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CONSTRUCTION OF AUTOMORPHIC FORMS AND INTEGRALS
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ABSTRACT.  It is well known that modular forms of positive dimension have

Fourier coefficients given by certain infinite series involving Kloostermann sums

and the modified Bessel function of the first kind.   In this paper a functional

equation which characterizes all such Fourier series is found.   It is also shown

that these Fourier series have a construction similar to that of Poincare series

of negative dimension.

1. Introduction. In 1936 Hans Rademacher found an infinite series represen-

tation for the partition function pin) [5].   Later he and H. S. Zuckerman found

that any modular form of positive dimension has Fourier coefficients which are

represented by the Rademacher series in a slightly generalized form [7],   In the

opposite direction, Rademacher showed that if one defined a periodic analytic

function with a simple pole at 00 and with Fourier coefficients given by the Rade-

macher series for dimension zero, then this function is an abelian integral for the

modular group and its only singularity is the pole at °°.  Hence, this function must

be, except for a constant term, the modular invariant Jir) [6].   Thus, Rademacher

found a new way to define all modular functions.  This construction was later

generalized by M. I. Knopp to include other discontinuous groups and positive

integer dimensions [l].   However, Knopp's construction made use of the notion of

"supplementary series" which could not be generalized to nonintegral dimension.

In this paper we show that for certain groups and all positive dimensions, the

functions with Fourier coefficients given by the Rademacher series satisfy a cer-

tain functional equation; conversely, we show that this functional equation and

the principal part at °° determine the Fourier expansion.   This functional equation

is analogous to that of an abelian integral, which explains the designation "auto-

morphic integral".   The vector space of automorphic integrals contains the space

of automorphic forms which are holomorphic in the interior of the upper half-plane,

and the difference in the vector space dimensions of the two spaces is related to
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the dimension of the space of complementary cusp forms via Petersson's general»

ized Riemann-Roch theorem [4, p. 194].

2. Definitions of automorphic forms and integrals. Let § be the group of

2x2 matrices with real entries and determinant equal to 1.  An element of § will

be denoted by (a A | c d).  Let T be a discrete subgroup of § with a fundamental

domain in the upper half-plane K which has exactly one cusp which we assume to

be oo.  We also assume -/=(-l 0|0-l)er.

Throughout this papet r is a fixed positive number and x 1S some multiplier

system for T and dimension r; that is, y is a function from V into the unit circle

such that, for all z eK,

xiMAicf + dA~r = xiM j)x(,M2)(cjAi2z + dx)~ric2z + d2)~T,

where M. = (**\c. d.), 1 < / < 3, and M   = MM.  Here, we use the convention

that log z = log|z| + i arg z, where arg z is in the interval [-77, n).

The function v = x 1S called the complementary multiplier system fot x', it

is a multipliet system for V and the complementary dimension — 2 — r.

Let r0 = i(a A | c d) e T: c = Of.  Then T0 = i±FXn: n e Z\, where UK =

(1 X | 0 1) for some X > 0.  One easily sees that y(F ") = e(na), fot some a in the

interval [0, 1).   Here, e(z) - exp(277z'z).   For the complementary multiplier system

v, we have v(U ) = e(i<), where k + a = 1 - [l - a].

We now come to the definitions of the relevant function spaces.

Definition. The space of cusp forms on V fot dimension — 2 - r and multi-

plier system v is the vector space ¡Gl of functions which are holomorphic in H,

satisfy (cz + d)~2~rG(Mz) = v(M)G(z) for all M = (**| c d) e T, and have the

property that y2 + r I G(x + iy)\    is bounded for x + z'y e K.   This space is denoted

by C(- 2 - r, v).

With any G e C(- 2 - r, v) we associate a period function p in the following

way: For any r eK, z eKu |M«>: M e Ti, and any vertical path y from z to i»,

put T(r + l)p(r, z; G) = [/  G(w)(w - 7)rdw]~.  Here T denotes the gamma func-

tion and ~ denotes complex conjugation.   Since G vanishes exponentially at the

cusps, p is holomorphic in r for r confined to some slit plane determined by z.

Using Cauchy's theotem and the functional equation for G, one immediately

obtains a functional equation for p; i.e.,

v(M)(cr + d)Tp(Mr, Mz; G) = p(r, z; G) - p(r, M~ 'oo; G)

fot M = (**|ca')er.

Definition. An automorphic integral on T for dimension r and multiplier sys-

tem x is a function F, holomorphic in K, such that, for some G e C(-2 - r, v).
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(i) ícr + d)TFÍMr) = yiM) (F(r) - p(r, M" 'oo; G)) for M = (* *| c d) £ 1\ and

(ii) for any cusp q belonging to T, Fir) - p(r, a; G) is meromorphic at a.

In the next section we prove that for each F, condition (i) implies G is unique.

In order to clarify condition (ii), we note that if Hir, z) = F(r) - p(r, z; G), then

(2.1) H(Mr, Mz) = yiM)icr + aO_rE(r, z)

as a consequence of condition (i) and the previously mentioned functional equa-

tion for p.  Thus, if T    is the stabilizer of the cusp a in T, then E(A1r, a) =

XWicr + d)'THir, q) for all AI e T .  It now follows [2, pp. 272-273] that

Hir, a) = (r - q)T   £   aJq)eiin + a)Ar/X),

77=—00

where Aq = oo. 77(r, #) is said to be meromorphic at q and to have order m + a

at a if a   (a) ,= 0 and a (a) = 0 for n < m.   From equation (2.1) it follows that the

orders at T-equivalent cusps are equal.   Although it is not necessary for our pur-

poses in this paper, we could define order at any point z £ K as the order of

E(r, z) at z, where order at elliptic fixed points must be defined as it is in the

theory of automorphic forms.

Definition. The space of automorphic integrals on V tot dimension r and mul-

tiplier system y which have order at oo not less than m is denoted by 3(772, r, y).

The subspace of 8(777, r, y) containing those functions which have an associated

cusp form which is identically zero is denoted by £(777, r, y).   These functions

are called automorphic forms for dimension r and multiplier system y.

In this paper a basis for the space 8(777, r, y) will be constructed. To show

that this construction yields a spanning set of functions we need one of the fol-

lowing two results :

(a) All automorphic forms of dimension r have Fourier coefficients given by

the Rademacher series [2, Chapter IX, and 3].

(b) For sufficiently large 777, dim £(-772, r, y) < m - dim C(-2 - r, v).

We shall use the latter result, which is a consequence of Petersson's generalized

Riemann-Roch theorem [4, p. 194].

3. A basis for the space of automorphic integrals. A spanning set of automor-

phic integrals will be constructed in a manner similar to that used to construct

cusp forms.  We review that construction first.

Let v be an integer such that v + k > 0, and let M = (* *| c d) £ I\   Put

gjz) = i-2miv + /<)A)r+1c((v + k)Mz/X)/vÍM)Ícz + d)2+T.

Then gM is constant on each right coset of T mod T. and (yz + 8)~  ~TgJLz) =
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v(L)gML(z), it L = (* *|y 8) e T.   Because the sum over all distinct lower rows

(c, d) of matrices in T of \cz + d\~ ~T converges uniformly on strips of the form

{x + iy: \x\ < A, y > e > 0}, it follows that the Poincare series G (z) =

2A(e r   , rg^(z) is a cusp form for dimension -2 - r.   The notation in this defi-

nition of Gv indicates that M runs over some set of right coset representatives

of T mod Tq.

We now try the same construction for dimension r.

Definition. Let v be an integer such that v + k > 0 and let M = (**| c d) eT.

Let p + a = -v - k (recall that   k + a is 0 or 1).   Put

sM(r) = eiip + a)Mr/A)/x(M)(cr + d)~'   and   tMir) = pit, M " 'oo, gJ,

where

T(r + l)p(r, M" 'oo; gj = |j^ g^UXz - 7YdP\ ~.

It is clear that s.,(/) and '„(r) are holomorphic functions for r e K and both

are constant on each right coset of T mod rn.   It is also easy to see that for

L= (**|yS)er,

iyT+8YsMiLr) = xiL)sMLir)    and    iyr + SYtMiLr) = >(<L)[lML(r) - p(r, L-'oo;gML)].

In order to define a series analogous to the Poincare series G    we need

Lemma 3.1. Suppose M = (a *| c d) e V and c > 0.  TAew.

sMir) + tMir) = AviM)eiip+ a)a/Xc)C-l-Ticr + d)~ ' + 0(c_2-r|cr + aT2),

tz^Aere A = (- 277z(p. + a)//\)r+ '/Hr + 2).

Proof. From the definition of r^, we have

rV+ l)i27riiv+K)/X)-r- ltuir) = i/CM) fiaa    eWi/ + k)M5/A)U + a1)"2"^ - r)raz
ffl J—d/c

= wOlXcr + a")'f**00 e(-(v +k)w/X)Íw - Mr)'a*u/.
J—{00

Here, we have made the substitution w = Mz ,   The path of integration is now a

vertical line in the lower half plane.  The simplification of the integrand results

from the equation

iM~lw -M-' MtY = (h; - Mt)tÍ-cw + a)-'i-cMr+ a)-'',

which holds for c > 0, t e H, and ti< in the lower half plane.  We have also used

the equations
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vÍM)ví-4~ X)i- cw + a)-2~TicM-1w +d)-2~T = 1

and

yi'ÏÏyiM-^icr + d)-"i-cMr + a)~r = 1,

which result from the multiplier system definition.   We now make another substi-

tution in the last integral; namely, let z = Í2niív + k)/X){w - Mr).   Thus,

(3.1) r(r + l)tMir) = -i/G« )(cr + dYeiip + a)Mr/X) j"~ e~zzrdz,

where the integration is a horizontal ray starting at ß = 2niiv + k)/XcÍct + d)

and extending to the right.

By solving the first order linear differential equation satisfied by Hz) =

2°1 jz'+'/Tij + 1 + r), one finds that if» = e2(l - fjf/ + 1))" 1f^e-ttrdt).  Thus

(3.2) **(') + **,(»■) = vÍM)eííp + a)a/c)í- 2míp + a)/cX)Thiß).

The lemma now follows from the simple estimate hiß) = ß/Ti2 + r) +

(K\ß\2eM).    D

Now let us put fir) = ^M € r \ r5' Mir) + t^T)'  Using Lemma 3.1 we will show

in §4 that this sum converges to a function holomorphic in K.   The convergence

is not absolute; however, we shall show that for a certain family of parallelograms

¡Pi, 2_   sMir) + tjr) converges to / as N —> oo, where 2p     means a sum over

coset representatives with lower row in P„.   This also holds for any transformed

family {PNL\> where L e § and PNL = f(c, d)L: (c, d) £ PN], With this in mind,

it is easy to find the functional equation for / in a formal sense.   That is, if

L= (**|yg)er, then

iyr + SYfiLr) = yiL)   lim   £ <*ml{t) + *ML(r) - pir, L" »«, gML))
N-*oo  pN

= yÍL) lim     53   ísMir) + f^r) - p(r, L_1oo, g/J)
N-00  PNL

mTA%W-p{r,L-l«,Gv)].

The major trouble we have in the justification of this formalism comes in the

equation lim^^pO", L_1oo, lp  gM) = p(r, L"1«., limN_(XJSp   gM).   In fact,

this equation is not true if / has a nonzero constant term in its Fourier expan-

sion.   In this case the definition of / is altered slightly so that the above func-

tional equation for / remains valid.

Definition. Let pbe a negative integer and put v = -p-CL-K.   Define the

ttth Poincare series F,,(r) for dimension r as
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(3.3) y2a0(p+a)+ £   lim     £   s^M + i,,«,      M = (**|c d) e T0\T,

c>ow-~ |rf|*.V
where

(3.4) a^) = |277p.Ar' —2AL— eir/4) £ c~2-'Sip; 0; c, y),
XTir + 2) c>0

for a = 0 and a.(p; + a) = 0 for a > 0.   Here, S is the general Kloostermann sum

defined by

(3.5) Sim, n; c, y) = £ xCwMMttz + a) + din + a))/Xc),
M

where M runs over the finite set {(a *\ c d) e T: 0 < a < a|c|, 0 < d < X\c\\.

In §4 we show that F„ is holomorphic in H, and at the same time we find
r*

the Rademacher formula for the Fourier coefficients.  We then prove the

Main Theorem. F (r) is an automorphic integral with principal part

e((p + a)r/X) at oo, and its associated cusp form is G •

Assuming this result for now, we show that ÍF,,: -m < p < -1) is a basis

for 9(-T72, r, y).

Lemma 3.2. Le« G e (E(-2 -r, f).   TAerz p(r, Moo; G) = 0 /or all MeT if

and only if G is identically zero.   Hence, a unique cusp form is associated with

each automorphic integral.

Proof. Suppose first that r is an integer and p(r, M; G) = 0 for all M e T.  Let

r!F(r) = £" G(z)iz - r)rdz = JT*" G(z + r)z^z.

Then F(r) is holomorphic for r eK, and if M = (* *| c d) e T, then

(cr + a")rF(Mr) = I fM" lo° GiMz)icz + d)~2~riz - r)az

= t^(M)[F(r) - p(r, M" 'oo; G)] = iAM)F(r).

If G(z) = 2m + K >0 bme((m + k)z/X), then

F(r) = (zA/277)'+1    2    (TZz + Kr'-'A^am + TcVA).

m+K>0

Thus F is a cusp form of positive dimension, which implies A    = 0 for all m.

This proves the lemma if r is an integer.

Now suppose r is not an integer and p(r, Moo; G) = \p(F, Moo; G)]~ for some

M e T and M i Y^, where Re r 4'M<*.  For r > 0 let g(i) = G(Moo + ¿0, g(0) = 0,
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and gi-t) = git).   Then g is continuous and vanishes exponentially at i°o.   Put

fiy) = /_°^ g(t)iy - t + iYdt = eiir + l)/4)r(r + l)[p(r, Aloo, G) - FiF, Aloo, c)],

where r = Aloo - 1 + z'y.   By hypothesis, fiy) = 0 for all y.   Differentiating the

integral expression  [r] + 2 times, we find that (g *k)iy)= /_xgU)Ky - t)dt is

zero for all y, where kit) = (i + z'r and ß = r - [r] - 2.  Since the Fourier trans-

form of & does not vanish on a nonempty open interval and the transform of g is

analytic, it follows that g = 0.   Thus G is zero.    D

Theorem 3.3.  If m>l, ÍF : - ttz < p < - l] is a basis for $i-m, r, y).   If

772 <0, k-m,r, y) = {0].

Proof. Let ttz > 1.  Since F At) has principal part eüp + ol)t/X) at 00, the

functions are clearly linearly independent.   Hence, dim 9(-ttz, r, y)>m.   On the

other hand, Lemma 3.2 implies that dim îi-m,r, y)- dim £-(-772, r, y) <

dim £(- 2 -r, i;).   But statement (b) at the end of §2 then implies that there is an

Al > 0 such that dim 9(—772, r, y) < 772 for all m > AI.   This proves the theorem for

all m > Al.   But for all 777 < Al, §i-m, r, y) C 9(- AI, r, y), from which it follows

that ÍE : -m<p<-l] spans $i-m, r, y); hence 3(0, r, y) = {0}.    D

4. Proof of the Main Theorem. The idea behind the proof is the conversion

of partial fraction expansions to Fourier expansions via the Lipschitz summation

formula, which is a special case of the Poisson summation formula.   The neces-

sary formula is given in

Lemma 4.1.  Let 0 < a < 1, ß = [l - a] + a, p > 0, N be a positive integer,

and Q = N + V2.  If Re w > 0 a72a" |lm w\ < Q,then

N

£   eina)iw + in)-" =^LE    £    (m + a)*" ^(¿(772 + a)w) + E,

7>=-N ^' m + a>0

wiere ¿¿e error E = E(w, p, Q) is iQl~pf™oaihíx - z)- hix + ¿))(1 + expOxG;))-x¿*

aTza" £(0 = (« + «7/g)"í'exp(277ío/3).

Proof. Without loss of generality we assume w is positive.   Let fiz) -

2ei-iiz - w)ß)/zPiei-iiz - w)) - 1).  Then / has a pole at w + in tot each

integer 72 and the residue is e(.72a)(iii + in)~p.   Let y be a boundary path for the

rectangle with corners ±A1 HQ which is slit along the negative axis; apply the

residue theorem and let M —» °o.   The integrals along the horizontal lines give

the error E.   The main term comes from the infinite loop integral; i.e., we insert

the power series for (e(- z'(z - w)) - 1)~    and integrate term-by-term, using the

Hankel loop integral for l/r(p).    □
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Corollary (Lipschitz summation formula). // Re w > 0, p > 1, and 0 < a < 1,

íAeTz
N

lim     X     e(na)(w + in)-f-{~^E     V    (m + a)""'e(¿U + a)u/)

N^°° „ = -N T(P} m + a>0

¡77    z'/ a = 0 arza" p = 1

0    otherwise.

Proof. F p = 1 and a = 0 then as Q —» oo, E(u/, p, g) -» 2/~(x2 + l)"1^ =

77.   F a > 0, then 0 < /3 < 1 and the error tends to zero.   If a = 0, the integral

defining F is bounded; hence, F —> 0 as g —» oo if p > 1.    D

For the remainder of §4, p is a fixed negative integer and v = -p-a-n.

A sum over a set of right coset representatives for V mod VQ will be written as

a sum over / U i (a *| c d + nXc): c > 0, 0 < a < cA, 0< d < cX, n e Z}.   Further, a

sum over this last set is represented by 2^ > Q 2¿, or by 2^ > Q 2¿ 2ß.

Lemma 4.2. // F¿r) = V2a0(p + a) + 2c > „ limN_002|¡¿j ^í/r) + í^r),

tAerz F (r) is holomorphic for r e K and F (r) = e((p + a)r/X) +

2m = 0am(/t + a)e((m + a)r/X), where

ajp + a) = (2rr/X)e(r/4)\ip + a)/U + a)|('+'>/2 £ c~lSip, m; c, X)

c>0

- Ir^i47r\ip + a)im + a)\*/Xc).

Here, a   and S are defined by (3-4) and (3.5), arzzj" /    j is the modified Bessel

function of the first kind.

Proof. Let c > 0, and put ttz0 = |ttz + a|/A for ttz e Z.  From equation (3.2)

of Lemma 3.1, we obtain

£   Vf) * 1M{t) = H*"viM)ei-p0a/c)i2rripQ/cY

\d\sN d

Í2mp0/cicr + d - ncX)Y

|«|*N/cx" íl H/'+l+r)

__ ,      .    ~   \¿7nan/c\.ci + u —new/ ,       ,.
£     eina)-£-il°-_-.-+ OÍV"1).

The term 0(N~l) accounts for the small difference in the ranges of summation;

i.e., the terms for d = d   ±N.   We now interchange the sums on n and / and let

N —» oo.  Note that the double sum over {(/, n): 2 < j, n e Z\ converges absolutely.

Using the Lipschitz summation formula, we obtain

(4.1) um     Z   sMir) + tMir).= '£i*viM)ei-pQa/c)i2mp0/cY<!>,

W~°° \d\sN d
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where

tfl-afrVo      -    i4rr2pQ/c2XY !
$ = —.-■-jH + V --- ■ ■   ■■-    V    (m + a)'     eimAr + d/c)).

c2xri2 + r)    £n/ + r+i)r(,)m£0 °

Interchanging the double sum defining $, we finally have

lim     £    sJr) + tjT)

"^°° \d\sN

fA* [l-a]e(r/4)|2WAc|r + 1    _, .

(4-2)-cxnr+ 2)       ^'0; c-x)

cX m0>0

We now sum both sides of equation (4.2) over all c > 0 and add the term s,(/) +

t At) = ei-pfj) to the result. This proves F has the stated Fourier expansion.

Using simple estimates, one sees that this Fourier series converges absolutely

for r e K [l].   D

We now show that E„ can be defined as the limit of finite double sums.

Lemma 4.3. Let F    be defined as in Lemma 4.2.  Suppose that L £ § and

for each integer N, P„L = {(x, y)L: \x\ < N, \y\ < N2].   If t £ K, then FJt) =

y2aQip+ a)+ limN_002Me/1   LsMir) + :M(r), where the index set is ANL =

7ulAl= i**\cd)£TQ\r:c >0, ic,d)£PNL].

Proof. From Lemma 3.1, sMir) + tjr) = AviM)ei-pQa/c)/cl+riCT + d) +

RmÍt), where pQ = \p + a\/X, A is independent of Al = (a *| c d), and RmÍt) =

0(c~2~r|cr+ a"|"2) for c > 0.   Thus ^MeT   ^pR^fr) converges absolutely, since

2c>0S*c"2"r<oo [ll  Now, if

T=Z   üm    £   ÄgÄÖ    and    TJt) -    Z      ̂ ^f ,

then we must show limN—00 TN(L) = T.  Using the Lipschitz summation formula,

we see that

T= £ c-2-rZ%(M)e(-p0a/c)(-7727A)|[l-a] + 2Ze(77I()(r+a*/c))l,

C>0 ¿ * 771 '

where X    is a sum over integers ttz such that Attz. = m + a > 0.

Suppose, first, that L = ip a\0 p~ ) and p > 0.  If t// = - i(r + d/c)/X, then
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TNiL)=     £    c-2~r'¿fvÍM)ei-pQa/c)i-i/X)'£eina)iw + in)-1,

0<csNp d n

where tz ranges over the integers such that \d - ac/p - ncX\ < N /p.  We may

replace this range by |tz| < N2/pcX and the error is 0(pcX/N2).   Then by Lemma

4.1, the resulting sum on tz is 277 2   e(mQ(r + d/c)) + E(w, 1, Q), where Q = V2 +

[N2/pcX].  Since 0 < c < Np in the sum defining TN(L), and E(w, 1,0)—*

rr[l - a] as Q —»»o, it follows that TN(L) —» T as N ~* 00.

Finally, suppose that L = (* *\y 8) e § and y > 0.   The boundary of PNL

intersects the vertical axis of the Cartesian plane at ± N/y; hence, TN(L) =

TK(L')+RK,vhete L' = (y 0 | 0 y" '), K = NV\ and |A?K| <

2c 2¿2nc~       I er + ÉZ7 - tzcA|~  .   In this majorizing sum, c and tz are restricted

by the conditions (1) 0 < c < yK and 52c/A > 8(d - tzcA ± K2/y) > 0 or (2) yK < c

and \d-ncX\ < (\8\c + K2)/y. Thus,

rk« r z*^2-'^^^-1^ z z*c"2"'iogK,
0<csyK a" rf(<c rf

and RK —» 0 as K —» *>, since 2^ >x 2dc~2_r « x"r.   Hence lim^^^T^L) =

limK—»tk(L')= T-   D

The problem of integrating the Poincaré series term-by-term is»now solved by

Lemma 4.4.  Let L e § and define PNL and ANL as in Lemma 4.3.   Fer

GN(z; L)= ZMeA   LgM(z)and G(z)= limu^^GN(z; L).   Then for any r, co eK,

limN_00p(r, (o; GN) = pir, <a, G) - MaQ(p. + a).

Proof. Assume that L = (po-|0p) with p > 0.   Let m(j = (m + k)/X tot any

integer ttz.   Then

(- 2mv0)-'- lGN(z- L) =     21     ed^'X^lXcz + rf)- 2_r

= e(vaz) +      21      Z   X^^o0^ Ze^K~^o/^c2 + ̂ ~nc^cz + a'-ncA>~2~',
0<csNp   d n

where tz ranges over the integers such that \d - ac/p - ncX \ < N /p.   The limits

on tz are then changed to |tz| < N /pcX and the error is 0((|cz| + N /pX)~i~r).

The power series for exp(-277zVQ/c(cz + d - ncX)) is now inserted and inter-

changed with the sum on N, and then Lemma 4.1   is applied.   Let w-- i(z + d/c)

and Q = V2 + [/V2/pcA].  We obtain

(- 2mv0)-r-1GN(z; L) = eivQz) + <Dj + $2 + Oii\z\ + .V)-2-'),

where
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05/ = _e(_r/4)     J]     U)"2"' ¿Z*yiM)eiv0a/c) £ (-2fn/o/c2A)'0///I,
7=0

¿t-jffi2?*.    Z   (^o)1^'^^,)),    and    <p2 = Eiw, 2 + j + r, Q)
' mQ>0

as defined in Lemma 4.1.   Using the Lipschitz formula on ^.  and then back-

tracking to the beginning of the proof, we find that ^, = ^o< c < No   d^M^'

Because the inner sum is over all d such that (* *| c d) £ ro\l\ $ j has the

Fourier expansion S        nc   (N)e(77z z), and lim„       c   iN)=c   .where
r 777 « >  U      777 U       ' TV — OO     777 m

(-277zV0)~r~ G(z) = eOQz) + S^   >Qc  eimQz).  Hence, the dominated convergence

theorem can be applied to lim^^^pi/, co; í> ).

To complete the proof of the case L = (p a\ 0 p~  ) it is now sufficient to

show

lim p(r, w; SO = -(27rzVn)~r~1an(/x + a).
N-oo ¿ o o f

Let tu = X + iY, and as a path of integration for the integral defining p, take

z = X + z'QAy, where V/QA = e < y < °°.  Thus,

AHr + l)[p(r, co, <D2)]" = a£°° $2(z - TYdz

=     Z     ZV2-'x(M)eXv0a/c)B(c,a\tV),
0<csNp  d

where

3(c, a", ,V) =Jf°O/_°¡0 (y - z'xWMí - i, y) - hit + i, y))(l + eí-itQ))-1 dtdy

and ¿(f, y) = e(-z'zö/3 + zVn/c 2AQ(i + y + è))(i + y + è)"2"r.  Here, x =

(X - t)/QX, b = - XX + d/c)/QX, Q = y2+ {N2/pcX], and ß = [l - k] + k.

We now show that ß(c, rf, TV) converges uniformly in c and ¿ to

- itrti - k]T(1 + r)/T(2 + r), if 0 < c < TVp and 0 < d < cX.  Note that under these

conditions, x, b, and e ate uniformly bounded by a multiple of TV     .

If k > 0, the proof is easy.  For then, 8 = mini/3, 1 - /3! > 0 and

£° |y - ix\r\hit - z,y)- ¿0 + i, y)\\l - ei-itQ^dy « e"8ßl'l,

uniformly in c and d.  Hence, Bic, d, TV) —» 0 uniformly as TV —» oo.

Now suppose k = 0 and /S = 1.   Then

7)(r ±z) = -exp(2770i)((r + y IzO-^'+oOv^i+y+il-i-r))
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and

iy-ixY = yr+OiN-lyr-1)    fot    y > 2|x|.

Thus Fubini's theorem is applicable and

J"J°(y - ixYihit - i, y) -bit + i, y))dy =Jj° yr[it + y + i)~2~r - it + y - i)-2~T]dy

+ OiN-1\t + i\-2).

But f™yT(t + y± i)~2~rdy = (t ± i)~ lT(l + r)/T(2 + r).   Thus, B(c, d, N) con-

verges uniformly in c and d to - irrT(l + r)/r(2 + r).   Hence,

lim  [p(r, co, $2)]- = r^f-^ Z ^'ISipi, 0; c, X)]~
N-oo Ar(2 + r) ~Q

= -^(-277zV0)-'-'[a0(p.+ a)]".

This proves the lemma in case L = (p a\ 0 p~  ).

In case F = (**\y 8) e §, y > 0, we use the argument in the proof of Lemma

4.3 to reduce this to the previous case.   That is, GN(z; L) = G„(z; L- ) + RK(z),

where L ' = (y 0 | 0 y-1), K = NÁ, and \RK(z)\ < \ 2¿ \cz + d\-2~T.   Again, this

majorizing sum is restricted to those c and d satisfying (1) 0 < c < yK and

82c/y > 8(d ± K2/y) > 0, or (2) yK<c and \d\ < (\8\c + K2)/y.  Since

/lTlcz + A~2~T\z -r\Tdz « c~1_r|ccu + d\~l, we have limK_xp(r, co, RJ= 0

for the same reasons that were given in the proof of Lemma 4.3.    O

Corollary 4.5.  Let L e § and define G N(z; L) and G as in Lemma 4.4.   Then

for any M = (* *| c d) e T,

lim  pit, M- 'oo; GN) = pir, M- 'oo; G) + V2aQip + a)iviM)icr + d)r - 1).
N-.00

Proof. If c=0 then both sides of the equation are zero.  Assume, then, that

M = (a *| c d) and c ¿'0.  Let co = M~ 'o° + i and T(r + 1)/N(r) =

/"_!   GN(z; F)(z - Tf dz.  Replacing z by M~'z in this integral, we obtain
M~   oo

Tir + 1)1 Nit) = -v(M-')(-cMF + «)"'£'" GN(2; FM-')(z - Mr)r¿z.

Hence,

lim  [1nÍt)]~ = -x(M~ ')(-cMr + a)~'(pCMrt M«a; G) - ^an(p. + a))
N—«oo u

by Lemma 4.4.  From the multiplier condition we have x(M~  )(- cMr + a)~T =

v(M)(ct + df.   Thus, we finally obtain the equation
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lim   ílNír)]- = pír, M_1oo; G) - pír, a>: G) + lAa¿p + cl)vÍM)Íct + d)T.
N—.00

On the other hand, Lemma 4.4 shows directly that

lim  pÍT, M"1«,, GN) - {InÍt)]~ = pÍT, co, G) - Viajp + a),    q

With all this analysis finished, the proof of the main theorem is reduced to

formalities.  Lemma 4.2 shows that F At) is holomorphic for r £ K and it has

principal part eüp + a)r/X) at <*>.  If L = (* *| c d) £ T, then Lemma 4.3 implies

F.Ar) = ViaAp + a) + limu      2 ,s„(r) + í„(r).   The functional equations
M 0 N-oo   MeA   ,-i  MM

tot sM and /„ imply that

viL)iy r + SYFjLr) = '^i7(L)(yr + S)ra0(/t + a)

+ ¿im       Z    sM^t) + lM^ - P(r' L " lo°' «M^

N^°°M£AN/

Finally, Corollary 4.5 shows that the right-hand side of this equation is

Y2a0ip + a)+ limN_0O2Mej4   ,sM(r) + tM(r) - p(r, L"1-», Gv).   Hence, Lemma
N

4.3 implies that E   satisfies the functional equation of an automorphic integral

with associated cusp form Gv.    O
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