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GLOBAL DIMENSION OF TILED ORDERS OVER
COMMUTATIVE NOETHERIAN DOMAINS

BY
VASANTI A. JATEGAONKAR(1)

ABSTRACT. Let R be a commutative noetherian domain and A = (Aij) C
Mn(R ) be a tiled R-order. The main result of this paper is the following

Theorem. Let gl dim R =d <o and A a triangular tiled R-order (i.e.,
A= R whenever i s j). Then the following three conditions are equivalent:

(1) gl dim A <oo;

2 Ajia1 s R or gl dim (R/Ai,i-l) < 0o, whenever 2 si sn;

(3) gldim A sd(n — 1).

If d =1 or 2 then the upper bound in the above theorem is best possible.
We give a sufficient condition for an arbitrary tiled R-order A to be of finite
global dimension.

Introduction. Throughout this paper R denotes a commutative noetherian
domain with quotient field K. As usual, an R-order A in the 7 x #n matrix ring
M_(K) is an R-subalgebra of M_(K) which is finitely generated as an R-module
and spans Mn(K) over K. The object of this paper is to establish an intimate
connection between the finiteness of global dimension of A and the structure of
A, in case A is a tiled R-order contained in M_(R).

An R-order A in M_(K) is tiled if it contains 7 orthogonal idempotents.
Clearly A is left as well as right noetherian. A certain amount of normalization
is possible. Thus, by conjugating if necessary, we may assume that A contains
the idempotents e, 1 <i <n, where {ei’.: 1 <i, j<n} is the system of usual
matrix units in M_(K). Evidently, the (i, j)th entries of all elements of A form
a nonzero fractional R-ideal of K, which we shall denote as Aij' It is equally
clearthat RC A, A A, CA, and A=(A.). Note thatif A=(A,)CM (R),
then all Al.,. are integral and A ; = R.

The present author ([8], [9]) and independently R. B. Tarsey [18] have shown
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358 V. A. JATEGAONKAR

that if R is a discrete valuation ring (DVR) with maximal ideal m and if A =
(Aij) CM_(R) is a triangular tiled R-order (i.e., A, = R whenever i <j), then
gldim A<e if andonly if mCA, ;_, forall i. The present author ([8], [9])
gave a sharp upper bound, viz., n - 1, on their global dimension. The main
result (Theorem 3.6) shows that these results can be retained in a suitably modi-
fied form even when R is an arbitrary noetherian domain of finite global dimension.
The sufficient condition for finiteness of gl dim A, obtained in §2, is of inde-
pendent interest (Theorem 2.7).

Several results from this paper will be needed in the sequel in which we
investigate global dimension of arbitrary tiled orders over a DVR.

We now state some known results which will be needed in the following sections.

Lemma 0.1. If S is aring and S is not semisimple, then

rgldimS=1+ sl;p {hdglt,

where the supremum is taken over all right ideals of S.
Proof. See [14, p. 178, Theorem 9.14].

Lemma 0.2. Let S be any commutative ring, A a right noetherian S-algebra.
Then

rgldimA=suprgldim(A ® S)),
m s

where M runs through all maximal ideals of S.

Proof. See [1, Corollary to Proposition 2.6].

Lemma 0.3, Let S be any ring, | a two-sided ideal which is projective as a
left S-module, and 1" = I"*! for some integer n> 1. If 1 gl dim S < oo, then
1 gl dim (S/1) < eo.

Proof. See [4, Theorem 1].

Lemma 0.4. If S is a right noetherian ring and | is any two-sided ideal con-
tained in the Jacobson radical J(S) of S, then rgl dim S < lwdg(S/D) +
r gl dim (S/1), where lwd denotes left weak dimension.

Proof. [16, Theorem 1].

Lemma 0.5. Let S be any ring and e an idempotent in S. If lwd g eS =0,
then for every right eSe-module N, we have hdg(N ®,¢, eS) =hd ¢ N; further-
more, r gl dim eSe <r gl dim S.

Proof. See [5, Proposition 15, Theorem 7).
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Lemma 0.6, Let S be any ring. Let
0—B—=A-.C-0

be a short exact sequence of right S-modules. Then:

(1) If two of the dimensions hdSA, hdSB, hdsC, are finite, then so is the
third,

(2) If hdgA > hd¢B, then hdC = hd¢A.

(3) If hdgA < hdgB, then hdgC = 1 + hd¢B.

(4) If hdgA = hd¢B, then hd;C <1 + hd¢B.

Proof. See [11, p. 169, Theorem 2].

Lemma 0.7, Let S be a ring and x a central nonzero divisor in S. Write
$*=$/(x). Let A be a nonzero S™module with hd_, A <eo. Then hdsA =
hd .+ A + 1. ’

Proof. See [11, p. 172, Theorem 3].

Lemma 0.8. Let S be a right noetherian ring and x a central element in the
Jacobson radical J(S) of S. Let A be a finitely generated right S-module. If x
is a nonzero divisor on both S and A, then hdS*(A/Ax) = hdgA, where $*= S/(x).

Proof. See [11, p. 178, Theorem 9].

Lemma 0.9. Let R be a regular local ring with maximal ideal m. Let I be
a nonzero proper ideal of R. Then, gl dim(R/I) <eo if and only if I =(x,, x,,

ceey xs), where the x; form a part of an R-sequence generating m.

Proof. See [11, p. 184, Theorem 13], [19, p. 303, Theorem 26].

Lemma 0.10. Let R be a regular local ring of dimension d. Let | be a
proper nonzero ideal of R. If gl dim(R/I) < oo, then gl dim(R/I) <d - 1.

Proof. Follows easily from Lemma 0.9.

1. Preliminaries. In this paper all rings are associative and have unit ele-
ment, all modules are unitary. J(S) will denote the Jacobson radical of the ring
S. By a principal right (left) projective of S we will mean a right (left) ideal of
§ generated by an indecomposable idempotent of S. If m is a maximal ideal of
S, then S, will denotc‘e the localization of $ at m. If M is an S-module, then
hd¢M will denote the projective dimension of M. If § is noetherian, then the
right and the left global dimensions of § are equal and this common value will
be denoted by gl dim S. Maod-S (S-Mad) will denote the category of right (left)
S-modules. Throughout this paper R will denote a commutative noetherian domain.



360 V. A. JATEGAONKAR

Lemma 1.1. Let S be any ring. Let M, uy<i<u,, and Ni, u+1<i<u,
be two families of right S-modules. Assume that

1) N, is projective for all i,

(2) Njyy + M;=M;y, for uy<i<u,-1,

3) Ni+l N Mi aM'. for u  <igu,- 1,
Then hdM; ShdsM“l +i-u, foruy <iLu,.

Proof. Follows easily from Lemma 0.6 and by induction.

Lemma 1.2. Let R be a commutative, noetherian local domain and let A be
a tiled R-order in M"(K), where K is the quotient field of R. Then gl dim A =
1.+hd,J(A).

Proof. See Corollary 4.6 of [15].
The next lemma is a very handy tool in computation of the Jacobson radical
J(S) of the ring S containing a finite set of orthogonal idempotents with sum 1 [7].

Lemma 1.3. Let S be any ring and let {e;: 1 <i < n} be a finite set of
orthogonal idempotents in S with sum 1. Let H, = {eise’.: e;seSe, C J(eSe )k
Then H:‘i = ](eiSei) =J() n el.Sei = ei](S)ei and ](S) = ®i.j Hij'

Proof. First we show that X, . H . CJ(S). Let e ;s¢; be in H,.. By Propo-
sition 3 of [12, p. 57] it is enough to show that, for all r m S, 1- e Sejr is
right invertible in S. Since e lseiSei cJ (eiSei), therefore by the same Proposition
we have e ze; in eSe; such that

(e ;- eise].rei)(ei - eizei) =e,

Hence e Sejreze;=e Seze; +eze,. Consequently, (1- ese; rei)(l - eizel.) = 1. Now,

(1 -e.se:)(l —e.ze) l-egze ~ese r(
k=l

)(l-e.ze)

-(l—e.ze)—esefe(l—eze)- Zese rek(l-eze)
i b
=1-) esere,.
ki

However, since the e ’s are orthogonal, it is immediate that

(l - kE’h ese. rek) (l + z e.sejrek) =1.

Hence 1 - e se. i is right invertible in S. Thus 2 H i S J(S). Next we prove
the assertion about H . It is easy to see that ](e Se J=H,C J(§) neSe, =
eJ(S)e,. Let ese, be ine] (S)e’ which is contamed in ](S) Hence there is an
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r in S such that (1 - S€ )(1 - 7) = 1; multiplying on both sides by e, we get
(e -ese)e, ~ere)=e;. Therefore e,](S)e, C J(eSe), by Theorem 1 of [6,
p- 9.

Ve now finish the proof of the lemma by showing that J(S) C 2, i j Hije Let
s € J(S). Then e Se; € J(S) for all i, j. Hence e ;5¢;5e; C](S) Ne Se
J(eSe). Thus ese’ isin H forall i, j. Since zk’l B = thetefore
s= Em e;se; € 3, i Hii That the sum is direct is obvious.

Corollary 1.4. Let e be an idempotent in a ring S. Then ](eSe) = eJ(S)e =
J(S) N eSe.

Definition 1.5. Let A = (Aij) € M_(R) be a tiled R-order. Then A is called
reduced if AiiAji & R whenever i £ j; equivalently, Aij &R or Aji & R when-
ever i £].

Lemma 1.6, Let A= (Aij) C Mn(R), r= (Fij) C Mn(R) be two tiled R-orders.
Then

(1) A is reduced if and only if eiiA & eﬁA as right A-modules, whenever
ifj.

(2) If R is a local domain, A is reduced, and if A and T" are isomorpbic as
rings, then I is also reduced.

Proof. (1) If A is not reduced then Aij =R = Aii for some i #j. Since
A 2/\ A A DA;zAzl =A, ;1> therefore Ail = Ail forall 1 <I<n Hence
e; A ae ]A

Conversely, assume that e A e, .A as nght A-modules for some i £ j.
Let 0: ¢, A —e A be an 1somorph1sm. Since e =e;, Ole,)= 0(e2) =ble;)e;,
€e, Aeu, so that 6(e,) = ae_; for some unit a in R Hence we have e, A=
0(e )A ae A, This yxelds A] =Aa=A, for 1<I<n Inparicular A =
Aii =R= A,',' = A'.J. . Thus A is not reduced.

(2) Since R is local, the e,’s are local idempotents. Hence, if 6: A = T°
is a ring isomorphism, then by Proposition 3 of [12, p. 77] we may assume that
Be,;) = en(iy miy» Where 7 is a permutation of the numbers from 1 to n. If T’
is not reduced, then, by (1), we have e I' & e"l" as right I'-modules for some
i £ j. From this, one at once gets that e "A e, A as right A-modules, where
1=7"Y) and k=7"1(j). Thus A is not reduced.

Lemma 1.7. Let A=(A;)CM (R) be areduced tiled R-order. Then there
exist natural numbers k, 1 <n such that A, #R forall i £k and Ali #R for
all i £1.

Proof. We shall prove the existence of k. The proof for the existence of /
is similar. We use induction on n. For » = 2, the assertion is trivial, since
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Alz &R or A21 G R. Leen>3. If Ain # R whenever i £ n, then we are done.
Suppose that A].n =R for some j<n - 1. Observe that eAe is also a reduced
tiled R-order contained in M__,(R), where e = 2"- 1 ¢;;- Hence by the induction
hypothesis there is k < 7 such that AL #R whcnever i ;é k, n. To complete the
induction we show that A  #R. If j=k, then A , = Ani #R, since A is
reduced, and we are done. If j £ &, then A}.,c #Rasj<n-1. If A, =R, then
1\,.1e =R, as A’.,e B} /\,.”An,e =R. Thus A , #R. This completes the induction
and completes the proof of the lemma.

Definition 1.8, Let A= (Aii) CM_(R) be atiled R-order. A is called a
(super) triangular tiled R-order if Ai;‘ = R whenever i <j.

The next proposition gives a necessary condition for a reduced tiled R-order
A=A, ) CM_(R), R a commutative noetherian local domain with quotient field
K, to be conjugate to a triangular tiled R-order in M_(K).

Let A=(A, ) CM_(R) be a tiled R-order over a commutative noetherian local
domain R with maxxmal ideal m. Let A= (A;;/A,m), where the multiplication
in A is induced from that in A, i.e., if ()ti’.), (Ai'j) € (Aii) then
()\ + A m)(/\f +A,; m) (2722 ik)ij + Ai].m). Then A is a finite dimensional
R/m-algebra wh1ch is naturally isomorphic with A/Am as an R/m-algebra. Also,
if A is reduced then, by Lemma 1.3, | (A) is obtained from A be replacing the
diagonal entries R/m by zero. If M is a finitely generated right A-module then
by Exercise 29 of [4, p. 80], we have J(M) =M J(R), where J(M) is the intersect-
tion of all_maximal submodules of M. Let € . denote the indecomposable idem-
potent in A with 1 at the (i, i)th place and zero elsewhere.

Proposition 1.9. Let A=(A;) CM (R) be a reduced tiled R-order over a
commutative noetherian local domain R with maximal ideal m and quotient field
K. Let P =€, K 1<i<n Assume that. A is conjugate to a triangular tiled

R-order F (l"U) _C_Mn(R), ive., N=ul'u™! for some unit u in M (K) Then,
for some j<n,

) P, 2PJMRP M) 2...2 P R 2P "R =0

is a composition series of P’. considered as a right A-module.

Proof. Let T' = (T, /T m), and let / ; denote the indecomposable idempo-
tent in I with 1 at the (z, z)th place and zero elsewhere. Let Q / l" 1<
i <n. Then Pi and Qi , 1 <i<n, are, up to isomorphism, the only pnncxpal
right projectives of Aand T respectively. Since A and I'" are R-isomorphic,
A and T are isomorphic as R/m-algebras. Hence to prove the proposition it is
enough to show that Ql satisfies the condition (*).

By Lemma 1.6(2) we have that I" is reduced, so that Fii =R for i<j,
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and Fij Cm for i >j. Also, by Lemma 1.3 we have ] (D) is obtained from T by
replacing the diagonal entries R/m by zero. Since the multiplication in Tis
induced from that in I", it follows that for i > j we have

(T, /Ty m - T, /T, m)=0 ia (T /T m)=R/m,
and for i <] we have
(T,/Ty m) « (O /T, m) = (T, /T, m)= R/m.
Now a direct computation shows that
0,20,/M20,/AD2---20,J~2g,/"M=0

is a composition series of Ql as a right T-module. This completes the proof.
Let A=(A, )C M_(R) be a tiled R-order. Let e = 2"‘1 e,;- Then ele
is a tiled R-ordet in M 1(R). We shall treat eAe as thc (n - D x(n=1) tiled
R-order in M__,(R) or the top (n-1) x (n - 1) corner interchangeably. Let
P,=e, A and ] =e, J(A) for 1<i<n Let F: Mad-A — Mad-eAe and G:
Wod-e/\e e )T(od A be the functors defined by M = Me and GN = N ®,,. A
Then by Lemma 1.3 and Corollary 1.4 we have J(eAe) is canonically isomorphic
to e?;l ¥ ;- Since Ae is a projective left A-module and since M ®, Ae = Me
under the isomorphism m ® e > me, the functor ¥ is naturally equivalent to the
functor ‘®A Ae, and therefore is exact and additive. Also, since eA @, Ae =
eMe [2, p. 681, the functors F§ and ly  d.epe are naturally equivalent. Further-
more, if eAe__ is a projective left eAe-module, then eA = eAe ®ele, isa
progenerator in eAe-Mod, and therefore the functor § is exact and additive; also
by Lemma 0.5 we have, for every right eAe-module N, hdAgN =hd_, N and
gl dim eAe < gl dim A. Thus we have the following proposition.

Proposition 1.10. Let R be a commutative noetherian domain. Let A =
(Ai].) CM_(R) be a tiled R-order. Let e = E;‘;; e;;- If ehe,  is aprojective
left eNe-module, then

(1) F and § are exact, additive functors; the [unctors G and lyodere
are naturally equivalent; eA is a progenerator in eAe-Naod; J(eAe) is canoni-
cally isomorphic with ! 3]

(2) For every right eAe-module N, hd GN = hd_, N; and gl dim eMe < gl dim A.

We conclude this section with a few remarks.

Remark 1. If R is a local domain then A = (Ai ’.) is a semiperfect ring, by
Theorem 1 of [13]. Hence by using Proposition 3 of [12, p. 77] one can easily
show that e ;A(Ae;,), 1 <i <n, are, up to isomorphism, the only principal right
(left) projectives of A. Thus, by Theorem 2 of [13] or otherwise, every finitely
generated indecomposable right (left) A-module is isomorphic to e, A (Ae;;) for some i.
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Remark 2. If R is a local domain and if A = (Aij) is reduced, then, by
Lemma 1.3, J(A) is obtained from A by replacing the diagonal entries R by m,
the unique maximal ideal of R.

Remark 3. If A = E;‘.l Ru; is a free left R-module on the basis u, u,, -++5u,
then 4 is a right M _(R)-module naturally. Since A= (Aii) CM_(R) is a subring
of M"(R), this Mn(R)-module structure induces an (R - A)-bimodule structure on
A. Further, if B is a nonzero A-submodule of A, then B = E:.’.l Bu,, where
Bi’s are nonzero ideals of R. Hence A is uniform as a right A-module, i.e., if
B and C are nonzero A-submodules of A, then BN C £ 0. Further, B and xB
are isomorphic as A-modules whenever 0 # x € R. Also, a nonzero A-module
B =327, B, of A isisomorphic to e, A for some k <7 if and only if for some
04 x in R we have B;=xA,, for 1 <i<n Similar results are true for a free right
R-module of rank n.

Remark 4. Let A be as in Remark 3. Then P, =e, lJ\, 1<i<mn, canbe
identified with a A-submodule of A. This identification makes expressions like
P, + P,.. P, NP, unambiguous. In later sections without mentioning this identi-
fication we will use expressions like P, + P].. P.n Pj, etc.

2. A sufficient condition. From now on R will always denote a commutative
noetherian domain with the quotient field K. Furthermore, if R is local then m
will always denote the unique maximal ideal of R. We will always assume that a
tiled R-order A = (Aij) in M_(K) is contained in M (R). We reserve e for the

idempotent 2;‘;} e,,»and P, = e\ ], = e;J(A), 1<i<n.

Lemma 2.1. Let A=(A,) CM (R) be a tiled R-order, where R is a local
domain. Then,

(1) eAe,, is a projective left eAe-module if and only if ehe, xele,, in
eAeMaod for some natural number k sn

(2) ele,, = ele,, in eAe-Nad for some k < n if and only if there exists
0#a in R such that Ain=Aika for 1<i<m-1.

Proof. Follows easily from Remarks 1 and 3 at the end of §l.

Lemma 2.2, Let A= (Aij) CM_(R) be a reduced tiled R-order over a local
domain R. By Lemma 2.1(1) if eAe, is a projective left elAe-module, then there
exists a natural number k S n such that ehe & ele,, as left eMe-modules.
Further,

(1) hd,J, =hd,, F], for 1<i<n-1, i#k

(2) hdy(F] JeA =hd_, F], for i =n, k.

3 ¥ , is isomorpbic to a right ideal of ele.
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Proof. By Lemma 2.1(2) we have 0 £a in R suchthat A, =A_.a for
1<i<n-1. Therefore A, =Ra and aA ,=A, A .CA,, for 1<i<n By
Remark 2 at the end of §1, J(A) is obtained from A by replacing the diagonal
entries R by m. It follows that 6: FJ — Ip i defined by 6(x) = ae, x is a
monomorphism in Mad-eAe. This proves (3). Since eA = eAe ®ele,  is apro-
jective left eAe-module and since FJ ;» 1 £i<n, is isomorphic to a right ideal of
ele, therefore the sequence 0 -3 i ®he e\ —ele ®,4c el is exact. This
yields §FJ, & (F] JeA, so that bd,(¥] JeA =bd,GF] =hd,, F],, for 1 <i<n,
by Proposition 1.10(2). By using matrix multiplication one can easily check that
& i)eA =], for i £ n, k. This completes the proof of the lemma.

Proposition 2.3. Let R be a local domain. Let A=(A.)CM (R) be a
reduced tiled R-order. Assume that ele,  is a projective left eAe-module and that
gl dim eAe < oo, Set I = 2 A A, If gldim (R/]) <, then
(1) bd,J, <hd,, F], + gl dim (R/D).

(2) gl dim eAe < gl dim A < gl dim eAe + gl dim (R/]) + 1.

Proof. Since A is reduced and R is local, I Cm. Also, J(A) is obtained
from A by replacing the diagonal entries R by m. Let gl dim eAe = @ <o and
gl dim (R/I) = B < . By Lemma 2.1 we have a natural number k& $n and 0 fa
in R suchthat A, = A, a for 1 <i<n-1. Hence by Proposition 1.10(2),
Lemma 2.2 and Lemma 0.1 we have

gl dim eAe < gl dim A,
hd,J. <a=1 for i#n,k,
hd,FJJeA=hd , FJ. <a=1 for i=n, k.

Since A A, =A A aCma for i £k, n, therefore by using matrix multipli-
cations one shows that (¥ JJeA is obtained from J by replacing the (n, n)th
entry m by I and that (F] wJeA is obtained from J, by replacing the (k, n)th
entry Ra by ma. Since aA ,=RaA ;=A, A . CA, andahA  =A A, Cm,
therefore we have

(F1)eN) +aP, =], and ((F])eN) naP =a], =],

From this we get a short exact sequence

(*) 0—af, 4 (F])eN) @ aP, 2 J,—0

where 6(b) = (b, b) and ¢(c, ¢') =c = ¢'. We now determine an upper bound on
hd,],. As observed before I Cm. If I =m, then B=0 and (FJ n)eA =], so
that hd,J, =hd,,, F], <a -1 Since hd)(F] )eA < a -1, therefore from the
short exact sequence (#*) and Lemma 0.6 we have hd,J, < a. Hence by Lemma 1.2
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we have gl dim A < a + 1. Now assume that I & m. Since gl dim (R/I) =B < oo
and R is local, therefore R = R/I is a regular locél ring of dimension 3 £ 0 and
having the unique maximal ideal M = m/I. Hence T = Eiﬁ,l x i.ﬁ for some R-
sequence ;l’ ey ;ﬁ' This yields m =1+ Egl xiR, and

V-1 v-1
(#) van<l+inR>=xv(l+z xiR>, 1<v<pB.

i=1 i=1

Set E0=(3'.]")e/\, and for 1 <v < B set
E,=xP, +%, (P +-+xP +Eg=xP +E, ;.

It follows that Eﬁ =], By using (#) one gets that E.P NE, ,=xF, , &
E,_,, by Remarks 3 and 4 of $1. Hence the two families E,, 0 <v < f3, and
x,P., 1 <v <P, satisfy the hypothesis of Lemma 1.1. Therefore hd,J = hd,E )
<hdyE; +B<a-1+f. Since hdA(?]k)eA < a -1, therefore from the short
exact sequence (*) and Lemma 0.6 we get hd,J, <a +fB. Thus gldimA<a +
B +1, by Lemma 1.2. That gl dim eAe < gl dim A follows from Proposition 1.10(2).
This completes the proof of the proposition.

Corollary 2.4. Let R be a local domain. Let A =(A.)CM (R) be a reduced
tiled R-order. Assume that e/\enn and enn/\e are projective left and right eAe-
modules. If gl dim eAe = a < o and gl dim (R/I) = B < =, where I = Ei"nl\nil\m,
then

(1) hd,J, < B-

(2) a<gldimA<sup(B+1, a-1)+1.

Proof. As ff]n =] ,e = e, Ae, (1) follows from Proposition 2.3(1). To prove
(2) we use notations of the proof of Proposition 2.3(1). By Lemma 2.2 we have
hdyJ;<a -1 for i#n, &, and hdy(FJ JeA<a - 1. If hdy(FJJeA > hd, ] then,
by using the short exact sequence (*) of Proposition 2.3 and Lemma 0.6, one gets
that hd,J, = hdA(ff]h)eA <a-1; and if hdA(g"]k)eA <hd,J,, then hd,J, <1+
hd,J_ <1+ B. Thus hd,J(A) < sup(B + 1, a - 1). Now Lemma 1.2 and Proposi-
tion 1.10(2) complete the proof of the corollary.

In the next theorem we give a sufficient condition for a tiled R-order A =
(Aij) CM_(R), R alocal domain, to be of finite global dimension, and in Theorem
2.7 we remove the hypothesis that R is local.

Theorem 2.5. Let R be a commutative noetherian local domain with maximal
ideal m. Let A= (Aii) CM_(R) be a tiled R-order. Let e = 2;’;} e,;- I ehe,
is a projective left eAe-module, then the following conditions are equivalent:

(1) gl dim A < o,

(2) gl dim eAe <o and if 1 =%

n

A A then I =R or gl dim (R/I) < .

ign " nt in
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Furthermore, if these conditions bold, then gl dim eAe < gl dim A < gl dim eAe
+ gl dim (R/I) + 1, where if I =R, then for the purpose of this theorem we set
gldim (R/I)=-1.

Proof. By Lemma 2.1 we have a natural number k <nand 0 #a in R such
that A, = Aika for 1<i<n-1. Hence I=3%, A A =A  a Since R isa
local ring, I = R if and only if Ani =R = A’.n for some | # n. Hence, if A is
reduced, then I & R. We now prove (1) =(2). By Proposition 1.10(2) we have
gl dim eAe < gl dim A <eo. If I =R, then we are done. So assume that A ,a =
I GR. Let a be obtained from A by replacing the (n, n)th entry R by I. One
can easily check that a is a two-sided ideal of A and that a® = a. Since
a=®’:.:ll Ae,, ® Ae,,a, a is a projectvie left A-module. Hence, by Lemma 0.3,
gl dim A/a < e. Obviously, the map 0: A/a —R/I defined by 6(A,) + a=2_
+1 is aring isomorphism. Hence gl dim (R/]) < oo.

We now prove (2) = (1) by using induction on n. Let n=2. Then eAe =R,
so that gl dim R = gl dim eAe <. If A is not reduced, then A =M, (R), and A
and R are Morita equivalent. This yields gl .dim R = gl dim A <oco. If A is re-
duced, then the theorem follows from Proposition 2.3. Let n > 3. Again if A is
reduced, then the theorem follows from Proposition 2.3. So assume that A is not
reduced. In that case we have natural numbers s </ <7 such that A =R=A,.
But then A_, DA A=A DA A=A, sothat A_,=A) for 1<i<m
Similarly A, =A;; for 1<i<n If I=n, then A and eAe are Morita equivalent
and therefore gl dim A = gl dim eAe < o. If I S n, then consider T', the tiled
R-order obtained from A by deleting the Ith row and the I/th column. Clearly,

F'cM _ (R), and A and T" are Morita equivalent. Let /=2i;én;i;él e;;- Then ele
and [T/ are Morita equivalent. Further fT'e  is a projective left [I'f-module, by
Lemma 2.1 applied to I'. Also, /=%, dnsid] A_A,,. Hence by the induction
hypothesis we have gl dim I < o, and gl dim [I'f < gl dim I" < gl dim fT'f +

gl dim (R/I) + 1. Since gl dim fT'f = gl dim eAe and gl dim I" = gl dim A, the in-
duction is complete. This completes the proof of the theorem.

Lemma 2.6. Let R be a commutative noetherian domain. Let | be a nonzero
proper ideal of R. Assume that gl dim (R /I,) <o for all maximal ideals m of R
contgining 1. Then we have:

(1) If gl dim R = d < oo, then gl dim (R/D) <d-1.

(2) If 1is contained in only finitely many maximal ideals of R, then
gl dim (R/I) < oo.

Proof. Let & be the set of all maximal ideals m of R containing I. Let
R = R/l. By Lemma 0.2 we have gl dim R, < gl dim R forall m in S and
gl dim R-= SUPp s 8l dim ﬁﬁ, where m = m/I. It is easy to see that if m is in S,
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then I is a nonzero proper ideal of R, and ﬁ'ﬁl &R, /I,. Thus (2) is obvious
and (1) follows from 0.10 applied to Ry,

Theorem 2.7. Let R be a commutative noetherian domain. Let A = (Aij) c
M_(R) be a tiled R-order. Assume that eMe,  is a projective left eAe-module.
Let =2, A A, . If gldim R <o orif I is contained in only finitely many
maximal ideals of R, then the following conditions are equivalent:

(1) gl dim A< o,

(2) gl dim eAe <o, I =R or gl dim (R/I) < oo.

If these conditions bold then we have
gl dim eAe < gl dim A < gl dim eAe + gl dim(R,'D + 1,
where, if 1 =R, then for the purpose of this theorem we set gl dim (R/D=-=1.

Proof. The proof follows easily from the familiar localization, Lemmas 0.2,
2.6 and Theorem 2.5.
We conclude this section with the following proposition.

Proposition 2.8. Let A=(A;)C M_(R) be a triangular tiled R-order over a
commutative noetberian domain R. If gl dim A < oo, then gl dim R < oo.

Proof. Since A is a triangular tiled R-order, Ai. =R for i <j. Therefore
ele,  is a projective left eMe-module and eAe CM__(R) is a triangular tiled
R-order. Hence by Proposition 1.10(2) we have gldim elAe < oo. Applying this
argument successively we conclude that gl dim R <. This completes the proof.

In the next section we characterize triangular tiled R-orders of finite global
dimension, where R is a commutative noetherian domain of finite global dimension.

3. Main theorem. In this section we investigate the global dimension of a
tiled R-order A CM_(R) over a commutative noetherian domain R of finite global
dimension. In view of Lemma 0.2, the main case we have to deal with is when R
is a regular local ring. In the first half of this section we derive some of the
properties of a tiled R-order over a regular local ring R. We recall that when R
is a local ring, then the maximal ideal is denoted by m.

Lemma 3.1. Let R be a regular local ring of dimension d and let A = (Aii)
CM_(R) be a tiled R-order. Then, gl dim A>d.

Proof. Let A =37_ Ru, be a free left R-module on the basis u,, uy, *++, u,.
Treat A as a right A-module naturally. Let hdyA = a. If a = e, then we are
done. So assume that a <. Let m be generated by an R-sequence Xy, X,5 «+°»
Xy, ie., M= E‘Z,l xR. Let X,=diag x;, 1 <i<d. Then the matrices X are
nonzero divisors in A and are contained in J(A), by Lemma 1.3. Furthermore,
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X, is a nonzero divisor on the right A-module A/E;:: { AX;. Since hdjA = a < e,
hdy(A/AX,) = a + 1, by Lemmas 0.7 and 0.8. An easy induction shows that
hd A(A/E;.i.l AX’.) = a +d. This completes the proof of the lemma,

Remark. The techniques of the proof of the above lemma are similar to those
used in the proof of Theorem 14 of [17]. The above lemma also follows from
Corollary 3.2 of [20], but our proof is elementary. The notations established in
Lemma 3.1 will be needed in the proof of Theorem 3.4 of this paper.

Lemma 3.2. Let A =(A;) CM (R) be a reduced triangular tiled R-order,
where R is a regular local ring of dimension d. Let m be generated by an R-
sequence Xy, Xy, +vvy X o Assume that AI.,. =x,R whenever i =n or n-1 and
i>jo Then hd,J,<d =1 for i=n~1, n. Hence, if n=2, then gl dim A =d,
and if d =2, then hd,J ;=1 for i=n-1,n.

Proof. Since A is reduced, J(A) is obtained from A by replacing the diagonal
entries R by m. Set E\ =P and E, =x P _,+%, P _,+.cc+x,P _,+P_
for 2<v<d. Then E;=], _, and E,=x,P _,+E,_,. Since x;,---,x, is
an R-sequence, therefore x, R N 2:';{ xR=x, 2;’:% xR for 2<v<d. It
follows that x,P,_, NE, ,=x,E, , &E, | for 2<v<d. Since dE, =0,
therefore Lemma 1.1, applied to the two families E,,, 1 <v<d, and x,,P,_,,
2<v<d, of right A-modules, yields hdyJ,_, =hdyE, <d - 1. Similarly to show
that hd, J <d-1, set Fi=x,P, and F = van +eeo+%,P +x,P, for
2<v<d. Then F,=x,P +F, , and F,=] . An argument similar to the
above shows that hd, J < d - 1. It is easy to see that when d = 2, J,-1 and ]"
are not projective right A-modules. Therefore we must have hd,J. =1 for
i=n-1 and n. The remaining assertion follows from Lemmas 1.2 and 3.1.

This completes the proof.

Proposition 8.3, Let A=(A,)CM (R) be a tiled R-order, where R is a
regular local ring of dimension d, with the unique maximal ideal m generated by
an R-sequence x,, %,y +++, X Assume that Al,.= R forall j and Aii =x,R or
R whenever i £1 or i £j. Then:

(1) gl dim A <d(n-1).

(2 If A,; = x,R whenever ifjand i£1, then gldim A<d +1.

(3) If A is a triangular tiled R-order then gl dim A = d.

Proof. First consider the case n=2. If A is reduced then gl dim A = d, by
Lemma 3.2. If A is not reduced then A = M,(R), so that gl dim A =d = gl dim R.
Thus, all the assertions ate true for 7 = 2.

We now prove (3) by using induction on n. Let 2> 3. If A is not reduced
then A is Morita equivalent to a triangular tiled R-order in M__ 1(R) satisfying
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the hypothesis of the proposition. Hence by the induction hypothesis we have
gldim A =d. Now assume that A is reduced. Since A is a triangular tiled

R-order eAe, = ele , as left eAe-modules. Also, eAe CM__,(R) satis-

fies the hypothesis ofnth:;roposition. Hence by Lemmas 1.2, 2.2 and the induc-
tion hypothesis we have hd,J, < d-1 for i<n-2. Also, by Lemma 3.2 we have
hd,J,<d -1 for i =n -1, n. Thus by Lemmas 1.2 and 3.1 we have gl dim A =d.
This completes the induction.

We now prove (1) and (2) simultaneously by using induction on n. Let »> 3.
First assume that A is reduced. Since Alj =R for all j, therefore by Lemma 1.7
we have a natural number /> 1 such that A, # R whenever i # I, so that
Al =x,R for i £ 1. Since the global dxmensxon of a ring is 1somorphxsm invariant,
we may assume that /= 2. Let y =(y, ) be in M_(K), where y,, = x7 L ¥y1=1

vy fori>3,y,. = 0 otherwise. Let F r, ]) yAy=!. Computation shows
that I . j=R forall j; r i =R for j>2; [, =xA,, for i>2 T, = xR for
i>3 F = A,; otherwise. Hence I'= I, )C M (R) is a tiled R-order and
e, e’ m a pro;ecnve right e'T'e’-module, where e' =37, e, . Further,

"=3,,, T, T, =xR, sothat gldim (R/I') =d - 1 <eo. Clearly e'Te’' C

_1(R) satisfies the hypothesis of the proposition in cases (1) and (2). We now
complete the proof of (1). By the induction hypothesis gl dim e'Te’ <d(n - 2);
hence by the analogue of Theorem 2.5 we have gl dim ' <d(n - 2) + d = d(n - 1).
Since A and T are conjugate, gl dim A <d(n — 1). For (2) we observe that by
the hypothesis we have A, = xR forall i >3. Thus I';) =T',,x, for i>2.
Hence by Lemma 2.1 (rather, its analogue), we have that e'l"ell is a projective
left e'T'e’-module. Therefore by the analogue of Corollary 2.4 and the induction

hypothesis we have
gldimI'<sup(@-1+1,d+1-1)+1=d+1.

Thus gl dim A=gldim ' <d + 1.

For the case A is not reduced, the argument is similar to the case (3) and
we leave it to the reader. This completes the induction and the proof of the
proposition too.

The author is thankful to the referee for suggesting the following corollary.

Corollary 3.4. Let R be a regular local ring of dimension d, A a triangular
tiled R-order satisfying the bypothesis of Proposition 3.3. Then each finitely
generated R-free A-module is projective.

Proof. Follows from Proposition 3.3 of this paper and Proposition 3.5 of [20].

Theorem 3.5. Let R be a commutative noetherian domain of global dimension
d <. Let I be a nonzero proper ideal of R such that gl dim (R/I) <oco. Let
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A= (Aij) CM_(R) be a tiled R-order. Assume that Alj =R forall j and Aii =1
or R whenever i £j and i £ 1. Then:

(1) gl dim A < dlz - 1).

2) If A is a triangular tiled R-order, then gl dim A = d.

3 If Aij =1 whenever i £j and i £1, then gl dim A <d + 1. Furthermore,
if R is local, I =J(R) and n >3, then gl dim A=d + 1.

(4) If n>4, R is local and if Aij =1 whenever i £j and i £ 1, then A is
not conjugate to a triangular tiled R- order.

Proof. Since gl dim R =d, gl dim R, <d for all maximal ideals m of R
with equality occurring for at least one m. By Lemma 0.2 we have gl dim A =
sup,, gl dim A, where the supremum is taken over all maximal ideals m of R.
If IZm, then I, =Ry, and therefore A =M (R ). Thusif I £ m, then
gldim A, =gl dim R,. If I Cm, then gl dim (R, /I ) < gl dim (R/I) <. Thus
to prove the theorem we may assume that R is a regular local ring of dimension
d with maximal ideal m. But then, by Lemma 0.9, we have an R-sequence
Xy, X5y ==+, %, such that [ = 2':.",1 xR, p>1, and m= Efﬂ xR, Also, we have
that R/(x) is a regular local ring of dimension -1 and x, + (x#), 1<i<d,
i#p, is an R/(x )-sequence generating the maximal ideal of R/ (x,u_). Set
a=(a;)CA, where a ;= (x,) for 1<i, j<n Clearly a is a two-sided ideal
contained in J(A) and is projective as a right A-module. Hence, by Lemma 0.4,
we have

## gldim A<1 +gldim A/a.

It is easy to see that A/a is isomorphic to a tiled R/(x #_)-order ‘(Aii/(x #)) C
M_(R/(x,)). We now prove (1), (2) and the first part of (3) simultaneously by
using induction on p. For p =1 the assertions follow from Proposition 3.3. Let
{t> 2. By the induction hypothesis we have

gldim (A/@) <(d-1(n-1) in case (1),
—d-1 in case (2),
<d in case (3).

The assertions now follow from (# #) and Lemma 3.1.

We now prove the remaining part of (3). Since A is reduced, J(A) is obtained
from A by replacing the diagonal entries R by m. Hence, for i >2, ], &
Ef,l P X, as right A-modules, where X, = diag x;. Since P, is projective and
is isomorphic to A, where A is a defined in Lemma 3.1, we have
hdA(P l/2‘:,1 PIXI.) =d. Hence hd,J, = d ~ 1 whenever i > 2. To complete the
proof we show that hd, ], = d, since then by Lemma 1.2 we have gldimA=d+1.,
Set E,=P,+P;+...+ P, for 2<v<n Then, since n>3, E =]} also



372 V. A. JATEGAONKAR

for 3<v<n we have E,=E,_,+P,, E, NP, X], and E, is not projec-
tive as a right A-module. Hence, using short exact sequences, induction and
Lemma 0.6, one gets that hdyE,, =d for v> 3. Thus hd J, =d.

Lastly we prove (4). Let n>4. Let A, 'F_" = ;iiK’ 1<i<n, be as in Propo-
sition 1.9. Since A is reduced, by Lemma 1.3, | (A) is obtained from A by re-
placing the diagonal entries R/m by zero. Computation shows that E J*M) =0
for 1 <i<n Since n >4, therefore none of l—’, satisfies the condition (*) of
Proposition 1.9. Thus, by the same proposition, A is not conjugate to a triangular
tiled R-order.

Remark 1. The assertion (2) in the above theorem is a generalization of
Theorem 14 of [17].

Remark 2. The assertion (4) in the above theorem is not true in general when
n<4. Forif n=2, then A is itself a triangular tiled R-order; and if » =3 and

I = xR is a principal ideal, then yAy~!

is a triangular tiled R-order, where y =
(yij) is in M;(K), with y,, =x" ] Y21 =Y33=1 and y;; =0 otherwise.
The next theorem characterizes triangular tiled R-orders of finite global

dimension over a commutative noetherian domain R of finite global dimension.

Theorem 3.6, Let R be a commutative noetherian domain of global dimension
d <. Then the following three conditions on a triangular tiled R-order A = (I\ )
CM_(R) are equivalent:

(1) gl dim A < oo,

A, y=RorgldimR/A, ; )< for 2<i<n

3) gl dxm A<d(n-1).

Proof. First we note that ele,  is a projective left eAe-module, and since
A=A A 1 CA, .y forién wehave I=2,, A A -A _ . Venow
prove (1) = (2) by using an induction on n. If n = 2, then the assertion follows
from Theorem 2.7. Let n > 3. Again by the same theorem we have gl dim eAe < oo,
and A, _, =R or gldim (R/A ”_l) < o. Now the induction hypothesis com-
pletes the proof as eAe is a tnangular tiled R-order contained in M, _,(R). We
now prove (2) =+ (3) again by using an induction on n. Let n =2, Then, by
Theorem 3.5(2), we have gl dim A =d. Let n> 3. By the induction hypothesis

we have gl dim eAe < d(n - 2). Hence by Theorem 2.7 and Lemma 2.6(1) we have

gldim A < gldim eAe + gldim(R/A_ ) +1 <dn-2)+d-1+1=dan-1).

(3) = (1) is trivial.
This completes the proof of the theorem.
Remark. The above theorem is a generalization of Theorem 1 of [8], [9].
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Corollary 3.7. Let R be a Dedekind domain. Let A=(A;)C M_(R) be a
triangular tiled R-order. The following conditions are equivalent:

(1) gl dim A <o,

2 Ai,i-l =R or 1\‘.'1._.1 is a product of distinct maximal ideals of R.

(3 gldimA<n-1.

It is known that the upper bound d(n — 1) in Theorem 3.6 is attained when
d =1 ([9, Theorem 2], [17, Theorem 11]). By constructing an example we show
that this is also the case when d = 2.

Proposition 3.8. Let R be a regular local ring of dimension 2. Let m be
the unique maximal ideal of R generated by an R-sequence x,y. Let A= (Aij) C
M, (R), n>2, where A =R whenever i<j, A, ;=R for 2<i<n, and
Ajj=om= %2R + xyR otherwise. Then A is a triangular tiled R-order in M_(R) and
bd,J,=2i-1 for1<i<n-1,

hd,J, = sup(2(n - 2), 1).
Thus gl dim A = 2(n - 1).

Proof. Computation shows that A is a ring, hence is a triangular tiled R-order.
Obviously A is reduced; hence J(A) is obtained from A by replacing the diagonal
entries R by m. To prove the remaining assertions we use an induction on n. If
n = 2, then the assertions follow from Lemma 3.2, Let 7> 3. Clearly eAe
satisfies the hypothesis of the proposition. Hence by the induction hypothesis
we have gl dim eAe = 2(n - 2). Siace eAe, eAen_l'"_l, therefore by
Proposition 1.10(1), Lemma 2.2 and the induction hypothesis we have hd,J; =
hd,, FJ,=2i -1 for 1<i<n-2, hd (], _)eA=bd , FJ _, =supl2(n-3), 1.
Let L, =yP,_,+P and L,=xP _,+P . Then L, and L, are isomorphic
to right ideals of A. Also one can easily check that yP,_ NP =yL, =L,
and xP__, NP _=x] _,&] _,. Thus by using obvious short exact sequences
and Lemma 0.6 one concludes that hd,L, =hd,J _,+2=2n-2)+1=2n-3.
Hence, by Lemma 0.1, we have gl dim A > 2n - 2 = 2(n — 1). But then Theorem
3.6 yields gl dim A=2(n-1). Since =3, A A, =xR, gldim(R/)=1.
Therefore, by Lemmas 0.1, 2.2 and Proposition 2.3, we have hd,J <hd,_,
1< 2(n - 2) = 2(n — 1) 2. Hence, by Lemma 1.2 we must have hd,J _, =
2n - 1)-1. To complete the induction we show that hd,J = 2(n-1)-2. Com-
putation shows that (3:]"_ PDeA+P =] _; and (3‘-]”_ YeAnP_ =], . Hence
the sequence

3"]”+

6
0—J, = (FI,_)eN) ® P, ki Joo1—0
is exact, where 0(a) = (4, @) and ¢(b, c)=b-c. But hd,J _,=2r-1)-1



374 V. A. JATEGAONKAR

and hdA(?]"_ Vel = sup (2(n - 3), 1); therefore we must have hd, ], = 2(n - 1)- 2,
by Lemma 0.6. This completes the induction and proves the proposition.
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