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ABSTRACT. Let S! act linearly on S2P=1x D29 and D?? x §24=1 and
let f: s2p=1, s2a-1_ g2p=1, g2a=1 pe g equivariant diffeomorphism. Then
there is a well-defined S! action on S20=1x D% U/sz x §24=1_ pq st
action on a homotopy sphere is decomposable if it can be obtained in this way.
In this paper, we will apply surgery theory to study in detail the set of decom-
posable actions on homotopy spheres.

0. Introduction. Let S! act linearly on C™*! by (g, (ugyeeeyu,)) =
(gug, -+, gum) for g €S and (ug,---, um) eCc™*l Let p=[(m+1)/2] and
g=m+1~p, Itis clear that $2P=1 x D24, D20y §2a-1 5p4 §20-1 y §24-1 5p¢
invariant subspaces. Let A denote the induced actions. Let [ be an equivariant
diffeomorphism of (S22=1x §24-1, A). We can define an action A(f) on 2(/)
where

S(f) = 5?1« p2e U, D x 57471

so that A(/)|S2P=1 x D29 - A and A(f)|D?? x $29-1 _ A, A free S! action
(£?2m*1 F) on a homotopy sphere 22™*1 is decomposable if there is an equi-
variant diffeomorphism f of (§22=1 x §24=1, A) such that (22™*!, F) is equiva-
lent to (2(f), A(f)). It is clear that if { is equivariantly pseudo-isotopic to g, then
(2(7), A() is equivalent to (2(g), A(g)). Hence the study of decomposable
actions is reduced to the study of the group of equivariant pseudo-isotopy classes
of equivariant diffeomorphisms of (S22~1x §24=1, A) or, equivalently, the group
of diffeomorphisms of S27=1 x §29=1/A, Let (3(/), A(f)) and (2(g), A(g)) be
two decomposable actions. We define (2(f), A()) * (2(g), A(g)) = (Z(/ - g),

A(f - g)). We will show this is well defined and makes the set of decomposable
free S1 actions a group such that the splitting invariants are homomorphisms.
Furthermore, we are able to calculate its rank and determine its torsion elements.
As applications we have
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Theorem 5.1. There are infinitely many topologically inequivalent free S
actions on homotopy (2n + 1)-spheres with characteristic homotopy (2k + 1)-
spheres for n > k>3 and (a) n>6 if n is even, (b) n>5 if both n and k are
odd, and (c) n>7 if n is odd but k is even.

Theorem 5.6. For n > 1, there are infinitely many topologically inequivalent
free S actions on homotopy (4n + 3)-spheres which are not extendible to free
$3 actions.

This paper is organized as follows: In §1, we outline the theory of surgery
on simply-connected smooth manifolds. In §2, we study the group of pseudo-
isotopy classes of diffeomorphisms of simply-connected manifolds which are homo-
topic to the identity. Let s,,(P) be the splitting invariants of a homotopy com-
plex projective space P. Suppose [ is a diffeomorphism of §2?=1 x §24=1/4,
Let 0,,(f) = s,,(2()/A())). Then we study the splitting invariants of
fDo(SZ""1 x §24-1/A) and will show 6, are homomorphisms. In $4, we will
prove the main result that the set of decomposable actions is a group such that
the splitting invariants are homomorphisms. In $5, we will prove Theorem 5.1
and Theorem 5.6.

1. Surgery on simply-connected smooth manifolds. In this section we outline
the theory of surgery on simply-connected smooth manifolds as developed in [1].

Let X™ be a compact oriented smooth manifold with boundary (possibly
empty) of dimension m, and let &% be a linear k-plane bundle over X™, k large.
A normal map into X™ is a pair of maps f: (M™, dM™) — (X™, dX™), b: vk — &k,
where M™ is a compact oriented smooth manifold, v* is its normal bundle in a
high dimensional euclidean space, [ is of degree 1 (i.e., f,[M] = [X], where [M],
[X] are the orientation classes, [M] € H_(M™), etc.) and b is a bundle map cover-
ing f.

A normal cobordism of a normal map (f, ) is a pair (F, B), where F: wmtl_,
Xx[0,1,0W=MUMxI UM, F|M=f:M— X x0 and F|(x, t) = (f(x), t) for
x € OM. If wk is the normal bundle of (W, dM x I) C (D™*k x I, sm*e=1|)
(where (M, OM) C (D™** x 0, sm*=1,0), (M’, gM") C (D™ ** x 1, sm*k=1 1)) B
is a linear bundle map, B: w — ¢ lying over F such that B|(w|M =B |v =5 and
B|(u, t) = (b), ¢).

We note that any homotopy equivalence g: M — X can be made into a normal
map by taking £ = g~ 1*(v) and taking a bundle map covering g, but the bundle map
is only well defined up to a bundle automorphism of & or v.

Lemma 1.1. The set of normal cobordism classes of normal maps into (X, 9X),
¢ for all choices of &, modulo bundle automorphisms of &, is in one-to-one corre-
spondence with the set of homotopy classes [X/dX, G/O), where G=
limk_m((sk)sk, degree 11) and O = limk_‘wo(k +1).
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We refer to [1] for a proof.

Let X™ be a compact oriented smooth manifold of dimension m with boundary
(possibly empty) and consider pairs (M™, b), where M is an oriented smooth
manifold and b: (M, dM) — (X, dX) is a homotopy equivalence of pairs such that
b|OM is a diffeomorphism. Two pairs (M,, f,) and (M,, /,) are equivalent if
there is a pair (W, H), where W = M,UOM; xIUM, and H: W— X x 1l isa
homotopy equivalence such that H|dM, x I: 0M; x i = 0M, x I is a diffeomor-
phismand H|M =f, i=1,2. Let [M, /] be the equivalence class of (M, /).
The set of equivalence classes of pairs will be called the set of homotopy
smoothings on X, hS(X, dX).

A. Exact sequence of surgery. Let m=dimX>5 and P, =Z2,0,Z,, 0 if
m=0,1,2,3 (mod4) respectively. Then there are maps w, 7, 0 such that

v =5 BS(X x I, (X x 1)) ——[3(X/9X), G/0O]

Z> P, —> bS(X, 0X)—>[X/3X, G/O)—>P,_

is an exact sequence of sets (of groups from P, 4, to the left).

This theorem includes much of the theory of surgery as developed by Milnor,
Kervaire, Novikov, Browder and Sullivan.

B. Properties of 0, the surgery obstruction. (a) If M=M, U M,, X =
X, U X, union of submanifolds along a submanifold of codimension 0 of the boundary,
M, and X are simply connected, (f, b) is a normal map f: M — X, f| M, N M,
— X, N X, is a homotopy equivalence, and if o is defined for all maps involved, then

a(fs b) = a(f|M,5 b|M)) + o (M, b|M,).

(b) Let K%"=! be a closed simply-connected manifold of dimension 47 ~ 1.
Then

o:[KxI/HKx D, G/0] =Z

is equal to

o(f) = (1/8)(L(K x N(L(E) - 1), [K x 1)

where f: K xI/3(K x I) = 5K — G/O and ¢ is the bundle induced by K x I 5
G/0 — BO.

Since L(K xI) and L(£) are classes in H*(2K), 2K being a suspension,
products of positive dimensional classes are zero. Hence

o(f) = (1/8)L(K x DL(&) = L(K x D), [K x 1)
= (1/8(L(E) - 1, [K x 1T) = (1/8)(L (£), [K x 1)

= c(pn(f), [Kx Iy for some constant c,
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where L is the nth Hirzebruch class and p, is the nth Pontrjagin class and L
is the total Hirzebruch class.

2. bS(K x I, 3) and D (K). Let K be a closed simply-connected smooth
manifold. Let [M, H] € bS(K x I, d) where H: M — K x I is a homotopy equiva-
lence such that H|dM: 0M — (K x I) is a diffeomorphism. (M; doM, 9, M) is an
b-cobordism. Hence by the b-cobordism theorem, M is diffeomorphic to K x I by
a diffeomorphism D=1, Then [M, H]=[Kx I, H-D]. Let by=H.D|Kx0 and
by=H.D|Kx1. Then

(KxL,H-Dl=[KxLH-D-(®'xid)l, i=0,1.

Note that H - D . “;1 xid) | K x i = identity. Hence in each class u € bS(K xI, 9)
we may choose representative u = [K x I, H] such that either H|K x 0 = identity
or H Kx1 =identity.

We now define a composition in bS(K x I, d) as follows. Let [K x I, F] and
[Kx 1, G] € bS(K x I, 3) such that F|K x 1= identity and G |K x 0 = ideatity.
Let F(x, t) = (F(x, 1), F(x, 1)) €K x I and G(x, 1) = (G,(x, 1), G,(x, ) €K xI.
Then we define

[Kx1, F1*[Kx 1, Gl=[Kx 1, F*G]
where
(F (s ), J4F ,(x, 1)) for 0< <,

(G0 1), 51+ G(x, ) for <2< 1.

F *G(X: t)=

Lemma 2.1. The composition * is well defined.

Proof. Suppose [(K x 1)y, Fl.] = [(K x Dy, Gi]’ i=0,1, s“ch,tha' F,IK x
(1 - 4) = identity and G,|Kx (1 - 1) = identity There ate (W, H)), where oW, =
(KxDyu a(K x 1) x I U(Kx 1), and H W— (KxDxl are homotopy equiva-
lences such that A, ;10(K x I) x I are diffeomorphisms and H |(KxDy=F,
H, ;1(Kx 1) =G, Infact, we may choose that W, = (K x I) x I. Lete W=WyUW,
by identifying (K x 1) x1 C Wy with (K x Dx0CW,. Let Ho 1 (%, s, ¢ t) =
H ow 1, 0), I-I olx s, £) = Hl(s 0, t) for (x,s,t) e(KxI)x I Let H H! 1—i

(H(l) H(Z) H(3)) Then we define

H P, s, 00, BNy 55 0, BH A,y 50 0)) for 0< 1<K,

e si)= 1 ) @) (3)
(H] ey 558 HY (2 55 8), (1 + H 7 (xy 5, 2)) for %<t < L

Then oW = (Kx Ny U dK x ) x TU(Kx1I); and H|(Kx)g=Fg*Fy, H|(KxI),
=Gy * G,. Hence (W, H) gives the required equivalence of F * Fy and G;*G,.
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Lemma 2.2, Suppose dim K = 2k = 1, then (bS(K x I, d), *) is an abelian
group.

Proof. It is well known that G/O is an H-space and [2K, G/0O] is an abelian
group. It is clear that 7(u * v) = n(u) + (v). Now the lemma follows from the
fact that 7 is a monomorphism when dim K is odd.

Let 90(K) be the group of pseudo-isotopy classes of diffeomorphisms of K
which are homotopic to the identity. Define a map y: bS(K x I, 8) — D (K) as
follows. For u € hS(K x I, 9), let u = [K x I, F] such that F|K x 0 = identity.
We then define y(u) = {(F|Kx 1)~ 1}

Lemma 2.3. y: 5S(K x I, 9) — fDo(K) is well defined and is an epimorphism,

Proof. Suppose [K x I, F1=[K x I, G] and F|G x 0 = identity, G|Kx 0 =
identity. It is well known [6] that there is a diffeomorphism D: K x I — K x I
such that D . F is homotopic to G rel (K xI). Hence D . F|HK x I) =
G|d(K xI). Let f=F|Kx1 and g =G|Kx1. It is clear that D |K x 0 =
identity. Let d=D|K x 1. Then d is pseudo-isotopic to the identity. Now it
follows from d - [ = g that f is pseudo-isotopic to g.

For u, v €bS(K x1, 3). Let u=[Kx1, Fl and v=[K x I, G] such that
F|K x 0 = identity and G|K x 0 = identity. Let f= F|[Kx1 and g =G|K x 1.
[KxI, Fl=[Kx1, F.({~!xid)). Then

(Kx1, F1*x[Kx1,Gl=[Kx1, F.«(!xid)*G]
=[Kx1, (F. (! xid)*G) - (fx id)].

Note that ((F . (/=1 x id)) * G) - (f x id)|K x 0 = identity and ((F - (/=1 x id)) *G)
«(fxid)]Kx1=g- [ Hence

Ylux0) =g - N =t/ g™ = ¥a) - ylo).

Let {f} €D (K). There is a map H: Kx I = K x I such that H|K x 0 = f and
H|K x 1 = identity. It is clear that H - (/~! x id) is a homotopy equivalence and
H . (f~!xid)|d(K x I) is a diffeomorphism. Hence [K x I, H - (/=1 x id)] €
bS(K x I, 8) and Y([Kx I, H - (f~1 xid)]) = {f}.

Corollary 2.4. Let K be a closed simply-connected smooth manifold of
dimension 2k -1. Then D (K) is an abelian group.

Proof. Since (bS(K x I, 9), *) is abelian and ¢ is an epimorphism.

Proposition 2.5. Let K be a closed simply-connected smooth manifold of
dimension 2k - 1. Then Ker ) is finite.
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Proof. Consider the following diagram

Ker ¢ [3K,, G]

| |

0 — bS(K x I, ) ——>[2K,, G/0]
| I
,(K) [3K,, BO).

For u €Ker ¢, let u =[K x I, H] such that H|K x 0 = identity and H|Kx1 =
identity. Hence H induces a homotopy equivalence b of Kx § 1 and a homotopy
equivalence b of 2K, Note that A*r(K x S1) + #(K x S~ K x s is trivial.
Hence it follows that

0 — KO(ZK,) —Z> KO(K x S1) — KO(K x 5) — 0;

there is a unique y € KO(ZK,) such that
() = h*r(K x S + (K x SH™L.

It is clear that y =j - n([K x I, H]).

If Kery were infinite, there would be infinitely many H such that b*:
HY¥*(K x S!, Z) = H%(K x S, Z) is the identity map. Let p be the total
Pontrjagin class.

p(h*r(K x S1) = b*pr(K x S1) = p(K x SD).

Then p(h*r(K x S1) + (K x S1)=1)= 0. But the Pontrjagin class is a complete
invariant modulo torsion [2). Hence h*r(K x S!)+ (K x S1)=1 is a torsion in
KO(K x S1). So j- n([K x I, H]) is a torsion in KO(ZK,). Since there are only
finitely many torsions in KO(ZK,), Kerj - 7 is infinite. But Imi=KerjD
7(Kerj - 7) and 7 is a monomorphism, Im i is infinite. This contradicts the well-
known fact that [2K,, G] is finite.

Theorem 2.6. Let K be a closed simply-connected smooth manifold of

dimension 2k —1. Then rank D (K) ® Q = rank H¥* (2K, Q) - t where t= 0 if
k is odd and t =1 if k is even.

Proof. Consider the following exact sequence
n o \0 if & is odd,
0 —bS(Kx 1, 3) ®Q—">[3K,, G/0] ® 0> i
Q0 if k is even,
and the sequence
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[3K,» 6/0] ® 05 [3K,, BO] ® 0 —Ls H¥* (3K ; 0)

where i is an isomorphism, because the homotopy group of BG is finite, L is
well known to be an isomorphism. Hence

(a) Lin is an isomorphism if k is odd;

(b) a computation of o in terms of the Hirzebruch polynomial L shows that
Lin is an isomorphism onto a corank 1 subspace of H**(2K,, Q). Now the
theorem follows from Proposition 2.5.

Remark 2.7. D (K) is finitely generated, because ¢ is onto and [2K,, G/0]
is finitely generated.

Remark 2.8. Let M™ be a simply connected closed smooth manifold of
dimension m. If m # 3 (mod4) and rank SH*=1(M, 0)> 1 or & =3 (mod 4) and
rank SH4-1(M, Q) > 2, then there exists a diffeomorphism [ of M which is homo-
topic to the identity and f? is not pseudo-isotopic to the identity for g > 0.

3. Splitting invariants. Let S! ={g €C||g| =1}, §?"~ ! = {u= (uy,eeyu )€
C™|||u)| =1} and D?™ = {u = (uy e, u,) eC™| ull <1} Let gu=(guy,---,gu,)
for g €S and u € C™. Define S! actions on $2P-1x §29-1, §20-1, D24 459
D?? x §24-1 by the equation (g, (4, v)) = (g, gv). It is clear that all the actions
are free. We always assume that 4> p. Let n=p +q. Let K= K™9 = §20-1
s2a-1/s1, M= M™ 9= §26=1 , D24/§! and N = N9 = D?? x §24-1/51, Note
that CP"~1 =M UK x U N.

Define a map w: hS(K x I, 9) — hS(CP"~1) as follows. For u € hS(K x I, 9,
let u=[K x I, F] such that F|K x 0 = identity. Let f=F|Kx1. Then id + F +
idiM+KxI+N—M+KxI+N is compactible with the identifications, hence
givesamap idU F Uid: M UleU/_IN-o MUKxIUN. Let o) =
MUKxIu_ N, iduFuidl

Let .(D"'{’ = D,(K™9). We now observe that it is possible to define a map P:
99 . bS(CP™~ 1) as follows with the property that w = p - . Let [ be a
diffeomorphism of K”'? which is homotopic to the identity. There is F: K x I —
K x I such that F|K x 0 = identity and F|Kx1 =f. Then idU Fuy id: My K x

1 LJ/_1 N—cP*!isa homotopy equivalence and [M U K x I U/-l N, id yFuid]
is independent of the choice of homotopy F because any two homotopy equiva-
lences from homotopy complex projective space H cP*=! to CP""! are ho;noiopic.

Let s,,: hS(cP™~1) — P} be the splitting invariants [8]. Define 0,, =s,,-
p: Pna P,,. Ve shall show that §,, are homomorphisms.

Theorem 3.1. The following diagram commutes.
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o bSK™x 1, —"s[2k™4, G/ 01— [SKk*, G/0]

50"0‘1\ lm lc lc / 2k—2
PN scpr) s [eP™, /01 -S> [P, G/0]

We will denote the homomorphism o+ ¢ - 7 by S, _,, c: CP*~1 =3k,
will denote the collapsing map and ¢ also will denote the induced map c:
(2K, G/0] - [cP™~1, G/0).

Proof. By our earlier observation @ = p - . We will break the remaining
part of the proof into Lemmas 3.2, 3.3, and 3.4.

Lemma 3.2. The following diagram commutes.

BS(K x 1, ) —>[2K,, G/0]

)
ps(cp*) L [cP™, /0]
Proof. Let u=[K x1I, F]1 €bS(K x I, d) such that F|K x 0 = identity. Let
{=F|Kx1. Let u(K x I) be the stable normal bundle of K x I. Let &
= (F-1Y*{K x I) and choose a bundle map B covering F such that B| (AK x D)|K x 0) =
identity. Then n(u) = (F, B). Let b=B|(AKxD|K x1). Let (M), 1AN) be the
stable normal bundles of M and N respectively. Let

F=idUFUid:MUKxI y_ N—=MUKxIUN
1

and & =v(M) UEUVIN). v(M UK x] U1 N) = v(M) U UK x D u, _; ¥N). Let

E: iduBuid:viMU Kx 1 U/-l N)— 3’ which is a bundle map covering F. It
is easy to check c - 7{a) = (¥, B).
But o(z) =M uUKxI U,-lN’ id UF yidl.

((duFuid~H*(Mu Kx] Unt N)
=GUF UMM UvKxD U v(N)

— v UE-D*KxDUurWN) =vMUEUvN) =E.

Hence 7 - w(u)=c - nu).

Lemma 3.3. The following diagram commutes.
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[2k,, 6/0]

4
/ Pdim K+1
o

Proof. Let F: (W, oW) = (K'x I, (K x I)), B: vk — &, where W is a com-
pact manifold, v is its stable normal bundle, £ is a linear bundle over Kx I, F
is of degree 1, F|dW is a diffeomorphism, B is a bundle map lying over F. We
may assume that F|d W = identity and B|(v|d W) = identity. Let f= F|d,W and
b=B|W|d,W). Let W=MUW U _,N and F=id UF uid. v(W)=vM) U w(W)
U1 YN Let & =0M) U £ UMN) and B = idU B Uid. Then c(F, B) = (%, B).

c

[cP™™, G/0]

(¥, B) = olid, id) + olF, B) + olid, id) = o(F, B).
Let r<q and k—r<n-gq. Then we have inclusions
SZ(k-r)-l x SZr—-l C SZ(n—q)—l % S2q-l’
SZ(k-r)-l % DZrC SZ(n-q)—l % qu,
DZ(k—r) % SZr-—l C DZ(n—q) x SZq-l.
Then we have inclusions K*7 C K9, Mk:" C M™ 4 and N&:7 C N": 4. Let ¢

[2Kk79, G/0] = [ZK%7, G/0] be the map induced by inclusion. Let T:
[cpn-1, G/0]—[CcP*-1, G/0] be the map induced by the inclusion.
p

Lemma 3.4. The following diagram commutes.
[2K79, G/0]1—=[SK*"", G/0]
L
[cP™~1, 6/01—5[cP*1, G/0]
Proof. It is obvious if one uses Lemma 1.1.
Lemma 3.5. The following diagram commutes.
BS(K™ x I, 9)

Sok-2

¢ P2k-2
Pna 2k-2

Proof. Consider the following diagram
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bS(K™9 x I, 9)

2k=2
n=ly S2k-2
v BS(CP"T)==3p,
7 6
2k=2
i)"vq

where §,, _,=5,,_, - and 6,, _,=5S,,_,* P. By chasing the diagram, it is
easy to prove the lemma.

Theorem 3.6. 0,,: D (K™9) — P,, are homomorpbisms.
Proof. Since 5,, is a homomorphism and ¥ is an epimorphism.

Proposition 3.7. 6 ik $0(K""’) — Z are trivial for k < q/2, but are nontrivial
for q/2 < k<n/2.

Proof. Consider the following commutative diagram:
Ker ¢

BS(K™ x I, 3) —— [SK™9, G/01— [Sk3*+17, G/0]

4

SDO(KI"’)

0
Let f: K®9x'I — G/O.

o ) =alf- ) =cli-f- 0 K*? 5]y = c(*pli « f), [KP+Lr 5 )

where ¢*: HY*(ZK™9) — H*(ZK2**17), If & < g/2, H**(EK9) = 0. Hence
o-uf)=0. But ¥ is onto, so 0“ =0.

On the other hand, to show 6 4% are nontrivial it is sufficient to show that
5 4, ® Q is nontrivial, since Y ® Q is an isomorphism. For q/2<k<n/2,
H** (K™, 0) £0. Consider the following diagram:

[SK79, G/0] ® Q——>[SK™9,B0] ® Q—2—>H**(3K™4, Q)
) b |
[EK24+17, G/0] ® Qs [SK24*1w, BO] ® Q 5> H4*(sK 2417, Q)

where i and L are isomorphisms. H4*(ZK2k*1:7) £ 0, Hence there is x €
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[Ek2k*17 G/0]1 @ Q such that L{i(x)) = 1 + L,(i(x)) with L,(i(x)) £0. Let y €
H**(ZK™9, Q) such that c(y) = L,(i(x)). Then there is z € [3K}'%, G/01®Q
such that L(i(z)) = 1 + y. Hence «(z) = x, because c: H‘“‘(ZK’,{’”. Q) —
H4*(ZK2E*17 0) is an isomorphism.

(i) If dim(K™9) =1 (mod 4), then o(z) =0. There is u € bS(K™ 9 x I) such
that () = z.

(ii) If dim(K™9) = 3 (mod 4), then

o(z) = (1/8(L(i(2)) - 1, [K x 1) = (1/8)(y,[K™? x I1).

But y € H*¥(2K"™9, Q), therefore o(z) = 0. There is u € bS(K®9 x I, ) such
that 7(u) = z.
But 5, () = (1/8KLG(x)) - 1, [KZR*or x 1) = (1/B)L (=), [K2**Lorx])4o.

Theorem 3.8. rank ﬁ)o(K""’) =1, o Where

[n-4q/21-1 -if both n and q are odd,

"na = .
[n-4q/2] otherwise.

Proof. This is just a special case of Theorem 2.6.

Theorem 3.9. For u € D (K™9), u is of finite order if and only if Plu) is
tangential homotopy equivalent to CP"~1,

Proof. It is easy to see that a homotopy complex projective space HCP™~!
is tangential equivalent to CP"~! if and only if s 4 (HCP™=1) = 0 for all k.
Define a map
D 5,:D (k"9 -z,
q/2<k<n/?
Since 5, are homomorphisms and are nontrivial for ¢/2 < k <2/2 and
rank P (k"9) = T, o Hence

,q
r
a2y ® G DTN OQ — gt

is an isomorphism. Hence 5 ,,(x) =0 for all & if and only if u is of finite order.

4. Decomposable actions. Let / be a diffeomorphism of K™ which is
homotopic to the identity and let [ be its covering which is an equivariant
diffeomorphism of $22=1x §22=1, The manifold 3(/) = §22-1 x D29 U_ p2¢
$24-1 obrained by gluing along S22~ 1x §24=1 yja 7 isa homotopy sphe,re sup-
porting a free S! action defined by gfx, y) = (gx, gy) where g €S! and (x, y) €



124 KAI WANG

§2=1x D29 o D x §29=1, It is clear that this action depends only on the
pseudo-isotopy class of [ and will be denoted by (2(x), S!) where u is the
pseudo-isotopy class of f. Then P(u) is its orbit space.

Lemma 4.1. (3(»), S1) is a free S 1 action on bomotopy (2n - 1)-sphere with
characteristic (2q - 1)-sphere such that the induced action is linear.

Proof. Obvious.

Let A™4 be the set of all free S! actions on homotopy (27 - 1)-spheres with
characteristic (2¢ - 1)-spheres such that the induced actions are linear, or, equiv-
alently, the set of all homotopy complex (n - 1)-projective spaces with charac-
teristic standard complex (g — 1)-projective spaces.

Lemma 4.2. Let P: D (K™9) — bS(CP"~1) be the map defined in $3. Then
Im P = A™9,

Proof. It is obvious that Im P C A™ 9, Let X € A® 9, Then using the tech-
niques of G. R. Livesay and C. B. Thomas [6] (see also [12]) it is easy to show
that there is a diffeomorphism [ of K such that X & M U, N. It remains to
show that we can choose a diffeomorphism which is homotopic to the identity.
Since X = M y, N. Let  MUN—M Yy N be a homotopy equivalence.

CPY CMC MUN—>M U NOMDCPIT,
[ ~——
]
Note that 227-1, M U, N is (2n - 1)-universal and both 5| cP9-! and CP9-!
& M U, N are classifying maps for s2a-1 , cP9-1, Hence h|CP?~! is homo-
topic to the inclusion i. By the theorem of Haefliger, IJICP"‘l is isotopic to i.
By the isotopy extension theorem b is isotopic to a homotopy equivalence g
such that g|CP9~! =i

Claim (M U, N, g)|CPI-1 is trivial, where g’ is the homotopy inverse of g.

Following Sullivan, let k be large, then we can approximate g x 0: M UN —
My / N) x D* by an embedding. Let E be the normal tubular neighborhood of
MUN in (MU, N) x D*.

; P
Ecls(m u/N)ka—--z-w"
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Then 7M U, N, g") = (E, p, + ). Since g|CP?~! = identity, E|CP4~! is
trivial and p, + //(E|CP?~") is trivial. Hence M U, N, g')|CP?=1 =0. CPI-!
is a deformation retract of M, hence (M U, N, g')|M =0. Similarly,

M U, N, g")|N = 0. Now consider the following commutative diagram:

bS(K x I, ) —+(SK,, G/0]

b b e
bs(cPm =T [cPm1, G/ o]/'j

Now there is « € [2K,, G/0] such that c(u) = 7(M U/N, go(u) =5 clu) =
oM UN, g')=0. So there is y € bS(K x I, d) such that 7(y) = u.

nwly) = enly) = c(a) = 7(IM y, N gD

Since % is monic, w(y) = [M U, N, g'l. Let y=[Kx I, H] where H|K x 0 = identity
and let b = H|K x 1. Then

MU Ngl=IMUKxI u_ N,id UH uidl.
f -1

Hence X M yKx I U, N = MU,,-IN and b~! is homotopic to the identity.

Proposition 4.3. For u, v efDo(K"' ), then P(u) == P(v) if and only if there
are 1, p € D(K™9) with 1 extendible to a diffeomorphism of M™9 and p extend-
ible to a diffeomorphism of N™? such that u=p.v ..

Proof. Let f€u, g €v. Then P(f) = P(g) if and only if there are diffeomor-
phisms b of M™% and k of N™? such that f=h.g .k [12). Since f and g are
homotopic to the identity, then by exactly the same argument in [2] we can show
h|K™? and k|K™? are homotopic to the identity. Let p = {h|K"'4} and n =
{k|K™9}. Then p, 3 efl)o(l(""’) and u=p-v.1.

Theorem 4.4. For n/2< q < 2n/3, there is a well-defined group structure on
A™4 defined by P(u) * P(v) = P(u - v), and P: .(DO(K”'q) — A™ 9 is an epimor-
phism.

Proof. Suppose P(x) = P(«"). Then there are 7, p € D (K™9) such that g
extends to a diffeomorphism of M and p extends to a diffeomorphism of N such
that «'=p.u-n u'-v=p.u-n.v=p.u-v.7n Hence P’ v)= Py . v).

Let G™? be the subgroup of 90(K""’) which is generated by those diffeomor-
phisms of K™ 7 which are extendible to either a diffeomorphism of M or a diffeo-
morphism of N. It is clear that KerP = G™ 4,

Proposition 4.5. G™ 9 is a finite group.
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Proof. This is a special case of a more general theorem in [12]. Here we
will give a simple proof. For u . v € G™? where u is extendible to a diffeomor-
phism of M, and v is extendible to a diffeomorphism of N, P(z - v) = CP"~1,
Hence, by Theorem 3.9, u - v is of finite order. But .‘DO(K""’) is finitely
generated. Therefore, G™? is finite.

Theorem 4.6. For n/2< q < 2n/3, A™9 is a finitely generated abelian group
whose torsions are tangential homotopy complex projective spaces, and

rank A™ 9 = rank fDo(K"'q).

Definition 4.7. A free S! action (£27~1, §1) is decomposable if there is a
diffeomorphism f of K™9, for some g, such that (£27=1, §1) is equivalent to
(), shH.

It is clear that arlnt172] i the set of all decomposable S! actions on homo-
topy (27 — 1)-spheres.

Theorem 4.8. There is a natural group structure on the set of all decomposable
free S! actions on homotopy (2n — 1)-spheres which is a finitely generated abelian
group whose torsion subgroup consists of all tangential homotopy complex projec-
tive spaces and rank Anl*172] _ [4/4] - e where e = 1 if n=1 (mod4), or e=0
otherwise. Furthermore s,,: A"'["“/Z] — P,, are homomorphisms.

5. Applications. Let s,,: hS(CP") — P, be the splitting invariants. Then
s;kl(O) consists of all free S! actions on homotopy (27 + 1)-spheres with charac-
teristic (2k + 1)-spheres. By Theorem 4.8 and Proposition 3.7 we have the
following:

Theorem 5.1. There are infinitely many topologically inequivalent free S!
actions on homotopy (2n + 1)-spheres with characteristic homotopy (2k + 1)-spheres
for n>k>3 and(a) n>6 if n is even, (b) n>5 if both n and k are odd, and
(c)n>7 if n is odd but k is even.

Remark 5.2. Similar results have been obtained by H. T. Ku [5] in the case
k =even and 7 > 10 using the techniques of W. C. Hsiang [4]. See also [3], [9].

Remark 5.3. Theorem 5.1 was first proved by using Theorem 3.6, Theorem
3.8 and Proposition 4.5, which was announced in [10].

Remark 5.4. We have omitted the analogs of § 3 actions. Similarly, one can
show the rank of the group of decomposable $3 actions on homotopy (47 + 3)-
spheres is equal to [n - 1/2].

Recall the following.

Theorem 5.5 ([9]). A free S3 action on homotopy (4n + 3)-spheres is decom-
posable if and only if its restriction to S! is decomposable.
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Theorem 5.6. For n > 1, there are infinitely many topologically inequivalent
free S! actions on homotopy (4n + 3)-spheres which are not extendible to free
§3 actions.

Proof. Note that the rank of the group of decomposable s1 actions on homo-
topy (4n + 3)-spheres is equal to [n + 1/2]. Hence the theorem follows from
Remark 5.4. and Theorem 5.5.
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