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GOLDIE-LIKE CONDITIONS ON JORDAN MATRIX RINGS(i)

BY

DANIEL J. BRITTEN

ABSTRACT.   In this paper Goldie-like conditions are put on a Jordan matrix

ring / = HÍR , y ) which are necessary and sufficient for R to be a *-prime

Goldie ring or a Cayley-Dickson ring.   Existing theory is then used to obtain a

Jordan ring of quotients for /.

I. Introduction. Our basic reference for this paper is [5]. The Coordinatiza-

tion Theorem [5, p. 137] states that any Jordan algebra over a field of character-

istic »¿ 2 with three or more connected idempotents which sum to 1 is isomorphic

to a Jordan matrix algebra HÍR , y ) of symmetric elements with respect to a ca-

nonical involution y . It is with this and Goldie's theorem for semiprime rings [4,

p. 270] in mind that we approach the problem of quotient rings of Jordan rings and

obtain a quotient ring which is of the type given in the Second Structure Theorem

[5, p. 179].

II. Preliminaries and statement of main result.   Let / be a Jordan ring whose

multiplication is denoted by " • ".   For each a £ J there is the (/-operator given

by  U (b) = 2a • ia • b) - a'   . b.  J is said to be prime provided that, if A and B

ate ideals of / and  UAiB) = Í Uaib) : a £ A, b £ B\ = 0, then A = 0 or B = 0 [8].

Q Ç / is said to be a quadratic ideal provided Q is an additive subgroup of (/, +)

and  UQi])CQ.

It we let R be a nonassociative ring with characteristic 4 2 such that Vi £ R

and     is an involution on R, then the set of symmetric elements under a canonical

involution (see [5, p. 125]), / = HÍRn, ya), is a Jordan ring for n > 3 with product

c • b = Yjicb + be) it and only if either R is associative or n - 3 and R is alter-

native with its set of symmetric elements H contained in its nucleus N [5, p. 127].

Let a = diagizz.»'" , a \ and the zz.'s are symmetric invertible elements in

the nucleus of R.   The canonical involution ya acts on the nxn matrix X to

give a~ X* a where X* denotes the matrix obtained by applying     to each of the

entries of X and then taking the transpose.
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General assumption.   In this paper:  y   is a canonical involution; / = (R , y ),

n > 2, is a Jordan ring; M £ R an alternative ring with involution     such that

HÇN.

If z £ R and \e..\ is the standard set of matrix units, then we shall write z..
1 * ' ,;

for ze.. + a~ z a.e.., i 4 j, in /.   Although we shall have occasion to talk about

matrices over R of more general form, we shall attempt to eliminate the confusion

by reserving the subscripts i and /' for this purpose, unless the matrix is written

out.  One can easily see that the elements of / are merely sums of elements of

the form z.., i 4 j, and elements of the form ha.e.. where h £ H.  We shall use

/.., 2 4 ft fot \x.. : x £ R\, and if A Ç / then A.. = A D /...  A quadratic ideal Q

is said to be an ij-quadratic ideal, i 4 /', provided Q.. 4 0.

The next two definitions are basic for our Goldie-like conditions.

Definition.  A nonempty set \Q, ! of distinct nonzero quadratic ideals will be

called a direct system provided that, if \Qn : n £ /j| and {Q;: / £ l2\ ate finite

subsets of Jöil» where /. O 7. =0, then the quadratic ideal generated by %Q

intersected with the quadratic ideal generated by 2Qj is 0.  The direct system is

said to be infinite if \Qk\ contains infinitely many quadratic ideals.

Definition. If Q is a quadratic ideal in /, then the quadratic ideal A gener-

ated by \z.. £ J..'. UZ,.(Q.) = 0i is defined to be the ¿/-annihilators of Q,

z/-ann(Q), provided (/¿..(Q;.) = 0, i 4j; otherwise z'/'-ann(Q) = 0.

Our Jordan analogue for the associative ring of quotients is given as follows:

Definition.   The Jordan ring /    is said to be a Jordan ring of quotients for

the Jordan ring / provided:

(i) there exists an isomorphism f'• J — J    (we shall consider / as a Jordan

subring of / );

(ii) every regular element a in / (i.e., Ua is injective as it acts on /) is

invertible in / ;

(iii) every element of / is of the form U~ (b) fot a, b in / with a regular in /.

Main Theorem.   Let R be an alternative ring with involution     such that

HÇN and Vi £ R and let J = H(R , y ), n > 2, be a Jordan matrix ring.   Then J

is prime, satisfies ACC on ij-annihilators, and contains no infinite direct system

of ij-quadratic ideals if and only if either R is a *-prime Goldie ring or n = 2, 3

and R is a Cay ley-Dicks on ring.   Moreover, in this case, the Jordan ring of quo-

tients f for J is j' = H(R', y ) where R1 is the ring of quotients for R so that

R1 is a ^-simple Artinian ring or a CayleyDickson algebra.

III. Only if. Throughout this section we shall assume that / satisfies the

conditions of the Main Theorem.

An ideal A of R is said to be a *-ideal if A   = A.   R is said to be a *-prime

provided that, if A and B ate *-ideals and AB = 0, then either A = 0 or B = 0.
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If A is a *-ideal then A n J is an ideal of /.   Thus the primeness of / gives the

*-primeness of R so that by [l] R contains a prime ideal P such that PnP .0

(we shall use the existence of this prime ideal throughout).  Also by [l], this im«

plies that R is a Cayley-Dickson ring or R is associative.  Thus we assume that

R is associative, so that UjJ>) » aba tot all a, b £ J.

Theorem 3.1. If J is prime and contains no infinite direct system of ij-quadratic

ideals and R is associative then R contains no infinite direct sum of one sided

ideals.

Proof.  Suppose 2L,  is an infinite direct sum of left ideals in R and let P

be a prime ideal such that POP =0.  Then there are infinitely many Lfe's not

contained in P or infinitely many Lfc's not contained in P . We assume L^P

for all k.   Thus (L* + P*)iLk + P) 4> 0 by the primeness of P so that Bk =

(L* + P*) n iLk + P) i 0.  Let 0 = lbk such that ¿fe = 0 for all but finitely many

k's and bk e Bfe, so that ¿>fc = ¡k + pk - l'* + p'* where /fc, /*fc 6 Lfe and pk, p'k £ P.

If P = 0, then b, ■ 0 for all k since 2L    is a direct sum.  If P ^ 0 then 0 »

P*0 = P*£¿>fc, so that P*lk - 0.   Thus /^ € P and hence bk e P.   By a similar

argument bk € P   so that in any case bk = 0.  Therefore Sß^ is a direct sum of

nonzero subgroups of (R, +).

If we set Q.=\ha.e.. + ba.e..+ b*a.e.. + h'a.e..: h, h' £ H <~\ Bfc and b £ Bj,

it is easy to check that Qk is a quadratic ideal.  Now let \Qj„e¡1 a«d ^Jmej2

be two finite disjoint subsets of {QfcJ.  Let 0/   be the quadratic ideal generated

by S    . Q    and Qj    be the quadratic ideal generated by ^me/ Qm-   Let C =*

S    , L    and D = 2    , L    so that C + D is a direct sum of left ideals, and we
ne/j   n me¡2   m '

may perform similar constructions using C and D to obtain Qc and QD, respec-

tively, as we did to construct Qk using L^.  We then have Q¡   Ç Qc and Q;   Ç

QD and Q^ n Ql2 Ç Qc n QD - 0 since

[(c* + p*) n (c + P)] n [(D* + P*) niD + p)] = o.

Thus we see that \Q. ! is an infinite direct system of ¿/-quadratic ideals.

We now turn our attention to considering z'/'-annihilators.   For a nonempty sub-

set S of R, we shall use ALiS), ARiS) tot the left, right annihilator of S, respec-

tively.   If L = ALiS) and T = ^R(L), we see that A^T) is L.   We would like to

use T and L to give some insight into z'/'-annihilators.

If V is either a left or right ideal of R then

Q..ÍV) = \xeu + a' V«.«iy + vej{ + yey/:

(1) v£V, x£a~liV ')H\ and y £ Ha.},

and
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0..(V) = \xe■■ + ve■■ + a~  v*a.e.. + ye.:
(2) »J " 11       i > i'     ' n

v e V, x e (V n H)a., and y e a~ lH\

are quadratic ideals of /.   One should notice that xe.. = a    he.., h e V D H, is

in /..as described above since x = (a.ha.)a. and a.  ha.    e H.   Also, if
1 it i       i      i i       i '

AL(T)=L and A RiD = T then

Is Q'..(L) the 27-annihilator of Q..(T)1

Lemma 3.2.  Let R be a prime associative ring and W an additive subgroup

of (R, +).   Then A(W) = \a e R : awRwa - 0 for all w £ V/\ = AL(W) U ARiW).

Proof.  Let a £ A(W) and suppose wa 4 0 for some w e VI, so that 2222; = 0.

Suppose aw' 4 0 for some w' e W, but aiw + w ) = 0 or (w + w' )a = 0, both of

which lead to a contradiction.

Thus in the *-prime case, we see that A(W) = \a e R : awRwa - 0 for all

w e W\ where Vf is an additive subgroup of (R, +) is equal to U,=i X{(Vf) where

K j(W) = {a e R: aW Ç P and aW Ç P* \

K2iW) = \a e R: aW Ç P and WaCP*\

K3(W) = {a e R: Wa Ç P and Wa C P* !

K¿W) = {« e R: Wa Ç P and aW Ç P*j.

Lemma 3.3.   Let R be a *-prime associative ring and J = HÍR  , y ).   Let B

be a quadratic ideal of J and W be the set of elements of R which occur as

ji-components of elements of B.. (using the standard matrix units).   A necessary

and sufficient condition that B has a nonzero ij-annihilator is that the quadratic

ideal Q generated by [AiW)].. = \x   : x e (jK.Wj is nonzero and Q    = [A(W)]...

Moreover, if this condition is satisfied then Q = z'/-ann(B).

Proof.   By the definition of ¿/-annihilators, it suffices to show that [A(W)].. =

ix.. £/..: U,  (B..) = 0!.

Let B and W be as stated above so that B.. = \w..: w e W\.

Suppose ÍL   (B.) = 0 and x.. = xe.. + a.x a.e..  so that 0 = U,   Vw  (y..) =
rr *ij     '1 z; il        1 z   jz *jj   ""ji    '1

xwywxe.. + a~.   (xwywx) a.e.. fot all y £ R, w e W and hence x e \jK{Vf).

Now suppose x e \jKpf) and x.. = xe.. + a~1x*a.eji.    Ux . (B{) ■

\xwxe.. + a^ixwxTa.e..: w e W\.   Since x eUfC.(W), one of the following is the

case:
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xw,  w*x* £ P;       xw,  x*w* £ P;       wx, x*w* £ P;       wx,  w*x* £ P.

In any case, xwx £ P n P = 0 so that Ux  (B ..) = 0.' ij      'J

Remark. Lemma 3.3 tells us that a necessary condition for B to have a non-

zero z'/'-annihilator is that   [jK.iW) be an additive subgroup of (R, +), but in this

case one can show that {jK.iW) = K (W) for some 1 < q < 4 by showing that if

a is the permutation (12 3 4) then

(a) OK/W) = K.(W) UK/0.(W) u K.a2iW), fot one / = 1 or 3, and

(b) K.iW)Ç K.J.W) or K.JW)CK(W) fot l</<4

The proof of this Remark is straightforward.

Lemma 3.4.  Let T be a nonzero right ideal of R; L - A AT); and T = TP

+ TP*.   Then

(i) if R is prime then [ij-anniQ ..(T))].. = [Q'.ÍL)].. and
' r ' ^Jl I] IJ 1}

(ii) if R is *-prime inot prime) then [z'/'-ann (Q ..(T'))].. = [Q'.XD]...
' ji z; ij        ij

Proof, (i) Since R is prime, the right annihilator of T is zero.   Thus U^-"'

= KÂT)= L, and, by Lemma 3.3, [Q'.iL)].. = [z'/'-ann (Q ..ÍT))]...

(ii) Since R is *-prime (not prime), P 4 0 so that T   4= 0.

We shall show   \jK.iT')= L.  Clearly L C IJ K.(7/').   Let zz e K.iT') so

that zzTPzz = 0 = czTP*fl. aTPa = 0 implies a e P* or aT Ç P* and £zTP*zz = 0 im-

plies a e P ot aT C P.   Thus zz e L and   IjK.(T') = L, so that, by Lemma 3.3,

[z/-ann(e..(r'))]..= [ö'.(L)]...' ^ji ii ii       ii

Theorem 3.5.  // / satisfies ACC on ij-annihilators and R is a *-prime as-

sociative ring then  R satisfies ACC on left annihilator ideals.

Proof. In Lemma 3.4, we showed that if Lj Ç L2 C L  C • •■ is an ascending

chain on left annihilator ideals then we may form an ascending chain, B. Ç B   C

B, C ••• of z'/'-annihilators such that ÍB,)..= [Q..ÍL,)]... Since the chain of z'/-an-
3 — k ij i]     k   ii '

nihilators terminates and B,   is generated by (B,).., we see that the chain of

[0*..(L,)].. terminates so that the chain L, C L,CL,C-" terminates."^ ij     «   ij 1 —     2 —     3 —

Summarizing results to this point we have:

Theorem 3.6. Let ] ■ HÍR  , y), n > 2, be a prime Jordan ring containing no
n    a

infinite direct system of ij-quadratic ideals and satisfying ACC on ij-annihilators

and let R be an alternative ring with characteristic 4 2, l/2 £ R, such that the set

of symmetric elements,  H,  of R is contained in the nucleus N of R.   Then R is

a *-prime associative Goldie ring or n is either 2 or 3 and R  is a Cayley-Dick-

son ring.

By definition of a Cay ley-Dicks on ring, if Z is the center of R (i.e., Z =

\z £ N: zx = xz for all x £ R\) and Z' is the field of quotients of Z, then



92 D. J. BRITTEN

R'' = Z* ®z R is a Cayley-Dickson algebra. E. Kleinfeld [6] has shown that if R is a

prime alternative (not associative) ring, then N = Z. If R is a Cayley-Dickson

ring with involution * such that H Ç N then H = Z.   This is due to the fact that,

if we let R   be the Cayley-Dickson algebra associated with R and extend * on R

to * on R' by (z~ ® r)*= z*~   ® r   for z e Z and r £ R, then R* is a Cayley-

Dickson algebra with its symmetric elements invertible in its nucleus, so that *

is a standard involution (see [5]).  This gives us that x x = xx   fot all x £ R, and

that tf = Z =. N.

IV. If. We first consider the case when R is a Cayley-Dickson ring.   Let R

be the associated Cayley-Dickson algebra and consider R as a subring of R   and

* extended to R*.  We shall write z~ r for z~   ® r.   Thus R' = Z'R where Z' is

as above.   If /' = //(R* > ya) then /   is a Z   algebra and / Ç /.

Let / ■ H(Rn, yfl), n = 2 or 3 where R is a Cayley-Dickson ring with H ÇN

and Vi£R.   Let èz.. and *.. be elements in /.., 2'^ /, where b..= be..+

b*a~ a .e.. and x.. = x*a .a~ e.. + xe...  Then since a 's are in the center Z(R),

we have that (A..(*..) = bxbe..+ b x b a. a.e...   From this it is clear that

f_7¿  (Zx..) is a one dimensional subspace of /   provided bxb 4 0.   But if R =

Z'R1 then bR'b 4 0 for b 4 0, so that ¿R¿ ¿ 0 for b 4 0.   Thus Ub..(/'.) is a

subspace of /   of dimension greater than or equal to one for b.. 4 0.

Theorem 4.1.   Let J = H(R , y )» n = 2 or 3, be a Jordan matrix ring.   If R

is a Cayley-Dickson ring with involution such that H ÇN then J contains no in-

finite direct system of ij-quadratic ideals,  i 4 /•

Proof.   Suppose the theorem is false.   That is, / contains an infinite direct

system of 2'/-quadratic ideals,  2 4 j, say ¡öii*  Picking nonzero q, £ Q,  for each

k, we obtain the system \Uq (/..)! of nonzero Z*  subspace of /.   By the finite

dimensionality of /   over Z, we see for some choice of q,  and q   's not equal

to qk that

Thus

V'>[?V#°-

o4u,u-v- 5>, ^Mr})

Am)

the product of the z   's we have

for some choice of 2, 2    £ Z and y.., y..     € /...   Therefore setting ff equal to

* m m
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However, irz" y\.    and try., are elements in /.  This contradicts the assumption

that \Q, 1 is an infinite direct system.

Theorem 4.2. Let J = HiR , yfl), n * 2 or 3, be a Jordan matrix ring. If R

is a Cayley-Dickson ring with involution such that H Ç N then J satisfies ACC

ojz ij-annihilators, i 4 /'•

Proof. Let Q. = J/'-ann ÍB.) and 0 4 Q1CÖ2-Ö3-""* be an ascending

chain of z'/'-annihilators in /.   Let Q\ = Z'Q.   The chain Q j Ç Q'2 C Q'3 C • • • ter-

minates since it is a chain of subspaces in a finite dimensional space.   Thus there

exists a 0* = (J Q..

Now, we show that Q    = Uö>   It suffices to show Q_ n /.. contains (Uö-)* 771^^1 771 IJ Z

D /.. since Q. is generated by Q. n /...   Let x e (Uö.) O /.. so that x is in

0*.   That is, for some s and í in Z and y in ß    n /•■ * = s" ry.   Thus

U (B   r\J..)=U    .   (B   n/..)=(s~1í)2í/ (B    n/..)=0   and we see that * is
X       771 J IJ S-'ty       771 ' IJ y       771 J 7.;

an element in /.. which annihilates B   n /.. so that x is in j/-ann(ß   ) = Q  .
* IJ 771 1/ 771 771

The primeness of / = HÍR , yfl), n = 2 or 3, when R is a Cayley-Dickson

ring follows from the fact that HÍR', ya) = Z /.

We now turn our attention to the case when R is a *-prime associative Goldie

ring.   The primeness of / follows from the involution primeness of R    under y

[5, p. 129].

Until stated otherwise we will make the following assumption which will lead

us to a contradiction. We shall assume that / contains an infinite direct system,

iöif' °f '/'-quadratic ideals for some i 4 /» and R is a *-prime Goldie ring.

Since R is a *-prime Goldie ring with involution R is both left and right

Goldie so that R/P and R/P   ate each both left and right Goldie [4, p. 268].

Thus R/P is a left and right order in the complete matrix ring, Dw, over a divi-

sion ring D.

Let \f..i i be the standard set of matrix units in D.   Every element in D
1 ofj W w

may be written as "S&hh' fht'   where at   is an element in the centralizer of I/..»!«

We shall consider the coefficients, ohb't to be lexicographically ordered accord-

ing to their subscripts.  We shall say that i&hh' ) e Dw has /-zeros if the first /

coefficients are zero and if / 4 w    then the (/ + l)st one is not zero.

We shall consider R as being a subring of the direct sum R/P + R/P .  Let

g and g+ be the projections

g: R/P + R/P* -» R/P,      g*: R/P + R/P* -► R/P*.

Also let

M.;.(gfc) = ig(x): x e R and x¿> e Qk\    and    iM*(ß4) = ig+(x): x e R and x¿;. e QJ.

Since R/P and R/P   ate prime Goldie rings we may consider each as a subring
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of a matrix ring over a division ring, so that M..ÍQ.) and M..(Q ) ate sets of ma-

trices and it makes sense to talk about the zeros of their elements.   It should be

pointed out that in light of this situation the elements of / are matrices whose

entries are ordered pairs of matrices since R Ç R/P + R/P .

Lemma 4.3.   // each Q, n J■■ contains a nonzero element x    ' - x.a.e.. +

xka.e . such that g(x,a.) has l-zeros, I 4 w    where viewed as a matrix in R/P,

then J contains an infinite direct system of ij-quadratic ideals [A  } such that

each A   n J.. contains a nonzero element y p  = y ,,#,■£,•,■ + ypa{^ji such that

giy a) has at least il + l)-zeros.   Moreover, if the x(*'*s have the property that

g(xka) = 0 then the y^'s have the property that g¿y a) = 0.

Proof. If we let A    be the quadratic ideal generated by Q   + Q    .for odd

integers then {A  j is an infinite direct system of ¿/'-quadratic ideals of /.   We

shall use the existence of x       and x p    'to construct y       in A  .

Let p be an odd integer and let x p   and x p       be as in the statement of

the lemma.   Suppose the (/ + l)st position is the one corresponding to the pair

(r, s) so that

0    if h < r or if h = r but h' < s,

gixpa¡) = iahh,)=  («„¿0,

?     otherwise,

and

0    if h < r or if h = r but  h' < s,

«W + l«/>a   ibbb'ï        \brs¿°<

?    otherwise.

By the Faith-Utumi theorem, the centralizer D of {/, ,'i contains a left and right

order  ' such that 2/7, ■' C R/P.   Thus every element in D may be written as
'hh    — _ .

d = uv~   for some c, d, u, v e I  so that a    = c" d = uv~    for c, d, u, v in /c

and bfs = cj^ = uQv~l fot cQ, dQ, uQ, vQ in /.   Since / is a left and right order

in D, by Ore's theorem [4, p. 262] there exist nonzero elements x, xQ, y, yQ in /

such that xd = xQdQ and uy = «0y0.   Now, let m and q be elements of R such

that

' 0 if h 4 s or h  4 r,

. vyxc    if h = s and h   - r,

and

gim) = imhh,) = <

Í0

Since giR) = R/P, such an m and o exist in R

if h 4 s or h  4 r,

oyoxOcO    it h= s and h' = r.
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Let m.. •» aT m a.e.. + me.. and q.. = aT q a.e .. + qe ...   Here e.. and e..
it        t i  11 n ^]i        i   7    ;   ij     a   71 jj ji

are elements in the set of matrix units in R •  Thus
72

UJp)(mH) = {xPaieH + x*paieji)(aïlm*aieii + »»jifcpVfit + ^«¿«/P

ix.a)mix^a)e ■■ + x*7?z*iz.x*a.e..,
P 1       P 1 n       P       1   P 1 n

But

and

ixpa.)mixpa¡) = g(xpzz;.)g(77z)g(xí)a7.) + «„Xx^.Jg^mjg^XpZZ.)

¿xpa)g(.m)g(x a) = (ö^'Xzzz^.XzJ^,) = (aAjb/)fe «,/v)
\ r >sh'

= (ç^(ç^)w,»(iç^^)M<

Similarly

0 if /j < r or if h = r but h' < s

uyxd    il h = r and h   = s

? otherwise.

u¿p+xM = K.+iV'^+i^Kj+ *;+i** vî+i*,*,','

where

S+l^'^W+l^ = «(*p + ifl/)é?(?)g(*p + ifl/) + g*(xí, + ia7)g*(?)g*(*p + ií2;)

and

g(^+l«7)«(?)«(^ + 1«;)

0 if h < r ot h = r and ¿   < s,

u0y0xQd0    il h = r and i  = s,

? otherwise.

t/ (p)im.) is a nonzero element in Q    and U (p + 1)(íj'-f) is a nonzero element in

Q    j so that  (/ (p)im.) minus (7 (p+1.(?¿) is not equal to zero since Q  n Q    j

= 0.   gixpa .)gim)gixpa ) - gixp + la .)giq)gix      a ) is an element of D^ with at

least (/+ l)-zeros, since uyxd = "o^O^O^O-   ^Ct

y       is a nonzero element in A^n J.. such that giya.) has at least (/ + l)-
P        zj 6'P)

zeros, where y„ is taken to be xa.mx^-x^^.a.qx    ,  so that yKp} = ya.e..+
' 7P Pip       P + l 7    P+l 7 7p / ¡i

-"p J ji

This completes the proof of the lemma, since the last statement of the lemma

is clear from the construction.
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We use Lemma 4.3 to show that there is a contradiction built in the assump-

tion stated above.

Theorem 4.4.   Let J » H(R > y ) where R is associative and n>2.  If R is

*-prime Goldie then J does not contain an infinite direct system of ij-quadratic

ideals for all i 4 j.

Proof.  Suppose that the theorem is false.  We may assume / contains an in-

finite direct system {Qk\ such that each Qk contains an x(*' = xka.e.. + x^aœ..

such that g(x,a.) has /-zeros, / 4 w , fot all integral values of k, since this or

the corresponding statement using gj-xka? ls true ^or some infinite subset of {Q,|.

By Lemma 4.3, / contains an infinite direct system \Q[   ! such that each

Qk    n /.. contains a nonzero element y     = yÄßyc,y + y ¿"fu sucn tnat sty^0-)

has »2-zeros where m > I.

Continuing by induction and Lemma 4.3, /  contains an infinite direct system

lot >» t<w2   suchthat Q¿ C\J.. contains an element c( ' = c.a.e.. + c*a.e..
K — Ä lJ (L\ «JZ7*272

4 0 such that g(cka-i = 0«  But since c"8' 4 0, it must be the case that gj^a.)

4 0.
Similar to what we did above, we may assume that g*(cta J has m-zeros for

each k.   Then we may go through an argument similar to the one just completed to

obtain an infinite direct system \Q¿   U t < 2t2z2 such that Q¿ O J.. contains an

element d~k' = d.a.e.. + d*.a.e.. 4 0 such that gld.a.) = 0.   But the last sentence
K   7    27 K    I    27 °*     K.   7

of Lemma 4.3 tells us that this construction may be done so that g(dka .) = 0. This

is impossible.

We now show that R *-prime Goldie implies that / satisfies ACC on ¿/'-anni-

hilators.

Lemma 4.5. // K (W.) C K (W.) C .. • C K (W  ) C • •. while q = 1, 2, 3, 4
q      1   —     q      ¿   _ —     q     m   —. * *    *     *

and the W 's are additive subgroups of (R, + ), then K (W.)= K (1.  .W).  (The
m mi, q     , q     JÄ,  j

notation used here is that which was introduced in the proof of Lemma 3.2.)

Proof.   If q = 1 or 3 then we are talking about left or right annihilators in R,

and hence the lemma is true for q = 1 or 3.  Also, a slight adaptation of the fol-

lowing proof yields a proof for these cases.

Suppose q = 2.   Let a be an element in K2(W) so that aW. C P and Wa Ç P*

fot all /> ¿, since K,(W.)C KÂW.) for / > ¿.   Thus a(l..W)CP and (2.^.W~)a
'—   ' 2     2   —     Z7 ' — 7^2   7   — 7fcz   7

C P   so that a is an element in  K2(2.aftty).   Therefore  K2(W¿) is contained in

K2(2.2i.W.).   Clearly if a is an element in K2C2jJcjW.) then a is an element in

K2(W¿ since 2^. Ç «(S.^ ■) Ç P and W* Ç (1^*^ C P and »i Ç (2^.)« £

P*.  Thus K2(W.) = Kfö.^W.).'
The proof for 27 = 4 is similar and therefore it is omitted.
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Theorem 4.6.   Let } = HiR » ya), n > 2, where R is associative and *-prime.

If R is Goldie then J satisfies ACC on ij-annihilators.

Proof. From the Remark of §111, it suffices to show R satisfies ACC on sets

of the form  [jK{iT) where T is an additive subgroup of (R, +).  Thus it suffices

to show R satisfies ACC on sets of the form K iW) where W is an additive sub-

group of (R, +).

Suppose we have such a chain KÍWA Ç KiW2) Ç . • • Ç K iWj Ç • •..  By

Lemma 4.5, we may assume that W, D1C, D..01P   D ....

By ACC on left and right annihilators in R/P, we have the following chains

in R/P terminating

ARiW/P) Ç ARiW.yP),      ALiW/P) Ç ALiWu/P)

and correspondingly in R/P

ARiW/P*) Ç ARiWi+l/P*),      ALiW/P*) Ç AL(W+1/P*).

Hence the following chains terminate in R:

\a£R: a+P £ AR(W./P)1 Ç \a e R: a + P e ARiW.^/P)\,

\a£R: a+Pe AJW./P)! Ç \a £ R: a + P £ ALiW{ j/P)l,

izi £ R: a + P*£ AR(W/P*)1 Ç \a £ R: a + P* e 'V^/P*)!,

i<2 e R: a + P* e AL(HA/P*)I Ç fa e R: a + P* e AL(Wl+,/P*)i,

But the chain KgiW?) Ç K iW. .) is the intersection of corresponding terms of two

chains which terminate.   Hence we have that the chain K iW{) Ç KgiWi+1) termi-

nates.

V. Quotients. In order to complete the proof of the Main Theorem, the last

statement is all that needs to be shown.

In the case when R is a *-prime Goldie ring this follows from [2].

Let R be a Cayley-Dickson ring and let R   be the Cayley-Dickson algebra

associated with R.   Extend the involution on R to the standard involution on R

and extend y   on R    to v   on R.   We need to show that every element in / =

//(R*, ya), « = 2, 3, has the form U~ ib) tot some a and b in / with a regular in

/, and that regular elements in / are invertible in /.

Since every element in R* is of the form z~ b for 0 4 z in the center Z =

Z(R) and b in R, given an element t in HÍR'n, yfl) we may express it as an n x n

matrix (c. fe») where each entry ckk> is of the form z^'¿¿¿' for z^ 4 0 in ZÍR.)

- HiR) and bkk' in R.   We shall exhibit a y and a w such that t = t^Hy). Let

it be the product of zkk''s so that ^2z¿¿' is in HiR) and let w be the diagonal
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matrix rrejj + • • • + ire    .   Let y = (zr z~k¡ bkk').   Then y is in H(R , y ) since

Clearly y and Z2> have the desired property.

Finally, let x be a regular element of /.   Let t be an arbitrary element in /•

By what was shown above, t m U   _i(y) for w in Z(R) and y in /.   Here we are
ii w i

considering /   as a Z -algebra where Z   is the field of quotients for Z(R) and

identifying z      with z~ 1 for 1 in /'.   Hence

U (t) = U U _ Ay) = U(w~ 2y) = W 2Ux(y) 4 0
12J

since x is regular in /.   Thus  ii   is 1-1 on the finite dimensional Z-algebra / .

Recall R'  is 8-dimensional over Z'.   Therefore,  (i   isa 1-1 linear transformation

on a finite dimensional vector space and hence  U   is onto so that 1 is in U (j )

and x is invertible.

BIBLIOGRAPHY

1. D. J. Britten, On Cayley-Diekson rings, Canad. Math. Bull. Math. Notes   (to appear).

2.  -,  Oz! prime Jordan rings H(R) with chain condition, J. Algebra (to

appear).

3. T. S. Erickson and S. Montgomery, The prime radical in special Jordan rings,

Trans. Amer. Math. Soc. 156 (1971), 155-164.    MR 43 #306.

4. N. Jacobson, Structure of rings, 2nd. ed., Amer. Math. Soc. Colloq. Publ., vol. 37,

Amer. Math. Soc, Providence, R. I., 1964    MR 36 #5158.

5. -, Structure and representations of Jordan algebras, Amer. Math. Soc. Colloq.

Publ., vol. 39, Amer. Math. Soc, Providence, R. I., 1968.    MR 40 #4330.

6. E. Kleinfeld, Primitive alternative rings and semisimplicity, Amer. J. Math. 77

(1955), 725-730.    MR 17, 231.

7. J. M. Osbom, Varieties of algebras. Advances in Math. 8 (1972), 163—369.    MR 44

#6775.
8. C. Tsai, The prime radical in a Jordan ring, Proc Amer. Math. Soc. 19 (1969),

1171-1175.   MR 37 #6336.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WINDSOR, WINDSOR, ONTARIO,

N9B 3P4, CANADA


