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ABSTRACT. Spector [13] has proven that the hyperarithmetic sets H (%)
and Hb(x) have the same Turing degree iff |a| = [b]. Y. Moschovakis has

proven that the sets H (x) under many-one reducibility for |a| =y and 6 € ©
have nontrivial reducibility properties if ¥ is not of the form a+lora+ w
for any ordinal a. In particular, he proves that there are chains of order type
@ and incomparable many-one degrees within these Turing degrees. In
Chapter II, we extend this result to show that any countable partially ordered
set can be embedded in the many-one degrees within these Turing degrees.
In Chapter III, we prove that if 7 is also not of the form a + w? for some
ordinal a, then there is no minimal many-one degree of the form H_(x) in this
Turing degree, answering a question of Y. Moschovakis posed in [8]. In face,
we prove that given H (x) there are H (x) and H (x) both many-one reducible
w H (x) with mcomparable many-one degrees, Ial [6] = le] =

CHAPTER I. PRELIMINARIES

For the most part we adopt the terminology and notation as introduced by
Kleene in [4], [5], and [6]. For definiteness, our Gédel numbering of the partial
recursive functions of n-variables will be the particular one given in [4]. Also,
we use freely the function U(z) and the T-predicates of Kleene [4].

We assume familiarity with the notions of many-one (one-one) reducibility of
A to B and denote thisby A< B (A<, B) [10] and [11). Similarly, we write
A <; B if A is Turing reducible to B [7], i.e., A is recursive in B [S]. Degrees
will refer to the equivalence classes of sets indistinguishable under a specified
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2 G. C. NELSON

reducibility and we denote, for example, the many-one degrees of A by [A]m-

We let O denote the set of constructive ordinal notations of Kleene [3] or
[6). Asin (8], if 3+ 5” €0, then we denote {y}(ny) by y,. Forbin O, there is
associated a unique ordinal denoted by || which is defined inductively on O as
[11=0, 12| = lyl + 1, and |3+ 5”| =lim__ |y |. We assume familiarity with the
relation a <, b for a, b in 0.

The next two theorems are proven in [3] and are basic to our constructions.

Theorem 1.1. There is a primitive recursive function enm(b, m) such that,
if b €0 and |b| > w, then enm(b, 0), enm(b, 1),+++ is an enumeration without
repetitions of all a € O such that a <p b

Theorem 1.2. There is a primitive recursive function +o of two variables
such that for all a, b in 0, a +gbe 0,1 <o b implies a<y a +, b, and |a +o bl =
lal + 5]

The next theorem is proven in [8, p. 339], by Y. Moschovakis and allows one
to ‘‘subtract’’ a from b if @ <, b.

Theorem 1.3. There exists a primitive recursive function 8(a, b) such that
if a<g b, then 8(a, b) € O and |a| + |8(a, b)| = |b]. If a<yx<, b, then
d(a, x) <, &(a, b).

Our concern in this paper is to study the hyperarithmetic predicates of the
form H (x) with a € O under many-one reducibility. By a well-known result of
Spector [13], H (x) and H,(x) with a, b in O have the same Turing degree iff |a| =
|6l. Earlier, Davis [1] had proven that H 2(x) and H (%) are recursively isomor-
phic if |a| = |5] < 2. Y. Moschovakis in [8] proved that even though H,(x) and
H,(x) are Turing equivalent, they need not be recursively isomorphic and, more-
over, since < and <, are the same relation on H (x) (8] that Spector’s result is
the best possible under these notions of reducibility.

Moschovakis’ results in [8] prove most useful for our more extensive study of
the many-one reducibilities between H (x) for |a| = y and we state his fundamen-
tal definition and theorem.

Definition 1.1. We say that @' is recursively majorized by b'and write
a'$b'ifa'=3-5%€0, b'=3-5%€0, |a’'| = |b'], and there is a recursive
function f(x) such that, for all », |a | < |b I(n)"

Theorem 1.4. If a'=3-5%€0, 5'=3-52€0, and |a'| = |b'|, then
H,() <, H,(x) iffa'3b'.
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This paper deals entirely with the questions about a'3b' and via Theorem
1.4 indirectly with questions about many-one degrees of H_/(x)and H,,(x). The
following generalization of Davis’ result is in [8].

Theorem 1.5. If y is of the form a + 1 or a + @ for some a., then H (x) and
H,(x) are recursively isomorphic if la| = |6] = y.

Now let £(y) be the set of many-one degrees of H_(x) with |a| = y partially
ordered by < . Moschovakis, in [8], proves the following results.

Theorem 1.6. £(y) and £(a + y) are isomorphic as partially ordered sets for
a<wpy y<o, (col the first nonconstructive ordinal).

Theorem 1.7. If @ <y < , and y is principal for addition, then £y) con-
tains chains of order type w, and incomparable elements under < ,where @, is
the first nonconstructive ordinal.

It follows from these results that if g(y) contains more than a single element,
then y =a + 8 for some 8> w?, B a principal number for addition, and g(y) and
&(B) are isomorphic. Thus, in order to study the structure of £(y) for all y, it
suffices to study g(ﬁ) for B > w?, B principal for addition.

Before we proceed to our main results, we prove the following result which
is implicit in [8].

Lemma 1.1. There exists a primitive recursive function sum(e) such that if
e is a Gédel number of a recursive function such that for each x, fel(x) € O and
1<, fel(x), then sumgy(e) =3 - 5 € O, co= {e}(0), €1 =Cnto {el(n+ 1), and
le.| =32 leb o,

Proof. Define c to be a Gédel number of the. function g(x) defined inductively
by
g(l) x {el0),
gl + 1)) & glng) + teln + 1),

glx) =1 if x#ny for some 7.

The conclusions follow easily by Theorem 1.2.
Definition 1.2. If e is as above, then we call sum(e) the infinite sum in ©
of the sequence {e}(0), {e}(1),++-, {e}(n), -+ and often write sum(e) =

Zoi.ole} ().
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CHAPTER II. UNIVERSAL g(y)

In this chapter we prove a main result of this paper, namely

Theorem 2.1. If y is any principal number for addition with w’<y< Wy
then g(y) is universal as a partially ordered set, i.e., any countable partially

ordered set & can be embedded in g(y).

Once this is established, the following is immediate using Theorem 1.6.

Corollary 2.1. If y is any ordinal 0<y<w, not of the form a + 1 ora + @
for any a, then g(y) is universal.

The key result used in constructing b € O rich in < properties is the

following

Theorem 2.2. There exists a primitive recursive function F(r, a) such that
whenever r is a Gédel number of a recursive function representing a predicate of
the form (s)(s<t —R(s))and a € 0O, then

(i) F(r, a) €0,

(i) |F(r, a)| = la] if ()Ar} () = 0),
(iii) |F(r, a)] < @ « k, for some k if (Et) dri@e) £ 0),
(iv) |F(r, )| < |a|, and

™) |F(r, @)| > o if |a| > @,

(vi) moreover, if (iii) applies, then from t such that {r}(t) £ 0 we can effec-
tively find the Gédel number of a partial recursive function q such that, for all
a €0, q(a) converges and |F(r, a)| < w - g(a).

Proof. Apply Kleene’s recursion theorem [4, p. 352] to the primitive recur-

sive function f(z, r, a) defined as follows:
) (@), (a),
) f(z,r,a)=0ifaktl,at2 “,orat3.5 ¥

1) f(z,r,1)=1,
¢)) /(z. T, Za) = /(z’ Ty a) +o 2, and
3) f(z,r,3-5%)=3- 58(z:na) yhere g(z, r, @) is a G3del number of the

following *‘system of equations’’:

lg(z, r, )H0y) & {z¥r, o) if {r}(0) = 0;

@ {g(z, 7, @)}0,) = 2 if {+}0) # 0, undefined otherwise.
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{e(z, 1, DU + 1)) & (glz, r, D) + t2Mr, 8(ay a; s
®) if frlj+1=0;
{glz, n, DG + 1) = lglz, r, alG,) +4 2,

if {r}(j + 1) £ 0, undefined otherwise.

Now by the recursion theorem we can find an e such that, for all 7 and a,
{el(r, a) =[(e, r, a). Let F(r, a) = {el(r, a) = f(e, r, @), and since f(e, r, a) is

primitive recursive so is F(r, a).
We show (i)—(v) hold for all a €O by ordinal induction on |al.
@) ¥ |a| < @, then F(r,a)=a€ 0. KFa= Z(a)o, then F(r, a)=2
since F(r, (a),) € C. ¥ a'=3-5% then F(, 8(a1., al,+l))e C since
|8(a]., a., l)I < |a'|, and it is easy to show {g(e, r, al(i,) <, lgle, 1, )l + 1))
and hence 3 selesrs a) _ F(r,a')e 0.
(ii) Suppose for all ¢, {r}(t) = 0. Clearly, |F(r, a)| = | a| if |a| < w. |F(r, 2%)|=
|F(r, @)l + 1 = |a| + 1 = |2%|, since |a] < |2%|. Suppose a'= 3+ 5% since
lagl < la’|, 18(a;, a,, )| < @’ we have |F(r, ap)| = lag|, |F(r, 8(a,, a., )| =

|8(a,., a, Dl Consequently, one shows easily

F(r.(a)o) )

i+l
ligle, 7, @K( + 1) )| = igo |8(a;_,sa)l = |ai+1|,

since |a + 8(a, b)| = |a| + |8(a, )| = || if 2 <, b. Thus,

|F(r, @) = lim |igle, 7, )| = lim |a ] = |a'|.
oo joa
(iii) Suppose t, is the smallest ¢ such that {r}(z) £ 0; then {r}(t) # O for all
t>ty. Suppose a=2%¢€0; then by our inductive hypothesis |F(r, a)| =
|F(r, B) + 1< @ - ky + 1 <@« (k, +1). Suppose a'=3 - 5% € O; then for each j,
|F(r, &a;, a;, MNo- k; for some k; and it follows readily that

ty=1
|F(r, a")| = lim |{gle, r, )}ty + 0] S+ X &, + o
n i=0

(iv) By (ii) above, we need only consider the case when {r}(¢) £ O for all
t>t,. Suppose a'=3-5% then
to-l
llgles 1, DKty + Dol < 1Flry ag)] + X |Flr, 8a_ s a))] + (i + 1)
i=1
Sla

‘o’1|+i+l
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by our inductive hypothesis. Thus, |F(r, a")| < |a'|.

(v) is trivial.

Suppose ¢, equals the least ¢ such that {r}(t) £ 0. We define ¢ using the
recursion theorem on the partial recursive function f(z, @) defined as follows:

©, [a)=0 ifatl,ad2®, oras3.s5'??
(l)q /(z’ 1)=1,

(2,29 & [(z,d) +1 if a=3 .52
)

[z, 2% & f(zya) if a#£3.52,

f(z,3.5% = [(Z {z}8a,_,, ai))> + {z}(ao)] +1, where ay #ny forany n

i€S

(3)

a and S={i:i<t; -1 and 8a,_y»a)#mn, forany n}, or

[z 359 & [E {z§(8(ai_1,ai))] w1 if ay=n,

for some n and S is as above, undefined otherwise.

By the recursion theorem (4, p. 352] we can effectively find e such that
{el(a) = f(e, a). Define gq(a) = {el(a). It is straightforward to show |F(r, a)| <
w + q(a) by induction on |a| for a € 0. Q.E.D.

Ve assume now that '=3 5% €0, w3 < |6']s and |&'| is a principal number
for addition. We are interested in constructing elements c' € O such that b'< ¢,
so that we may assume [3(b,_,, b!.)l > w? for each i > 0, where b_, = 1; other-
wise replace b’ by d' = sum(e) = 20:: oled(d) where te}(i) = a +, 8(b,_,, b,) where
a €0 and |a| = 0% Clearly, b'<3d’, |d'| = |&'| and 16d;_,, d)| 2 w®.

Ve now define inductively a recursive function f(n, t) (depending upon 5’
and a Gédel number e of a partial recursive function) such that for each » and ¢,
f(n, t) € Oand1 <o f(n, t). Moreover, we will define y; = EOZol(i' fand ¢'=
3.5°=3q7 oY The construction will require that the *‘growth”” of {e} determine the
relative size of c; with respect to b,, i.e., for each i we require for k; =
max{i, {€}(0), + +, {e}(i)} that |b| < |b"i| <lejl < Ib"il +©? « (i + 1) for each i.

This is accomplished as follows, letting @ be a fixed notation for w:

100, 0) = 301, &),
10, 1) = S(bo, b{e}(O)) if Tl(e, 0, t) and U(¢) >0,
70, ) = a otherwise,

e
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Below F(r, a) denotes the primitive recursive function of Theorem 2.2. For
n > 1, define f(n, t) as follows:
f(n, 0) = F(r,» B(bn-l’ bn)), where {rnf(t) = 0 iff

@Y z<n A<t AT (e, 2, 1) = (UG") <))

fn, )= aif T (e, m, ) V(T (e, n, 2) N U()< n)

f(n, t) = F(r , 6(bk , b{e}( ))) if T (e, n,t) NU@)>n A /c < U(t), where
k= max(U("): t'< ¢ /\(Ez <a)T (e, z, ")} Uin}) and {rll(x) =0 iff
(Z)(t Nt'<x Az<n AT(e, 2t )]—'(U(z )< k)

f(n, t) = a otherwise.

After f(n, 2) = F(rf,, 8(17,e > b{e}(n))) for some z and j > 0, we proceed as
follows for t > z (otherwise continue as above).

f(n, 1) = a if {1 }() = 0.

f(n, t) = F(r:;" 1, 3, b{e}("))) if ¢ is the first ¢ such that {r’ I(t) £ 0 and

kiy

ki g < {e}(n), where k’. 1= max{U(t 2t'<t NEm<n)T ey m, 1) AUGE'Y> R }
and {ri\‘ Bxy=0iff ()"t '<x A z<n A T (e, z, ¢t - ue'y< kj+ D)

f(n, t) = a otherwise.

For each i, let y, = 20: =0 G, t), via Lemma 1.1. For i=0, it is clear that
ol = 181, bo)l + @ -  + [8(bgs by 30yl + ? if {€}(0) is defined and {e}(0)> O or
lyol = 1801, B)I + w? if either {€}(0) is undefined or {e}(0) = 0. The following
lemma clarifies how the function {e}(n) determines the size of |y [

Lemma 2.1. For i >0, let n,_y= maxii - 1, {e}(0),-- -, {el(i = 1)}; then for
some q
w, lyd =180, 1s 8)l +@ - g+ 1865 by 3 ) +0? if n,_, <i
and i< {e}(?),

lyl = la(bi-l’ b) + w? if n,_, <i and either

(2);
{eli) is undefined or {el(i) <i,
(3). l)’," =0-q+ la(b"i-l’ b{el(i))l +o? if i<n,_, and
' n,_y <lel(d), or
@), lyl=w? if i<n,_, and cither

! {el?) is undefined or {e}i) <n,_,.
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Proof. Suppose i> n;_y» then n,  =i-1. Moreover, |(i, 0)| =
|3(bi_ v bi)l by Theorem 2.2, since {rl.f(t) =0 holds for all . If {e}(i) is un-
defined, then ((i, t) = a for all >0 and thus (2); holds. If {e}(:) is defined, then
for some unique ¢, T (e, i, t'yand U(t') = {e}(i). I {e}(i)< i, then f(i, t)=a
for all ¢ >0 and again (2); holds. If {el(i) > i, then U(t')>i= kys {r:}(x) =0
for all x, and thus |/(Z, t")| = |6¢s,, b{e}(i))l from which (1), follows since f(i, t) =a
for t#0andt#1¢'.

Suppose i< n,_;; then {r}(t) £:0 for some ¢ since there is a z < i such that
fel(z) = n;_, 2 i. Hence, by Theorem 2.2, /G, 0)| € w - q , for some ¢ ;. Suppose
{el(i) is not defined; then f(i, t) = a for t > 0 and consequently (4); holds. Sup-
pose {e}(i)< n,_ ; then let ¢’ be the smallest ¢ such that, for some z < i,

T (e, 2, 1) A U(®) > {el(i). Let ¢; be the unique ¢ such that T,(e, i, t). If

lel(i) < i, then f(i, t) = a for all ¢ > 0 since {e}(:) < i < k,; thus (4); holds. Sup-
pose now i< {el(i) < n, -v If t'< t., then fel() < k f(i, t) = a for allt> 0,

and (4); holds. If ¢, <t , then &, < ie}(l), {r ! );40 and If(z, t )| <w-q,

for some 1, by Theotem 2.2. For any r’ defmed before f(i, t') is defined, it is
clear that {r’ J(¢') # 0 and hence |f(i, )] < @ + ¢ ' for some ¢' and each ¢ < ¢’ by Theorem
2.2. Howevet, {G, t') = a since {e}(?) < ue'y< n,_ and thus it follows that f(i, t)=a
for all ¢t >¢'and (4); holds.

Suppose i <n,_, and n,_, <le}(). As above, it follows that |G, 0)] <
® * g, for some q;. Let t' now be the smallest ¢ such that, for some z < i,

l(e z,t')Yand U(t') = n; 1‘ Let ¢; be that unique ¢ such that Tl(e, i, t). If
t'< t;, then k =n;_1s irl }(x) = 0 for all x, and |f(i, ti)l = ls(b"z‘-l' b{e} (1.))|
by Theorem 2.2; hence (3)1' holds. If ¢;< t' then, for each 0< ¢t < z.', fG,t)=a
or f(i, t)= F(ri 5, , b{e}(l))) where k <n;_, and consequently fr’}(t') £ 0.
Hence, |/(i, t)| <w - q for some g for allt <t', by Theorem 2 2. Ifj’ 1s the
largest j such that /(i t) = F(r 'o‘(b,c » bi}(iy ) for some ¢ < t', then !r’ }(t YA O

since k,;<n,_ = U@t') (t'is the smallest t such that {r' )£ 0), k. el =P
ki, < {e}(z), and [G, t") = F( 18, s b)) Where r +‘}(;) 0 for
all t. Hence, [(, t) = a for all t>¢", Consequently, IfG, ¢l =

la(b"i-l’ b{e}(i))l; hence (3), holds.

Lemma 2.2. There exists a primitive recursive function G(e, b') such that
if b'=3-5°€Candb'is as assumed above (|b'| > w?, for each i,

|8(b,_ s b 2 @2, |b'| principal for addition), then Gle, b')=c"=3 5 € o
and |c'| = |b'|. Moreover, for each n,
@ bl <1ty 1< le,) <1, |+07 - (s ),

where kn = maxin, {e}(0), -+, {e}(n)}. Clearly, then »'3c’.
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Proof. The existence of G(e, b') is clear by our construction of f(n, t), the
remarks preceding that construction, and Lemma 1.1. By Lemma 1.1,

[ 00
le, | = ) ly,| where y,= 3 (G, .
Oi=0 Ot=0
Clearly, &k < kl Seer <k where k, = max{ i, {e}(0), + + +, {e} (i)}. Define ig=0,
i’.+l = m, where m is the smallest number such that km >k, . Suppose k, = kn,
g>0and i < il <eveg iq. Since ‘S(bi-—l’ bi)l > (’02, then] for any ¢, wq' q +
|8(bi, bj)l = 18(s;, bj)l if i<j. By Lemma 2.1, it follows easily that

Icn|=2|yi|=|5(l,b ) +0?+w? (i -Gy + 1)
i=0 L
+18(b, b, N+ +0? - Gy=G + 1) 4.
o 1
+16(6, ,bk')|+w2+w2-(n—iq).
‘g=1 g

It is clear since &k, =k that |6 |< |6, |<|c |. If a is any ordinal such that

q n
a> ©?, then w?+a +w? <a+ ©? + w? by the Cantor normal form of a [0]; conse-

quently, |c | < |6, |+ ©?+ (n+1). Thus, (1) holds.

Definition 2.1. We say that a partial recursive function {e}(x) has a recur-
sive upper bound if there exists a recursive function f(x) such that {e}(i) < f(2)
for every i in the domain of {e}. We call f(x) a recursive upper bound for {e}(x).

Lemma 2.3. Let e be the Gédel number of a partial recursive function and
Gle, b')=c'=3+5° be given by Lemma 2.2. {e}(x) bas no recursive upper
bound iff b' <c'.

Proof. Clearly, by Lemma 2.2, 5’ Sc'. Suppose ¢'Xb'. Then there is a
recursive function g(x) such that for all n, |c | < [b e(n )I Let k=

maxin, {€}(0), +++, fel(»)}. By Lemma 2.2, 5, | < le,l <o (n)| Hence, k< g(n)
and clearly g(x) is a recursive upper bound of fel(x).

Suppose {e}(x) has a recursive upper bound /(x) Define h(x) = x +
(2‘.x of)) + x + 1. By Lemma 2.2, |c_| < lbk |+ @2 (n+1)< 15, +(n+l)| <
|b( )l Hence c' 35", "

The following lemma of S. Tennenbaum shows that there exists a vast number
of partial recursive functions {e}(x) without recursive upper bounds and gives an

alternative characterization of the notion of a nonrecursive recursively enumer-
able set.



10 G. C. NELSON

Lemma 2.4. Let W, be any infinite r.e. set and let {(x) be a recursive func-
tion mapping N one-one onto W,_. Then [~ Yx) is a partial recursive function
without a recursive upper bound iff W, is nonrecursive.,

Proof. Suppose W, is recursive, then define

hx) = 1), if xeW,,
h(x) = 0, ifx g W,

Since W, is recursive, so is h(x) and clearly h(x) is a recursive upper bound
for [~ 1(x).

Suppose f~ 1(x) has a recursive upper bound, say h(x). Then x € W _ iff
(Ey < b(x))(f(y) = x). Since b(x)and f(x) are both recursive, it is clear that We
is recursive.

Definition 2.2. If e, and e, are G3del numbers of partial recursive func-
tions, then we say {ell(x) is recursively maximized by {ez}(x) and write -{el}S"’
fezl if there is a recursive function f(x) such that, for each »,

max {n, {e, 0), - - -, {e; Kn)} < max {f(n), {e, KO), - - -, le, Kf (D)}

Lemma 2.5. If {e,} <™ te,}, then Gle|, b') 3 Gle,, b).

Proof. Suppose c¢'=3:5=G(e,, b')andd'=3- 5% = Gle,, b'). Suppose
that, for some recursive function f(x),
k, = max{0, {e,K0), - - -, e, Kn)}
< k',(n) = max{f(n), {e,}0), - -+, {e, K/ (nD}

By Lemma 2.2, we have |c, | < lb,a | + @2« (n+1)and lbk |<|bk, |< |4 (n)l
Consequently, |c | < Id ol * w? (n +1). By Lemma 2.1 as apphed in the proof
of Lemma 2.2, |8(d,, d: l)| > w? and, hence, le,, | < /(n)+(ﬂ+l)' Define g(x)=

f(x) + x + 1. Then, for every n, |c_[ < | g(n)l and, by definition, we have
C' = G(el’ b’) ’5 ‘{ = G(ezy b')o

The next result demonstrates how we can construct two elements ¢’ and 4’
. L} [ 1 .
incomparable under < such that 5'< c'and '<d" once we know the existence
of two r.e. sets with incomparable Turing degrees.

Lemma 2.6. Let f l(Jc) and | 2(:c) be one-one recursive functions mapping the
recursive sets R, and R, one-one onto W, and W, respectively. Let e and
, be Gddel numbers of f] /W and /;l/WZ, respectively, where [ l/W denotes
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the restriction of /;.'l(x)to domain W, i =1, 2. Then G(e,, ") 3 G(ez, b')
implies Wl <r Wz‘

Proof. Let ¢'=3.5°= Gle,, b'Yandd'=3.5%= Gle,, b'). Suppose g(x)
is a recursive function such that, for each », |c | < Idg(n)|. Let

k, = max{0, {e, K0), . - -, {e, Hn)}

and

k' () = maxlg(n), te, K0), -+, fe, Kglm)k.

By Lemma 2.2, we have for each »,

2
|bkn| S 'Cﬂl _<_ ldg(n)l S |bklg(")| + @ - (g(n) + 1) S Ibklc(n)'.'(g(n)"'l) ?

where the last inequality holds since |8(b,, b;, ;)| > w?. Thus, k, < k;(n) +
(gn) + 1).

Ve claim that x € W, iff Ez < (k; (. + () + 1)(z € R, and f,(2) = x). Sup-
pose x € W, then there exists z € R, such that f,(z) = x and hence {e }(x) =
/Il(x) =z<k < k;(x) +g(x) + 1. Hence, Ez < (k;(x) +g(x)+1) (z€R, and
[l(z) = x) and, clearly, if this holds, then x € W,. However,

u(x) = (max {g(x), {e,0), - - -, {e,Hglx)] + glx) + 1

is recursive in W, since to compute u(x) we need only to know those elements
y < g(x) such that y € Wz. Thus, Ez <u(x)(z € R, and /l(z) = x) is recursive in
W,. Hence, W, <, W,.

Sacks, in [12], has proven that there exists an infinite sequence A Y FTRER
A, ,¢-+ of recursively enumerable sets such that, for i £ j, A;and A]. have in-
comparable degrees of recursive unsolvability. From this we have immediately
the following result:

Corollary 2.2. There exists an infinite sequence c;= Gle,, b'),.--, c;=
Gle,, b'), -+~ such that for i £ j, then clf and c; are incomparable with respect
to S and b'< ci'.

Proof. Let f; be a recursive function mapping N one-one onto A, Let e,
be a Gddel number of /i'l(x). By Lemma 2.6 the result is immediate.

The following lemma allows us to relate other results about Turing degrees
of r.e. sets to Q(y).

Lemma 2.7. Suppose [(x) is a one-one recursive function such that, for
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i=1, 2, {(x) maps the recursive set R, onto Ai' Suppose AI C Az and bhence
R, CR,. Let {ei}(x)= /-l(x)/Ai, i=1,2. Then G(e, b') SG(ez, b'), and
A, <y A, implies G(e,, b") <Gle,, b').

Proof. It is clear that A, <. A, sincex € A iff (x €4, Af~Yx)e R)).
Since A, CA,, we have

{i¢ {el }(0), sy {elul)}g {1, {ez}(o)s ceey, {32}(1‘)}

and, thus,

max {7, {e, (0), - - -, {e, ()} < max{i, {e,K0), - -, e, M)k

Consequently, fel§ < {e2¥ and by Lemma 2.5 we have immediately G(el, S
Gle,, b").

Suppose A, <, A2 and suppose on the contrary that G(ez, ') 3 G(el, b"),
i.e., not (G(el, b') < Gle,, b')). By Lemma 2.6, we have that A2 <r A, acon-
tradiction. Thus, Gle, b') <Gle,, b').

Now we prove Theorem 2.1 for y > w3.

Proof of Theorem 2.1 for y > w3. In [12, p. 53] Sacks proves the analogous
result for the partially ordered set of Turing degrees of the r.e. sets by construct-
ing an infinite sequence By, B ,+++, B ,**" of r.e. sets having the following
properties: By, By,++,B ,++ is a sequence of recursively independent, disjoint,
simultaneously recursively enumerable sets. Thus, there is a one-one recursive
function f(x) such that f(x) maps N one-one onto U{Bit i€ N} and
{dG, n): neN}) = B, for each i, where by (x, y) we mean t(x, y) =
Yx? + 2xy + y2 + 3x + y) which is Cantor’s pairing function that maps N x N
one-one onto N. Sacks’ proof utilizes a result due to Mostowski [9] which gives
a recursive partial ordering relation x <p y on Nwhich is universal. Define
C,=UlB: i<, ul. Sacks shows that

@ u<pv iff C, <y C,e

We note first that < v implies C_ C C_ since i<y and u <p v implies
i <p v by the transitivity of <p. Thus, (2) is equivalent to

ulpv iff C,CC, and C <p C,, noting that
3) C,CC, implies u <p v since the B,’s are disjoint
and i <p i
Now define R, =1({, n):n>0 Ai<p ul. Itis clear that R is recursive
since (x,y) €R iff x <p u. Also, f(x) maps the recursive set R  one-one onto
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C,. It is not difficult to find a primitive recursive function p(x) such that for
each u, p(u) is a GSdel number of the partial recursive function [~ l(Jc)/Cu.
Define e, = p(u). We claim

“) ulpv iff Gle,b') <Gle,d"),

where G(e, b') is the primitive recursive function of Lemma 2.2.

Suppose u <p v, then by (3) C, C C, and / maps the recursive set R, one-
one onto C,. By Lemma 2.7, we have immediately G(e , b N3 Gle,, b ') and more-
over Gle,, b') < Gle,, b')ifutv.

Suppose G(eu, b") 5 G(ev, b'). Then, by Lemma 2.6, Cu <r Cv and hence
ulp v by (2). Thus, (4) holds for all  and v.

Now by Theorem 1.4, we have

) ulpv iff HG(eub,)(x) < Hc(eu,b:)(x).

Thus, the ordering R is isomorphic to {[Hc(eu'b,)(x)]m: u > 0} under <, Since

any countable partially ordered set S can be embedded in the ordering R, then
clearly § can be embedded in Hg py,zu>0iC £(y) and, hence, the
theorem follows for y > w3, “ '

In order to show £(w2) is universal, one follows essentially the same
sequence as above but the basic construction is much easier.

Let a be a fixed element of O such that |a| = w. We write a * k for
(+++(a+ya)+,+++ +y @) with k summands if £ > 0. For a Gédel number e define

f(n, t) inductively as follows:

[, =2 if T (e, i, 1),
fG,)=a-k if T\(e,i,1) and U(t) = k>0,

G, =2, otherwise,

Using Lemma 1.1, defi =37 f,andc'=3+5=Sq" It is
ing Lemma 1.1, define y, = 2o, _o/(i, t)and c = =29; 0V Iti
clear that

lyl=w if {fel(?) is undefined or {el(i) = 0.
lyl=0-k+o if {eld)=k>0.

For a partial recursive function {e}(x), we define k, = 2’:; o{ef(x) =
El.es{e}(i) where § = {i: {e}(i) is defined and i < x}. By Lemma 1.1, we have
immediately that Icnl =0k +o-(n+1)

These facts we formulate in the following lemma.
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Lemma 2.8. There exists a primitive recursive function G(e) such that, for
each e, Ge)=3+5 =c'€0 and |c'| = 0?, for some c. Moreover, el =
m'kn+w-(n+1).

Lemma 2.9. If '€ 0O, |6'| = w?, and b'=3 + 5® is the minimum element
with respect to X, e.g., |b,| = @  n for each n, then b' < G(e)=3 -5 =c' iff
the partial recursive function {cl(x) bas no recursive upper bound.

Proof. Suppose ¢’ Sb’, then there is a recursive function g(x) such that
le,l < 1o (n)l = |o| * g(n) for each n. Thus, k =37 O{el(i)+ n + 1< g(n) for
each n by Lemma 2.8. Clearly, then g(n) is a recursive upper bound for {el(n).
Suppose b' <c'. If g(x) were a recursive upper bound for {e}(x), then h(x)=
(2 0g(x)) + x + 1 is a recursive function. However, by Lemma 2.8 it follows
that e 5| € 18, m)» @ contradiction. Thus, fel(x) has no recursive upper bound.

Lemma 2.10. Suppose, for i =1, 2 f(x) is a one-one recursive /unctzon
mapping R, onto W Let e, be a Gédel number of /'l(x)/W Then G(e )
Gle, )zmplzes w S W,

Proof. Suppose Ge,) = c'=3+5%and Gle,) = d'=3-5% Let h(x) be a
recursive function such that |c | < |4, | assuming c'Xd'. Thus, by Lemma 2.8,

i=0 i=0

n b(n)
<2 felKi)> +n+1< ( ) {ez}(z’)) + b(n) + 1.

Hence, x € W, iff Ez<(b(x)+ 1+ zb("){e }(z))(z €R and/ (z) = x). Since
Eb(n){e }(x) is recursive in W), W, <, Wz’

Lemma 2.11. Suppose W, < W, and f(x) is a one-one recursive function map-
bing the recursive set R, onto W, /or i=1,2. Let {e}= /"l(x)/W i=1,2.
Then G(e )3 < G(ez), arzd W <r W implies G(el) < G(ez)

Proof. Clearly, by 2.8, Gle,) 2 Gle,) since Eyso{ell(i) < 2:.'=°{e2!(i). If
Gle,) 3 G(e,), then W, < W, by 2.10. Hence, the result follows.

Clearly now, the same proof as above for y > w3 holds, using Lemmas 2.8—
2.11 for justification. Thus, g(wz) is universal and Theorem 2.1 is established.

Theorem 2.3. If 0’ <y< @, and y is not of the form a +1 or a + w for any
ordinal a, then Q(y) is universal as a partially ordered set.

Proof. Immediate by Theorem 2.1 and Theorem 1.6.
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CHAPTER III. NONEXISTENCE OF MINIMAL ELEMENTS
The main result of this chapter is the following theorem:

Theorem 3.1. If b' €O, |b'| > >, and |b'| is a principal number for addi-
tion, then we can effectively find a', c' € O such that a'<b',c'<b', and a',
¢’ are incomparable under .

First, we may assume without loss in generality that, for each i, 8(b;_;, b P
is a limit notation, for otherwise replace b' by d' with d' S b' constructed as
follows: Let g(x) be the recursive function defined so that g(x) =3+ 5” if there
is a notation & in O, |k| finite such that 3 - 5¥ +o k= x, and g(x) = 0 otherwise.
Define f(0) = pi(g(b,) # 0)and /G + 1) = pilg(b ;1) <, 8(5). Since |b'| > ? and
principal for addition, clearly f is total recursive. Finally, let d'= 3+ s?in O
where, for each n, d = g(b/(n)). It is evident that, for all n, dn <o b/(n); for
every i, 8(d,_,, d,) is a limit notation, and |d'| = |b'|. (Since 5'Zd", it also
follows that b'~d'.)

The proof of this theorem is based upon a priority argument which is moti-
vated as follows. It is sufficient to construct ¢'=3 + 5 = Zezoyi, where
Iyl < |6'] for each i and y;’s are enumerated by a recursive {e}(i) so that for
some strictly increasing recursive function f°(s)and every s, x, and n, the fol-
lowing three conditions are satisfied:

ax c <1b
s | /‘(2s)l <| /C(zs)|’

. there exists an i such that either {x}(i) diverges,
2
@% ) <i+ 1, or |a] £leg s and

(3): there exists a finite sequence of numbers ig<ij<...< i

such that |y, | = |8(b]._1, bi)l for j=0,1,+00,m.
i

Likewise, the analogous conditions are to hold for a'=3 5% = 20::0 a,
and some strictly increasing recursive function [*(s).

Suppose that we have constructed @' and ¢’ satisfying the above. Conditions
(3);, and () insure that |a'| = |c’| = [6’|. Conditions (1) and (1)¢ insure that
a'Zb'and c'Z b’ Conditions (2) insure that a’ ,ﬁc' for if a' S c', then there
is a recursive function with GSdel number x such that |a,| < lc{x}(i)l; but clearly
we can assume i+ 1 < {x}(i) for all i, contradicting (2){. Similarly, conditions
(Z)z insure that c',ﬁ a'. But now the theorem easily follows.

Definition 3.1. For each condition (2): or (2);' the conditions occurring to
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its left in the following sequence are said to have higher priority than that condi-
tion: (2)§, (2)3, (2)5, ()], ++, (2)5, (2)7, (2);“, (2):+ 1+« If condition y has
higher priority than condition 2, we write z <, y.

The purpose of this priority assignment is to well-order the most interesting
conditions we need to satisfy. In the construction of a’, ¢’ below we will always
attempt to satisfy all conditions z with higher priority than condition y before
satisfying condition y. However, at any given stage s it is not possible to deter-
mine effectively which conditions z have been satisfied. Consequently, we
associate certain E-criteria with each condition z under consideration at stage s
and use freely Theorem 2.2 to control the size of y(a,) being defined at that
stage. If a condition of higher priority than the one under consideration at stage
s has not been met via the E-criteria associated with it, then we will learn this
fact at some later stage and be able to use the function ¢ of Theorem 2.2(vi) to
compute precisely how far astray we have gone.

In our construction we keep track of certain ordered pairs of numbers whose
convergence properties are relevant to our priority conditions by means of disjoint
sets Ff: and Fg. If (x,y)€ F: (F;), then the condition it is associated with is
(2): ((2):), often denoted by (a, x) ((c, x)). We let the priority assignment on
(2): and (2); induce a priority assignment on the elements of Fiu F? in the
natural way so that it is meaningful to find an element of highest priority in any
nonempty subset of F: J F:_. The function p(s) below is used to keep track of
what condition we attempt to satisfy at stage s (s even). The function f°(s)
(f%(s)) defined inductively in the construction is used to keep track of the growth
of ¢' (a') relative to b’ and will eventually insure 69 ((1):) for all s. The
functions IS (I7) are simply bookkeeping functions used to insure (3)7 ((3)7)
for all n.

We now give the construction of a'= 20:: 0 &p c'= EC: oY; by stages. At
each stage s, we define a, in O for /(s - 1)< i < f%(s) and y; in O for f(s - 1)<
i< [(s). D: and D; will hold certain numbers which represent conditions that
we have assumed satisfied at some stage 2s'+ 1 < s; namely if x € D;, then we
have assumed at some stage 2s’'+ 1 < s that all conditions of priority higher or
equal to that of (2)] have been satisfied before stage 2s'+ 1,

Stage 0. lg(x) = x, Ig(x) = x for all x, p(0) = (c, 0), Fg = {(0, 0)}, a, =
F(r((c, 0), 0), 6(b_ i bo)) where {r((c, 0), 0)}(¢) = O for all ¢, Yo=2 and [%(0) =
f(0)=0. D =D =Fy=Gy=Gg=5.

Convention. D:, Dg, F:, Fg, G:, G, lg, IS will be defined to be the same
as at stage s — 1 unless otherwise specified. Also, fAs)=fs-1)+1, [(s)=
[fs-1)+1, a; = 2 for f%(s - 1) < i< /%), and Y= 2 for f(s = 1)< i< f(s)

unless specified otherwise. Frequently, we will define I? (li) at stage s by
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writing Iz(k) = j for some k and j which is to mean I:(x) = I:_l(x) if x < k and
I:(x+k)=x+jforx20.

Stage 1. p(1) = (g, 0), F{ =1{(0, D)}

Convention. If for some k, (x, k) € F: (F?), then we denote by x: (x$) the
largest number y such that (x, y) € F2 (FS).

Stage 2s (s > 0). Case 1. Case 1 holds if, for all x, (a, x) p> p(2s - 1) and,
for some j, (x, j) € F5__implies WEL), _, T,(x, x5 _,, t); and for all x,

(c, x) >p(2$ - 1) and, for some j, (x, j)€ FS implies

2s-1

-'(Et)tsz.c l(x x -1? t).

Case 2 holds otherwise.
Case 1, Subcase A. p(2s — 1) = (a, x). Define p(2s) = (a, x) and k = [(2s) =

ff(2s-1)+1, Let j= 125 1(x) and define

Vi = F(r((a, %), 29), 3(b .))

1’
where F is the function of Theorem 2.2 and 7((a, x), 2s) is a Gddel number of the
following recursive function h(t):

WD =0, it D) Mlay ) > gy ) A BNz, ) € F2)] =Ty (z, 22, )]

t'st
Allle, 2) ,> (a, x) A (Ey)(z, y) € F5)1 =T (2, 25, £).

b(t) =1, otherwise.

(Note that, for all ¢, b(t) = 0, iff for each (a, z) 0> (a, x) either there is no j
such that (z, j) € F‘;s or there is a j such that (z, j) € F‘;s and {z}(z;s) diverges,
and for each (c, z) p> (a, x) either there is no j such that (z, j) € F‘;s or there is
a j such that (z, j) € F5_ and {z!(zgs) diverges. By Theorem 2.2, if, for all ¢,

b(t) = 0, then we are assured that ly/c (26 | = |65, b.)| (this is the only way

j-1
that the construction insures (3)‘ ((3)“)) On the other hand, if, for some ¢,

b(t) £ 0, then by Theorem 2.2 Iy 2) l < . This has the effect of retarding the

growth of ¢ to |b'|. When p(2s) = (2, x) (p(2s) = (c, x)) we are attempting to
make |y . | (la |) large if all conditions of priority higher than (a, x)
/7 (2s) (2s)

((c, x)) diverge at stage 2s (Definition 3.4)and |y . |< w? (la | < 0?),
f€@2s) fF(29)

otherwise. It will follow by iteration of Case 2, Subcase 2 with p(2s) = (a, x)
and all conditions of priority higher than (a, x) diverging at stage 2s that Icnl
will eventually become larger than |a{ Yn )I if {x} is a strictly increasing func-
tion; thus, assuring condition (a, x), i.e , (2) The crucial assumption that

6] > > and |b'| 1s principal for addition assures us that, for infinitely many m,
|8(bm_ 0 bm)l > w? ; this together with the fact that when we discover a ¢ such
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that {r((c, x + 1), 2s)}(¢) # 0 Theorem 2.2(vi) allows us to compute effectively
a number j such that Ia, 3 ')I < * j become important in comparing at odd
2s

stages 2s”+ 1 the growth of a'and ¢’ to |b'].)

Note that in Case 1, Subcase B below, r((c, x), 2s) is defined by interchang-
ing @ and c in the above if p(2s) = (c, x).

Case 1, Subcase B. p(2s = 1) = (c, x) (here x > 0 always). Define p(2s) =
(c,x)and k = f%(2s)=f%(2s = 1)+ 1. Let j=1I3__,(x - 1) (x - 1 here rather than
x as in Subcase A because (4, x — 1) is the condition of lowest priority with
priority higher than that of (c, x)) and define

a, = F(A(ec, %), 25), 8(17]._ 1 bj)).

Stage 2s (s > 0). Case 2. Let (x, y) be the element of highest priority in
F5._y (F34_y) such that (x, y) = (x, x5 ) (G, ¥) = (e, x5,

(Et), o, T\ x5, _1p ) (E), , T (x, %51, ), and (2, x) > p(2s - 1)

(e, %) > P(Zs - 1))

Case 2, Subcase A. (x,y) € F$ (Subcase B corresponds to (x, y) €

2s=~1
F;s-l)’ , a
Subcase A, Case A . x € D5 —

(a, x) <p (a, x').

Case A,. If otherwise.

Case A, Subcase 1. x ¢ G5, and Ix}(y) <y + 1. Define Fl =F3 1~
{(x, y"): y' € N} and set G5 = G‘;S L U lx}. (Here we know for sure that condi-
tion (a, x) is satisfied.) Defme p(2s) = (c, x + 1) and proceed as in Subcase 3
below.

Case A, Subcase 2. x ¢ G5__, and {x}(y) >y + 1. Define F3 F‘z’s_l v
{(x, =} where z is the smallest number k> 2s larger than all j such that (x', j) €
F UF" for some x ' and some s'< 2s. Define p(2s) = (a, x). Let 2s, be the
largest Zs < 2s such that p(2s') = (a, x) and (x, y) € F‘2 1« By Lemmas 3.3 and

3.4 25, exists. Let Q_=12s":2s>2s" > 25 A p(2s') = (a, x')<p (a, x)}. If
Q_=¢, then define [°(2s) = /(25 - 1)+ 1 and 15.(x) = j+ 1 where j =I5 (x).
IfQ, # &, then for 2s' € Q_ itis clear that (Et < 2s)dr(p(2s "), 2s")(t) # 0) and
using Theorem 2.2(vi) and the least such ¢, we can effectively find k, s such that
Iyl S@ < kygs for k=/°(2s'). Define [“(25)=1+2,.4.9 k,u+ /(25 ~1)and
5, ()= j+1 where j=1I7_ (x) Finally, define y, = F(r((z x), 25), 8(b;_,, b))
where k= f°(2s)and i = IC ().

Let O, —{25'2$>Zs >2s Aps'y= (c,x)<p(a x)}. If 0, =g, then
fA(2s) = /“(zs -1)+1. If Q4 g, then for each 2s'€ Q_, (Et< ZS)Gr(p(Zs )
25 ")}(2) # 0) and using Theorem 2.2(vi) and the least such t we can effectively
find k,, such that la ol S0k fork = f®(2s'). Define [*(2s) =

— (a, x)< (c,x')and x' 602s 1~
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1+3 k,o+[*(2s - 1). Finally, define I3 (x)=j where j = I ,(x) and

2s'eQ
a
2s'is the smallest element of Q, such that p(2s "Y=(c,x +1),0r I‘;s = "zzs-l’
otherwise.
Case A, Subcase 3. x € G5, _,and (x,y) € F5 _,. Define p(2s)=
(c,x+1), Fj = ng-l -{(x, y)}. Define D% = Dgs-l —{x}, if Il <y + 1,

or Dgs = Dgs_.l otherwise. Let 250 be the largest 2s "< 2s such that p(2s0) =
(a, x) and (x, y) € ng-l‘ Let 0,0, f%(2s), and f°(2s) be defined exactly as

in Subcase 2. I‘;s(x) = j where j = I';s (x) where 2$l is the smallest element of
Q, such that p(2s,) =(c, x + 1), or I;s = I‘;s_l, otherwise. Define a, =
F(r((c, x + 1), 25), 8(b;_, b,)) where k = f®(2s)and i = I‘z’s(x). I;s(x +1)=7
where j=1I5_,(x+1)and 2s 1 is the smallest element of Q_ such that p(2s "=
(@, x +1),0r I5 =15 _,, otherwise.

Stage 2s, Subcase A, Case A,. (x,y) € F’;s-l and either there is an x'€

D‘;s_l such tfaat (a, ")pZ (@, x') or there is an x'€ D;S_l such that
(a, x) > (c, x').
Let S%={z:z ¢ D;s_l and (c, z)<p (2, x)}. For z € §%, define inductively

D, ={(z, y): (z, y) € F for some s'< 2s} if, for some j, (z, j) € F;s_l.

Dz ={(z, y): (z, y) € F:. for some s'< 2s} U {(z, &)} where k is the smallest
y > 2s such that y is larger than all j such that, for some v, (v, j) belonged to
F:, UF:, with s'<2s or to D, for some z'< zand z' € $%, otherwise.

Let S€ ={z: z € D__, and (4, 2) <, (@ x)}. For z € §¢, define inductively

E_ =1z +1,y): (z + 1, y) € FS, for some s'< 2s} if, for some j, (z+ 1, j) €
F;s-l’ .
E,={(z+1,y):(z+1,y)€ F, for some s'<2s} U {(z + 1, k)} where & is
the least number y > 2s larger than all j such that for some v (v, j) belonged to

F% UF¢, with s'< 2s, to D, with z € $%, or to E, for some z'€ 5 and 2'< 2,

otherwise.
Replace:
F;s-l by F;s-l v U Ez’
zeS®
D;s-l by gs-l - Sc’
G5s_y by D5 _,-lz+1:z €S
and

Fieor by F3yu U D,
ZES

a
DZs—l by D;s-l—sa’
a
GZs-l by G‘2‘s-l-sa°
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With these replacements, we start at stage 2s anew. Now, it is clear since
(x,y) € F‘Z' s—1 that Stage 2s, Case 2, Subcase A, Case Al applies and proceed
as specified there with (x, y) being the element of highest priority insuring
Case 2.

Stage 2s, Case 2, Subcase B. (x, y) € F;s-l’ The construction is exactly
analogous to the above but the analogous priority assignments must be strictly
followed, i.e., it is the same except for the variation between the priority assign-
ments on @ and ¢ obtained by interchanging @ and ¢, @ and y, f* and f€, etc.
Thus, we do not explicitly write out the details.

Stage 2s + 1. If p(2s) = (c, z) (p(2s) = (a, z)), then p(2s + 1) = (a, 2z)

(p(2s + 1) =(c, z + 1)). If 25 + 1 is the first stage s for which p(s ') = (a, z)
(s")=(c, z + 1)), then Fl 1= F5 0l DY (F5, = F5 Ul +1, )
where j is the smallest number larger than 2s + 1 such that j has never occurred
previously as a second coordinate of any element of F:. UFS, with s'<2s+1.
If p(2s) = (a, z) ((c, 2z)) and Case 1 below holds for (a, z) ((c, z)), then F?

(F; s+ 1) is defined as specified there (note there is no conflict here since 3:;1
are defining F§_ (ng+ ) first, then defining F3_ (F3, 1) next).

Case 1. Suppose p(2s) = (a, x) (analogously, if p(2s)=(c, x)). Let 2s, be
the largest 2s '< 2s such that p2s') = (c, %) (by Lemma 3.4, 2s, exists). Next
let 2s, be the largest 2s ' with 25, < 2s'< 2s such that, for some j, (x, j) is
removed from F$,, i.e., for some j, (x, j) € ng'-l and (x, j) ¢ FS g, or 25, =
2s, otherwise. In order to determine if Case 1 holds at stage 2s + 1 for every
two elements (x, kl) and (x, kz) in F‘;s with Ie1 < k2 and [“(250)5 kz we carry
out the following procedure:

Suppose there is a number j such that /“(Zso) <j and for some 2s, with

2s, < 2s,< 25, p(2s,) = (a, x),] = I‘;sz(x), f°(2s,) < ky, and

() ®{r (e, 2), 25 M) =0 and {r((a, x), 25,)K1) = 0);
ts2s+l1
otherwise, Case 1 does not hold for this choice of (x, kl) and (x, kz) in ng.
Let j* and 2s, denote the smallest numbers satisfying the above, choosing i*
first,

If the above does hold for (x, k,) and (, kz), then in order for Case 1 to
hold for them we next require that f*(2s) > k, and for every 2s’ with 25 < 2s'<
2s such that p(2s "= (c, w) (by the above choice of 2s and Lemma 3.4,

(c, w) <p (a, x)) and /“(250) < /“(25') < kz’ there exists a ¢t < 2s + 1 such that
{r((c, w), 25 ")}(t) # 0. Using Theorem 2.2(vi) we can compute effectively for
each 2s'as above and the least ¢ such that {r((c, w), 2s )}(¢) # 0 a number 9,6
such that la/“(zs’ )[ <w-q,u. Thus,
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k
2
ls(al“ ) )’“k )| = > al< <co< z qzs'>> +o
(2sg i=f%(25,)41 2s'es

where §=1{2s':2s,< 25s"< 25, p(2s") = (c, w), and f%(2s") < kzl since, for any i
with /d(Zso) +1<i<k, |a‘il =1 unless i = {%(2s") for some 2s' €S, Let m =
(Z)gres Ty + 10

It follows (by Lemma 3.8) that |a s | 1 |. Also, by our choice

/4(23

~of 2s, IC/,_-( | < Ick | and (by Lemma 3 l(m)) {x}(k )converges and k, <
2s3)
{xl(kl)< k,. Next by Theorem 1.1 compute enm(d, 0), enm(d, 1),---,
enm(d, 2s + 1) where d = &(c 0 ; c"l) and let m* be the number of distinct
2s

numbers of the form 3 - 5¥ which dccur in this list. If m*> m, then we say that
for this choice of (x, k,) and (x, k,) Case 1 holds. Case 1 holds at stage 2s + 1
if for some choice of (x, kl) and (x, k,) in F;s Case 1 holds, i.e., the above
conditions are all satisfied.

Suppose Case 1 holds for condmon (a, x) ((c, x)). Define D2s“ = D‘z’s V)
{x} and GZs+ 1= G“ v ix} (D2s+l sV {x — 1} and st L= Gcs Uixl). Let
k be the largest y such that (x, y) € F os (F 5s): Define ‘;s“ ng ={(x, y):
y AR (FS = Fo = 1x, )iy £ kD)

This paragraph is to motivate what is done at stage 2s + 1, Case 1. Suppose
for (x, kl) and (x, lez) in F;s, Case 1 holds at stage 2s + 1. If (¥ holds for all
t>2s +1as well as t < 25 + 1 (which of course we cannot determine effective-
ly), then by our inductive argument of Lemma 3.14 it will follow that

|b |<le |« ((*) holds for all t>2s +1 as well as for t < 2s +1 is
(2s4) ff2s.) -

equwalent to the property that at stage 2s, all elements of priority higher than
(c, x) diverge and that at stage 2s 2 all elements of priority higher than (a, x)
diverge (Definition 3.4).) Suppose that Ickll < l“{x}(kl)l; then Case 1 assures

us that

|a

<l|b <le <lec, | <la <la, |;
/a(ZSO)I—l /a(ZSO)I"l F(2$2)|_| kll-l {x}(kl)l I "zl

but it then follows that

|(S(‘zla(Zso * %k )l |3(c sz), Ckl)l,
and this contradicts the Case 1 computation that m*> m. Thus, assuming (*)
holds for all ¢, it follows that Ickli < Ia{x}(kl)l is false, i.e., condition (a, x)
is true. If (*) does not hold for all ¢, then not all elements of priority higher than
(a, x) diverge at stage 252 or not all elements of priority higher than (c, x)



22 G. C. NELSON

diverge at stage 2s, and consequently at some even stage 2s '>2s +1, Case 2,
Case A, or B, will hold and since x € D;s'—l we will correct the construction
accordingly knowing that at stage 2s + 1, (a, x) need not have been verified.
Our priority assignment will assure us that eventually all conditions (a, x)

((c, x)) become satisfied.]

Case 2. Case 2 holds, if Case 1 does not hold; and we proceed according to
our conventions. This completes the construction.

Definition 3.2. We say (x, y) is placed in Fg (FO) if (x, y) € F: (F$) and
(x,y) ¢ FS_, (FS_)). Ve say (x, y) is removed from F7 (F?)if (x, y) € Fg_,
(FS_))and (x, y) ¢ F2 (F2). Similarly, x is placed in G2 (G, DE, DY) if x € G2
(G, DE, D¢)and x ¢ Gg-l (Gs_y» D?_ 1» DS_ ) and analogously, for x is removed
from G2 (G, D, DY).

The next lemma enumerates some of the basic properties of the above con-

struction and is useful in justifying results about the construction.

Lemma 3.1. (i) If (x, k) is removed from Fg, then (Et), _ T (%, k, 1), every
(x, /) € U, . (F§ with j < k does not belong to FZ, and x € G2.

(ii) If (x, k) is placed in F:, then every (x, j)in Ui <SF: also belongs to
F:, x¢ Gl xd D:, p(s) > (a, x), and if (x, k) € U, _ F$, then there is a y > k
such that (x, y) € F:.

(iii) If s is the first stage such that (x, k) is placed in F:, then s < k, for
every (x,j) €U, _ FIED), (T, (%, j, ) and j+ 1 <Hxl(D < s, pls) o2 (@, %),

and (x, k) is the onlylelem;nstso/ the form (x, j) in F: - Ui <SF?.

(iv) If s is a stage such that x € G: and x ¢ D: (while x ¢ G:_l or
x € DS _)), then for all j, (x, ) ¢ F% and for some (x, y) € U, . FH o)<y +1.

(v) If x is placed in Gz, then s is odd implies x is placed in D: and there
is a unique element of the form (x, j) in F:, and s is even implies x ¢ D% and
there is no element of the form (x, j) in Fa.

(vi) If x is placed in Dz, then s is odd and x is placed in Gg.

(vii) If x is removed from Gg, then x € Dz-l’ p(s) »> (a, x), s is even, Case
2, Case A, or B, applies at stage s, and x is removed from D:.

(The analogous results hold for F¢, G, and Dg where in formulation one
replaces x ¢ Dg, x€ D:, and x is removed from D: by (x-1)¢ Di, (x-1)€ D;‘,
x ~ 1 is placed in DS, and x - 1 is removed from Dz, respectively.)

Proof. By induction on s, we establish (i)—(vii) simultaneously. The results
are clear for s = 0 and s = 1. Moreover, we need only verify any of (i)—(vii) at
stage s in case its individual hypothesis is satisfied. Suppose (i)—(vii) hold for
all s'<s, and suppose s is even. If Case 1 holds at stage s, then by our con-
vention F:, G:, and D: remain the same as at stage s — 1 and (i)—(vii) hold.
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Suppose s is even and Case 2 holds at stage s. Suppose Subcase A, Case
A1 or Case A is applicable, i.e., (x, y) as in Case 2 with (x, y) € F" -1 and
(Ez)‘ T (x, y, t). Let s'<s be the first stage such that (x, y) € F ,. By (iii)
at stage s’ it follows that if (x, j) € U, __,F{, then y >j and, by (u) ats ',
(x,j) € F“,. It will follow by our mducuve hypothes1s that if (x, j) € Ul <sFir
then (x, j) € Fs,. For suppose (x, j) € UKS : and (x, P ¢F +» Suppose (x, j)
is first placed in F“,, where s '< s"<s. By (ii)ats”, it follows that (x, y) € F“
and by (iii) at s”, y < j. Since y is the largest number & such that (x, k) € Fs 1
by Case 2 conditions, (%, j) must be removed from Fg for some s » S "<s ,Ss- 1

2
and we assume s,<s -1 is the largest number such that (x, j) is removed from
ng. By (i) at stage s, (x, y) ¢ FZ . Consequently, (r, y) must be placed in

2
F: for some Sy S, <'s, <s -1 but then by (ii) at stage S3 (x, )€ Fg , con-

3
trary to our choice of s,. Thus, (x, j) € Fz,. In addition, it follows that (x, y)
belongs to Flfor all s", s'<s"<s -1, since if (x, y) is removed from F:,,,
s'<s"<s -1, then it must be placed in F2,, s"< s"<s -1, for some s", and
by the last part of (ii) at s”, there is a & >y such that (x k) € FZ,. By the
above, (x, k) € Fs, contrary to (iii) at s'. Hence, for all s”, s 5 s S s-1,

(x, xg,,) =(x,y)€ Fz,,. We restate this result as Lemma 3.3 below.

Suppose now at stage s, Case A, Subcase 1 holds, then all elements of the
form (x, j) are removed from F: and x is placed in G:. Thus (i) holds for £ =y
and for (v, j) € FS_,, j#y, (i) holds by (iii) at s"since (x, ) € U, _ JFF by
the above. The hypothesis of (iv) holds since x ¢ DS _, (and x ¢ DY), for other-
wise, let s, be the largest s"such that x is placed in D% with s"<s - 1. By

(vi)at s, x is placed in G . Since x ¢ GZ_, there is an s, such that s <

s, <s -1 and x is removed from Ga . By (vu) at s, x is removed from D:
contrary to the choice of Sye Clearlyzr, the conclusion of (iv) holds since
{x}(y) <y + 1. Clearly, (v) holds since x £ Dg by the above and there are no
elements of the form (x, j) in Fa.

Suppose now at stage s, Case A, Subcase 2 holds, then s is the first stage
such that (x, z) is placed in FS and y + 1< {x}(y) < s < z by the choice of z and
the fact that {x}(y) <t if T (x,y, ). If (x, /) € Ui<sF? and j #'y, then by the
above (x, ) e U i<s'F? where (x, y) was first placed in F:,. Consequently, the
remaining parts of (iii) follow from (iii) at s "and also p(s) = (a, x). Since x £
D:-l by the arguments for (iv) given above in Subcase 1, (i1) follows if we show
every (x, ) in U, _ jF? belongs to FZ. Suppose (x, j) € U, _F§, then (x, ) €
F%. It will follow that (x, /) € F2_,, for suppose (x, f) ¢ FZ_,andlet s,
denote the largest s”< s 1 such that (x, j) is removed from FZ,. By (i)ats,,

x € Gg . Since x ¢ G2 1> it follows that x must be removed from G: for some
1 - 2
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s, §;<s,<s -1, and by (vii) since Case 2, Case A, or B, applies at stage

s, all elements of the form (x, &) in Ui <s

F? also belong to F:z contrary to
our choice of s,. Thus, (x, j) € F:-l and consequently (x, 7) € F:. This
establishes (i)—(vii) at stage s.

Suppose now at stage s, Case 2, Case A, Subcase 3 holds. Let s’ be the
first stage such that (x, y) € F% st+ From the above (x, y) € F& o for all sy s <
s"<s=-1,and any (x, j) € U;<s ¢ also belongs to F&,. It follows that x €
DZ_,, for suppose x ¢ D?_,, and let s, denote the largest s"< s =1 such that
x is placed in G%. By (iii)ats’, it follows that s'< s, and by (v), s, is odd
since (x, y) € F: and x is placed in D: . If x is removed from D%, for some s",
s, < s"< s -1, it follows by (iv) at s"sillce x € G:,, that (x, y) ¢ F:,,, contrary to
the above. Thus, x € D:—l' Suppose now {x}(y) <y + 1, then at stage s, x is
removed from Dg and x € G:, also (x, y) is removed from F?. It follows that (iv)

holds since, by (v) at s, (x, y) is the only element of the form (x, j) in F_': and
no element of the form (x, j) can be placed in F:,, fors, <s "< 's -1 since other-
wise, by (ii), x ¢ G:,,, contrary to the choice of 5. Since (x, y) is the only ele-
ment removed from FZ, (i) follows at stage s. Suppose now that {x}(y) >y + 1.
Then (x, y) is removed from F: but x is not removed from D:. As above, (i)
holds. Thus, (i)—(vii) hold at stage s.

Suppose at stage s, Subcase A, Case A, holds, i.e., for (x, y) as in Case 2,
(x, y) € Fs_l, {x}(y) converges, and for some x'€ DZ_,, (a, x) o2 (c, x") or for
some x'€ DC - (a, x) > (a, x'). Suppose x'€ D“ -1 and (a, x) > (c, x"), i.e.,
x<x'. It follows by the inductive hypothesxs that x' € Gs 1
largest stage s"<s -1 such that x' is placed in D, it follows by (vi) that x'

since if sy is the

is placed in Gs and if x' is removed from Gs,, for some s, < s"< s -1, it follows
by (vii) that x 'is removed from D:,,, contrary to our choice of s,. Thus, x' €

Gomt
(x', /) is placed in F:,, fors, < s"<s -1 by (ii), and by (v) s, is odd and there
is exactly one element (x', &) in F: LI (k) e F:_‘, then let s denote the

and s, is the largest s"such that s"< s - 1 and x'is placed in G;,. No

1
first stage such that (x', k)€ F‘z . By the results in the second paragraph of

F? belongs to F . The construc-
i<s i

tion now places all (x', ) € U; . F? in F, removes x ' from G2, and removes %'
from D%, It will follow below that p(s) > (e, x+1) > (a, %) and clearly, (ii)
holds for (x', j) placed in F Moteover, (vii) holds for ' If (x', k) £ F“ -p
then an (x', z) is placed for the first time in F% along thh all elements (x )
such that (x', j)€E Ul <SF‘", x'is removed from Ga and x' is removed from D .
Let s, denote the largest s "< s -1 such that (x', k) is removed from F% pn then

1<5, and there is exactly one element of the form (x',7)in F ; and hence
$27

this proof, it follows that every (x', 7) € U,
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s, is even. Since x'e G: —p» it follows that Case 2, Case A or Az’ Subcase 3
applies at stage s, and since x'e D:z, it follows that {x'}(k)> %k + 1 and
(Et)‘ ssle(x', k, t). Thus, (iii) and (ii) hold since p(s) Zp (c,x+1) Zp (a, ")
since x'> x and z > s. Clearly (vii) holds. Note in case x'€ Dg-l and
(a, x) pz (a, x'), we now replace (x'+1,)in Fi, etc. as above first, i.e., the
Case'A2 or 82 part of stage s does not interfere with (x, j)’s in F: where
(x,y) € F:-l is the (x, y) of Case 2. The proof of the next part of this stage
breaks up into the Subcase 1, Subcase 2, and Subcase 3 as viewed above and,
consequently, is treated exactly as above.

Suppose now s is odd. If s is the smallest number such that p(s) = (e, ),
then an element (x', k) is placed in FZ for the first time and there are no ele-
ments of the form (x', ) in U, F?. Thus, (ii) holds since clearly x'¢ G*

i<s Ss=1
. . ! .
and x'¢ D% since in order for x " to be placed in Gz, or D:,, there must be

at least on: ellement of the form (x', j) in F:’-l‘ Likewise (iii) holds. Suppose
now that Case 1 holds for (a, x) at stage s, s odd, then for the x of that case all
elements of the form (x, j) in F.:-x except (x, x:_ ,) are removed from F:. At
stage s, x is placed in G: since if x € G:_ p» let s, denote the largest stage
s"< s =1 such that x is placed in G%,. By (v), s, must be odd since otherwise
there is no element of the form (x, ) in Fg and hence at some s”, s, < s"<

s -1, (x, j) must be placed in FZ and by (ii) x ¢ G%, contrary to our choice of
s,+ Thus, s, must be odd and there is exactly one element of the form (x, k) of
F: ; however, there must be at least two elements of the form (x, j) in F:_ v and,
hence, by (ii), x ¢ Gz,, for some s, < s"< s -1, contrary to our choice of Sy.
Thus, x ¢ G2_ | and x is placed in GZ. Similarly, x is placed in D since

x ¢ D:-l; otherwise let s, be the largest stage such that x is placed in D:,,,
s"< s = 1. By (vi), x is placed in G: and s is odd. Hence, there is a single
element of the form (x, &) in F: by (v). Again by (ii), x ¢ D:,. for some s, <
s"< s =1, contrary to the choice of sy+ Thus, x is placed in D:. Clearly, (v)
holds and (vi) holds at stage s. Also, (i) holds by our inductive hypothesis at
stage s ' where (x, x:__ l) is first placed in Fz, at stage s ' and the usual argu-
ment, that no elements of the form (x, j) are first placed in Fg,, for s'< s"_<_
s-1. Q.E.D.

Lemma 3.2. If, at stage s, x € G2 and x ¢ D%, then for all s'>sand all j,
(x, )¢ F:,, x € G:,, x ¢ D%,, and (Z)z is true.

Proof. Assume s is the smallest s’ such that x € G% and x ¢ D%,. By (iv),
(2)7 holds and for all 7, (x,7) ¢ Fg. It is clear that no (x, j) is placed in F:,
for s' odd and s’ > s. Because, in order for x to be placed in G%, s"< s, there
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must be at least one element of the form (x, y) in F:"-l' consequently the first
odd stage s, such that p(s,) = (a, x) has occurred prior to stage s " and this is
the only odd stage where an element (x, j) is placed in F: . Suppose now that
the result is true for all s”, s < s"<s'. Suppose (x, j) is placed in F%; then s’
is even and Case 2 holds. .Since there is no element of the form (x, k) in F:’-l’
it follows that Case 2, Case A, or B, occurs at stage s'; but then in order for
(%, j) to be placed in F:. it must be that x € D:,_l, contrary to hypothesis. Sup-
pose x is placed in D:.; then by Lemma 3.1(vi) s'is odd and x ¢ G:'-l’ contrary
to hypothesis. Suppose x is removed from G:., then by Lemma 3.1(vii) x € D:’-l’
contrary to hypothesis. Q.E.D.

We restate a result which occurs in the proof of Lemma 3.1.

Lemma 3.3. If Case 2 holds at stage 2s with (x, y) € F;s-x being the (x, y)
of the construction and s' is the smallest number such that (x, y) € F:., then
(x, x%) = (%, y) € F& for all s" with s' < s" < 2s - 1. Similarly, for c replacing a.

Lemma 3.4. Forall s, p(2s + 1) < p(2s) and p(2s + 2) o> p(2s +1). If
s<s'and p(2$') <p p(2s), then for any condition d = (a, x) or d = (c, x) such
that p(2s') < d <p p(2s) there is an s" with s <s" <'s' such that p(2s") = d.

Proof. By the construction p(2s + 1) is always the condition of highest
priority lower than that of p(2s). Also, p(2s) pz'p(Zs - 1) since in Case 1, stage
2s, p(2s)= p(2s - 1) and in Case 2, Subcase A at stage 2s with (x, y) the (x, y)
of the construction (a, x) p> p(2s - 1) and either p(2s)=(c, x + 1) pZAp(Zs -1)
(Subcase 1 or Subcase 3) or p(2s) = (a, x) (Subcase 2); similarly if Case 2, Sub-
case B holds at stage 2s + 1.

The second assertion is now obvious.

Below I3 (- 1) is to be interpreted by 0.

Definition 3.3. We say x is secured at stage 2s for a (c) and (c, 2) ((a, 2))
secures x for a (c) at stage 2s if at stage 2s,

p(2s) = (¢, 2), 15 (z-1)=x, a/“(zs) = F(r((c, 2), 25), 8(6,,_,, ),

and for all ¢ ({r((c, 2), 25)}¢) = 0)
(p(25) = (a, 2), I () =x, y,c(2 - F(r((a, 2), 25), 8(6,_,, b,)),
and for all ¢ ({r((a, 2), 25)K2) = 0)).

We say x is secured for a (c) by (c, z) ((a, 2)) if there is a stage 2s such that x
is secured at stage 2s for a (c) and p(2s) = (c, z) (p(2s) = (a, 2)).
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For the next definition recall from the construction that z: (z;'); denote for
given z the largest number y such that (z, y) € F& (F%) if, for some j, (z, j) € F%
(for some j, (z, j) € FO).

Definition 3.4. We say at stage s that all elements of priority bhigher than
(c, x) diverge if p(s) < » (c, x), for every (c, z) 0> (c, x) such that, for some
i (z,j) € FS, {z}(z;') diverges and for every (a, z) 0> (c, x) such that for some
j (z, )€ FS, {z}(z:) diverges. At stage s the notion of all elements of priority
higher than (a, x) diverge is defined similarly.

Lemma 3.5. If i is secured by (c, z) for a at stage 2s, then |a | =
6, _ p b\ At stage 2s, (c, z) secures i for a iff p(25) = (c, 2), 13 (z - 1) =i,

and at stage 2s all elements of priority higher than (c, z) diverge. The analogous
result holds for (a, z).

Proof. Suppose i is secured by (c, z) for a at stage 2s. By Definition 3.3,
a.la( )= F(r(p(2s), 2s), 'o‘(bi_ i b,)) where p(2s) = (c, z) and 7((c, 2), 25) is a
2s

Godel number of a recursive function such that for all ¢ ({r((c, z), 2s)}(2) = 0).
Consequently, by Theorem 2.2(ii)

|F(((cy =), 25), 8(6,_,, b)) =186;_,, b)-

However, by definition, {r((c, z), 2s)}(t) = 0 iff

()" o M, ) 0> (c, 2) and (Ey)(x, y) €F§ )] =T W x5, ")}
and {l(c, ©) > (c, 2) and (Ey)(x, y) € F s N =T (x x5 .

Since for all ¢, {r((c, z), 25)}(¢) = 0, it is clear that all elements of priority higher
than (c, z) diverge.

Conversely, suppose p(2s) = (c, z), l“ (z - 1) =i, and at stage 2s all ele-
ments of priority higher than (c, 2) dxverge. By the construction a =
F(((c, ), 25),8(b;_,, b,)) and by the above for each ¢ {r((c, z), 2s)¥(t) 0.
Consequently, (c, z) secures i for a at stage 2s.

For the next lemma recall the convention in the construction that when we
define I‘z's(x) = j, this means for all k< x, I;s(k) = Igs_l(k) and for all & > x,
I‘;s(k) =j+ (k=-x)

Lemma 3.6. If s,<s, p(2s)< p2s ) = (a, x), and, for all s' with
so<s '<s, p2s’ )< (a, x), tben/orall k<x lc (le)-lc (k). If sy<s,
p(2s) < (ZSO) (c, x + 1), and, for all s' with so<s < s, p2s' )< (c, x + 1),
then [or all k< x, l“ (k)— l“ (k)
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Proof. In the construction the value of Ic s at k changes at 2s ' from the value
of 125, ,at k only if Case 2 holds and p(2$ ) > (a, k), and the value of I‘;S,
at k changes from the value of f; r_patk only if Case 2 holds and
p(2s") 02 (c, k + 1), For suppose at stage 2s ' Case 2, Subcase A (Subcase B)
holds. If p(2s") = (a, x) (p(2s") = (c, x)), corresponding to Subcase 2, then, for
some j, j', I;s, (x) = and I';s,(x)= i’ (for some j, j', lgs.(x -1)=jand
I;s.(x) =i")% If p(2s') = (c, x) (p(2s") = (a, x)), corresponding to Subcase 1 or
Subcase 3, then for some j, j' I5,/(x) = jand IS ,(x — 1) = j' (for some
ii Igs,(x) =jand I;s,(x) =j'). Suppose I;s,(k) # I;s,_z(k), thus p(2s') =
(a, z) implies z > k and p(Zs "= (c, z) implies z > k; hence p(2s ") pZ (a, k) by
Definition 3.1. Suppose 1% 351 (k) #1550 _,(k), then p(2s )= (c, z) implies k> z -1
and p(2s') = (a, 2) imphes z > k; hence p(2s') o> (c, k + 1) by Definition 3.1.

The lemma follows easily from the above facts.

A fundamental result concerning the construction is the following

Lemma 3.7. For any stage 2s, let 2s€ be the largest 2s'< 2s such that
p(2s") = (a, x) where (a, x) is the condition of lowest priority such that
(a, %) > p(2s). Let y$ = Ic (%), and define, for j<y<, k°(2s, j) = largest
2s < 2$ such that for some x p(2s )= (a, x 'Y and ji= I ,(x'). Then

k(2s, 0) < k€(2s,1) < ..« < k°(2s, yi) =2sS, Igs = I;sc,

and

le /(2 ) (Z |F(r(p(2s ), 2s), 5(1’,-1’5))I)+w n

i=0

where 2s ;= k°(2s, i) and n < [€(2s) - yS. Similarly, for a. Also, I and I;s
are always increasing functions of x, p(2s) = (a, x") implies for some iy, that
(x )= 7y and I‘z (x )= Ty and p(2$)-. (c, x') implies for some iy iy that
I‘s(x )= iy and I‘z (x -1)= ]2 (if x'=0, 2s(x )= 72) (Recall our convention

about writing 1S s(x ESID)

Proof. These results are easily checked for s = 0. Suppose the results are
true for all 2s'< 2s. Suppose at stage 2s Case 1 holds and suppose p(2s)=
(a, x), then since p(2s) = p(2s - 1) it follows by Lemma 3.4 that p(2 + (s - 1)) =
(c, ) and, hence, p(2(s - 1)°) =(a, x — 1). Thus, by the inductive hypothesis

. . C C . c
I;(s 1)( -1)=j, for some j, and IS, _ )= 12(5 l)"_, and, hence, since I5_=
I5.(s~ ) for Case 1, I;s(x)=I;( e @ =7 +1=y5_+1. Thus,2 s€ —25

S -

and y$ =yS_,+1. Also k°(2s, )= k°(2(s - 1), j) for j < y< since p(2s) = (a, x).
By our inductive hypothesis, we obtain k°(2s, 0)< +++ < k°(2s, y5) = 25° and also,
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| =1 [+1+]ly I

°@2s)

c c
f@2s) F2(s=1)

Ye-1
5( 2 |F(r(p(2s), 25), 8, _,, bi))|>+ wenl_;+1

i=0

+|F(r((a, %), 25), 8(b e b))

ys ys

where 2s; = k(2s, i) for i <yZ. The last term is a limit ordinal greater than or
equal to @ by Theorem 2.2(v) since |8(b;_,, b,)| is a limit by our initial assump-
tion about b'. Clearly, if @ < a a limit, then (@ *n%_; +D)+a <a + (@ a]_,)
(consider the Cantor Normal Form for @ [0]). Thus, letting ng = ":-l the result
follows. Clearly, I° _= I;s, l‘z's (I;s) is increasing, and p(2s) = (a, x) implies

_ . “% ¢ a o . a _
I‘;s(x) =17, where iy =v; and IZS(x) =7, where i= I;(S_l)(x) and lz(s_l)(x -1)=
- 1. The result is easy if Case 1 holds and p(2s) = (c, x), for then p(2(s - 1))=

(a,x=1), 25= 2(s = 1, yS_, =95 [(25)=/(2*(s - 1) +2, and let n{ =
(=
s~1

Suppose at stage 2s, Case 2, Subcase A, Case A, Subcase 2 holds with
b(2s) = (a, x) and since p(2s = 1)<, (a, x), we have p(2s - 2) S (a, x). Let 2s,
be the largest 2s'< 2s such that the (x, y) of Case 2 belongs to F;s, and
p(2s') = (a, x). In order to see that 2s exists, let sy be the stage at which
(x, y) is first placed in F: ; by Lemma 3.1(iii) it follows that p(sl) pZ (a, x) and

n +1.

by Lemma 3.3, (x, y) € F:, and (x, x:,) = (x, y) for every s, s, < s'S 2s - 1.

By Lemma 3.4, there is a 2s'such that 5, < 2s'< 2s -1 and p(2s') = (a, x) since
p(2s - 1) <p (a, x); consequently, p(2s ") = (a, x) and (x, y) € F;s,. Thus, 2,
exists, Let

Q. =12s"1 25> 25" > 25 A p(25") = (a, &) <, (a, )1

Suppose Q_=g&. Thus, 2(s - 1)° = 25, since otherwise 25, < 2(s = 1) < 2s - 1)
and (a, ') = pQ2(s - 1)) > p@2 + (s - 1)) while by Lemma 3.4

pQ(s - l)c)s_p (a, x); by the definition of 2s, p(2(s - 1) £ (2, x) and thus
p(2(s - 1)°) <y (a, x), contrary to Q_ = &. Thus, 2(s - 1) = 2s,, and by defini-
tion I; () =7+1 where j = I‘;so(x) = y_‘;_ 1» since Igso(x) = j by the inductive
hypothesis, it follows that I5_ is increasing. Clearly, 25€ = 25, yS =y _, +1,
and k°(2s, y; - 1)=kQ2 (s - 1), yS_,)=2s = 1)° = 2s,. Thus, for j<yg,
k°(2s, j) = k°(2(s - 1), j). By our inductive hypothesis, the result follows as
above. Suppose Qc #@. By Lemma 3.6, it follows that l‘;so(k) = I;s_ l(Ic*.) for
all k< x since for all s', 55 < s'g s-1,p2s") <p (a, x). Since I;s(x)= i+l
where j= I;so(x), it follows that I5_ is increasing since I‘;so(x) =7 and is
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increasing, i.e., for k< x, I"' (k) = I‘ (k) and for z > x, I ‘ )= l" (z) +1.
For 2s'€Q_, we have |y, |<w - &, for k= s’ )smce (x, y) € F2s"

p(2$ )<, (a x), i.e., (E1), 523{’(1’(23 ), 25 () £ 0. Clearly, any 2s’, 2s,

2s’ <2 (s - 1) such that for some x' p(2$ )=(a, x )belongs to Q by our
choice of 2s,. We claim k°(2s, ys -1)= Zs since p(ZSo) (a, x) and Ics (x) =
y: -~ 1. Suppose for some 25', 2s0 < 25'5 2+ (s-1), p(2s) = (a, x") anc?
I‘;s,(x') =yS - 1. By Lemma 3.6, we have that IS ,(x) = I (x) yS -1 but
since by inductive hypothesis I ! is increasing, it follows rhar x =x', contrary
to our choice of 2s,. Thus, kc(Zs, ye-1)=2s=kQ@sp y< 0). By the same argu-
ment, k°(2s, j) = k(2s, j) for any j <y — 1. Thus, k(2s, 0) <k°(2s,1) < ++ <
K(2s, yS)= 25 = 2s. By our inductive hypothesis at 2s, and the above, it fol-

lows that
yc-l
|c/c(2s) E’ |F(r(p(2s), 25 ), 8(b,_1, b)| + @ - n:'o
k + |F(r(p(2s), 25), 8(b b )
' 2s§Q Y jeqon| +h + IF0 @2, 25 ye-1 v l
c

yc-l

< 2 |F(r(p(2s ), 25 ), 8(6,_ ;s )| + @ « n %
i=0

+ 2 0 hyg+k+ |Flr(p(2s), 25), 86 _ ; byc))l,
S

2$'£Qc YsT

where 2s; =k%(2s, ) for i < yg. By the argument on ordinals above, we obtain

c
ys
le . < X |F(r(p(2s), 25 ), 8(b, _pb+w.n 0+ > @ kyo
€@2s i=0 zslch

Choose nc = n + 22 eQ &+ and the result follows since f@2s)=1+

zZs' € Q
for some ]2, first suppose Q, = &, then I‘z I“ and p(2(s = 1)) <, (a, x).
pQ (s =1DE (e, x "), for otherwise (c, x )< (a x) and As-1)€ Q , contrary
to 0, =@&. Thus, p(2s = 1)) =(a, x') and if (a, x )< (a, x), then there isa
2s, < 2s'< 2(s 1) such that p(2s') = (c, x + 1), conrrary to hypothesis; conse-
quently, p(2(s - 1)) = (e, x) and IZ(s l)(:c) =, for some j,, by our inductive
hypothesis. Suppose Q, # @. By Lemma 3.4, the smallest element 2s, € Q,
such that p(2s,) = (c, x + 1) and by the choice of 2s, for all 2s', 2s, < 2s’ <

o +f(2s -1). T order to show I is increasing and l;s(x) =1,
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2+ (s-1), p(2s ) <p (c, x). Consequently, by Lemma 3.6, for all k<x -1,
Igsl(k) = Ig(sq)(k) and, consequently, I5 (x) = j where j = I5_ l(x) implies I5_=

Ia

2s.» hence I';s is increasing by our inductive hypothesis.
1

The argument follows the above outline in all the other cases.

Lemma 3.8. For every s, |a, |<|b | and |c | <& |« Hence,

f2s)y © ffas)
for all s, conditions (1): and (1) are true.

/£ 2s) f2s)

Proof. By Lemma 3.7 we have

a
y

S
T IF(p(2s), 25), 806, _10 b)) 4 o - n,

a <
| /“<2s>| = =0

where 25 . = k%(2s, i) and n < [*(2s) - y?. By Theorem 2.2, we have

y

y S
2 |FGr(p(2s), 25), 8(b,_15 b)) < ,};6 186,15 bl =16 _]l-

a a
S

i=0 s
However,
1%(2s)
b =|b |+ &b, b,
1% ey ™ yﬁ' § 12(b,1, 8!
i:yaq-l
1%2s) fA2s)
>|o |+ o=t |+o- 1
at Toetiherer I
z=ys+l i=ys+1
=6 J+0 (A 2s)-yD> b |+ nl.
yS yS

Hence, the result follows and similarly for c.

Lemma 3.9. If (a, x) sécures k for c at stage 2s, then for all s'> 2s,
p(s") Sp (a, x), no element of the form (z, j) with (a, z) p> (a, x) is removed or
placed in F:,, and no element of the form (z, j) with (c, z) o (a, x) is removed
or placed in F¢,. Similarly, if (c, x) secures k for a at stage 2s.

Proof. By Lemma 3.5 every element (z, z‘;s) € ng such that (a, z) o (a, x)
has the property that {z}(25,) diverges and every element (z, z5,) € F§_ such
that (c, z) > (a, x) has the property that {z}(z5,) diverges. By Lemma 3.4 for
any condition (a, z) ((c, z)) of priority higher than (a, x), the first odd stage s"
such that p(s") = (a, z) ((c, 2)) occurs before stage 2s; thus, no element (z, 7)
can be placed in F%,(F) if s’ is odd, s'>2s, and (a, 2) »> @ %)
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((c, 2) > (a, x)) The result for s’ odd follows inductively since p(s - 1)< (a, x)
and at stage s ' Case 1 holds only for condition p{s '~ 1); thus, no elements of
ptiority higher than (a, x) can be removed from Fs, (Fg,) and p(s’ )<p p(s’'-1)
Sp (a, x).

Suppose now s’ is even and that the result holds for all s”, 2s <s"<s'. If
Case 1 holds at s’, then Foi= Foi_,, F&i = Fo_y, and p(s’) = p(s' - 1); thus,
the result holds at s’. If Case 2 holds at s', then let (v, y)in F&i_, U FS_,
be the (x, y) of the construction at stage s'. It follows that (x, y) = (z, u:,_ l)
(u, y) = (u, u:,__ 1)) and, hence, (a, u) Sp (a, x) ((c, u) Sp (a, x)) since {ul(y)
converges and the elements (z, z':,_l) = (z, z‘z’s) (=, z‘, ~ l) = (z, z‘;s)), (a, z) >
(a, x) ((c, 2) 0> (a, x)) have the property that {z}(z:, ) dz}(z¢ ‘- ) diverge.

By the construction at Case 2, stage s'even, p(s”) has priority che same or lower
than that of (a, ) ((c, u)) and, thus, p(s’ )< (a, x). By Lemma 3.1(ii) any ele-
ment (z, j) placed in F% o (F ,) must satisfy (a z) < p(s') < (a, x) ((c, 2) <p
p(s")); thus, no element of priority higher than (a, x) is placed in Fs, (Fs,)

An element (z, j) is removed from FZ, (F.:-') at even stage s ' only under Case 2
when z = u with (z, f), (4, y) in F2,_, ((z, /), (u, y) in F$,_); thus, no element
of priority higher than (a, x) can be removed from F:, (F::')- Q.E.D.

Lemma 3.10. If k is secured for a by (c, z) at stage 25“ then (c, z') secures
j for a at stage Zs > 25 implies (c, z )< (c, z)and j > k + 1. Moreover, if k
is secured /or a by (c, z) at stage Zsk, tben (a, z') secures j at stage 2s > 25
implies (a, z )S (c, z). The analogous result obtained by interchanging a and

c everywhere also holds.

Proof. Suppose Zs: is the smallest stage such that for some z, (c, z)
secures k for @. In particular, p(2s3) = (¢, z) and k=1 ;sa(z - 1). By Lemma 3.9,
the elements in F%, (F,) for s'> 2s7 of priority higher dan (c, z) are exactly
the same elements of priority higher than (c, z) in F® , (F€ ). Thus, for all

251e 2sk
s'> ZS:, there does not exist any element (x, j) € F:, (x,j) € Fg,) such that
(@, %) > (c, 2) ((c, %) ,> (¢, 2)) and {x}(xZ)) converges (Ix}(xS)) converges).
Also, for s'> 255, p(s') <p (c, 2).

Suppose for all s'> Zsk, p(s’ )< (c, 2). Let 2s, be the smallest number
2s'> 25 such that some j is secured for a by some condmon (c, z') at stage
2s'. By hypothesis (c, z') = p(2s0) <, (c, 2) and, hence, z'> z. By Lemma
3 7, I is an increasing function and consequently, j = I z'-1)>

(z 1). By Lemma 3.6, I“ L-D= l‘;so(z -1). Thus, j= Izso(z -1)>

1“ (z-l) k. 25
2$k
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Suppose now that there is an s'> Zs: such that p(s Y= (c, z). Let 250 be
the smallest s'> 2s: such that p(s ') = (c, z) (s'is even by Lemma 3.4). We
claim (c, 2) secures k + 1 for a at stage 2s,, and that 25, is the first stage
2s'> 2s{ such that for some j, p(2s') secures j for a at stage 2s’. Since
p(2$°) p> p(2s 0" 1), it follows that at stage 2s0 Case 2 holds. It follows that

the (x, y) of Case 2is (2, y) € F;‘o since the (x, y) of Case 2 cannot be of

-1
priority higher than (c, z) by the above remarks and if the (x, y) of Case 2 is of
lower priority than (c, 2), it follows that p(2s,) < » (priority of (x, y)) < » (c, 2),

contrary to the choice of 2s,. By Lemma 3.1(ii), (z, y) € F;sz. By Lemma 3.3,

it follows that (z, y) € F§, for all 25§ < 2s "< 2s,. Thus, since {z}(y) converges,
by Lemma 3.5 no j can be secured for a at stage 2s’, ZsZ <2s'< 2s, since
p2s")=(c, z')< » (c, 2). By Case 2 conditions in order that p(2s) = (c, z) it
follows that Case B,» Subcase 2 holds (or first Case Bz' then Subcase 2 holds).
Consequently, {z}(y) > (y + 1) and the largest 2s’<2s such that p(2s") = (c, 2)

is 2$:. By definition I;s (z-1)=k+1 where k=1° a(z - 1) and by Lemmas
0 2s
3.5 and 3.9, (c, z) secures k + 1 for a at stage 2s.

Suppose now that 2s is the smallest stage larger than 25,‘: as above such
that j is secured for ¢ by p(2s) = (@, z'). By Lemma 3.9, p(2s) = (a, z") <, (e, 2).

By induction the results hold. Q.E.D.

By Lemma 3.10 we obtain immediately the next result.

Lemma 3.11. There is at most one stage 2s such that k is secured for a at
stage 2s. Moreover, if k is secured for a at stage Zs:, i is secured for a at stage
Zs;.', and k< j, then Zs: < Zs;. Similarly, for c.

Proof. Let 2s be the first stage at which some (c, z) secures k for a. By
Lemma 3.10, it follows that only j > & + 1 are secured for @ at a later stage 2s’.
Consequently, k is not secured at any stage 2s'> 2s.

The second result follows by Lemma 3.10 since if 25? > ZS:, it follows that
i> k.

We make the following definition in view of Lemma 3.11.

Definition 3.5. If k is secured for 4, then the unique stage 2s at which this
happens is denoted by 25:. Similarly, if k is secured for c, the unique stage 2s
at which this happens is denoted by 2s;.

The following lemma is useful in establishing that every & is secured for ¢

(a).

Lemma 3.12. If j is the largest number secured for ¢ by condition (a, z - 1),
then for every 2s > 28;:- such that p(2s) = (c, z), 15,(z) = j + 1. The analogous
result holds for a.
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Proof. By Lemma 3.5 at stage 25 all elements of priority higher than
(a, z - 1) diverge. By Lemma 3.9 for all s'> 2s] p(s’ )< (a, z-1) and at
stage s'> 2s¢ all elements of priority higher than (a, z - l) diverge. It follows
that, for all s'> Zs’., p(s )<p (a, z - 1); for suppose s 0 is the smallest s’ such
that p(s ') p> (@ 2= 1) and s'> 25;'. By Lemma 3.4, s, must be even and, at
stage s, Case 2 holds since if Case 1 holds p(so) = p(s0 -1 <p (a, z-1).
Since at stage s, - 1 all elements of priority higher than (a, z - 1) diverge and
b(s ) »2 (a, z - 1), it follows that the (x, y) of Case 2 must be (z -1,

(z - l):o'l) € F:o'l and p(s) = (@, z - 1), i.e., Subcase 2 holds. By Lemma
3.5, (a, z - 1) secures l‘; (z - 1) for c at stage s, contrary to hypothesis by
Lemma 3.10. Thus, p(s')<, (2, z = 1) for all s'> 2s7. At stage 257, j =
I‘z’s?(z - 1) by Definition 3.3 and by Lemma 3.7 I;s;(z) = l‘;sf(z -D+1=j+1.
" The proof now proceeds by induction on 2s > 25; such that p(2s) = (c, 2).
There are three possible ways for which p(2s) = (c, z). The first way is for
p(2s — 1) = (c, z) and Case 1 to hold at stage 2s; but then since p(2s - 2) =
(a, z - 1), it follows by the above that 2s = Zs; + 2 and, consequently, I; s(z) =
I‘sc(z) =j+ 1, by our convention. Note this happens exactly once after stage
Zs;.

The second way is for Case 2 to hold at stage 2s with the (x, y) of Case 2
being (z -1, (z - 1)5_ )- As in the first paragraph, Subcase 1 or Subcase 3
must hold; it will follow that there are no elements of the form (z -1, j) in F% 2s?
at stage 2s all elements of priority higher than (c, z) diverge, and, thus, by
Lemma 3.9 there is at most one stage 2s' where this second alternative takes
place. It is clear that if Subcase 1 occurs that there are no elements of the form
(z-1,7)in F‘;s; so suppose Subcase 3 occurs at stage 2s. Since z-~1¢€ G‘;s 0
it follows that (z -1, (z - 1)2s 1) is the only element of the form (z - 1, j) in
F‘;s_ i+ Let s, be the largest stage s '< 2s -1 such that z - 1 is placed in
G:,; by Lemma 3.1(v) s o must be odd, for otherwise by Lemma 3.2 there are no
elements of the form (z -~ 1, j) in F;s_l; hence, there is a single element of the

form (z -1, j)in F“ . Let s, be the first stage s' such that
(z-1,(z- 1)2s D€ F ¢/ consequently by Lemma 3.1(ii) z- 1 ¢ Ga and, hence,
s, <sge By Lemma 3.3, (z -1, (z - 1)“ )6 F“ and, hence, by Lemma 3.1(ii),
(z-1,(z- 1);.:-1) is the only element of the form (z-1,7)in F2s-1' Under
Subcase 3, (z -1, (z - 1);s- 1) is removed from F‘z’s and, hence, there are no
elements of the form (z -1, j)in F ‘;s. Now by the construction l;s(z) is defined
as follows: It is clear that the largest 2s '< 2s such that p(2s "= (a, z-1)and
(z-1,(z- l);s_l) € ng' is 25;:'. Let

Q.= {2s': 2s > 25" > 2s1‘f A p(2s") = (a, x") < (ay z - DL
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If Q_ =@, then I =15__, and, hence, for all 2s' such that 255 < 2s'< 2s,
it follows by Lemmas 3.4 and 3.2 that (c, z) < p(2$ )< (a, z - l) In paruculat,
either p(2s - 2) = (c, z) and then by our 1nduct1ve hypothesns L&)=0__(2)=

j+1,0r p(2s =2)=(a, z~1)and I5 (2) = l;sq(z) =j+1 by the above.
]

¥ QO # @, then let 2s, be the smallest element of Q by Lemma 3.4
p(Zs )= (a z). By the constructxon IC (z) k where k = (z) We will show

k=j+1. We claim p(2s, - 2)= (c, 2). First, by Lemma 3 4 since p(Zs‘) =
(a, z-1), p(2s, ) = (a, z), and (a, z-1) > (c, 2) 0> (a, z), there is a Zs such
that 25 <2s'< 2s, and p(2s') = (c, 2); let 2, denote the largest 2s'< 2s,;
such that p(2s') = (c z). By Lemma 3.4 p(2s, + 1) = (a, z) and p(2s, + 2) >
(a, ). By the hypothesis p(2s, + 2)<, (a, z = 1; hence, (q, z)g p(2s, + 2)5
(c, z) and, by the choice of 2s,, 17(252 +2)=(a, z). By the choice of 2s,, 2$l=
2s, + 2. Thus, p(2s, - 1) =(a, z) and p(2s,) = (a, z). At stage 2s, either Case
1 holds or Case 2, Subcase B, Subcase 1 or Subcase 3 holds with the (x, y) of
Case 2 being (z, 25 s- -1)- I Case 1 holds at stage 2s,,then IS =15  _,
and by our mducttve hypothesis, since [J(Zsl -2)=(c, z), l;s - 2(2) =j+1;if
Case 2 holds at stage 2s,, thensince the largest stage 2s'< 2s, such that
p(2s')=(c, 2) is 2s,-2the 0 , O  of Case 2, Subcase B at stage 2s, are both
empty; thus, by the construction I 5= I 5;-2 and by our inductive hypothesis,
l‘;sl_z(z)=j+ 1; thus, k=j+ 1.

The third way for which p(2s) = (¢, 2) can occur is if at Stage 2s, Case 2, Sub-
2s~ l) € F2$ 1
ditions of Case 2 it now follows that p(2s — 1) < (c, 2); by Lemma 3.4
b(Q2s - 2)< (c, z) and, hence, 2s - 2> Zs . Let 2s, be the largest 2s'< 2s
such that p(Zs 'Y= (c, z) and (z, (z) Ss—1) e F¢ 5sts it follows by Lemma 3.3 and
Lemma 3.1(iii) (Lemma 3.4) that 2s, exists. Also, 2s4 2 2s;? + 2 and hence by
our inductive hypothesis at stage 280, I‘;so(z) =j+ 1. Let

case 2 holds with the (x, y) of this case being (z, 25 . By the con-

0 =12s": 25> 25" > 25 A p(25") = (a, 2") <, (e 2)h

If Q_=g, then I;s = l‘;s , and 5, I‘;s ,+ However, p(2s - 2)< (c, z) since
p(2s -1) < (c, z) and, hence, p(2$ = 2) = (c, z); for otherwise p(2$ 2) < (c,z)
and since p(2so) (c, 2), 2.s0 < 2s - 2, and by Lemma 3.4, for some 2s’, o<
2s'< 25 - 2, we have p(2s') = (a, z) and Q_#%. Thus, 25, =2s - 2 and, hence,
I5,(z) = l‘;so(z) =j+1. Suppose Q_# &, then by the construction let 25, be
the smallest element of Q_ such that p(Zsl) =(a, z)and let k = I;sl(z), then
I‘;s(z) =k. We will show & =j+ 1. Since 25, < 2sl < 2s, it follows that 2, =

2s + 2; for otherwise, 17(25o +1)=(a, 2), (c, z) p->- p(zso +2) p> p(zso +1)=
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(a, z), and, hence, p(2s, + 2) = (c, z), contrary to our choice of 2s, by Lemma
3.3. Thus, 25, + 2 = 2s; and, hence, since (z, (z)‘;s_l) € F;s it follows that
1

Case 1 holds at stage 2s,. Thus, IS =15  _, =17 . Therefore, I;sl(z) =
l;s (z)=j+1 and, hence, k=j+1. Q.E.D.
0
We state here a fact whose proof is contained in the proof of Lemma 3.12
and finally the last result about the construction.

Lemma 3.13. If (z, /) is removed from Fj_, then there are no elements of
the form (z, k) in F;s.

Lemma 3.14. Each k is secured for a (c) by some (c, z) ((a, z)). Each
condition (c, z) ((a, z)) secures some j for a (c) and at most finitely many j for
a (c). For all z, conditions (c, z) ((a, 2)) are true.

Proof. We show simultaneously by induction on k that every k is secured for
a (c) and by induction on our priority assignment that each condition (c, z)

((a, z)) secutes at least one j and at most finitely many j for @ (c) and that
(c, 2) ((a, 2)) is true.

The number 0 is secured for a by (c, 0) at stage 0 by definition. Hence,
2s = 0 (Definition 3.5). There is no condition (4, ~1) to be satisfied here. At
Stage 2, (a, 0) secures 0 for c since (0, 0) is the only element in F¢ and {0}(0)
diverges under Kleene’s indexing; hence, ZSS = 2. Moreover, condition (c, 0) is
true since there is an i such that {0}(7) diverges, namely i = 0; by Lemma 3.9 it
is clear that, for all s > 0, p(s) <P (c, 0) since at stage 2, (a, 0) secures 0 for c.
Thus, (¢, 0) secures exactly 0 for a. (This justifies our ignoring the possibility
that p(2s) = (c, 0) with s > 0.)

This entire paragraph is our inductive hypothesis or consequences of our
inductive hypothesis. Suppose that & is the largest number secured for @ by
condition (c, z) and that condition (c, z) is true. Moreover, we suppose that each
number j with j < & is secured for a at stage Zs;.’ where, by Definition 3.5 and
Lemmas 3.10 and 3.11, j< j'< k implies 2s;.' < 2s;.‘, and p(2s7) > p(2s$)) >
(c, z). Moreover, we suppose that each condition (c, w) with (c, w) p> (c, 2)
secures some j for @, secures at most finitely many j for @, and is true. By Lemma
3.9 and Lemma 3.10, it follows that p(s')< p (¢, 2) for all s> 2s%. Suppose that
each condition (a, w) with (a, w) pZ (c, z) secures some j for c, secures at most
finitely many j for ¢, and is true. Let m be the largest number secured for ¢ by
condition (a, z - 1). In addition, we suppose each j with j < m is secured for ¢
by some condition (a, w) at stage Zs;; by Definition 3.5 and Lemmas 3.10 and
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3.11, j<j'< m implies p(ZS;).pz p(Zch.,) > (@ z-1). By Lemma 3.10,
2s7 <2sp.

Now we will show under the above hypothesis that (@, z) secutes m + 1 for
c, for some r (@, z) secures jforc iff m+ 1<j<m+ 1 +r, and condition (a, z)
is true. By the symmetry of the construction it will be clear that one could next
establish that (c, z + 1) secures k + 1 for a, for some r (c, z + 1) secures j for @
iff k+1<j<k+ 1+r,and condition (c, z + 1) is true. From these inductions
the results clearly follow.

First we show (@, z) secures m + 1 for c. Since m is the largest number
secured for ¢ by (@, z - 1), Zsfn < ZSZ, and p(2s:) = (¢, z), then by Lemma 3.12,

I; c(z)=m+ 1. By Lemma 3.5 at stage Zs: all elements of priority higher than
s -

(c, z) diverge. Suppose now that either there are no elements of the form (z, ;)
in F: ¢ or there is a (z, j) € F‘; « and {z}(z‘; a) diverge. In either case, at
S S S

stage 252 + 2 Case 1 holds, p(ZSZ + 2) = (a, z), and all elements of prioirty

higher than (a, z) diverge; consequently, by Lemma 3.5, (a, z) secures I;s“ 2(z)=
+

I:s‘,:(Z) =m + 1 for c at stage Zs: + 2. Suppose next that there is a (z, j) € F;sz

and {z}(z;sa) converges; let 2s, be the first stage such that (Et)
k

T,(z, z;sz, t) and 2s§ < 2s,. By Lemma 3.9, p(2s, - 2) <, (c, 2). Moreover,

tsZsl

(z, z;‘:) € ngl-z since if (z, z';s:) is removed from F, where 257 < 2s'<

25, - 2 by Lemma 3.1(i) (Et)t <2s! Tl(z, z;s:, t), contrary to our choice of 2s1.
Moreover, (z, z‘;s _2) = (z, z; ), for otherwise let 2s' be the smallest number 2s
1 Sk

such that 2s} < 2s < 2s, - 2 and (z, 23 ) #(, z;s:) =5, > z;sz); by Lemma

3.1(ii) (z, zgs,) is first placed in F;s, and by Lemma 3.1(iii)

(Er)

zszs'Tl(z’ z;sz, t), contrary to our choice of 2s,. Thus, Case 2, Subcase B

holds at stage 2s, with the (x, y) of Case 2 being (z, z‘;sa). Also, either Sub-
k

case 1 or Subcase 3 holds at stage 2s,, otherwise p(2s,)=(c, z) and by Lemmas
3.9 and 3.5, (c, 2) secures Igs (z - 1) for a at stage 2s,, contrary to k being the

largest element secured for a by (c, z) via Lemma 3.10. By Lemma 3.13, since
(z, 2° o) is removed from F;s , there are no elements of the form (z, 7) in F5_ ;
Sp 1 1
thus, by Lemma 3.9 since 2s, > 25: all elements of priority higher than (a, z)
diverge at stage 2s, and by Lemma 3.5 it follows that (a, z) secures I;sl(z)

for c at stage 2s.. We claim that IS_ (2) = I ,(z)=m + 1 since let 25, be the
1 251 25y 0
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largest 2s'< 2:;1 such that p(2$') = (c, z) and (2, z;s:) € F;s,. Clearly, 250 =

Zs: and following the instructions for Subcase B, Subcase 1 or Subcase 3 let
Q.= {2s': 2s, > 2s' > 25, A p(2s") = (a, x") < (c, 2)}.

IfQ_=%,then 25 - 2= 25“ since p(2s“ +2)=(a, z) and, hence, @) =
S1
K, _,(2)= I‘ a(z) m+ 1. If Q_#%, let 25, be the smallest element of Q_.
k

2s -
By Lemma 3.4, p(2s,) = (a, z) and, hence, 2s, = 25, + 2, IS 25, (z)= 2sz’(z)_
m+ 1, via Lemma 3.12 since p(2s +1) = (a, z)and p(2s + 2) (a, z) implies
Case 1 holds at stage 2s + 2 since 25 +2< Zs Thus, (@, z) secures m + 1
for c at stage 2s,.

Next we show that z ¢ D;s"' . Suppose z € D;s" and let s;; be largest
m+1 m+ 1
stage s with s < 2s7 , such that z is placed in DJ. By Lemma 3.1(vi) s, is odd

and z is placed in G:o. Hence, by Case 1 at odd s, p(sy - 1) = (a, z). At stage
so- 1L (a, z) does not secure I;" ~1(z) for c since otherwise by Lemma 3.10
252 <s,-1, and, hence, (@, z) would secure j for c at stage So— 1 where j >

m + 1, contrary to Lemma 3.11 for s, - 1< 2s* me1° By Lemma 3.5 there is some
condition (c, x) ((a, x)) of priority h1ghet than (a, z) such that (x, -DE
F‘ y and {xd(x€ l) converges ((x, xZ l) € F“ y and {x}(x? l) converges).

At some even stage 2s with s = 1<2s < 2s o1 Case 2 holds thh the (x, y)
of Case 2 having priority higher than (a, z) (smce at stage 2s_ ,; all elements
of priority higher than (a, z) diverge). Since z € D -1 it follows by Case 2,
Subcase B, (A,) conditions that z is removed from D2 » contrary to our choice of
Sge Thus, at stage 2s L ['4 D .

m+1

zE€ G and by the above, z ¢ D% .
m+l 2s Sm+1

Lemma 3.2 there are no elements of the form (z, j) in F and by Lemma 3.9

m+l

it follows that all elements of priority higher than (c, z + 1) diverge at stage

2s:';+l + 1. Thus, by Lemma 3.9, p(2s’ )< (a, z) for all 2s'> Zs ; and p(2$ "

< (a, z) for all 25’ >2$ R

2 Sy 10 since by Lemma 3.4 p2s’'-1) <, (@, z), is for Case 2 to hold at 2s’ with

the (x, y) of Case 2 having priority higher or the same as (&, z) (this is impossi-

Suppose at stage 2s€ . By

m+1?

since the only way for p(Zs ) > (a, z) for 2s'>

ble since all elements of priority higher than (c, z + 1) diverge at stage 2s’'-1).
Thus, m + 1 is the only number secured for ¢ by (a, z) and by Lemma 3.2 (a, z)
is true. Thus the inductive step holds.

Suppose that at stage 2s o there is no element of the form (z, j) in F®
sm +1
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or there is an element of the form (z, j) in F® . and {z}(z% . ) diverges. In
2sm+l 2s m+l

the former case, let 2s be the largest stage 2s’with 2s'< Zsm+l such that some

element (z, j) is removed from F‘z's, (2s exists since the first stage 2s'+ 1

such that p(2s’+ 1) = (a, z) occurs by Lemma 3.4 before stage 2s;, “). By

Lemma 3.1(i), z € G" and by Lemma 3.1(vii), it follows that z € G"s « How-

m4l
ever, this case was treated in the paragraph immediately above. In the latter

case at stage 2s° m41 + 1 all conditions of ptiority higher than (c, z + 1) diverge;
thus, as above, p(s’ )< (c,z+1)foralls'> Zs RT Hence, m + 1 is the only
number secured for ¢ by (a, z) and, clearly, in exthet case (@, z) is true. Thus,
the result holds.

We claim that (**) for every 2s > Zsfn+l such that p(2s) = (a, z) and r =
IC (z) that every number j, m + 1 <j <7, is secured for c by (a, z) at stage
Zs < 2s. Clearly, the result holds for 2s = Zs , and suppose the result holds
for all 2s', 2s€ < 2s'< 2s, where p(2s) = (a, z) By Lemma 3.9, p(2s - 2) <
(a, z) and by Lemma 3.4, p(2s - l)< (a, z). Thus, at stage 2s, Case 2 holds
and necessarily the element (x, y) of Case 2 is (z, z ) since at stage 2s-1
all elements of priority higher than (@, z) diverge at Lemma 3.9 and p(2s) =
(a, z). Moreover, Subcase 2 holds at stage 2s since p(2s) = (a, 2); thus,
{zl(z5,_)) > z‘;s , + 1. Let 25, be the largest stage 2s'< 2s such that p(2s')=
(2, z) and (z, z s-1) € F s++ It follows that 2s > 25‘ , since if (z, z‘;s_l) €

F;s‘ , this is clear and (z, zu l) is first placed in Fzs” where by Lemma
m

3.3, 2:1 > sy if (3, 25 _DF Fzs‘ 1 (note that if 25’“1 < 2s", then 2sfn+l <
2s ), and since p(2s 0) = (a, 2), CasemZt Subcase 2 holds at stage 2s o but then by
Lemma 3.3 and Case 2, Subcase 2 procedures it follows that (z, z‘; s is first
placed in Fj_ , i.e., 25"=2s). An element (z, j) is first placed in Fj_ and

by Lemmas 3.9 and 3.5, (a, z) secures l"' (z) + 1 at stage 2s since by the con-
struction Ic )= (z) + 1. By our hypothesm at 2s ), the result follows.

Suppose now that at stage 25 o there is an element of the form (z, j) in
F? . ,1z}z* . ) converges, and {z}(z% . )<z% . ;or some element
2sm+l Smal 2sm<|.l Smel
(z, i) is first placed in F;s, for some 2s'> ZsfMl and {z}(j*)s i*. In either

o e . . . ’
case it is clear that condition (a, z) is true and that at some stage 2s, > Zsf“l,

Case 2, Subcase 1 or Subcase 3 holds at stage 2s6 with the (x, y) of Case 2

being (z, z‘;sc ) (=, j *)). At stage Zs(', all elements of the form (z, j) in
m+l
F‘; ' _, are removed from F'Z’so. Consequently, all elements of priority higher

So-
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than (c, z + 1) diverge at stage 255 and, hence, for all 25'2 25('), p@2s’) <p

(a, z). Thus, (a, z) secures only finitely many j for ¢ and by (**) above there is
some r such that (a, 2z) secures jfor ciffm+1<j<m+1+r,

w1 30 element (z, i*) such that {zi(j*)
diverges is first placed in F% 2st» then all elements of priority higher than (c, z + 1)
diverge at stage 2s’+ 1 and hence p(2s) < (a, z) for all 2s > 2s’. Hence, (a, z)
secures only finitely many j for ¢ and by (*¥*) at 2s', there is an r such that

(a, z) secutes jforciff m+ 1 <j<m+1+r.

Similarly, if at some Stage 2s'> 2s¢

We may now suppose that every element (z, j) which is placed in F;s has
the property that {z}(j) converges and {z}(j) > j + 1. Moreover, we can suppose

z £ G < (z ¢ D is established above). We assume these additional
m+l m+l
hypotheses for the remaining part of the proof of this lemma; otherwise, we are

done by the above argument.
Suppose z is placed in G at some stage s with s > 2$ e Clearly, s cannot
be even for if so, at stage s Case 2, Subcase A, Subcase 1 holds with the (x, y)
of Case 2 being (z, z; _;) € F¢_,; but then {z}(zZ_ ) <2 _; +1 contrary to the
above hypothesis. ’I'hus, s is odd and we claim (4, z) is true and that the other
results of our inductive step are true. First, replace s by 2s + 1; then clearly
Case 1 holds for (a, z) at stage 2s + 1. By Case 1 conditions at stage 2s + 1,
there are two elements (z, kl)’ (z, kz) in F;s with kl < kz such that Case 1
holds for (z, k& l) and (z, kz) at stage 2s + 1, i.e., the following conditions are
true: First using the same notation as in stage 2s + 1, Case 1, let 2s be the
largest 2s'< 2s such that p(2s’) = (c, 2z); clearly by our inductive hypothesis
since 2s + 1> Zs:u-l > Zs:, 25, = 25:‘ Let 2s, be the largest stage on? ench
that 2s, < Zs's 2s and for some j (2, j) is removed from F‘;s, or 251 =2s,,
otherwise. Clearly, 2s, < 25:‘;1."l since at stage Zs; o all elements of priority
higher than (a, z) diverge and by Lemma 3.9 no element of the form (z, j) is
removed from F¢ ot Where s '> Zs RE If 25, >2s, it follows that 23 =2s°

mt1
since by Lemma 3.13 at stage 2s, all elements of the form (z, j) are removed
from F;s and consequently so 1s (z, z 1) By Lemmas 3.1(iii) and 3.3,

stage 2s, is the first stage larger than 2s such that all elements of priority
higher than (a, z) diverge and by Case 2, Subcase B, Subcase 1 or Subcase 3
conditions p(2$ )= (a, z). Now let] and 252 be as in Case 1, stage 25 +1.
Hence, f%(2s, )<] and for 2s,, 25, < 25, < 25, p(2s,) = (2,2) and i*= (z)

Clearly, 2s¢ , < 2s, since 2s equals the smallest stage 2s’ such that 2s'>

m+1
2s, and p(2s') = (a, z) from the above. By (*x), (a, z) secures each jwithm+1<

i< j*for c at stage Zs; and by our inductive hypothesis each j with j<m + 1 is
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secured for c at stage 25 « Thus, by Lemma 3.5, lylc(ZSC)l !3(51.__1, bi)l for
each j<;j* and by Lemma 3.11, j<i'<i” implies Zs] < ZSI,S Zs;f, =2s,. Thus,

/C(Zsz) *
c ' = 1> o(b. b)) =16 .l
| /°(2s2)| E) Vi ‘Eo =0 b)) = 1Bl
By Lemma 3.8,
a <|b | <16 4.
l /"(2s0)|‘| A(2sy) Slbpl
Thus, Ia/¢(2 )I < |c,a(2s2)|. But /C(2s2)_<_ k. and, consequently, |c,c(2$2)| <

|f:,e |« Now we claim condition (a, z) is true. Suppose that lck | < la{z}(kl)l
(by Lemma 3.1(111) we know {zl(k )converges since (z, k) with /e >k, is first
placed in F% &+ at stage s ! later than stage s" where (z, k ) is fusz placed in

F s,,) Consequently, by the above the following mequahty is true:

|a | <le

<le <la < .
/a(zso) —' /C(252)| _l kll _l ‘z}(kl)l ,_Iakzl

Thus, |8(a/a akz)l > |8(clc(2sz), ckl)l. However, by Casel, stage 2s + 1

(Zso)'
conditions, it follows that

8(c &, >0 -m* Sa
! €25, k1 2 | sy

a contradiction. Thus, it follows that Ia{ f(k )l < Ic l therefore, condition

:akz)l {w-+m and m* > m,

(a, z) is true. Applying result (**) above at stage 2s > 25 R it follows that

(a, z) secures all numbers j for c with m + 1 << T3 (2) At stage 2s' where
2s' is the smallest number 2s"> 2s + 1 such that (E1), <250 1102 223 pt)
Case 2, Subcase A, Subcase 3 holds since z € GZS Y hence, p(Zs Y=(c,z+1)
and at stage 2s' all elements of priority higher than (c, z + 1) diverge. By
Lemma 3.9, for all s"> 2s’, p(s") St, (c, z + 1) and, thus, I;s(z) is the largest
number secured for ¢ by (a, z). This completes the induction in case z is placed
in st , at some stage 2s + 1> 25:'“1.

It remains to be shown under the above hypotheses that eventually at some
stage 2s + 1 with2s +1 > 2s R that Case 1 holds for (a, z). Suppose that

Case 1 never holds for (a, z) at any stage 2s + 1> Zsm“. Let 7m+ = zzs:‘ u
since by the above subsidiary hypothesis there is some j such that (z, j) €

F;sc ; moreover, by this hypothesis {z}(jm +1) converges and {z!(j"”l) > el
m 41
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! .
Let 2s, be the smallest number 2s > Zs:"Ml such that (E), _, T,(z, Tma1? t).
By Lemma 3.9 for all s with s > ZSfMI, p(s) < " (a, z) and by our choice of Zs;,
o(s) <p (a, z) for Zsfn R <s< 25{. By Lemma 3.1(i), (z, j’“l) € F: for each s
. [ Y . . .
with 25:l <s< 251; in particular (z, Tm +l) € F;s, -1 and (z, 7m+l) = (z, z‘z’s{_l).
Also z ¢ G‘Z’s{__l since z € G;S;_l implies z is placed in GZ for some s with

Zan <s< Zs;-l but s is odd implies Case 1 holds for (a, z) at stage 2s + 1,
contrary to our assumption, and s is even implies that Case 2, Subcase A, Sub-
case 1 holds at stage s with (z, zz_l) = (z, jm+l) being the (x, y) of the con-
struction, contrary to our choice of 25; (and {z}(jm+l) >j,,1)» Thus, at stage
Zsl' Case 2, Subcase A, Subcase 2 holds with the (x, y) of the construction being
(=7, +l). At stage 25{, p(Zs;) = (a, z) and by Lemmas 3.9 and 3.5, (a, z)

secures I5_'(z) for c; however, by Subcase A, Subcase 2, I: D)= ¢ (2)+

1 sl s"l"_l -
1 = m + 2 since by the above p(s) <_(a, z) for every s with 2sfn+1 <s< Zs;, i.e.,
Zs:HLl is the largest number 2s'< 2s; such that p(2s') = (a, z) and (z, jm+1) €

F5 . Thus, Zs; = ZsfM2 and z ¢ G;sc . At stage 251', an element (z,j_..)
m4

. . . a . . o .

is first placed in Fzsf,,+2 and clearly j__, < {z}(]m+l) <42 Since by Kleene’s

Gédel numbering T,(z, f,, ., t) implies =G ,)<tandt<j . Thus, at stage

ZSC

m+2

stage Zs;u. Thus by induction on this argument for each n > m + 1 there is a

m42

by our subsidiary hypothesis, exactly the same circumstances hold as at

stage Zs: such that (@, z) secures n for c at stage 2s:; moreover, at stage 2s§
for n > m + 1 an element (z, jn) is first placed in F;sc and forall n>m+ 1,

i, <12 < fn,1+ By Lemma 3.11, 2s7 < 25;:,1&" all'n. Now we will show that
for sufficiently large 2s + 1, at stage 2s + 1, Case 1 holds for (a, z), contrary to our
assumption. For 2s + 1 with 2s + 1 > 257, let 25 equal the largest stage
2s'< 2s + 1 such that p(2s) = (c, 2); by our inductive hypothesis, 2s, = 25:.
Also, let 2s, equal the largest stage 2s'< 2s + 1 such that for some j (2, 7) is
removed from ng.. By Lemma 3.9, 251 < Zs:wl and as in the preceding para-
graph Zsfn o equals the first stage 2s'> 2s, such that p(2s ') = (a, z). Compute

/“(2s0) and let Zsé = 2sfn+I ifm+1> /“(2so) or 2s; = Zs:a(zs ; ifm+1<
0

f2(2s o) It is clear that for 2s1‘. +1> 2s; (p(Zs;:') = (a, z)) that the j *and 2%,
chosen as in the procedure for Case 1 at stage Zs;." + 1 are always I‘;s,(z) and
25;, respectively. (Note that (*) of Case 1, stage ZS;:' + 1 with 2s;:' +1> 2$;
holds for all ¢ since (c, z) secures & for a at stage 2s, and (a, z) secures

I; ,(z) for c at stage 25.:, via Definition 3.3.) Let i *be the first i > I‘;s (2)>
Sy . 2
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f%(2s §) such that |5, _,, b )I > w? since by the hypothesis of 'l’heorem 3.1 such
an i always exists [0] Let i *be secured for c at stage 23 ©, where i*>m + 1
since lc ,(z) >m + 1. By the above there are infinitely many in ’s such that

S

2
(z, j,) is placed in F'z’sc and j, < {z}(]n) <4, ,1» choose k, equal to the smallest
n
j, such that j_ > /"(Zs:*). By the construction, |c £ (aso )l < lc"l' and by Lemma

3.8,

I<

la 12 |
f2sy) = sy

By Lemma 3.11., ng < 25‘; <eeel Zs:j'* and hence by Lemma 3.5

|6 <le | <le |

/“<2so>l' ffashy) = sty

since 2s' > 2$;a(2 5 Clearly, |8(c ,), % )| > w? since |8(c
S0

'y/‘(z c )l > w?, By Theorem 1.1, let m s+l = the number of distinct hmu: notae

sy “k )|>

tions in enm(d, 0),+++, enm(d, 2s + 1) where d = &(c sty ck ); clearly, m2 s4l
is an unbounded nondecreasing function of 2s + 1, Let §*= {Zs 225, < 2s',
p(2s') = (c, w), and f%2s")< k ,} where k, is the first j, > k,. Since % is
increasing, it is clear that S* is finite. For 2s'e §*since ZSk =2s,< 2s’,
p(2s") = (c, w) <, (@, z). By Lemma 3.10, for any 2s'e€ S* p(2s') = (c, w) does
not secure 125.(w 1) for a at stage 2s’, for otherwise 2s'> Zs foralln>m +

1. Thus, by Definition 3.3 for each 2s' € §*, there is a smallest number ¢,

such that {H((p(2s'), 2s ))i(tzs:)aé 0. For each 2s'€ §* let 9,4 be obtamed via
s'es* q2$')+ L.
Fmally, choose Zs + 1 with 2s +1> Zs ++ 1 so large that (z, Ie ), (z, k ) €

i
¢ (Lemma 3.1(iii)), Zs +1 > 2!, m* c . >m k< f%2s°), and for each
2s 2 2s 2 - n
n

+1
n
t,q With 2s' € §*, ther < ZSn + 1. At stage 2$: + 1 under Case 1 procedure for

the above choice of k,, &, (k, < kz) and (z, kl)’ (z, kz) in F:s" i*and 2s, are

Theorem 2.2(vi) and ¢, SO that |a/a( |< @ g, Let m = (2

. . * . %*
respectively l; /(z) and 25, above, S is S™ above, m*is m,
s s

is m above. Hence, at stage 2s + 1 Case 1 holds for (, z), a contradiction.

n
€. above, and m
+

Thus, under the above hypotheses there is always some stage 2s + 1> 2sm+l

such that Case 1 holds for (2, z) at stage 2s + 1. By the preceding paragraph
the inductive step follows. Q.E.D.
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Now by virtue of Lemma 3.14 all conditions (2): and (2): are true and in view
of Lemmas 3.11 and 3.14 all conditions (3): and (3): are true. By Lemma 3.8,
conditions (1 )_‘: and (1); are true. Thus, Theorem 3.1 is established.

Theorem 3.2. If w35y<wl and y is not of the form a + 1,0 +w,o0ra+w

for any ordinal a, then £(y) has no minimal elements and below any element of
g(y) are two elements of incomparable many-one degrees.

Proof. Immediate by Theorem 3.1 and Theorem 1.6 since, for some a, 8,
y = a + B such that 8 > @3 and B is principal for addition [0].
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