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STANDARD POLYNOMIALS IN MATRIX ALGEBRAS
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ABSTRACT. Let Mn(F ) be an n X n matrix ring with entries in the field F,
and let Sk(X e X lc) be the standard polynomial in k variables. Amitsur-
Levitzki have shown that S (X e ,X ) vanishes for all specializations of
Xl" . ,X to elements of M (F). Now, wnth respect to the transpose, let M (F)
be the set of antisymmetric elements and let M (F ) be the set of symmetric
elements. Kostant has shown using Lie gtoup theory that for n even

_ (0. GUEN ,X2 _2) vanishes for all specializations of Xl’ Xy ,in_z to ele-
ments of M;(F ). By strictly elementary methods we have obtained the following
strengthening of Kostant’s theorem:

(X et ,X ) vanishes for all specializations of Xl’ ooy X
to elements of M (F), for all n.

2n-2

SZn- l(xl’ ces ,X l) vanishes for all specmhzatnons of Xl’ “ee X2
to elements of M’(F) and of XZn 1

2n 2(X cee in 2) vanishes for all specnalnzauons of X e in 3
to elements of Mn (F) and of X2n-2 to an element of M (F), for n odd.

These are the best possible results if F has characteristic 0; a complete

n=2
to an element of M (F), for all n.

analysis of the problem is also given if F has characteristic 2,

Introduction. The object of this paper is to prove the results described in the
abstract. The method of proof is to exploit certain properties of the trace (given
in §1) in connection with an undirected graph whose edges correspond to elemen-
tary symmetric and antisymmetric matrices (see §2). §§3-6 consist of manipula-
tions of the graph to prove the main theorem (Theorem 1). Although Theorem 1 is
sharp in characteristic 0 (as shown via counterexamples in §8), more results can
be obtained in characteristic 2 and, at times, in odd characteristic (viz. $7). The
sharpness of these results is also explained in §8. In §9 the relationship of Theo-
rem 1 and the theory of identities of rings with involution is given.
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pendently studying similar questions, have announced elementary proofs of
Kostant’s theorem and its extension to 7 odd, which is Eo(rz, 2n - 2, 0) in the
terminology of this paper. I have not yet had the opportunity to see their proofs in
detail, although Mr. Owens has issued a summary of his proof.

1. Preliminary results. Define the standard polynomial S, as follows:
S, (X s Xy5ee e, X)) =3, (sgm) X X, -+ X, taking the sum over all permuta-
tions 7 of (1,...,k) where sg# is the sign of m, +1 if # is evenand -1 if #
is odd. Clearly §, is multilinear, i.e. linear in each of its variables, and alter-
nating.

An immediate consequence of the definition is
Xy voms X 1) = X3S, (Kgs o0y X 1) = X8 (X X5 0y X y)

S 2 L PR 1Sk(xv ceey X))

Let Q be a domain and let M n(Q) be the algebra of 7 x » matrices with en-

@ e

tries in ). There is a canonical base B, of matric units € 1< i, j <n, where
e;i is the matrix whose only nonzero entry is 1 in the (i, j)-position. Clearly
37 |e;; =1, and multiplication in M, (Q) is induced by eu ys =0, €;q0 Let B; =
{e |1<z<nlU{e +e; l1<z<]<n§andletB {e |1<1<j<n!
B,, and B are each sets of elements of M (ﬂ) which are lmearly mdependent
over . Let M (Q) and M_ () be the submodules of M _(Q) for which B and
B are the respective bases. If char Q # 2 then M+(Q) and M7 (Q) are the sets
of symmetric and antisymmetric elements of Q, w1th respect to the transpose (*)
given by its action on the base, et =€

Consider now the class of sentences {Ep(n k, )}, where £ o, &, t) says,
“For any field F of characteristic p, S, (4 ,---,A4,) =0 for all sets of matrices
{A Pt ,Ak¥ with ¢ elements in M:(F) and with (Ie —t) elements in M;(F).” Let
7 be any permutation of (1,...k). Then from the definition of §,, we see that
) (A pertafy)=0eS (Am, Ank) 0. Thus, an equivalent formulation of
33 (n, k, t) says, “‘For any field F of characteristic p, S (A A ) 0 for
any Apeee,A,_, in M- (F), Apgypr oAy in M+(F) 5 Let us say by conven-
tion that £ (n, , t) holds if k<0 orif t<-1 orif t> k.

Lemma 1. gp(n k, t) is equivalent to the sentence, ‘‘In characteristic p,
S,(4,,-+-,A) =0 forall A,---,A, , in B and A -+ A, in Bl
Furthermore we bhave the zmplzcatzons

(a) go(rz, k, t) implies gp(n, k, t) for all p.

(b) £p(n, k, t) and £p(n, k, t — 1) imply gp(n, k+1,0).

(c) gp(n, k, t) implies gp(n -1, k&, t).

k-t41?”

Proof. These assertions are all trivial. Since S, is multilinear, it suffices
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to consider only matrices in B and B+ Consequently, (a) is immediate, (b) fol-
lows from (1), and (c) is a result of the natural embedding B, B, ;. Q.E.D.

Remark. In view of Lemma 1, one can demonstrate ﬁp(n, k, t) by showing
there exists a domain Q of characteristic p such that §,(4,,--+,4,) = 0 for all
Ao Ay, in MJ(Q) and A, _, 00,4, in M (Q) When p = 0 we will at
times take Q = Z, the integers, Q = (Q, the rauonal numbers, or Q = R, the real
numbers.

A major result concerning the polynomial §, is

Theorem (Amitsur and Levitzki [1]). S, (A ,---,4,)=0 forall A Y P
in Mn(F), F any field,

Clearly the Amitsur-Levitzki theorem implies £ (n, 2n, t) for all p, all ¢.
Conversely, we claim that the Amitsur-Levitzki theorem is implied by £ (ﬂ 2n, t)
for all t. Indeed, it is enough to verify the Amitsur-Levitzki theorem for elements
of B, , since § In is multilinear; hence we may assume F has characteristic 0.
But in this case B: U B, is a base for M (F) so it is enough to show that
SylApseee,4,,) =0 for A oo A, in B uB,. Reordenng these matrices,
we may assume Al,- .. ’A2n-t eB; and A2n—l+l’ .. A EB » for some ¢.
But then f,o(rz, 2n, t) implies § 2n(A e ’Azn) =0, so the clanm is established.

Considering the Amitsur-Levitzki theorem as a consequence of go(n, 2n, t)
for all ¢, one may wonder which other sentences ate true. Lemma 1 shows that
£p(n, k, t) is true for k > 2n. In a brilliant paper linking the theory of standard
polynomials to Lie group theory, B. Kostant [3, p. 247] proved, among other
things,

Theorem (Kostant). .530(12, 2n - 2, 0) for n even.

The main objective of this paper is to give the following complete charac-
terization of the sentences fo in the following result, proved by elemeptary
methods; an elementary proof of Kostant’s theorem will be a by-product.

Theorem 1. go(n, 2m—1,t)for t=0o0rt=1, £O(n, 2n-2,0) for all n If
n is odd, go(n, 2n -2, 1).

Co-unterexample.s are given for all sentences go(n, k, t), all situations not
already discussed, namely for 2 <t <k<2r,0<t<k<2n-3,all n,or t=1,
k=2n-2,n even.

A complete analysis of the characteristic 2 case is also given in the much
easier

Theorem 2. gz(n, k,t) for k>n+1t,

Counterexamples are given for all sentences .Ep(n, k,t), k<n+t.
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Before starting the proof of Theorem 1, which is largely graph-theoretic, we
give some easy algebraic results.

Lemma 2. £p(n, k, t) implies gp(n -1,k-1,t-1)and ﬁp(n -1, k-1,1),
for any p.

Proof. Assume £ (n, k, t). To show £ (n -1,k-1,t-1), we must show
that for all A ,---, Ak_ in M7 _,(F) and all Ay_goroee+rAy_y in M, _ (F),
Spq(@pseees4,_ 1) =0, Well suppose Sp(ALseeesA,_ )= 2:"'] 1 a.”e”. Em-
beddmg M, _ ,(F) canonically into M_(F), let A, =e_ + e'w, vell,...,n-1}
A eM (F), so by hypothesis §,(4,,--+,4,) = O. On the other hand, if 1 <7, s <

k -1, then A (e, + em/)As =0, so

k=1
Sy ey A)=5,_ (A, 0004, DA+ DA, (A, .4, )

n=1 1
B (i.isl i ") (e nt e'"’) + D= l(evn + en") <1"2=l ai,'eij)

k=1
Z ®i€in 1) Z &y i%n;i*
Thus, 0=a,  forall ,v in {1,...,n - 1}, implying S, _,(4,,---,4,_|)=0,
as was to be shown. Hence, £ (n, k, t) implies £ (n -1, k-1,t-1),
The proof £ (n, k,t) unphes f n-1,k-~ 1 t) is analogous if we let A k=
e - at the correspondmg place. QE.D.

vn 'HI
It is well known that the trace defines a symmetric bilinear form on M (F )

given by (A, A,) =tr(A,A)) for A}, A, in M (F). Moreover, if A, =2 a" e
then (A 1 euv) =, which shows that the trace bilinear form is nondegenerate.

The following lemmas are based on ideas used by Kostant [3].

Lemma 3. If char F # 2, then M;(F ) and M7 (F) are nondegenerate subspaces
of M,(F), relative to the trace bilinear form.

Proof. Since char F # 2, M_(F) = M (F) @ M_(F), ngen by A=%(A+A4%)+
% (A - A™). The lemma will follow from the fact that M (F) and M (F) are orthog-
onal under the trace bilinear form. Indeed, if Y € M:(F) and Ke M;(F) then
(Y, K) = tr YK = tr KY = tr(KY)* = tr Y*K*= r(-YK) == (Y, K), s0 (Y, K) =
0. Q.E.D.

Lemma 4. Let A,,++,A,_, €M, (F), L PORPURTRLRY. P M:(F). If t is even
then the matrix S (A,+++,A}) is symmetric if k = 0 or 3 (mod 4), and antisym-
metric if k=1 or 2 (mod 4). If t is odd then the matrix S, (A ,--- »A,) is anti-
symmetric if k=0 or 3 (mod 4), and symmetric if k=1 or 2 (mod 4).



STANDARD POLYNOMIALS IN MATRIX ALGEBRAS 257

Proof. Let [x] denote the greatest integer of x, If 7 is a permutation of (1,

2,+++k), then the permutation (7} 72 A1) ous z:') is a product of the [k/2] trans-
positions (1, nk), (72, n(k - 1)), ., (w{k/2], nk - [k/2])). Thus, S k(A pAypree A k) =

CO/25, (A, Ay ey M) Now (A, A voe AV =(-DFA A A,

w1l w2 wk' mlk-1)
Thus,

sk(Al’ Az, seey Ak)* = (—l)k-‘sk(Ak’ Ak-l, A ] Al)
- (_l)k-t{»[k/z]sk(Al’ AZ’ seey Ak).

The sign (~1)k-tHr/2) gives the desired results. Q.E.D.

Lemma 5 (Kostant [3, p. 244]). For A;in M (F),1<i<2k-1,

L Szk-l(Al’ tt AZk-l) =@k -1) “(szk-z(Al' Tt A2k-2)A2k-l)'

Proof. For any permutation 7 of (1, 2,+++,2k — 2) and for 1 <j < 2k - 3,

“(Arr(iu)Arr(m) Alr(zk-Z)AZk-lAﬂl w24, )

= “(Am o0 AmAﬂ(nl) oo An(Zk-Z)AZk-l)°

Therefore,

2k~3
“(Am“m‘"“mzk-z)“u-l* Z; Ariatimien ** Arm2k-2820-14m *
j=

Aﬂj +A A "'An(zk-z))

2k-1"71
=k~ l)tr(A,,l m "'An(zk-z)Azk-l)'

Moreover, sg 7 is the sign of the permutation

(1 2k-22k-1)
Mj+1) eeen(2k=2D2k-171ccon(j=1)mj
because the permutation
(ﬂl I N N NN RN R NN ﬂ(zk—z) zk—l)

a(j+1) e n2k =) 2k~17leeenlj-1) nj
is always even (its sign is (-1)(?*=1=77 _ , 1 for any &, j). Hence, summing
overall mwesee trS,, (Aj,o+,4,, l) (2k - l)“(SZk-z(Al”" ke z)Azk-l)'
Q.E.D.

Putting together the above lemmas yields the following key result

Lemma 6. (a) Let k be an even integer, and let F be a field in which
22k - 1) bas an inverse, If e S,, (A y-++,A,, V=0 forall A .-+ ,A,,
in M_(F), then S, _,(A,,--- Azk-2)= 0 forall Ajyeee Az, in MZ(F).
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(b) If n is odd and if w(S,, (A,---,A,, N=0forall A,---,A
in M7(Q), A,,_, in MQ), then £ (n, 2n - 2,0), £ (n, 2n - 2, 1),
L, 2-1,0,8 @, 2m-1,1), 8 -1, 2( - 1)-1,0), En-1,2An-1-1,1),

e Jn=1,2n -1 -2,0).

Proof. (a) By Lemma 5, (S, _ 2( cesAy_JA, ) =0 forall A,
A in M7(F). But S,, _,(A,---,4,, 2) eM; (F) by Lemma 4. Hence by the

2n=-2

2k-1
nondegeneracy of the trace bilinear form on M(F), S,, (A ,++, 4, ) =0.
(b) By Lemma 5, "(SZn JA A, A, l) 0 forall A,---,4,, _,
inM-(Q),A, _, inM (Q) But S, _,(4,,---,4, ,)is symmemc by Lemma

4. By the nondegeneracy of the trace bllinear form on M;(Q), SondApeeeshy, )=
0, implying £(n, 27 - 2, 0). Likewise, since

(A Zn 1) sZn 1(A ""’Azn 1’A )s

Ay )AD=0,all Ao A, o in

the hypothesis implies tr (S on- Z(A 2"
M-(Q)and A, _, in M:(Q). Since SZn-z(Az’ A, ) is antxsymmetric by

Lemma 4, we conclude S, _ A, RREY; ) = 0, proving go(n, 2n - 2, 1). From
S‘.)o(n, 2n - 2, 0) and go(n, 2n -2, 1) we get £0(n, 2n -1, 0) and £0(n, 2n-1,1)
by Lemma 1, and from S‘zo(n, 2n -2, 1) we get S‘Bo(n -1,2(n-1)-1, 1) and
f,o(rz -1, 2(n - 1)-1, 0) by Lemma 2. But then we get go(rx -1,2(n-1)-2,0)
by part (a). Q.E.D.

In this paper, all monomials will be assumed to have degree <1 in each in-
determinate,

2nl

Often we shall be interested in the sums of certain monomials of the poly-
nomial S, . In particular, we formulate

Definition. Let Vs V,e++,V  be monomials in X ,-.-,X, such that the
degree of X, in V -+ V_ is0 or 1, all j. Then S, (X ,-++,X,; V ,--+,V )is
defined as the sum of exactly those (signed) submonomials of S, (X e X k) in
which V,,-..,V_ are each submonomials. (In other words, a typical monomial
of S, (X, --o,Xk, Vise+,V,,) has the form

TV TV Tt Vim e

where Tg,---,T  are arbitrary monomials in X pece , X & and p is a permutation
of (1,+.,m).

Lemma 7. Let A ,-+-,A, € B} UBZ, and for r< (k= 1)/2 let A =
A4, - 'A2r+l + (—l)'A2'+lA2' crALdf s elements of {AI,- .e ,Ale} are
symmetric and if the other (2r + 1 — s) elements are antisymmetric then
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~ ~
A€B_ when s +r is even,and A€ B:: when s +r is odd. Moreover, for any
m >0,

SAL e A A Ay Ay Ve, V)
FSAp ey A Ay Ayt A Ve, V)
=5, 4 Ay 200 A Vo oo V)
Proof.
A* - A3, - ASAT+ DAY - AZrA;H»l

- (_l)2r+l-S(A

~
- (_ 1)7+l —SA
N .
Thus A is symmetric or antisymmetric depending on whether r + s is odd or

2541ttt A4y +(174, .- AZrA2r+l)

even. The rest of the lemma is immediate. Q.E.D.

2. Beginning of proof of Theorem 1: The graph I'. In view of Lemma 6, Theo-
rem 1 is implied by the statement, ”Qo(n, 2n -1, 1) for all odd = > 1.”’ There-
fore, to prove Theorem 1 it suffices to show, for all > 1, go(rz, 2n -1, 1) and
5‘30(11, 2n - 1, 0), This assertion will be proved by induction on 7. Clearly,
£0(n, 2rn -1, 1) and S‘Zo(n, 2n -~ 1, 0) for n = 2, so we shall assume go(m, 2m-1,1)
and S‘Zo(m, 2m - 1, 0) for all m, 2 < m < n, and will show 530(11, 2n-1,1) and
£,(, 20 -1, 0).

The focus of attention is the proof of £o(rz, 2n - 1, 1), As already observed,
we need only show S, l(A Y P P =0 forall A A in M'(R)

2n-2
1’ 2n 1) =

A,,_,in M:(R), and in fact if # is odd we need only tr § A
0, by Lemma 6. Since a1 is multilinear we may assume A, _, € B” We claim

2n~- l(

that it suffices to consider A, _, in {eii{ 1 < i < n}, Indeed, identifying 1 with

the multiplicative unit of M (R), let us assume A,  =e.+e  andlec Y=1+
* * *

W2/2-De;;+e,)+(V2/(e;;~e ). Y Y =YY =1 and YAZ”_IY =e; -

e.., so
ii

* * *
YSppatWys oen Ay, Y7 =85, ((YAYS oo, YA, Y heyi—e))

* * * *
= Spuet(YALY e, YA, (Y e ) =S, ((YAY', YA, Y% e )

Moreover, Y tr S, ne1@ e Ay )Y *) =

1(A1" M 1)Y = u(YS,
* % *
Son- I(YA Y YAzn-zy e -t 2n-1(YA1Y "“’YAZn-zy » €55

Since YArY is anusymmetric, 1 <7< 2n -2, the claim is established.
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Thus we may assume A, _, € {e;;| 1 <i<n}, and by symmetry we shall
assume A, _,=e,,.Since §, _, is multilinear and alternating, we may assume
A4, _,€B ,and A; ;éA]. if i4ij.

Generalizing the situation slightly, suppose # > 1 is arbitrary and S is a
subset of By U le,,}. There is a graph () associated with §, constrycted as
follows:

The vertices of I'(§) are the indices 1,---,u, and each element Y of § is
represented by an edge ¥ of I'(S), where ¥ ={1, 1}if Y = e,, and Y-, jlif

Y =e,. —e,;. Using the terminology of [4], we view T'(d) as an undirected graph,

with at most one edge joining any two given vertices, I'(S) has a loop, {1, 1}, if
and only if e, € 3.

Let 8= {Yl, cen, Yv}, v> 2, Let (f'm, . ﬂk)be a sequence of edges, 7 a
permutation of (1,-..,v) such that for 1 <r <k one may order the endpoints i, and
i, of f' in a way so that i, =7,, i3 =Jys+*sip =fi_ e Then we call
{(?”1, . ﬂk s g Ik} a path of length k with initial vertex i, and terminal
vertex j, (cf. (4, p. 22]). The vertices i, and j, will be called end vertices,
whereas j,, 7, and i and j,2<r <k -1, will be called intermediate vertices.
Since a given vertex may be incident to many edges, an index might be both an in-
termediate and an end vertex of the same path, By definition, the intermediate
vertices of a path occur in pairs.

Lemma 8. Let k > 2. Given a sequence of edges (f'm, N, nk) of T(),

there is at most one value each of i, and ia such that {(?ﬂl,. ., YM . ]k}

is a path, Moreover there is a 1:1 correspondence between paths of T(S) of length
k and nonzero monomials in Y ,+--,Y of degree k. In this correspondence, the

monomial Y, «++Y_. associated with the path i(?ﬂlw .y Yﬂk s iys 3} bas val-

ue te.
i1 "

Proof. First assume & = 2, If (¥ )is the sequence of edges of a path,

ﬂl’

then we must be able to write ¥ rcspecnvely as {zl, 1,! {12, 125 where

nl’
71 = 12. Since Y"l # Ynz’ we have z ;4 ]2, so the first assertion of the lemma is

immediate for &k = 2.

For k> 2, if (f’m, -++,¥,,) is the sequence of edges of a path, then
(?”l’ ?1,2)’ (?"2’ ?”3)’
By iteration of the case k = 2, we see that the sequence of edges of a path of

cee ,(?n( k1) ?nk) are all sequences of edges of paths.

arbitrary length > 2 uniquely determines the initial and terminal vertices.
To prove the second assertion, let (f’ﬂl, ceey ﬂk) be the sequence of edges

of a path of I'(d). It is immediate from the first assertion that Y, «+. Y, =
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te, .
ik -~ ~ A
termined by (Y, ,,-++,¥_.). This correspondence (Y,

# 0, where i, and j, are the initial and terminal vertices of the path de-
ﬂl"..’?ﬂk)ﬁ Yoro Yo
is easily seen to be the desired 1:1 correspondence between paths of I'(S) of
length & and nonzero monomials in Y,,.--,Y  of degree k. Q.E.D.

For any nonzero monomial in Y,,.-.,Y , the path corresponding to this
monomial will be called the associated path. Let the I(S)-degree of a vertex of
T(S) be the number of edges (in ['(8)) incident to it, with double loop count (i.e.
{1, 1} is counted twice in the ['(8)-degree of the vertex 1). When the graph under
consideration is clear, we shall denote I'(S)-degree merely as the degree. If
S,(Y s+, Y ) # 0 then there is a nonzero monomial Y, -+ Y, , implying I'(S)

has a path of length v. Since all intermediate vertices in this path are in pairs,
only the end vertices can have odd degree. It follows that exactly zero or two ver-
tices have odd degree. If all vertices have even degree then the end vertices of
any path of length v must be the same. Such a path is called an Euler path and
its associated monomial has value * e;; Where i is the end vertex.

Lemma 9. Let S={¥,+--,Y }CB7 UL, 1}, 02 2.1f § (Y ,-..,Y, ) £0
then one of the following two situations holds:

(a) Each vertex i of I'(S) has even degree di «If v is odd then Su(Yl,-- -,Yv) =
BZ%,de,, suitable B in Z.

(b) Two vertices i and j have odd degree, and for some a in z,
Su(Yl, cee, YV) = a(ei’. t e,.i).

Proof. (a) Suppose all vertices have even degree. Then all paths of length v
are Euler. Call two paths equivalent if they differ by a cyclic permutation. Con-
sider one of these equivalence classes of Euler paths. A representative path with
end vertices r has value ve,, Where y = 11, and it is easy to see that y is an
invariant of the class. Let us say the class has positive (negative) type if y =
+1 (y=-1).

Let i be an arbitrary vertex. The intermediate vertices of any path are in
pairs, so it is easy to see there are (d;/2) Euler paths with end vertices i in
any equivalence class. These (4,/2) paths have the same value, which is ve ¥
as above. Since any cyclic permutation on (1,-..,v) has sign +1 (because v is
odd), we conclude that eiiSu(Yl, e, Y )e, = 8(d,/2)e,,, where & is the number

of classes of positive type minus the number of classes of negative type. Thus
Sv(Yl, ceey Yv) =(5/2)2* . d. e;;+ Now the number of classes of Euler paths is

i=1"7"i
even, because we can pair the Euler path whose sequence of edges is

(f’” Pt f'ﬂv) with its opposite path whose sequence of edges is (?m;’ ven, ?m);

this pairing induces a pairing of equivalence classes, showing in turn that § is
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even, Let 8 =8/2. Then B€Z and S (Y,,.--,Y )=B 3%  de,..
(b) Suppose some vertex i has odd degree. Then some other vertex j has

odd degree and i, j are the end vertices of any path of length v, Thus, the as-
sociated monomials have value * e;; or t € and Sv(Yl, cee, Yv) =ae, . + Beji,
suitable a, 8 in Z. But Sv(Yl’ ceey Yv) is either symmetric or antisymmetric by
Lemma 4, so 8=ta. Q.E.D.

Now let § = {Al,- 2" ll where A --,Azn_z GB; and A2n-l =€
The sum of all degrees in I"(S) is 2(2n - l) 4n - 2. Since T(S) has n vertices,
some vertex has degree < 3. We consider the following two cases:

Case 1. Some vertex has degtree 0, 1, or 3.

Case II. Some vertex has degree 2, and no vertex has degree 0, 1, or 3.

3. Case 1. Assume the vertex j has degree 0, 1, or 3. First suppose j has
degree 0. Then j does not occur in A,--+,A, _,.Hence we may view A,,.-

2n
A,,_,inM _(Z).S, | isanidentity of M,_,(Z) by the Amitsur-Levitzki

theorem and (1), so §,, _ l(Al" e, A ) = 0 and we are done.

2n-1
Suppose j has degree 1. We may assume j is incident to A 1» in which case
e;;A, =0 for r> 1. Thus, by (n),

(A ,...,Azn_l)_e A.S “_,

1°2n-2 e A

)=0

€5 2n- 2? 2n-1

by Amitsur-Levitzki, viewing A ,+++, A, in M__ (Z). This implies
2" I(Al,. .o A2n-l) =0 by Lemma 9(b)o
Thus, we may assume j has degree 3. If j = 1 then j occurs twice in A, 1
so j occurs in only one other A , which we may assume is A 1+ Then it is clear

A s Ay D=e A, AS, (A, A, =0

1121!- ji 2n=1"1"2n=2

by S?o(n -1, 2n - 1), 0), viewing A,,--- ’AZn 2 in M7 _ (Z)(since j does not
occur in these matrices). Hence § onm l(A 1 Aye 1) 0 by Lemma 9(b).
So we may assume j # 1. In particular we may assume that j occurs in A 0

A,, A, By the Amitsur-Levitzki theorem we get § 2"(ej’., prra Ay, D=0, s0
expanding by (1) yields
O0=e S, Ap s dy, )
0] = ejje;‘iSZn-l(Al’ e dg, ) - eijlSZn-l(ejj' Apeorly,y)
+e; A 2520 1(e Y As""’AZn-l)
- e”.A3S2"_l(ejj) Al' Az, A4, coey, AZn-l)

since ejjAr =0 unless r=1, 2, or 3.
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We shall now show e; AISZn l(e 2" 1

2 =liy il A = 113, it Any nonzero monomlal of e;id

) OoLetA -{ll’]}

(e. A

Zn 1 n’ Zn-l)

must be either of the form

reAAL, oAy Ae AA A

w1 3% 2% (e ) ° m(2n-1)

or of the form

ps eijlA i AﬂrA2e71A3Aﬂ(r+l) °e Aﬂ(2n-l)

where 7 is a permutation of (4, ..,2n — 1), Thus

e.A,S (e..,Az,---,A

ji 1" 2n=1 Zn—l)

= A8, 1(ejs Ay ens AZ"_I; Ase;A))

e Ay eeerdy, i Age,A))

2n-

i T A P L PP P PR PYRY Aze;Ay)

Szn-l(A3n e!.]., Az: AA’ "‘,Az A e A ))

25573
~
=e. A.S (A, Agreoes A

ji 172n=3 Zn-l)

by Lemma 7, where A = Aye;iA, = Aye, 4 €B] . In fack A= tle, = eiih
so j does not occur in A A Ay Whlch we may therefore view in

M, _,(Z). Hence SZn 3(A A . "_l) =0 by go(n -1,2(r-1)-1,1), so
€ iA1Sy,_ l(e .ee ’Azn- 1) = 0. Analogous arguments show

eiiAZSZn- (e JJ’A A AZn- l)= 0 and

€jiAsS2na1(Cip Ay Ay Ay ooy Ay, )= 0,

so (2) 1mphes0_e’e”82" l(A "Azn )_e”SZn l(A ceesA, 1) We

conclude by Lemma 9(b) that S, _,(A,.--,A, _|)=0, soCase I has been
taken care of.

4. Reduction to 7 even and introduction of the graph I'’.

Lemma 10. For u>2,v>1,let Y ,..:,Y, €B~ and Y us1 = €11° Subpose

some vertex i of TUY ,+-., Y2n+l;) has degree 2. If i=1 then

Ssz(Yl,- 2v+l) 0.1f i £ 1 then there is a permutation w of (1,+--,2v)
for which i occurs in Y and Y_,, and
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e

(Yl"" Y2v+l ii

2v+1

= (sg me, (Y8 1 (Vags s Yoauy Yo ¥

-Y .S (Y"3,---,Y

71" 2v=~1 )y Y

r2vy Y2ua) Ya2)eir

Proof. If i =1 then i does not occur in Y, 1<r<2v,s0 Y Y

y20+l zu+1(Y1’° 1Yo
tation 7 of (1,...,2v) for which i occurs in Y, and Y .. Clearly e, Y =

2041 T
)=0.If i £1 then there is a permu-

=0, implying §
Y, e, =0 for r >3, so the rest of the lemma is an easy consequence of
(1). Q.E.D.

Now suppose 7 is odd. We claim tr §,,_,(4,,-++,A, _)=0. This is trivi-
al unless all vertices of I'(8) have even degree. But then some vertex i has de-
gree 2, and by Lemma 10 we have a permutation @ of (1,--.,2n — 2) such that i
730" 3 Anian1y Aanoy in M,_(Z), we
have by £ o(n=1,2(n~1) -1, 1) that SZ(n-l)-l(Arrs""’Aﬂ(Zn-z)’ 2nap) =0
Hence e, S, _ I(Al"" »A,,_,)e;; =0 by Lemma 10, so szn..l(Al’""A )=
0 by Lemma 9(a), establishing the claim. Hence, we have Qo(n, 2n -1, 1) and
Qo(rz, 2n - 1, 0) by Lemma 6, and are done for n odd.

Thus we shall assume for the remainder of the proof of Theorem 1 that 7 is
even, and we shall prove ‘90(" +1, 2(n + 1)-1, 0). Since (n + 1) is odd, it is
enough to show for all A,,ee¢, A, in B;,, and A2n+l =e,,, that
Sy iy 1Ayressdy, ) =0.Let & =14 ,-.-,A,  land let ['degree of

an index denote its degree in I(§'). Clearly er S, (4 P ) =0 if any

occurs in A, and A, .. Viewing A

2n-

2n+l
index has odd I'-degree (cf. Lemma 9), so we may assume that all indices have

even ["-degree.

Consider the edges of I(8') having an incident vertex of I'-degree 2. The set
of all such edges, together with all their incident vertices, forms a subgraph I" of
'), Any index which is not a vertex of I will be said to have I"-degree 0. By
definition of I'', any edge of I’ is incident to a vertex of I'-degree 2. On the
other hand, by Lemma 9(a), § (A1’°“’Azn+l)=ay+ d.e.., some a in Z. We are

2n+1 i=l i ii’

done if a=0, and otherwise there is the following result.

Lemma 11. If a# 0 then each edge of I is incident to a vertex of I'degree
> 6; in other words, no vertex of "' bas I'-degree 4, and no two vertices of I'-
degree 2 are incident to the same edge.

Proof. Suppose we have an edge ﬁ’ ={i, k}, i of I'-degree 2 and k of I'-de-
gree < 6, We shall see how Lemma 10 implies a= 0. This is immediate if i = &,
so assume i £ k and let 4 < be the other edge of I'(8") incident to i. For conve-
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nience, assume r =1 and s = 2. Then in I"({As,- .. ,AZMID i has degree 0 and &
has degree 1 or 3. Hence we may view Aj,+++, A, ., in M (Z), and
Sin-1lA3s-2+34,, 1) =0 by Case L. Therefore a=0 by Lemma 10. Q.E.D.

Definition. The weight of a vertex of I'(§') is its '-degree minus its I"'-de-
gree,

Lemma 13. For each d >0 let u, be the number of vertices of I'-degree d
and let w, be the sum of the weights of all vertices of I~degree d. If a# 0 then
2ppe¥a=42ga6ty - 2

Proof. Clearly « ;=0 for d odd. 3 4%g is the number of vertices of r®),
which is 7+ 1, s0 0=3,u, - (n + 1). Likewise, 3,du is the sum of all the
I'-degrees, which is 47 + 2 since there are 2n + 1 edges, each adjacent to two

vertices. Thus

0= X duy~(4n+2)
d
- (%: dud-(4n+2))-4(§ u,,-(n+1))= T @-auge2.

This means 2u, =2+ 2, (d - 4)u . Now Lemma 12 says that each edge of I"'
is incident to one vertex of I'-degree 2 and one vertex of I'-degrge > 6. Thus, the
sum of [-degree of all vertices of I'-degree > 6 = the sum of I'’-degrees of all
vertices of I'-degree 2 = 2u,, since each vertex of I'degree 2 has I"'-degree 2
by definition of "', By definition of weight,

Zuw 2= (sum of I'-degrees of all vertices of .I™degree > 6)
d=6

- (sum of I"'-degrees of all vertices of I-degree > 6)

= 2, du,-2u, = du - (2 d-4)
Y duy-2u, d);éud(+z ud)

d=6 d=6

=4 Tuy-2. Q.E.D.
d=6

Suppose every vertex of I'-degree 2d has weight > 4, all d > 3. In particular
every vertex of I'-degree > 8 has weight >4,and 43, (u,~2=3, cw,=
we+3,, 5wy >we + 42, gu, Inthis case 4ug -2 > w; since each vertex of
I"-degree 6 is assumed to have weight > 3, we conclude that two vertices of I'-
degree 6 have weight 3.

Thus we are reduced to the following two subcases of Case II:

Subcase A. Some vertex of I'-degree 2d has weight < d, for some d> 3.

Subcase B. Two vertices of I'-degree 6 have weight 3.
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5. Reduction to Subcase B.

Lemma 12, Let Yiseeo, Yy, € B;...l’ k < n, and let Y, i1 = GBZﬂ. For
m > 1, suppose there exist indices ipeeey izm, each of degree 2 in
LAY o0 e, Y, 40D, such that iy occurs in Y, and Y,, i, occurs in Y; and Y,
ey i, occurs in Y, . and Y, For 1 j<m we define the monomials

=Y Y Y and W = Y Y Y Y Then

4j=3" 4j=2" 4j=1 4 4j=1" 4j=-2" 4j=-3°

Zszk“(yl, L STREEN Y2k+l; Viseres Vm)=0,

the sum taken over the 2™ terms obtained by specializing V to W or W,.' ,1<
jgm

Proof. The lemma will be proved by induction on m. Let 2 be an abbrevia-
tion for ZSZkﬂ(Yl’ T SYURA ZTIIEN Vm), the sum taken over the 2™ terms
obtained by specializing V, to W, or W].' y18j<m E =3, +3,+3,, 3, being
the sum of those monomials of 2 ending with Wl' » 2, being the sum of those
monomials of £ starting with W, and 2, being the sum of those monomials of 3
neither starting with W, nor ending with W) . We shall show (i) £, = 0; (i) £, =
0; (iii) 2,=0.

D2 =38, (Y5, Yoore,Yopiii Voseeey V) Wl', the sum taken over the
the 2”1 terms obtained by specializing V,to W]. or to W; »2<j<m Now i;
and i, occur only in Y, Y, Y;, Y,, so we may view Y,..-, Yzle in Bk T If
m=1 then Sy, 1y (Y o+, Y54, =0 by £ k-1, 2(k - 1)-1,1), 50 £, =0.
On the other hand, if m > 1, then 28, , )4 (Y, cee, Yy, 05 Vyoeee,V ) =0 by
induction on m, so %, =0. Thus %; =0 forall m> 1.

(ii) 3, = 0 is proved in a manner analogous to (i).

(iii) Consxder a typxcal monomial of 2 This has either a submonomial Y. v,
or a submonomial W Y,557<2k+1. To prove E =0 it suffices to prove for
each r,5<r<2k+ l that the sum of those monomxals of 2 containing elther
the submonomial Y W, or the submonomial W Y isO.

If 4m <r< 2k +1 then this sum is (by Lemma 7)

ZSpsWgoes ¥, n ¥, Yo Yo Vo V)
summed over the 2™~1!

specializations of V’. to W,. or W; » 2 L{j<m, where
~
Y, =YW+ WY, isin By, if r<2k+1 andisin By, if r=2k+1. But

the indices i, and i, do not occur in Y PPEEER Y2k+1’ orin Y , so we see

ZSZk_3(y5,...,Y Y Y, pores Yy Vpeens V) =0,
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by £,k -1, 2k - 1)~ 1, 1) if m =1, by induction (on m) if m> 1.

On the other hand, suppose 5 <7< 4m. Then Y is in W, or W; , some j>2;
it follows that there are no nonzero monomials of 2 containing the submonomial
‘Y, W, or the submonomial W'Y unless either 7 = 4j -3 or r=4j. Let us assume
r= 4] - 3 (the other situation is analogous). Then all nonzero monomials of
contaxmng YW, or W Y must in fact contain W W, or W W Let Y =YW +

W Y. Y eBk'rl and is incident to the index i,._, since r-41- 3.But iy, , is

of degree 2 in (Y, .+, Y, .. ], occurring in Y -3 and Y . ), soitis clear
that WW, =Y, Y, IY4 Y and Ww =Yy, 2Y4] 1Y+ Thus if we let
W=y, Y (Y,ad W=y, v, v, ¥

then the sum of those monomials of 2 containing YW, or Wl Y, is

232&-3(}'5’ s Y Y Vg e Ve, V. s

~
summed over the 271 specializations of V1 to Wl or Wl',--- ,V,. to WI. or
W]', o Vm to W or W' . But the indices il and i2 do not occur in YS” ey
~
Y Y2k+l’ SO we see

~
Zszk_S(ys,...,?’,..., Yopas Varooea Vooens Vm)=°

by induction. Q.E.D.

We can now dispose of subcase A. Namely, assume that the vertex i has I'-
degree 2d, and that at least (d + 1) edges incident to i are of the form {i o ih iy,
an index of I'-degree 2, 1 <p < d+ 1. Since n > 2d there certainly exists an index
ke, ipseeeyigy }. By Lemma 9, in order to show a=0 it is enough to show
ekkSZnﬂ(Al, ces ’A2n+l)ekk =0, which we now claim. Indeed, for any nonzero
monomial there is an associated Euler path in I'(8') with end vertices k. The ver-
tex i can only be intermediate in this path, from which we conclude (even if i = 1)
that for some 7, s, 1 <r<s<d+1, the edges {i, i} and {i, isf are adjacent. Now
{i, i} is adjacent to an edge ti,, i}, and {i, i_}is adjacent to an edge i, i,h
for suitable j, and j,. Let W, be the submonomial associated with the subpath
Kfil, it li, il i, i, fig, i, iy» ip} and let W:s be the submonomial associa-
ted with the reverse subpath. Then by Lemma 12,

(Al, cee A2"+1, wrs)ekk + ekkSZYH»l(Al’ ceeyy A2"+l’ wrs)ekk

kle n+l
Summing over all possible W__, <, we get X e nSanApseee N P W's) =0,
the sum taken over all W__, r ;4 s. In this summation we have counted every non-

zero monomial of e,,S, . (A},+++,A4, . /e ., but we have counted twice the
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monomials of = ekkSZ”ﬂ(Al, cees Ay s W W'zsz)ekk, summed over distinct

rsy’
Tys Sps Tys Spe But if Tys Sys Ts S, are distinct then the edges of the paths asso-
ciated with W_ 151 and Wrz s, are all distinct, so we see by using Lemma 12

again that X ekkSz"ﬂ(Al, cees Ay W W'zsz)e“ = 0. Continuing in this

r1s1’
way (using the inclusion-exclusion principle) we have

ekks2n+1(A TEI A2n+1)ekk

= Z/égk z,,,,,l(Al"" 2n41? rs)ekk

-2 ekkszn+x(A1’ LTR PINTE A 151 Wrzsz)ekk
LN ] L] L] 0
+ 2 e 2n+l(Al’ sy Agpats ersx’ Wrz sy’ rass)eklc+ '

by repeated applications of Lemma 12. This concludes the proof a= 0 in subcase
A.

6. Completion of proof of Theorem 1: Subcase B. Having reduced the
proof of go(fl +1,2(n+1)-1,1) to subcase B, we may assume that two
distinct vertices of '-degree 6 have weight 3. In particular there exists a
vertex i # 1 of I'-degree 6 and weight 3 (i.e. i is not incident to ﬁ

+1
{1, 1}). Assume the followmg. A =1{i, rl, 2 < r< 7, the vertices 2, 3, and 4 each

have I'-degree 2, and Al is the other edge of I"(S) incident to the vertex 2. By
Lemma 9, in order to show a=0 it is enough to show

€250 U2+ 25 4y, 1060, =0,
and by Lemma 10 it is enough to show S, _,(A,.+,4, ,))=0. Smce the index
2 occurs only in A and Az’ we may in fact vxew As"" A2 ntl in B UB .
For the remainder of the proof of Theorem 1, let degree denote degree in
I(A;,-++,4,,41D. Clearly i has degree 5 (being incident to A A A A6,
A)) soby Lemma 9 there is another vertex k of odd degree and i 1t is enough to
show €;:Sap-13:+ 2+, 4, ,41)e,, = 0. Using the Amitsur-Levitzki theorem and
expanding by (1), we get

O—e.S (eii’A39°",A

ii 2n 2n+l)ekle
=€ 2n- (A.’:’ Tt A2n+l)ekk

~e; A5, 1(e;n A ""Aznu)eu

3 +e; A8, l(eu, Aj As’ R A2n+l)ekle
- eu.Asszn l(e-., A39 A" A6’ R A2n+l)ekk

+e.A S (e.

il652na1\Cip Agp Ap Ay Agy e eey A2n+l)ekk

- €475, l(eii’ PURRLE . PYR PERLL R A2n+l)ekk°
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Now €;,€,:52,-1143 " 142,000 = €;;S251(A 3,0 21 454 Jey Ve also
claim e;,A,S, (e, Apee,4, 4)e,, =0 and
€A San1lCip Ay Assoens Ay, e <0

Indeed, the vertex 3, having degree two, is incident to 23 and to one other edge,
which we may assume is A . Likewise, assume the vertex 4, also having degree
two, is incident to A 4 and 39. Since the index 3 does not occur in e, Agpeee,
A,, A9, cee ’A2n+l’ we may view these matrices in Mn-l(Z)’ SO

¢;A3S2n-1(Cip Ap o0 Ay, e,

= eizA3A8S2(n-l)(eiz" ApeeesAgp g, ey A2n+l)ekk =0

by the Amitsur-Levitzki theorem. Similarly,
€4 S2n1(Cip A Agroees Ay, ey, = 0.
Therefore, equation (3) becomes
€ 52n-130 7 00s Ay )0

“ = e ASy1(eip Ay Ap Agr oo or Ay )on

- eizA682n-l(eii’ ApApAs Ay ooy Azna,l‘eue
+€,A:5, lepdspdpdnag Ags=es A2n+l)ekk°
Let us analyze eiiAssZn—l(eii yAgs Ay Agyees ’A2n+l)elek' Since e;; A5 =

te,,, it is equivalent to look at €;5S, _ l(eii .

A, Ay, A6""’A2n+l)ekle each of

whose nonzero monomials contains at least one of the following submonomials:
(i) Aze;;, (i) e Ay (i) Agey;
(i) e; Ay (V) Age, A, (vi) Age,Ag
We shall see that the sum of the monomials of eiSSZn- l(eii ’ A39 A4’ A6’. b ’A2n+l)ekk
of types (i) and (ii) (resp. (iii) and (iv), (v) and (vi)) is 0. Since the only duplica-
tion in counting occurs when we count twice monomials containing Aje ;A or
Age;;A,, it will follow that
¢iASan-1(Cin Ay Ap Agr s Ao )en,
=€ Sp1leip Ay Ap A ey Ay, g5 de,A)
+S2na1(eip Ay A Agr v oes Ay 13 Age, Ay
First we claim that
€isap1leip As A Agr oo Ay, i Agey).

+ SZn-l(eii’ Ap Ap Aoy Ay, s eizA}»ekk =0.
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Well, it is clear that, since the index 3 occurs only in A, and Ag,

eiS(SZn—l(eii’ Ags ApAgseees By, 15 A3eii)

+ S0 e Ay Ay Agseees Ay Ly eizAs»ekk

= eiS(SZn-l(eii’ Ay ApAgyees Ay, s Aghse,)

123
+8)1(ep Agpp Ay g cees Ay, eiiA3A8»eche
== eiSS2n-3(A3’ ApAg Ag, A9’ Ttty A2n+1)ekh

~
by Lemma 7, where A, =¢,.A, Ag ;A gAse€;; is an antisymmetric matrix. More-

over the index 3 does not occur in A3, Ay Ags A, A9,- . ’A2n+l’ so we may

view these matrices in M, _,(Z). By fo(n -1,2(r=-1Y=1,1),

Szn-s(xa’ A4’ Ae’ A7’ A9’ Tt A2n+l) =0,

yielding the desired result.
The analogous argument shows that

eiS(SZn-l(eii’ Aa’ A4’ Ae’ Tt A2n+l; A4eii)

+ Szn_ l(eiz" A3, A4, A6’ ceey A2n+l; eil.A4))ekk =0.

Now we claim
eiS(SZn-l(eii’ Ay ApAgy s Ay g5 AeenA7)

+ SZn—l(eii’ Ap ApAgs s Ay gs A7eizA6»ekk =0.

Well, by Lemma 8, this equals -e;s SZn_3(A3, A4, 26’ As’ oo 'A2n+l)ekk’ where

Ag = A6 eh.A7 -A7eil.A6. Since i does not occur in Ag,s Agy-e,A 412 WE SEE

A; and A, are adjacent in any nonzero monomial (of
s
€isSana3lsr Ag Agr Ags oo0 Ay 1degy)s
which must therefore contain either Ag A3 AsAg or A9 A 4 A3 Ag. Thus,

€;5S2n-3(A3 A Ag Ags oees Ay ey,

=ei5(52"_3(A3,A4, A6’A8"°"A2n+l;A8A AA))

3749
+ Szn-a(As’ AgpAgsAgsves Ay 3 A9A4A3A8))ekk‘

In order to prepare for the use of Lemma 12, let us replace the index 7 in A, and
A4 by the index 1, calling the results 713 and A4 4+ Then the index i does not

p— — ~
occur in Ay, A, Ag, Ag,+++,A,, |, so We may view these matrices in M, _ (2).

Since A9A4A3A8 =A9A4A3A8 and AgA;A A, =A8A3A4A9, we have
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San-3Ay Ap Xs’ Ags+++s Agppri AghsAydy)
4 g A Ky Ay -os Ay 13 A ALAY).
= Szn-zaa’ ZA’ Xe’ Aa’ Tttt A2n+l? ABZ3Z4A9)
+ SZn-3(Z3’ Ap Xs’ Agr oo Ay A9Z423As) =0

by Lemma 12, Thus, e, S, (A, A,, A, Ag,-+,4, , )e,, =0, establishing
the claim.,
These three results show, as has already been observed, that

eizASSZn-l(eii’ Ay Ap Agyeees A2n+l)ekk

= enAs(szn- l(eii’ App Ay A oo Ay 0 Azeir"4)

+ SZn- l(eii’ A3’ A4’ AG’ sy A2n+1; A4eizA3))ekk‘
Analogously,

e. A S (e"’As’A«t’As’A?’""A2n+l)el¢k

ii 6" 2n=1""ii

=e; A8, 1l A ApAgsAgseees Ay 13 Age A

and + S2n-l(ez‘i’ Ap ApAgy Agyeees Ay Ly A4euA3»ekk

T AP C Ags ey Ag Agyeee, A2n+l)ekk

ii 77 2n-

= eizA7(SZn-l(eii’ LFURRED Agr Agyees Agnsrs Az AY)

LR PIRIN CHY, U DD N Agnsts AgeiAs)e,,.

Thus, in the terms in the right hand side of (4), we may consider only those
nonzero monomials containing the submonomial Aje, A or A 4©;; A5+ But these

are precisely the nonzero monomials of e..S§ (eiz. , As, cee A )ekk which con-

ii" 2n
tain the submonomial A 3€;;A4 or A e, A, Therefore, (4) becomes

2n+l1

' eiiSZn-l(AS’ Tt A2n+l)ekk
= ’eii(szn-l(eii’As’ e 4 AgeAy)
+5, (e, Agsvevy AZMI; A4eizA3))ekk

n n
= - eitszn-4(A9 As’ Aﬁ’ A7, AIO’ ceey, A

2n+1;

2n+l)ekk
by Lemma 7, where A= AgAje A Ag+ AgA e, A Ag. But the indices 3 and 4

~
do not occur in A, Agy Agy Ay A gy ee ’A2n+1‘ Thus

SZ(n-Z)(X’ Ay AgrAp Aygreees Ay, ) =0
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by the Amitsur-Levitzki theorem. Therefore ¢S, (4 NIV P +l)e ek = 0s
which disposes of subcase B.

Thus we have £0(n +1,2(n + 1)-1, 1) for n even. But then Lemma 6 yields
£0(”’ 2n-1,1) and S‘Zo(n, 2n - 1, 0), finishing the proof of Theorem 1.

7. Additional results when p £ 0.
Theorem 2. gz(n, kyt) for k>n+t,

Proof. By hypothesis +1 = - 1. Thus all elements of B are symmetric,
Sk(Al, . '2Ak) = ZﬂAm N Ank’ and we need show only Sk(A P ’Ak) =0 for

all A,--+,A, , in B, and A,_, ,--+,A, in le;, 1<i<n} Suppose all in-

dices have even degree in I'({A ,---,A, _ 1. Then any nonzero monomial

7l w2
Appsor AppBp S0 A A eee AL +ApL coc A AL =2 €= 0. Summing
over all such pairs of nonzero monomials, we see § k(A e ,A k) =0,
Thus we may assume in particular that not every index has degree 2 in
r¢a,,---,A,_,. Since the sum of the degrees of '({A,---,4,_ . is
2(k - t) > 2n, we see that some index i must occur in at least three elements of

{A},+++,A,_ . But this means that any path of length & in T'({A,++,A,})

-

must contain a closed subpath beginning and ending at 7. Let ﬁnlAnz cer A

ApyAyy +++Ap, bas value e, suitable j. But then ;.= (4, A, -+ Ay )=

be a typical path of length k£ and let ﬁm cee ﬁ”s be a closed subpath of maximal

ﬂsAﬂ(s- 1)°°° Am

also is closed with end vertices i, and A, -+ A A ..A_A ces

(r=1)"7mr ns w(s+l)
Agp +Agy - Aﬂ(ro l)AﬂsAﬂ(s- nH " AﬂrAﬂ(s+l)

Summing over all such pairs of monomials yields § k(A TRERRY:! k) =0. Q.E.D.

length beginning and ending at i, Then the reverse subpath A
v A =24, Ay =0,

Unfortunately this theorem does not say anything about identities for anti-
symmetric matrices, since in fact M:(F ) is precisely the set of antisymmetric
matrices of M”(F) when F has characteristic 2. Nevertheless, defining [X, Y] =
XY - YX, we have

Corollary. Let char(F) = 2, Then S (A, A’:],- A, A:]) =0 for all
A P ,An in Mn(F). Moreover, if k> n then

sk([Al’ Azls [AS’ A4]’ A } [A2n-l’ A2n]’ A2"+19 R ] An+k) =0

.t
forall A ,-.+,A,, , in M_(F).

Proof. Obviously, [4, A*]€ M7 (F) for all A in M_(F), and [4,, A,]€ M7 (F)
forall A}, A, in M:(F ), so the corollary follows immediately from Theorem
2, Q.E.D.
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Examples given in the next section show that Theorems 1 and 2 are sharp.
However, there still remains the question concerning fp(n, k, t) for p an odd
prime. We shall see that no positive results can be adduced for ¢ > 0, so let us
see what happens when ¢ = 0.

Proposition 1. £3(4, S, 0).

Proof. We need to show that for all A ,--.,A in M (F), F having charac-
teristic 3, § s(A P ’As) = 0, Indeed, it suffices to consider A,,--+,A; in
By, which has only six distinct elements. Thus, permuting the indices if nec-
essary, we may assume A, =¢,,-¢€,,, A, =€, —€,,,A; =€), —€;,, A, =
€3~ €420 AS =€ 4= €43 in which case SS(AI"“ ’AS) = 6e32 -6e23 =0 in
characteristic 3. Q.E.D.

Proposition 2. The following sentences are equivalent for n even and
p|(2n - 1):

(i) Forall A precsfy, q in B;+l such that all vertices of
N4A,---,A, _ D bave even degree, S
istic p.

(ii) £,(n, 20 - 3, 0).
(iii) £ (n + 1, 2(n + 1)-3, 0.
(iv) £,(n + 1, 20 + 1)-4, 0.

Proof. (i) = (iv) Clearly () = tr S, _ (A,,+++,A, ) =0 forall A,...,

sna1@pseees4y, ) =0 in character-

A,,_, in B, hence for all A presfy, y in M;*l « Thus by Lemma 6(a),
2’(11 +1,2n-2,0),

(iv) =+ (iii) Inmediate by Lemma 1(b).

(iv) = (ii) Inmediate by Lemma 2.

(iii) = (i) Obvious.

(ii) = (i) Since the sum of the degrees of I'({A},++,4,, _ D isdn -2,
whereas there are (7 + 1) vertices, some vertex must have degree 2. Hence, (i)
follows immediately from Lemmas 10 and 9. Q.E.D.

Corollary 1. .95(5, 7, 0) and £3(5, 6, 0).
Proof. Immediate from Propositions 1 and 2.
Corollary 2. £,(6, 9, 0), £,(7, 11, 0), and £, 10, 0).

Proof. By Proposition 2, it suffices to show for any A,+++,A4, _, in B,
n =6, such that all vertices of [{{A ,-++, A, _ 1) have even degree,

Syna1@pseesA,, 1) =0 in characteristic 5. We claim this is true if any edge is
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incident to two vertices of degree 2. Indeed, suppose 7, and i, each have degree
2,i, occurring in A and A, and i, occurring in A} and A;. To show

Sonn l(A A, l) = 0, it suffices to show (by Lemmas 10 and 9)
SZn-S(AS’ sAy, l) = 0. But 7, has degree 1 in F({A Ry P l”’
so by Lemma 9 it suffices to show 0 =e, igig Sone 3(A seren Ay )=

1212A352n b,y
so we may view these matrices in M _ I(ZS)' Then S, _,(4,,---,A
by £5(n -1, 2(n - 1)-2, 0), establishing the claim.

So we may limit our attention to graphs without any edges incident to two

). But i, and i, donotoccurin A,,---,A, .,
)=0

2n~1

vertices of degree 2, a complete nonisomorphic set (with 7 vertices and 11 edges)

being
(a) (b)
(© (d)

Each of these graphs corresponds to a set {A,,---,A,} of antisymmetric mat-
rices such that §, 1(A TRRRRY: N 1) = 0 in characteristic 5. Interestingly, in each
case S, l(A prreaAy l) # 0 in characteristic 0, so (a)-(d) can be used to show
that £(r, 2n - 2, 0) is sharp for n = 7. Examples (a) and (c) have been general-
ized and explored in depth to show S‘fo(r;, 2n - 2, 0) is sharp for all n (example
(a) was investigated independently by Rowen and Hutchinson, and example (c)
was investigated by Owens [5]).

8. Counterexamples. We summarize the previous results (Lemma 1, Theorems
1 and 2, Proposition 1, and Corollaries 1 and 2 to Proposition 2):

gp(n, k, t) for k> 2n, all p, n, t.

£,(n, 2n -1, 0), £, 2n-1,1), £ (n,2n-2,0), 722 all p.
S‘zp(n, 2n -2, 1) for n odd, all p.

£,(n, k, 1) for k> n+t,all n, t

Sf'p(n, 2n-3,0) for n<7,p|2n/2] - 1.

gp(n, 2n-4,0) forodd n<7,p|(n-2)=2[n/2] - 1.

The purpose of this section is to show by example that these results are
sharp for p = 0 and p = 2, and that for odd p these results are sharp with the



STANDARD POLYNOMIALS IN MATRIX ALGEBRAS 275

possible exception of £ o, 2n — 3, 0) for n > 8, p |2[n/2] - 1. Since the sentence
which has evoked most mtctest is & (n, 2n - 3, 0), we start with the most direct
counterexample (known mdependently by Hutchinson).

Example 1. Let A; =e,, €, ,. Forr>1let A, =e and let

,o Forany n>2,A,,...,A

1r42 = %r42,1

A €B”;
n

241= 642,27 2,04 2n-3
Sypes@pseoes Ay )= D" n -1y, - e,y

for n even, and

S2n-3Apseees 4y, )

= (—1)(7’4'1)/2((” - l)!(e“ + 322) + 2(” - 2)!(833 + oo 4 enn))
for n odd.

Proof. First we shall prove by induction on # that
Son-4 (Az’ ceey AZn-S)

= (- 1)(7:-2)’2((” - 2)!(ell + ezz) + 2(72 - 3)!(333 + oo+ erm))

for » even and

SypasByseees Ajpy)=(=1 Ymel¥2(, -ley, —ey))
for n odd. This is trivial for n = 3, 7 = 4, so assume the assertion is true for
all m <n, Let us evaluate

el 1S2n-4(A2’ MR ] A2n—3)

2n=-3 .
i-Zz: (~1e; 48, (@A, ..., A,

-1° Az+l’ M ¢ A2n+3)

by (1). Now e, A, =0 unless i is even. Setting i = 2r yields
2
17e 14,8, sBg s Ay Agprstr Ay )
Ay eer A A Ay, 3
e, A

=€ r+2 2n=5 27=-1°

A

2r41?°

l’A

27- 2n-

=€ r+2A27+l 2n-6(A2’ Tt 3)

Ayyeeey A

27+2°

e, A

= €135 6( 2-10 A2p020 2'.-3)'

Thus
n=2

€1152,-480 0 s Ay ) = r; P PO PPRLTPR: PUNPTY. PYIPPRTERR: P )
r=

Now the index r + 2 does not occur in {A,,-++,4, |, A, -+, A, 4}, so by

induction
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S

€12 2(n-l)-4(A2’ AL PSSR PHPYELLY AZn-3)

== (=1)"(n - ey ey, = (=1)=2V2(, _ 3le,, if 7 is even,

(~1)m=372(, - 3)!e12 ey, =DM 2a_3)e , if 7 is odd.

Hence ellszn-4(A2’ ceey Ay 3) (- 1)=2Y2(, _ o)1 e,, if » is even,
(- D)+ D2(, _ 2y e,, if 7 is odd. The claim follows immediately from Lemmas 9
and 4.

Using this result we can now calculate § 2n_3(A ey "-3). Assume the
given formula is valid for all m < n (¢this is trivial for = 2 and 7 = 3). As above,
ellSZn-S(Al’ Tt AZn-S) = ellAXSZn-4(A2’ e0rly, 3)

2n=3
+ Z (—l) ell 2"_4(A19 ".’Ai-l’ Ai+l’.“’A2n-3)

)

2n-3

= ellAISZn 4(Az’ RRTRPS

n=2

+ Z; exzszn-s(Al’ ttc AZr—l’ Azuz’ °tt AZn-3)'
r=

By induction (since the index (r + 2) does not occur in {A,.++,4, |, 4, ,,
oo A )]
? 3 ?

2n-
elZSZn-S(Al’ e dy, s Agpyar s AZn-3)
=(1"%n- 2)le,, if n is even,
— D=2 _2)le ey, = (1D 2n - 2)ley; i @ is odd.

Thus e,S,,_3(4},---,4,,_5)= D"Yn - 1le,, if n is even,
- 1)("*»1)/2(11 1)!ell if n is odd. The formula for S, (4, ...,4, .)isan
immediate consequence of Lemmas 9 and 4. Q.E.D.

We shall now investigate the sharpness of Theorem 1 with the next three ex-
amples. The formula of Example 4 was observed first by Owens [5]. In these ex-
amples let A, _, = €41, = 41 20d let A, = €42 "Cpy2,0 T2 1.

Example 2. 5, _{e;, +e,), A},<++,4, ;) =0 for n odd, 2e,, ~e,,) for
n=24 _ + e”_l'l) for n even > 4.

Proof. For n 0dd, S, _,(e;, + 5y, A},000,4,, ;) =0 by £oln, 20 -2, 1),
so we may assume 7 is even. In this case S, _ (e12+e21,A eee,4, _3) is symme-
tric by Lemma 4. For n=2, S (e,, +€;,, €,, - €,,) = 2e,, - ezz)‘ For n >4,
the index 1 occurs in three matrices (e12 +e,p A 1» and Az)’ so it suffices to

show e, S, (e, +ey, Ap000,4, 5)= ey ,_y- Let Z, be the sum of the
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monomials (of e,,S, (e, +e,,A},---,4, ;) in which e, +e,, and A,
are adjacent, and let %, be the sum of the other monomials.

We claim e, S, _,(e;, +e,, Aeee, Ay 5 (e, +€,,)4,) = 0. Indeed

2n=-

€1 Som-dleratepAp Ay sile,ve,)4)

=elepve, JA4,5,, (Mg eees A

2" 2n- 2n—3)

+ ellAZSZn—S«eIZ".' e Ay Agpeees 4y, 3 (e, +€,)4)

=€ S (A3,...’A )

13" 2n-5 2n-3
+ exaszn-s«elz teyh Ap g4y 5 (e),+e, )4,

Consider a typical nonzero monomial e138,500e Am(e 12+ € 1)A IA”(”I)

Ap(3p-3) Where 7 is a permutation of (3,...,2n - 3). Since (e, +e, )A, =
e,, - €,, and since the index 1 does not occur in MB’ oo ,Azn_ai, it is clear
that

A173 e A,,"(e12 + eu)A lAﬂ(r+1) °°* Aﬂ(Zn-B)

Apy e Aﬂr(-eZZ)Aﬂ(n-l) °e Arr(Zn-S)

= "’13An3 °ec AmAn(r+1) oo Aﬂ(Zn—S)’

€13

=¢€13%3

Since 2 has degree 2 in P({As, cee, A2n-3}) we conclude that

€1352n-3e1 v ey s A Agsees Ay s (o) +5)4))

== e13s2n-5(A3’ ttty AZn-3)’

SO

1152202t €app Appees Ay _sile), + ey )A)) = 0.
Similarly,

euS‘zn_z(e12 +teyp A Ay g Aley, + e, =0,

so 21 =0.

It suffices therefore to prove X, =4e; _,(for even 7> 4). Since X, is the
sum of those monomials in which (e 12+€ 21) and A, are nonadjacent, it is clear
in view of the index 1 that no nonzero monomial of 22 starts with e, A2; in
fact,
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X, =e e+ €S, 54, ..-,Az,, s AALAL)
Sgne 3(A seers A n-3;A3AlA2))
+ell(el2+e21)(52n-3(Al"”’A 33 A24,4,)
Sone 3(A1,--~,A 3;A4A1A2))
—e4,(,, (e, + ey Ay eeey Ay 5 Ay(ey, +ey))4,)
+Ssamsllepy v g Ay eees Ay g5 Asley; +6y))A5))
—eA)S, 5oy reg )i Ay Ay, 53 Ag(e); +e)A)
33 A4(e12 + ezl)Az».

+Syuaslley vey)s Ay eees Ay

By Lemma 7 applied to each of the 4 pairs of terms, we see

22 "eIZSZn 5(2e.,’3, ceey A2n-3) + euSZn_.s(e“ +egq AS’ AS’ ooy AZn-3)

+ €155 5(0 Ay ""Azn-3)+elz(szn-s("es4+e43’ As’As""’Azn-s)'

Clearly the last two terms are 0 since 52”_5(0, Ageer, Azn-s) =0 and

Szn-s(“en+ eg3r Az Agy ey A2n~3)

San-s-ess+ eqzr Ay egym et Ay, 5)=0.

Thus

Z —-elz 2" s(zess,A 9 ’AZn-3)

+ e12s2n_5(e34 +ey 2n_3)

vA39A59 ceey A
==2e,,AS, _ 6(833’ Agyeeny A 3')

- ele‘,'.S‘zn_G(e33 +egAg ety AZn-S)

2n=-

== 291452'.-6("33’ Agr ooy AZn-B)

'AS,OOQ’A ).

+e135) 06034 + €43 2n-3

If n=4 then
22-_--2e“ Jessn Ag )+ €55, (e34+e43,A )=+ 2e,; +2e, = de;;.

If n> 4 then
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el482n_6(e33, A5’ cee, A2n~3)

= euszn-e(eas’ Agreeey Ay, 33 Agey A0)

+ €148 0ncl€330 s Agstens Ay g3 Agess As)

=€1452n-8("eys + €5 Agses Ay, s)
by Lemma 7. But A, =€, —€4q SO
€14San-clesp Asres A, J=e. S, (e, st Esp Esa= €y 0ne)=0

Therefore
2 mersSanglesteggrAg Ay, J=eyldey  V=de;

by induction on n. Q.E.D.

Example 3. S, (e, +e,, A o4y e ), 1) =4e),+2e,, for n=2,
2, = 2e,, forn=34le, ,_ +e, _, Jforneven24de, -€) py) for n
odd > 5.

Proof. For n=2, S3(e12 +€,0 €1 €19 e“) =4e,, +2e,,. For n> 2, the in-
dex 1 occurs in an odd number of matrices, as does the index (n - 1), so (by
Lemma 4) S, (e, +epp Apeesifyy 5 €y, =0 A C 1+, e,
in Z. Ve propose to show a; =+2,a, =4 for n even>4,and a =-4 for n
odd > 5.

Let 7 = 3. Then Ss(e12 +e,p A Ay A, ezz)ezz 12 is easy enough to see.

Let n > 4. Then

%1 ,n-1= Soprleryt ey Ap e Ay, g en-l,n-l)en-l,n—l

= s2n-2(e12 +tepAp e AZn-B)en-l,n-l
YA

=Sopeatesp A Ay e 11203801 0-1

=Syp_alert e Ap iy 04y p A3 €t ,n-l)AZn-Sen-l.n-l

+ S2n-2(e12 teypAp Ayl s Ay, g en-l,n-l)AZn-6en-l,n-l'

Now,S, e, +e,pApes,Ay, e,y _y=4e, . if niseven, 0 if n is odd.
)e

SZn-Z(eIZ tep A Ay e et

A)

6%n=1,n-175

+Sy e teyp Ay ey ptd ASen-l,n-lAG»en,n—l

)e =0

n,n=1

=(S,,_0(e v e A Ay et pat A

==S, deaterpAp oAy, 39643 002" €pa2 n-3
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since A . Likewise,

2n=7=%3,n=2" €n-2,n-3
N CRRE S PRRTTY: PIRPTY PR PNIPOI PRSP e

=(5,, (e + ey Apreees Agpes? Bonat? A2p=3 €pal 01 A2n~6en-l.n-lA2n-3)
+Sy,ale e Ay s A6 A28 A20-3 Cnt n-1d

A20-3en- 1,n- 1A2n-6))en-2,n-l

Ae

=S, deppterpAp iy ple, 5, —e =21

n,n-3"

- s2n-4(el2 +ép Al’ "ty A2n~7’ €p=3,n" €n,n=3" en,n-Z - en-Z,n)en-Z.n-l
= (by Example 2 for (n - 1)) 0 if » is even,

=-4e;y ,_s€ ,n—l=-4el,n-l if » is odd.

n=2

Finally,
SZn-Z(eIZ +eyp Ay, g Agpesy o rB2py en—l.n-l)en-?o.n-l

.= (SZn-Z(eIZ +eyphApeets Aoy L PSPYRLEEY. PRI g U
3

A2n- $€n=1,n= ‘Az"'

+$2n-2(e12 tegp s Aguy Agpas? s Agpe3 Cpal n-t

Arp3€n-1me1?A20e )% 3 ,n-1
A =0

=S, 4lea+eyp Aoty Ayp79=nozin* €nn=2> A2n=0%n-3,n-1

since AZn-4 =€y 2, a2

Putting all of this together yields a_e, ;= de) p1t 0+0+0=4e, ,_,
for n even>4;a €, .= 0+0-4e, _,+ O=-4e, for n 0odd > 5, as
desired. Q.E.D.

Example 4 (Owens [5]). §,,_,(4,,- v h,,_j) =€, —e, forn=2,
e, +e,+ e33) for n=3, 2(n - 1) (ez.n_ 1= ©ne 1'2) for n even > 4,
2n - 2)(e2” 1= €net, ;) for 7 0dd > 5.

Proof. The cases 7 =2 and n = 3 are immediate. For 7> 4, it is clear from
Lemma 4 that S, _,(4,-++,A4, _ J=0 (e2 aop = =D, _, ,) for suitable a,
in Z. We shall show a = 2(n —1) for n even, 2(n - 2) for n odd.

%€2,n-1= ezzszn-s(f‘v tety Az,,-g)
= eypAS s o1 Ay + ey A, (A Apy Appeees Ay, )
~ €A SapasBrr Ap A3 Agy s Ay, 3
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€2152ne By s Agpy) = €A 5550 sAg oo A3
=€23%,01%3,n-1 = %-1%2,n-1°
€235 20-sApp A Apoes Ay, _5)
= ezg(SZn-«i(Al’ Ay A eee, A2n-3; A2A1A4)
L PRIV P PO PRI Ay, AA4,)
== €535, 6lesg + gy Agsrars Ay _5)=0

for n odd, e23(2e33)= 2e,, for n=4, e,,(4e 3 ne1) = 4e, ,_, for n even> 4,
by Example 1 applied to (n - 2). Finally, e,,S, (4,4, A4,,A;...,4, )=

2n=~3
24 2n 6(2833,:4 "”’Azn 3')==--2e23 for n = 4; otherwise

%54 2n 6(933’ s hg, 3) 2e24szn 8( 54~ €45 AgeensAy, 3) 0 smceA

€54~ €45

Putting everything together, we have a, =a, +2- (~2)=6; for n even> 4
(proceeding inductively) a, =a,_, +4+0=2((n-1)-2) + 4= 2(n - 1); for n 0dd
(proceeding inductively) a, =a_ _,+0+0=2@®-1-1)=2r-2). QE.D.

We are prepared now to examine 9. (n, k, t) for p £ 2. First let ¢ = 0. We
have proved £ (n, k, 0) for k> 2n -2, Example 4 shows £ (n, 2n-3,0)is
false for pJ 2[11/2] -~ 1. Lemma 1(b) then shows 32 (n, 2n - 4 0) is false for
pY2[n/2] - 1. In fact, if » is even then £ (n, 2n - 4, 0) is false for all p # 2.
For suppose fp(n 2n ~ 4, 0). Then p| 2[11/2] - 1=n-1. But Lemma 2 would
imply £ ,(n-1,2(-1)-3,0),s0 p|2[(n-1)/2] -1=n-3. Thus
p| (- l) (n-3))=2, so p=2.Since £ (n, 2n - 4, 0) is false for n even, all

p # 2, we conclude by Lemmas 1(b) and 2 that 3 (n, k, 0) is false for all p £ 2,
all n, k < 2n - 4. Thus, for » even we have detetmmed the truth or falsehood of
£ (n, k, 0) in all cases except n>8, k=2n-3, p|n - 1. For n odd we have
determmed the truth or falsehood of £ (n, k, 0) in all cases except > 9, k =
m-3otk=2n-4,p|n-2.

Next let t = 1. We have proved £ (n, k,1)for k>2n-1 and & (n 2n-2,1)
for n odd. If p £ 2 then Example 2 shows L (n, 2n -2, 1) is false for n even,
and it follows by Lemma 2 that £ (n, 2n - 3, 1) is false for n odd, all p # 2. We
claim that fp(n 2n-3,1)is also false for n even, all p £ 2. Indeed, suppose
gp(n, 2n - 3, 1), Using the notation of Example 2, we clearly have (for n > 4)
de) p-1= Syu-2l€12+ €2 Ay et A2ne3nm1,n=1

=8, e tepAp sl My, 300101

+ s2n-3(e12 +teypAp ey, oAy Ay 3)A2n-5en-l,n-l
)A

U P PPY. PPRTEIY. PRND TR PHPTALLTR PR L P L e o
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Now each of the right-hand terms would be 0 by gp(n, 2n - 3, 1), which would
imply 4 =0 (mod p). This is impossible unless p = 2, thereby establishing the
claim. It follows through fepeated applications of Lemma 2 that Sf?p(n, k, 1) is
false for all n, all p £ 2, k < 2n — 3. Hence for ¢t = 1 the statement of Theorem 1
is sharp for ali characteristics £ 2.

Finally, let ¢ > 2. Example 3 shows £ (n 2n -1, 2) is false for all n, p £ 2,
and applications of Lemma 2 then show £ (n k, 2) is false forall », p £ 2, k<
2n - 1. We conclude that Q (n, &, t)xsfalse forall m, p£2,t>2, k<2n-1,
from the following easy rematk

Remark. Let A, A€ Mn(F). Then S, (A oo A
)=5,4,,- --A)e Lte S(A -, A)

en+l,n+l in4 n+l,i k"
Summarizing the above counterexamples, we see that the following sentences
are false:

S‘Zp(n, k,0)forall n, p£2, k<2n-5.

Sfp(n, 2n - 4, 0) for all even n, p # 2.

Sﬂp(n, 2n - 3,0), Sip(n +1,2(n +1)-3,0), Ep(n +1, 2(n + 1) - 4, 0) for
pV2(n ~ 1), n even. (These three sentences are equivalent for any p.)

gp(rz, k, ) forall n,p#£2, k<2n-3.

gp(n, 2n -2, 1) for all even n, p £ 2.

S‘?p(n,k,z)foran n,p£2,k<2n-1,t>2.

In particular, Theorem 1 is sharp for characteristic 0 and for ¢ > 1 in arbitrary
characteristic £ 2.

& Cint1 T €nyl,i

If p =2 the following example shows that Theorem 2 is as sharp as possible:
Example 5. Let A, =e, 1<i<n-1. Then for any t <n,
(A TEREH A e

n-1’

ii+l ” i+l,i’
coe = +.
Srz+t~l 11° ’ e") €1n T'€

Proof. Immediate.

nl®

9. Identities in matrix algebras with involution. Let @ be any domain and let
(%) be the transpose on M_(Q) with respect to a suitable set of matric units
{ei’.| 1<i<j<n} Clearly (*) is an antiautomorphism of degree 2, otherwise
called an involution, and we let (M _({), *) denote this matrix algebra with in-
volution.

Now let QfX}=Q4X 5, X ,,+++,X;,X,,, -+ -} be the free noncommutative
Q-algebra generated over Q by the countable set of noncommutative indetermi-
nates {X“, »e X Xiz’ -§. Q{X} can be given the involution ( *) defined
by 0= w,all @ in Q, and Xl =X, X = X, }» all i. Let us write Xi =X
X} =X_,. A homomorphism of (Q{X}, %) to (Mn(ﬂ)', *) is a homomorphism of Q{X}

to Mn(Q) which preserves the involution. Suppose a nonzero element
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/(Xl, X’:, e X, X:) of (Q{X}, #) is in the kernel of every homomorphism from
(@iX3, #) to (M_(Q), *). Then we say { is an identity of (M_(Q), ). Identities in
matrix algebras with involution have been a source of interest in recent years,
and we shall see in this section how the results of this paper tie in with the theo-
ry of identities of (M_(Q), *) for arbitrary Q.

Viewing f as a sum of monomials /,(Xl, XT, cee, Xm, X;), we shall say the
degree of the ith indeterminate of f_is the sum of the degrees of X, and of X’:
in f,. The degree of f  is the sum of the degrees of the indeterminates of [,
and the degree of { is the maximal degree of its monomials. The polynomial f
is multilinear if each indeterminate occurring nontrivially in { has degree 1 in
each monomial of f. There is a well-known procedure, given an identity [ of
(M,,(Q), %), to obtain a multilinear identity [ of (M_(Q), %), with degree not greater
than that of f.

Now let g(Y,,---,Y,) be a polynomial with coefficients in Q. If
g(Al, ""Ak) =0 for all possible A,--+,A,_, in M;(Q) and Ak-t+l""’AIe
in M:(Q) we shall say g is a (k - ¢, t)-identity of M, (Q) (with respect to (*)).
Theorems 1 and 2 and Proposition 2, Corollaries 1 and 2 provide various standard
(k - ¢, t)-identities of M (().

Suppose char Q £ 2. Then any (k - ¢, t)-identity g(Y,---,Y,) yields the
identity g(X, = X,++, X, _, =Xy _,, Xy, | +Xp_, oo s X, + Xp) of
(Mn(ﬂ), *), since X - X* is antisymmetric in Q{X}and X + X* is symmetric in
Qfx}. 1f g(Y,--+,Y,) is multilinear then'so is gX, - X’:, sy Xy, - -X:_l,
Xe_so1 * Xe_yppr o s Xy + Xp)- Conversely, lee /(X X%, X _, X )bea
multilinear identity of (Mn(ﬂ), *), Then /(Xl, X’;, ey X X:;) =
[(X Xy, X5y e e, Xy X2) 4+ [,(XT, X0 X3, e+, X, X)), Evidently
/l(x"l‘, b PP X*)+ 1, (X, X, Xoeeos X X*) is also an identity f of
(M (@), #). If [=[ then f(X ), X}y, X0 X2) = (X + X, X5, Xeee X, X0,
Othervie [ =108, = X4, Xy Koot Xy 30 =5 Xy Ko o X
which is also an identity of (Mn(Q), *). Continuing in this manner yields a

x::—-t’ xm—t+l + x:n—nl’ e X+ Xr*n)
for suitable ¢ so g(Yl, oo, Y m) is a (m - t, t)-identity of M n(Q) (with respect to

(*)).

multilinear identity g(X, - XT, s, X -

Thus we have a way of passing back and forth between multilinear identities

of matrix algebras with transpose and polynomials of the type investigated in this
% * . . . .

a2 X =X Xy - X3 ,) is an identity in

M_(Q), %), (*) the transpose involution, for domains Q of characteristic # 2. On

paper. In particular, §

the other hand, S, (X =X ,, -, Xope21™ X2n_2'2) obviously is not an
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identity of M_(Q) in the usual sense, so we have obtained identities of

(M,,(Q@), *) which are not consequences of the identities of M _(Q). Viewed in this
light, this paper becomes a study of standard identities of (M, (Q), *) which are
not consequences of identities of Mn(ﬂ). Applications of this study and its anal-
ogous results when (*) is an arbitrary involution may be found, in [6].
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