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GOLDIE-LIKE CONDITIONS ON JORDAN MATRIX RINGS(1)
BY

DANIEL J. BRITTEN

ABSTRACT. In this paper Goldie-like conditions are put on a Jordan matrix
ting J = H(Rn, v a) which are necessary and sufficient for R to be a *-prime
Goldie ring or a Cayley-Dickson ring. Existing theory is then used to obtain a
Jordan ring of quotients for J.

L Introduction. Our basic reference for this paper is [S]. The Coordinatiza-
tion Theorem [5, p. 137] states that any Jordan algebra over a field of character-
istic £ 2 with three or more connected idempotents which sum to 1 is isomorphic
to a Jordan matrix algebra H(Rn, Y a) of symmetric elements with respect to a ca-
nonical involution y,. It is with this and Goldie’s theorem for semiprime rings (4,
p- 270] in mind that we approach the problem of quotient rings of Jordan rings and

obtain a quotient ring which is of the type given in the Second Structure Theorem
(5, p. 179].

IL. Preliminaries and statement of main result. Let | be a Jordan ring whose
multiplication is denoted by ** - ”’. For each a € | there is the U-operator given
by Ua(b) =2a-(a-b)-a?.p ] is said to be prime provided that, if A and B
are ideals of ] and U,(B)={U(b):a €A, beB}=0, then A=0 or B=0 [8].
0 C J is said to be a quadratic ideal provided Q is an additive subgroup of (J, +)
and Ugy(]) C Q.

If we let R be a nonassociative ring with characteristic # 2 such that % € R
and * is an involution on R, then the set of symmetric elements under a canonical
involution (see [5, p. 125]), J = H(R n? ya), is a Jordan ring for » > 3 with product
¢+ b="Ych + bc) if and only if either R is associative or » = 3 and R is alter-
native with its set of symmetric elements H contained in its nucleus N [5, p. 127].

Let a = diagial,- vey ani and the ai's are symmetric invertible elements in
the nucleus of R. The canonical involution y, acts on the 7 x n matrix X to
give a~'X*'a where X*'denotes the matrix obtained by applying * to each of the
entries of X and then taking the transpose.
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General assumption. In this paper: y, is a canonical mvoluuon, J=(R »* ya)
n>2, is a Jordan ring; % € R an alternative ring with involution * such that
HCN.

If z€R and {e } is the standard set of matrix units, then we shall write z,
for ze; it L*a, i i#j, in J. Although we shall have occasion to talk about
matnces ovet R of more general form, we shall attempt to eliminate the confusion
by reserving the subscripts i and j for this purpose, unless the matrix is written
out. One can easily see that the elements of | are merely sums of elements of
the form z,; i i #j, and elements of the form ha j€;; Where b € H. Ve shall use
Iu’ ifj, for {x :x € R}, and if AC | then A =A N ] A quadratic ideal 0
is said to be an z;-quadratzc ideal, i £ j, provxded Q £ 0

The next two definitions are basic for our Goldle-hke conditions.

Definition. A nonempty set {Q,} of distinct nonzero quadratic ideals will be
called a direct system provided that, if {Q : 7 € 1|} and {Q,: I € L} are finite
subsets of {Qki, where I, N I, =g, then the quadratic ideal generated by EQ"
intersected with the quadratic ideal generated by 2Q ; is 0. The direct system is
said to be infinite if {Q k‘ contains infinitely many quadratic ideals.

Definition. If Q is a quadratic ideal in J, then the quadratic ideal A gener-
ated by {z G €12 U "(Q ) = 0} is defined to be the ij-annihilators of Q,
ij~ann (Q), pronded Ua; (Q ) 0, i #j; otherwise ijaann(Q)=0.

Our Jordan analogue fot the associative ring of quotients is given as follows:

Definition. The Jordan ring |’ is said to be a Jordan ring of quotients for
the Jordan ring | provided:

(i) there exists an isomorphism f: ] — J' (we shall consider | as a Jordan
subring of J');

(ii) every regular element @ in | (i.e., U, is injective as it acts on Dis
invertible in J';

(iii) every element of J' is of the form U, 1(3) for @, b in ] with a regular in J.

Main Theorem. Let R be an alternative ring with involution * such that
HCN and %€ R andlet J= H(R ,y,), n>2, be a Jordan matrix ring. Then |
is prime, satisfies ACC on ij-annibilators, and contains no infinite direct system
of ij-quadratic ideals if and only if either R is a *-prime Goldie ring or n=2,3
and R is a Cayley-Dickson ring. Moreover, in this case, the Jordan ring of quo-
tients J' for ] is |' = H(R, y,) where R’ is the ring of quotients for R so that
R' is a *-simple Artinian ring or a Cayley-Dickson algebra.

HI. Only if. Throughout this section we shall assume that | satisfies the
conditions of the Main Theorem.

An ideal A of R is said to be a *-ideal if A* = A. R is said to be a *-prime
provided that, if A and B are *-ideals and AB = 0, then either A =0 or B=0.
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If A is a *-ideal then A N | is an ideal of J. Thus the primeness of | gives the
*.primeness of R so that by [1] R contains a prime ideal P such that P N P*=0
(we shall use the existence of this prime ideal throughout). Also by [1], this im-
plies that R is a Cayley-Dickson ring or R is associative. Thus we assume that
R is associative, so that U (b) = aba for all a, b € ].

Theorem 3.1. If | is prime and contains no infinite direct system of ij-quadratic
ideals and R is associative then R contains no infinite direct sum of one sided
ideals.

Proof. Suppose ELk is an infinite direct sum of left ideals in R and let P
be a prime ideal such that P N P*= 0. Then there are mfmxtely many L,’s not
contained in P or infinitely many L,’s not contained in P*, We assume L g P
for all k. Thus (L + P*)(L + P);‘ 0 by the primeness of P so that B, =
(L +PHN(L, + P) # 0. Let 0=2b, such that b, = 0 for all but fmltely many
k’s and b EBI;’ so that b, =1, +pk=l'*+pk where l I' eL and pk'PkeP
If P=0, then b, =0 forall k since 2L, saduectsum. If P;‘O then 0=
P*0=P Ebk, sothat Plk-O Thus [, eP and hence b, € P. By a similar
argument b, € P* o that in any case bk = 0. Therefore EB 4 is a direct sum of
nonzero subgroups of (R, +).

If we set Qk=§bae +bae,, +bae’i+bae 2 h, b €HNB, and b €B },

iii
it is easy to check that Q, is a quadratic ideal. Now let {Q § nd {lem ol
be two finite disjoint subsets of {Q,}. Let Q’l be the quadtanc 1deal generated
by 2, ey Q, and Qy, be the quadratic ideal generated by 2 I, Q, Let C=
2, "IL" and D=% d so that C + D is a direct sum of left 1deals, and we
may perform similar construcuons using C and D to obtain Q. and 2p» respec-

tively, as we did to construct Q & using L,. Ve then have 0 LS QC and 0 ,2 C
0, and Q,1 N Q,z c QC N QD =0 since

[(c*+P¥)N(C+ P nl(D*+P*)n(D+P)=0.

Thus we see that {Q k} is an infinite direct system of ij-quadratic ideals.

We now turn our attention to considering Zj-annihilators. For a nonempty sub-
set S of R, we shall use A;(S), A(S) for the left, right annihilator of S, respec-
tively, If L=A,(S) and T = A (L), we see that A,(T) is L. We would like to
use T and L to give some insight into ij-annihilators.,

If V is either a left or right ideal of R then
-1, % .
jS(V) {xe,; + a; v Gie,.+ ve,; + ye:
(1 ueV,xea;'l(V,'vH), and yeHal.},

and
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' -1 .
@ Qi].(V) ={xe;; + ve,; + a; v*aiejl. +yej;:
veV, xe(V NHa;, and y € a7 H]
are quadratic ideals of J. One should notice that xe,, = a lbe p PEVNH,is

in ], as described above since x = (a; lba'l)a and a; '1 € H. Also, if
AL(T) L and Ap(L)=T then

Upo 2w, 125N = 0-
Is Q'ij(L) the ij-annihilator of Q].i(T)?

Lemma 3.2. Let R be a prime associative ring and W an additive subgroup
of (R, +). Then AW)=1{a € R: awRwa =0 forall w e W}=A, (W) U A (W),

Proof. Let a € A(W) and suppose wa # 0 for some w € W, so that aw = 0.
Suppose aw' £ 0 for some w' € W, but a(w + w') = 0 or (w + w')a = 0, both of
which lead to a contradiction.

Thus in the *-prime case, we see that A(W) ={a € R: awRwa = 0 for all
w € W} where W is an additive subgroup of (R, +) is equal to Uflei(W) where

K,W)={a€R: aW CP and aW C P*}
K,(W)=1{a€R: aW C P and WaC P*}
K3(W)= fa€eR: Wa C P and Wa C P*}
K, W)={aeR: WaCP and aW C P*{.

Lemma 3.3. Let R be a *-prime associative ring and | = H(R", ya). Let B
be a quadratic ideal of | and W be the set of elements of R which occur as
ji-=components of elements of Bii (using the standard matrix units). A necessary
and sufficient condition that B has a nonzero ij-annibilator is that the quadratic

ideal Q generated by [A(W)]ij = {xl.].: x € UKi(W)} is nonzero and Qij = [A(W)]i,..
Moreover, if this condition is satisfied then Q = ij-ann(B).

Proof. By the definition of ij-annihilators, it suffices to show that [A(W)]i]-
{xﬁ € ]1.].: Ux,-,'(Bij) =0},
Let B and W be as stated above so that B,. = {wﬂ.: w e Wl

Suppose U, (B;)=0 and x; = xe . +a; 1,7, j;; so that 0 = ziu"’ii(yii)=

ij T %
xwywxe,. + a; l(xwywx) ae;, for all y € R, w € W and hence x € UK (W).
Now suppose x € UK (W) and x;; = xe;; +a; a, i Us (B )=
txwxe;; + a; T xwx)'a, 23w €Wl Since x € UK W), one of the followmg is the

case:



GOLDIE-LIKE CONDITIONS ON JORDAN MATRIX RINGS 91

xw, w¥x*€e€P; xw, x*w*e€ P, wx, x*w* € P;  wx, w*x*€P.
In any case, xwx € PN P*= 0 so that U,‘ (B ) 0.

Remark. Lemma 3.3 tells us that a necessaty condition for B to have a non-
zero ijeannihilator is that U Ki(W) be an additive subgroup of (R, +), but in this
case one can show that (JK,(W) = K (W) for some 1< ¢ < 4 by showing that if
o is the permutation (1 2 3 4) then

@) UKW =KW UK -W) U K. 52W), forone j=1 or 3, and

) K(W)CK oW or K, (w)c K(W) for 1<j< 4.

The ptoof of thxs Remark is straxghtforward.

Lemma 3.4. Let T be a nonzero right ideal of R; L = A, (T); and T'=TP
+ TP*, Then

i) if R is prime then [ijeann (Q (T))] = [Q (L)]

(ii) if R is *-prime (not prime) tben [ij-ann (Q (T ))] = [Q' (L)]

Proof. (i) Since R is prime, the right annihilator of T is zero. Thus UK('T"
=K, (T) = L, and, by Lemma 3.3, [Q (L)] = [ij-ann (Q (T))]

(u) Since R is *-prime (not pnme), P # 0 so that T # 0

We shall show UK(T )= L. Clearly LC U K(T ). Let a € K(T ) so
that aTPa = 0= aTP'a. aTPa=0 implies a € P* or aT C P* and aTP a=0 im-
plies @a € P or aT CP. Thus a € L and UKi(T )= L, so that, by Lemma 3.3,
[ij-ann (Q”(T'))]u = [Q'U(L)]”

Theorem 3.5. If | satisfies ACC on ij-annibilators and R is a *-prime as-
sociative ring then R satisfies ACC on left annibilator ideals.

Proof. In Lemma 3.4, we showed that if L, CL,C L,C+++ is an ascending
chain on left annihilator ideals then we may form an ascendmg chain, B, € B, C
ByCee- of ij=annihilators such that (B ) = [Q (L )] i Since the cham of z]-an-
mhxlators terminates and B, is generated by (B ) o We see that the chain of
(o} (L )] terminates so that the chain L, CL, C L C... terminates.

Summanzmg results to this point we have

Theorem 3.6. Let | = H(Rn, ya), n> 2, be a prime Jordan ring containing no
infinite direct system of ij-quadratic ideals and satisfying ACC on ij-annibilators
and let R be an alternative ring with characteristic # 2, Y% € R, such that the set
of symmetric elements, H, of R is contained in the nucleus N of R. Then R is
a *-prime associative Goldie ring or n is either 2 or 3 and R is a Cayley-Dick-

son ring.

By definition of a Cayley-Dickson ring, if Z is the center of R (i.e., Z =
{z € Nt zx = xz for all x € R}) and Z' is the field of quotients of Z, then
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R'=Z' ®, R is a Cayley-Dickson algebra. E. Kleinfeld [6] has shown that if R isa
prime alternative (not associative) ring, then N =Z. If R is a Cayley-Dickson
ring with involution * such that H C N then H =Z. This is due to the fact that,
if we let R' be the Cayley-Dickson algebra associated with R and extend * on R
to*on R by (z'® )*=2""1 ® r* for z € Z and r € R, then R’ is a Cayley-
Dickson algebra with its symmetric elements invertible in its nucleus, so that *
is a standard involution (see [5]). This gives us that x"x=xx*forall x € R, and
that H=Z = N.

IV. If. Ve first consider the case when R is a Cayley-Dickson ring. Let R’
be the associated Cayley-Dickson algebra and consider R as a subring of R’ and
* extended to R'. We shall write z~!7 for 2! ® » Thus R’ = Z'R where Z' is
as above. If J' = H(R!,y,) then J' isa Z' algebraand J C J'.

Let ] = H(R,,y,); n=2 or 3 where R is a Cayley-Dickson ring with HC N
and l/ €R. Let b and %, be elements in J ., i # j, where b= bey+

b* a; aten and x;, =% aﬂ e;.+xe... Then smce a/'s are in the centZr Z(R),
we have that Uy, (x D= bxbe Gt by a"la i From this it is clear that

Uy, (Z %) isa ofle dimensional subspace of ] provided bxb # 0. Butif R'=
Z'R then bRbaf 0 for b# 0, sothat bRb# 0 for b # 0. Thus Us, (] ) isa

subspace of J' of dimension greater than or equal to one for b;. 54 0

Theorem 4.1. Let J = H(R » ya), n=2 or 3, be a Jordan matrix ring. If R
is a Cayley-Dickson ring with involution such that HC N ther | contains no in-
finite direct system of ij-quadratic ideals, i # j.

Proof. Suppose the theorem is false. That is, | contains an infinite direct
system of ij-quadratic ideals, i # j, say {Q,}. Picking nonzero q,e €Q, for each
k, we obtain the system {Ug (]' )} of nonzero Z' subspace of 7. By the finite
dimensionality of J' over Z', we see for some choice of g, and g _’s not equal
to g, that

0,05 0 [Z v, U] 4o
Thus
04 qu(z" lyij) - X u, (= 1y/(m))

ij

for some choice of z, z € Z and Yijp yi(].'") € ]ii‘ Therefore setting 7 equal to
the product of the z,'s we have

04U, (nyu)— Z w, (mz'l ("')))
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However nz_ -1 ("') and wy.. are elements in J. This contradicts the assumption
» myi; p

that {Q,} is an mfmite direct system.

Theorem 4.2. Let J=H(R ,,); n=2 or 3, be a Jordan matrix ring. If R
is a Cayley-Dickson ring with involution such that HC N then | satisfies ACC
on ij-annibilators, i # j.

Proof. Let Q; = ij-ann(B,) and 0# Q,CQ,CQ,C--+ be an ascending
chain of ij-annihilators in J. Let Q= Z'Q, The chain Q) CQ,C 0} C--+ ter
minates since it is a chain of subspaces in a finite dimensional space. Thus there
existsa Q' = UQ;.

Now, we show that Q= UQ.. It suffices to show Q_n J, i contains (UQi)
n]’ since Q is generatedby Q nJ; i Let x e(UQ)n] ” soehat x is in
Qm. That is, f0t some s and ¢ in Z and y in Q n ] x=5s" ty. Thus
U, (B n ]i) alU -1, B,n]J, ) (s"lt)zU (B nJ; ) 0 and we see that x is
an element in J;; wlnch anmlulates B, n ] ij SO that x is in ijeann(B ) Q.-

The pnmeness of J= H(R 'Y, )» n=2 or 3, when R is a Cayley-Dxckson
ring follows from the fact that H(Rn, ya) =Z'].

We now turn our attention to the case when R is a *-prime associative Goldie
ring. The primeness of ] follows from the involution primeness of R, under y,
(5, p. 1291

Until stated otherwise we will make the following assumption which will lead
us to a contradiction. We shall assume that | contains an infinite direct system,
{0 k}’ of ij=quadratic ideals for some i # j, and R is a *-prime Goldie ring.

Since R is a *-prime Goldie ring with involution R is both left and right
Goldie so that R/P and R/P* are each both left and right Goldie [4, p. 2681
Thus R/P is a left and right order in the complete matrix ring, D, over a divi-
sion ring D.

Let {f,, | be the standard set of matrix units in D,. Every element in D,
may be written as 2a,,¢f, .+ where a, s isan element in the centralizer of {f, s
We shall consider the coefficients, a,,r, to be lexicographically ordered accord-
ing to their subscripts. We shall say that (ab b') €D, has l-zeros if the first /
coefficients are zero and if I # w? then the (/ + l)st one is not zero.

We shall consider R as being a subring of the direct sum R/P + R/P* Let
g and g, be the projections

g: R/P + R/P* - R/P, g, R/P + R/P* — R/P¥*,
Also let
Mii(Qk) = {g(x): x€ R and x; € Q,} and M’:’.(Qk) = {gy(%): x €R and x;; € 0.t

Since R/P and R/P* are prime Goldie rings we may consider each as a subring



94 D. J. BRITTEN

of a matrix ring over a division ring, so that Ml.,.(Q ,) and M’:,.(Q ,) ate sets of ma-
trices and it makes sense to talk about the zeros of their elements. It should be
pointed out that in light of this situation the elements of | are matrices whose
entries are ordered pairs of matrices since R C R/P + R/ P*,

Lemma 4.3. If each Q, N ], i contams a nonzero element x®) - x,a.e..+

x4, €; such that glx,a)) has l-zeros, 1 # w? where viewed as a matrix in IIQI/P
then | contains an m/zmte direct system of ij-quadratic zdeals {A } such that
each A N ].. contains a nonzero element y® - ypbi€ii + ypa-e sucb that
g(y a ) bas at least (1 + 1)-zeros. Moreover, if the x®Ns bave the property that

(x a) 0 then the y'*"s bave the property that g*(y a)=0.

Proof. If we let A be the quadratic ideal generated by Q + Q for odd
integers then {A }is an infinite direct system of ij-quadratic 1deals of J. We

®) p+1) to construct y(p) in A .

shall use the ex1stence of x© and x
Let p be an odd integer and let x®) and x®*1 be as in the statement of
the lemma. Suppose the (/ + 1)st position is the one corresponding to the pair

(r, s) so that

0 if h<rorif h=rbut b'<s,
g(xpa,.) =(ay,1) = {a, #0,
? otherwise,
and
0 if b<rorif b=rbut b’ <s,
glx Xp4l 1) (b)) = {b,s #£0,
? otherwise.
By the Faith-Utumi theorem, the centralizer D of {f,,+} contains a left and right
order 1 such that Zl/bb: C R/P. Thus every element in D may be written as
cld=w forsome c,d u,v €l sothat a =c 4= uw™? for ¢, d,uyv in I
and brs e c0 do =uyv 0 ! for cor do, ny Vg in I Since I is a left and right order

in D, by Ore’s theorem [4, p. 262] there exist nonzero elements x, x4, ¥, ¥, in [

such that xd = "odo and uy = ugY e Now, let m and g be elements of R such
that
0 if hfésor b £,
g(m):(mbb:)= {vyxc if h=s and b' =1,
and
0 if hbdsor b #r,
VoYpXeCo if h=s and b =r

g(q) = (qbbl) = {

Since g(R)= R/P, suchan m and q existin R.
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Let m;= a; =L ae,. +me, and qii’ ai"q*al.el.’.i» qe Here 27 and €
are elements in the set of matrix units in R,. Thus
(p)(m ) = (xpa’eu + x*alen)(a m*a e;; +me; )(xpa,e" + xpa'e")
KK oK
-(x a)m(x,a)e, + xim*a.x*ae. ;.
But
(x,a)m(x,a) = glx,a)gmlg(x,a)) + g4(x,,)g4(mg,(x,3)
and
g(x a )g(m)g(x a ) = (abb')(mbb’xabbl) = (a’)b') (; msra’bl) ,
. sh
= a m__a = a, m_a
(g bs (; sr rb'))bb, (g; bs" sr rb')bb,
0 if h<rorif h=rbut b'<s
={uyxd ifh=rand b'=s
? otherwise.
Similarly
(pm(‘f ) =(x, 18)dx, 1), + 55, 0% aie);
where

(xpna].)q(x“la )= glx *p+1% )g(q)g(xp“ 1) + g*(xp+l I)g*(q)g*(xpua )
and
0 if hb<rorh=rand b'<s,
g(xp“ai)g(q)g(xp“a]) = {ugyoxod, if b=rand b'=s,
? otherwise.

U (p)(m ) is a nonzero element in Q@ and U o +1)(q .) is a nonzero element in
Q p+1 SO that U (p)(m, .) minus U p+1)(q ) is not equal to zero since Qpn Q

-0, g, Je(mglx,a) - glx, , d" )g(q)g(xpﬂ
least (I + 1)—zeros, smce uyxd = uy % dy. Let

a.) is an element of D with at

v <p>(”’ )-U (pm(q )-
¥ is a nonzero element in A, N ]; such that g(y a ) has at least (I + 1)-
- ®) _
zeros, where Yp is taken to be xpa’mxp Xp41%9% 4y SO that y Y28+

e
ijt
This completes the proof of the lemma, since the last statement of the lemma

is clear from the construction.
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We use Lemma 4.3 to show that there is a contradiction built in the assump-
tion stated above.

Theorem 4.4. Let | = H(R", ya) where R is associative and n> 2, If R is
*-prime Goldie then | does not contain an infinite direct system of ij-quadratic
ideals for all i # j.

Proof. Suppose that the theorem is false. We may assume | contains an in-
finite direct system {Q,} such that each Q, contains an %) = %8 #ii +xag "
such that g(xka ) has l-zeros, I # w?, for all integral values of &, since this or
the corresponding statement using g*(x a ) is true for some infinite subset of {Qk}.

By Lemma 4.3, | contains an mfm1te direct system {Q l)} such that each

(k)

Q,El) n ] contains a nonzero element y* = Vi€t yka .e.. such that g(y,c ,.)

iji
has m-zetos where m > I. ’

Contmumg by znductxon and Lemma 4.3, | contains an infinite direct system
{Q(')} r< w? , such that Q x NI i contains an element ¢®) = ¢ k485 + chaxe"

# 0 such that glc,@; )= 0. But since c¢®? £ 0, it must be the case that gcya)
#0.

Similar to what we did above, we may assume that g, cka’.) has m-zeros for
each k. Then we may go through an argument similar to the one just completed to
obtain an infinite direct system iQk' }, r< 2w? such that 0; A ];; contains an
element d) = dae,. + af;a'e" #:0 such that g(d,a ) 0. But the last sentence
of Lemma 4.3 tells us that this construction may be done so that g(d,a ) 0. This
is impossible,

We now show that R *-prime Goldie implies that | satisfies ACC on ij-anni-

hilators.

Lemma 4.5. 1f K,W,)CK (W)Ceee CK (W )C oo while g=1,2,3,4
and the W, 's are additive subgroups of (R, +), then Kq(Wi) = Kq(zjziwj)' (The
notation used bere is that which was introduced in the proof of Lemma 3.2.)

Proof. If =1 or 3 then we are talking about left or right annihilators in R,
and hence the lemma is true for g =1 or 3. Also, a slight adaptation of the fol-
lowing proof yields a proof for these cases.

Suppose g =2. Let a be an element in K,(W) so that aW,C P and WaC p*
for all j > i, since K,(W)CK (W’) for j > i. Thus a(El W)C P and (2 W)a
c P* 5o that a is an element in 1(2(2]z W.). Therefore KZ(WI) is contamed m
K, oV ). Clearly if a is an element in KX(E;, W) then a is an element in
K (w) since aW,Ca(E, W)CP and WaC (2, W)aCP and Wal(Z; WlaC
P* Thus K (W) K (ZJZ,W])

The proof fot q =4 is similar and therefore it is omitted.
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Theorem 4.6. Let | = H(Rn, ya), n > 2, where R is associative and *-prime.
If R is Goldie then | satisfies ACC on ij-annibilators.

Proof. From the Remark of §HI, it suffices to show R satisfies ACC on sets
of the form {JK/T) where T is an additive subgroup of (R, +). Thus it suffices
to show R satisfies ACC on sets of the form K q(W) where W is an additive sub-
group of (R, +).

Suppose we have such a chain K, (W\)C K (W,))C+++CK (W )C.... By
Lemma 4.5, we may assume that Wy D W, D«ee DW_Deees

By ACC on left and right annihilators in R/P, we have the following chains
in R/P terminating

A{W/P)C AW, ,/P), A (W/P)CA (W, ,/P)
and correspondingly in R/P*

ARW/P*)C AW, . /P¥), A (W/P¥)C A (W, /P¥).

i+l
Hence the following chains terminate in R:

fa€R:a+PcA (W./P)} Cla€R:a+P GAR(W. /P)},
/P),
{a€R: a + P*e AR(Wi/P*)} Cla€R:a+ P*e AR(WI.“/P*)},

{a€R: a+ PEAL(W./P)}C{aek a+P€AL( i1

fa€R: a+ P* eAL(Wl./P*)! Cla€R:a+ P*e AL(W“_I/P*)},

But the chain I(q(W,.) c Kq(W i +1) is the intersection of corresponding terms of two
chains which terminate. Hence we have that the chain K q(Wi) CK q(W ;+1) termis

nates.

V. Quotients. In order to complete the proof of the Main Theorem, the last
statement is all that needs to be shown.

In the case when R is a *prime Goldie ring this follows from [2].

Let R be a Cayley-Dickson ring and let R’ be the Cayley-Dickson algebra
associated with R. Extend the involution on R to the standard involution on R’
and extend y, on R to y, on R We need to show that every element in J' =
H(R' ’ ya), n=2,3, has the form U (%) for some @ and b in ] with a regular in,
I, and that regular elements in | are invertible in J.

Since every element in R’ is of the form z71b for 0 # z in the center Z =
Z(R) and b in R, given an element ¢ in H(R),y,) we may express itasannxn
matrix (c,,’) where each entry c,,¢ is of the form zkk'bkh' for z,,+ # 0 in Z(R)
= H(R) and b,,» in R. We shall exhibit a y and a w such that t=U 1(y) Let

7 be the product of z,'’s so that nzz;,:v is in H(R) and let w be the diagonal
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matrix me,, + v+ +7e . Let y= (ﬂzz;,:' bgi')» Then y is in H(R , ) since
}'a()’) = ya(nzz;kl: bkkl) = nzya(z;z: bkk') = 172(2;’11 bkk') = (nzz;i, bkk') =Y.

Clearly y and w have the desired property.

Finally, let x be a regular element of J. Let ¢ be an arbitrary element in J*
By what was shown above, t= U _;(y) for w in Z(R) and y in J. Here we are
considering J' as a Z'-algebra where Z' is the field of quotients for Z(R) and
1 with 271 for 1 in J'. Hence

U =UU _,)=Uw= %) =w"2U) £0

identifying z~

since x is regular in J. Thus U, is 1-1 on the finite dimensional Z'algebra J'.

Recall R’ is 8-dimensional over Z'. Therefore, U, is a 11 linear transformation
. . . . . . . ’

on a finite dimensional vector space and hence U, is onto so that 1 is in Ux(] )

and x is invertible.
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