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GLOBAL DIMENSION OF TILED ORDERS OVER

COMMUTATIVE NOETHERIAN DOMAINS

BY

VASANTI A. JATEGAONKAR(l)

ABSTRACT.   Let R be a commutative noetherian domain   and A = (A.. ) C

M (R ) be a tiled /?-order.  The main result of this paper is the following

Theorem.   Let gl dim R = d < oo and A a triangular tiled R-order (i.e.,

A    ■ R whenever i s /).   Then the following three conditions are equivalent:

(1) gl dim A <oo;

(2) A . .. - R or gl dim (R/\ . •_,) < °°> whenever 2 s i s n;

(3) gl'dimA s din- 1).

If d = 1 or   2 then the upper bound in the above theorem is best possible.

We give a sufficient condition for an arbitrary tiled Ä-order A to be of finite

global dimension.

Introduction.   Throughout this paper R denotes a commutative noetherian

domain with quotient field  K.   As usual, an R-order A in the n x n matrix ring

M (K) is an R-subalgebra of M {K) which is finitely generated as an R-module

and spans M (K) over K.   The object of this paper is to establish an intimate

connection between the finiteness of global dimension of A and the structure of

A, in case A is a tiled R-order contained in M (R).
n

An R-order A in M (K) is tiled if it contains n orthogonal idempotents.

Clearly A is left as well as right noetherian.   A certain amount of normalization

is possible.   Thus, by conjugating if necessary, we may assume that A contains

the idempotents e.., 1 < t < n, where \e.. : 1 < i, j < n \ is the system of usual

matrix units in M (K).   Evidently, the (i, /')th entries of all elements of A form

a nonzero fractional R-ideal of K, which we shall denote as A...   It is equally

clear that R C A.., A..A.. C A.,  and A = (A..).  Note that if A= (A.) CM (R),

then all A.. are integral and A.. = R.

The present author ([8], [9]) and independently R. B. Tarsey [18] have shown
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358 V. A. JATEGAONKAR

that if i? is a discrete valuation ring (DVR) with maximal ideal m and if A =

(A.) C M (R) is a triangular tiled R-order (i.e., A.. = R whenever z < /'), then

gl dim A < oo if and only if m C A. ._} for all i.   The present author ([8], [9])

gave a sharp upper bound, viz., n — 1, on their global dimension.   The main

result (Theorem 3.6) shows that these results can be retained in a suitably modi-

fied form even when R  is an arbitrary noetherian domain of finite global dimension.

The sufficient condition for finiteness of gl dim A, obtained in §2, is of inde-

pendent interest (Theorem 2.7).

Several results from this paper will be needed in the sequel in which we

investigate global dimension of arbitrary tiled orders over a DVR.

We now state some known results which will be needed in the following sections.

Lemma 0.1.   // S is a ring and S is not semisimple, then

r gl dim 5 = 1+ suplhdj/i,
f

where the supremum is taken over all right ideals of S.

Proof.   See [14, p. 178, Theorem 9.14].

Lemma 0.2.   Let S be any commutative ring,  A a right noetherian S-algebra.

Then

r gl dim A = sup r gl dim(A   ®  Sm),
n, S

where m runs through all maximal ideals of S.

Proof.   See [l, Corollary to Proposition 2.6].

Lemma 0.3.   Let S be any ring, I a two-sided ideal which is projective as a

left S-module, and l" - ¡n      for some integer n > 1.   // 1 gl dim S < oo,  then

1 gl dim (S/l) < «.

Proof.   See [4, Theorem l].

Lemma 0.4.   // S z's a right noetherian ring and I is any two-sided ideal con-

tained in the Jacobson radical J{S) of S, then r gl dim S < lwds(S//) +

r gl dim {S/l), where  lwd denotes left weak dimension.

Proof.   [16, Theorem l].

Lemma 0.5.   Let S be any ring and e an idempotent in S.   If lwd s eS = 0,

then for every right eSe-module N,  we have hàÂN ® s    eS) = hd s N; further-

more,  r gl dim eSe < i gl dim S.

Proof.   See [5, Proposition 15, Theorem 7].
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Lemma 0.6.   Let S be any ring.   Let

0 — B — A '- »C -»0

be a short exact sequence of right S ■modules.   Then:

(1) // two of the dimensions hds<4, hdjB, hd^C, are finite, then so is the

third.

(2) // hdsA > hdsB, then hd$C = hdsA.

(3) // hdsA < hdsB, then hdsC = 1 + hd^B.

(4) // hdsA = hdsB, then hd^C < 1 + hdsB.

Proof.   See [11, p. 169, Theorem 2].

Lemma 0.7.   Let S be a ring and x a central nonzero divisor in S.   Write

S  = S/(x).   Let A be a nonzero S -module with hd + A < oo.   Then IkLA =

hd *A + 1.

Proof.   See [11, p. 172, Theorem 3].

Lemma 0.8. Let S be a right noetherian ring and x a central element in the

Jacohson radical ](S) of S. Let A be a finitely generated right S-module. If x

is a nonzero divisor on both S and A,  then hdsJ,A/Ax) = hd^A, where S  = S/(x).

Proof.   See [11, p. 178, Theorem 9].

Lemma 0.9.   Let R be a regular local ring with maximal ideal m.   Let I be

a nonzero proper ideal of R.   Then,  gl dim(R//) < oo  if and only if I = (x , x ,

• • •, x ), where the x. form a part of an R-sequence generating m.

Proof.   See [11, p. 184, Theorem 13], [19, p. 303, Theorem 26].

Lemma 0.10.   Let R be a regular local ring of dimension d.   Let I be a

proper nonzero ideal of R.   If gl dim(R//) < «>, then gl dim(R//) < d - 1.

Proof.   Follows easily from Lemma 0.9.

1.   Preliminaries.   In this paper all rings are associative and have unit ele-

ment, all modules are unitary.   ](S) will denote the Jacobson radical of the ring

5.   By a principal right (left) projective of S we will mean a right (left) ideal of

S generated by an indecomposable idempotent of S.   If m is a maximal ideal of

S, then Sm   will denote the localization of S at m.  If M is an S-module, then

hdjiVf will denote the projective dimension of M.   If S is noetherian, then the

right and the left global dimensions of S are equal and this common value will

be denoted by gl dim S.   1Had-S {sMad) will denote the category of right (left)

5-modules.   Throughout this paper R  will denote a commutative noetherian domain.
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Lemma 1.1.  Let S be any ring.   Let M., a, <i <u2,   and N., u. + l <i <u2,

be two families of right S-modules.   Assume that

(1) N. is projective for all i,

(2) N .+1 + M. = M .+1 for ux < i < »2 - 1,

(3) N¿+1 O M. Si M. for ul<i<u2- 1,

Then hd^M-. < hd^M     +i — u. for u1<i < u2.

Proof.   Follows easily from Lemma 0.6 and by induction.

Lemma 1.2.  Let R be a commutative, noetherian local domain and let A be

a tiled R-order in M (K), where K is the quotient field of R.   Then gl dim A =

1 + hdA/(A).

Proof.  See Corollary 4.6 of [15].

The next lemma is a very handy tool in computation of the Jacobson radical

](S) of the ring 5 containing a finite set of orthogonal idempotents with sum 1 [7],

Lemma 1.3.   Let S be any ring and let \e. : 1 < i < n] be a finite set of

orthogonal idempotents in S with sum 1.   Let H.. = \e .se.: e .se .Se. C ]{e .Se.)}.

Then H.. = ](e.Se.) = J(S) n e.Se. = e .](S)e. and'j(S) I ®.;. //.'..

Proof.   First we show that 2¿ . H{. C J(S).  Let ese. be in H       By Propo-

sition 3 of [12, p. 57] it is enough to show that, for all r in S, 1 — ese.r is

right invertible in S.   Since e .se .Se. C J{e .Se.), therefore by the same Proposition

we have e .ze. in e.Se. suchthat
i    z i    >

(e. — e .se .re ){e. — e .ze) = e »
i       z    ;    i     z       it i

Hence eserexe.= ese re. + e ze..  Consequently, (1 — e se re .Xl - e ze.) = 1. Now,
z;iii;iii ^        *' z;i »'

(n

7. e,\{l—eze)
k-l     I

= (l — e ze.) — e se re .(l — e ze.) - ¿^ e se -re Al — e.ze )
it i     ]    i it ,      ilk it

kjii

= 1 - s. ese. rek.

However, since the e .'s are orthogonal, it is immediate that

(' -$ •<"/*) (1+1 w) -'•
Hence 1 - e .se r is right invertible in S.   Thus 'S.. . H    C /(S).   Next we prove

the assertion about H...  It is easy to see that JieSeJ = //„ £ J(S) n e^ei ■

e.J(S)e..  Let ese. be in e.](S)e. which is contained in J{S).  Hence there is an
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r in 5 such that (1 — e.se?.)(l — r) = 1; multiplying on both sides by e. we get

(e  - e se )(e. — e .re .) = e..   Therefore e .J(S)e. C }(e .Se .), by Theorem 1 of [6,
* Z Z Z Z        Z * Z 2   ^^ Z Z

p. 9].
We now finish the proof of the lemma by showing that }(S) C 2. . E...   Let

s e /(S).  Then e .se. e /(S) for all z', ;'.   Hence e .se .Se. C ](S) O e .Se. =

lie.Se).  Thus e.se. is in E.. for ail i, i.   Since £?_, e, = 1, therefore
t     z z     7 z/ ' fcifc'

s = 2. . e .se. e 2. . E...   That the sum is direct is obvious.
z.J    z     ; I,]     i]

Corollary 1.4.   Let e be an idempotent in a ring S.   Then J(eSe) = e](S)e =

]{S) D eSe.

Definition 1.5.   Let A = (A.) C M (R) be a tiled R-order.  Then A is called
i]   -    n

reduced if A. .A.. í¿ R whenever i ¿ j; equivalently, A.. S R or A.. Q R when-

ever z ^ /'.

Lemma 1.6.   Let A= (A¿.) Ç Mn(R), T = (T..) Ç Mn(R) be two tiled R-orders.

Then

(1) A is reduced if and only if e.. A Sèe.. A as right K-modules, whenever

(2) // R is a local domain,  A is reduced, and if A and Y are isomorphic as

rings, then Y is also reduced.

Proof. (1) If A is not reduced then A.. = R = A., for some i j¿ j.   Since
v zj ;z '

A., 3 A..A., = A., D A.A.. = A.„ therefore A., = A..  for all  1 < I < n.   Hence
zz —     z;   ;£ )l —    ]i   il il tl jl —    —

e.. A at e. .A.
zz ]]

Conversely, assume that e..A ge.A as right A-modules for some z ^ ;'.

Let 6: e„A —>e..A be an isomorphism.  Since e¿¿ =c, 0(e..) = 0(e?.) = d(.e.)e..

€ e.Ae.., so that 6(,e.) = ae.. for some unit a in R.  Hence we have e..A =
77       zz' «' ;j j;

o(e¿¿)A = ae .¿A.   This yields A.; = A¿/a = A¿/ for 1 < / <n.   In particular A.. =

A.. = R = A.. = A...   Thus A is not reduced.
zz ;;        Z7

(2) Since R is local, the e..'s are local idempotents.   Hence, if 6: A —» Y

is a ring isomorphism, then by Proposition 3 of [12, p. 77] we may assume that

6{e .) = eff,.«   ,.., where zr is a permutation of the numbers from 1 to «.  If Y

is not reduced, then, by (1), we have e ..Y Si e ..Y as right T-modules for some

i ;¿ y.   From this, one at once gets that e,Á ä ei*A as right A-modules, where

/ = 77" (i) and k = n~ (/).  Thus A is not reduced.

Lemma 1.7.   Let A = (A..) C M (R) èe a reduced tiled R-order.   Then there
z;  —    n

exist natural numbers k, I <n such that A., ¿ R for all i ¿ k and A.. ^ R for

all i ¿ I.

Proof.  We shall prove the existence of k.  The proof for the existence of /

is similar.  We use induction on «.  For « = 2, the assertion is trivial, since
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A12 Q R or A21 S R.   Let n > 3.   If \{n ¿ R whenever i ¿ n, then we are done.

Suppose that \.n = R for some ; <« - 1.   Observe that e\e is also a reduced

tiled R-order contained in M     ,(R), where e = S"l ! e...   Hence by the induction
n— I z — I     z z '

hypothesis there is k < n such that A., ¿ R whenever z ¿ k, n.   To complete the

induction we show that A , ¡¿ R.   If / = k, then A , = A  . ̂  R, since A is

reduced, and we are done.   If / /= k, then A., ¿ R as /' < n - 1.   If A , = R, then

A., = R, as A., 3 A. A  , = R.   Thus A , ^ R.   This completes the induction
;fc JK —    jn   nk nk r

and completes the proof of the lemma.

Definition 1.8.   Let A = (A.) C M (R) be a tiled R-order.   A is called a
ij   —     n

(super) triangular tiled R-order if A.. = R whenever z < /.

The next proposition gives a necessary condition for a reduced tiled R-order

A = (A..) C AI (R), R a commutative noetherian local domain with quotient field

K, to be conjugate to a triangular tiled R-order in M (K).

Let A = (A..) C M (R) be a tiled R-order over a commutative noetherian local
ii  —    n _

domain R with maximal ideal m.   Let A = (A../A..m), where the multiplication

in  A  is induced from that in A,   i.e., if (A..),  (A..) e (A..)   then

(A.. + A..m)(A.'. + A..m) = (2". A.,A,'. + A..m).  Then Ä is a finite dimensional
11 l] l] 11 k~\       IK k] I]

R/m-algebra which is naturally isomorphic with A/Am as an R/m-algebra.   Also,

if A is reduced then, by Lemma 1.3,  MA) is obtained from A be replacing the

diagonal entries R/m by zero.   If M is a finitely generated right A-module then

by Exercise 29 of [4, p. 80], we have ](M) = M](A), where J(M) is the intersect-

ion of all maximal submodules of M.   Let c".. denote the indecomposable idem-

potent in A with  1 at the (»', z')th place and zero elsewhere.

Proposition 1.9.   Let A = (A..) C M (R) be a reduced tiled R-order over a

commutative noetherian local domain R with maximal ideal m and quotient field

K.   Let P. = F. .A, I < i < 8.   Assume that. A   z's conjugate to a triangular tiled

R-order r = (r..)CM (R), i.e.,  A = uYu~    for some unit u in M (K).   Then,

for some j < n,

(*)      p. j p ./(a) ̂  p,/2(A) g •.• 2 jy""*(to s ¿yn(A) = °

is a composition series of P. considered as a right \-module.

Proof.  Let T = (r../r..m), and let / .. denote the indecomposable idempo-

tent in T with 1 at the (*', z')th place and zero elsewhere.   Let Q. => /¿P,  1 <

z < n.   Then P. and Q ., 1 < i < », are, up to isomorphism, the only principal

right projectives of A and T respectively.   Since A and T are R-isomorphic,

A and r are isomorphic as R/m-algebras.   Hence to prove the proposition it is

enough to show that Qj  satisfies the condition (*).

By Lemma 1.6(2) we have that T is reduced, so that T.. = R for i < /',
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and I"1... Ç m for i > /'.   Also, by Lemma 1.3 we have ](Y) is obtained from Y by

replacing the diagonal entries R/m by zero.   Since the multiplication in Y is

induced from that in Y, it follows that for i :> / we have

(P, ./Tj.«) • (T../T..m) = 0   in (T, /Tj ,m) = R/m,

and for i < j we have

(rii./T1.m) . (r(.;./T.;.m)= (ri;/ri;.m)= R/m.

Now a direct computation shows that

Q1^QlJ(r)^Ql]2(D^..^Qlr'i(Y)gQlr(D = o

is a composition series of Qj as a right T-module.   This completes the proof.

Let A = (A.) C M (R) be a tiled R-order.   Let e = S?I ! e...  Then eAe
17   —     n 1 - 1     zz

is a tiled R-order in M     ,(R).   We shall treat e\e as the (« - 1) x (« - 1) tiled
ZZ— I

R-order in M     j(R) or the top (« - 1) x (zz - 1) corner interchangeably.  Let

P. = e. A and  I   =e. ./(A) for 1 < i < n.   Let f: JlLd-A -» 3llod-eAe and g:

Jltad-eAe —* )llad-A be the functors defined by ÏM = Me and §N = N ®eJie cA.

Then by Lemma 1.3 and Corollary 1.4 we have /(eAe) is canonically isomorphic

to @nZ ¡J/..   Since Ae is a projective left A-module and since M ®A Ae Si Me

under the isomorphism m ® e r-» zzze, the functor ? is naturally equivalent to the

functor -®A Ae, and therefore is exact and additive. .Also, since eA ®A Ae Si

eAe [2, p. 68], the functors ÍF§ and lj,   ,    .    are naturally equivalent.   Further-

more, if eAe      is a projective left eAe-module, then eA = eAe ©eAe      is a
nn *     ' nn

progenerator in eAe-JHad.,  and therefore the functor £j is exact and additive;  also

by Lemma 0.5 we have, for every right eAe-module N, hdA§/V = hd  .  N and

gl dim eAe < gl dim A.   Thus we have the following proposition.

Proposition 1.10.   Let R be a commutative noetherian domain.   Let A =

(A..) C M (R) be a tiled R-order.   Let e = 2?I : e...   If eAe      is a projective
ij   —    n 1 =j     zz       ' nn r    '

left eAe-module, then

(1) J and § are exact, additive functors; the functors J§ and 1%^    .

are naturally equivalent; eA is a progenerator in eAe-Jllad; /(eAe) z's canoni-

cally isomorphic with ©?! . j/ ..

(2) For every right eAe'module N, hd §N = hd . N; and gl dim eAe < gl dim A.

We conclude this section with a few remarks.

Remark 1.  If R is a local domain then A = (A.) is a semiperfect ring, by

Theorem 1 of [13].  Hence by using Proposition 3 of [12, p. 77] one can easily

show that e..A(Ae..), 1 < t < a, are, up to isomorphism, the only principal right

(left) projectives of A.   Thus, by Theorem 2 of [13] or otherwise, every finitely

generated indecomposable right (left) A-module is isomorphic to e¿¿A (Ae,-,-) for some i.
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Remark 2.   If R is a local domain and if A = (A..) is reduced, then, by

Lemma 1.3, /(A) is obtained from A by replacing the diagonal entries R by m,

the unique maximal ideal of R.

Remark 3.  If A = 2?«j Ru. is a free left R-module on the basis uv u2, •••»«„

then A is a right M (R)-module naturally.   Since A= (A..)C M (R) is a subring

of M (R), this M (R)-module structure induces an (R - A)-bimodule structure on
n n

A.  Further, if ß is a nonzero A-submodule of A, then B = 2"  , B .a., where' ' i "I    i i'

B/s are nonzero ideals of R.   Hence A is uniform as a right A-module, i.e., if

B and C are nonzero A-submodules of A, then ß n C ¡í 0.  Further, B and xB

are isomorphic as A-modules whenever 0 ^ x e R.   Also, a nonzero A-module

B = 2"_ j B .a¿ of A is isomorphic to e,, A for some £ < » if and only if for some

0 4 x in R we have B¿ = xAfcj. for 1 < i < n. Similar results are true for a free right

R-module of rank n.

Remark 4.  Let A be as in Remark 3.   Then P. = e. .A, 1 < z: < n, can be

identified with a A-submodule of A.  This identification makes expressions like

P{ + P., Pf HP   unambiguous.   In later sections without mentioning this identi-

fication we will use expressions like P. + P., P.D P., etc.

2.   A sufficient condition.   From now on R will always denote a commutative

noetherian domain with the quotient field K.   Furthermore, if R is local then   m

will always denote the unique maximal ideal of R.   We will always assume that a

tiled R-order A = (A..) in M (K) is contained in M (R).   We reserve e for the
il n n

idempotent S"~Je.., and P. = e..h, J . = e ..J(h), l<z'<«.

Lemma 2.1.   Let A = (A..) C M (R) be a tiled R-order, where R is a local
%l   —    n

domain.   Then,

(1) ehe      is a projective left ehe-module if and only if ehe     Si ehe,,  in

eAe-JHod for some natural number k < n.

(2) ehe     Si ehe,,   in eAe-ÎILd for some k<n if and only if there exists

0 ¿ a in R such that A.   = h.,a for I <i <n - I.
r in ik     ' —    —

Proof.  Follows easily from Remarks 1 and 3 at the end of §1.

Lemma 2.2.   Let A = (A.) C M (R) be a reduced tiled R-order over a local
il  —    n

domain R.   By Lemma 2.1(1) if ehe      is a projective left ehe.module, then there

exists a natural number k< n such that ehe     — ehe,,  as left ehe-modules.
T- nn Kit

Further,

(1) hdA/. = hdeAc?/¿ for 1 < ii < n - 1, i¿ k.

(2) hdA(3r/peA=Chde'Ae3:/i 'for i = n, k.

(3) Sy    is isomorphic to a right ideal of ehe.
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Proof.  By Lemma 2.1(2) we have 0 Â a in R such that A.   = A ,a for
* tn        ik

1 < i < n - 1.   Therefore A,    = Ra and aA  . = A.  A  . C A. . for 1 < i < n.   By
—     — *>z ni kn    ni —     ki —     — '

Remark 2 at the end of §1, /(A) is obtained from A by replacing the diagonal

entries R by m.   It follows that 6: 37„ —* 5Pfe defined by fXx.) = ae.x is a

monomorphism in JRod-eAe.   This proves (3).  Since eA = eAe © eAe      is a pro-

jective left eAe-module and since j/., 1 <i <«, is isomorphic to a right ideal of

eAe, therefore the sequence 0 —*«»/,• ® A   eA —»eAe ® .   eA is exact.  This

yields §37. a (37 -)eA, so that hdA(37>A = hd.§37. = hd  . 37 -, for 1< i < »,
Z Z •* Z A Z " Ac Z ^*        ^™

by Proposition 1.10(2).   By using matrix multiplication one can easily check that

(j/¿)eA = /,. for i 4- n, k.   This completes the proof of the lemma.

Proposition 2.3.  Let R be a local domain.  Let A = (A..)CM (R) be a

reduced tiled R-order.   Assume that eAe      is a projective left eAe-module and that

gl dim eAe < oo.  Set I = 2,..   An¿A¿n.   // gl dim (R//) < oo, then

(1) hdA/n < hdcAe37n + gl dim Tr/D.
(2) gl dim eAe < gl dim A < gl dim eAe + gl dim (R//) + 1.

Proof.  Since A is reduced and R is local, /Cm.  Also, /(A) is obtained

from A by replacing the diagonal entries R by m.  Let gl dim eAe = a < ~ and

gl dim (R/7) = j8 < oo.   By Lemma 2.1 we have a natural number k < n and 0 ^ a

in R such that A.   = A.fca for 1 < i < n - 1.  Hence by Proposition 1.10(2),

Lemma 2.2 and Lemma 0.1 we have

gl dim eAe < gl dim A,

adAJi<a-l    for Ms< *.

hdA(37 .)eA = hde>e37. < a- 1    for i = n, k.

Since A, .A.   = A, .A..a C ma for i ¿ k, n, therefore by using matrix multipli-
fei      Z7Z /v ï      IÄ       ^™

cations one shows that (37 )eA is obtained from /    by replacing the (n, n)th

entry m by / and that (3"/, )eA is obtained from Jk   by replacing the (k, n)th

entry Ra by ma.   Since aAn. = RaAni = AfcjAn. Ç Afc. and aAnk = AfcnAnt Ç m,

therefore we have

(tf]k)eA) + aPn = /fc   and   ((3:/fc)eA) o aPn = a/„ S /„.

From this we get a short exact sequence

M 0 -. «/„   - ((S^/^eA) © «Pn ■£ /A - 0

where 0(6) = {b, b) and <f>(c, c') *= c - c'.  We now determine an upper bound on

hdA/n.   As observed before /Cm.  If / = m, then ß = 0 and (37n)eA = /n, so

that hd./   =hd  . 3:/   < a - 1.   Since hd.&J.)eA < a - 1, therefore from the
A' zz eAe   ' n — A    * *        —

short exact sequence (*) and Lemma 0.6 we have hdA/¿ < a. Hence by Lemma 1.2
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we have gl dim A < a + 1.   Now assume that / ^ m«   Since gl dim (R//) = ß < <x

and R is local, therefore R = R/l is a regular local ring of dimension ß ■/ 0 and

having the unique maximal ideal m = m//.   Hence in = S._. x R for some R-

sequence x p • • •, x"a.   This yields m = / + £r=1 x.R, and

(#) xvR O í/+¿ x.Rj =xv(/+¿ x¿Rj,       l<v</3.

Set E0 = &}n)eh, and for 1 < v < ß set

Ev = VV*.-ipn + "- + Vn + Eo = VVEv-r

It follows that Eß = Jn.   By using (#) one gets that EJ>n C\ Ev_j = xI/Ev_1  Si

Ev_., by Remarks 3 and 4 of §1.   Hence the two families Ev, 0 < v < ß, and

xvP , 1 < v < ß, satisfy the hypothesis of Lemma 1.1.  Therefore hdA/n = hdAEo

< hdAEQ + ß <a -I + ß.   Since hdA(3r/,)eA < a - 1, therefore from the short

exact sequence (*) and Lemma 0.6 we get hdA/, <a + ß.   Thus gl dim A < a +

ß + 1, by Lemma 1.2.   That gl dim ehe < gl dim A follows from Proposition 1.10(2).

This completes the proof of the proposition.

Corollary 2.4.   Let R be a local domain.   Let A = (A..) C M (R) be a reduced
J il   —     n

tiled R-order.   Assume that ehe      and e    he are projective left and right ehe-

modules.   If gl dim ehe - a < <x and gl dim (R/l) = ß < oo, where / = £., A   A.  ,

then

(DhdJn<ß.
(2) a < gl dim A < sup (ß + 1, a - I) + 1.

Proof.   As 37   = / e = e    he, (1) follows from Proposition 2.3(1).   To prove
n        n nn

(2) we use notations of the proof of Proposition 2.3(1).   By Lemma 2.2 we have

hdA/¿ < a - 1 fot i 4 n, k,  and hdA(3:/fe)eA < a - 1.   If hdA(3:/fc)eA £ hdA/n then,

by using the short exact sequence (*) of Proposition 2.3 and Lemma 0.6, one gets

that hdA/jfe = hdK(ÎJk)eh < a - 1; and if hdjfëjjeh < hdjn, then hdA/É < 1 +

hdA/   < 1 + ß.   Thus hdA/(A) < sup(/3 + 1, a - 1).   Now Lemma 1.2 and Proposi-

tion 1.10(2) complete the proof of the corollary.

In the next theorem we give a sufficient condition for a tiled R-order A =

(A..) C M (R), R a local domain, to be of finite global dimension, and in Theorem

2.7 we remove the hypothesis that R is local.

Theorem 2.5.   Let R be a commutative noetherian local domain with maximal

ideal m.   Let A = (A..) C M (R) be a tiled R-order.   Let e = 2"I} e ...   If ehe
il   —    n i- I    n       ' nn

is a projective left ehe-module, then the following conditions are equivalent:

(1) gl dim A < oo,

(2) gl dim ehe < oo and if I = S. .    Am-Affj then I = R or gl dim (R/l) < oo.



TILED ORDERS OVER COMMUTATIVE NEOTHERIAN DOMAINS 367

Furthermore, if these conditions hold, then gl dim eAe < gl dim A < gl dim eAe

+ gl dim (R/l) + 1, where if I = R,  then for the purpose of this theorem we set

gl dim (R/l) = - 1.

Proof.   By Lemma 2.1 we have a natural number k < n and 0 4 a in R  such

that A.   = A   a for 1 < i < n - 1.  Hence   / = 2..   A  .A.   = A .a.   Since R is a
in ik —    — itn     ni   in nk

local ring, / = R if and only if A  . = R = A.    for some ] /= n.   Hence, if A is

reduced, then / f¿ R.   We now prove (1) =»(2).   By Proposition 1.10(2) we have

gl dim eAe < gl dim A < oo.   If / = R, then we are done.   So assume that A  , a =

I §j R.   Let  a be obtained from A by replacing the (n, n)th entry R by /.   One

can easily check that a is a two-sided ideal of A and that (X   = a.   Since

a = ©"Jj   Ae..($)Aekka,  a is a projectvie left A-module.   Hence, by Lemma 0.3,

gl dim A/a< oo.   Obviously, the map 6: A/a —»R/l defined by 9[(X...) + a] = A

+ /  is a ring isomorphism.   Hence gl dim (R/l) < oo.

We now prove (2) =»(1) by using induction on zz.   Let zz = 2.   Then eAe Si R,

so that gl dim R = gl dim eAe < oo.   If A is not reduced, then A = M AR), and A

and R are Morita equivalent.   This yields gl dim R = gl dim A < oo.   If A is re-

duced, then the theorem follows from Proposition 2.3.   Let n > 3.   Again if A is

reduced, then the theorem follows from Proposition 2.3.   So assume that A is not

reduced.   In that case we have natural numbers s < I <n such that As[ = R = A, .

But then A    DA ,A,. = A,. 3 A, A  . = A  ., so that A  . = A,. for 1 < i < zz.
SI —      SI    ll li —      Is    SI si' SI ll —     —

Similarly A.   = A., for 1 < i < n.   If / = zz, then A and eAe are Morita equivalent

and therefore gl dim A = gl dim eAe < oo.   If / < n, then consider Y, the tiled

R-order obtained from A by deleting the /th row and the /th column.   Clearly,

TCM  _ ,(R), and A and Y are Morita equivalent. Let /=2.,   .... e ...Then eAe

and fYf are Morita equivalent.   Further (Ye      is a projective left /r/-module, by

Lemma 2.1 applied to Y.   Also, / = 2. ,    ... A   A. .   Hence by the induction
rr ' itn\iM     ni   m '

hypothesis we have gl dim I"1 < oo, and gl dim fYf < gl dim T < gl dim fYf +

gl dim (R/l) + 1.   Since gl dim fYf = gl dim eAe and gl dim T = gl dim A, the in-

duction is complete.   This completes the proof of the theorem.

Lemma 2.6. Let R be a commutative noetherian domain. Let I be a nonzero

proper ideal of R. Assume that gl dim (Rm/I„) < °° for all maximal ideals m of R

containing I.   Then we have:

(1) // gl dim R = d < «., then gl dim (R/l) <d-l.

(2) // / z's contained in only finitely many maximal ideals of R, then

gl dim (R/l) < oo.

Proof.   Let S be the set of all maximal ideals m of R containing /.   Let

R m R/l.   By Lemma 0.2 we have gl dim Rm < gl dim R for all m in o and

gl dim R = supmeS gl dim R_, where m = m//.   It is easy to see that if m is in §,
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then /m  is a nonzero proper ideal of Rm and R_ S Rm//m.   Thus (2) is obvious

and (1) follows from 0.10 applied to Rm.

Theorem 2.7.  Let R be a commutative noetherian domain.   Let A = (A..) C
if —

Mn(R) be a tiled R-order.   Assume that ehe      is a projective left ehe-module.

Let I = S.^n hn.hin.   If gl dim R < » or if I is contained in only finitely many

maximal ideals of R, then the following conditions are equivalent:

(1) gl dim A < oo,

(2) gl. dim ehe < oo, / = R or gl dim (R/l) < oo.

// these conditions hold then we have

gl dim ehe < gl dim A < gl dim ehe + gl dim(R,7) + 1,

where, if I = R,  then for the purpose of this theorem we set gl dim (R/l) = - 1.

Proof.  The proof follows easily from the familiar localization, Lemmas 0.2,

2.6 and Theorem 2.5.

We conclude this section with the following proposition.

Proposition 2.8.   Let A = (A..) Ç M (R) be a triangular tiled R-order over a

commutative noetherian domain R.   If gl dim A < oo, then gl dim R < oo.

Proof. Since A is a triangular tiled R-order, A.. = R for i < /. Therefore

ehe is a projective left eAe-module and ehe C Mn_ j(R) is a triangular tiled

R-order. Hence by Proposition 1.10(2) we have gl dim ehe < oo. Applying this

argument successively we conclude that gl dim R < oo.  This completes the proof.

In the next section we characterize triangular tiled R-orders of finite global

dimension, where R is a commutative noetherian domain of finite global dimension.

3.  Main theorem.   In this section we investigate the global dimension of a

tiled R-order A C M (R) over a commutative noetherian domain R of finite global

dimension.  In view of Lemma 0.2, the main case we have to deal with is when R

is a regular local ring.   In the first half of this section we derive some of the

properties of a tiled R-order over a regular local ring R.   We recall that when R

is a local ring, then the maximal ideal is denoted by Til.

Lemma 3.1.   Let R be a regular local ring of dimension d and let A = (A..)

Ç Mn(R) be a tiled R-order.   Then, gl dim A > d.

Proof.   Let A = 2"=1 Ru. be a free left R-module on the basis «j, a2, • • •, un.

Treat A as a right A-module naturally.  Let hdAA = a.  If a = », then we are

done.   So assume that a < oo.   Let m be generated by an R-sequence Xj, x2, • • •,

x,, i.e., m = 1d-, x.R.   Let X. = diaex.,  Ki<d.   Then the matrices X. are
d' ' z~l     z z °    z'       —    — '

nonzero divisors in A and are contained in /(A), by Lemma 1.3.   Furthermore,
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X. is a nonzero divisor on the right A-module A/2'ä J AX..  Since hdAA = a < »,

hdA(A/AXj) = a+ 1, by Lemmas 0.7 and 0.8.   An easy induction shows that

hdA(A/2. „j AX ) = a + d.   This completes the proof of the lemma.

Remark.   The techniques of the proof of the above lemma are similar to those

used in the proof of Theorem 14 of [17].   The above lemma also follows from

Corollary 3.2 of [20], but our proof is elementary.  The notations established in

Lemma 3.1 will be needed in the proof of Theorem 3.4 of this paper.

Lemma 3.2.  Let A = (A..) C M (R) be a reduced triangular tiled R-order,

where R is a regular local ring of dimension d.   Let m he generated by an R-

sequence Xj, x2, • • •, x„   Assume that A.. = x.R whenever i = n or n - 1 and

i > /'.   Then hdL/. <d — 1 for i - n - 1, n.   Hence, if n = 2, then gl dim A-d,

and if d = 2, then hd.J. = 1 for i = n — 1, n.

Proof.   Since A is reduced, /(A) is obtained from A by replacing the diagonal

entries R by m.  Set E,=P    and E„ = x,P     , + x„   ,P     ,+...+x,P    ,+P
' I zz v        v   n— I v— I   n— 1 2   n— I n

for 2 < v < a".  Then E , = / _ j and Ey « x^P _. + Ev_ j.  Since x,, — , x , is

an R-sequence, therefore xJR n 2^1 : x ,R = xv 2 "" j x .R for 2 < v < a".   It

follows that *VP„_ j H E„_ j = Xj,Ev_ t S E„_} for 2 < v < d.  Since hd E j = 0,

therefore Lemma 1.1, applied to the two families Ey, 1 < v < d, and xyP     j,

2 <v <d, of right A-modules, yields hdA/  _ j = hdAE , < d - 1.   Similarly to show

that hdA/n <d- 1, set Fj = XjEj and Fy = x„Pn + ... + x2Pn + XjPj for

2<v <d.  Then Fv = xvP„ + Fv_i aQd E , = /n.  An argument similar to the

above shows that hdA/   < d - 1.  It is easy to see that when d = 2, / _ j and /

are not projective right A-modules.   Therefore we must have hdA/. = 1 for

i = n — 1 and zz.   The remaining assertion follows from Lemmas 1.2 and 3.1.

This completes the proof.

Proposition 3.3.  Let A = (A..) C M (R) fee a iz'/ea" R-order, where R is a

regular local ring of dimension d, with the unique maximal ideal m generated by

an R-sequence x., x-, • • •, x„   Assume that Aj. = R for all j and A.. = x.R or

R whenever i4l or i 4 /•   Then:

(1) gl dim A < d(n - 1).

(2) // A.. = XjR whenever i jí j and i ¿ 1, then gl dim A < d + 1.

(3) // A is a triangular tiled R-order then gl dim A = d.

Proof. First consider the case zz = 2. If A is reduced then gl dim A = d, by

Lemma 3.2. If A is not reduced then A = M2(R), so that gl dim A = d = gl dim R.

Thus, all the assertions are true for n = 2.

We now prove (3) by using induction on zj.  Let »2 > 3.  If A is not reduced

then A is Morita equivalent to a triangular tiled R-order in Mn_ Aß) satisfying
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the hypothesis of the proposition.   Hence by the induction hypothesis we have

gl dim A = d.   Now assume that A is reduced.   Since A is a triangular tiled

R-order ehe      Siehe     ,       ,  as left eAe-modules.   Also, ehe C M     ,(R) satis-
nn n— i,n— l —    n— I

fies the hypothesis of the proposition.   Hence by Lemmas 1.2, 2.2 and the induc-

tion hypothesis we have hdA/ . < d - 1 for i < n — 2.   Also, by Lemma 3.2 we have

hdA/ . < d - 1 for i = n — 1, n.   Thus by Lemmas 1.2 and 3.1 we have gl dim A = d.

This completes the induction.

We now prove (1) and (2) simultaneously by using induction on n.   Let n > 3.

First assume that A is reduced.   Since Aj. = R for all ;, therefore by Lemma 1.7

we have a natural number / > 1 such that A,. ^ R whenever i ¿ I, so that
-f- it '

h.. = x.R for i /= I.   Since the global dimension of a ring is isomorphism invariant,

we may assume that 1=2.   Let y = (y..) be in M (K), where y.. = x~ , y2, = 1

= y.. for i > 3, v.. = 0 otherwise.   Let T = (r.) = yAy"  .   Computation shows

that Tj. = R  for all /;  T2. = R  for /' > 2; Y.¡ = XjA¿2  for i > 2;  Y{2 = XjR  for

z > 3; T.. = A., otherwise.   Hence r = (T..)CJH (R) is a tiled R-order and
-   ,     il        ii if -    nv

e-.Te   is a projective right e Te -module, where e   =2"=2e..   Further,

/' = S.,j T. P.. = x.R,  so that gl dim (R/l') = d - 1 < oo.   Clearly e'Te' C

Af _ j(R) satisfies the hypothesis of the proposition in cases (1) and (2).   We now

complete the proof of (1).   By the induction hypothesis gl dim e Ye   <d(n - 2);

hence by the analogue of Theorem 2.5 we have gl dim T < d(n - 2) + d = d(n - I).

Since A and Y are conjugate, gl dim A < d(n - 1).   For (2) we observe that by

the hypothesis we have A-2 = x.R  for all i > 3.   Thus I""., « Y.~x^  for i > 2.

Hence by Lemma 2.1 (rather, its analogue), we have that e Ye..  is a projective

left e Ye -module.   Therefore by the analogue of Corollary 2.4 and the induction

hypothesis we have

gldim T< supU- l+l,d+l-l) + l = d+l.

Thus gl dim A = gl dim Y <d + 1.

For the case A is not reduced, the argument is similar to the case (3) and

we leave it to the reader.   This completes the induction and the proof of the

proposition too.

The author is thankful to the referee for suggesting the following corollary.

Corollary 3.4.   Let R be a regular local ring of dimension d, h a triangular

tiled R-order satisfying the hypothesis of Proposition 3.3.   Then each finitely

generated R-free h-module is projective.

Proof.   Follows from Proposition 3.3 of this paper and Proposition 3.5 of [20].

Theorem 3.5.   Let R be a commutative noetherian domain of global dimension

d < oo.   Let I be a nonzero proper ideal of R such that gl dim (R/l) < oo.   Let
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A = (A.) C M (R) be a tiled R-order.   Assume that A,. = R for all j and A. = I
ii  —    n ij ' ' i]

or R whenever i ■/= j and i £ 1.   Then:

(1) gl dim A < a*(zz - 1).

(2) // A is a triangular tiled R-order, then gl dim A = d.

(3) // A.. = / whenever i / / and i £ 1, then gl dim A < d + 1.   Furthermore,

if R is local, I = J(R) and n > 3, then gl dim A = d + 1.

(4) // « > 4, R z's /oca/ azza* ¿/ A.. = / whenever i ¿ j and i ¿ 1, ièezz A z's

zzoí conjugate to a triangular tiled R- order.

Proof.   Since gl dim R = d, gl dim Rm<d for all maximal ideals  m of R

with equality occurring for at least one m.   By Lemma 0.2 we have gl dim A =

supmgl dim Am, where the supremum is taken over all maximal ideals m of R.

If / £ m, then Im = Rm, and therefore Am= M (Rm).  Thus if / £ m, then

gl dim Am= gl dim Rm.   If / Ç m, then gl dim (RJ'J < gl dim (R/I) < ~.  Thus

to prove the theorem we may assume that R is a regular local ring of dimension

d with maximal ideal m.   But then, by Lemma 0.9, we have an R-sequence

x., x., • • •, x , such that / = 2^_. x.R, u > 1   and m = 2._, x.R.   Also, we have
12 a n    Í     "-   ' z-l    z '

that R/(x ) is a regular local ring of dimension d — 1 and x. + (x ), I < i < a*,

i ¿ p., is an R/(x )-sequence generating the maximal ideal of R/(x ).   Set

a= (a..) C A, where a.. = (x ) for 1 < i, ; < z2.   Clearly  a is a two-sided ideal

contained in /(A) and is projective as a right  A-module.   Hence, by Lemma 0.4,

we have

(# #) gl dim A < 1 + gl dim A/a.

It is easy to see that A/a is isomorphic to a tiled R/(x Vorder (A../(x )) C

M (R/(x )).   We now prove (1), (2) and the first part of (3) simultaneously by

using induction on ¡jl.   For p. = 1 the assertions follow from Proposition 3.3.   Let

y. > 2.   By the induction hypothesis we have

gl dim (A/a) < (d - D(n - l)    in case (1),

= d - 1 in case (2).

< d in case (3).

The assertions now follow from (# #) and Lemma 3.1.

We now prove the remaining part of (3).   Since A is reduced, /(A) is obtained

from A by replacing the diagonal entries R by m.   Hence, for i: > 2, /.Si

2^=1 PjX. as right A-modules, where X. = diag x¿.   Since Px is projective and

is isomorphic to A, where A is a defined in Lemma 3.1, we have

hdA(P./2^.. P.X) = d.   Hence hdj . = d - 1 whenever z > 2.   To complete the

proof we show that hdA/, = d, since then by Lemma 1.2 we have gl dim A = d + 1.

Set Ev=P2 + Pi + ... + Pv for 2 < v < n.   Then, since n > 3, En = /1; also
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for 3 < v < n we have Ev = Ev_ j + P„,  Ev_ j Pi Pv Si J2  and E„ is not projec-

tive as a right A-module.  Hence, using short exact sequences, induction and

Lemma 0.6, one gets that hdAEv = d for v > 3.  Thus hd / j = d.

Lastly we prove (4).  Let « > 4.  Let Ä, P. = ë. .A, 1 < i < n, be as in Propo-

sition 1.9.   Since A is reduced, by Lemma 1.3, /(A) is obtained from A by re-

placing the diagonal entries R/m by zero.   Computation shows that P.] (A) = 0

for 1 < i: < n.   Since n > 4, therefore none of P. satisfies the condition (*) of

Proposition 1.9.   Thus, by the same proposition, A is not conjugate to a triangular

tiled R-order.

Remark 1.   The assertion (2) in the above theorem is a generalization of

Theorem 14 of [17].

Remark 2.   The assertion (4) in the above theorem is not true in general when

n < 4.   For if n = 2, then A is itself a triangular tiled R-order; and if « = 3 and

/ = xR is a principal ideal, then yhy~    is a triangular tiled R-order, where y =

(y..) is in M3(K), with yl2 = x    , y21 = y3} = 1 and y.. = 0 otherwise.

The next theorem characterizes triangular tiled R-orders of finite global

dimension over a commutative noetherian domain R of finite global dimension.

Theorem 3.6.   Let R be a commutative noetherian domain of global dimension

d < oo.   Then the following three conditions on a triangular tiled R-order A = (A..)

C M (R) are equivalent:
—     n *

(1) gl dim A <oo.

(2) A. fml = R or gl dim (R/A¿ ._ j) < ~ for 2 < i < n.

(3) gl dim A < d(n - 1).

Proof.   First we note that  ehe     is a projective left eAe-module, and since

A . = A  A.      , C A        , for i'4 n, we have 1 = 1.,   A  .A.   = A        ..We now
m        ni   t,n—l —    n,n— I ' irm    m   in        n,n—l

prove (1) =» (2) by using an induction on ».   If « = 2, then the assertion follows

from Theorem 2.7.  Let n > 3.   Again by the same theorem we have gl dim ehe<oo,

and A        j = R or gl dim (R/h     _j) < °°.  Now the induction hypothesis com-

pletes the proof as ehe is a triangular tiled R-order contained in M     ÁR).  We

now prove (2) ■* (3) again by using an induction on n.  Let n = 2.  Then, by

Theorem 3-5(2), we have gl dim A = d.   Let n > 3.  By the induction hypothesis

we have gl dim ehe < d(n — 2). Hence by Theorem 2.7 and Lemma 2.6(1) we have

gl dim A < gl dim ehe + gl dim(R/An „_ ̂  + I    < d(n - 2) + d - 1 + 1 = a\n - l).

(3) -*(1) is trivial.

This completes the proof of the theorem.

Remark.  The above theorem is a generalization of Theorem 1 of [8], [9].
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Corollary 3.7.   Let R be a Dedekind domain.   Let   A = (A..)CM (R) be a
J ij   —    n

triangular tiled R-order.   The following conditions are equivalent:

(1) gl dim A < oo.

(2) A. .   , = R or A. ._j is a product of distinct maximal ideals of R.

(3) gl dim A < zz - 1. '

It is known that the upper bound d(n — 1) in Theorem 3.6 is attained when

d = 1 ([9, Theorem 2], [17, Theorem ll]).   By constructing an example we show

that this is also the case when d = 2.

Proposition 3.8.   Let R be a regular local ring of dimension 2.  Let m be

the unique maximal ideal of R generated by an R-sequence x, y.   Let A = (A..) C

M (R), « > 2 , where A.. = R whenever i < j, A. .   , = xR for 2 < i < n, and
m —   ' z7 — «'     i,i-l '        —   —

A.. = xm = x R + xyR otherwise.  Then A is a triangular tiled R-order in M(Jl) and

hdA/,. = 2z-l    for l<i<n-l,

hdA/n = sup(2(zz-2), 1).

Thus gl dim A = 2(zz - 1).

Proof.   Computation shows that A is a ring, hence is a triangular tiled R-order.

Obviously A is reduced; hence /(A) is obtained from A by replacing the diagonal

entries R by m.   To prove the remaining assertions we use an induction on n.   It

« = 2, then the assertions follow from Lemma 3.2.  Let n > 3.  Clearly eAe

satisfies the hypothesis of the proposition.  Hence by the induction hypothesis

we have gl dim eAe = 2(z2 - 2).  Since eAe      ££ eAe     ,       ,, therefore by
/       ° nn n—i,n—i J

Proposition 1.10(1), Lemma 2.2 and the induction hypothesis we have hd./. =

MeAe ̂ h = 2i~l  for   l < * < » - 2»  hdA^n-l)eA* MeAe ̂K-\ u SU^n ~3)' 1)#

Let L,=yP     . +P    and L^ = xP     ,+ P .   Then L,  and L, are isomorphic
1      '    zz-* i n ¿ n— ¿ n 12 c

to right ideals of A.   Also one can easily check that yP . t n P   = yL2 = L2

and xP _2H P   =*/_2=/_2°  Thus °y using obvious short exact sequences

and Lemma 0.6 one concludes that hdALj = hdA/  _2 + 2 = 2(zz — 2) + 1 = 2k — 3.

Hence, by Lemma 0.1, we have gl dim A > 2?z - 2 = 2(zz - 1).   But then Theorem

3.6 yields gl dim A = 2(zz - 1).  Since / = 2.,   A A.  = xR, gl dim (R/l) = 1.
* ° iPn    m   in ^

Therefore, by Lemmas 0.1, 2.2 and Proposition 2.3, we have hd /   < hd  .g J]   +

I < 2(« - 2) = 2(a — 1) 2. Hence, by Lemma 1.2 we must have hdA/„_ j =

2(« - 1)-1.  To complete the induction we show that hdA/   = 2(zz - 1)- 2.   Com-

putation shows that tffj _ j)eA + P   = J _l and (37 _ j)eA r\P   = J„•  Hence

the sequence

is exact, where 6(a) = (a, a) and <f)(b, c) = b — c.   But  hdA/  _ , = 2(zz - 1)- 1
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and hdA(j/n_ j)eA = sup (2(n - 3), 1);  therefore we must have hd /    = 2(n - l\- 2,

by Lemma 0.6.   This completes the induction and proves the proposition.

BIBLIOGRAPHY

1. M. Ausländer and O. Goldman, Maximal orders, Trans. Amer. Math. Soc. 97 (1960),

1-24.    MR 22 #8034.

2. H. Bass, Algebraic K.theory,  Benjamin, New York, 1968.    MR 40 #2736.

3. N. Bourbaki, Elements de mathématique. XXIII. Part. 1. Les structures fondamen-

tales de I analyse. Livre II: Algèbre. Chap. 8: Modules et anneaux semi-simples,

Actualités Sei. Indust., no. 1261, Hermann, Paris, 1958.    MR 20 #4576.

4. K. L. Fields, On the global dimension of residue rings, Pacifie J. Math. 32 (1970),

345-349.   MR 42 #6049.

5. Manabu Harada,   Note on the dimension of modules and algebras,  J. Inst. Polytech.

Osaka City Univ. Ser. A 7 (1956), 17-27.    MR 18, 375.

6. N. Jacobson, Structure of rings, 2nd ed., Amer. Math. Soc. Colloq. Publ., vol. 37,

Amer. Math. Soc, Providence, R. L, 1964.    MR 36 #5158.

7. A. V. Jategaonkar, Unpublished Lecture Notes, Cornell University, Ithaca, N. Y.,

1971.

8. Vasanti A. Jategaonkar, Global dimension of triangular orders over DVR, Notices

Amer. Math. Soc. 18 (1971), 626.   Abstract #71T-A106.

9.  -, Global dimension of triangular orders over a discrete valuation ring, Proc.

Amer. Math. Soc. 38 (1973), 8-14.

10.  -, Tiled orders,   Thesis, Cornell University, Ithaca, N. Y., 1973.

11. Irving Kaplansky, Fields and rings, Univ. of Chicago Press, Chicago, 111., 1969.

MR 42 #4345.

12. J. Lambek, Lectures on rings and modules, Blaisdell, Waltham, Mass., 1966.

MR 34 #5857.

13. Bruno J. Mueller, On semiperfect rings, Illinois J. Math. 14 (1970), 464—467.

MR 41 #6909.

14. Joseph J. Rotman, Notes on homological algebra. Van Nostrand Reinhold, New

York, 1968.

15. L. Silver, Noncommutative localizations and applications,  J. Algebra 7 (1967),

44-76.   MR 36 #205.

16. L. W. Small, A change of rings theorem, Proc. Amer. Math. Soc. 19 (1968), 662—

666.    MR 36 #6460.

17. R. B. Tarsey, Global dimension of orders, Trans. Amer. Math. Soc. 151 (1970),

335-340.

18. ———, Global dimension of triangular orders, Proc. Amer. Math. Soc. 28 (1971),

423-426.

19. O. Zariski and P. Samuel, Commutative algebra. Vol. II, University Series in

Higher Math., Van Nostrand, Princeton, N. J., 1960.    MR 22 #11006.

20. M. Ramaras, Maximal orders over regular local rings of dimension two, Trans.

Amer. Math. Soc. 142 (1969), 457-479.

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, ITHACA, NEW YORK 14850


