"-A2n+l-=a^U=l ^ieU' some a *n ^" ^e are

done if a- 0, and otherwise there is the following result.

Lemma 11. // a^ 0 then each edge of T is incident to a vertex of T-degree

> 6; in other words, no vertex of T' has T-degree 4, and no two vertices of T-

degree 2 are incident to the same edge.

Proof. Suppose we have an edge A   = \i, k\, i of T-degree 2 and k of T-de-

gree < 6. We shall see how Lemma 10 implies a= 0. This is immediate if i = k,

so assume i ¿ k and let A    be the other edge of T(o') incident to i. For conve-
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nience, assume  r = 1 and s = 2. Then in T(¡A,, • • • ,A2     A) i has degree 0 and k

has degree 1 or 3.  Hence we may view A ,'->,A2 in   M (Z), and

S2n_j(A3,...,A2n+1) = 0 by Case I. Therefore a=0 by Lemma 10.    Q.E.D.

Definition. The weight of a vertex of T(S') is its T-degree minus its T'-de-

gree.

Lemma 13. For each d > 0 let u, he the number of vertices of T-degree d

and let w, be the sum of the weights of all vertices of T-degree d. If a¿ 0 then

1d*6Wd = 4ld*6Ud-2-

Proof. Clearly u , = 0 for d odd.  ^¿"¿  is the number of vertices of T(S),

which is 72+1, so 0 = X ■ a , - (n + 1). Likewise, ^¿du, is the sum of all the

T-degrees, which is An + 2 since there are 2« + 1 edges, each adjacent to two

vertices. Thus

0 =  £ dud - (An + 2)
d

=   ÍLdud-(An + 2)\-AÍZ"d-(n+l)y £(¿-4)«rf+2.

This means 2«2 = 2 + 2rfa6 (d - A)ud. Now Lemma 12 says that each edge of I""

is incident to one vertex of T-degree 2 and one vertex of T-degr^e > 6. Thus, the

sum of r -degree of all vertices of T-degree > 6 = the sum of T '-degrees of all

vertices of T-degree 2 = 2«2, since each vertex of T-degree 2 has T -degree 2

by definition of T . By definition of weight,

¿rf w, = (sum of T-degrees of all vertices of T-degree > 6)

— (sura of T -degrees of all vertices of T-degree > 6)

=  £ dud- 2u2 =   £ dud- Í2 + £ (d-A)u\
dz6 d¿6 \       d¿6 }

= 4  Z "¿-2. Q.E.D.

Suppose every vertex of T-degree 2d has weight > d, all d> 3. In particular

every vertex of T-degree > 8 has weight > 4, and 4 Sda6 a¿ - 2 = 2rfâ6 w^ =

w6 + 2¿>g »rf > w6 +4XJs8 «d. In this case 4«6 - 2 > w6; since each vertex of

T-degree 6 is assumed to have weight > 3, we conclude that two vertices of T-

degree 6 have weight 3.

Thus we are reduced to the following two subcases of Case II:

Subcase A. Some vertex of T-degree 2d has weight < d, for some d> 3.

Subcase B. Two vertices of T-degree 6 have weight 3.
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5. Reduction to Subcase B.

Lemma 12. Let Yj, • • •, Y2, e S"  ., k < n, and let Y2,+. = e., e B, +,. For

7/2 > 1, suppose there exist indices i.,- ••, i«   , t?aci o/ degree 2 in

r(|yj, • • •, y2,+1i), sz/ctj íiaz z,  occurs in  Y.  and Y2, z'2 occurs in Y.  and Y.,

• • •, i,     occurs in   Y.      ,   arzíj?   y.   .   For   1     / < m we define the monomials
■2m 4m-1 Am ' — '

ffrVîV2V.V4, and W'i = y4,y4y-lY4y-2y4y-3- Then

ZS2k + l(YVYV--Y2k + VVV->Vm) = °'

the sum taken over the 2m terms obtained by specializing V   to W   or W . , 1 <

/< 772.

Proof. The lemma will be proved by induction on ttz. Let S be an abbrevia-

tion for 2S2i,+i(yi> ' • *. Y2k+l; Vj, • • •, V'm), the sum taken over the 2m terms

obtained by specializing V. to W. or W'., 1 < ; < m. 2 ■ 2j + S2 + Sj, Sj being

the sum of those monomials of S ending with Wj, S2 being the sum of those

monomials of S starting with W., and 2, being the sum of those monomials of 2

neither starting with Wj nor ending with Wj. We shall show (i) Sj = 0; (ii) S2 =

0; (iii) 2i = 0.

(i) Sj = £S2/fe_3(Y5, yfi,- •• ,y2fe+1; V2,*" '^m^i' the sum taken over the

the 2m~l terms obtained by specializing V. to W   or to w', 2 < j < m. Now z'j

and z'2 occur only in  Y,, Y2, Y,, Y., so we may view Y^, • • •, Y2,   in B"   .. If

m=l then S^^^AY y •.., Y2fe+1) = 0 by £QU - 1, 2(A - 1)-1, l), so Sj = 0.

On the other hand, if m > 1, then -^2(k-2)+l^Yy'" ' y2/c+l' ^2' " " • ^n) = ° by

induction on m, so 2. = 0. Thus 2: = 0 for all 772 > 1.

(ii) £2 = 0 is proved in a manner analogous to (i).

(iii) Consider a typical monomial of £,. This has either a submonomial Y W.

or a submonomial Wj y , 5 < r < 2¿ + 1. To prove 2, = 0 it suffices to prove for

each r, 5 < r < 2& + 1, that the sum of those monomials of S containing either

the submonomial y W.  or the submonomial W, Y   is 0.
r    I 1      r

If 4m < r<2k + 1  then this sum is (by Lemma 7)

^H-3(y5'-'yt-1' K' Yr+V-> Y2k,V »V"« U»

summed over the 2m~    specializations of V . to W. or W!, 2 < 7 < m, where

Y^ = Yr"/j + W¡Yf is in B~+1  if r < 2k + 1 and is in B¿+1  if r = 2/fe + 1. But

the indices z'j and z'2   do not occur in Y., — , y2fe+1,orin yr, so we see

£ S2kJY9 -* Vl' yr- yr + l' •-' Y2k + V V2.O ' °'
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by £(,U - 1, 2(k - l) - 1, l) if 777 = 1, by induction (on m) if m > 1.

On the other hand, suppose 5 < r < 4ttz. Then Yf is in W. or W'. , some / > 2;

it follows that there are no nonzero monomials of S containing the submonomial

•Y W,  or the submonomial W.Y   unless either r= Ai- 3 or r = 47. Let us assume
r   1 1   r . '

r = 4/ - 3 (the other situation is analogous). Then all nonzero monomials of S

containing Y^j  or Vl[Yf must in fact contain W'.Wl or W¡W.. Let Yf = Y^ +

W.'Y . Y  eß".  and is incident to the index i. .   ,  since r = Ai - 3. But i, .   ,   is
1    r       r * +1 2y-1 ' 27-I

of degree 2 in T(\ Y y • • •, Y2k+l i), occurring in V4 _3 and Y4 ._2, so it is clear

that W'W. = Y. Y ..   ,Y,.   ,V   and W.*W. = Y Y,.   AY..   . Y,.. Thus if we let
7     1 47    47— 1    47-2     r I    7 t   47-2    47-I    47

W.= YY..   ,Y,.   ,Y.. and #'. = Y..Y..   . Y. .   A?
7 t   47-2    47— 1    47 7 47    47-I    47-2    r

then the sum of those monomials of X containing Y^^ or WjY   is

£W^---'V"'v2A+i;vV---'V--'vm)'

summed over the 2m~    specializations of V.  to W.  or W.,---,V. to W   or
•^ ' '

W. ,-..,V    to W    or W . But the indices t,  and z, do not occur in Y.,«",
7 ' '    m m m 12 5

'V.

yr'"' ,y2*+l' S0 we see

iV^'-^'-Vi^"^,.v>°

by induction.    Q.E.D.

We can now dispose of subcase A. Namely, assume that the vertex í has T-

degree 2d, and that at least (d + 1) edges incident to i are of the form \i   , i\, i

an index of T-degree 2, 1 < //. < d + 1. Since n>2d there certainly exists an index

k i \i, z'j, • > •, i ,+. i. By Lemma 9, in order to show a= 0 it is enough to show

ekk?2n+l^Al' — ,A2n*l^ekk ~ ®' wn^cn we now claim. Indeed, for any nonzero

monomial there is an associated Euler path in T(§ ) with end vertices k. The ver-

tex i can only be intermediate in this path, from which we conclude (even if i = 1)

that for some r, s, 1 < r < s < d + 1, the edges \i, i i and jz, i ! are adjacent. Now

{7, z'^i is adjacent to an edge \if, /j!, and jt, z'.j is adjacent to an edge {z , /,},

for suitable 7,  and /',. Let W     be the submonomial associated with the subpath

Ki/p 'r!> izr> ft' í¿> 2S!> i's> /2Î)> /ji 72!> an^ let W'rs be the submonomial associa-

ted with the reverse subpath. Then by Lemma 12,

ekkSn + l(AV->A2n + VWrs)ekk + ekkS2n + Ml.A2n + V Ks)ekk = °"

Summing over all possible Wfs, r < s, we get Se.^Sj +AA.,---,A2 +i;W )-0,

the sum taken over all Wrs, r 4 s. In this summation we have counted every non-

zero monomial of ekkS2nn^A V ' " 'A2n+l^ekk' but we ^ave counted twice the
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monomials of 2 ekkS2n+l^Al'" ' ,A2n+V "'ri si» •Vr2s-)ekk- summed over distinct

r,, s., r,, s2. But if r., s,, r2, s2 are distinct then the edges of the paths asso-

ciated with W   .    and IV   .    are all distinct, so we see by using Lemma 12
rlsl '2S2 i        a

again that 1 e^S^Ml' • • • ,A2„n; W.^, W^^iy - 0. Continuing in this

way (using the inclusion-exclusion principle) we have

ekkS2n+l{AV->A2n+l)ekk

= ^^kkS2n,ÁAV'"-A2n^Wr>kk

-VeilJ,    ,(A ,,-•., A,    .; W . ,W   c )ei-i   kk  2n+l     I'        '     2n+l»    r.s.'    r7s~   ikk

+ VeLiS,    .(A,,...,A,    .; W   r,W   . , W. . )e.. + • «• 0T .£- cfefe  2n+l     1' '     2n+l'     rjSj'      T22        3   3

by repeated applications of Lemma 12.  This concludes the proof ct,= 0 in subcase

A.

6.  Completion of proof of Theorem 1: Subcase B.   Having reduced the

proof of ¿-An + 1, 2(72 + l) - 1, l)  to subcase B, we may assume that two

distinct vertices of T-degree  6  have weight  3.  In particular there exists a

vertex   i! U 1   of T-degree  6 and weight  3  (i.e.   i is not incident to Â,  +. =

fl, 10. Assume the following: Af = ¡z, r}, 2 < r< 7, the vertices 2, 3, and 4 each

have T-degree 2, and Aj is the other edge of r(o') incident to the vertex 2. By

Lemma 9, in order to show a= 0 it is enough to show

e2252n+l(Al'"-"42n+l)e22 = 0'

and by Lemma 10 it is enough to show S2 _ j(A,, • • • ,A2  +J) = 0. Since the index

2 occurs only in A,  and A2, we may in fact view A-, • • •, A2  +.  in B    uB~.

For the remainder of the proof of Theorem 1, let degree denote degree in

niA^,«" ,A2n+j}). Clearly i has degree 5 (being incident to A,, A4, A  , A,,

^7) so by Lemma 9 there is another vertex k of odd degree and it is enough to

show t?i|.52n_j(Aj, • • • tA2n+i-ejtit = 0- Using the Amitsur-Levitzki theorem and

expanding by (l), we get

0 = ei1S2n{eii'Ai''m''A2n+l)ekk

"eiieiiS2n-Mi.A2»+l)ehk

-eiiAiS2n-i{eii'AA-----A2n+l)ekk

(3) + eiiA4S2n-l{eii' Ay Al> '••' A2n+l)ekk

~ ei,AiS2n-¿eii' Ai> A4> A6> • ' • ■ A2«+l)ekk

+ eiiA6S2n-X(eii- Ai> A4' A5> AV"> A2n+\)ekk

- eiiAlS2n-Áeii- Ay->A6>Ae>~-> A2„+l-ekk'
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N0W  eii eiiS2n-l{Ar ' • ->A2nn)ekk " eiiS2n-Mi> ' ' ' • A2„+lKv We als0

Claim ̂ sVlK.'^'-"'^»^-0 and

eiiA4S2n-l{eii>A)>AV'>A2n+l)ekk~°-

Indeed, the vertex 3, having degree two, is incident to A, and to one other edge,

which we may assume is A . Likewise, assume the vertex 4, also having degree

two, is incident to A . and A.. Since the index 3 does not occur in e.., A., •••,

Ay, Ag,..«,A2  +p we may view these matrices in M _,(Z), so

eitAiS2„-l{eii>A4.A2n+l)ekk

= eiiA5ASS2(n-l){eii> A4> '" ' AV Ar '••' A2n+l)ekk = °

by the Amitsur-Levitzki theorem. Similarly,

eitA4S2n-l{eii>Ai>Al>---'A2n+l)ekk = 0-

Therefore, equation (3) becomes

eiis2„-My'->A2n+i)ekk

(4) = '¿iVa-lKi' A3' A4' A6' ' • • ' A2n + l)ekk

- eUA6S2n-l{eiif Ar A4' A5' AV ' "> A2n+l)ekk

+ e„A7S2n- l(e¡¿' A3' A4' V A6' Atf'"* A2n+l)ekk'

Let us analyze e-.AçS^A.e.., Ay A4, A6,... ,A2n+x)ekk- Since e^.A, =

±cf5, it is equivalent to look at e^^2n- Seii* Al' A4' A6'" ' 'A2n+Jekk each °*

whose nonzero monomials contains at least one of the following submonomials:

(i) A3e..      (ii) e.A}       (iii) A^e..

(iv) e¿A4    (v) A6e.A7   (vi) <VA

We shall see that the sum of the monomials of e,5S2n_j(eif, Aj, A4, A6,• • • >A2„.\)ekk

of types (i) and (ii) (resp. (iii) and (iv), (v) and (vi)) is 0. Since the only duplica-

tion in counting occurs when we count twice monomials containing A, e..A. or

A^e^Ay it will follow that

eiiA'>S2«-l(>eii>A5>A4'A6>--->A2n+l)ekk

' eiiA¿S2n-Á-eii> Ar A4> A6> •"» A2n+P AieiiA4)

+ S2n- l(en' A3> A4' A6> ' ' * » A2„ + P VzVVKfc*

First we claim that

ei5{S2n-l{eii'AyA4>A6>'-->A2n+VAleit)-

+ S2n-l{eii> Aî> A4> A6> •••> A2n+V eitAi))ekk = 0'
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Well, it is clear that, since the index 3 occurs only in A,  and Ag,

*i5(S2«-l(<?if Ai> A4> A6* ' • • ' A7n + V A)ei?

+ S2n-l{eii- Ai' A4- A6> ••• ' A2n + V eilAi))ekk

= eiSS2n-Áeii- A5- V A6' ■ ■•■A2n + V A%Aieii)

+ S2n-l(e¿¿' '43"44' A6' * ' ' ' A2n + V ei,A5AS))ekk

= - e:'5S2n-3(/43' A4' A6- A7- A<)-'"- A2n+l>ekk

by Lemma 7, where A-=e..A,Ag-A„A,e.. is an antisymmetric matrix. More-

over the index 3 does not occur in A,, A4, A6, A7, A9, — »^2b+i» so we may

view these matrices in M  _,(Z).By £.(« — 1, 2(« — 1) — 1, l),

S2n-i{Al,A4-A(,-A7-A<)- '"■ A2n + 1) = °'

yielding the desired result.

The analogous argument shows that

ei5(S2„-l(c„' Al> <V V '"-A2n*V A4ei)

+ S2„- 1<V A3, A4, A6, .. •, A2n+1; e/A4))efe, = 0.

Now we claim

ei<SS2n-Áeii- Al> A4> A6> '-- A2„+V A6ei,A7)

+ S2n-l{eii> A5- A4- A6>-~> A2n + l-> A7eüA6))ekk m °-

•"Xj

Well, by Lemma 8, this equals -e^S2n_AAy A4, A6, Ag,... »^2»i + l^c/t*' where

A6 = A6eHAi ~ A7eaA6' Since ' does not occur in A6, A„, ••• ,A 2 ,, we see

A,  and A4 are adjacent in any nonzero monomial (of

eiîS2n-î{-Al,A4'A6-A8- ^^^■A2n + \)ekk),

which must therefore contain either AgA   A^A^ or A^A^A   Ag. Thus,

e¿5S2n-3(/43' A4-At'A%>"'- A2n+l)ekk

- e,5{S2n-i{Ai' A4> A6> AS* * '• ' A2„ + i; ¿sV/iP

+ 52n-3(/43' /44"46' A8' * •" ' *2«+l' /l9'44'4 3/48^e*fc*

In order to prepare for the use of Lemma 12, let us replace the index i in A,  and

A.  by the index 1, calling the results A,  and A,. Then the index i does not
_       —       *-u

occur in A,, A A,, Ag,-•., A2 ,, so we may view these matrices in M _ j(Z).

Since A-A^A   Ag =A„A4AAg and AgA3A4Ag = AgA}A4A9, we have
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S2n-ÁAy A4' A6' A8' • * * ' A2n+V A8A3A4A9}

+ 52n_3(A3, A4, A6, Ag, - - -, A2n+,; A9A4A3Ag).
_ _ 'X. _    _

= S2n-1<AS' A4- A6- A8' • " " ' A2n+V A8A3A4A9^
_ _ '\j _      _

+ S2„-3(A3' A4'A6'A8' •••"42n + P A9A4A3A8) = 0

by Lemma 12. Thus, e/5$2n_3(A     A4, A&, Ag,..- )^2n + l^e1fefe = ^' establishing

the claim.

These three results show, as has already been observed, that

)£e¿!V2n-l(e:t"43"44' A6> ■ • • ' A2n + l)ekk

= eiiA5{S2n-l{eü> Ay A4> A6' • * •' A2„ + i; Alei,A4'

+ S2„-l(*i,' A3' A4' A6' • * • ' A2n + V A 4e ,tA i))ekk'
Analogously,

eI!A6S2n-l(e,!'A3"44'A5'A7'"-"42n + lKt

- eúA6(52„-l(e¿¿' A3' A4> A5' A7' * • • ' A2*+f> A3eüA4}

+ 52n-l(<V A3' A4' A5' A7' • * •' A2„ + i; A4eiiAi))ekk
and

enA7S2n-l{eii> A3' * *• » W ' • " ' A2n + l)ekk

" euA7{S2„-i(e„- Ay-,A6,Ay, A2n+1; VA*

+ 52„-lKrA3'---'A6'A8'---'A2„+1^4e„A3))e^

Thus, in the terms in the right hand side of (4), we may consider only those

nonzero monomials containing the submonomial A^e..A .  orA.e.A,. But these
° 3    27    4 4    u     3

are precisely the nonzero monomials of e ..S^ (e..,A,,...,A,     ,)e, ,   which con-
r ' ii    2n    it"      y '     2n + l     kk

tain the submonomial A.e..A.  or A.e..A,. Therefore, (4) becomes
3    n    4 4    îz     3 '

^»-l^S."2»+lKt

= -eu(S2n-l(eîrA3'",'A2n + i;A3etzA4)

+ S2n(e..,A3,...,A2n+1;A4e.A3))e^

= - 'ielm-M- A5' A6' A7' A10' ' •• ■ A2n + l)ekk

by Lemma 7, where A =AgA3<?..A4A-t-A9A4e..AAg. But the indices 3 and 4

do not occur in A, A5, A6, A?, A 1Q,. • • ,A2     j. Thus

S2(„-2)(A^' A5' A6' A7' A10' • • •' A2n+1] = °
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by the Amitsur-Levitzki theorem. Therefore e..S,     ,(A,,. •. ,A,     ,)e, , = 0,
' ii    2n-1     3 '    2n + l    **        '

which disposes of subcase B.

Thus we have £0(z2 + 1, 2(n + 1)-1, 1) for n even. But then Lemma 6 yields

£Q(n, 2« - 1, 1) and ®0(n, 2n - 1, 0), finishing the proof of Theorem 1.

7. Additional results when p ¿ 0.

Theorem 2. £2(«, &, t) for k>n + t.

Proof. By hypothesis +1 = -1. Thus all elements of B~ are symmetric,

S,(A p • • • ,Ak) = S^A^j •. • Ank, and we need show only Sfe(A p • • • ,A¿) = 0 for

all Ap... ,A,_   in B~ and Ak_    1,"-,A,  in \e..,l <i <n]. Suppose all in-

dices have even degree in T(lA „• •• ,A.     \). Then any nonzero monomial

^771 An2 ' ■ ■ Ank has value e,y • suitable /• But then ejj = (¿Tri A7T2 * * * A77fc)* =

Awk'~ An2AnV s° VA772 ••' Ank+Ank'--An2Am = 2 e,y = °- Summing

over all such pairs of nonzero monomials, we see S,(A .,•• •,A,) = 0.

Thus we may assume in particular that not every index has degree 2 in

T(\A p •••, A, _,!)• Since the sum of the degrees of T({A p. • • ,Afc_(j) is

2(k - t) >2n, we see that some index i must occur in at least three elements of

{Ap... ,A,_iJ. But this means that any path of length k in T(|Ap. •• ,Afcj)

must contain a closed subpath beginning and ending at i. Let AniAn2 ' ' ' Ajrk

be a typical path of length k and let A     • • • A^    be a closed subpath of maximal

length beginning and ending at i. Then the reverse subpath A    A  . _,, ••• A

also is closed with end vertices z, and A„. • • • A_,     ,,A_  ... A_ A_,     .. ...
' 771 77(t-1)    77r 7TS    77(s + l)

A„L + A„, •• • A   .    , ,A„A 1N---A„A>r,    .. ... A„, = 2A_, • •• Aw, = 0.77* 771 77(r- 1)    ITS    77(s-l) 77r    77(s+l) 77* 771 77*

Summing over all such pairs of monomials yields S, (A p•••, A.) = 0.    Q.E.D.

Unfortunately this theorem does not say anything about identities for anti-

symmetric matrices, since in fact M (F) is precisely the set of antisymmetric

matrices of M (F) when F has characteristic 2. Nevertheless, defining [X, Y] =

XY - YX, we have

Corollary. Let char(F) = 2. Then SJU,, A*],. • • ,[Aß, A*]) = 0 /or a//

A ,,•>., A    ¿72 M (F). Moreover, if k > n then
V        '    n n *  '      —

5fe([ApA2],[A3,A4],...,[A2n_1,A2n],A2n+p...,An+Jt) = 0

for all Av..-,A2n + l in M*(F).

Proof. Obviously, [A, A*] 6 M"(F) for all A in Mn(F), and [A ,,A2]e M^(F)

for all A p A, in M (F), so the corollary follows immediately from Theorem

2.    Q.E.D.
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Examples given in the next section show that Theorems 1 and 2 are sharp.

However, there still remains the question concerning &An, k, t) for p an odd

prime. We shall see that no positive results can be adduced for t > 0, so let us

see what happens when / = 0.

Proposition 1. £,(4, 5, 0).

Proof. We need to show that for all Aj,...,A5 in MT(F), F having charac-

teristic 3, SA.A j,..., A.) = 0. Indeed, it suffices to consider A.,..., A, in

B~, which has only six distinct elements. Thus, permuting the indices if nec-

essary, we may assume Aj = eJ2 - e2l, A2 = t?13 - c    , A, = e?-3 - e,2, A. =

e24~ e42' A5 = e34 ~ e43' 'n wnich case SAAït--- ,Aj » 6eJ2 - 6e23 = 0 in

characteristic 3.    Q.E.D.

Proposition 2. Tie? following sentences are equivalent for n even and

p \(2n - 1):

(i) For a//Aj,---,A2n_j in B~      such that all vertices of

T(\A j,---, A 2n_ j}) iaue ever? degree, ^2n-SA V" ' ,A2n-l- = ® 'n character-

istic p.

(ii) £^72, 272 - 3, 0).

(iii) £^(72 +1,2(72+ l)-3, 0).

(iv) £^72 + 1, 2(72 +  l)-4, 0).

Proof, (i) =»(iv) Clearly (i)=»tr52n_1(A1,..-,A2n_1) = 0 for all Aj,...,

A2n-1 *n ßn+l> hence for all Av--->A2n„i in M~+1. Thus by Lemma 6(a),

£^(72 + 1, 272 - 2, 0).

(iv) =-»(iii) Immediate by Lemma 1(b).

(iv) =» (ii) Immediate by Lemma 2.

(iii) => (i) Obvious.

(ii) =*(i) Since the sum of the degrees of T({A p. • •,A2n_ ii) is 4t2 - 2,

whereas there are (72 + 1) vertices, some vertex must have degree 2. Hence, (i)

follows immediately from Lemmas 10 and 9.    Q.E.D.

Corollary 1. £j(5, 7, 0) and S.A5, 6, 0).

Proof. Immediate from Propositions 1 and 2.

Corollary 2. £5(6, 9, 0), £5(7, 11, 0), and lAl, 10, 0).

Proof. By Proposition 2, it suffices to show for any A j, • • •, A2n_ j  in B~+1,

« = 6, such that all vertices of T(\A j, • • •, A2„_ A) have even degree,

S„     ,(A,,. •• ,A,     ,) = 0 in characteristic 5. We claim this is true if any edge is
2/2— 11' '      272— I
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incident to two vertices of degree 2. Indeed, suppose i.  and ¿2 each have degree

2, i. occurring in A.  and A2 and z'2 occurring in A.  and A,. To show

S    _ (Ap-",A ) = 0,   it suffices to show (by Lemmas  10 and 9)

S2n_3(A3,-..,A2n_1) = 0. But z2 has degree 1 in T({A},. • • ,A2fj_ jj),

so by Lemma 9 it suffices to show  0-e.  .  S,     AA  ,...,A,       ) =
2   2      272—3 5 277—1

eI272A352n-4('44'---'A2n-l)-But   'l   a"d  f2   d° DOt OCCUr "» A4« * ' * » A2n- 1»

so we may view these matrices in M~_ j(Z5). Then ^2»-4    4'* " " ' A2n-1

by S.An - 1, 2(tz - l)-2, 0), establishing the claim.

So we may limit our attention to graphs without any edges incident to two

vertices of degree 2, a complete nonisomorphic set (with 7 vertices and 11 edges)

being

(a) (b)

Each of these graphs corresponds to a set \A ., ■ • • ,A . A of antisymmetric mat-

rices such that SjjiAp... ,An) = 0 in characteristic 5. Interestingly, in each

case Sj j(A p • • •, A j j) 7^ 0 in characteristic 0, so (a)-(d) can be used to show

that <A-0(t2, 2n - 2, 0) is sharp for n -1. Examples (a) and (c) have been general-

ized and explored in depth to show ¿.An, 2n - 2, 0) is sharp for all n (example

(a) was investigated independently by Rowen and Hutchinson, and example (c)

was investigated by Owens [5]).

8. Counterexamples. We summarize the previous results (Lemma 1, Theorems

1 and 2, Proposition 1, and Corollaries 1 and 2 to Proposition 2):

£ (72, k, t) for k > 2t2, all p, n, t.

lp(n, 2/7 - 1, 0), £.p(n, 2n - 1, 1), lp(n, 2n - 2, 0), 72 > 2 all p.

£ (tz, 272 - 2, 1) for 72 odd, all p.

S.2(n, k, t) for * > 72 + t, all n, t.

lp(n, 2« - 3, 0) for 72 < 7, t) | 2[n/2] - 1.

lp(n, 2« - 4, 0) for odd » < 7, p |(« - 2) = 2[»/2] - 1.

The purpose of this section is to show by example that these results are

sharp for p = 0 and p = 2, and that for odd p these results are sharp with the
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possible exception of ¿An, 2/2 - 3, 0) for n >8, p |2[t2/2] - 1. Since the sentence

which has evoked most interest is ¿Q(n, 2« - 3, 0), we start with the most direct

counterexample (known independently by Hutchinson).

Example 1. Let Aj = e21 - e12. For r > 1 let A2r = e x     . - e       l and let

A2r + l = er+2.2-e2,r+2'Forany  n > 2> A V ' >A2n-l 6 Bñ'

52„-3(Ar"-'A2n-3) = (-l)^"-l)^12-e2l)

for 72 even, and

S2n-¿AV->A2n_A

m (_D(«+iy2((B _ i)t(e     + e22) + 2(72 - 2)f(.„ +... + .    ))

for 72 odd.

Proof. First we shall prove by induction on 72 that

S2n-4{A2'--->A2n_i)

= (_l)(«-2y2((n_2)!( }   +2(n_m +e     vv.

for 72 even and

S2n-4^AV^A2n^^-^n+lV2^-2)\(eu-e2l)

for n odd. This is trivial for 72 = 3, 72 = 4, so assume the assertion is true for

all 772 < 72. Let us evaluate

el\S2n-4^A2* •'•' A2n-J

=   Z t-l)l«,iVa^3Í*a.-.^|.^i.-.Aa.+j)

by (1). Now e, . A . = 0 unless i is even. Setting z = 2r yields

(-l)2renA2r52n_5(A2,...,A2r_pA2r+p...,A2n_3)

* el,r+2S277-5(A2' ••■"42r-l"42r + r *'•' A2n-3)

= el,r+2/l2r+l5271-6('42' " "' A2r-V A2r+2' * ' * » A2n-i)

= eI252n-6('42' •■•'/42i-l"42r+2' '"'A2n-i^

Thus
n-2

ell52„-4^2' •••"42„-3)=   2-    e1252„-6^2' * ' ' ' A2r- l'A2r+2' '"» A2n-3)*
7=1

Now the index r + 2 does not occur in |A2,... ,^2r_p ^2r+2> • •• «^2,1-3'' so ^v

induction
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e12S2(n-l)-4(A2' ' • ' ' A2r-1> A2r+2' '"» A2n-3)

= _(_!)«% _3)!ei2e2i   =(-l)(n-2V2{n_3)leii     ¡fBÍseven>

(-l)("-3>/2(n-3)!e12e22 = (-l)(n+1)/2(r2 - 3)!*12    if n is odd.

Hence euS2fi_4(A2,..., A2n_j) = (-l)(n~2)/2(r2 - 2)! <?n if« is even,

(_l)(n + " (n - 2)1 el2 ii " is odd. The claim follows immediately from Lemmas 9

and 4.

Using this result we can now calculate S2n_3(Aj,..., A2j¡_3). Assume the

given formula is valid for all 772 < 72 (this is trivial for n = 2 and 72 = 3). As above,

ellS2n~i{AV * ' ' ' A2„-3} - ellAlS2„-4(A2' ' " ' A2„-3)

+ £ (-irV.V^i'-^t-i'V-'^^
i=2

= cllAl52n-4(A2'"''A2„-3)

n-l

+ Z  e1252n-5(Al''"'A2r-l'A2r+2'-"'A2«-3)-
r=l

By induction (since the index (r + 2) does not occur in {A ,,..., A2 _,, A2 +2,

••'■A2«-3!)'

e12S2n-5(Al'-'-'A2r-l'A2,+2'---'A2n-3)

= (-1)^(72-2)!e12    if 72 is even,

_(_l)(»-»W(8.2)!e12e21-(-l)(,,+iy2(«-2)l«n    if 72 is odd.

Thus e?j j52n_ (A1,...,A2n_3) = (-l)n/2(n - l)!t?I2 if n is even,

(_l)("+1)/2(«_l)!eu  if n is odd. The formula for 52>j_3(A p .... A2n_3) is an

immediate consequence of Lemmas 9 and 4.    Q.E.D.

We shall now investigate the sharpness of Theorem 1 with the next three ex-

amples. The formula of Example 4 was observed first by Owens [5]. In these ex-

amples let A-     .=(?,,    - e    . 1 and let A,  = e    l7 -e .->   ,r>l.
r 2r- 1        r+l,r        r,r+l 2r        r,r+2       t+1,t-     —

Example 2. S2 _2(c12 + e"21, Ai»',,»A2„_3^ = 0 for 72 odd, 2(e-jj - e22) for

72 = 2, 4(e.       , + e     . ,) for » even > 4.

Proof. For 72 odd, S2 _2^i2 + e21, Aj, "' ,A2n_i) = 0 by £0(t2, 2« - 2, 1),

so we may assume 72 is even. In this case S2 _2(t?12 + e21,Aj,...,A2    3) is symme-

tric by Lemma 4. For n = 2, $2(e12 +e2i»e2i-ei2) = "^e\\ ~ e22^" ^"or n - ^'

çhe index 1 occurs in three matrices (e l2 + e2 j, ^j, and A2), so it suffices to

showejj52  _2(e?12 + c2 j, Aj,..., A2 _3) = 4e? j   _ j. Let 21 be the sum of the
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monomials (of e.^S    _2(e12 + e2p Ap..., A2 _.)) in which eJ2 + e21 and At

are adjacent, and let 22 be the sum of the other monomials.

We claim e^ x^2n-2^el2 + e2V A V'" ^2 -3' (e X2 + e2l^AJ ~ ®" Iideed

eil52n-2(el2 + e21'Al'-,-'A2„-3;(el2 + e21Ml)

= ell(e12 + e21)AlA2S2n-5(A3',--'A2n-3)

+ ellA252«-3((el2'+ e2l]' Al' A3' '••• A2n-V (*12 + e2 1)Al)

= ei352„-5(A3'"-'A2„-3)

+ el3S2„-3((e12 + e21}' Al' A3' •"' A2„-3;(el2 + e21)Al)-

Consider a typical nonzero monomial e¡,A  . .. .A   (e,2 + e2 .)A   A  .    ,»•••

A77(2«-3) wnere n is a permutation of (3, •••,2/2 - 3). Since (e12 + e2 .)A, =

ell_e22 and since the index 1 does not occur in {A3,...,A2  _ , j, it is clear

that

e.iA^, ' • • A„(e,T + en,)A,A„.   1S..-A_.,     ,,
13   773 77r    12 21      1    77(r+l) 77(2n-3)

= e, ,A„, • • • A_ (-e~A)A_.    1S"'A_,^     ,.
13    773 77f        22      77(r+l) 77(2n-3)

= — e, ,A_, • • • A_ A_,    ,, • • • A_,-     ,..
13    773 77r   77(r+l) 77(2n-3)

Since 2 has degree 2 in T(|A3,...,A2     ,j) we conclude that

e1352„-3((eI2 + «2p» Al' AS» *••• A2n-3; (e12 + e21)Al)

= -eUS2n-5^Ay '"'A2n-i)>

SO

ellS2„-2(e12 + •«» Al.A2n-Ï* (c12 + ^V = °-

Similarly,

ellS2„-2(el2 + 'tvAi*'~* A2n_y Al(eu + e21)) = 0,

so 21=0.

It suffices therefore to prove 22 = Ae ̂  n_ , (for even tz > 4). Since 22 is the

sum of those monomials in which (e 12 + e2,) and A j are nonadjacent, it is clear

in view of the index 1 that no nonzero monomial of £2 starts with cnA2; in

fact,



278 L. H. ROWEN

^2 = Cll(ei2+ e21)(S2n-3(Al'-"'A2„-3;A2AlA3)

+ S2„-3(Al'---'A2n-3;A3AlA2))

+ eu(el2 + e21)(S2n_AAl,...,A2n_i; A^^J

+ 52n-3^Ar '"'A2n-3' A4A1A2^

-cllAl(52„-3((e12 + e21)'A2',--'A2„-3;A2(e12 + c21)A3)

+ S2*-3((e12 + e2\^ A2- '"■ A2*-3; A3(e12 + e21)A2))

-ellAl(52n-3((e12 + e21)'A2'"-'A2„-3;A2(c12 + e21)A4)

+ S2«-3((e12 + *2\>* A2' •••' A2„-3; A4(e12 + e21)A2))-

By Lemma 7 applied to each of the 4 pairs of terms, we see

^2 = e1252n-5(2e33' A4- • • • ' A2«-3) + e1252«-5(e34 + e43' A3' Ai* '." ■ A2»-3)

+ C12S2„_5(0' A4' • • * » A2n-1) + e12(S2r,-5(-e34 + e43' A3' A5' '"' A2„-3)"

Clearly the last two terms are 0 since S2fj_5(0, Av ' ' ' 'A2n-y = ^ and

52„-5(~e34 + e43' AS* Ay "•■ A2„-3)

= S2n-5(-e34 + e43'A3' e43 " e34' ' ' " ' A2n- 3) = °'

Thus

^2 = e1252n-5^2e33'A4' "•'A2n-3'

+ e1252n-5(e34 + e43'A3'A5'--''A2n-3^

= -2e12A4S2n_6U33,A5, ...,A2n_3)

- c12A352„-6(e33 + C43' A5' ' ' ' ' A2n-3}

= -2e14S2n-6(e33'A5'-"'A2«-3)

+ e13S2„-6(e34 + e43' Ay * * * ' A2«-3)-

If 72 = 4 then

Z2 =-2ei4S2(e33, AA + enS2(eiA + e43, A,) = + 2e^ + 2e„ = 4eiy

If 72 > 4 then
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e1452n-6(e33'A5'-"'A2„-3)

= e1452„-6(e33' A5' '•• ' A2n-y V33V

+ e1452„-6(e33' ' * ' » A5' • * ' ' A2n-3í A6eliA¿

= e14^2n-8^~e45 + ß54' A7, • • • , 42n_})

by Lemma 7. But A_ = e,. - e,., so

e14S2„-6(e33' A5' • * ' "42„-3) = e1452«-8(-e45 + e54' e54 " e45' •«•> - 0.

Therefore

2-2 * e13S2„-6(e34 + e43' A5' *•• • A2n-i) = eli(4e3,»-l' = 4el,„-l

by induction on 72.    Q.E.D.

Example 3.   S2«-1(<?12+ e2l'Al'"-'A2»-3'^.-l,»-^ = 4ell + 2e22 for n = 2»

2el2 - 2e2l   for" = 3'4(ei,n_i+en-i.i>for'2even>4»4(e„_i,i-ei,n-i>for »

odd > 5.

Proof. For »2 = 2, S$(el2 +e21> e2i -ei2> en^ = 4cn + 2e22- For n > 2' r^e in~

dex 1 occurs in an odd number of matrices, as does the index (tz - 1), so (by

Lemma 4) S       .(e., + e,„ A. ... A,    „e    ,      ,) = a(e,      ,+(-l)ne    , ,), a
2n-l     12        2 1'     1'        '    2n-3'    n-l,n-l n    l,n-l »-1,1'     n

in Z. We propose to show a, = + 2, a   = A for tz even > A, and a   » — 4 for 72

odd > 5.

Let 72 = 3. Then S,(e12 + ^2„ A., A , A,, e22)e22 = 2e.2 is easy enough to see.

Let 72 > 4. Then

a„el,«-l=52n-l(e12 + e2l"4l'-""42n-3'e»-l,»-l)e«-l,«-l

= S2„-2(e12 + e2VAV •••>A2„-S)en-l,n-l

-S2„-2(el2 + e2VAV->A2n-4>en-l,n-l)A2„-ien-l,n-l

_52n-2(e12+e21"4l'-"'A2n-6'/l2n-4'/42n-3'en-l,n-^A2n-5en-l,«-l

+ S2«-2(e12 + e2V AV■•••» A2»-7' A2„-5' ' "» A2n-3' en-l.n-l)A2»-6en-l,r.-r

N0W'52»-2(el2 + e21'Al'-"'A2»-3)Vl.n-l=4ei,»-l Íf " ^ «ven, 0 if 72 is Odd.

52*-2(e12 + e2VAV •'•' A2„-4' e„-l,«-l)e»,«-l

= (S2«-2(el2 + e21'/ll'--,'A277-4'e»-l.»-l;A6e«-l,»2-lA5,)

+ S2n-2{el2 + 621' * * •"42n-4' e«-l,«-l; A',en-l,n-lA6))en,n-l

= -52«-4(ei2 + *W AV ' ■*« A2«-7' en-3,n-2 " e„-2,n-3)en,«-l = °
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since A7n-7 * e«-3,«-2 - en-2,n-y Likewise,

S2n-2(e12 + e21'Al'---'A2r,-6'A2n-4' A2n-3'%-l,n-l)en-2,n-l

- (52«-2(e12 + *2VA\- '"■ A2„-6' A2„-4' A2n-3' en~\,n-V A2n-6en-l,„-lA2n-3)

+ X2n-2(e12 + e21» A l' " " * ' A2»-6' A2n-4' A2„-3' Vl.n-l»

A2n-ien-l,„-lA2„-6-)e„-2,„-l

= S,     Ae,. + e.,, A,, •••, A,    ,, (e    ,    — e       .).AÁ)e    ,      .2n-4    12       21'    1'        '    2n-7'     n-3,n       n,n-3       4   n-2,n-l

= —S,     ,(e., + t?,,, A., •••, A,    -, e    .    —c       ,, e       , — e    ,   )e    ,      ,2n-4    12       21'    1' 2n-7'   n-3,72       n,n-3'   n,n-2       n-2,«' n-2,n-l

= (by Example 2 for (72 - l)) 0 if 72 is even,

= -4cl,n-2e„-2,n-l=-4el,n-l  if n isodd-

Finally,

52„-2(é?12 + C21' AV ' "' A2n-V A2„-5' " ' ' » A2n-3' en-l ,»-lK»-3,r.-l

= (52n-2^2 + e21'Al'•••'A2n-7'A2n-5'•••'A2n-3, e72-l,n-l;

A2n-5en-l,n-lA2«-3)

+ 52n-2(e12 + e21'',"'A2n-7'A2n-5,-"'A2n-3'e71-l,n-l;

A2n-3en-l.n-l'A2n-5"en-3,n-l

- S2„-4(e12 + e2V AV '" ■ A2n-V ~ en-2,n + en,n-V A2n-4)en-î,n-l = °

since A2n-4 = *»-2,n ~en,72-2-

Putting all of this together yields a„ eu„_ 1 = 4ei,„_ 1 + ° + ° + ° = 4e l,n-1

for « even > 4; a  e,       , = 0 + 0 - 4e,       . + 0 - - 4e.       .for « odd > 5, as
— II     1,11—1 l,fl—1 1,72—1 —

desired.    Q.E.D.

Example 4 (Owens [5]). ^2n_a^i> * • • >^2n_3^ = e2\ ~ C12 ^or n ~ -•■

2(en + e22 + eJ3) for 7» = 3, 2(n - l)(e2 n_ j -en_x 2) for 71 even > 4,

2(n - 2) (e,      . - e    , ,) for 72 odd > 5.
2,72—1 7Ï— I , ¿ —

Proof. The cases 72 = 2 and n = 3 are immediate. For n > 4, it is clear from

Lemma 4 that S,     ,(A,,•••,A-     ,) = a (e, -(_l)ne        0) for suitable a
271—3      1 '     ¿n— 5 n    2,7.-1 Ti—1,¿ n

in Z. We shall show a   = 2(n - 1) for 72 even, 2(72 - 2) for n odd.

ane2,„-l = e2252„-3(Al' " ' * » A2n-3)

= e22AXS2n-4(A2- " *• A2„-3) + e22A352n4(A 1* A 2' A 4- ' * * > A 2„_ 3)

"e22A4S2n-4^Al,A2'A3'A5'",,A2f,-3^
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e

e21S2n-4(A2'"-'A2„-3) = e2lV2n-5(A3''"'A2n-3)

*e23Vle3,n-l = ar.-le2,n-r

e2iS2n-4(AV A2' A4' " ' " » A2n-3^

= e23<52„-4Wl> A2' A4' ' * * ■ A2„-3; A2A1A4}

+ 52„-4(Al' A2' A4« ' ' ' ' A2„-3¡ A4A 1A2})

- - e23S2„-6(e34 + c43' A5» * ' ' ' A2„-3) = °

for 72 odd, e23(2e33) = 2e?2J for 72 = 4, e23^4c3 «-1^ = 4e2 71- 1 for " even > 4'

by Example 1 applied to (tí - 2). Finally, e24S2n-4<^AV A2, Ay Ay'~>A2n-J =

24^27I-6^2e3 3, Ay "' ' A2n-y^ = ~^e2 3   *0r   n = 4;   otnerwise

2e24S27.-6(e33'A5'-,-'A27.-3) = 2e24527l-8(c54-e45'A7''"'A2n-3) = 0sinCeA7 =

e54-e4V

Putting everything together, we have a. = a, + 2 - (-2) = 6; for 72 even > 4

(proceeding inductively) an = aj_1+4 + 0 = 2((« - l)-2) + 4 ■ 2(72 - 1); for 72 odd

(proceeding inductively) an = an_j+0 + 0 = 2((n - l)-1) = 2(72 - 2).    Q.E.D.

We are prepared now to examine £ An, k, t) for p 4 2. First let t = 0. We

have proved £.(72, k, 0) for k > 2« - 2. Example 4 shows £,,(72, 2t2 - 3, 0) is

false for pj[2[n/2] - 1. Lemma 1(b) then shows £,,(72, 2t2 - 4, 0) is false for

pV2[n/2] - 1. In fact, if 72 is even then £ (72, 2« - 4, 0) is false for all p 4 2.

For suppose £,,(72, 2rz - 4, 0). Then p \ 2[n/2] - 1 = 72 - 1. But Lemma 2 would

imply £^(72 - 1, 2(72 - 1) - 3, 0), so   p | 2 [(« - l)/2] - 1 = 72 - 3.   Thus

p\ ((72 - 1) - (72 - 3)) = 2, so p = 2. Since £,,(72, 2n - 4, 0) is false for 72 even, all

p 4 2, we conclude by Lemmas 1(b) and 2 that £^(72, k, 0) is false for all p 4 2,

all w, k < 2t2 - 4. Thus, for 72 even we have determined the truth or falsehood of

£ (72, k, 0) in all cases except 72 > 8, k = 2t2 - 3, p 172 - 1. For 72 odd we have

determined the truth or falsehood of £^(72, k, 0) in all cases except 72 > 9, k =

2f2 - 3 or k = 2« - 4, p \ n - 2.

Next let f = 1. We have proved £ (72, k, 1) for k > 2n - 1 and £ (72, 2t2 - 2, 1)

for 72 odd. If p 4 2 then Example 2 shows £•(«, 2n - 2, 1) is false for 72 even,

and it follows by Lemma 2 that £ft(72, 2ti - 3, 1) is false for « odd, all p 4 2. We

claim that %-An, 2n - 3, 1) is also false for 72 even, all p 4 2. Indeed, suppose

£ (72, 2t2 - 3, 1). Using the notation of Example 2, we clearly have (for » > 4)

4el,7.-l=S2n-2(e12 + e21'Al'*""'A2„-3)e7!-l,n-l

= S2»-3(e12 + e21'Al'*"'A2n-4^A2n-3e7.-l,72-l

+ S2n-3^12 + C21' AV ' ' ' ' A2„-6' A2n-4' A2n-3)A2n-5en-l,n-l

-52n-3(e12 + e21' AV '" ' A2n-V A2n-5' * " ' A2„-3)A2n-6C7.-l,7.-r
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Now each of the right-hand terms would be 0 by ¿An, 2n - 3, 1), which would

imply 4 = 0 (mod p). This is impossible unless p = 2, thereby establishing the

claim. It follows through iepeated applications of Lemma 2 that ¿An, k, 1) is

false for all 72, all p ¿ 2, k < 2n - 3. Hence for t = 1 the statement of Theorem 1

is sharp for all characteristics ^ 2.

Finally, let t > 2. Example 3 shows ¿An, 2n - 1, 2) is false for all n, p /= 2,

and applications of Lemma 2 then show ¿An, k, 2) is false for all n, p 4 2, k <

2t2 - 1. We conclude that ¿An, k, t) is false for all n, p ¿ 2, t > 2, k < 2n - 1,

from the following easy remark:

Remark. Let A p .. •, Ak e AUF). Then 5fc+2(A v . •., Ak, e .<s+, - en^.,

e7! + l.n+l) = 5*(Al'-"'A*)e¿.7z + l + e« + l.¿5*(Al'---'A*)-

Summarizing the above counterexamples, we see that the following sentences

are false:

¿p(n, k, 0) for all n, p ¿ 2, k < 2« - 5.

¿An, 2tz - 4, 0) for all even n, p ¿ 2.

¿p(n, 272 - 3, 0), £^72 + 1, 2(t2 + 1) - 3, 0), ¿p(n + 1, 2(n + 1) - 4, 0) for

p ]( 2(n — 1), 72 even. (These three sentences are equivalent for any p.)

¿An, k, 1) for all 72, p ¿ 2, k < 2n - 3.

¿ An, 2n - 2, 1) for all even n, p ¿ 2.

¿An, k, t) for all n, p ¿ 2, * < In - 1, t > 2.

In particular, Theorem 1 is sharp for characteristic 0 and for t > 1 in arbitrary

characteristic ¿ 2.

If p = 2 the following example shows that Theorem 2 is as sharp as possible:

Example 5. Let A. = e. .   ,-e.  ,  ., 1 < z < « - 1. Then for any t < n,
r l 1,1 + 1 7 + 1,7 —       — ' —      '

Sn+t-Mv^An-VeiV-'ethein-enV

Proof. Immediate.

9. Identities in matrix algebras with involution. Let ft be any domain and let

( *) be the transpose on M (ft) with respect to a suitable set of matric units

je.. I 1 < 2 < 7 < 7z|. Clearly ( *) is an antiautomorphism of degree 2, otherwise

called an involution, and we let (M (ft), *) denote this matrix algebra with in-

volution.

Now let ftiXj = ft{X. p X, 2, • • •, X.p X.2,. •. J be the free noncommutative

ft-algebra generated over ft by the countable set of noncommutative indetermi-

nates {X.p X -2, • • • ,X.., X,...¡. ft{Xj can be given the involution (*) defined

by tu  = tu, all tu in ft, and X., = X.,, X., = X.., all i. Let us write X. = X.,,
1 ' 11 z2'     12 il' ill*

X¿ = Xf2. A homomorphism of (ft{Xl, *) to (M (ft), *) is a homomorphism of fl{Xj

to M (ft) which  preserves   the   involution.   Suppose   a   nonzero   element



STANDARD POLYNOMIALS IN MATRIX ALGEBRAS 283

/(X., X-, • • •, X   , X  ) of (íi|Xj, *) is in the kernel of every homomorphism from

(QjX¡, *) to (M (fi), *). Then we say / is an identity of (M (fi), *). Identities in

matrix algebras with involution have been a source of interest in recent years,

and we shall see in this section how the results of this paper tie in with the theo-

ry of identities of (M (Í2), *) for arbitrary Í2.

Viewing / as a sum of monomials / (X., X., • • •, X   , X   ), we shall say the

degree of the ith indeterminate of f   is the sum of the degrees of X. and of X.

in / . The degree of f   is the sum of the degrees of the indeterminates of / ,

and the degree of / is the maximal degree of its monomials. The polynomial /

is multilinear if each indeterminate occurring nontrivially in / has degree 1 in

each monomial of /. There is a well-known procedure, given an identity / of

(M (ii), *), to obtain a multilinear identity / of (M (fl), *), with degree not greater

than that of /.

Now let g(Y j, •.., Yfe) be a polynomial with coefficients in  fi.   If

g(Ay ••• ,Ak) = 0 for all possible A(, • • •, A, _   in M~(fi) and A, _    j,..., A,

in M (fi) we shall say g is a (k - t, t)-identity of M (fi) (with respect to (*)).

Theorems 1 and 2 and Proposition 2, Corollaries 1 and 2 provide various standard

(k - t, z)-identities of M (fi).
n

Suppose char fi 4 2. Then any (k - t, i)-identity g(Y , — , Y,) yields the

identity g(X l -X*u..., Xk_t - X*_,, XA_/+1 + X*_< + 1,..., Xfe + X*) of

(M (fi), *), since X - X* is antisymmetric in fiiXf and X + X   is symmetric in

QiXi. If g(Yv---, yfc) is multilinear then so is g(X y - X1,...,Xfe_i - ^k_t,

XA-t+l + X*k-t + V ■■■'Xk + XP" Conversely- let /(*,. Xî- • • •. Xm' XD be a

multilinear  identity  of   (M (fi), *).   Then   f(X., X*  • • •, X   , X* ) =

fAXv X2, X*...., Xm, X* ) + /2(X*, X2, X*,..., Xm, X* ). Evidently

/j(X*, X*,..., Xm, X* ) + /2(Xj, X2, X*,..., Xm, Xm) is also an identity / of

(Mn(fi), *). If / = / then f(Xv X*,...,Xm, X*) = /j(Xj + X*. X2,X*,. ...X^, X^).

Otherwise f - f = f AX : - X*. X 2, X*,...,Xm, X*) -fiX^X^..., Xm,X$

which is also an identity of  (Mn(fi), *).   Continuing in this manner yields a

multilinear identity g(X1 - X*,.. •, Xm_( - X* _(, Xm_t+1 + X*m_t+V • • • ,Xm + X^)

for suitable t so g(Y , • • ■, Y   ) is a (ttz - t, /)-identity of Mn(Q) (with respect to

(*)).

Thus we have a way of passing back and forth between multilinear identities

of matrix algebras with transpose and polynomials of the type investigated in this

paper. In particular, ^2n_2^X I ~ X V " ' >X2n-2 ~ X2n-2* ls an identity in

(M  (fi), *), ( * ) the transpose involution, for domains fi of characteristic 4 2. On

the other hand, ^2n_2(^i l ~ x12? • • • ? *2n-2 1 _ X2n-2 2^ obviously is not an
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identity of M (ft) in the usual sense, so we have obtained identities of

(M (ft), *) which are not consequences of the identities of M (ft). Viewed in this

light, this paper becomes a study of standard identities of (M (ft), *) which are

not consequences of identities of M (ft). Applications of this study and its anal-

ogous results when (*) is an arbitrary involution may be fountain [6],
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