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MANY-ONE REDUCIBILITY WITHIN THE TURING DEGREES

OF THE HYPERARITHMETIC SETS HJx) (i )

BY

G. C. NELSON(2)

ABSTRACT.  Spector [l3] has proven that the hyperarithmetic sets  H Ax)

and H Ax) have the same Turing degree iff \a\ = |è|.   Y. Moschovakis has

bat the sets /_
a

proven that the sets H {x) under many-one reducibility for \a\ = y and a e Q
a

have nontrivial reducibility properties if y is not of the form a + 1 or a + cu

for any ordinal a.  In particular, he proves that there are chains of order type

o   and incomparable many-one degrees within these Turing degrees.   In

Chapter II, we extend this result to show that any countable partially ordered

set can be embedded in the many-one degrees within these Turing degrees.
2

In Chapter III, we prove that if y is also not of the form  a + o>    for some

ordinal a, then there is no minimal many-one degree of the form  H (x) '" this

Turing degree, answering a question of Y. Moschovakis posed in [8J.   In fact,

we prove that given H W there are H Ax) and H (x) both many-one reducible

to  H (x)  with incomparable many-one degrees, \a\ - \b\ = Ici = y.
a

CHAPTER I. PRELIMINARIES

For the most part we adopt the terminology and notation as introduced by

Kleene in [4], u], and [6J.   For definiteness, our Go'del numbering of the partial

recursive functions of «-variables will be the particular one given in [4].   Also,

we use freely the function  U(z) and the T-predicates of Kleene [4].

We assume familiarity with the notions of many-one (one-one) reducibility of

A to B and denote this by A <m B (A <1 B) [10] and til].   Similarly, we write

A <T B if A is Turing reducible to B [7], i.e., A is recursive in B [5].   Degrees

will refer to the equivalence classes of sets indistinguishable under a specified
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2 G. C. NELSON

reducibility and we denote, for example, the many-one degrees of A by [A]   .

We let 0 denote the set of constructive ordinal notations of Kleene [3] or

[6].  As in [8], if 3 • 5y e 0, then we denote fyi(tf0) by y .  For b in 0, there is

associated a unique ordinal denoted by |f>| which is defined inductively on 0 as

|l| = 0, |2y| = \y\ + 1, and |3 • 5y| = lim     ,Jy |.  We assume familiarity with the

relation a <Q b for a, b in 0.

The next two theorems are proven in [3] and are basic to our constructions.

Theorem 1.1.  There is a primitive recursive function enm(b, m) such that,

if b e 0 and \b\ > <Uj then enm(b, 0), enm{b, !),••• is an enumeration without

repetitions of all a £ 0 such that a <n b.

Theorem 1.2.  There is a primitive recursive function +0 of two variables

such that for all a, b in 0, a +Q b e 0, 1 <0 b implies a <Q a +Q b, and \a +n b\ =

w+w.
The next theorem is proven in [8, p. 339], by Y. Moschovakis and allows one

to "subtract" a from b if a <0 b.

Theorem 1.3.  There exists a primitive recursive function 8(a, b) such that

if a <0 b, then 8{a, f>) e 0 and \a\ + |S(a, b)\ = \b\.  If a <„ x <„ b, then

8(a, x) <0 8(a, b).

Our concern in this paper is to study the hyperarithmetic predicates of the

form H (x) with a e 0 under many-one reducibility.   By a well-known result of

Spector [13]» Ha(x) and Hb(x) with a, b in 0 have the same Turing degree iff |«| =

\b\.   Earlier, Davis [l] had proven that Ha(x) and Hb(x) are recursively isomor-

phic if |a| = \b\ < cù .   Y. Moschovakis in [8] proved that even though Ha(x) and

H Ax) are Turing equivalent, they need not be recursively isomorphic and, more-

over, since <    and <, are the same relation on H(x) [8] that Spector's result is

the best possible under these notions of reducibility.

Moschovakis* results in [8] prove most useful for our more extensive study of

the many-one reducibilities between Wfl(x) for |a| = y and we state his fundamen-

tal definition and theorem.

Definition 1.1. We say that a  is recursively majorized by b  and write

a'< b' if a'=3- 5ae0, b' = 3 • 5b e 0,  \a'\ = \b'\, and there is a recursive

function f(x) such that, for all n,  \an\ < !&/(„)!•

Theorem 1.4. // a'=3- 5a e 0, ¿>'= 3- 5h e 0, and \a'\ = \b'\, then

Ha,(x)<mHb,(x)iffa'<b'.
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This paper deals entirely with the questions about a ;$ b    and via Theorem

1.4 indirectly with questions about many-one degrees of H Ax) and H,,(x).   The

following generalization of Davis* result is in [8],

Theorem 1.5.  // y is of the form a + 1 or a + a> for some a, then H Ax) and

H Ax) are recursively isomorpbic if \a\ = \b\ = y.

Now let £(y) be the set of many-one degrees of #a(*) w"h |a| = y partially

ordered by <   .   Moschovakis, in [8], proves the following results.

Theorem 1.6. £(y) and ¿-(cl + y) are isomorpbic as partially ordered sets for

a. < (û., y < <ù.  (a. the first nonconstructive ordinal).

Theorem 1.7.  // a> < y < a>. and y is principal for addition, then £(y) con-

tains chains of order type w.  and incomparable elements under <   , where co    is

the first nonconstructive ordinal.

It follows from these results that if J-(y) contains more than a single element,

then y = a + ß for some ß > w , ß a principal number for addition, and ¿(y) and

£(/3) are isomorphic.   Thus, in order to study the structure of =L(y) for all y, it

suffices to study £(/S) for ß > <i> , ß principal for addition.

Before we proceed to our main results, we prove the following result which

is implicit in [8].

Lemma 1.1.  There exists a primitive recursive function sumQ(e) such that if

e is a Gödel number of a recursive function such that for each x, \e\(x) € Ö and

1 <0 \e\{x), then sumje) = 3 • 5C e 0, cQ = {e!(0), cn+1 = cn +Q \e}(n + 1), and

|cJ = S*=0|iei(0|.

Proof. Define c to be a Gödel number of the function g(x) defined inductively

by

g(l) S iei(O),

g((n + 1)0) S g(n0) +0 ieKn + 0,

g(x) =1    if x 4 «g f°r some "•

The conclusions follow easily by Theorem 1.2.

Definition L2. If e is as above, then we call sum Je) the infinite sum in G

of the sequence ie|(0), \e\ (1), • • •, \e\ (»), • • • and often write sumAe) =

20~0ie!(¿).
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CHAPTER II. UNIVERSAL £(y)

In this chapter we prove a main result of this paper, namely

Theorem 2.1. // y is any principal number ¡or addition with a> < y < (o.,

then i-(y) is universal as a partially ordered set, i.e., any countable partially

ordered set S can be embedded in *-(y).

Once this is established, the following is immediate using Theorem 1.6.

Corollary 2.1.  // y is any ordinal 0 < y < a>.   not of the form a. + 1 or a + O)

for any <x, then ¿-(y) is universal.

The key result used in constructing b £ 0 rich in -< properties is the

following

Theorem 2.2.  There exists a primitive recursive function F(r, a) such that

whenever r is a Cödel number of a recursive function representing a predicate of

the form (s)(s < t —» R(s)) and a £ 0, then

(i) F(r, a) £ 0,

(ii) \F(r,a)\= \a\ if(t)(\r\(t)=0),

(iii) \F(r, a)\ < (ü • ka ¡or some ka if (Et) (|r!(í) ^ 0),

(iv) \F(r, a)\ <\a\, and

(v) |F(r, a)\ > (O if \a\ > ù>,

(vi) moreover, if (iii) applies, then from t such that \r}(t) /= 0 we can effec-

tively find the Cödel number of a partial recursive function q such that, for all

a £ 0, q{a) converges and |F(r, a)\ < co • q(a).

Proof. Apply Kleene's recursion theorem [4, p. 352] to the primitive recur-

sive function f(z, r, a) defined as follows:

,    (a)n , W7
(0) f{z, r, a) = 0 if a ¿ 1, a £ 2     °, or a £ 3 • 5     *,

(1) f(z, r, 1)=1,

(2) f(z, r, 2") = /(z, r, a) +Q 2, and

(3) f(z, r, 3 • 5") = 3 • 58(z,r,a) where g(z, r, a) is a Gödel number of the

following "system of equations":

\g(z, r, fl)i(0n) S ízRr, a )    if ír!(0) = 0;
(a)

\g(z, r, a)\{0Q) Si 2 if |ri(0) 4 0, undefined otherwise.
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\g(z, r, a)K(/ + 1)0) « (!«(*, r, fl)K/0) +0 l*Kf, S(ay, a y+1))),

(b if JrK; + 1) = 0;

!gU, r, a)K(; + D0) » f«(«. r, a)K/0) +0 2,

if M(/' +1)^0, undefined otherwise.

Now by the recursion theorem we can find an e such that, for all r and a,

\e\(r, a) = /(e, r, a).   Let F(r, a) = \e\(r, a) = /(e, r, a), and since /(e, r, a) is

primitive recursive so is F{r, a).

We show (i)—(v) hold for all set) by ordinal induction on |a|.

(i) If \a\ < co, then F(r, a) = a € 0.    If a = 2(i°°) then F(r, a) = l^^J e 0

since   F(r, (a)Q) e G.    If  a' = 3 • 5°, then   F(r, S(ay, ûy+i))e C  since

|8(a , a    j)| < |a'|, and it is easy to show !g(e, r, a)\(jQ) <Q ¡g(e, r, a)\((j + 1)Q)

and hence  3- 5g(e' r' a) = F(r, a ') e 0.

(ii) Suppose for all t, \r\U) = 0.   Clearly, |F(r, a)| = |a| if |a| < û).   |F(r, 2a)| =

|F(r, a)| + 1 = |a| + 1 = |2a|, since  |a| < |2a|.   Suppose «'- 3 • 5°; since

l«0l < la'l' lS(ay> ay+i)l < a'we have lF(r' ao)l = K'' lF(r> S(ay a,+ i))l =

\8(a ., a.   j)|.   Consequently, one shows easily

7+1

|!g(e, r, a)K(/ + 1)0)| = Z  W*i-V a?\ = K+ll»
1=0

since  |a +Q S(a, ¿>)| = |a| + |S(a, 6)| = |è| if a <Q 6.   Thus,

|F(r, a)\ = lim   \{g{e, r, a)K/)| = lim |ay| = |a'|.
/'—.oo y—.oo

(iii) Suppose <0 is the smallest / such that ír!(í)¡¿ 0; then \r\(t) £ 0 for all

t > /n.  Suppose a = 2   6 0; then by our inductive hypothesis  |F(rv a)| =

|F(r, 6)| + 1 < co - kb + 1 < co • (kb + 1).   Suppose a' = 3 • 5a e 0; then for each /,

|F(r, S(a., a.   ,))| < co • k. for some ¿. and it follows readily that

'o"1

|F(r, a')\ = lim ||g(e, r, a)i(iQ + n)Q\ <co •   ]£   k. + co.
n ,=0

(iv) By (ii) above, we need only consider the case when \r\(t) ¿= 0 for all

t > îq.  Suppose a  = 3 • 5°, then

'o"1

|ig(e, r, a)K/0 + /)„| < |F(r, aQ)| +   £  |p(r, «(a.^, a.))| + (; + l)
¿=1

<K _il + /' + iro   l
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by our inductive hypothesis.   Thus, |F(r, a )| < \a |.

(v) is trivial.

Suppose tQ equals the least t such that iri(r) ^ 0.   We define q using the

recursion theorem on the partial recursive function f(z, a) defined as follows:

(0)q     /(z,a)=0    if a4\,a¿2{a)\ or a ¿ 3 • 5(")2,

(X)a      f(z, 1) = 1,

(2)
f{z, 2a) S f{z, a) + l    if a = 3 • 5(")2

/(z, 2a) » /(z, a)    iía¿3-5(ah,

f(z, 3 • 5") S  17 £ bKoXfl._j, a .)))  + izKa0)l  + 1,      where aQ ¿ «Q for any n

(3)^ and 5 = \i: i < tQ - 1  and S(a(_j, a¿) ^ nQ   for any ni, or

f(z, 3 • 5a) » |"Z fzKSia^^ a.))1 +1    if aQ = «Q

for some n and S is as above,  undefined otherwise.

By the recursion theorem [4, p. 352] we can effectively find e such that

\e\(a) = f(e, a).   Define q(a) ^ \e\(a).   It is straightforward to show  \F(r, a)\ <

w • q(a) by induction on \a\ for a £ 0.    Q.E.D.

We assume now that fc'= 3 • 5    £ 0» w   < |¿  |» and \b'\ is a principal number

for addition.  We are interested in constructing elements c   £ Ö such that b •*< c ,

so that we may assume  \8(b._ ,, b.)\ > w   for each i > 0, where b_ l = 1; other-

wise replace b  by d = sumQ(e) - 2^ ._ 0{ei(z) where ¡ei(z') = a +0 S(è ■_ j, e¿) where

a £ 0 and |a| = oj2.   Clearly, ¿'¿a1', |a?'| = \b '| and |S(a\_ p d.)\ > o>2.

We now define inductively a recursive function f(n, t) (depending upon b

and a Gödel number e of a partial recursive function) such that for each n and t,

f(n, t) £ 0 and 1 <0 /(«, f).   Moreover, we will define y¿ = ^Qt.0f(h 0 and c  =

3 • 5C = Sfl00   y.. The construction will require that the "growth" of Sei determine the

relative size of c. with respect to b., i.e., for each i we require for k. =

max!/, Ui(0), •• •, UKOl that |fc.| < |&.  | < \e\ < \b   | + o>2 ■ (i + 1) for each i.
I *i l Ki

This is accomplished as follows, letting a be a fixed notation for <u:

/(0,0) = 8Ü,60),

/(O, t) = 5(¿0, fcje|(0))    if   Tj(e, 0, í) and U(t) > 0,

/(O, r) = a otherwise,
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Below Fir, a) denotes the primitive recursive function of Theorem 2.2.  For

n > 1, define fin, t) as follows:

f(n, 0) = F(rn, 8(bn_v bn)\ where \rj(t) = 0 iff

(z)(t')(.[z<n A t'<t /\TAe,z, t')] — (.U(t') < n)).

f{n, t) = a if TAe, n, t) V (T Ae, n, t) A U(t) < n).

fin, t) = F(rln, 8(bk , i>|c|(n))) if TAe, n, t) A Vit) >bA^< 17(f), where

k^maxiWit'y.t'^t MEz<n)TAe,'z, t')\ U M) and !r¿|(x) = 0  iff

(z)(f')([f'<x Az<» A Tj(e, 2, f ')3 -• Wit ') < Aj)).

/(«, f) = a otherwise.

After fin, z) = Fir}, 8ib, , He\i ))) f°r some z and /' > 0, we proceed as

follows for t > z (otherwise continue as above).

fin, i) = aifir'ja)=0.

fin, f)= F(r'n+1,S(èfe      , í>je¡(n)))if t is the first t such that \r'Jit) ¿ 0 and

*.   ! <!<?!(«), where fc.+ 1 = maxi(/(f'): f'< f A (Em < n)TAe,m, t) AVit')>k.\

and ¡r;'+1!(*)=0iff(2)(f')([f'<* A z<« A T,(e, z, t ')] — (Í7(f ') < k.   .)).
n ~ i —    Jt i

/(«, t) = a otherwise.

For each i, let y. = ^q,_0 A*'» ')• v*a Lemma 1.1.   For i = 0, it is clear that

|y0| = |S(1, b0)\+co -q+ \8ib0, i.je|(0))|+w2 if fe¡(0) is defined and |e,(0) > 0 or

|y0| = |S(1, i>0)| + c¿>2 if either |ei(0) is undefined or {e?!(0)= 0.   The following

lemma clarifies how the function \e\in) determines the size of |y;|.

Lemma 2.1.  For i > 0, let ».   , = maxiz' - 1, (eS(0), •• •, \e\ii - l)\; then for

some q

(1),

(2).

(3)..

(4),-

|y,-l = lS(*«_i» h)\ + w • a + |S(è., èjei(;))| + co2    if n._l < i

and i < \e\{i),

\y{\ = |5(¿>i_ j, b)\ + co2    if ».   . < i awrf ez'/ier

iei(z)  z's undefined or \e\ii) < i,

\y.\ =w • a + |5(6n      »¿je|(¿))|+w2    ifi<n._xand

ni~\ < feKz')> or

|y.| = w      z'/ ¿<«_,  and either

\e\(i) z's undefined or \e\(i) <«._,.
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Proof.   Suppose   »'> »^     ,  then   »,      »»-l.   Moreover,   |/(í, 0)| =

\8(bi_v b.)\ by Theorem 2.2, since jr.|(í)= 0 holds for all Z.   If \e\(i) is un-

defined, then f(i, t) = a for all Z > 0 and thus (2)¿ holds.   If iei(z') is defined, then

for some unique t',  Tj(e, i, t') and (Z(z') = ¡ei(z').   If |ei(z) < »', then /(z, z) = a

for all r > 0 and again (2).  holds.   If ieRz) > i, then U(t') > i = ktf \r}\(x) = 0

for all x, and thus  |/(z, z')| = |5(e¿J ejej(¿))| from which (1)¿ follows since f(i, t) =a

for t 4 0 and Z ̂  t'.

Suppose i < ».   ,; then ! ri(z) ¡¿ 0 for some Z since there is a z < i such that

|e}(z) = n._ j > z.   Hence, by Theorem 2.2, |/(z, 0)| < <o • a , for some a   .   Suppose

ie!(z) is not defined; then f(i, t) = a for Z > 0 and consequently (4). holds.   Sup-

pose |eî(z) < »,-_ ,¡ then let Z   be the smallest Z such that, for some z < z,

Tj(e, z, z) A í/(z) > Í ei(z').   Let Z. be the unique Z such that Tj(e, », z).   If

iel(z') < z, then f(i, z) = a for all Z > 0 since íe|(z) < i < ky; thus (4); holds.   Sup-

pose now i < \ ei(z') < n._  ,   If z'< tf, then !e'(z) < * , /(z, t) = a for  all Z > 0,

and (4)f. holds.   If   t. < t', then ¿j < \e\(i), \r'.\(t') A 0, and  |/(z, Z.)| < ta • qx

for some a .  by Theorem 2.2.   For any r1. defined before f(i, Z ) is defined, it is

clear that \r'Mt ) ¡¿ 0 and hence |/(z, z)| < <u • a   for some q and each Z < Z  by Theorem

2.2.  However, f(i, t') = a since ¡eS(z)< U(t')<n._l and thus it follows that f(i, t) = a

for all Z > z'and (4)¿ holds.

Suppose z < n¿_, and n._. < fei(z').   As above, it follows that |/(z, 0)| <

o ' q . for some q..   Let z' now be the smallest Z such that, for some z < i,

TAe, z, z') and U(t') = n._  .   Let Zf be that unique Z such that TA_e, i, z).   If

Z'< Z¿, then  ¿j = «,._!» !r»i(x)= 0 for all x, and  |/(«, tf)| = \8Q>n._^  \\U)^

by Theorem 2.2; hence (3). holds.   If  t. < t' then, for each 0 < Z < t', f(i, t) = a

or   /(z, Z) = F(r}it 8(bk , ¿LI^-n)) where k. < ni_ j and consequently iz^.i(Z  ) ^ 0.

Hence, |/(z, t)\<co • q for  some a for all Z < Z  , by Theorem 2.2.   If ;   is the

largest /' such that /(»*, Z) = F(^', S(èfc , &{e}(,-))) f°r some Z < z', then Irj. i(z') ¿ 0

since k.< n.      = U(z') (z' is the smallest Z such that irj. ¡(z)^ 0), ¿;,+ 1 = »2_j»

yfe.,+ 1<Ui(z), and f(i, t ') = F(rj'+ ', 0(&n       , *jeJ(f))) where |r>'+ M(0 = 0 for

all t.   Hence,/(z,  z) = a  for all t > t'.    Consequently,   |/(z, z')| =

l§^„.     •¿íe|(¿))1;hence (3\-holds.

Lemma 2.2.  There exists a primitive recursive ¡unction G(e, b ) such that

if  b' = 3 • 5è £ C ana" & ' z's as assumed above   (\b'\ > o) , for  each   i,

\8(b._ j, b.)\ > (ú7, \b'\ principal for addition), then G(e, i>')=c'=3'5ceO

and  \c  | = \b  \.   Moreover, for each n,

(1) \bJ<\bk  l<kj<l*fc  \+u2.(n+l),
n n

where k   = maxlw, |el(0), • • • f ¡e|(n)}.   Clearly, then b  7$,c  •
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Proof.  The existence of G(e, b ) is clear by our construction of fin, t), the

remarks preceding that construction, and Lemma 1.1.   By Lemma 1.1,

CO 00

O'=o O'=o

Clearly, kQ < k   < ••• < A   where Aj. = max! z, je!(0), •••, ie!(z')i.   Define   iQ = 0,

i.   , = m, where m is the smallest number such that k    > k. .   Suppose k.    = £ ,
;+l        » m       'y 9

0 > 0 and iQ< i   < • • • < i   .  Since  |S(£>.     , b .)\ > Co , then for any q, co • q +

\8ib., b.)\ = |8(tV, b.)\ if z < /.   By Lemma 2.1, it follows easily that

\cn\-Í\Yi\-W,bh   )\+co2+co2.(i1-ii0 + l))
i«o «'„

+ ISiè^   , ¿>fe   )| + co2 + co2 • (z'2 - (z'j +!)) + •••

.2.2+ \8(b.        ,b.    )\+co2 +co2 ■ (n-i).
Jk.      '   *

q-\ q

It is clear since  k.    = k   that |¿>  I < \b.   I < \c  I.   If a is any ordinal such that

a > co , then w   + a + co   < a + w   + cu    by the Cantor normal form of a. [0]; conse-

quently, |cj < \b,   \ + co2 • in + I).   Thus, (1) holds,
n

Definition 2.1. We say that a partial recursive function |e¡(x) has a recur-

sive upper bound if there exists a recursive function /(x) such that fe!(z) < fit)

for every i in the domain of \e\.   We call fix) a recursive upper bound for iei(x).

Lemma 2.3.  Let e be the Gödel number of a partial recursive function and

Cíe, b ) = c   = 3 • 5C be given by Lemma 2.2. íe¡(x) has no recursive upper

bound iff b   "^ c'.

Proof.   Clearly, by Lemma 2.2, ¿j'^c'.   Suppose c'^b'.   Then there is a

recursive function   e(x)  such that for all n,  \c  I < \b  .  J.    Let   k    =

max!*, |e!(0), • • •, ie}(«)!•   By Lemma 2.2,  \bk  | < |cj < |¿ (fj)|.   Hence, ¿n < g(«)

and clearly g(x) is a recursive upper bound of iel(x).

Suppose ie!(x) has a recursive upper bound fix).   Define ¿(x) = x +

(ZXi=0fix)) + x + l.   By Lemma 2.2, |cn|< |^  |+ CU2 •(« + !)< |èfe    +(n+1)|<

\bh(n)\-  He°ce c'<b'.

The following lemma of S. Tennenbaum shows that there exists a vast number

of partial recursive functions |eS(x) without recursive upper bounds and gives an

alternative characterization of the notion of a nonrecursive recursively enumer-

able set.
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Lemma 2.4.  Let   W    be any infinite r.e. set and let f(x) be a recursive func-

tion mapping N one-one onto Wg.   Then f~ (x) is a partial recursive function

without a recursive upper bound iff W    is nonrecursive.

Proof.   Suppose W    is recursive, then define

h(x) = f~Hx),    if x €We,

h(x) = 0, if x i We.

Since We is recursive, so is h(x) and clearly h(x) is a recursive upper bound

for rHx).

Suppose /" (x) has a recursive upper bound, say h(x).   Then x £ W   iff

(Fy < h(x))(f(y) = x).  Since h(x) and f(x) are both recursive, it is clear that W

is recursive.

Definition 2.2.   If  e. and e    ace Gödel numbers of partial recursive func-

tions, then we say ie.i(x) is recursively maximized by |e2i(x)and write■\e.\<m

\eA if there is a recursive function f(x) such that, for each n,

max |«, fejKO), ...,íe,K«)l<max|/(n), U2i(0), •••, íe2 !(/(«))'.

Lemma 2.5. // \e¿ <m \eJ, then G(e,, b') < G(e2, b').

Proof.   Suppose c'= 3 • 5C = G(e , b') and d' = 3 • 5   = G(e2, b').  Suppose

that, for some recursive function f(x),

kn = max\0, iejKO), ••., {e^Ml

< k'f(n) = max {/(»), \e2 !(0), ... , U2 tf(n))\.

By Lemma 2.2, we have  \cj <\bk | + w2 • (n + 1) and |í>fe | < \bk¡     | < \dfM\.
n n f\n)

Consequently, \c  \ < \d.. ,| + to   • (n + 1).   By Lemma 2.1 as applied in the proof

of Lemma 2.2, \8(d., d.+ l)\ >w2 and, hence, \cj < l¿/(n)+(n + 1)l-  Define   g{x) =

f(x) + x + 1.   Then, for every n, \cj < \dgM\ and, by definition, we have

c =G{e.,b')<d' = G{e,,b').

The next result demonstrates how we can construct two elements c   and d

incomparable under ^ such that b "< c   and b "< d   once we know the existence

of two r.e. sets with incomparable Turing degrees.

Lemma 2.6.  Let f.(x) and ¡Ax) be one-one recursive functions mapping the

recursive sets R   and R    one-one onto W   and W    respectively.   Let  e   and

e. be Gödel numbers of /jVWj and ¡~l /W 2, respectively, where ¡~l/Wi denotes
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the restriction of f~ (x)fo domain W., i = 1, 2.   Then G(e,, b') ^ G(e , &')

zmp/zes Wj <T W2.

Proof. Let c' = 3 • 5C = G(ej, è') and «?'= 3 • 5   = G(e2, ¿>').  Suppose g(x)

is a recursive function such that, for each «, |c  | < la" ,  J.  Let
n\  —  i    gin)1

¿n = maxiO, ¡ejKO), ...JejK«)!

and

k'gM = max ig(ra), ie2 KO), • • •, \e2tgin))\.

By Lemma 2.2, we have for each n,

l\l < k.l < l'rf.,1 < IV {J + -2 • W«) + l) < IV (n)+(«(n)+l) .

where the last inequality holds since \8ib ., ¿>.   t)| > 0) .   Thus, &   < k '. . +

(g(«)+ 1).

We claim that x eWl iff Ez < (V(jc) + g(x) + DfzeR, and/jiz) = x).   Sup-

pose x e Wj, then there exists z 6 R j such that f Az) = x and hence ¡e ti(x) =

/^(x) = z < kx < k'g(x) + gix) + 1.  Hence, Ez < ik'g(x) + gix) + 1) (z e Rj and

/j(z) = x) and, clearly, if this holds, then x e Wj.  However,

uix) = (max{g(x), ie2 KO), ..., {*2 Kg(x))|) + gix) + 1

is recursive in W- since to compute uix) we need only to know those elements

y S §(*) such that y e W2.   Thus, Ez < a(x)(z e R j and f A]z) = x) is recursive in

W2.   Hence, Wj <T Wr

Sacks, in [12], has proven that there exists an infinite sequence A., Ap-»-,

A  ,'•• of recursively enumerable sets such that, for i ¡¿ /, A . and A . have in-

comparable degrees of recursive unsolvability.   From this we have immediately

the following result:

Corollary 2.2.  There exists an infinite sequence c  = G(e_, b ),•••, c  =

G(e  , b ), ■ • • such that for i £ j, then c . and c . are incomparable with respect

to ¿ and b **- c'..

Proof. Let /. be a recursive function mapping N one-one onto A ..   Let e.

be a Gödel number of f~ (x).   By Lemma 2.6 the result is immediate.

The following lemma allows us to relate other results about Turing degrees

of r.e. sets to My).

Lemma 2.7. Suppose fix) is a one-one recursive function such that, for
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z = 1, 2, /(x) maps the recursive set R¡ onto A .. Suppose AC A and hence

Rl C R2. Let {e.Kx) = f-1(x)/A., f- 1, 2. Then G(e¡, b') ^G(e2> b'), and

Aj <T A2 implies G(e , b') <G(e2, b').

Proof.  It is clear that Aj <r A2 since x £ Aj iff (x £ A2 A /-1(x) £ K,).

Since A. C A  , we have

iz, UjKO), .... {ex\{i)]Ç\i, \e2lO), ..., |e2K«)l

and, thus,

maxjz', iejKO), ..., iet \{i)\ < max {», ie2!(0), ••., fe2Kz')i.

Consequently, ie,! <m \eA and by Lemma 2.5 we have immediately G(e  , b')^

C(e2,b').

Suppose A   <_ A    and suppose on the contrary that G(e , b') £ G(e , è'),

i.e., not (G(ij, b') -< G(e2, b')).   By Lemma 2.6, we have that A   <T A., a con-

tradiction.   Thus, G(e,, è') "<G(e2, 6 ).

Now we prove Theorem 2.1 for y > a>'.

Proof of Theorem 2.1 for y > tu3.   In [12, p. 53] Sacks proves the analogous

result for the partially ordered set of Turing degrees of the r.e. sets by construct-

ing an infinite sequence BQ, B .,••', B , • • • of r.e. sets having the following

properties: B^,B.,'",B ,••• is a sequence of recursively independent, disjoint,

simultaneously recursively enumerable sets.   Thus, there is a one-one recursive

function  /(x) such that  /(x) maps  Af one-one onto \J\Br- i £ N\   and

/({(z, n): n £ N\) = B. for each z, where by   (x, y) we mean Z(x, y) =

Vi(x   + 2xy + y   + 3x + y) which is Cantor's pairing function that maps N x N

one-one onto N.  Sacks' proof utilizes a result due to Mostowski [9] which gives

a recursive partial ordering relation x <R y on Nwhich is universal.   Define

C   =U\B.: i <n u \.   Sacks shows that

(2) u<Rv    iff    Cu<TCv.

We note first that u <D v implies C   C C   since i <„ u and u <D v implies

i <R v by the transitivity of <„.   Thus, (2) is equivalent to

u <„ v    iff    C   C C    and C   <T C , noting that
—R u —    v u — i     v °

(3) C   ÇC    implies u <R v since the B¿'s are disjoint

and z <„ z.

Now define R   - {(/', «): n > 0 A i <    u\.   It is clear that R    is recursive

since (x, y) £ R   iff x <R k.   Also, /(x) maps the recursive set R   one-one onto
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C .   It is not difficult to find a primitive recursive function p(x) such that for

each u, piu) is a Gödel number of the partial recursive function /     (x)/C  .

Define e   = piu).  We claim

(4) u<D v    iff    G(e , b')  <Gie , b'),

where  G(e, è ) is the primitive recursive function of Lemma 2.2.

Suppose u <R v, then by (3) C C C and / maps the recursive set R one-

one onto C . By Lemma 2.7, we have immediately G(e , b ) ¿ G(e , è ) and more-

over G(e  , è') "< G(e  ,6 ) if u £ v.

Suppose G(e , b ) ï$ G(e , b ). Then, by Lemma 2.6, C <_ C and hence

" So v by (2).   Thus, (4) holds for all u and v.

Now by Theorem 1.4, we have

(5) U<RV     iff     HC{eub')(x)<mHGíev¡b>){x)-

Thus, the ordering R is isomorphic to \[H~,      ,m(x)]   : u > 0\ under <   .   Since

any countable partially ordered set o can be embedded in the ordering R, then

clearly S can be embedded in i[WG.      ¿<)(x)]   : z¿ > 0| C £(y) and, hence, the
, u' m

theorem follows for y > co .

In order to show X(o>  ) is universal, one follows essentially the same

sequence as above but the basic construction is much easier.

Let a be a fixed element of G such that \a\ = co.  We write a • k for

(• • • (a +0 a) +0 • • • +0 a) with k summands if k > 0.   For a Gödel number e define

fin, t) inductively as follows:

¡ii, t) m 2 if TAe, i, t),

fii, t) = a • k    if TAe, i, t) and 17(f) = k > 0,

fii, f) = 2, otherwise,

...

Using Lemma 1.1, define y. = Sfl       /(z, t) and c'= 3 • 5C = 2q ._ 0y..   It is

clear that

\y \ = co    if \e\ii) is undefined or iei(z') = 0.

\y.\ =co • k + co    if Iej(z') = k > 0.

For a partial recursive function iei(x), we define kx = S._Q{e!(x) =

1ieS\e\ii) where 5 = |z: ¡e!(z) is defined and t < x\.   By Lemma 1.1, we have

immediately that \c  \ = co • kx + co • in + 1).

These facts we formulate in the following lemma.
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Lemma 2.8.  There exists a primitive recursive function G(e) such that, for

each e, G(e) = 3 ' 5C = C  £ 0 and \c '| = <o , for some c.   Moreover, \c  \ =

a • kn + (ù • (n + 1).

Lemma 2.9. // b' £ 0, \b'\ = <a , ana" £>'= 3 * 5    z's zie minimum element

with respect to •<, e.g., \b  \ = 0) • n for each n, then b  "< G(e) = 3 * 5C = C   iff

the partial recursive ¡unction |ci(x) has no recursive upper bound.

Proof. Suppose c' £b', then there is a recursive function g(x) such that

\cj < \b , J = |<u| • g(n) for each n.   Thus, ¿¿= 2"= Q\e\(i) + n + 1 < g(w) for

each « by Lemma 2.8.  Clearly, then g(n) is a recursive upper bound for iei(n).

Suppose b' "< c .   If g(x) were a recursive upper bound for fe|(x), then h(x) =

(S._ 0g(x)) + x + 1 is a recursive function.   However, by Lemma 2.8 it follows

that \c   | < \b, - J, a contradiction.   Thus, |e!(x) has no recursive upper bound.

Lemma 2.10. Suppose, for i = 1, 2 f.(x) is a one-one recursive function

mapping R- onto W..   Let e. be a Gödel number of f~l(x)/W..   Then G(e ) ^

G(e2) implies Wj <T Wr

Proof. Suppose G(f?j) = c' = 3 • 5C and G(e2)= rf'» 3 • 5 .   Let i(x) be a

recursive function such that  |cj < M¿(nJ assuming c'^d'.   Thus, by Lemma 2.8,

(£ U1K¿)j + n + i < t ¿ U2K«)J + K») + 1.

Hence, x £ Wj iff Fz < (¿(x) + 1 + Sj^U2¡0))(z £ Rx and /x(z) = x).  Since

2._0 fe2i(x) is recursive in W2,   Wl <T W .

Lemma 2.11. Suppose W. Ç W   and ¡(x) is a one-one recursive function map-

ping the recursive set R. onto W. for i = 1, 2.   Let \e \ = f~l(x)/VI., z'=l,2.

Then G(ex) < G(e2), and Wl <T W2 implies G(e¿ < G(e2).

Proof. Clearly, by 2.8, G(ex) < G(é>2) since ln.s0\eA(i) < 2"=0\e2\(i).  If

G(<?2) ̂  G(ej), then W2 <T Wl by 2.10.  Hence, the result follows.

Clearly now, the same proof as above for y > tu' holds, using Lemmas 2.8—

2.11 for justification.  Thus, £(&)2) is universal and Theorem 2.1 is established.

Theorem 2.3. 1/ a>2 <y < co   and y is not of the form a +1 or a + a> for any

ordinal a, then £(y) is universal as a partially ordered set.

Proof. Immediate by Theorem 2.1 and Theorem 1.6.
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CHAPTER III. NONEXISTENCE OF MINIMAL ELEMENTS

The main result of this chapter is the following theorem:

Theorem 3.1. // b' e 0, \b'\ > (o , and \b'\ is a principal number for addi-

tion, then we can effectively find a', c' e 0 such that a'■< b', c'"< b', and a',

c' are incomparable under £.

First, we may assume without loss in generality that, for each i, S(ft.,, b.)

is a limit notation, for otherwise replace b' by d' with d'£b' constructed as

follows: Let g(x) be the recursive function defined so that gix) = 3 * 5y if there

is a notation k in 0, \k\ finite such that 3 • 5y +0 k = x, and gix) = 0 otherwise.

Define /(0) = /u(g(af) ¿ 0)and /(/ + 1) = iiz(g(&/(y))<0 g(è .)).   Since  |è'|>«y3 and

principal for addition, clearly / is total recursive.   Finally, let ¿'= 3 * 5    in 0

where, for each n, d   = gib,tn\).   It is evident that, for all n, d   <Q b..  . ; for

every i, 8id._., d.) is a limit notation, and  \d \ = \b |.   (Since b'^d , it also

follows that b'& d'.)

The proof of this theorem is based upon a priority argument which is moti-

vated as follows.   It is sufficient to construct c  = 3 • 5   = 2.g._0y., where

|y! < l& ! f°r each z and y.'s are enumerated by a recursive fe!(z) so that for

some strictly increasing recursive function / is) and every s, x, and n, the fol-

lowing three conditions are satisfied:

(DS We      \<\bc      |,
/C(25) /C(2i)

(2Í
there exists an i such that either Ixi(z') diverges,

IxKz) < z + 1, or |af| ¿ kjx¡([)|, and

(3)c there exists a finite sequence of numbers  z. < z. < ... < i

suchthat  \y. \ = |8(è._j, è.)|  for /' = 0, 1, n.

Likewise, the analogous conditions are to hold for a  = 3 • 5   = 2.q._q cl,

and some strictly increasing recursive function / is).

Suppose that we have constructed a   and c   satisfying the above.   Conditions

(3)c and (3)a insure that  |a'| = \c'\ = \b'\.   Conditions (l)a and (l)c insure that

a' '¿¡b' and c' '¿¡b'.   Conditions (2)c insure that a' ¿c' for if a'^ c', then there

is a recursive function with Gödel number x such that |a.| < |ci   i...|; but clearly

we can assume i + 1 < ixl(z) for all i, contradicting i2)x.   Similarly, conditions

(2)° insure that c  £ a'.   But now the theorem easily follows.

Definition 3.1.  For each condition (2)° or Í2)c the conditions occurring to
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its left in the following sequence are said to have higher priority than that condi-

tion: (2)c0, (2)a0, (2)j\ (2)a, • • •, (2)cx, (2)a, (2)cx+v (2)a+ v • • •. If condition y has

higher priority than condition z, we write z <   y.

The purpose of this priority assignment is to well-order the most interesting

conditions we need to satisfy.   In the construction of a , c  below we will always

attempt to satisfy all conditions z with higher priority than condition y before

satisfying condition y.   However, at any given stage s it is not possible to deter-

mine effectively which conditions z have been satisfied.   Consequently, we

associate certain F-criteria with each condition z under consideration at stage s

and use freely Theorem 2.2 to control the size of y (a) being defined at that

stage.   If a condition of higher priority than the one under consideration at stage

s has not been met via the F-criteria associated with it, then we will learn this

fact at some later stage and be able to use the function a of Theorem 2.2(vi) to

compute precisely how far astray we have gone.

In our construction we keep track of certain ordered pairs of numbers whose

convergence properties are relevant to our priority conditions by means of disjoint

sets  Fa and Fc.   If (x, y) £ Fa (Fc), then the condition it is associated with is

(2)a ((2)c), often denoted by (a, x) ((c, x)).   We let the priority assignment on

(2)a and (2)c induce a priority assignment on the elements of Fa U Fc in the

natural way so that it is meaningful to find an element of highest priority in any

nonempty subset of Fa O Fc.   The function p(s) below is used to keep track of

what condition we attempt to satisfy at stage s  (s even).   The function fc(s)

(f"(s)) defined inductively in the construction is used to keep track of the growth

of c'  (a1) relative to b   and will eventually insure  (1)^ ((l)fl) for all s.   The

functions  Ie (Ia) are simply bookkeeping functions used to insure (3)c  ((3)°)

for all n.

We now give the construction of a'= Sq._0 a¿, c   = Sg._0y. by stages.   At

each stage s, we define a. in 0 for f(s - 1) < » < f(s) and y. in 0 for fc(s - 1) <

z < fc(s).   Da and Dc will hold certain numbers which represent conditions that

we have assumed satisfied at some stage  2s' + 1 < s; namely if x £ D  , then we

have assumed at some stage 2s ' + 1 < s that all conditions of priority higher or

equal to that of (2)c have been satisfied before stage 2s   +1.

Stage 0.  /a(x) = x, ¡c0(x) = x for all x, p(0) = (c, 0), FCQ = ¡(0, 0)!, aQ =

F(r((c, 0), 0), 8(b_ j, bQ)) where \r((c, 0), 0)!(z) = 0 for all Z, yQ = 2, and /a(0) =

f(0)-0.  Dao = Dl = Fao = Gao = Gl=0.

Convention. Da, Dc, Fa, Fc, G", Gc, Ia, Ie will be defined to be the same
s       s       s      s       s       s     s     s

as at stage s - 1  unless otherwise specified.   Also, / (s) = / (s - 1) + 1, / (s) =

/c(s - 1) + 1, a. = 2 for f(s - 1) < i < f(s), and y¿ - 2 for /c(s - 1) < i < fc(s)

unless specified otherwise.   Frequently, we will define  ¡s WÍ) at stage s by
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writing /"(&) = ;' for some k and /' which is to mean /a(x) = Ia_ Ax) if x < k and

fix + k) = x + j for x > 0.

Stage 1. pil) = (a, 0), Fa = {(0, 1)|.

Convention. If for some k, (x, k) e Fa (F*), then we denote by xa (xp the

largest number y such that (x, y) e Fa (Fp.

Stage 2s (s > 0). Case 1. Case 1 holds if, for all x, (a, x)   > p(2s - 1) and,

for some /, (x, /') e F2i_ jimplies ~KFi)/<2s'/V*> *2.s- 1» ̂ ' and for a11 *»

(c, x)   > p(2s - 1) and, for some /', (x, /) e F2i_j   implies

Case 2 holds otherwise.

Case 1, Subcase A. p(2s - 1) = (a, x). Define p(2s) = (a, x) and k = /c(2s) =

/c(2s - 1) + 1.   Let / = lc2s_Ax) and define

yk = F(r((a, x), 2s),8(b._v bf))

where F is the function of Theorem 2.2 and rüa, x), 2s) is a Gödel number of the

following recursive function hit):

hit) = 0,    if iz)U')t,J\[ia, z) p> (a, x) A (Ey)iiz, y) € Fa#)] - Tj(z, *«,, f')i

A l[(c, z) p> (a, x) A (EyKts, y) € Fc2s)]^fAz, z¡s, t')\).

hit) = 1,     otherwise.

(Note that, for all f, hit) = 0, iff for each (a, z) > (a, x) either there is no /

such that (z, /') e Fa or there is a / such that (z, /') e Fa and !z!(z" ) diverges,

and for each (c, z) > (a, x) either there is no / such that (z, /) e F^ or there is

a /' such that (z, /') e Fc2s and |z!(z^ ) diverges.   By Theorem 2.2, if, for all f,

hit) = 0, then we are assured that ly _       | = |S(è.   ., b .)\ (this is the only way
/c(2s) '~l     '

that the construction insures i3)c-  ((3)))-   On the other hand, if, for some f,

hit) ¿ 0, then by Theorem 2.2  \y I < co .  This has the effect of retarding the
/c(2s)

growth of c  to \b  \.  When p(2s) = (a, x) (p(2s) = (c, x)) we are attempting to

make  \y \ (|a |) large if all conditions of priority higher than (a, x)
/ (2s)        r{2s)

((c, x)) diverge at stage 2s (Definition 3.4) and  \y \< co2 i\a \ < co2),
/ (2s) T(2s)

otherwise.   It will follow by iteration of Case 2, Subcase 2 with pi2s) = (a, x)

and all conditions of priority higher than (a, x) diverging at stage 2s that \c  \

will eventually become larger than  |afxi(„)l ^ W ¡s a strictly increasing func-

tion; thus, assuring condition (a, x), i.e , (2) •   The crucial assumption that

\b \><o   and \b \ is principal for addition assures us that, for infinitely many m,

|S(¿m_., bm)\ > co ; this together with the fact that when we discover a f such
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that \r((c, x + 1), 2s')|(z) ^ 0 Theorem 2.2(vi) allows us to compute effectively

a number ;' such that \<X \ < a) • / become important in comparing at odd

stages 2s" + 1 the growth of a  and c   to \b'\.)

Note that in Case 1, Subcase B below, r((c, x), 2s) is defined by interchang-

ing a and c in the above if p(2s) = (c, x).

Case I, Subcase B. p(2s - 1) = (c, x) (here x > 0 always).   Define p(2s) =

(c, x) and k = /a(2s) - /a(2s - 1) + 1.   Let ; - Ias_ A.x - 1) (x - 1 here rather than

x as in Subcase A because (a, x - 1) is the condition of lowest priority with

priority higher than that of (c, x)) and define

afe = FW(c, x), 2s), 5(*y_,,*.)).

Stage 2s (s > 0). Case 2. Let (x, y) be the element of highest priority in

F2s-l  0*5.-1> Such that   (*' V) = (X> **s-0 ((X' v) = (X' X2*-l))«

(Et)t&2sTAx, x«s_v t) {{Et\ S2J^, x^_t, t)), and (a, x) p> p(2s - 1)

((c, x)   > p(2s - I)).

Case 2, Subcase A. (x, y) £ F2j   ,  (Subcase B corresponds to (x, y) £

Subcase A, Case A., x   £ D2 _ . —♦ (a, x) <   (c, x ) and x   £ Dc        —*

(a, x)<^ (a, x').

Case A,. If otherwise.

Case A., Subcase \. x iGa and íx'(y) < y + 1.   Define Fa   = Fa        -
1 ¿S-~ 1 ¿S ¿S ^ 1

¡(x, y'): y' £ N| and set G2s = G"s_l U ï-fî- (Here we know for sure that condi-

tion (a, x) is satisfied.) Define p(2s) = (c, x + 1) and proceed as in Subcase 3

below.

Case A v Subcase 2. x i G"2s_ y and |x!(y) > y + 1.  Define Fas = Faj._1U

i(x, z)i where z is the smallest number k > 2s larger than all /' such that  (x', /') £

Fa, UFC, for some x ' and some s  < 2s.  Define p(2s) = (a, x).   Let 2sQ be the

largest 2s'< 2s such that p{2s')= (a, x) and (x, y) £ Fa ,.   By Lemmas 3.3 and

3.4 2s0 exists.  Let Qc = Í2s': 2s > 2s ' > 2sQ A p(2s') = (a, x') <   (a, x)i.   If

Qc = 0, then define /"^s) = /^s - l) + 1 and /^(x) = ; + 1 where ;' = '2sQ(*)-

If Qc ¿ 0, then for 2s' £ Qc it is clear that (FZ < 2s)(\r(p(2s '), 2s ')'(z) ¿ 0) and

using Theorem 2.2(vi) and the least such Z, we can effectively find k2s, such that

\yk\<co'k2s, for¿ = /c(2s').   Define /c(2s)=l + S2s,€Q   k^, + fc(2s - 1) and

¿1 (x) = ; + 1 where / = 1<L    (x).   Finally, define y, = F(r((a, x), 2s), 8{b.   ,, ft.))
¿S ¿.S   r. ft 2"   1 Í

where k = fc(2s) and i = /2s(*)-

Let Oa = Í2s':2s>2s'>2s0 A p(2s') = (c, x') <p (a, x)!.   If Ofl = 0,then

f"(2s) = /°(2s - 1) + 1.   If Qa ¡¿ 0, then for each 2s' £ Qa, (Fi < 2s)(}r(p(2s'),

2s ')i(z) ^ 0) and using Theorem 2.2(vi) and the least such Z we can effectively

find   k2s, such that   |aj < <y • k2s, tot k = /a(2s ' ).   Define   /"(2s) =
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1 + 1    ,e Q   k2s, + /a(2s - 1).   Finally, define I^ix) = / where / = Ia Ax) and
a ,

2s   is the smallest element of Qa such that p(2s ) = (c, x + 1), or I"s = l2s_lt

otherwise.

Case A,, Subcase 3. x e Ga _, and (x, y) e Fa _.. Define p(2s) =

(c.x + 1), F^F^-iix.y)!. Define Das = Das_j-{x¡,if |xi(y)<y+l,

or Da = Da _, otherwise. Let 2sQ be the largest 2s < 2s such that p(2s.) =

(a, x) and (x, y) e F°2s_ r Let Qa, Qc, /a(2s), and /^s) be defined exactly as

in Subcase 2. '2s(x) = ; where ;' = Ia (x) where 2s, is the smallest element of

Qa such that p(2Sj) = (c, x + 1), or 72s = 7a ̂  otherwise.   Define afe =

F(K(c, x + 1), 2s), 8(6y_ v b.)) where ft = /fl(2s") and i = 7as(x).   l^Ax + 1)- /

where / = I, '^x + ^ and ^5 '1S the smallest element of Q   such that pi2s ) =

(a, x + 1), or 72s = i2s_1> otherwise.

Stage 2s, Subcase A, Case A2- (x, y) € Fas_t and either there is an x' 6

DÛ     ,  such that (a, x)   > (a, x')  or there is an  x' e Da such that
2s — 1 p— ¿s— 1

(«, x) ^ (c, x').

Let 5a = jz: z e D2s_j and (c, z)<p (a, x)!.   For z e 5a, define inductively

Oz ■ i(z, y): (z, y) e Fa, for some s ' < 2s¡ if, for some /, (z, ;') e Fa      .

D   = i(z, y): (z, y) e Fa, for some s ' < 2sî U ¡(z, ft)i where ft is the smallest

y >2s such that y is larger than all ;' such that, for some v, iv, j) belonged to

Fa. U Fc, with s ' < 2s   orto  D , for some z'< z and z' e Sa, otherwise.
s s 2r '

Let Sc = jz: z e D2s_i and (a, z) <   (a, x)!.  For z e Sc, define inductively

Ez = |(z + 1, y): (z + 1, y) e F^, for some s  < 2s! if, for some /', (z + 1, ;) €

Fc

Ez = \iz + 1, y): (z + 1, y) e F*, for some s '< 2s¡ U |(z + 1, ft)! where ft is

the least number y > 2s larger than all / such that for some v iv, j) belonged to

Fa, U Fc, with s ' < 2s, to D   with z e Sa, or to Ez, for some z' e Sc and z' < z,

otherwise.

Replace:

and

F2s-1    by   F2s-1 u   U   Ez>

D2s.i by Dfs-i-sc.

G2s-i    by    D2rs_1-fz+l:zeSc¡.

1-i   by   Fa2s-x u Ud„

°2s-i   by   DL-i-S

G2s-1    by   G^

a
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With these replacements, we start at stage 2s anew.   Now, it is clear since

(x, y) e F2j._j that Stage 2s, Case 2, Subcase A, Case A, applies and proceed

as specified there with (x, y) being the element of highest priority insuring

Case 2.

Stage 2s, Case 2, Subcase B. (x, y) € F2s_..   The construction is exactly

analogous to the above but the analogous priority assignments must be strictly

followed, i.e., it is the same except for the variation between the priority assign-

ments on a and c obtained by interchanging a and c, a. and y, f* and f, etc.

Thus, we do not explicitly write out the details.

Stage 2s + 1. If pi2s) = (c, z) ipi2s) = (a, z)), then p(2s + 1) = (a, z)

ipi2s + 1) = (c, z + 1)).   If 2s + 1 is the first stage s ' for which pis ') = (a, z)

ipis')=ic,z+ 1)), then Fa2s+Ï = F*s U f(z, ;)j (Ff, + , = F\s U l(z + 1, /)})

where / is the smallest number larger than 2s + 1 such that ; has never occurred

previously as a second coordinate of any element of Fa, UF^( with s  < 2s + 1.

If p(2s) = (a, z) ((c, z)) and Case 1 below holds for (a, z) ((c, z)), then F2s   j

(FÍ     .) is defined as specified there (note there is no conflict here since we

are defining Fc2s+l (Faj+ j) first, then defining F2s+l (F2s+j) next).

Case 1. Suppose p(2s) = (a, x) (analogously, if p(2s) = (c, x)).   Let 2sQ be

the largest 2s '< 2s such that p(2s') = (c, x) (by Lemma 3-4, 2sQ exists).   Next

let 2s,  be the largest 2s  with 2sQ < 2s  < 2s such that, for some /', (x, /') is

removed from Fc2si, i.e., for some /, (x, /') € F2s,, and (x, ;) i F2si, or 2s. =

2sQ, otherwise.   In order to determine if Case 1 holds at stage  2s + 1  for every

two elements (x, ftj and (x, ft ) in F2s with ftj < ft2 and /a(2sQ) < ft2 we carry

out the following procedure:

Suppose there is a number ; such that /a(2sQ) < / and for some 2s2 with

2Sj<2s2< 2s, p(2s2) = (a, x),j = 7^ (x), f(2s2) < ftj, and

(f) l*Hir{(c, x), 2sMt) - 0   and    |r((«, *), 2sJKf) - 0);
t¿2s+l U

otherwise, Case 1 does not hold for this choice of (x, ftj) and (x, ft2) in Fas.

Let /  and 2s, denote the smallest numbers satisfying the above, choosing j

first.

If the above does hold for (x, ft.) and (x, ft ), then in order for Case 1 to

hold for them we next require that /a(2s) > ft2 and for every 2s   with 2sQ < 2s  <

2s such that p(2s ) = (c, w) (by the above choice of 2sQ and Lemma 3.4,

(c, w) <   (a, x)) and /a(2sQ) < /a(2s') < ft2, there exists a f < 2s + 1 such that

{rue, w), 2s')!(f)¡¿ 0.   Using Theorem 2.2(vi) we can compute effectively for

each 2s   as above and the least Í such that ¡Aie, w), 2s )!(f) ¿ 0 a number q2s,

such that  1er, I < co • q~.ri.   Thus,
/a(2s') *2s
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<2

|S(aa        ,ak)\
/a(2s0)    *2

a

2 s'«S

2- a,

¿=/a(2sn)+l

where S = ¡2s': 2sQ < 2s'< 2s, p(2s') = (c, w), and f(2s')< kA since, for any i

with /a(2s„) + 1 < z < k2,  \a.\ = 1 unless i = fa(2s ') for some 2s' £ S.   Let m =

^2s'eSa2s')+l-

It follows (by Lemma 3.8) that \a | < \b |.   Also, by our choice
r(2s0) / (2sQ)

of 2s,  \c I < \c,   I and (by Lemma 3.1(iii)) lx|(£.) converges and k, <
2      f(2s2)   -     *1 1 *

ixl(&j)< ¿2.   Next by Theorem 1.1 compute   enm(d, 0), enm(d, l),---,

enm(d, 2s + 1) where a" = 8(c , , c,   ) and let zzz* be the number of distinct
/c(2*2)     *1

numbers of the form 3 * 5y which occur in this list.   If m*> m, then we say that

for this choice of (x, k.) and (x, k2) Case 1 holds.  Case 1 holds at stage 2s + 1

if for some choice of (x, k^) and (x, k2) in Fa    Case 1 holds, i.e., the above

conditions are all satisfied.

Suppose Case 1 holds for condition (a, x) ((c, x)).   Define D2     . - Da   U

¡x! and Gas+1 = Ga2s U |xj (Df,+ 1 - D\, U |x - l| and G^+ , = cf/u |x|)/ Let

£ be the largest y such that (x, y) £ F"s (F2s).  Define F2s+ j = Fa^ - l(x, y):

[This paragraph is to motivate what is done at stage 2s + 1, Case 1.  Suppose

for (x, yfe.) and (x, k ) in Ffl , Case 1 holds at stage 2s + 1.   If (*) holds for all

Z > 2s + 1 as well as Z < 2s + 1 (which of course we cannot determine effective-

ly), then by our inductive argument of Lemma 3.14 it will follow that

\b „ I < \c \.   ((*) holds for all z > 2s + 1 as well as for Z < 2s + 1  is
/  Us0)   -      lC(2s2)

equivalent to the property that at stage  2sfl  all elements of priority higher than

(c, x) diverge and that at stage 2s2 all elements of priority higher than (a, x)

diverge (Definition 3-4).)  Suppose that  \c,   \ < |i2i   i(,   J; then Case 1 assures

us that

/a(2i0) /  (2s„) /  (2s2) *1 i*«V *2

but it then follows that

\8{aa ,ak)\>\8{cc ,c.)\,
fa(2s0)     *2 /c(2*2)     kl

and this contradicts the Case 1 computation that m*> m.   Thus, assuming (*)

holds for all Z, it follows that \c,   | < |ai  j.,   .| is false, i.e., condition (a, x)

is true.   If (*) does not hold for all z, then not all elements of priority higher than

(a, x). diverge at stage 2s2 or not all elements of priority higher than (c, x)
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diverge at stage 2sQ and consequently at some even stage 2s  > 2s + 1, Case 2,

Case A, or B2 will hold and since x e Da ,_. we will correct the construction

accordingly knowing that at stage 2s + I, (a, x) need not have been verified.

Our priority assignment will assure us that eventually all conditions (a, x)

((c, x)) become satisfied.]

Case 2. Case 2 holds, if Case 1 does not hold; and we proceed according to

our conventions.   This completes the construction.

Definition 3.2. We say (x, y) is placed in Fa (Fp if (x, y) e Fa (Fp and

(x, y) 4 Fa_j (F^_j).   We say (x, y) is removed^rom Fa iFcJ if (x.^y) eV_,

ÍFÍ   ,) and (x, y) 4 Fa (Fp.  Similarly, x is placed in Ga (Gc, Da, Dc) if x e Ga

ÍGCS, Da, Dp and x 4 Ga_ j  (G*_ j, Da_ j, Dcs_ j) and analogously, for x is removed

from Ga (G-, Da, Dp.   "

The next lemma enumerates some of the basic properties of the above con-

struction and is useful in justifying results about the construction.

Lemma 3.1. (i) If (x, ft) is removed from Fa, then (Ef) T.(x, ft, f), every

(x, /) e (J.     Fa wz'iè / < ft a*oes «of belong to F", and x e Ga.

(ii) 7/ (x, ft) is placed in Fa, fee« every (x, ;') z'n U sFa also belongs to

Fa, xiGas,xi Da, p(s) ^ (a, x), and if (x, ft) e (J. <sFa, f¿en fèere is a y > ft

sad> fiaf (x, y) £ Fa.

(iii) 7/ s zs the first stage such that (x, ft) is placed in Fa, then s < ft, for

every (x, /) e \J. <sFa.iiEt)t & s Tj (x, /, f)) W ; + 1 < jx!(7) < s, pis) £ (a, x),

and (x, ft) zs í¿e only element of the form (x, /') in Fa - U • < .F3.

(iv) If s is a stage such that x e Ga ana" x ^ Da iwhile x 4 Ga_. or

xeDa_j), then for all], (x, j) 4 F"s and for some ix,y) € U1<sFa, ixi(y)<y + l.

(v) 7/ x is placed in Ga, fiew s is oa*a" implies x zs placed in Da arzíí fèere

zs a unique element of the form (x, /') in Fa, and s is even implies x 4 Da and

there is no element of the form (x, /) in Fa.

(vi) If x is placed in Da, then s is odd and x is placed in Ga.

(vii) If x is removed from Ga, then x € Da_j, pis)   > (a, x), s is even, Case

2, Case A   or B    applies at stage s, ana" x is removed from Ds.

iThe analogous results hold for Fe. Gp and D°s where in formulation one

replaces x 4 Da, x e Da, ana* x zs removed from Da ¿Vy (x - 1) 4 Dp (x - 1) e Dp

x - 1  is placed in Dc, and x - 1 is removed from Dc, respectively.)

Proof.  By induction on s, we establish (i)—(vii) simultaneously.   The results

are clear for s = 0 and s = 1.  Moreover, we need only verify any of (i)—(vii) at

stage s in case its individual hypothesis is satisfied.  Suppose (i)—(vii) hold for

all s'< s, and suppose s is even.   If Case 1 holds at stage s, then by our con-

vention Fa, Ga, and Da remain the same as at stage s - 1 and (i)-(vii) hold.
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Suppose s is even and Case 2 holds at stage s.  Suppose Subcase A, Case

Aj or Case A   is applicable, i.e., (x, y) as in Case 2 with (x, y) e Fa      and

(Et)t<sTA[x, y, t).  Let s' < s be the first stage such that (x, y) £ Fa,.   By (iii)

at stage s ' it follows that if (x, /') £ U ■   si Fa, then y > ; and, by (ii) at s ',

(x, /) £ Fa/.   It will follow by our inductive hypothesis that if (x, /) £ (J .     Fa,

then (x, /) £ Fa,.   For suppose (x, /) £ Ui<sF"i and (x, ;') i Fa,.  Suppose (x, ;)

is first placed in Fa„ where s  < s"< s.   By (ii) at s", it follows that (x, y) £ Fa„

and by (iii) at s", y < j.  Since y is the largest number k such that (x, k) £ Fa_.

by Case 2 conditions, (x, /) must be removed from Fa   for some s , s  < s   < s-1

and we assume s2 < s - 1 is the largest number such that (x, /) is removed from

Fa .   By (i) at stage s , (x, y) i Fa .  Consequently, (x, y) must be placed in
s2 ¿ s2

Fa   for some s , s   < s   < s - 1 but then by (ii) at stage s , (x, /) £ F" , con-

trary to our choice of s..   Thus, (x, /') £ Fa,.   In addition, it follows that (x, y)

belongs to Fa,for all s", s   < s  < s - 1, since if (x, y) is removed from Fa„,

s  < s"< s-1, then it must be placed in F"»,, s  < s   < s - 1, for some s'", and

by the last part of (ii) at s'", there is a k > y such that (x, k) £ Fa,„.   By the

above, (x, k) £ Fa, contrary to (iii) at s .   Hence, for all s", s'<s  < s - 1,

(x, xaH) = (x, y) £ Fa„.  We restate this result as Lemma 3.3 below.

Suppose now at stage s, Case A., Subcase 1 holds, then all elements of the

form (x, /') are removed from Fa and x is placed in Ga.   Thus (i) holds for k = y

and for (x, ;*) £ Fa_j, / 4 y, (i) holds by (¡ii) at s ' since (x, /') £ [Ji<s,Fa by

the above.   The hypothesis of (iv) holds since x i Da_ f (and x i Da), for other-

wise, let s    be the largest s"such that x is placed in 0a» with s"< s-1.   By

(vi) at s., x is placed in Ga .  Since x i G"     , there is an s   such that s   <

s. < s - 1 and x is removed from Ga .   By (vii) at s , x is removed from Da
s2 2 s2

contrary to the choice of s..   Clearly, the conclusion of (iv) holds since

|x!(y) < y + 1.  Clearly, (v) holds since x ft Da by the above and there are no

elements of the form (x, /') in Fs-

Suppose now at stage s, Case A., Subcase 2 holds, then s is the first stage

such that (x, z) is placed in Fa and y + 1 < ixî(y) < s < z by the choice of z and

the fact that ixi(y) < t if Tj(x, y, z).   If (x, /') £ \J. <sFa and ; ¿y, then by the

above (x, /) £ U •     i?" where (*» y) was first placed in F",.  Consequently, the

remaining parts of (iii) follow from (iii) at s   and also p(s) = (a, x).  Since x i

Da      by the arguments for (iv) given above in Subcase 1, (ii) follows if we show

every (x, j) in U¿<SF¿ belongs to Fa.  Suppose (x, /) £ \Ji<sFa, then (x, /) £

Fa/.  It will follow that (x, /') e Fa_j, for suppose (x, /') i F^_t, and let Sj

denote the largest s"< s-1 such that (x, /) is removed from Fa„.   By (i) at s ,

x £ G" .  Since x 4 Ga   ,, it follows that x must be removed from Ga   for some
s, s— i s
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s2" si<s2-s~l> and by (v") since Case 2, Case A2 or B2 applies at stage

s2 all elements of the form (x, ft) in U-^.     Fa also belong to Fa    contrary to

our choice of Sj.   Thus, (x, /) 6 Fa_j and consequently (x, /') 6 Fa.   This

establishes (i)—(vii) at stage s.

Suppose now at stage s, Case 2, Case Aj, Subcase 3 holds.   Let s' be the

first stage such that (x, y) e Fa,.   From the above (x, y) e Fa„ for all s", s ' <

s"< s - 1, and any (x, /') e U1<sFa also belongs to Fa,.   It follows that x e

Da   ,, for suppose x 4 Da   ,, and let s, denote the largest s"< s - 1 such that

x is placed in G°„.   By (iii) at s , it follows that s' < s, and by (v), s, is odd
s 11

since (x, y) £ F     and x is placed in Da .   If x is removed from Da„for some s",
1 sl s

Sj<s"<s-l,it follows by (iv) at s "since x e Ga„ that (x, y) / Fa„, contrary to

the above.   Thus, x e D     ..   Suppose now ixi(y) < y + 1, then at stage s, x is

removed from Da and x e Ga, also (x, y) is removed from Fa.   It follows that (iv)

holds since, by (v) at s., (x, y) is the only element of the form (x, /) in Fa    and
sl

no element of the form (x, /) can be placed in F „ forSj < s   < s - 1  since other-

wise, by (ii), x 4 G „, contrary to the choice of s .  Since (x, y) is the only ele-

ment removed from Fa, (i) follows at stage s.  Suppose now that \x\iy) > y + 1.

Then (x, y) is removed from F   but x is not removed from Da.   As above, (i)

holds.   Thus, (i)—(vii) hold at  stage s.

Suppose at stage s, Subcase A, Case A2 holds, i.e., for (x, y) as in Case 2,

(x, y) € Fa_j, \x\iy) converges, and for some x   e Da_j, (a, x)   > (c, x  ) or for

some x' e D^_j, (a, x)   > (a, x').  Suppose x' e Da_j and (a, x)   > (c, x ), i.e.,

x < x'.   It follows by the inductive hypothesis that x   e G^_ j since if Sj  is the

largest stage s"< s - 1 such that x' is placed in Da„, it follows by (vi) that x

is placed in Ga   and if x   is removed from Ga„ for some s   < s   < s - 1, it follows

by (vii) that x ' is removed from Da„, contrary to our choice of Sj.   Thus, x   e

Ga      and s   is the largest s"such that s"< s - 1 and x   is placed in GjH.   No

(x', ;') is placed in Fa„ for Sj < s"< s - 1  by (ii), and by (v) Sj is odd and there

is exactly one element (x', ft) in Fa .   If (x', ft) e Fa_j, then let sQ denote the

first stage such that (x', ft) e Fa .   By the results in the second paragraph of
0

this proof, it follows that every (x', /) e Uf<,Fa belongs to Fa .   The construc-

tion now places all (x', /') e U,<SF" m p"> removes x' from Gas, and removes x

from Da.   It will follow below that pis)   > (c, x + 1)   > (a, x') and, clearly, (ii)
s i i        j    a

holds for (x', /) placed in F".  Moreover, (vii) holds for x .   If (x , ft) 4 Fs_j,

then an (x', z) is placed for the first time in Fa along with all elements (x  , /')

such that (x'f /) e (J .     Fa, x ' is removed from Gas, and x' is removed from D^.

Let s2 denote the largest s"< s - 1 such that (x', ft) is removed from Fa,, then

s. < s„ and there is exactly one element of the form (x , ;") in Fa     .  and hence
12 * ?
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s2 is even.  Since x   £ Ga _ j, it follows that Case 2, Case A, or A , Subcase 3

applies at stage s   and since x' £ Da , it follows that \x'\(k) > k + 1 and

(Fz), .    T.(x', ¿, z).   Thus, (iii) and (ii) hold since p(s) >   (c, x + I) >   (a, x')'    ** 2 P ™"P

since x' > x and z > s.   Clearly (vii) holds.   Note in case x   £ D^_, and

(a, x)   > (a, x ), we now replace (x  + 1, ;') in Fc, etc. as above first, i.e., the
■ S  • a

Case-A   or B, part of stage s does not interfere with (x, /)'s in F   where

(x, y) £ F*_, is the (x, y) of Case 2. The proof of the next part of this stage

breaks up into the Subcase 1, Subcase 2, and Subcase 3 as viewed above and,

consequently, is treated exactly as above.

Suppose now s is odd.   If s is the smallest number such that p(s) = (a, x ),

then an element (x', k) is placed in Fa for the first time and there are no ele-

ments of the form (x', /') inUI<sFa.   Thus, (ii) holds since clearly x'i Ga_}

and x   i Da_,  since in order for x  to be placed in   Ga, or Da,,   there must be

at least one element of the form (x , /) in Fa/_j.   Likewise (iii) holds.  Suppose

now that Case 1 holds for (a, x) at stage s, s odd, then for the x of that case all

elements of the form (x, /) in F°s_l except (x, xa_j) are removed from Fa.  At

stage s, x is placed in Ga since if x £ G       , let s    denote the largest stage

s  < s - 1 such that x is placed in Ga,.   By (v), s   must be odd since otherwise

there is no element of the form (x, /) in F      and hence at some s , s, < s  <

s-1, (x, /') must be placed in Fa« and by (ii) x 4 G3,, contrary to our choice of

s..   Thus, s   must be odd and there is exactly one element of the form (x, k) of

Fc ; however, there must be at least two elements of the form (x, /) in Fa   ., and,

hence, by (ii), x 4 Ga,i for some s. < s' < s - 1, contrary to our choice of s..

Thus, x 4 Ga_. and x is placed in Ga.   Similarly, x is placed in Da since

x 4 Da_,; otherwise let s.  be the largest stage such that x is placed in D*,,,

s   < s - 1.   By (vi), x is placed in Ga   and s is odd.   Hence, there is a single
1

element of the form (x, k) in Fa    by (v).   Again by (ii), x 4 D*„for some s. <

s"< s-1, contrary to the choice of s..   Thus, x is placed in Da.   Clearly, (v)

holds and (vi) holds at stage s.   Also, (i) holds by our inductive hypothesis at

stage s ' where (x, xa   .) is first placed in Fa, at stage s   and the usual argu-

ment, that no elements of the form (x, /) are first placed in F^for s  < s  <

s-1.    Q.E.D.

Lemma 3.2. //, at stage s, x £ Ga and x 4 Da, then for all s' > s and all j,

(x, j) 4 Fa,, x £ G3,, x4 Da,, and (2)a is true.

Proof. Assume s is the smallest s ' such that x £ Ga( and x 4 Da,.   By (iv),

(2)a holds and for all ;', (x, j) 4 Fa.   It is clear that no (x, /') is placed in F",

for s' odd and s  > s.   Because, in order for x to be placed in Ga«, s  < s, there
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must be at least one element of the form (x, y) in Fa,,_j, consequently the first

odd stage s, such that pis  ) = (a, x) has occurred prior to stage s" and this is

the only odd stage where an element (x, /') is placed in Fa .   Suppose now that

the result is true for all s", s < s  < s .   Suppose (x, /') is placed in Fa,; then s

is even and Case 2 holds.  Since there is no element of the form (x, ft) in Fsi _j,

it follows that Case 2, Case A. or B   occurs at stage s ; but then in order for

(x, ;) to be placed in Fa, it must be that x e Da,_j, contrary to hypothesis.  Sup-

pose x is placed in Da(; then by Lemma 3-l(vi) s  is odd and x 4 Ga,_., contrary

to hypothesis.  Suppose x is removed from Ga,, then by Lemma 3.1(vii) x e Da,   «,

contrary to hypothesis.    Q.E.D.

We restate a result which occurs in the proof of Lemma 3.1.

Lemma 3.3. If Case 2 holds at stage 2s with (x, y) e F?_. being the (x, y)

of the construction and s   is the smallest number such that (x, y) e Fa,, then

(x, xa«) = (x, y) e F",, for all s " with s' < s   < 2s - 1.  Similarly, for c replacing a.

Lemma 3.4. For all s, p(2s + 1) <   p(2s) and p(2s + 2) p> p(2s + 1).  If

s < s' and p(2s ') <   p(2s), then for any condition d = (a, x) or d = (c, x) such

that p(2s')<   d<   p(2s) there is an s" with s < s" < s' such that p(2s") = d.

Proof. By the construction p(2s + 1) is always the condition of highest

priority lower than that of p(2s).   Also, p(2s)   > p(2s - 1) since in Case 1, stage

2s, p(2s) = p(2s - 1) and in Case 2, Subcase A at stage 2s with (x, y) the (x, y)

of the construction (a, x)   > p(2s - 1) and either p(2s) = (c, x + 1)   > p(2s - 1)

(Subcase 1 or Subcase 3) or p(2s) = (a, x) (Subcase 2); similarly if Case 2, Sub-

case B holds at stage 2s + 1.

The second assertion is now obvious.

Below 7a (-1) is to be interpreted by 0.

Definition 3.3. We say x zs secured at stage 2s for a (c) and (c, z) ((a, z))

secures x for a (c) at stage 2s if at stage 2s,

p(2s) = (c,z),    /a(z-l) = x,    a = Firiic, z), 2s), «5(6     .,*)),
2S r(2s) x~l     x

and for all f (,r((c, z), 2s)Kf) = 0)

(p(2s) = (a, z),   f.   (z) = x,    yc       = Firiia, z), 2s), 8(è      , b J),
¿s /C(2s) *    l       *

and for all f i\riia, z), 2s)Kf) = 0)).

We say x is secured for a (c) by (c, z) ((a, z)) if there is a stage 2s such that x

is secured at stage 2s for a (c) and p(2s) = (c, z) (p(2s) = (a, z)).
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For the next definition recall from the construction that za (zp; denote for

given z the largest number y such that (z, y) £ Fa (Fp if, for some ;', (z, ;') £ Fa

(for some j, (z, /) £ Fc).

Definition 3.4. We say at stage s that all elements of priority higher than

(c, x) diverge if p(s) <   (c, x), for every (c, z)   > (c, x) such that, for some

;' (z, /') £ F^, ¡zi(zp diverges and for every (a, z)   > (c, x) such that for some

; (z, /') £ Fa, \z\(za) diverges.   At stage s the notion of all elements of priority

higher than (a, x) diverge is defined similarly.

Lemma 3.5. // i is secured by (c, z) for a at stage 2s, then  \a a       | =

\8(b._., b.)\.  At stage 2s, (c, z) secures i for a iff p(2s) = (c, z), 1<* (z - 1) = z,

and at stage 2s all elements of priority higher than (c, z) diverge.   The analogous

result holds for (a, z).

Proof. Suppose z is secured by (c, z) for a at stage 2s. By Definition 3.3,

a „       = F(r(ft(2s), 2s), 8(è.   ., è.)) where Z>(2s) = (c, z) and K(c, z), 2s) is a
/  (2s) '-1      '

Gödel number of a recursive function such that for all Z (Jr((c, z), 2s)l(z) = 0).

Consequently, by Theorem 2.2(ii)

|F(r((c, z), 2s), SU,._j, bt))\ -Ittj.!, *,>|.

However, by definition, |r((c, z), 2s)l(z) = 0 iff

(x)(z'),,SÍ(í[(a, x) p> (c, z) and (Fy)((x, y) £ Fas)] - f jU, xas, z')j

and |[(c, x) p> (c, z) and (Ey)((x, y) £ F^)] ->Tj(x, x^, i')i).

Since for all Z, ir((c, z), 2s)!(z) = 0, it is clear that all elements of priority higher

than (c, z) diverge.

Conversely, suppose p(2s) = (c, z), /2s(z - 1) = », and at stage 2s all ele-

ments of priority higher than (c, z) diverge.   By the construction a fl =

F(r((c, z), 2s), 8(b._., b{))   and by the above for each Z \r((c, z), 2s)j(z) = 0.

Consequently, (c, z) secures i for a at stage 2s.

For the next lemma recall the convention in the construction that when we

define l\s(x) - j, this means for all k < x, ¡2s(k) = ¡2s_ ¿k) and for all k > x,

/as(¿) -; + (*- x).

Lemma 3.6. // sQ<s, p(2s)<   p(2s „) = (a, x), ana", for all s ' with

s0<s'<s, p(2s ') <p (a, x), then for all k < x /^(fc) = f^ (¿).  // sQ < s,

p(2s) <   (2s0) = (c, x + 1), and, for all s ' with sQ< s' <s, p(2s')<   (c, x + 1),

then for all k<x, Ia.    (k) = Ia (k).
¿SQ ¿s
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Proof.  In the construction the value of ¡Zt at ft changes at 2s   from the valu

of if j   , at ft only if Case 2 holds and p(2s')   > (a, ft), and the value of 7a ,

at ft changes from the value of f^s'_2 at ^ 0I)^f ^ Case 2 holds and

p(2s )   > (c, ft + 1).   For suppose at stage 2s ' Case 2, Subcase A (Subcase B)

holds.   If p(2s ') = (a, x) (p(2s') = (c, x)), corresponding to Subcase 2, then, for

some /', /', /2s»(x) = / and ¡2sAx) = /' (for some /, /', l%sAx - 1) = ; and

lc2sAx) = 7 ).   If p(2s ) = (c, x) (p(2s ) = (a, x)), corresponding to Subcase 1 or

Subcase 3, then for some /', /'  I2siix) = 7 and /2si(x - 1) = ;     (for some

7, /'  ¡a2sAx) = y and 7^,(x) = /').   Suppose 7^,(ft) ¿ lc2s,_2ik), thus p(2s ') =

(a, z) implies z > ft and p(2s ) = (c, z) implies z > ft; hence p(2s )   > (a, ft) by

Definition 3.1.   Suppose ¡2s,ik) ¿ 'asi_2(¿), then p(2s')= (c, z) implies ft > z - 1

and p(2s') = (a, z) implies z > ft; hence p(2s')   > (c, ft + 1) by Definition 3.1.

The lemma follows easily from the above facts.

A fundamental result concerning the construction is the following

Lemma 3.7.  For any stage 2s, let 2sc be the largest 2s' < 2s such that

p(2s ) = (a, x) where (a, x) is the condition of lowest priority such that

ia> x) J> p(2s).  Let yc = Ie    (x), and define, for j < yc, ftc(2s, /) = largest
s        2sc s

2s '< 2s such that for some x' p(2s ') = (a, x') and j = 72 ,(x ').   Then

ftc(2s, 0) < ftc(2s, !)<•..< ftc(2s, yp = 2sc,       Ï*   = /^c,

and

lc/C(2s)l <(f   |F(r(p(2s.), 2s.), 8ib._v bt))\J+ co • n«

where 2s. = ftc(2s, z) and ncs < /c(2s) - yp   Similarly, for a.   Also, 7^ and Ia2s

are always increasing functions of x,  p(2s) = (a, x ) implies for some j., j   that

72s(x') = /j and ¡"ix') = J2, and p(2s) = (c, x') implies for some j v f2 that

Ie-, (x') = j, andñ (x'-I)«/*- (z'/x'=0, 7a (*')-/,).   iRecall our convention
is 1 ¿ s L ¿s ¿.

about writing f2six ) = /j.)

Proof. These results are easily checked for s =0.  Suppose the results are

true for all 2s'< 2s. Suppose at stage 2s Case 1 holds and suppose p(2s) =

(a, x), then since p(2s) = p(2s - 1) it follows by Lemma 3.4 that p(2 • (s - 1)) =

(c, x) and, hence,   p(2(s - l)c)  = (a, x - 1).   Thus, by the inductive hypothesis

¡"i,     ,, (x - 1) =/. for some/, and /?,-     , ^ = ¡c c,   and, hence, since lc7   =
2(s-l) 'I '1 l'\s~l)        2(s-l)

/2-(s-,)forCasel,7^(x)=7-^_i)C(x) = 71 + l = y^1 + l.   Thus, 2sc = 2s

and ycs - y*_j + 1.   Also ftc(2s, /) = ftc(2(s - 1), /) for / < ycs since p(2s) - (a, x).

By our inductive hypothesis, we obtain ftc(2s, 0) < • • • < ftc(2s, yp = 2sc and also,
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a

\c r      \ = \c r 1 + 1 + \y r
'   /C(2s)        '   /C(2(s-1))' V(2s)'

< (   Z   |F(r(p(2s.), 2s.), 8{b._v b))\\+co . «£_, + 1

+ |F(r((a, x), 2s), 8(b c     ,b c))\
y*-1   y s

where 2s. = kc(2s, i) for z < yc.   The last term is a limit ordinal greater than or

equal to co by Theorem 2.2(v) since  |S(&-_,, b.)\ is a limit by our initial assump-

tion about b .  Clearly, if tu < a a limit, then (&> • nc_   + 1) + a < a + (<u • nc   J

(consider the Cantor Normal Form for a. [0]).   Thus, letting ncs = *_   « the result

follows.   Clearly, Ie ,mi% , K    (Ia ) is increasing, and p(2s) = (a, x) implies

/c2s(x) = /, where ^ = y* and /as(x) = J2 where ;2 = ^.„W and la(¡¡_ t)(x - 1)=

/   - 1.   The result is easy if Case 1 holds and p(2s) = (c, x), for then p(2(s - 1)) =

(a, x - 1), 2sc =   2(s - If,   ycs_, = y^, /c(2s) = /c(2 • (s - 1)) + 2, and let n\ =

nc   , + 1.
s- 1

Suppose at stage 2s, Case 2, Subcase A, Case A,, Subcase 2 holds with

p(2s) = (a, x) and since p(2s - 1) <   (a, x), we have p(2s - 2) <p (a, x).   Let 2sQ

be the largest 2s  < 2s such that the (x, y) of Case 2 belongs to F2s¡ and

p(2s') = (a, x).   In order to see that 2sQ exists, let s^ be the stage at which

(x, y) is first placed in Fa ; by Lemma 3.1(iii) it follows that p(s.)   > (a, x) and

by Lemma 3-3, (x, y) £ Fa, and (x, x",) = (x, y) for every s , s   < s  < 2s - 1.

By Lemma 3.4, there is a 2s ' such that s   < 2s '< 2s - 1 and p(2s ) = (a, x) since

p(2s - 1) <   (a, x); consequently, p(2s ') = (a, x) and (x, y) £ F2y   Thus, 2sQ

exists.   Let

Qc = Í2s': 2s > 2s' > 2sQ A p(2s') = (a, x') <p (a, x)i.

Suppose  Qc = 0.   Thus, 2(s - l)c = 2s„ since otherwise 2sQ < 2(s - l)c < 2(s - 1)

and   (a, x') =  p(2(s -If) > p(2 • (s - 1)) while by Lemma 3.4

p(2(s  -   l)c)<     («, x); by the definition of 2sQ, p(2(s - lf)£ (a, x) and thus

p(2(s - l)c) <   (a, x), contrary to Qc= 0.   Thus, 2(s - l)c = 2sQ and by defini-

tion lZ   (x) = / + 1 where / = /f    (x) = yc     , since f.    (x) = ;' by the inductive
¿ S n S ~ i n

hypothesis, it follows that /Í    is increasing.  Clearly, 2sc = 2s, ycs = yc_. + 1,

and ¿c(2s,y^-l) = ¿c(2.(s-l), ycs_ j) = 2(s - l)c = 2sQ.   Thus, for /< y^,

¿c(2s, /) = kc(2(s - 1), /').   By our inductive hypothesis, the result follows as

above.   Suppose Q   ^0.   By Lemma 3.6, it follows that ¡2s (k) = lC2S_Ak) for

all k < x since for all s', sQ < s'< s - 1, p(2s')<   (a, x).  Since /2s(x) = / + 1

where /' = lZ    (x), it follows that /Í    is increasing since  ll.     (x) = /' and is
"o 0
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increasing, i.e., for ft < x, 7!; (ft) = if    ik) and for z > x, Ie. (z) = /f    (z) + 1.
us 0 — ¿s0

For 2s' e Qc, we have |yfe| < w • k2s, for ft = /c(2s') since (x, y) e Fas#,

P(2s ') <p (a, x), i.e., iEt)( s2jKp(2s '), 2s ')i(f) ¿ 0.   Clearly, any 2s 'f2s0 <

2s  < 2 • (s - 1) such that for some x    p(2s ) = (a, x') belongs to Q    by our

choice of 2sQ.  We claim ftc(2s, ycs - 1) = 2s Q since p(2s ) = (a, x) and 72s (x) =

ycs - 1.  Suppose for some 2s', 2sQ < 2s'< 2 • (s - 1), p(2s)= (a, x') and

Ie-, z(x') = yc - 1.   By Lemma 3.6, we have that Ie. ,(x) = Ie.    (x) = yc - 1 but

since by inductive hypothesis 7f , is increasing, it follows that x = x , contrary

to our choice of 2sQ.   Thus, ftc(2s, ye - 1) = 2sQ = ftc(2s0, yc ).   By the same argu-

ment, ftc(2s, j) = ft(2s0, /) for any / < y* - 1.  Thus, ftc(2s, 0) <ftc(2s, 1)< • •• <

ftc(2s, yp= 2sc = 2s.   By our inductive hypothesis at 2sQ and the above, it fol-

lows that

k c       I <   L   |F(r(p(2s.), 2s.), S(è._j, fc.))| + « . »Ç

+     Z     ly,        |+ft+|F(r(p(2s), 2s), 8ib „     ,1J)|

ys-1

<   £    |F(r(p(2s .), 2s .), 8ib.   ., b ))\ + co • nc
z=0 0

+    Z     « • k2s, + ft + |F(r(p(2s), 2s), 8(6 c    , è c))|,

2s'eQc V1     ys

where 2s. =kcÍ2s, i) for z < yc.   By the argument on ordinals above, we obtain

c

k c      I < Z |F(r(p(2s.), 2s.), 8ib._j, 6 ))| +«a • »*   +    L     « • ¿2s"
/ (2*)       i=0 °      2s'eQ

Choose nc = nc   + £    ,   n ft    , and the result follows since /c(2s)= 1 +
S S e. ¿s   c y      ¿s

^2s'eQ *2s' + F(2s ~ *)•   k order t0 snow '2* IS increasing and ¡^Ax) = j2

for some ;'2> first suppose Qa = 0, then 7as = 7a.       t)and p(2(s - 1)) <f (a, x).

p(2 • (s - 1))^ (c, x'), for otherwise (c, x') <   (a, x) and 2(s - 1) e gfl, contrary

to Qa = 0.   Thus, p(2(s - l))=(a, x') and if (a, x')<   (a, x), then there is a

2s0 < 2s'< 2(s -1) such that p(2s') = (c, x + 1), contrary to hypothesis; conse-

quently, p(2(s - 1)) = (a, x) and 72(s_ 1}(x) = /2 for some j2, by our inductive

hypothesis.  Suppose Q   ¿ 0.   By Lemma 3.4, the smallest element 2s} e Qa is

such that p(2Sj) = (c, x + 1) and by the choice of 2sQ, for all 2s ', 2sQ < 2s  <
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2 • (s - 1), p(2s   ) <   (c, x).   Consequently, by Lemma 3.6, for all k < x - 1,

72s (k) = ,a(s_j)(^) and, consequently, las(x) = / where /' = 1*    (x) implies /*   =

Ia    , hence Ia.    is increasing by our inductive hypothesis.

The argument follows the above outline in all the other cases.

Lemma 3.8. For every s,\a | < \b \ and \c \ < \b |. Hence,
/a(2s) iaUs) /c(2s) /c(2s)

for all s, conditions (l)a and (l)c are true.

Proof.  By Lemma 3.7 we have

a
ys

\*.     J < L   I^Kp(2s¡), 2s.), S(b._v b.))\+6). „a
f <2s)        ,_o s

where 2s . = ka(2s, i) and n* < /a(2s) - y°.   By Theorem 2.2, we have

a a
y y

Z  |F(r(p(2s(), 2s.), 8(bt_v b.))\ < ¿ \8(b._v bt)\ = \b
,=o 1=0 yas

However,

I=ya+1

/"(2s) /fl(2s)

>\b j+  2 w = l& J + w-  z  :
y"        <=><a + l ^ z=y° + l

-|ft a|+6J.(/a(2s)-ya)>|è J+»•«;.

ys ys

Hence, the result follows and similarly for c.

Lemma 3.9.  // (a, x) secures k for c at stage 2s, then for all s   > 2s,

p(.s') <   (a, x), no element of the form (z, /') with (a, z)   > (a, x) z's removed or

placed in F",, and no element of the form (z, ;') with (c, z)   > (a, x) z's removed

or placed in Fc,.   Similarly, if (c, x) secures k for a at stage 2s.

Proof.  By Lemma 3.5 every element (z, z"s) £ F2s such that (a, z) p> (a, x)

has the property that iz|(zas) diverges and every element (z, zc2s) £ F2s such

that (c, z)   > (a, x) has the property that iz!(z2s) diverges.   By Lemma 3.4 for

any condition (a, z) ((c, z)) of priority higher than (a, x), the first odd stage s

such that p(s") = (a, z) ((c, z)) occurs before stage 2s; thus, no element (z, /)

can be placed in   F^AF^i) if s' is odd, s'>2s, and   (a, z)   > (a, x)
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((c, z)   > (a, x)).   The result for s    odd follows inductively since pis - 1)<   (a, x)

and at stage s ' Case 1 holds only for condition p(s  - 1); thus, no elements of

priority higher than (a, x) can be removed from Fs, (Fp) and pis )<   pis  - 1)

<p (a, x).

Suppose now s is even and that the result holds for all s , 2s < s < s . If

Case 1 holds at s', then Fa,= Fp_j, Fp = Fp_,,and p(s') = p(s'- 1); thus,

the result holds at s'.   If Case 2 holds at s , then let iu, y) in Fa,   , U Fc¡   ,
S   — 1 S   — I

be the  (x, y) of the construction at stage s  .   It follows that iu, y) = iu, u", _ j)

iiu, y) = iu, ucs,_ j)) and, hence, (a, u) <p (a, x) He, u) <p (a, x)) since |a!(y)

converges and the elements (z, za,_ j) = (z, zap ((z, zp _ j) = (z, z^)), (a, z)   >

(a, x) He, z)   > (a, x)) have the property that \z\iza,     ) i\z\izc,     )) diverge.
p S    "• 1 J    » i

By the construction at Case 2, stage s'even, pis ) has priority the same or lower

than that of (a, u) He, u)) and, thus, pis')<   ia, x).   By Lemma 3.1(a) any ele-

ment (z, /) placed in Fa,   (Fp) must satisfy (a, z) <   pis')< (a, x) ((c, z) <

p(s )); thus, no element of priority higher than (a, x) is placed in   Fa, ÍFC,).

An element (z, /) is removed from Fa, (Fp) at even stage s' only under Case 2

when z = u with (z, /), (a, y) in Fa,_j ((z, /), (a, y) in Fp_ j); thus, no element

of priority higher than (a, x) can be removed from F , (F ,).    Q.E.D.

Lemma 3.10. If ft zs secured for a by (c, z) at stage 2s", then (c, z ) secures

j ¡or a at stage 2s" > 2sf implies (c, z ') <   (c, z) ana" ; > ft + 1.   Moreover, if ft

is secured for a by (c, z) af sfage 2sa, then ia, z') secures j at stage 2s > 2sa

implies ia, z ) <   (c, z).   The analogous result obtained by interchanging a and

c everywhere also holds.

Proof. Suppose 2sf is the smallest stage such that for some z, (c, z)

secures ft for a.   In particular, p(2sa) = (c, z) and ft = 7a a(z - 1). By Lemma 3.9,
* 2s,

the elements in Fa, (Fc,) for s  > 2sa of priority higher than (c, z) are exactly

the same elements of priority higher than (c, z) in F    a (Fc fl).   Thus, for all
2sk      2sk

s' > 2sa, there does not exist any element (x, ;) e Fa, ((x, /) £ Fp) such that

(a, x) p> (c, z) ((c, x)   > (c, z)) and ix!(xp) converges (¡x!(xp) converges).

Also, for s   > 2sa, pis ) <   (c, z).

Suppose for all s'> 2sf, pis )<   (c, z).  Let 2s0 be the smallest number

2s  > 2sf such that some / is secured for a by some condition (c, z ) at stage

2s'.   By hypothesis (c, z') = p(2sQ)<   (c, z) and, hence, z'> z.   By Lemma

3.7, 7a      is an increasing function and, consequently, / = 7,    (z   - 1) >

/"    (z -°1).   By Lemma 3.6, 7a    (z - 1) = 7a    (z - 1).   Thus, j= 7a    (z'- 1) >
2s0 2a ¿sQ ¿sQ

Ia    (z - I) = ft. k
2s,
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Suppose now that there is an s' > 2s" such that p(s') = (c, z).   Let 2s. be

the smallest s ' > 2sf such that p(s')= (c, z) (s ' is even by Lemma 3.4).  We

claim (c, z) secures k + 1 for a at stage 2sQ and that 2sQ is the first stage

2s' > 2sf such that for some 7, p(2s ) secures /' for a at stage 2s'.  Since

p(2sQ)    > p(2sQ - 1), it follows that at stage 2sQ Case 2 holds.   It follows that

the (x, y) of Case 2 is (z, y) e F*       , since the (x, y) of Case 2 cannot be of

priority higher than (c, z) by the above remarks and if the (x, y) of Case 2 is of

lower priority than (c, z), it follows that p(2sQ) <    (priority of (x, y)) <   (c, z),

contrary to the choice of 2s„.   By Lemma 3.1(ii), (z, y) £ Fc a.   By Lemma 3.3,

it follows that (z, y) £ F2s, for all 2sa < 2s'< 2sn.   Thus, since \z\(y) converges,

by Lemma 3.5 no /' can be secured for a at stage 2s , 2s, < 2s  < 2sn, since

p(2s') = (c, z') <   (c, z).   By Case 2 conditions in order that p(2s ) = (c, z) it

follows that Case B., Subcase 2 holds (or first Case B , then Subcase 2 holds).

Consequently, fzi(y) > (y + 1) and the largest 2s'<2sQ   such that p(2s') = (c, z)

is 2s?.   By definition Ia    (z - 1) = k + 1 where A = /"    (z - 1) and by Lemmas
* Zs0 2s£

3.5 and 3.9, (c, z) secures k + 1 for a at stage 2s „.

Suppose now that 2s is the smallest stage larger than 2s.   as above such

that 7 is secured for c by p(2s) = (a, z').   By Lemma 3.9, p(2s) = (a, z') <   (c, z).

By induction the results hold.    Q.E.D.

By Lemma 3-10 we obtain immediately the next result.

Lemma 3.11. There is at most one stage 2s such that k is secured for a at

stage 2s,   Moreover, if k is secured ¡or a at stage 2s?, 7 z's secured for a at stage

2s?, and k < 7, then 2sa < 2sa.  Similarly, for c.

Proof. Let 2s be the first stage at which some (c, z) secures k for a.   By

Lemma 3.10, it follows that only 7 > k + 1 are secured for a at a later stage 2s'.

Consequently, k is not secured at any stage 2s  > 2s.

The second result follows by Lemma 3.10 since if 2sa. > 2sa, it follows that

7> k.

We make the following definition in view of Lemma 3.11.

Definition 3.5. If k is secured for a, then the unique stage 2s at which this

happens is denoted by 2sf. Similarly, if k is secured for c, the unique stage 2s

at which this happens is denoted by 2sfe.

The following lemma is useful in establishing that every k is secured for c

(a).

Lemma 3.12. // 7 is the largest number secured for c by condition (a, z - 1),

then for every 2s > 2s*: such that p(2s) = (c, z), ¡2s(z) ■ /+ 1.   The analogous

result holds for a.
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Proof. By Lemma 3.5 at stage 2s? all elements of priority higher than

(a, z - 1) diverge.   By Lemma 3.9 for all s'> 2sc, p(s ') <   (a, z - 1) and at

stage s'> 2s? all elements of priority higher than (a, z - 1) diverge.  It follows

that, for all s  > 2s?, p(s )<p (a, z- 1); for suppose s    is the smallest s   such

that p(s ')   > (a, z - 1) and s  > 2s?.   By Lemma 3.4, s   must be even and, at

stage s0, Case 2 holds since if Case 1 holds p(s.) = p(s. - 1) <   (a, z - 1).

Since at stage sn - 1 all elements of priority higher than (a, z - 1) diverge and

p(sQ)   > (a, z - 1), it follows that the   (x, y)  of Case 2 must be (z - 1,

(z-l)fl     ,)£F?     . and p(sn) = (a, z - 1), i.e., Subcase 2 holds.   By Lemma
50 s0~l u

3.5, (a, z - 1) secures /^ (z - 1) for c at stage sQ, contrary to hypothesis by

Lemma 3.10.  Thus, p(s ') <   (a, z - 1) for all s ' > 2s?.  At stage 2s?, / =

Ie    (z - 1) by Definition 3.3 and by Lemma 3.7 Ie c(z) = f c(z - 1) + 1 = 7'+ 1.
2s?, 2sy 2sy

The proof now proceeds by induction on 2s > 2sc such that p(2s) = (c, z).

There are three possible ways for which p(2s) = (c, z).   The first way is for

p(2s - 1) = (c, z) and Case 1 to hold at stage 2s; but then since p(2s - 2) =

(a, z - 1), it follows by the above that 2s = 2s? + 2 and, consequently, Ie  (z) =
1 — s

Ie c(z) = 7'+ 1, by our convention.   Note this happens exactly once after stage

2s*c.

The second way is for Case 2 to hold at stage 2s with the (x, y) of Case 2

being (z — 1, (z - l)a     .).  As in the first paragraph, Subcase 1 or Subcase 3

must hold; it will follow that there are no elements of the form (z - 1, 7) in F 2s>

at stage 2s all elements of priority higher than (c, z) diverge, and, thus, by

Lemma 3-9 there is at most one stage 2s   where this second alternative takes

place.   It is clear that if Subcase 1 occurs that there are no elements of the form

(z - 1, 7) in F? ; so suppose Subcase 3 occurs at stage 2s.  Since z - 1 £ Ga _.,

it follows that (z - 1, (z - l)2s_i) is the only element of the form (z - 1, 7) in

F?     ,.   Let s    be the largest stage s'< 2s - 1 such that z - 1 is placed in

Ga,; by Lemma 3.1(v) s   must be odd, for otherwise by Lemma 3.2 there are no

elements of the form (z - 1, 7) in F2s_j; hence, there is a single element of the

form   (z - 1, 7) in Fa .   Let  s^   be   the  first   stage   s'   such  that

(z - 1, (z - l)a     .) £ Fa, consequently by Lemma 3.1(a) z - \ 4 Ga    and, hence,

s. < s .   By Lemma 3.3, (z - 1, (z - l)a       ) £ Fa   and, hence, by Lemma 3.1(ii),

(z - 1, (z - 1)?     .) is the only element of the form (z - 1, 7) in Fa       .   Under

Subcase 3, (z - 1, (z - l)a2s_l) is removed from Fag and, hence, there are no

elements of the form (z - 1, 7) in F2j..   Now by the construction ¡2s(z) is defined

as follows: It is clear that the largest 2s  < 2s such that p(2s ) = (a, z - 1) and

(z-l,{z-l)a2s_x)eFa2s, is2s;c.   Let

Qc m |2s': 2s > 2s' > 2s;c A p(2s') = (a, x') <   (a, z - l)i.
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If Qc = 0, then lc2s m ¡c2s_ j and, hence, for all 2s' such that 2sc. < 2s'< 2s,

it follows by Lemmas 3.4 and 3.2 that (c, z) <   p(2s ) <   (a, z - 1).   In particular,

either p(2s - 2) = (c, z) and then by our inductive hypothesis /^ CO « '2s_2CO =

; + 1, or p(2s - 2) = (a, z - 1) and if CO = Ie c(z) =7 + 1  by the above.
¿s 2sy

If Q   ¿ 0, then let 2s.  be the smallest element of Q ; by Lemma 3.4

p(2s.) = (a, z).   By the construction ¡2Az) = ft where ft = F    (z).  We will show

ft = 7* + 1.  We claim p(2s   - 2) = (c, z).   First, by Lemma 3.4 since p(2sf ) =

(a, z - 1), p(2s.) = (a, z), and (a, z - 1)   > (c, z)   > (a, z), there is a 2s' such

that 2sf < 2s'< 2Sj and p(2s')= (c, z); let 2s    denote the largest 2s'< 2s,

such that p(2s') = (c, z).   By Lemma 3.4 p(2s2 + 1) = (a, z) and p(2s2 + 2)   >

(a, z).  By the hypothesis p(2s2 + 2) <   (a, z - 1); hence, (a, z) <   p(2s2 + 2) <

(c, z) and, by the choice of 2s2, p(2s2 + 2) = (a, z).   By the choice of 2sj, 2sj =

2s. + 2.  Thus, p(2s, - 1) = (a, z) and p(2s ) = (a, z).  At stage 2s,  either Case

1 holds or Case 2, Subcase B, Subcase 1 or Subcase 3 holds with the (x, y) of

Case 2 being (z, z2s _j).   If Case 1 holds at stage 2Sj, then 72s   = ¡2s _2

and by our inductive hypothesis, since p(2Sj - 2) = (c, z), 72s _2C0 = 7 + 1; if

Case 2 holds at stage 2s,, then since the largest stage 2s  < 2s j such that

p(2s') = (c, z) is 2s, - 2 the Q , Qa of Case 2, Subcase B at stage 2s    are both

empty; thus, by the construction lc2s   = If    _2 and by our inductive hypothesis,

f2s _2CO = 7+1; thus, ft = 7 + 1.

The third way for which p(2s) = (c, z)can occur is if at Stage 2s, Case 2, Sub-

case 2 holds with the (x, y) of this case being (z, 22s   ,) fc" Fc2     ..   By the con-

ditions of Case 2 it now follows that p(2s - 1) <   (c, z); by   Lemma   3.4

p(2s - 2)<   (c, z) and, hence, 2s - 2 > 2sf.   Let 2sQ be the largest 2s' < 2s

such that p(2s ) = (c, z) and (z, C02s_,) e F2s,; it follows by Lemma 3.3 and

Lemma 3-l(iii) (Lemma 3.4) that 2s. exists.  Also, 2sQ > 2sf + 2 and hence by

our inductive hypothesis at stage 2sn, lc2s (z) = 7 + 1.  Let

Qc = ¡2s': 2s > 2s' > 2sQ A p(2s') = (a, z') <p (c, z)f.

K Qc = 0, then f2s = 7^s_j and ¡2s * ¡c2s_2. However, p(2s - 2)<   (c, z) since

p(2s - 1) <    (c, z) and, hence, p(2s - 2) = (c, z); for otherwise p(2s - 2) <   (c,z)

and since p(2sn) = (c, z), 2sQ < 2s - 2, and by Lemma 3.4, for some 2s , 2sQ <

2s'< 2s - 2, we have p(2s')= (a, z) and Q   ¿0.  Thus, 2sQ = 2s - 2 and, hence,

72s(z) = 1°2s (z) = 7 + 1.  Suppose Qc ¿ 0, then by the construction let 2s j be

the smallest element of Qc such that p(2Sj) = (a, z) and let ft = lc,¡¡ (z), then

/2s(z) = ft.  We will show ft = 7 + 1.  Since 2sQ < 2Sj < 2s, it follows that 2s   =

2s0 + 2; for otherwise, p(2sQ + 1) = (a, z), (c, z) p> p(2sQ + 2) p> p(2s„ + 1) =
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(a, z), and, hence, p(2sQ + 2) = (c, z), contrary to our choice of 2sQ by Lemma

3.3.   Thus, 2sQ + 2 = 2s, and, hence, since (z, C02s_j) fc" F°2s    it follows that

Case 1 holds at stage 2Sj. Thus, Ic2s   = I\s  _2 = l£# .   Therefore, f%g (z) =

Ie,    (z) = 7 + 1 and, hence, ft = 7 + 1.    Q.E.D.
0

We state here a fact whose proof is contained in the proof of Lemma 3.12

and finally the last result about the construction.

Lemma 3.13. // (z, 7) is removed from F« , then there are no elements of

the form (z, ft) in F2s*

Lemma 3.14. Each ft is secured for a (c) by some (c, z) ((a, z)).  Each

condition (c, z) ((a, z)) secures some j for a (c) aW af »zosf finitely many j for

a (c).   For all z, conditions (c, z) ((a, z)) are true.

Proof. We show simultaneously by induction on ft that every ft is secured for

a (c) and by induction on our priority assignment that each condition (c, z)

((a, z)) secures at least one 7 and at most finitely many 7 for a (c) and that

(c, z) ((a, z)) is true.

The number 0 is secured for a by (c, 0) at stage 0 by definition.  Hence,

2sa = 0 (Definition 3.5).   There is no condition (a, -1) to be satisfied here.   At

Stage 2, (a, 0) secures 0 for c since (0, 0) is the only element in Ff and fOÎ(0)

diverges under Kleene's indexing; hence, 2Sq = 2.   Moreover, condition (c, 0) is

true since there is an i such that iOi(z') diverges, namely i = 0; by Lemma 3«9 it

is clear that, for all s > 0, pis) <   (c, 0) since at stage 2, (a, 0) secures 0 for c.

Thus, (c, 0) secures exactly 0 for a.   (This justifies our ignoring the possibility

that p(2s) = (c, 0) with s > 0.)

This entire paragraph is our inductive hypothesis or consequences of our

inductive hypothesis.  Suppose that ft is the largest number secured for a by

condition (c, z) and that condition (c, z) is true.   Moreover, we suppose that each

number 7 with 7 < ft is secured for a at stage 2sa where, by Definition 3-5 and

Lemmas 3-10 and 3.11, 7 < /'< ft implies 2sa < 2sa, and p(2sa)   > p(2sa,)   >

(c, z).   Moreover, we suppose that each condition (c, w) with (c, w)   > (c, z)

secures some 7 for a, secures at most finitely many 7 for a, and is true.   By Lemma

3.9 and Lemma 3.10, it follows that pis')<   (c, z) for all s'> 2sa.  Suppose that

each condition (a, w) with (a, w)   > (c, z) secures some 7 for c, secures at most

finitely many 7 for c, and is true.   Let m be the largest number secured for c by

condition (a, z — 1).   In addition, we suppose each 7 with 7' < wz is secured for c

by some condition (a, iw) at stage 2sc. ; by Definition 3.5 and Lemmas 3.10 and
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3.11, ;'< /'< m implies p(2sj) p> p(2sc.,) p> (a, z - 1).   By Lemma 3.10,

2sc < 2s?.
m k

Now we will show under the above hypothesis that (a, z) secures m + 1 for

c, for some r (a, z) secures / for c iff ttz + 1 < / < m + 1 + r, and condition (a, z)

is true. By the symmetry of the construction it will be clear that one could next

establish that (c, z + 1) secures k + 1 for a, for some r (c, z + 1) secures / for a

iff k+ l<j<k+ 1 + r, and condition (c, z + 1) is true. From these inductions

the results clearly follow.

First we show (a, z) secures 772 + 1 for c.  Since m is the largest number

secured for c by (a, z - 1), 2s ̂  < 2sa, and p(2sa) = (c, z), then by Lemma 3.12,

Ie c(z) = 772 + 1.   By Lemma 3.5 at stage 2s" all elements of priority higher than
2sk *

(c, z) diverge.  Suppose now that either there are no elements of the form (z, 7)

in Fc c or there is a (z, 7) £ Fc a and iz!(zc a) diverge.   In either case, at

2sk a , 2sk       , 2i«
stage 2s   + 2 Case 1 holds, p(2sa + 2) = (a, z), and all elements of prioirty

higher than (a, z) diverge; consequently, by Lemma 3.5, (a, z) secures Ie a    (z)=
2s*+2

/c    (z) = 77Z + 1 for c at stage 2sa + 2.  Suppose next that there is a (z, 7) £ Fc

and |z!(zc „) converges; let 2s    be  the   first   stage   such   that   (Et)

TAz, zc a, t) and 2s? < 2s .   By Lemma 3.9, p(2s, - 2) <   (c, z).   Moreover,
12s, re 1 1 p

A

(z, zc c) £ FÍ       , since if (z, zc a) is removed from F? «where 2s? < 2s'<
2s, ¿s^~¿ 2s ¿s k —

2s   - 2 by Lemma 3-1(1) (Et)     , , T (z, zc a, z), contrary to our choice of 2s .
X l s ¿s       1 2s 1

ft

Moreover, (z, z?       ,) = (z, zc a), for otherwise let 2s    be the smallest number 2s
1 2j,

such that 2s? < 2s < 2s   - 2 and (z, zc ) ^(z, zc a) (z?   > zc a); by Lemma
K —       1 ¿s 2s, " 2s,

3.1(a) (z, z2 ,)  is   first  placed   in   F2s, and   by   Lemma   3.1 (iii)

(Fz)        iTAz, zc a, z), contrary to our choice of 2s .   Thus, Case 2, Subcase B
t s¿s     1 2s, !

holds at stage 2s. with the (x, y) of Case 2 being (z, zc a).  Also, either Sub-
2sk

case 1 or Subcase 3 holds at stage 2s., otherwise p(2s ) = (c, z) and by Lemmas

3.9 and 3.5, (c, z) secures ¡2s (z - 1) for a at stage 2s     contrary to k being the

largest element secured for a by (c, z) via Lemma 3.10.   By Lemma 3-13, since

(z, zc a) is removed from F?    , there are no elements of the form (z, 7) in F^    ;
2sk 2*1 ^!

thus, by Lemma 3.9 since 2s j > 2sa all elements of priority higher than (a, z)

diverge at stage 2s.  and by Lemma 3.5 it follows that (a, z) secures I2s (z)

for c at stage 2s,.   We claim that /?    (z) = Ie a(z) = m + 1 since let 2s    be the
1 "l 2s, u
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largest 2s'< 2s   such that p(2s') = (c, z) and (z, zc a) e Fc ,.  Clearly, 2s   =
2sk

2s? and following the instructions for Subcase B, Subcase 1 or Subcase 3 let

Qc = ¡2s': 2sj > 2s' > 2sQ A p(2s') = (a, x') <   (c, z)i.

If Q   =0, then 2st - 2 = 2sa since p(2sa + 2) = (a, z) and, hence, 7^ (z) =

f       Jz) = f aiz) =»2+1.   If Q   £ 0, let 2s    be the smallest element of Q .
i "¿

By Lemma 3.4, p(2s2) = (a, z) and, hence, 2s2 = 2sa + 2; fu (z) = 72s (z) =

m + 1, via Lemma 3.12 since p(2sa + 1) = (a, z) and P(2sa + 2) = (a, z) implies

Case 1 holds at stage 2sa + 2 since 2s^ + 2 < 2s}.  Thus, (a, z) secures m + 1

for c at stage 2s j.

Next we show that z 4 Da c     .   Suppose z£Dac       and let sQ be largest
Sm+1 sm+l

stage s with s < 2scm   . such that z is placed in D".   By Lemma 3>l(vi) s. is odd

and z is placed in Ga .  Hence, by Case 1 at odd s    p(s   - 1) = (a, z).  At stage

sn - 1, (a, z) does not secure Ie     ,(z) for c since otherwise by Lemma 3.10
so~

2s, < s   - 1, and, hence, (a, z) would secure / for c at stage s   - 1 where j >

m + 1, contrary to Lemma 3-11 for sQ - 1 < 2s      j.  By Lemma 3.5 there is some

condition (c, x) ((a, x)) of priority higher than (a, z) such that (x, xc     ,) e

Ff.     , and ¡x!(xc     ,) converges ((x, xa     ,)eFa     . and íx¡(xa     .) converges).
s0 s0 so~ s0~ s0~

At some even stage 2s with sQ - 1 < 2s < 2sc    ,, Case 2 holds with the (x, y)

of Case 2 having priority higher than (a, z) (since at stage 2sc    j all elements

of priority higher than (a, z) diverge).   Since z e D2s   ,, it follows by Case 2,

Subcase B2 (A2) conditions that z is removed from D?, contrary to our choice of

s„.   Thus, at stage 2sc   ,, z 4 Da ,

77J+1

Suppose at stage 2s^      z e Ga c      and by the above, z 4 Da c     .By

771+1 771+1

Lemma 3.2 there are no elements of the form (z, /) in Fa c      and by Lemma 3.9
2s      ,

771+1

it follows that all elements of priority higher than (c, z + 1) diverge at stage

2sc   . + 1.   Thus, by Lemma 3.9, p(2s ') <   (a, z) for all 2s ' > 2sc   , and p(2s ')
777 + 1 —P 777 + 1

<   (a, z) for all 2s  > 2sc       since the only way for p(2s )   > (a, z) for 2s   >

2sc   j, since by Lemma 3-4 p(2s - 1) <   (a, z), is for Case 2 to hold at 2s ' with

the (x, y) of Case 2 having priority higher or the same as (a, z) (this is impossi-

ble since all elements of priority higher than (c, z + 1) diverge at stage  2s   — 1).

Thus, m + 1 is the only number secured for c by (a, z) and by Lemma 3.2 (a, z)

is true.   Thus the inductive step holds.

Suppose that at stage 2sc   j there is no element of the form (z, 7) in Fa c

S777+l
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or there is an element of the form (z, 7) in F    c      and \z\(z    c     ) diverges.   In
2s       . 2s      .

m+1 m+1

the former case, let 2s be the largest stage  2s   with 2s  < 2s     j such that some

element (z, 7) is removed from Fa ,  (2s exists since the first stage 2s' + 1

such that  p(2s  + 1) = (a, z) occurs by Lemma 3.4 before stage 2sc   ,).   By

Lemma 3-l(i), z e Ga    and by Lemma 3.1(vii), it follows that z £ Ga c     .   How-
¿s 2s       ,

m+1

ever, this case was treated in the paragraph immediately above.   In the latter

case at stage 2s ^  , + 1 all conditions of priority higher than (c, z + 1) diverge;

thus, as above, p(s ') <   (c, z + 1) for all s  > 2sc   .,   Hence, ttz + 1 is the only

number secured for c by (a, z) and, clearly, in either case (a, z) is true.   Thus,

the result holds.

We claim that (**) for every 2s > 2sc   j such that p(2s) = (a, z) and r =

/? (z) that every number 7, ttz + 1 < 7 < r, is secured for c by (a, z) at stage

2s? < 2s.  Clearly, the result holds for 2s = 2sc   , and suppose the result holds

for all 2s ', 2s^  j < 2s ' < 2s, where p(2s) = (a, z).   By Lemma 3.9, p(2s - 2) <

(a, z) and by Lemma 3.4, p(2s - 1) <   (a, z).   Thus, at stage 2s, Case 2 holds

and necessarily the element (x, y) of Case 2 is (z, z2j   ,) since at stage 2s- 1

all elements of priority higher than (a, z) diverge at Lemma 3.9 and p(2s) =

(a, z).   Moreover, Subcase 2 holds at stage 2s since p(2s) = (a, z); thus,

izi(zaj_1) > zas_j + 1.   Let 2sQ be the largest stage 2s'< 2s such that p(2s')=

(a, z) and (z, z2j_ j) £ F2s"   ^ f°U°ws that 2sQ > 2scm  . since if (z, zas_ j) e

Fa c     , this is clear and (z, zas_.) is first placed in F2j» where by Lemma

m+1

3.3, 2s"> 2s^+1 if (z, zas_j) 4 Fa2sc       (note that if 2s'm+l < 2s't then 2s^+J <

m+1

2sQ, and since p(2s ) = (a, z), Case 2, Subcase 2 holds at stage 2s    but then by

Lemma 3.3 and Case 2, Subcase 2 procedures it follows that (z, z2s-l^ *s ^st

placed in F?    , i.e., 2s"= 2s ).  An element (z, 7) is first placed in Fa^ and

by Lemmas 3.9 and 3.5, (a, z) secures /?    (z) + 1 at stage 2s since by the con-

struction /? (z) = /?    (z) + 1.   By our hypothesis at 2sQ, the result follows.

Suppose now that at stage 2sc   j there is an element of the form (z, 7) in

Fa c     . Izî(za c     ) converges, and \z\(z" c     )<z"c     ; or some element
2s       . 2s       , 2s       . 2s      .

m + 1 m+1 m + 1 m + 1

(z, 7*) is first placed in F2s, for some 2s'> 2s^+1 and \z\(j  ) < 7   .   In either

case it is clear that condition (a, z) is true and that at some stage 2sQ > 2s     j,

Case 2, Subcase 1 or Subcase 3 holds at stage 2sn with the (x, y) of Case 2

being (z, za c     ) ((z, 7   )).  At stage 2s¿ all elements of the form (z, 7) in

m+1

F?   '    .  are removed from F,     .   Consequently, all elements of priority higher
"0"' "0
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than (c, z + 1) diverge at stage 2sQ and, hence, for all 2s   > 2s , p(2s') <

(a, z).   Thus, (a, z) secures only finitely many ;' for c and by (**) above there is

some r such that (a, z) secures j for c iff m + 1 < / < m + 1 + r.

Similarly, if at some stage 2s   > 2s^   , an element (z, /'   ) such that \z\ij  )

diverges is first placed in F2 ,, then all elements of priority higher than (c, z + 1)

diverge at stage 2s' + I and hence p(2s) <   (a, z) for all 2s > 2s'.   Hence, (a, z)

secures only finitely many / for c and by (**) at 2s', there is an r such that

(a, z) secures / for c iff m + 1 < / < m + 1 + r.

We may now suppose that every element (z, /) which is placed in F2    has

the property that \z\ij) converges and !z¡(/) > / + 1.  Moreover, we can suppose

z 4 G    c       iz 4 D    c       is established above).   We assume these additional
2s      . 2s      ,

771+1 771+1

hypotheses for the remaining part of the proof of this lemma; otherwise, we are

done by the above argument.

Suppose z is placed in Gs at some stage s with s > 2sc   j.   Clearly, s cannot

be even for if so, at stage s Case 2, Subcase A, Subcase 1 holds with the (x, y)

of Case 2 being (z, za_j) e Fa_j¡ but then WC2^) < z"s_l + 1 contrary to the

above hypothesis.   Thus, s is odd and we claim (a, z) is true and that the other

results of our inductive step are true.   First, replace s by 2s + 1; then clearly

Case 1 holds for (a, z) at stage 2s + 1.   By Case 1 conditions at stage 2s + 1,

there are two elements (z, ftj), (z, ftp in F°s with ft   < ft    such that Case 1

holds for iz, ft.) and (z, ft ) at stage 2s + 1, i.e., the following conditions are

true: First using the same notation as in stage 2s + 1, Case 1, let 2sQ be the

largest 2s  < 2s such that p(2s ) = (c, z); clearly by our inductive hypothesis

since 2s + 1 > 2sc   j > 2sa, 2s n = 2sa.   Let 2s.  be the largest stage 2s   such

that 2s0 < 2s  < 2s and for some / (z, /) is removed from Fc , oi 2s.= 2sQ,

otherwise.   Clearly, 2s, < 2sc   .  since at stage 2sc   j  all elements of priority

higher than (a, z) diverge and by Lemma 3.9 no element of the form (z, 7) is

removed from Fc, where s'> 2sc   j.   If 2s   > 2sQ, it follows that 2s   = 25^

since by Lemma 3.13 at stage 2s j all elements of the form (z, 7) are removed

from F2      and consequently so is (z, zc    _j).   By Lemmas 3.1(iii) and 3.3,

stage 2s,  is the first stage larger than 2s,   such that all elements of priority

higher than (a, z) diverge and by Case 2, Subcase B, Subcase 1 or Subcase 3

conditions p(2Sj) = (a, z).   Now let /*and 2s2 be as in Case 1, stage 2s + 1.

Hence,A2s0)< 7*and for 2s2, 2Sj < 2s2 < 2s, p(2s2)= (a.z) and /*= |*# iz).

Clearly, 2sc   , < 2s, since 2sc   ,  equals the smallest stage 2s' such that 2s   >
J ' 771 +1   — 2 771+1

2s, and p(2s ') = (a, z) from the above.   By (**), (a, z) secures each 7 with ttz + 1 <

7 < 7* for c at stage 2sf and by our inductive hypothesis each 7 with 7 < m + 1 is
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secured for c at stage 2sc.   Thus, by Lemma 3.5, \y,ct2scy\ = \à(b._ , b.)\ for

each / < /    and by Lemma 3.11, »'</'< j    implies 2s? < 2s?, < 2s?* = 2s .  Thus,

fC(2s1)

/(2s2)

£  r,
1=0

Z so^, è.)
1=0

By Lemma 3.8,

A2s0)
<l*

A2sn)
<l*..|

Thus> Ka/.     J5lc,a,,    J.   But /c(2s,)<¿.  and, consequently, |c, |<
/  (2sQJ /  (2s2J ¿ i /  (2s   )   ""

\c,   |.   Now we claim condition (a, z) is true.  Suppose that \c.   | < lajzî(i  J

(by Lemma 3.1(iii) we know lz!(/e ) converges since (z, k ) with &2 > ¿j  is first

placed in F »  at stage s   later than stage s   where (z, k ) is first placed in

F „).   Consequently, by the above the following inequality is true:

A2s0)' -     /c(2s2)' «J^hziu^Kj-

Thus, \8(a a , a    )| > \8(c c , c,   )|.  However, by Casel, stage   2s + 1
/ (2sQ)     «2 / (2s2)     *i

conditions, it follows that

\8(c _        ,c,  )| > a) • ttz ,       \8(a m , a,  )\ <ú) • m,    and    ttz   > ttz,
/c(2s2)   *1    - /a(2s0)     *2    -

a contradiction.   Thus, it follows that |aizl(¿  )l < \ck I» therefore, condition

(a, z) is true.  Applying result (**) above at stage 2s > 2sc   j, it follows that

(a, z) secures all numbers / for c with m + 1 < ; < I2s(z)-   At stage 2s   where

2s' is the smallest number 2s"> 2s + 1 such that (Et)( ¿2s„ TA.z, zas+1, t)

Case 2, Subcase A, Subcase 3 holds since z £ G2s# _ jj hence, p(2s ) =(c, z+ 1)

and at stage 2s   all elements of priority higher than (c, z + 1) diverge.   By

Lemma 3.9, for all s"> 2s', p(s") <   (c, z + 1) and, thus, /^(z) is the largest

number secured for c by (a, z).   This completes the induction in case z is placed

in G?    ,  at some stage 2s + 1 > 2sc   ,.
2s + l ° m + 1

It remains to be shown under the above hypotheses that eventually at some

stage 2s + 1 with 2s + 1 > 2sc   j that Case 1 holds for (a, z).  Suppose that

Case 1 never holds for (a, z) at any stage 2s + 1 > 2sc   ..   Let /     i~ z    c

m +1
since by the above subsidiary hypothesis there is some / such that (z, /) £

F    c     ; moreover, by this hypothesis \z\(j     .) converges and \z\(j     .) > j       .
m +1
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Let 2s,' be the smallest number 2s > 2sc   . such that ÍEt)     „    7\(z, i     ,, f).
1 777 + 1 ¡S2S I%    ''771+1'

By Lemma 3.9 for all s with s > 25^  j, pis) <   ia, z) and by our choice of 2s.',

Pis) <p ia, z) for 2s^+1 < s < 2Sj'.   By Lemma 3.1(i), (z, /    ,) 6 Fa for each s

with 2scm < s < 2s[; in particular (z, /w+1) «1^,., and (z, 7m+1)= (2, «f,».^

Also z ¿ G,   '   , since z e Ga   '   . implies z is placed in Ga for some s with

2sc < s < 2s,-1 but s is odd implies Case 1 holds for (a, z) at stage 2s + 1,

contrary to our assumption, and s is even implies that Case 2, Subcase A, Sub-

case 1 holds at stage s with (z, z _ j) = (z, /     }) being the (x, y) of the con-

struction, contrary to our choice of 2s.  (and \z\ij     .) > /     .).   Thus, at stage

2s j Case 2, Subcase A, Subcase 2 holds with the (x, y) of the construction being

(z, /     x).   At stage 2s '   p(2sj) = (a, z) and by Lemmas 3.9 and 3.5, (a, z)

secures 7f  '(z) for c; however, by Subcase A, Subcase 2, Ie  ,(z) = Ie c     (z) +
2*1 2si 2sm+\i

1 = m + 2 since by the above pis) <   ia, z) for every s with 2s^ + 1 < s < 2s|, i.e.,

2sc   j is the largest number 2s ' < 2s    such that p(2s')= (a, z) and (z, /     j) €

Fa ,.   Thus, 2s, = 2sc   , and z 4Ga ,     .At stage 2s', an element (z, /     ,)
2S 1 777+2 2s " '771+2

771+2

is first placed in Fa c      and clearly 7     . < {z}(/     ,)< 7     ., since by Kieene's
* 2s 771 + 1 771+1 777+¿ J

771+2

Gödel numbering Tj(z, ;     j, f) implies {z|(;     j) < f and f < ;     2.  Thus, at stage

2sc   2 by our subsidiary hypothesis, exactly the same circumstances hold as at

stage 2sc   ..   Thus by induction on this argument for each n >m + I there is a

stage 2sc such that (a, z) secures 72 for c at stage 2sc; moreover, at stage 2sc

for n > m + 1 an element (z, 7 ) is first placed in Fc c   and for all n > 772 + 1,

7   < \z\i] ) < 7    ..   By Lemma 3.11, 2sc < 2sc  ,for all n.   Now we will show that
•n 'n       '77 + 1        ' '      n 71+1

for sufficiently large 2s + 1, at stage 2s + 1, Case 1 holds for (a, z), contrary to our

assumption.  For 2s + 1 with 2s + I > 25^   j, let 2sQ equal the largest stage

2s '< 2s + 1 such that p(2s) = (c, z); by our inductive hypothesis, 2sQ = 2sfe.

Also, let 2s, equal the largest stage  2s ' < 2s + 1 such that for some 7 (z, 7) is

removed from F2 ,.   By Lemma 3.9, 2s   < 2sc   j and as in the preceding para-

graph 2sc   , equals the first stage 2s ' > 2s   such that p(2s ) = (a, z).  Compute

/a(2s0) and let 2s2 = 2scn+1 if 772 + 1 > /a(2s0) or 2s2 = 2scfl        , if 772 + 1<

/a(2s0).   It is clear that for 2sc + 1 > 2s'2  (p(2sp = (a, z)) that the /*and 2s2

chosen as in the procedure for Case 1 at stage 2sf + 1 are always Ie   ,(z) and
2s2 ,

2s', respectively.  (Note that (*) of Case 1, stage 2sy + 1 with 2sf + 1 > 2s2

holds for all f since (c, z) secures ft for a at stage 2sQ and (a, z) secures

Ie   ,(z) for c at stage 2s. via Definition 3«3-)   Let i   be the first i > Ie   ,(z) >
2s2 2S2
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/iI(2sn) such that \8(b.   ., b .)\ > a2 since by the hypothesis of Theorem 3.1 such
'— sic* c i • *

an i always exists [0].   Let i   be secured for c at stage 2s. * where »   > ttz + 1

since Ie  ,(z) > ttz + 1.   By the above there are infinitely many j's such that
2s2

(z, ; ) is placed in Fa c and /   < \z\(j) < /    ., choose k    equal to the smallest

/   such that 7   > fc(2sc*).   By the construction, |c ,.     c   \ < \c,   | and by Lemma
'tz »z — 1 /  (2s.*) "l

3.8,

'   /a(2s0)' -      A2s0)'

By Lemma 3.11, 2sfj < 2Sj < • • • < 2sc* and hence by Lemma 3.5

sine» 2»; > 2^^f  Ctad,, |S(V(2s,,, cti)| > „' .¡„« \**f(up c^ >

'y/c(2s?0 - *" *   By Theorem I'll let z«2s+1 = the number of distinct limit nota-
1

tions in enm(d, 0), • • •, enm(d, 2s + 1) where d = S(c ,      ,    Cft ); clearly, ttz*^  j

is an unbounded nondecreasing function of 2s + 1.   Let S* = J2s ': 2sn < 2s',

p(2s ') = (c, w), and /a(2s ') < k2\ where k% is the first jn > k^.  Since f is

increasing, it is clear that S   is finite.   For 2s   £ S  since 2s? = 2sQ < 2s',

p(2s')= (c, w)<p (a, z).   By Lemma 3.10, for any 2s'£ 5* p(2s') = (c, w) does

not secure ^»(^ - 1 ) for a at stage 2s , for otherwise 2s ' > 2sc for all n > m +

1.   Thus, by Definition 3.3 for each 2s' e S , there is a smallest number Z- ,

such that ÍK(p(2s'), 2s '))\(t2s,)¿0.  For each 2s' £ S* let q2s,   be obtained via

Theorem 2.2(vi)and t2¡¡, so that \a¡a.    ,.| <» • q2si-   Let ttz = (2   (     *ff2s'^+1.

Finally, choose 2sc + 1 with 2sc + 1 > 2s%+ 1 so large that (z, k,), (z, k.)e
ft fi j 12

Fas<r (Lemma 3.1(iii)), 2s^ + 1 > 2s2, ttz* c  1>m,k2< /"(2s);), and for each

Z-# with 2s   & S , t2 , < 2sc + 1.   At stage  2sc + 1 under Case 1 procedure for

the above choice of k^, ¿2 (k^ < kj and (z, k ), (z, k2) in Fa c, 7   and 2s2 are

respectively 1     ,(z) and 2s. above, 5 is S  above, ttz  is zrz    c      above, and m
2s - l 2s  +1

is ttz above.   Hence, at stage 2sn + 1 Case 1 holds for (a, z), a contradiction.

Thus, under the above hypotheses, there is always some stage 2s + 1 > 2sc   .

such that Case 1 holds for (a, z) at stage 2s + 1.   By the preceding paragraph

the inductive step follows.    Q.E.D.
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Now by virtue of Lemma 3.14 all conditions (2)   and (2)c are true and in view

of Lemmas 3.11 and 3.14 all conditions (3)a and (3)c are true.   By Lemma 3.8,

conditions (l)s and (l)c are true.   Thus, Theorem 3.1 is established.

Theorem 3.2.  If co* < y < co. and y is not of the form a + 1, a + co, or a + co

for any ordinal a, then £(y) has no minimal elements and below any element of

are two elements of incomparable many-one degrees.

Proof.  Immediate by Theorem 3.1 and Theorem 1.6 since, for some a, ß,

y = a + ß such that ß > co^ and ß is principal for addition [0].
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