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ABSTRACT. A module of almost periodic functions on a group is closed
with respect to a quite general seminorm. The new space of functions is
characterized in terms of the internal properties of its members. This yields
new characterizations of Besicovitch and Weyl almost periodic functions in
a variety of group-theoretic settings. Eberlein’s theorem that weakly almost
periodic functions on the real line are Weyl almost periodic is extended to
locally compact groups.

1. Introduction. Let a(G) be a module of von Neumann AP (=almost periodic)
functions on a group G. Using a transformation L we define a seminorm || || with
which we close a(G), obtaining a larger space a;(G) (see 2.2). Our procedure
extends to groups the Besicovitch-Bohr procedure of closing the trigonometric
polynomials on the real line [4, Chapter 2]. Due to the abstract way L is defined,
our results include a wide variety of Besicovitch and Weyl-like AP functions on
groups (see 2.3).

The space (a;(G), || ||) is a seminormed linear space and L is an invariant
mean on @, (G). The main theorem of the paper (4.9) characterizes the functions
f € a;(G) in terms of their internal properties. We obtain two conditions: condi-
tion (A) is a rather standard almost periodicity condition (slightly disguised, see
4.10, 4.11). Condition (B) is that |f(xt) - f(x)|b(x) must satisfy a kind of weak
Fubini theorem for certain b € a(G). When applied to the classical Besicovitch
and Weyl AP functions on the real line our results are new (see 4.12),

In §5 we give a Bohr-like expression for the mean value of weakly AP func-
tions on locally compact topological groups. Using this we extend Eberlein’s
result that on the real line weakly AP functions are Weyl AP. In most nonabelian
cases we only conclude that they are Besicovitch AP.

In §3 we state some facts about modules which are used in $4.

2. Notation, definitions and examples.

2.1 Notation. Let G be a group. e denotes the identity of G and AP(G) is
the set of complex-valued von Neumann AP functions on G. Mf is the mean value
of {€ AP(G) and f x g is the convolution of f, g € AP(G). We shall say 8 C AP(G)
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" is an invariant vector space of AP functions if S £ and
() f, g€, a, B complex = af + Bg €3,
(i) f<¢d, x, yeG = ly €8, where we define o) = flaty).
Using the terminology of van Kampen [18], we say 8 is a module if in addition to
(i), (ii) we have
(iii) f, g€S = fg €98 (fg denotes pointwise multiplication),
(iv) f€8 = [ €8 (T = conjugate of f),
(v) S is closed, i.e., f € S, "/n Mo — 0=/f¢€ S.
Here [ is a complex-valued function on G and || ||, denotes the supremum
norm. We say a module is nontrivial iff it contains a nonzero function.

If (G, J) is a topological group, AP(G, J) is the set of J-continuous members
of AP(G). If (G, J) is a locally compact T, topological group (= LC group), then
p denotes left Haar measure on G. L, | (G) is the set of p-measurable complex-

valued functions [ on G such that [ /dp exists and is finite for all compact
ECG.

Let R, C denote, respectively, the set of real and complex numbers. If ¥ is
a set of complex-valued functions, J7 denotes its real-valued members. The sym-
metric differences of two sets A, B is denoted A A B. Let f: G — C. We define

E (e, N=txeG: | f-/llo,<eh
E)(e ) =tx€G: |If, ~ fllo <6

R/ denotes the real part of { and, if [ is real-valued, f *, [~ denote its positive
and negative parts. Finally, by an e-mesh in a metric space is meant a finite set
of points of the space such that each point of the space is within ¢ of some mem-
ber of the finite set.

2.2 Definition. Let a(G) be a nontrivial module of AP functions on G. Let
& be a set of complex-valued functions on G satisfying

(E1) f, g€&, a,BeC=af+Bgcb;

(E2) (€&, x,yeG= [ €&

(E3) fe& = €&;

(E4) [e&E=|f| €&

(ES) &5 alG);

(E6) /€&, gealG)=fgeb.

Let D be a set of extended real-valued functions on G and let L: 9 —
[~ o, ). Assume

(1) Do &

D2) feD=|f|e?.

D3) f,geD=/f+geD.

(L) 0</e&" x, yeG=L( [)=L/

(L2) A>0, M, feD=LWMf)=AL{.
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@L3) If], - If| €D ==L | LIf)
(L4) f, g€, f<g=Lf< Lg (f < g means that f(z) < g(¢) for all ¢ €G).

(LS) f, g€ D = L(f + g) < Lf + Lg whenever the right side is well defined,
i.e., iS # 0o — oe,

(L6) f€ alG") = Lf = M/.
(DL) For every f€&, b€ a(G) one has L |f(xt) - f(D)]b(x) € D, as a func-
tion of t, provided that either L|f| <o or h=1.

Here we use the notation L (g(x))= Lg. Define [f|| = L|f|forallfe 6.
Given such a system a(G), &, D, L we then define a; (G) to be the set of all
f €& such that for every ¢> 0 there exists g € a(G) satisfying ||f - g|| <e. We
keep this definition of @;(G) even if L fails to satisfy (DL) (cf. 2.3(g), (h)).

2.3 Examples. We use the fact that any set of the form AP(G, J)~which
includes AP(G)~is a nontrivial module. Actually these are the only nontrivial
modules (3.3).

(a) Let G = R be made a group under addition and let R have the usual
topology, J. Let a(R) = AP(R, J) be the Bohr AP functions.

Let

) &=L, (G);

(2) D=1{f:[is a p-measurable function from G to (- oo, ], { > g for some g € &'}.
Define L on D by

L/_ hm -—-f Cfdp.

(L1) is satisfied because for 0 < f€ & we have

= 2T + |al) 1 T+|al B
L dp < li =L
0 2T T+a faps Tow 2T 2T + |a)) I (T+|¢|) g
which includes the opposite inequality. To see that (DL) is satisfied take f € &,
b€ a(R)" and define @(¢) = L|f, - [()|b. ¢ is measurable because we need only
consider rational T in the definition of L. If b=1, $ >0 so ¢p€ D. 1t Lif] < oo,
then ¢ € D because

Lf, -iIE

B0 2 ~Ibll LI | + |1,

The other conditions of 2.2 are easy to check. a;(R) is the set of Besicovitch
AP functions on R.
(b) Let G, a(G), &, D be as in (a). For f€T define
Lf= lim sup _I—TT {, dp

T—o0 xeG

L|f,- f()|b is measurable in ¢ because we need only consider rational T, x in
the definition of L. a, (R) is the set of Weyl AP functions on R.
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(c) Let (G, J) be an LC group of the form R? x Z® x F, where Z =
{0, £1, ...}, F is a compact group and @, b >0 are integers. Such groups include
the compactly generated abelian LC groups [17, 9.8]. Let a(G) = AP(G, J) and
let 5, D be given by (1), (2), above. Define K, on ) by

K f= 1 =1,2,e0:
n/ #[(—n, n)? b x F] f(-n.n)“"'bXF [y n=1,2,0e
Define L, L, on D by
Ll/=ﬁxn/, Lyf =lim sup K(f).

n—0o0 x yE

L,|f, - 7(2)|b is a measurable function of ¢ because
ke M e Sl
and one need only consider 2’s in the countable dense subset of R? x Z%, a, (G)
o, (G) are, respectively, the Besicovitch and Weyl AP functions on G (thh
tespect to Ly, L,).
(d) Let (G, J) be a o-compact abelian LC group. Let a(G) = AP(G, J) and
let & be the bounded members of L, 1o(G). Let D be given by (2). Let {V,}7
be a sequence of subsets of G such that 0 < (V) < o for all #» and such that
for each x€G
pxv AV )

im —t—"% =0,
n—00 p.(Vn)

Define L on D by
1
L/— hm —(-“/—)'fv /dll..

n—00

For the fact that {V_ }°° exists and that (LG) is satisfied see [17, 18.10-18.14].
(L1) follows because the members of & are bounded (cf. proof of 18.10 in [17]).
L(G) is the set of bounded Besicovitch AP functions on G, with respect to L.
The general Besicovitch AP functions on G are discussed in 4.14, below.
(e) Let G be ag arbitrary group and a(G) = AP(G). Let & be the set of all
complex-valued functions on G and let 9 be the set of all functions from G to
(= o0, oo). Set

a ={(ia, " odar):a €R, 0<a €G, Ya =1,1<r<n;nisa positive integer}.
Define L on I by

Lf=inf{ sup Y a flxay): ({a}, {a }) € G;.
x,56G 7

It is not hard to verify the conditions of 2.2. We call a;(G) the Fglner-Weyl AP
functions on G. They are discussed in [13] and [7].
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(f) Let G be an infinite group, a(G) = AP(G) and &, D as in (e), above.
There exists a pairwise disjoint sequence E, E,, --- of symmetric subsets of G
with the property that for every finite set {a,, ..., a,lcG

n aiEbal.;éﬁ, b=1, 2,-...

l<i,i<n

Let @ beasin (e). For h=1,2 ... and [ €T define

M= inf sup Z af(xay),
A,B,D x,y i=1

where A =(la), {a)e@®@ B=1{6),---,5,1CG, D=1d;, ... ,d,}CG,and the
supremum is to be taken over the nonempty set of those x, y € G for which
bi"“iy‘fjeEb whenever 1 <j<k, 1 <i<m. Nowdefine L on D by Lf=

[im poocMpf- For the fact that the sequence E, exists and that L satisfies the
conditions of 2.2 see [14]. We call a,(G) the Fglner-Besicovitch AP functions
on G. (a;(G), || ||) is complete and has properties very analogous to the usual
Besicovitch AP functions considered in (a). See [14].

(g) Let (G, J) be an abelian LC group. Let a(G) = AP(G, J) and let & be
the bounded members of Ll.loc(G)' Let D be given by (2). Since G is amenable,
there is a net (V;, d €D, >) of subsets of G such that 0 < u(V,) <o for all d
and such that for all x€G

p(xV Ay )

lim —————=0

deD [l.(V)
(cf. (15, p. 431 and [11)). Define L on D by

=T iy vl

The conditions of 2.2 are satisfied except possibly the requirement in (DL) that
L|f,- [())]b be a measurable function of . We return to this problem in 4.13.

@, (G) is the set of bounded Besicovitch AP functions on G, with respect to L.
The general Besicovitch AP functions on G are discussed in 4.14.

(h) Let (G, ) be an LC group. Let a(G) = AP(G,T) and let &, D be
given by (1), (2). Let (V,, d€D, ) be a net of subsets of G such that
0<pu(V,) < for every d and such that for every f€ a(G)

. 1
lim —— du = M.
Jim p(Vd)de/ = Mf.
Such a net exists by 3.4 of [6]. Define L on D by

H= deD ,,?e(, p(Vd) de oy -

Again the conditions of 2.2 are satisfied except possibly the measurability in ¢
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of L|f,~ f(t)|h. We consider this problem in 4.13. a;(G) is the set of Weyl AP
functions on G, with respect to L.

3. Preliminaries on modules. Let {D*: A € A} be a complete(2) set of inequiv-
alent irreducible unitary finite-dimensional representations of the group G. We
shall let s, denote the degree of D* and let M be the finite-dimensional sub-
space of AP(G) spanned by {Dzol’;”‘aq. For Ay C A define 2,\“0?[(" to be
smallest closed vector subspace of AP(G) containing M for every A€ A, Take
f € AP(G). Maak [19, p. 141] defines the summation module [f] determined by f
by [f1= 2‘,’;15“"", where the )tk are indices of those representations occurring
nontrivially in the Fourier series of a certain sequence of weight functions. We
shall denote {)\k}‘;" by A().

- Let g:G—C. Wesay {A,,..., A} is an e-covering of G with respect to
g iff .
G=UA4, and suwp |glaxd) - glayb)| < €
i=1 a,beG

whenever x, y €A, for some i. One can show that g€ AP(G) iff for every ¢>0
G has an e-covering with respect to g (this is the definition of AP(G) in [19]).
Let f, g € AP(G). We say g is just as AP as f iff for every € >0 there exists
8 > 0 such that every d-covering of G with respect to f is an e-covering of G
with respect to g. The following theorem (3.2) gives alternative descriptions of
[7l. G) is due to Maak [19, p. 143].

3.1 Lemma. Let f € AP(G). There exists a smallest topology J(f) for G
such that (G, J(f)) is a topological group and { is J(f)-continuous. The sets

We ) = gxe G: sup [f(axd) - flad)| <¢}, €>0,
a,beG

are a fundamental neighborbhood system of e in T

3.2 Theorem. Let f€ AP(G).
(i) [f] consists of those AP functions on G which are just as AP as f.

Gi) [f1= AP, T()).

Proof of 3.1. Notice that e € Ve, /)~ = V(e f), Vle, /)% CV(2¢, f) and
yVie, fly~1=Vle, f) for all y €G. Thus {V(e, f)},,, is a basic neighborhood
system of e in a topology J(/) such that (G, J(f)) is a topological group. If
x, — x(J (7)), then x,x~! is eventually in every V(e, /) from which it follows that
|f(x,) - {(x)] is eventually < ¢ for every ¢>0. Hence { is J(f )-continuous.

To complete the proof we must show that if € AP(G, J) then J D J(). To
this end it suffices to show that each V(e f) is a J-neighborhood of e. Take

(2) Le., every irreducible (finite-dimensional) representation of G is equivalent to
some DM [19, §30].
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€>0 and let {ai/bil:';l be an emesh in ({,f,: @ beG}, | ||,). Let U be a J-
neighborhood of e such that

‘di/bi(x)—ai/bi(e)| <e forall xeU, 1<i<n

Now take any x €U and any @, b € G. Take i € {1,. - - ,n} such that
||a1/b1~d/b||oo<“ Theﬂ

|f(axb) - [(ab)| < |f(axd) - flaxb)| + |[laxb) - [(ap)| + | flapb) - [(ab)] < 3e.,

As x€U, a, b€G are arbitrary, U C V(3¢ f). As ¢> 0 is arbitrary and U is a
J-neighborhood of e, this proves the lemma.

Proof of 3.2. We use 3.1 and (i) to prove (ii). g € [f] iff [for every >0
there exists 8> 0 such that sup, ,.|f(aub) - f(avb)| < & implies

SUp, , e18(aub) - glavb)| < ] iff [for every € > 0 there exists 8 > 0 such that for every
veG WIS, ) CouVie, g)] iff [T(7) DT ()] iff g € AP(G, T(/)).

3.3 Theorem. Let a(G) be an invariant vector space of AP functions on G.
The following are equivalent:
(i) a(G) is a nontrivial module;
(ii) a(G) = AP(G, J) for some topology T;
(iii) o(G) is closed and [ € a(G) implies [f]1C a(G).

Proof. That (i) implies (ii) is known. Since we do not know where an ex-
plicit proof may be found, we outline a proof here: Let A = a(G) and let T :
A—Aby T, f=__,fforall x€G. Let A have the topology induced by | |..-
Let G be the closure in A4 of T(G) and let P be the restriction to G of the
product topology for A4 G,Pisa compact T ,-topological group under com-
position and T: G — G is a homomorphism with ker T = {x € G: f(x) = f(e) for
all fe A}. The set of finite intersections of {V(e, f): f€ A, € > 0} is a local
neighborhood base at e for a topology J such that (G, J) is a topological group
and A CAP(G, J). T is J-continuous and the map of (G, I) — (T(G), P/T(G))
by x — T, is open. For each f€ A define f: G — C by f(R)=R~1(fXe) for
all R€G. Then [ (T )= f(x) when x €G; also ] € C(G), the P-continuous func-
tions on G. Letting A = {f: f € A} one can show by Stone-Weierstrass that 4 =
C(G). Finally if b € AP(G, J), b is constant on the cosets of ker T so we may
define H on T(G) by H(T,) = b(x). Since x — T, is open, H € AP(T(G),?/T(G)).
Let H€AP(G, ) = C(G) extend H. H exists by direct proof or by [2]. But then
there exists f€A such that f =H from which it follows that b = f € A. Hence
AP(G, ) C A, completing the proof of (ii).

That (ii) implies (iii) follows from 3.2(ii).

Assume (iii) holds. Since [0] = the constant functions, a(G) is nontrivial.
If f€a(G), then f €[f]1C aG). Thus to prove (i) we need only show that if
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f, g € AG), then fg € a(G). But f2elf], g2elgl, (/ +g)2€lf +g), by 3.2, so that
by combining these we get fg € a(G). This proves the theorem.

3.4 Remarks. (1) Let a(G) be a nontrivial module.We use in the sequel the
fact that a(G) has the following closure properties (which follow easily from the
above): a(G) contains the constant functions; f € a(G) implies that |f|, R/,

@R € aG); f, g € a(G) implies that f x g, M|f, - [()|g € a(G), the latter as a
function of t.

(2) Every closed invariant vector space of AP functions on G may be

written in the form

ac)= 3 ;WA
wAca(G)

([19, p. 132]; Maak uses the term ‘‘module’’ differently than we). If G is abelian,
each m)‘ is the one-dimensional subspace spanned by some A € G*, the dual group
of G. In this case the nontrivial modules on G are precisely the sets EA ex.m
where X* runs through the subgroups of G* (cf. [1]). For example, let J be the
usual topology for R and let a(R) = AP(R, J) be the Bohr AP functions. If
0 # b € a(R), then A(b) is the additive subgroup of R generated by the Fourier
exponents of b; if b =0, then A(b) = {0}.

The following two lemmas will be used in $4. Recall the defm1t1on of E,,
E, in $2.1.

3.5 Lemma. Let g: G — C, f € AP(G). Take je€{l, 2}. Suppose that for
every €> 0 there exists 8 >0 such that Ei(S, Nc E’.(e, g). Then gelfl.

Proof. Take, for example, j = 2. For any h: G — C and 7> 0 notice that
{ba }7_, is an prmesh in ({b: @ €G}, || ||,) iff G =%, 4, E,(n, ). It follows
that g € AP(G). To show that g €[f] it suffices to show that g is J(f)-continu-
ous, To this end it suffices to show that for any b € AP(G) the finite intersec-
tions of sets in {aE,(b, ea~1: a€G, >0} are a base for the J(h)-neighborhood
system of e. Since V(e, b) C E (¢, b) for all ¢>0 and aV(e, B)a~! = Ve, b), it
suffices to show that each V(e, 5) contains an appropriate finite intersection.

Take ¢>0. Let {b l" 1 be an emesh in ({b,: a€Gl, | ||,). Take any
x€ n 19, E e, b)a Take arbitrary @, b€G. Take i, such that b€
(e, b) Then

|axb) - Mab)| < |axh) - Kaxa, )| + |Haxa, ) - baa, )| + |Haa, ) - Hab).

zoZ

The first and third terms above are < ||b, - b ‘|| <, since b €a, Ez(" b) =

{y €G: 15, - b"to" <él. As e, x€a, 0Ez(e, h)a 7o » the second term is of the form
|b(ac) - b(ac ‘)|, where ¢, ¢’ €a, oE2le; b). Hence |blaxb) — blab)| < 4e. It follows
that (\7_,a,E (e, b)a; lc V(4c, b) proving the lemma.
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3.6 Lemma. Let ® € AP(G). There exists a sequence of weight functions
b, €[®) such that ||g x b, ~ gll, — 0 for all g€ [®). We may require that

14

S
bn(x)= z SVB: ZD;p(x)’ n=l: 2) ]
VEAD) P=1
where the right side converges uniformly and each B, >0. (By saying b, is a
weight function is meant that Mb, <1 and b >0,n=1,2, ... D]

Proof. Let g, be the weight functions considered in [19, pp. 139143,
Theorems 3 through 6]. Define b, =g, xg, n=1,2,.... Evidently each b,
is a weight function and since Y

S
g~ z sV Y DY
"y Va El re
the last assertion follows with B = |y:|2.

From Theorem 4, p. 140 of [19] and the definition of A(D), we have
lim Bl =1 forall veA®). For each g €[®], g x b, is majorized by g and
bounded by [igll,.. Hence by Theorem 1, p. 136 of [19], |lg x b,, = gllec — O-
Finally b, =g _xg, €[®] by 3.4(1) since g, € [®]. This preves the lemma.

3.7 Remark. We shall use the fact that, each b being real-valued,

b= 2 sBLXRD%, n=1,2,.--.

" yeA®) p=1 re?

4. Characterization of o, (G). We continue the notation of $$2 and 3. Unless
stated otherwise we assume that a(G), &, D, and L satisfy all the conditions
(E1), (D1), (L1) and (DL) of 2.2: For f€& define A;, A} on G by Al(x) =
lef= 1N, A = |If, - /| forall x€G. For ¢>0, f€& define

LE(, [)=1x€G: A/(x) <ée, LE,,f)=1{x€G: A;(x) <€l

In the sequel we shall use freely the conditions (E1), (D1), (L1) and(DL) of
2.2 without always stating them explicitly.

4.1 Lemma. Let €& and A, € a(G). Then both sides of
*) L L.\ () = f&)] SL,L,If(x2) = 1()]
are well defined. If (*) holds, then L|f| < oo.

Proof. The left side of (*) is well defined by (DL) and the right side is
simply MA,. Assume (¥) is true. Now L|f| < L,|f(xt) =/ (0)] + |/ ()] by (L1),
(L4), (LS) and (LG6). If L|f| = oo, then since |f(¢)] < = for all ¢, we have
L, If (xt) = {())] = = forall t. By (*)
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oo =L,L|/(xt) - [()] < MA,,

a contradiction. Therefore L|f| < co.

4.2 Remark. Let /€& and A ; € &(G). Let us show that the following con-
dition is well defined:

(B) L L |/ (xt) = [(|RD] () < L L,If (x2) ~ f()|RD ] ,(x) for all A€ AA,)

and 1 <p<s,.

Taking Ay € A such that D = 1, notice that Ao € AA)) (for example, by
3.2; or the definition of [A/ ). Thus the inequalities of (B) include (*) of 4.1,
which by 4.1 is well defined. From the truth of (*) we get that L|f| < o. Notice
that sze a(G) when A€ A(f) by 3.3. Thus by (DL) the left sides of the other
inequalities in (B) are well defined. The right side of (B) is simply M(Alﬂsz).

4.3 Lemma. Suppose [€ &, A€ a(G). Set ®=A; in 3.6 and let b, be as
in that lemma. If (B) holds, then

M L,LIG)-[O,&)SLLIf )~ f@)b,), n=12,...

Proof. The right side of (1) is M(A;b,) and the left side is well defined by
(B), (4.1) and (DL). If A =0, it turns out that the g of 3.6 are identically 1,
whence b, =1 and (1) is a restatement of (B). Thus we may suppose A, #0.

Fix n arbitrarily and set K=5_. Take ¢ >0 and set

) d= c/MA/.
By 3.7
3 Ik~ Pll, <8
where
-3 gAqpA A
(4) P=3" By, Bp20,

and 2* denotes a finite sum. If b € a(G) is arbitrary,

L |f(Get) - {DIRb(x) > L [- |f (xt) - [ ()] I5ll..] by (L4)
> — 1)l L | (=) - f(&)] by (L2), (L3)
> = [|BllelLif | + If 1.

Hence
LL_|f(xt) = f(@)|Rb(x) > - 2||b]|  L|f | > = oo.

This observation allows us to apply (L5) in the following chain of inequalities.
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L, L |f(xt) - [ (£)|K(x) '
<L/ - (O[S B3RO0 + 3] b 0,00
ST*BALLIf(xt) = [ )| RD], () + BLL, | (xt) - [ ()]
by (LS), (L2) since B:, >0
<T*BAL L |Gt~ fDIRD Y5 () + BL,L |f (et - /()] by (B)

= M(A, P) + 8MA,

<MIA, (K +8)] + BMA, by (3)

= M(A, K) + 28MA,

<L,LJf(xt) - f()]Kx) + 26 by (2).

As €> 0 is arbitrary, (1) follows, proving the lemma.

4.4 Lemma. Take f€& and ¢>0. If A} is finite, then E (e, A;) =
LE,(e, [); if A, is finite, E (e, A;) = LE (e, /).

Proof. We consider A;, A/ being similar. Take u € G.
1A, = Al = sup W =1 =W =1

< su% Iy =1l by (LS) since A} is finite
xe

= f, -7
Thus LE,(e, /) CE e, A;). If u€ Ez(" A;), then

nglél Wiw =0 =W = F] <

Taking x = e gives ||f, — f|| <¢, whence u € LE,(c, /). Therefore E (e, A;) C
LE (e, f), proving the lemma.

4.5 Theorem. Let [€&. Suppose
A) A, A; € a(G)

and that | satisfies (B)of 4.2. Then f € a (G).
M(Ab,) =M A ()b, (x~ Hl= A; xb, () = A(e)=0

by 3.6. Take 7 so large that the left side, above, is < ¢/2 and set K =b_. Apply-
ing 3.3, 3.6, 4.3 and (A) gives
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Kea(G), K >0,
1) MK =1, M(A/K) < ¢/2,

(B) holds with fRD;‘p replaced by K.
Write {=u + iv where u, v: G — R. By (El), (E2), (E3), (E6) and (1) u,K,

v,K €& for all t€G. Define ®,(s) = L(u,K), ®,(¢) = L(v,K) for all t€G. The
following string of inequalities shows that

@ -0<® ()< forall teG.
They are justified by applying (L1), (L2), (L3), (L4) and recalling that by 4.1
and (B) L|f| < oo.

= o0 <= [IKll oL 1/ | € = IKll oL lu] = = L Julx)] [|Klloo < = L, Julxt)|K(x)

<L ule)| K] € LK) = @1(0) < Liu |K < |IK || L] < Kl oGL1f] < oo
Similarly ®, is finite. (2) allows us to apply (L5) and (L4) to get

1®,(x) - @,0] < Ll - ,|K < [KlLollf = /11 by (LD, (L2), (L4).

Consequently, by Lemma 4.4, E ,(p/||K || A}) = LE (p/|IKl| oo /) C E 1 (p, ®,) for
all p>0. By 3.5, ®; €[A71C a(G). Similarly @, € a(G). Set &= @, + i®, so
that @ € a(G).

Since u(t) is finite for each t € G, (L4), (L5) and (1) give |L(z,K) - u(s)] <
Llu, - u(@)|K, that is, |®,(¢) - u(e)] < L|u, - u(¢)|K. Similarly for ®,. Consequently

|®) - /()] < Lju, - u(e)|K + L|v, - v()|K < 2L|f, - f(D)|K,
by (L4). Therefore, by (1), (L2) and (L4)
® - /1l = L0 - 7)) <2L L |f (xt) -  ()|Kx)
<2L L |f(xt) - [(2)|K(x) = 2M(A K) < e.

Since @ € a(G) and € > 0 is arbitrary, this proves the theorem.
4.6 Lemma. If f€ 0, (G), then L|f| < e and A, A} € 2(G).

Proof. Take ¢>0 and g € a(G) such that ||f - g|| < ¢/2. Since L|f|=|[f| <
If - gll + llgll < /2 + |lgll,, < =, the first assertion is clear. To see that A, € a(G)
define G(u) = || g - g|l. Then

I,6-6llo=supl|ll,e-ell-l.g-ell|<lg-ell<ll =gl
x€G

Hence E, (1, g) C E,(n, G) for all 7> 0. It follows from 3.5 that G € [g] C a(G).
Also ||/ =/ </~ .l +l,g~gll+llg - /| and similarly with f, g interchanged.
This gives |A[{w) - G)| < 2|lg - /|| <e. Thus ||A, - G||,, < €. As €>0is arbitrary
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and a(G) is closed, A, € a(G). Similarly A} € a(G). Q.E.D.

4.7 Lemma, If 0</, /, - f€D and if | is | ||-approximatable by members of
a(G)', then Lf{< o and L(~- )=~ Lf.

Proof. Take g, € a(G)" such that ||f - g,|| — 0. If If - g,ll <1, then

Li= /I <1/ - gpll + llg,ll <1 + llg,,lloe < 0, proving the first assertion. Noting
that ~ o0 <= Lf < L(~-/) <0, we get from (L4), (L5)

()] L-g )< L|-g,) = (=) + L /).
Interchanging f and g, and using the fact that L(= /), L(~ g,) are finite gives
) |IL(~ /) - L~ g, )| <L|f-g,l-

Replacing (- g,) with g, and (- {) with f in (1) and then interchanging f and
g, gives, as before,

3) L7 - Lg,| <LIf-g,l
since Lf, Lg, are finite. From (2) and (3) we have
L /) = L) € LG ) - Lic g)] + L= g,) = = L7)]
— LG /) = L= g + |L/ = Lg,| S2L|f - g,| =0 as 7 — .
Here we use the fact that L(~ g )= M(-g,) =~ Mg, =~ Lg,. The lemma follows.
4.8 Theorem. If [ € a, (G), then for all b € a(G)’
1) L, L |f(&e) - f()|b(x) < L L,|f(xt) - f()]b(x).

Proof. By 4.6 the right side of (1) is M(Ab) and, hence, well defined. Also
by 4.6, L|f| < = so by (DL) the left side of (1) is well defined for all b € a(G)'.

Ve are given b € a(G)". Take f, € a(G) such that ||f -/, || — 0. Let bt b
be the positive and negative parts of » so that b = ¥ -p-, 0 < b* € a(G). We
shall show that

2 L,Llf, - [@]p* = lim L, LIf,, - /(I %,
From (L4), (L5) and the fact that b >0 we have
LIf, - OB < LI, = 1,0+ 1,00 = fON6* + LI, - 1,5

< 1B NGNS = 7,00 + 1,00 = O + LI, - 1,05
Operating with L ; on both sides of (3) gives

@ LLIf, = (Db * <20b* I/ = 10l + Ly LI, ~ £,0]6%
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Observe that 0 < L ,L|f, - f (z)|b’t <2|p¥ sl |f | < o and similarly with / replaced
by f,. Thus if we interchange f and f, in (4) and combine the two results we get

L, LIf, - [Ob* - L, LIf,, ~ [, <2052 =1, = 0.

This establishes (2).
Interchanging f and f, in (3), combining the result with (3) and then operat-
ing with L, gives

+
L LV, - 7O1B* = LI, ~ 1,016 1< 2055 lf = £, = 0.
That operating with Lz is permissible follows from (D2), (D3), the fact that
-Lyf,, - /n(t)|bte a(G) as a function of ¢, and the fact that L|f, - f(t)lbt €? as

a function of ¢t (as was pointed out in the first paragraph of the proof). It follows
that

5 The function ¢ — L|f, - [()|b* is
5

| |l-approximatable by members of a(G)".

From the proof of 4.6 we see that L|.f, - /,| — A, (x) uniformly in x. Hence,
for arbitrary 7> 0,

= <A B ) - L|f, - b <

for all x € G when 7 is sufficiently large. Operating on this with L , gives that
©) L,L|f-fh¥x) = lim L LIf, - 1,l6*).
The right sides of (2) and (6) are equal since /,, b* € a(G). Hence
™ L,L|fGet) = [D]* () = L, L,|f () = /()] ().
For each ¢, 0 < L |f(xt) = f())]5 () < ||6*|| [L|f| + |/ (®)|] < . Thus we may
apply (L5) to get

L,L |f(xt) - f(&)|b(x) < L,IL,|f(xe) - /(t)|b+(x) +L_|f(xt) = [ ()| (= b (x))]

By (5) and 4.7 0 < L,L |f(xt) - {(t)|b*(¥) < w. Thus we may apply (L5) again
to get

L,L|f(xt) - ()| b(x)
<L,L|f(xt) - [T + L, L - |f(xd) - [}~ ()]

(8)

Notice that, for fixed ¢,
Wf, = £ OB = |y = FOBTH <N = £ 157 | — O
Thus for each fixed t |/ -/(1)|h™ € @, (G). By 4.7,
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9 L [~ |f &) - fOh~G) = - L _|f(xt) = f(D)]p~(x)

for each t€G. As L|f| < o, (DL) implies that the left and hence the right side
of (9) is in D as a function of t. By (5) and 4.7,

(10) LI-L_|f1G0) = f(Op~() == L,L |/ &) = [(D)]b™ ().
Combining (7), (8), (9), 10) and the fact that A € a(G) (by 4.6) gives

L,L |7 (et) - fO]b(x) <L L,|fCxy) [ ) - L L |f(xt) - [(2)]p~(x)
= M(A,hY) - M(A, 57) = M(AB) = L L |f (o) - [ ()]
This proves the theorem.

4.9 Main Theorem. Let a(G) be a nontrivial module of AP functions on G.
Let & 0, £ be as in 2.2, Take f€&. Then f€ a, (G) if and only if
(A) A, A € a(G),
(B) L L |f(xt)- /(t)lﬁDsp(x) SL,LJ(xt) - /(t)mD;p(x) forall Ae A(A/)
and 1 <p<s,.

Proof. This follows from 4.5, 4.6 and 4.8.

4.10 Remarks. (1) The requirement in (L1) that L(,f) = Lf when 0 <f€&"
is used only in the proof of 4.6 and in the proof of (6) in 4.8. The requirement
that L(/y) = Lf is used directly in all of the above proofs except 4.7.

(2) Condition (A) is in some cases equivalent to other conditions which
appear in AP function theory. For f€ & let

0,(N=1{ xeGl, 0,(f)={f:xeGL

When G has a topology we say that a symmetric set S CG is relatively dense
iff there exists a compact set K CG such that Kz N S £ g for all z€G (equiv-
alently: iff there exists compact F C G such that 2F N S £ & for all z€G iff
there exists compact K0 CG such that G = SK, etc.). On the real line this is
equivalent to the usual definition of relative density. Notice that E (e, f ),
LE (e, f) are symmetric for € >0, i=1, 2. Consider the follcwing conditions on
a function of f€ &:

(AO) For every €> 0 there exists Wyyoor Wy Zyy e 5 2, €G such that

n m
G=Uw,LE,(,, )= |J LE,(e ,‘)z,..
i=1 j=1
(A1) (/) || ) is totally bounded, i =1, 2.
(A2) For every €>0, LE (¢, f) is relatively dense and open, j =1, 2.



344 H. W. DAVIS

4.11 Theorem. Let €&, Then
(i) (A) = (Al) = (A0).
(ii) Assume that (G,J) is a topological group and that a(G) C AP(G, J).
Then (A) = (A2) = (A1) = (A0).
(iii) Assume that (G, T) is a locally compact (or complete metric) topological
group, that a(G) = AP(G, J), that every neighborbood of e generates G (or that
A, , A; are finite) and that each LEi(e, [) is a borel set (i =1, 2). Then (AQ) =+(A).

Proof. In 2.1 of [5] the equivalency of (Ai), 0 <i<2, is shown when G is
the real line (usual topology). Therefore we omit details here which resemble
those of [5].

(i) That (Al) implies (AO) may be argued as in [5] and the converse is
similar. Take €> 0. Let us show, for example, that (A) implies that there exists
W, .-+ ,w, €G such that

8 G= U w,LE, (e /).
i=1

Since A7 € a(G), ({(A%) : u€Gl, ) is totally bounded. Hence there exists
f f’u o0 y
Wy, -+, w, €G such that

3

(2) G = wiEz(f, A;).
i=1

By 4.4 E,(e, A;) = LE,(¢, [) from which (1) follows.

(ii) Suppose that (A) is true. Then E,(e, A7) is relatively dense for all
¢> 0, because A} € AP(G). Since A} € AP(G, J), T >3(A}) by 3.1. Hence, for
every €>0, Ve, A;) is a J-neighborhood of e. Also V(e, A;) CE,(e, A;) and,
by 4.4, E (e, A;) = LE,(¢, f). Hence LE,e, f) is relatively dense and contains
a J-neighborhood of e for all ¢ > 0. To see that LE,(¢, f) is open note that for
each x € LE (¢, /) there exists ¢ < ¢ such that x € LE,(¢, f). Taking 0 <e¢, <
€~¢;, let UCLE,(e, f) be an open neighborhood of e. Then x € LE (¢, U C
LE,(e, f). Since x € LE,(¢, f) is arbitrary, LE .6 [) is open. Similarly one shows
that LEl(e, ) is relatively dense and open.

To see that (A2) implies (AO) let us show, for example, that for each ¢> 0
there exists z,, - +- , 2, €G such that G = UT',;LE;(e, f)z;. Take ¢> 0. Take
compact K C G such that G = LE,(¢/2, [)K. Since U =LE (e/2, f) is an open
neighborhood of e, there exists z,, ..., z, € K such that U;.’;IUZ,. O K. Hence

j(:Jl LE (e, f)‘.’.’. p) jl=J1 LE,(¢/2, [)Uz; DLE(¢/2, [)K = G.

(iii) By Baire’s theorem (A0) implies that each LE (e, f) is of second
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category. As LE (¢, f) D[LE,(¢/2, f )12 and is borel, each LE (¢, /) contains a
neighborhood of e. Arguing as in (ii) one deduces that each LE (¢, f) is open.
Since every neighborhood of e generates G,

G= G LE,(1, [y C G LE )(n, ).
n=1 n=1

It follows that A7 is finite. By 4.4, E z(e,A;) = LE (¢, f) for all €> 0. Hence, by
(40), A7 € AP(G). Since each E,(e, A7) is open, T Dg(A;) (see proof of 3.5),
whence Af € AP(G, J) = a(G). Similarly for A ;- This proves the theorem.

4.12 Remark. We now apply the main theorem to the classical Besicovitch
AP functions on R. Let a(R) be the set of Bohr AP functions on R and let L
be as in 2.3(a). It is customary to denote L by M. From 4.9, 4.11 and 3.4(2) we
have f€ Ll,loc (R) is Besicovitch AP if and only if

(A) A, € a(R), where A/(x) = m/x ~f|, say A/ (x)~ZP ja,e ™" and

(B) ﬁﬂxll(x +8) = f()|cos Ax < M,ﬁ,l/(" +t) - f(t)|cos Ax for all A in the

additive subgroup of R generated by D‘k}ok;l v {o}.
(A) may be replaced by any of the equivalent conditions (A0), (Al), or (A2).

129% 4

References to other known characterizations of aﬁ(R) occur in the introduc-
tion to [51.(3)

4.13 Theorem. Let G, a(G), &, D, L be as in 2.3(g) or 2.3(h). Take [ €&.
Then [€ OLL(G) if and only if { satisfies (A), (B) and
(M) t — L|f, - {()|b is p-measurable for all b € al(G)".

Proof. Take f€ a,(G), b€ a(G) and let $(s) = L|f, - f(:)|h. Assume first
that |[f ||, < . To prove that ¢ is measurable we show that for every € > 0 there
is a measurable function ¥ such that ||¢ - ¢l < 2e. Take €>0. For each set
E CG let X denote its indicator. Let {E, 17 | be a measurable partition of G
such that for appropriate ¢, € C

O <e/|1bller

m
-2 kXE,
k=1

Take ty, -+, ¢, €G such that for every ¢ € G there is some j€ {1, ..., n} sat-
isfying
) |b(xe=1) - blxt )| < /2||f||,, for all x €G.

Let {B ]} be a measurable partition of G such that when ¢ € B ; (2) holds.
Let us write F(t) & G(¢) when |F(¢) - G(¢)| < €. Fix arbitrary ¢ € G. Then

(3) Harold Donnelly has pointed out that the requirement that f!Ll loc(R) in the

main theorem of [5] may be weakened to measurability. Proofs remain the same.
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@) = L _|f (xt) - {(2)]b(x)

AL ﬁ/ ) -1 X b(xttj)xBj(z)] by (2)

j=1

=X xBi (L [)f (x2) - /(t)lb(xtti)] since only one X, £0

j=1
A ilei (t)Lxl: f(xt) - kZ:l CkXEk(t) b(xttj)] by (1)
j= =

=Y Xp .ng, OL0f (x2) - ¢ |blxee )]
ik ik

The right side is a measurable function within 2¢ of ¢. Thus ¢ is measurable
when ||/, <o
If ||f|lo = o, which might happen in 2.3(h), define
f(x) if |[f(x)| <n,

f,) =

nf (x)/|f ()] otherwise.
It is not difficult to see that f, € a L(G); in the context of 2.3(h). Define ¢n(¢) =
L If,(x) - [ ()| b(x). Fix t €G arbitrarily. For large n, say n > ng () =/(2).

tow 16 = ()] = |L7, = 7Ol ~ LIf,, - 1, 01|
= |LL)f, - 1@k = If,,, - £, D)2,

since F € a;(G), H € a(G) implies that |F, - F(¢)|H € a; (G) for fixed ¢ and L
is linear on @, (G). Thus

|6(e) — &, < bll|LLlf, = F O] = |, = T, 221,

SNBNaL N, = fel = 1Bllcllf = £l 0,
by the usual considerations [4, p. 100]. By the above ¢, is measurable, hence
so is ¢. Thus (M) is satisfied and (A), (B) are proven as before.

If {€& satisfies (A), (B) and (M), then the argument that f € a,(G) is as
before. This proves the theorem.

4.14 Remarks. (1) Let G, a(G), & D, L be as in 2.3(d) or (g). 2,(G) is
the set of bounded Besicovitch AP functions on G and has been characterized
above. The set of Besicovitch AP functions on G (with respect to L), say b L(G)’

is defined to be the || ||-closure of a(G) in L, | (G). Take f€ L; 1, (G). Define
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f(x) if /(%) <n,
f,(x) =
nf (x)/|f(x)| otherwise,n=1,2, ...

Then f € B, (G) iff each [, satisfies (A), (B), (M) and |/f,, - /| — 0. (M) may
be omitted in the case of 2.3(d).
(B, (G), || ) may not be complete even though the sets {V i, _,, defining L

satis
¥ p(deAVd)
lim ————— =0 for all x €G.
dep V)

The example in §5 of [8] illustrates this.(4) Even when B, (G) is not complete
its members have Fourier series which are unique and may be ‘‘summed’’ to the
original function. When B (G) is complete, it is a copy of L,(G), where G is
the Bohr compactification of G (see [8,(5) $83, 41; completeness is not assumed
in §3).

(2) The Weyl AP functions on an LC group (2.3(h)) are characterized in 4.13.
Another characterization along more classical lines is in [7]. The classical char-
acterization on R may be found in [4]. Different characterizations of Weyl AP
functions on R occur in [9] and [12] (cf. remarks on pp. 23, 25 of [12D).

(3) There are some interesting Besicovitch spaces for which 4.9 does not
appear applicable. For example, suppose (G, J) is a noncommutative o-compact
LC group satisfying at least one of the following:

(i) G is amenable,

(ii) G is first countable and nondiscrete,

(iii) G is free and discrete.

Then there is a sequence of open bounded subsets W” }T, increasing to G such
that

,{i";p( )f fdp = Mf

for all f€ AP(G, J) (cf., [11, 3.2]; [6]). If we define L on L
on its bounded members) by

1, loc(G)’ (or even

Lf-Tam T )fvf‘"

(4) The sets V defined there are not open. They may be assumed open by taking the
W(n, a)’s to be open and using approximation considerations in case 1 of §5

(5) In $3 of [8] o(G) should be defined as [], where & is any AP functions on G whose
nonzero Fourier matrices are {D*: A€ Z4 This is not equivalent to the definition given. A
similar modification of the definition of 0'(G) in the proof of 3.1 should be made.



348 H. W. DAVIS

(L1) may not hold. It is not apparent that one can get around this difficulty in the
fashion used in 2.3(g), (h) The closure of AP(G, J) in L} 10.(G) by means of L
is complete. The resultmg Besicovitch space is a copy of L, (G), where G is the
Bohr compactification of G [8, 2.4 and §4I.

5. Weakly AP functions are contained in the generalized AP functions. Let
(G, J) be an LC group. Let CB(G, J) be the continuous bounded complex-valued
functions on G and let WAP(G, J) be the weakly AP functions on G: f € WAP(G, T)
iff fe CB(G,J) and O(f) =1,f: x € G} is relatively compact in the weak topology
of (CB(G, ), || ll.). For feWAP(G, 9), Mf denotes its mean value. We shall
use such basic facts about WAP(G, J) as may be found in [3].

If (G, J) is amenable, there is a directed set (V,, d €D, >) of p-positive
bounded (= having compact closure) subsets of G such that

(xV AV)
(al) lim —2—% _0 forall x€G.
dep V)

In addition one may require that

(b) d, <d, implies Vay € Vays

() UgepVy=G;and

(d) each V, is open and bounded.
See [11] and [15, p. 43). There the V,’s are compact but regularity of p allows
one to substitute slightly larger open sets in the conditions (A, ) of [11].

5.1 Theorem. Let (G, J) be an LC group.
(i) There is a net (Vd’ d €D, >) of subsets of G satisfying (b), (c), (d) and
lim Mf forall { e WAP(G, J).
(a2) lim 5 Jo S forait
(ii) Every net (V 1» d€D, >) of p-positive bounded sets satisfying (al) also
satisfies (a2).
(iii) If (G, J) is abelian (hence amenable) and (V,, d€ D, ») is a net of
p-positive bounded sets of G satisfying (al), then
(a3) for every f€ WAP(G D)

;1:; v )fv {.dp = MF uniformly in x € G.
5.2 Remark. (i) answers a question raised by Greenleaf in [15, p. 43]. There
it is pointed out that (ii) follows from the argument of [17, 18.10]. I do not know
if (a2) is true uniformly with respect to (one or two-sided) translations of f. It
is if f€AP(G, T).
Proof of 5.1. We need only prove (i), (iii). We use the notation of [3, see
especially p. 146). Let QG be the weak compactification of G and wg: G —QG
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canonical. M(QG) denotes the minimal ideal of QG. Recall that w imbeds G
isomorphically and homeomorphically onto an open dense subset of {}G. We often
identify G with wG(G). We may as well assume G is noncompact.

To prove (i) we establish several propositions [Al, [B], [C:

[A] If KCG is compact, G~ K is dense in QG ~ K.

For otherwise there exists x € QG ~ K such that x £(G ~ K)~%C. But then
x€ K9G - KC = K, a contradiction.

[B] Let f,, -+, f, € WAP(G, J) and let U be a bounded open neighborhood
of e in G. Take N, e > 0. There exists distinct a;, «++, a@,€G such that

1t
t—zl/"(ai)-M/" <¢ 1<k<n t>N, and a,U na,.U-_-ﬁif i#ij.
1=

To prove [B] notice that each f,/M(QG) is AP since it is continuous on
M(Q, G), a compact group. We apply IV.1.1(f) of [3]. If M(QG) is finite, say
with cardinality p, let by, -+« , b, be a listing of the elements of M(QG) such
that each element occurs ¢ times in the list and pg > N. If M(QG) is infinite,
apply 3.3 of [6] to obtain by, +--, b, € M(QG) such that ¢ >N and

t .
LS 1)~ M| <2, 1<k
i=1

By continuity of f, on QG and density of G in QG there exists a; €G such
that |/,(5,) - f,(a))| <€/2, 1 <k <m By [A] and continuity of each f, there
exists @, €G such that a,U Na,U =g (take a,€G~ al(UU'l)’) and
11(8,) = fi(a))] <€/2, 1 <k <m (Recall that M(QG) and w(G) are disjoiat.)
Continuing inductively one gets a,, «-+ , @, € G which evidently satisfy the
required conditions.

[C] Let froeees 1n € WAP(G, J) and take M, € > 0. There exists a bounded
open set B CG such that p(B) >M and

<2, 1<k<nm

1
Mf, o) fB/kd#

To prove this use uniform continuity of the f, to get a bounded open neigh-
bothood U of e in G such that |f,(xu) - [,(x)] <¢, 1 < k< m, whenever x €G,

u € U. Take N such that Ny(U)> M and let a;, -+, ,€G be as in [B]. It is not
difficult to see that B = |J}_,a,U has the required properties.

To finish the proof of (i), one applies the arguments of 3.4 in [6], replacing
a(G) and 3.3 in [6] by WAP(G, J) and [C] above.

To prove (iii) consider G as acting on (WAP(G, ), || |,,) via left transla-
tion. The elements of WAP(G, J) are ergodic in the sense of Eberlein (Definition
3.1 of [10]). Thus it suffices to show that the transformations T, defined on
WAP(G, ) by
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1
T 1) = —— d
(T 8) () PR f"d‘g u, deD,teG,

are a system of almost invariant integrals (in the sense of Eberlein’s Definition
2.1 of [10]). It is clear that each T ,;: WAP(G, 9) — CB(G, ) is linear and that
{T }};p is equicontinuous. That T g € [convex hull of 0(g)]~ C WAP(G, J) for
each g € WAP(G, J) is not difficult to show from the uniform continuity of g (one

approximates (1/p(V))f;, .gdp by 27_ ((u(V,)/(V))g(xt ). Finally we must show
that for each g € WAP(G, J), x€G,

lim (T 38) - T8l = lim |, () - Tyl =

1=1

Now

1
T80 = T4 10 =~ Iy, s
since G is abelian. Thus

lglloat(xV, AV )

LT48) 0 - Tu0) 0] = T, (DG - (T, W] <——— =

uniformly in ¢ € G. This proves the theorem.

5.3 Remark. We may write WAP(G, J) = AP(G, J) ® WAP(G, J), where
WAP(G, ), =i/ € WAP(G, T): M||? = O}. Since, for each [ € WAP(G, J), Mf may
be uniformly approximated by finite convex sums of the form

6N = X aflxa) (a,ec; a >0, Zar=l)

and since ||f]|SIf| > SIf1% > (S|/])?, we may write WAP(G, J), = {f € WAP(G, T):
M|f] =0} Let ®=(V,, d€D, >) be a net p-positive bounded set satisfying
condition (a2) of 5.1. Define W(G, ®), B(G, ®) to be corresponding spaces of
Weyl and Besicovitch AP functions on G, obtained by closing AP(G, J) in

L, loc (G) With the seminorm of 2.3(h), 2.3(g) respectively. By allowing (a2)
rather than (al), we allow B(G, ®) to be more general than in 2.3(g). The char-
acterization Theorems 4.9, 4.13 and 4.14(1) may not apply to B(G, D) unless G is abelian
and (al) holds. The elements of WG, ®) and B(G, ®) have mean values given by

M My _ileou( )f"d

Define W(G, @), = {f € W(G, ®): My|f| = 0} and similarly for B(G, ®),. For

f € W(G, ®), the limit in (1) is uniform with respect to translation of f (see, for
example, the “‘proposition’’ of [9]). Hence we may write W(G, ®), =

if e L (G): |If| = 0} Here || || is the seminorm defined in 2.2 from L as de-
fined in 2.3(h). Similarly, B(G, ®); ={fe L, ,, (G): |/} =0} for || || as in 2.3(g).
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The following extends Eberlein’s theorem [10, #16] concerning the Weyl
almost periodicity of weakly AP functions on R. It follows from 5.1 and the above

discussion.

5.4 Corollary to 5.1. Let (G, ) be an LC group and let ® = (Vd’ debp, >)
be as above, Assume (a2) of 5.1 holds. Then WAP(G, J), C B(G, ®); and
bence WAP(G, J) CB(G, ®). If (a3) holds, then WAP(G, ), CW(G, @), and
bence WAP(G, J) CW(G, D).

5.5 Remarks. (1) Suppose (G, J) is of the form R? x Zb x F, where F is
compact and Z = {0, 11, ...} (see 2.3(c)). Let V, =(-n, n% xF, n=12-...,
in 5.1. In this case (a3) of 5.1 is satisfied even when G is not abelian. Thus in
this case WAP(G, J) CW(G, D).

(2) One cannot expect WAP(G, 3')0 = W(G, (D)o NCB(G, J) even when G is
abelian. For example, suppose G = {0, 11, ...}, J is discrete and ® = ({1, ..., n},
n=1,2,...,>). Define E={3/-2%j=1,2,..-;1<i <} and let xg be the
indicator of E. Then X € W(G, ®); NCB(G, 7). But

lim lim xz(3" -2 =1, lim lim xz(3' =29 =0
1 ] t ]
so Xg £ WAP(G, J) [16, Proposition 7].
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