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ABSTRACT.  In this paper we shall study homomorphisms p: W — Y on

minimal transformation groups.   We shall prove, in the case that W and Y are

metrizable, that W is a finite (iV-to-1) extension of Y if and only if W is an N-

fold covering space of Y and pisa covering map.   This result places no

further restrictions on the acting group.   We shall then use this characteriza-

tion to investigate the question of lifting an equicontinuous structure from Y

to W.   We show that, under very weak restrictions on the acting group, this

lifting is always possible when If is a finite extension of Y.

1. Introduction. Let W be a compact metric space and T a topological group.

Then (W, T, n) is said to be a compact transformation group if n: W x T —» W  is

a continuous map satisfying n{w, e) = w and tt(7t(w, s), i) = v(w, si), where e is-

the identity element of T.

If (Y, T, a) is another transformation group then a mapping p: W —► V is said

to be a homomorphism if p is a continuous map of W onto Y and oip(w), t) =

p(tr(w, /)) for (w, t) £ W x T.  Hereafter 7r(w, t) or o(y, t) will be denoted by w • t

or y • t, and for E C W and A C T, E • A denotes \J\w ' t: w £ E, t £ A\.  Recall

that (W, T, n) is minimal if w • T = W for all w £ W.   The transformation group

(W, T, 77) is said to be a finite extension of (Y, T, o) if there exists a homomor-

phism p: W —» Y and an integer 0 < N < 00 such that cardp- (y) = /V for all y £ Y.

(Some authors refer to a finite extension as an N-to-1 extension to emphasize

that cardp" (y) is constant.)

Our first theorem is a structure theorem which characterizes a finite extension

of a compact minimal transformation group as a compact transformation group with

p a covering projection.   This characterization is valid with no further restriction

on T.   In particular it does not involve the particular topology on T.
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The next question we study is whether an equicontinuous structure on

(Y, T, o) can be lifted to (W, T, n) whenever the latter is a finite extension of

the former.   We given an affirmative answer, in our second theorem, provided that

T has the property that there exists a compact subset K C T such that T can be

generated by any open neighborhood of K.   The collection J of such topological

groups is quite large and contains, in particular, all connected groups, all com-

pactly generated groups, all groups generated by an arbitrary neighborhood of the

identity, and furthermore J is closed under the formation of arbitrary products of

its elements using the standard product topology.

It is important to note that the second theorem places no further restriction

on the spaces W and Y, and therefore partially solves a problem posed by R.

Ellis [l, p. 56].   It is stated in [l] that if W is assumed to be locally connected

then the lifting of the equicontinuity can be obtained without any restrictions on

T.   We include a proof of this fact (Theorem 3) for the sake of completeness.

Our investigation was motivated by the study of almost periodic ordinary

differential equations where the space If is a subset of a product X x Y and the

homomorphism p becomes the natural projection onto Y.   Application of the results

presented here will be carried out in a separate paper [2] where it will also be

shown that the metric structure on Y can be replaced by a uniform structure.

Some questions concerning the lifting of dynamical properties are discussed

in [3], [4] and [5].

Throughout, we denote by d and dy the metrics on   W and Y respectively.

We would like to thank Professor Leonard Shapiro for some helpful comments

and suggestions.

2. Finite extensions. A homomorphism p: W —» Y is said to be of distal type

if whenever m/j, w2 e p_1(y) and w>   £ w2, then there is an <x = a(t*j, w2) > 0

such that d(wl • t, w2 • t) >a for all t £ T.   U (T, >-) is a directed set [6] then

we say that p is of positive distal type if the previous statement holds with "for

all t > e" where e is the identity of T.   If p: W —» Y and 0 < ¿V < <*> then W is

said to be an N-fold covering of Y with covering projection p if cardp" (y) = N

tot all y £ Y and for each y £ Y there is an open neighborhood V of y such that

p_1(V) consists of N disjoint open sets  U. and (p | U.): U. —♦ V is a homeomor-

phism, i = l,**', N.

Theorem 1 (Structure theorem).  Let (W, T, 77) and (Y, T, o) be transformation

groups where W and Y are compact metric spaces.   Assume (Y, T, o) is minimal

and p: W —• Y a homomorphism.   Then the following three statements are

equivalent:

(A) p is of distal type and for some yQ £ Y, card p~ l(y0) = N, 0 < N < «°.
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(B) card/T \y) = N for all y £ Y for some N, 0 < AÍ < oo.

(C) W is an N-fold covering of Y.

Moreover, if (T, >■) is a directed set then (A) may be replaced by

(A*) p is of positive distal type and, for some yQ £ Y, cardp    (yQ) = N,

0 < N < oo, that is, (A) and (A ') are equivalent.

Finally if any of these hold then W can be expressed as the disjoint union

W = WjU • • • u W,   of compact minimal sets, where each W. z's an n.-¡old covering

of Y and n{ + • • • + nk = N.

Proof. (C) =» (B) is obvious.

(B) =■» (A) For each a > 0 define

]a = \y e Y: if »j, w2  £ p~\y) and wl 4 u¡2 then d(w^, w2) >cl\.

We claim /„ is closed in Y.   Indeed if y   —♦ y, y   £ I   and if w,  , w.   £p~\y )
'a. Jn        •" 'n      'a. In'     272     r     K"n

with w.   4 ui     then d(w    ,w    ) > a.   By choosing a subsequence we may assume

that w     —> w   and w     —» w .   By continuity one has d(w., w ) > a and clearly

w., w   £ p~ (y).   It follows then that the N sequences of points in the fibers over

p~ (y ) (assuming some fixed labeling of points in each fiber) contain sub-

sequences that converge to N distinct points \w., •••, wA C p~ (y) with

d(w., w ) > a tot i 4j.  Since these N points exhaust the fiber p~ (y ) we have

y e Ja, that is, /   is closed.

Let a   > 0 be any sequence with a   —» 0, and note that o. < a    implies

/aD/a».  Clearly then Ua>0/a = U,7=i/a   = Y'  Since Y is complete, Bake's
n

theorem asserts that some Ja contains a nonempty open subset U C Y.  We then

claim that for some ß, 0 < ß < a, we have /^ = Y.   To see this, fix a r £ T and

note that the homeomorphism 77 _y W —* W given by w —♦ w • r~    is uniformly
r

continuous, i.e., for each £ > 0 there is an rj = r/(£, r) > 0 such that if

d(w., w2) > rf then d(wx • r,w2 • r) > n.   If we set f = a. and restrict w^ w2 to

p~Hy) where y £ U then we see that if y e U • r then y e /   .   f).  Since Y is

minimal the sets IU • r: r £ T\ form an open cover and by compactness we can

express Y = U • TjU • •• \JU • r¿.   If we set /3 = mininfa., Tj),• • •, rj(a, rfc)i then

it follows that Jß 3 /^^^ ) ^ ^ • fy! / = 1, • * *, k, that is, Jß = Y.

Remark 1. We have shown that if (B) holds then for all y e Y and any

w., w2 £ p-1(y) with w1 4 u>2 one has d(w^ • t,w2' /)>/3 for all /, i.e., that p is of

distal type and moreover, in the definition of distal type a(w , w2) can be

chosen uniformly equal to ß.

Remark 2. We have also shown that if (B) holds then for y e Y and yn —» y,

one has limn^00/>-1(yn) = p~ \y), that is, p is an open mapping.
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(B) =» (C) Using Remark 1, let p > 0 be chosen so that d(w., wA) > 3p fot

»j, w2 £ p~ *(y) where y £ Y is arbitrary and wl £w2.  Let 8 = 8(e) be the

modulus of uniform continuity of p and assume, without loss of generality, that

8(e) < p fot all e > 0.   Then for any c > 0 and any y € Y the open sets Bg(uz.),

i = 1, • • •, N, where \wv • • •, w^) = p~ l(y) ate disjoint and p(Bs(w{)) C B/.y).

By our choice of p the restriction mapping p. = p \ BAjw.) is one-to-one and hence

ps. B%(Wj) —» Image p. is a homeomorphism. Since p is open (Remark 2) it follows

that for each i there is an open subset V. of Y such that y £ V. C Image p..

Define V = f)f= , Vf and i/; = p" '(V) n B s(w .).  Then clearly p" J(V) is the

disjoint union of the U. and (p | i/;) = (p. | U.): (7. -»V isa homeomorphism thus

establishing that W is an zV-fold covering of Y.

(A) => (B) Let y £ y.  We will show that cardp- !(y) > N.  Since Y is minimal

y0 • T is dense in Y and therefore there is a sequence tn such that yn ' t-—* y-

Let p~ ^yfj) = {w/j, • • •, ti/^}.  By the distal property there is an a > 0 such that

d(w. • f, w. • r) > a for all r £ T provided i A /.   By choosing subsequences, we

may assume that each sequence w. • <_§*• •, w^ • rB converges to limits tV, • • •,

wN in p~ (y).   By continuity one has d(w., w.) > a for i ¿ j and therefore

card p~ !(y) > N.  Now if cardp~ l(y) > N + 1 we use the fact that y • T is dense

in Y and the same argument to show that cardp    (y0)> N + 1, a contradiction.

Therefore cardp     (y) = N.

We have thus proved the equivalence of (A), (B) and (C).  Now clearly (A) =*

(A ).  To prove the reverse implication we need only show that (A ) =» (B).

Examining the proof of (A) =» (B) we see that it suffices to show that for all

y £ Y, the semitrajectory y « Se is dense in Y where, for À £ T, S^ ={f £ T: t >-/\l.

We define a>   = na>a y • Sa.   It can easily be shown that <u    does not depend

on the choice of a Q and further that co    is invariant; <a   • T = <u .  From this and

the minimality of Y it follows that co   = Y.  However y • SeD u> , that is, y • Sp

is dense in Y.

To prove the last statement of the theorem we express W = WjU •••Uff^U E

where the W. ate all the minimal subsets and E n W = 0.  To see that the

number of minimal sets is finite in number we define p. = p | W   and note that each

p.: W. —» Y maps W. onto Y, and therefore cardp7!(y)> 1 for each y £ Y.  Hence

& < N.  Now let y0 e V and define 72. = card pr1^).   Then n. < N and applying

the first part of the theorem to the transformation groups   (W., T, n), (Y, T, o) we

see that (A) is satisfied and therefore W. is an tz .-fold covering of Y with cover-

ing map p..

If E = 0 then we see immediately that 72. + ••• + nk = N and the theorem is

completely ptoved.   Arguing negatively, let w £ E.  Since w • T is nonempty and
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invariant we see that w • T 3 W. for some fixed /, 1 < 7 < k.  Let t   € T be a
y '       — ' — 72

sequence such that 11/ • *n —♦ wQ e W..  Let y0 = p(wQ) and y = p(w), then y • I —♦

y0.  Define py = p | W;..  Let ß > 0 be given by Remark 1 and choose UCW to be

open such that w0 £ U, diam U < ß and

p.: (/ nw.— p.((/n W.)= V
*/ y      rr y

is a homeomorphism.  Let 72 be fixed and sufficiently large so that y • t   £ V and

w'=w ine U. Define x = p~l o p(w'). Then x e fj n W. and therefore

(i(x, w )< ß.  Since E and W. are invariant, x 4ui .  But x and a;'both lie in

p~ (y • tn) and Remark 1 implies that d(x, w') > /3, a contradiction.  Thus the

theorem is proved.

Remark 3. The fact that the space W is metrizable was used in a crucial way

for the implications (B) -* (C) and (B) "• (A).   The other implications would be

valid when both W and Y are compact Hausdorff (hence uniform) spaces.  Example

4 in [7] shows that the implication (B) ==» (A) is false when W is not metrizable.

The notion of distal type is also discussed by J. Auslander [8] where, in fact, it

is shown that if p is of distal type, then p is open and p~ (y) has the same cardi-

nality for all y.

3. Equicontinuous transformation groups. A transformation group (W, T, n)

is equicontinuous if for every f > 0 there is a 8 = 8(e) > 0 such that

d(wl ' t, w2 • t) < € for all t £ T whenever ¿(»¡, u>2) < 8.  This is equivalent to

uniformly distal which means that for each £ > 0 there is an 27 = 77(f) > 0 such that

¿(u/j • /, w2 • z) > 27 for all t £ T whenever d(w^ w2) > ¿;.   We shall call 77(f) the

modulus of expansion oí the equicontinuous transformation group (W, T, u).

In this section we consider two compact transformation groups (W, T, n) and

(Y, 77, ff) and a mapping p:W —* Y which is an /V-fold covering homomorphism.

Recall that from Remark 1 there exists a p > 0 such that for all wx,w2£ p~\y),

where y £ Y is arbitrary, one has ¿(wf, w2)> 3p whenever w^ 4 u>2.  We fix p

for the remainder of the discussion.  For any a > 0 and ii6fwe define Ua(w)

to be the a-neighborhood of the fiber p~l ° p(w).  Clearly then Ua(w) = UJw)

whenever w and w belong to the same fiber.   By l/£ (w) we denote the complement

in W.  If a < p then Ua(w) consists of fV disjoint balls Ua(w) = BJ.w^U • • • U

Ba(wN) where W € \wv • ••, wN\ = p~l ° p(w).

The assumptions and notation described in the above paragraph will be a

standing hypothesis throughout the remainder of this section.

Lemma 1.  // «v , w2 £ W and 0< a < d(wv u>2)< p then w2 £ U^wJ.
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Proof. We must show that for all w £ p~ ' o p(w ) one has d(w, w ) > a. If

w = w , it follows from the hypotheses. If w ¿ w then d(w, w,) > 3p and there-

fore d(w2, w)> d(w , w)- d(w , w2)> 2p > a.

Lemma 2. For any a > 0 there is a ß = ß(a) > 0 such that for any w £ W

one has dY(p(z), p(w)) > ß whenever z £ Uca(w).   (We will call ß(a) the modulus

of expansion of p.)

Proof.  This follows from the continuity of p.   If the assertion were false,

then there is an a > 0 and sequences w   and z   such that z   e Uca(w ) and

dy(p(z ), p(w ))< 1/tz.   By extracting subsequences we may assume w   —» wQ

and zn —» zQ.   But then zQ £ Vca(wQ) and dy(p(w0), p(zQ)) = 0.   Hence

zQ £ p~   ° p(wQ), a contradiction.

Lemma 3. Let K C T be compact and p > 0.   Then there exists v= v(p, K) > 0

and an open subset V   C T with K C V   such that d(w   • t, w2 • t) < p whenever

d(w., w ) < v and t £ V   .  (We call v(fi, K) the modulus of equicontinuity of K.)

Proof.  The proof is elementary and follows from the compactness of W and K

and the joint continuity of 77.  We omit the details.

Recall that J is the collection of all topological groups T with the property

that there is a compact set K C T such that T is generated by any open neighbor-

hood of K.

Lemma 4. Let T £ 3" and K C T be a compact subset such that any open

neighborhood of K generates T.   Let v(u,, K) be the modulus of equicontinuity of

K and set vQ = tip, K).   If w , w   e W are such that d(w    w2) < v for some v,

0 < v < v~, then one of the following must hold:

(A) d(w{ ' t, w2 • t) < v    for all t in T,    or

(B) w2' t £ lfv(wx • t)    for some t in T.

Proof. If (A) fails then for some z £ T, d(w^ • t,w2 • t)> v.   Let V   C T

be the open subset guaranteed by Lemma 3.   Then V  generates T and thus we

may express t = r.r2 • • • t, where r. e V' .   Define t , n = 0, • • •, k, by tQ = e,

t   = r 7j ••• t .  The t    ate ordered by their subscripts and we can assume

without loss of generality that d(w j • tn, w2 • tn) < v < vQ, fot n = 0, 1, • • •, k - 1.

Since w • t, = (w • t. _.) • r.   it follows from the definition of the modulus of

continuity of K that d(w. • tk, w2 • tk) < p.   Since d(w l • tk, w2 • tk) > v, by

assumption, it follows from Lemma 1 that w2 • t, £ Ucv(wl • tk), and the proof is

complete.
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Theorem 2 (Equicontinuous lifting theorem).  Let (W, T, 77) and (Y, T, o) be

compact transformation groups satisfying the following properties:

(A) There is a homomorphism p: W —► Y of W onto Y.

(B) W is an N-fold covering of Y with covering map p.

(C) T 6 J.

Then (W, T, n) is equicontinuous if and only if (Y, T, o) is equicontinuous.

Proof.  The implication

(W, T, tt) equicontinuous =» (Y, T, a) equicontinuous

is known.   However we shall incorporate a proof for the sake of completeness.

This part of the argument will not use hypotheses (B) and (C).

First we observe that (i) (W, T, 77) is equicontinuous if and only if (ii) for

any sequence \t ! there is a subsequence ir i such that the sequence ¡77   ¡,
n

where 77 : W —♦ W is the mapping 77 (w) = n(w, r), converges uniformly to some

(necessarily) continuous function 77 .   Also statement (ii) holds if and only if

(iii) for every convergent sequence \wn\ in W one has nT (w ) —>jr*(wQ) where

Wn - w0'

Now let \tn\ be any sequence in T and choose a subsequence \rn\ so that

{ff   I converges uniformly to 77*.   Define o   by
n

o*(y) = p°rr*op~l(y).

We will now show that o* is well defined and that for any convergent sequence

yn in Y one has of (yj — a*(yQ) where yn -» y„.
n

The fact that o* is well defined follows from the assumption that p is a homo-

morphism.   Indeed, if w,w £ p~ (y), then for all t,p° nt(w) = p o niw).   Now if

we set t = r    and take limits we get p ° 77 (w) = p ° rr (w).   (This also shows that

a Ay) = p ° nt ° p~ l(y) for all t in T.)

Now if |y ! is a convergent sequence in Y, then we can choose a convergent

subsequence w   £ p"  (y ) so that w   —» w0 and y   —» yQ.  Moreover wQ£p~ (yQ)

and 77   (w ) —» 77 (wQ).   Hence p(nT (w )) —» p(tr (wQ)), in other words,
"        * n

°r (yn) "* ° (y<P-
n

Now assume (Y, T, o) is equicontinuous.  Thus it is uniformly distal and

we let 77(f) be its modulus of expansion.   Let /3(a) be the modulus of expansion

of the mapping p:W—*Y guaranteed by Lemma 2 and finally let 8(e) be the

modulus of uniform continuity of p.  Next let K C T be a compact subset with the
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property that T is generated by any open neighborhood of K, and let v(p., K) be

the modulus of equicontinuity of K.  Without any loss of generality we may assume

that 8(e) < p for all e > 0.   Let i/Q = v(p, K) and for 0 < v < vQ define yf» =

8(rj(ß(v))).  We will now show that (W, T, it) is uniformly distal by showing that

yf» is its modulus of expansion, i.e., that if w¡, w   £ W with d(w , w )> v,

then for all t £ T

(D d(wl • t, w2 • t)>y(u).

Case 1. Assume w2 • t £ UcAu>. • t) for some t £ T: In this case define

z. = w.-t and note that Lemma 2 implies dY(p(zx), p(z2)) > ß(v).  But since

(Y, T, o) is uniformly distal, we have, for all t £ T,

(2) dY(p(z^ • t, p(z2) - t) > rj(ß(v)).

Now if (1) fails for some t  £ T then d(w^ • t , to. • /') < y(», that is, for f =

/" i', one has d(z. • r, z   • r) < y(v).   From the uniform continuity of p we have

dyípízj • ?, p(z2) • T) = dy(p(zl • T), p(z2 • Ô) < r/(/3(v))

which violates (2).

Case 2. Assume w.- t e Uv(w. • t) fot all t £ T: Then in particular w. £

Uv(w.) and therefore there exists w   £ p      ° p(w ) such that d(w , w.)< v.

Then from Lemma 4 either d(w2 - t, w1 • t) < v tot all t £ T or w2 • t £ iiJ(Sj • f)

for some t £ T.   But f/^C^j • t) = U^/(wl ' t) and therefore the second possibility

is ruled out since it violates the premise of Case 2.   Setting t = e we see that

ti(tz72, t2',)< v and since d(wj, w2)> zy we see that w. ¡¿ líj.  Since Wj and wl

ate in the same fiber, d(w l • t, tt>l • t) > 3p for all t £ T.   Thus

û?(ttv1 • t, w2 • t)>d(wx • /, »j ■ /)- ¿(»j • t,w2' t)

> 3p - v > 2p > 8(r](ß(v))) = yiv)

which establishes (1) and the theorem is proved.

We next show that the restriction on T may be dropped if W is locally connected.

Theorem 3. Theorem 2 still holds if hypothesis (C) is replaced by "W is

locally connected."

Proof. In proving that (W, T, n) is equicontinuous it suffices, since W is

compact, to prove it pointwise, that is, given w £ W and e > 0 there is a
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8 = 8(w, () > 0 such that d(w ' ,w)<8 implies d(w ' • t, w • t) < e for all t £ T.

Also by compactness of W there is an e0 > 0 such that for 0 < e < eQ and all

z £ W, p\B((z)= p0 is a homeomorphism and p~ ' ° p0(B(z)) consists of N dis-

joint open sets  U. = B((z), l/,,»««f UN where the restriction mapping p\ (J. is

a homeomorphism.

Now let w £W, t £ T and e, 0 < e < eQ, be given.  By Lemma 2 there is an

í > 0 such that p(BAw • t)) -3 Bi#(y • t) where y = p(w).  By equicontinuity of

(Y, T, o) there is a 8' = 8'(e') > 0 such that Bs,(y) • r C B^(y • i).   Now let

V C W be an open connected subset such that w £ V and p(V) C Bgi(y).  Then

VtCp- \p(V) -t)Cp~ \B/y • /)) C I/jU • • - UUN

while w • î £ U.. Since V • r is connected we have V • t C U. = Bf(w • /).

Finally let 8 > 0 be chosen so that B?(">) C V.  It is clear then that 8 depends

only on w and e and not on t.  Furthermore, if d(w, w )<8, then w   e V and

m'-ieV-lC B^w • t), or ¿(w • /, «7   • t) < t, which completes the proof.

Remark 4. The results in this section are valid when W and Y are compact

Hausdorff spaces provided the obvious changes in the argument are made.

Remark 5. If Y is a compact minimal transformation group and p is a finite

extension, then hypothesis (B) of Theorem 2 is automatically satisfied as we

have shown in Theorem 1.   Therefore in the case that the spaces W and Y are

metrizable and the acting group T belongs to the class J, we have presented a

solution of a problem posed by R. Ellis [l, p. 56].

Remark 6. The equicontinuity of the family of mappings ¡ff : t £ T\, where

o Ay) = ff(y, i), does not depend on the topology on T.  Therefore in order to

apply Theorem 2 one need only find a topology on T so that (1) ff is continuous

and that (2) T £ 'S.
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