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ABSTRACT.  Let S1 act linearly on S2P~1xD2q and D2p x S2<?_1 and

let /: S2*1'1 x S2,_1 - S2p~l x S2q~l be an equivariant diffeomorphism.   Then

there is a well-defined S1  action on S2p~l x D2q U. D2p x S2«-1.   An S1

action on a homotopy sphere is decomposable if it can be obtained in this way.

In this paper, we will apply surgery theory to study in detail the set of decom-

posable actions on homotopy spheres.

0. Introduction.   Let S    act linearly on Cm      by ig, (aQ, • • • , um)) =

(ga0, •. •, gum) for g £ S1 and (b„, ■ ■ ■, uj £ C"*1.   Let p = [im + l)/2] and

q = 772 + 1 -p.   It is clear that S2p~l xD2q, D2p xS2«-1 and S2p~l xS2q~l are

invariant subspaces.   Let A denote the induced actions.   Let / be an equivariant

diffeomorphism of (52p_1 x S2q~l, A).   We can define an action A(/) on 2(/)

where

lif) = S2p-1xD2q UfD2p xS2"-1

so that Aif)\S2p-'i xD2q = A and A if) \ D2p x S2q~l = A.   A free S1 action

(22m    , E) on a homotopy sphere 22m      is decomposable if there is an  equi-

variant diffeomorphism   / of iS2p~1 x S2*"1, A) such that (22m+1, F) is equiva-

lent to (£(/), A(/)).   It is clear that if / is equivariantly pseudo-isotopic to g, then

(2(/), A(/)) is equivalent to (2(g), A(g)).   Hence the study of decomposable

actions is reduced to the study of the group of equivariant pseudo-isotopy classes

of equivariant diffeomorphisms of  iS2p~l x S2q~l, A) or, equivalently, the group

of diffeomorphisms of S2*-1 x S2q~l/A.   Let   (£(/), A(/)) and (2(g), A(g)) be

two decomposable actions.   We define (2(/), A(/)) * (2(g), Aig)) = (2(/ • g),

A(/ . g)).   We will show this is well defined and makes the set of decomposable

free S    actions a group such that the splitting invariants are homomorphisms.

Furthermore, we are able to calculate its rank and determine its torsion elements.

As applications we have
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Theorem 5.1.   There are infinitely many topologically inequivalent free S

actions on homotopy (2n + l)-spheres with characteristic homotopy (2fe + 1)-

spheres for n > k > 3 and (a) rz > 6 if n is even, (b) tz > 5  if both n and k are

odd, and (c) jn > 7  if n is odd but k is even.

Theorem 5.6.   For n > 1, there are infinitely many topologically inequivalent

free S    actions on homotopy  (An + 3)-spheres which are not extendible to free

S3 actions.

This paper is organized as follows: In §1, we outline the theory of surgery

on simply-connected smooth manifolds.   In §2, we study the group of pseudo-

isotopy classes of diffeomorphisms of simply-connected manifolds which are homo-

topic to the identity.   Let s2lfe(P) be the splitting invariants of a homotopy com-

plex projective space P.  Suppose / is a diffeomorphism of S2p~   x S2q~ /A.

Let &2kif) = s2ki"2if)/Aif)).   Then we study the splitting invariants of

5)n(S2,'~1 x S2q~l/A) and will show 62k are homomorphisms.   In §4, we will

prove the main result that the set of decomposable actions is a group such that

the splitting invariants are homomorphisms.   In §5, we will prove Theorem 5.1

and Theorem 5.6.

1. Surgery on simply-connected smooth manifolds.   In this section we outline

the theory of surgery on simply-connected smooth manifolds as developed in [1].

Let  Xm be a compact oriented smooth manifold with boundary (possibly

empty) of dimension 7zz, and let £k be a linear ¿-plane bundle over Xm, k large.

A normal map into Xm is a pair of maps /: (AT, dMm) — iXm, dXm), b: vk -> f*,

where Mm is a compact oriented smooth manifold, v    is its normal bundle in a

high dimensional euclidean space, / is of degree 1 (i.e., /+[M] = [X], where [M],

[X] ate the orientation classes, [M] £ H   iMm), etc.) and b is a bundle map cover-

ing /•

A normal cobordism of a normal map (/, b) is a pair (F, B), where F: W"   l —»

X x [0, 1], dW = M U dM x I U M', F \ M = f: M -» X x 0 and F | (x, z) = (/(x), z) for

x £ dM.  If (ok is the normal bundle of (W, dM x I) Ç (Dm+* x /. 5m+*-1 x /)

(where (M, dM) Ç iDm+k x 0, 5m+*"1 x 0), iM', dM') Ç (Dm+* x 1, Sm+k-1 x 1)) B

is a linear bundle map, B: a> —» f lying over F such that B | (&> | M) = B | v = b and

B | (a. z) = (¿(a), z).

We note that any homotopy equivalence g: M —» X can be made into a normal

map by taking ¿; = g~    iv) and taking a bundle map covering g, but the bundle map

is only well defined up to a bundle automorphism of ¿; or v.

Lemma 1.1.   The set of normal cobordism classes of normal maps into iX, dX),

¿j for all choices of cf, modulo bundle automorphisms of ¿;, is in one-to-one corre-

spondence   with   the   set   of  homotopy   classes  [X/dX,   G / 0],   where   G =

lim¿_J(S*)sfe, degree ±1) and 0 = lim^^oU + l).
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We refer to [l] for a proof.

Let Xm be a compact oriented smooth manifold of dimension 777 with boundary

(possibly empty) and consider pairs iMm, tí), where M is an oriented smooth

manifold and h: (M, dM) —» (X, dX) is a homotopy equivalence of pairs such that

h\dM is a diffeomorphism.   Two pairs (M j, /j) and (M2, f2) are equivalent if

there is a pair (W, 77), where dW = Mj U cMj x / U M2 and 77: W —» X x I is a

homotopy equivalence such that 77 | ¿Ml j x 7: dM j x 7 —♦ <?Mj x / is a diffeomor-

phism and 77 |AL = /¿, ¿ = 1,2.   Let  [M, /] be the equivalence class of (AI, /).

The set of equivalence classes of pairs will be called the set of homotopy

smoothings on X, hSiX, dX).

A. Exact sequence of surgery.   Let 777 = dim X > 5 and  P    = Z, 0, Z2, 0 if

777 =0, 1, 2, 3 (mod 4) respectively.   Then there are maps co, 77, a such that

.,. r-l+bsix x I, diX x I)) —n-^[2iX/dX), G/O]

-^-»P   ,,-^bS{X, dX)—^>-[X/dX, G/0]-^P
777 + 1 771

is an exact sequence of sets (of groups from Pm+1 to the left).

This theorem includes much of the theory of surgery as developed by Milnor,

Kervaire, Novikov, Browder and Sullivan.

B. Properties of a, the surgery obstruction,   (a) If M = M. U M-, X =

Xj U X2 union of submanifolds along a submanifold of codimension 0 of the boundary,

AL and X¿ are simply connected, (/, b) is a normal map /: M —» X, f\ Ml O M2

—► Xj n X2 is a homotopy equivalence, and if a is defined for all maps involved, then

aif, b) = aif\Mx, b\Mx) + oif\M2, b\M2).

(b)   Let 7C4n_1  be a closed simply-connected manifold of dimension 4« - 1.

Then

a:[Kx 1/diKx l), G/O] — Z

is equal to

aif) = (l/8)a(K x 7)(L(f ) - l), [K x /]>

where /: K xI/diK x I) = IK -» G/O and f is the bundle induced by K x I -L

G/O ->BO.

Since LiKxI) and L(f) are classes in   T7*(2fv), 1,K  being a suspension,

products of positive dimensional classes are zero.   Hence

aif) = il/8)(LiK x l)Li£) - L(K x 7), ÍK x l])

= (l/8)(L(f ) -l,[Kx /]) = (l/8)(Ln(f ), [K x 7])

= c(p (f )> [K x 7])    for some constant c,
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where Ln is the TZth Hirzebruch class and pn is the rzth Pontrjagin class and L

is the total Hirzebruch class.

2. hSiK x I, d) and iD0(K).   Let K be a closed simply-connected smooth

manifold.   Let [M, H] £ hSiK x I, d) where H: M —» K x / is a homotopy equiva-

lence such that H \ dM: dM —» diK x /) is a diffeomorphism.   (M; dQM, djM) is an

A-cobordism.  Hence by the A-cobordism theorem, M is diffeomorphic to K x I by

a diffeomorphism D~l.  Then [M, H] = [Kx!, H-D\.   Let hQ = H • D | K x 0 and

hx=H -D\Kxl.  Then

[K x /, H • D] = [K x I, H . D • (i*1 x id)],      i = 0, 1.

Note that H ■ D • ih7l x id) | K x i = identity.  Hence in each class u £ hSiK xl, d)

we may choose representative u = [K x I, H] such that either H | K x 0 = identity

or F   K x 1 = identity.

We now define a composition in hSiK x I, d) as follows.   Let [K x I, F] and

[K x /, G] £ ¿S(K x /, d) such that F | K x 1 = identity and G \ K x 0 = identity.

Let F(x, z) = (Fj(x, z), F2(x, t)) e K x I and G(x, z) = (G^x, z), G2(x, z)) £ K x I.

Then we define

[K xI,F]*[Kx I,G] = [KxI,F* G]

where

( iF.ix, t), V2FAx, t))    for 0 < Z < V2,
F * Gix, t) = \      l

(iGxix,t),V2il + G2ix,t))    ioil/2<t<l.

Lemma 2.1.   The composition * is well defined.

Proof.  Suppose [(K x /)0, F¿] = [(K x /)t, G(], z = 0, 1, suchjhat F¿ /K x

(1 - i) = identity and G . | K x (1 - i) = identity.   There are iW{, H(), where dW¿ =

(K x /)0 U diK x /) x / U (K x /)t and H¿: W -» (K x /) x / are homotopy equiva-

lences such that H. | diK x I) x I ate diffeomorphisms and F¿ | (K x /)0 = F¿,

F¿ I (K x D1 = G{.   In fact, we may choose that W. = (K x /) x /.   Let W = WQ u Wx

by identifying (K x /) x 1 C WQ with (K x /) x 0 C Wy   Let HQlix, s, t) .

F0(x, 1, z), Flj0(x, s, z) = H\(s, 0, z) for (x, s, t) £ (K x /) x /.'   Let Hf . //"}_;

= (F*.1), F^2), F(3)).   Then we define
Z I 1

Í (H{0%, s, t), F(02)(x, s, t), ViH^Xx, s, t))  for 0 < t < Vi,
Hix, s, t) =  \

I iH^ix, s, t), h\2\x, s, t), VAl + F(j3)(x, s, t)))   for H< t< 1.

Then <9W = (K x /)0 u diK x /) x / U (K x 0j and F | (K x /)„ = F0 * Fx, H \ (Kx/),

= GQ * Gj.   Hence (W, /V) gives the required equivalence of FQ * F1 and GQ *Gj.
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Lemma 2.2. Suppose dim K = 2k - 1, then ihSiK x I, d), *) is an abelian

group.

Proof.   It is well known that G/O is an 77-space and [2K, G/O] is an abelian

group.   It is clear that Tjiu * v) = 77(a) + 77(f).   Now the lemma follows from the

fact that 77 is a monomorphism when dim K is odd.

Let 3)g(/0 be the group of pseudo-isotopy classes of diffeomorphisms of K

which are homotopic to the identity.   Define a map if/: hSiK x I, d) —♦ ®n(7<) as

follows.  For a e bSiK x I, d), let a = [K x /, E] such that P\KxO= identity.

We then define if/iu) = [(F | K x 1)~ 1\.

Lemma 2.3.   if/: bSiK x I, d) —♦ 3)q(70 is well defined and is an epimorphism.

Proof.  Suppose [K x /, E] = [K x I, G] and E | G x 0 = identity, G | K x 0 =

identity.   It is well known [6] that there is a diffeomorphism D: K x I —» K x I

such that D . F is homotopic to G rel diK x /).  Hence D . F \ diK x I) =

G I diK x I).  Let / = F | K x 1 and g = G \ K x 1.   It is clear that D | K x 0 =

identity.  Let 1/ = D | K x 1.  Then d is pseudo-isotopic to the identity.  Now it

follows from d • f = g that / is pseudo-isotopic to g.

For u, v £ hSiK x I, d). Let u = [K x I, F] and v = [K x I, G] such that

E|K x 0 = identity and G\K x 0 = identity. Let / = F|K xl and g = G\Kx 1.

[K x 7, E] = [ K x 7, E . (/~' x M)l   Then

[K x 7, F] * [K x 7, G] = [K x 7,   F . (/_1 x id) * C]

= [K x 7,  ((F • if'1 x id)) * G) . (/ x id)].

Note that   ÜF ■ if-1 x id)) * G) • (/ x id)|/< x 0 = identity and  ((F • (/"' x id)) *G)

■ ifx id)\Kx 1 = g • /.   Hence

ifriu *v) = \ig - /)-!| = I/"1! Ig_1! = ^(11) • f{v).

Let |/! e S0(/<).   There is a map 77: K x I — K x / such that 77|7< x 0 = / and

771K x 1 = identity.   It is clear that 77 • (/"   x id) is a homotopy equivalence and

77 . if- l x id)\diK x I) is a diffeomorphism.   Hence [K x 7, 77 • (/_1 x id)] 6

hSiK x I. 3) and t//([K x /, E . (/"l x id)]) = ,/!.

Corollary 2.4.   Lei K be a closed simply-connected smooth manifold of

dimension 2¿ - 1.   7èe« ÍDQ(K) ¿s an abelian group.

Proof.  Since (M(7< x 7, d), *) is abelian and if/ is an epimorphism.

Proposition 2.5.   Leí 7C be a closed simply-connected smooth manifold of

dimension 2&-1.   7ie« Ker 1/7 is finite.
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Proof.   Consider the following diagram

Ker<A [2K+, G]

0 — hSiK x /, d)—1-->[lK., G/0]

$0(K) [lK+, BO].

For u £Ker xfj, let   a = [K x /, F] such that H\K x 0 = identity and F|Kxl =

identity.  Hence F induces a homotopy equivalence ¿ of K x S   and a homotopy

equivalence  h   of S/(+.   Note that   h*riK x 5 ) + r(K x S1)     |/C x s is trivial.

Hence it follows  that

0 — KOilKA -^~+ KOiK x S1) -* KOiK xs)-0;

there is a unique y € KOfèKA such that

cf>iy) = h*riK x S^ + ÁKxS1)-1.

It is clear that y = / • 7/([K x /, F]).

If Keri/r were infinite, there would be infinitely many H such that h*:

F4*(K x Sl, Z)-* F4*(K x S1, Z) is the identity map.   Let p be the total

Pontrjagin class.

pih*riK x S1)) = ^*pr(K x Sl) = piK x Sl).

Then pih*riK x S J) + KK x Sl)~ !) = 0.  But the Pontrjagin class is a complete

invariant modulo torsion [2].   Hence  h*riK x S1) + H.K x S1)-1 is a torsion in

KOiK x S1).  So / • T)i[K x 1, H]) is a torsion in KOilK+).  Since there are only

finitely many torsions in K0(2K+), Ker j • rj is infinite.   But Im i = Ker / 3

T/CrCer/ • 7j) and 77 is a monomorphism, Im z is infinite.   This contradicts the well-

known fact that [2K+, G] is finite.

Theorem 2.6.   Lez K be a closed simply-connected smooth manifold of

dimension    2k-Í.   Then rank®0(/C) ® g = rankF4*(2K+, Q) - z aéere t = 0 if

k is odd and t = 1  z'/ fe z's even.

Proof.   Consider the following exact sequence

0 — hSiKxI, d) ®Q-2-*[2K+, G/O] ®Q-

and the sequence

.0    if k is odd,

Q    if & is even,
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[2K+, G/O] ® Q_U[2/<+, 730] 0 ß -L±H4*ilK+; Q)

where i is an isomorphism, because the homotopy group of BG is finite, L is

well known to be an isomorphism.  Hence

(a) Lit] is an isomorphism if k is odd;

(b) a computation of a in terms of the Hirzebruch polynomial L shows that

Li-q is an isomorphism onto a corank 1 subspace of H    (2/<+, Q).  Now the

theorem follows from Proposition 2.5.

Remark 2.7.   3)0(7O is finitely generated, because ip is onto and [2K+, G/O]

is finitely generated.

Remark 2.8.   Let A1m be a simply connected closed smooth manifold of

dimension m.   If m 4 3 (mod 4) and rank 2/7        (Al, Q)> 1 or k = 3 (mod 4) and

rank2//4,-1(M, Q) > 2, then there exists a diffeomorphism / of AI which is homo-

topic to the identity and fq is not pseudo-isotopic to the identity for q > 0.

3. Splitting invariants.   Let Sl = \g £ C\ \g\ = U, S2m~l =\u = iu^,..., um) £

C"\ H| = 1 i and D2m = ¡a = («j,..., uj £ Cm\ \\u\\ < 11.   Let ga = (gap • ■ • ,gaj

for g eS1 and a e Cm.  Define S1 actions on S2p-lxS2q~1, S2*-1 xD2* and

D p x S q~    by the equation ig, (a, f)) = (ga, gf).   It is clear that all the actions

are free.   We always assume that q > p.   Let n = p + q.   Let 7< = Kn,q = S2*-1 x

S2*"1/*1, M = Ain-* = S2*'-1 XD2*/Sl and N = N"'q = D2p x S2q~l/Sl.  Note

that CP"-1 =M uKxluN.

Define a map w: hSiK x I, d) -»■ hSiCP"~ l) as follows.   For a e ¿S(/< x /, f9),

let a = [K x 7, F] such that F|7C x 0 = identity.   Let f=F\Kxl.   Then id + F +

id: Al + K x I + N —» Al + K x I + N is compactible with the identifications, hence

gives a map idUF Uid: AI UKx / U _, N-> MU Kxl UN.   Let coiu) =

[Al U K x / U    , N, id U E u id].
/"l

Let 2>n,q = 3)0(7<n'9).   We now observe that it is possible to define a map P:

íDn'<? _, ¿^CP"" l) as follows with the property that co = p • if/.   Let / be a

diffeomorphism of Kn,q which is homotopic to the identity.   There is F: K x I —•

K x I such that F\ K x 0 = identity and F|K x 1 = /.   Then id u F u id: Al U K x

7 U    j N —» CP"-1 is a homotopy equivalence and [M U K x 7 U _, N, id uEuid]

is independent of the choice of homotopy F because any two homotopy equiva-

lences from homotopy complex projective space HCPn~    to CPn~    are homotopic.

Let s2k: hSiCP"- ) —>P2k be the splitting invariants   [8].  Define 62. = s2, ■

P: tVn,q —» P2k.   We shall show that 62k are homomorphisms.

Theorem 3.1.   The following diagram commutes.
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.hsiKn>q x i, d)^U[lKnsq, g/ó\-U [Sk*;', G/O]

3)"' c
X

2A-2

>hS(CPn-l)-l+ [CPn~\ G/0]-U[CPk-\ G/OV

We will denote the homomorphism a • i • 77 by S2¿,_2, c: CP"~ ! —» XR +

will denote the collapsing map and c also will denote the induced map c:

[lK+,G/0] - ^"-Sg/OJ.

Proof.   By our earlier observation oj = p • if/.   We will break the remaining

part of the proof into Lemmas 3.2, 3.3, and 3.4.

Lemma 3.2.   The following diagram commutes.

hSiKx I, d) —^->[2/C+, G/O]

hSiCP"'1) —2-». [CP"-1, G/O]

Proof.   Let u = [K x I, F] ehSiK x I, d) such that F\K x 0 = identity.   Let

/= F\K x 1.   Let viK x I) be the stable normal bundle of K xl.   Let £

= (F_1)*zXK x /) and choose a bundle map ß covering F such that B \ iviK x l)\K x O) =

identity.   Then 77(a) = (F, B).   Let b = B\iiA.Kxl)\K x 1).   Let v(M), iXzV) be the

stable normal bundles of M and N respectively.   Let

F = id(jFuid:MuKx/ u   , N—MuKx/u/V
/

and ? = viM) U^U *>iN).   viM u K x / u    , N) - v(M) u viK x I) u     , v(/V).   Let

B: id u B u id: viM U K x / U.j N) —* ç  which is a bundle map covering F.   It

is easy to check  c • 77(a) = (F, B).

But <u(a) = [M u X x / U    x N, id u F u id].

((id uFuid)-1)*v(MU Kxl u   ,N)
/

= (id UF-1 U id)*v(M)UviKxl) u    , viN)
b~

= v(M) U (F- xYviK x /) U v(/V) = z>(M) U f u i/(/V) = J.

Hence   77 • <y(a) = c • 77(a).

Lemma 3.3.   The following diagram commutes.
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[2/< , G/O],

[CPn-T, G/O]
Á

P
dimK+1

Proof.  Let F: (W, dW) -* ÍK1 x I, diK x /)), B: vk — f, where W is a com-

pact manifold, v is its stable normal bundle, ¿T is a linear bundle over Kx I, F

is of degree 1, F|cW is a diffeomorphism, ß is a bundle map lying over F.   We

may assume that F\dQW = identity and ß|(v|d0W) = identity.   Let / - F|5jW and

b = BlG/ldjW)).   Let $ = Al U W U _ j/V and F = id u F u id.   v(fr) = v(Al) U f(H0

U        tX/V).   Let £ = v(M) u £ U i'ÍN) and S = id U 73 Uid.   Then dF, B) = (£, "hl.

öHF, B) = cKid, id) + oiF, B) + aiid, id) - oiF, B).

Let r < q and ¿ — r < n — q.   Then we have inclusions

52U-r)-lx52r-lcs2(n-,)-lx52?-l)

S2(*-d-lxD2rcs2(»-«á-lxí)2«i

D2(k~T) x S2'-1 C D2("-«> x S2q~l.

Then we have inclusions Kk-TC K"-q, Mk'rCM"-q and Nk'rCN"-q.   Let t:

[2K^9, G/O] -» [1k\-t, G/O] be the map induced by inclusion.   Let T:

[CP"-1, G/Ó]—>[CPk-1, G/O]  be the map induced by the inclusion.

Lemma 3.4.   T7>e following diagram commutes.

[lK"¿q, G/0]-U[2K*'r, G/O]

[CPn~\ G/0]-J^-[CPk-\ G/O]

Proof.   It is obvious if one uses Lemma 1.1.

Lemma 3.5.   The following diagram commutes.

hSiK"'q x I, d)

J)«,«

2fe-2

2ife-2

Proof.   Consider the following diagram
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hSiKn'q x I, d)

+   -hsicp-1)^--2 *■ P.
2k-2

<§n,q

where ^2¿_2 = s2t-2 ' *" an<* ̂ 2k-2 = s2k-2 ' ^'   ^ ceasing the diagram, it is

easy to prove the lemma.

Theorem 3.6.  02k: §0iKn,q) —* P2k are homomorphisms.

Proof.   Since s 2k is a homomorphism and if/ is an epimorphism.

Proposition 3.7.   ö4. : í>0ÍKn,q) —» Z are trivial for k < a/2, feaZ are nontrivial

for q/2<k< tz/2.

Proof.   Consider the following commutative diagram:

Kerz>

Ï
hSiKn'q x I, d)-^[ÏKn;«, G/0]-A[2/C2fe+1'% G/O]

* zS)0(K"'«)

Let /: K"-q xT -> G/O.

a. tif) = aif . t) = c(p(i . / . i), [K2*+1.' x /]) = c(l*p(i . f), [K2k+l" x /]>

where t*:   H4*ilK"+-q) — HA*ilK2+k + 1<r).  If k < a/2, F4fe(2K^q) = 0.   Hence

ff • tif) = 0.   But if/ is onto, so #4/fe = 0.

On the other hand, to show 6^.   ate nontrivial it is sufficient to show that

s 4, ® Q is nontrivial, since if/ ® Q is an isomorphism.   For a/2 < k < n/2,

H4k(2Kn,q ( Q) ^ o.   Consider the following diagram:

[lK?>q,G/0]    ®   Q -U 12^.«, ßO]    ®   e-^>F4*(£K^,g)

[2K2fe+1,r, G/O] ®Q_U[2/<2*+1'r, BO] ®e-^H4*(^+ll',Q)

where i and L are isomorphisms.   F4*(SK2t+1,r) ^ 0.   Hence there is x £
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[2k2*+1-7-, g/0] 0 q such that L(¿(x)) = j + Lk(i(x)) with Lkiiix)) 4- 0.   Let y £

H4kilKn+-q, Q) such that dy) = Lfe(i(x)).   Then there is * e [SfC^«, G/O] ® Q

such that Liiiz)) = 1 + y.   Hence  t(z) = x, because c: H4*(27<^*, Q) -»

H4*(2K2*  l'T, Q) is an isomorphism.

(i)  If dim(K"-9) ■ 1   (mod 4), then aiz) = 0.   There is a £ hSÍKn-q x 7) such

that 77(a) = z.

(ii)  If dim(Kn'9) = 3(mod4),then

aiz) = (1/8)<L(¿(2)) - 1, [K x I] > = (l/SXy.tK"'* x /]).

But y e E4*(2/CÎ'9, Q), therefore aiz) = 0.   There is a e M(K"'9 x 7, <9) such

that 77(a) = 2.

But g"4fc(a) = (1/8)<L(¿(*)) - 1, [K2*+1'r x /]) = (l/8)(Lfc(iW), [K2fe+1 'rxl])¿0.

Theorem 3.8.  rank íDn(7<n'9) = r       where

[« - ff/2] - 1    z'/ both n and q are odd,
r_

[« - a/2]    otherwise.

Proof.  This is just a special case of Theorem 2.6.

Theorem 3.9.   For u £§0iKn'q), u is of finite order if and only if P(a) is

tangential homotopy equivalent to CP"~ .

Proof.   It is easy to see that a homotopy complex projective space HCP"'

4*<
is tangential equivalent to CP"~l if and only if s ,,(77CPn_I) = 0 for all k.

Define a map

e   f^suk"'«)-^'"'«.
q/2<.k<n/2    4* '      °

Since s 4k are homomorphisms and are nontrivial for   a/2 < k < n/2  and

rankiD0(/<"'9) = rn q.   Hence

©      s.,®Q:ï)AKn>q)®Q ->Qn>q
q/2&k<n/2   4* "

is an isomorphism.   Hence 5"4jfe(a) = 0 for all k if and only if a is of finite order.

4. Decomposable actions.   Let / be a diffeomorphism of Kn,q which is

homotopic to the identity and let /   be its covering which is an equivariant

diffeomorphism of S2p~ l x S2q~ l.   The manifold 2(f) = S2p~l xD2q U- D2p x

S2q~    obtained by gluing along S2p~   x S q~l via /   is a homotopy sphere sup-

porting a free Sl action defined by gix, y) = igx, gy) where g £ S1 and ix, y) e



124 KAI WANG

S2*"1 x D2q or D2p x S2q~l.   It is clear that this action depends only on the

pseudo-isotopy class of / and will be denoted by (2(a), Sl) where a is the

pseudo-isotopy class of /.   Then P(a) is its orbit space.

Lemma 4.1.   (2(a), S ) is a free S1 action on homotopy (2rz - l)-sphere with

characteristic (2a - l)-sphere such that the induced action is linear.

Proof.   Obvious.

Let An,q be the set of all free Sl actions on homotopy (2« - l)-spheres with

characteristic (2a - l)-spheres such that the induced actions ate linear, or, equiv-

alently, the set of all homotopy complex in - l)-projective spaces with charac-

teristic standard complex (a - l)-projective spaces.

Lemma 4.2.   Let P: 3)QiKn-q) -* hSiCP"-1) be the map defined in §3.   Then

ImP= An-q.

Proof.   It is obvious that Im P C An-q.   Let X £ A"-q.   Then using the tech-

niques of G. R. Livesay and C. B. Thomas [6] (see also [12]) it is easy to show

that there is a diffeomorphism / of K such that X Si M \J, N.   It remains to

show that we can choose a diffeomorphism which is homotopic to the identity.

Since X = M U, N.   Let h: M u N —♦ M \J. N be a homotopy equivalence.

hCPq~l CMC M UN- M cKN Z> M D CPq~x

Note that 22"-1-» M Uf N is (2tz - l)-universal and both h\CPq~l and CPq~l

c-* M \J, N ate classifying maps for S2q~l —» CPq~l.   Hence h\CPq~    is homo-

topic to the inclusion i.   By the theorem of Haefliger, h\CPq~    is isotopic to i.

By the isotopy extension theorem h is isotopic to a homotopy equivalence g

such that g|CP?_1 = z.

Claim  rjiM U. N, g')|CP?-1  is trivial, where g'   is the homotopy inverse of g.

Following Sullivan, let k be large, then we can approximate g x 0: M U zV —«

(M U , N) x D    by an embedding.   Let F be the normal tubular neighborhood of

M U N in (M U, N) x Dk.
t

P
(M uf N) x Dk —í* Dk

Alu/V

CP9-1
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Then rfrM U, N, g') = (F, p2 • 7).   Since glCP«-1 = identity, ElCP«"1 is

trivial and p2 • f\iE\CPq-1) is trivial.   Hence %M Uf N, g')\CPq~l =0.   CPq~l

is a deformation retract of M, hence rf.M Uf N, g )\M - 0.   Similarly,

rjiM U, N, g')\N = 0.  Now consider the following commutative diagram:

hSiK x I, d)-^U-ilK+, G/O],

P2n-2

hSiCP"-1)—U>[CP"-1, G/O]'

Now there is a £ [2i\+, G/O] such that c(a) = 77(M U,N, g')o-(a) = ffc(a) =

orjiM uyv, g') = 0.   So there is y £ hSiK x I, d) such that rjiy) = a.

Ijcoiy) = C77(y) = c(a) = rji[M u, N, g']).

Since 77 is monic, w(y) = [M U,N, g'].   Let y = [K x I, H] where H\K x 0 = identity

and let i = F|Kx 1.   Then

[M U, /V, g] = [M U K x / U   , N, id U F U id].
' b'1

Hence XSiM\jKxlu_,N  SMu   _,zV and ¿~    is homotopic to the identity.

Proposition 4.3.   For a, v e3)QiKn,q), then P(a) S P(z^) if and only if there

are 77, p £ÍDQ(r<"'?) z^zZA 77 extendible to a diffeomorphism of Mn,q and p extend-

ible to a diffeomorphism of Nn,q such that a = p • v ■ 77.

Proof.   Let f e u, g € v.   Then P(/) = Pig) if and only if there are diffeomor-

phisms  h of M"-q and  k of N",q such that / = h ■ g ■ k [12].   Since  / and g are

homotopic to the identity, then by exactly the same argument in [2] we can show

h\K"'q and k\Kn,q are homotopic to the identity.   Let p = \h\K"-q\ and 77 =

{k\Kn-q\.   Then p, 77 £ í¡0ÍK"'q) and a = p • v ■ 77.

Theorem 4.4.   For tz/2 < a < 2tz/3, ziere z's a well-defined group structure on

A"'q defined by P(a) * Piv) = P(a • v), and P: $QiK"'q) -* An-q is an epimor-

phism.

Proof.   Suppose P(a) = P(a').   Then there are 77, p e5)0iK"-q) such that 77

extends to a diffeomorphism of M and p extends to a diffeomorphism of N such

that a  m p . u . r¡.   u'-v = p-u--q-v = p-u-v-T¡.   Hence P(a' • v) = P(u ■ v).

Let G",q be the subgroup of L0iK",q) which is generated by those diffeomor-

phisms of Kn,q which are extendible to either a diffeomorphism of M or a diffeo-

morphism of N.   It is clear that KerP = Gn,q.

Proposition 4.5.   Gn,q is a finite group.
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Proof.   This is a special case of a more general theorem in [12].   Here we

will give a simple proof.   For u • v £ Gn,q where a is extendible to a diffeomor-

phism of M, and v is extendible to a diffeomorphism of N, P(a • v) = CP"-1.

Hence, by Theorem 3-9, a • v is of finite order.   But TAK",q) is finitely

generated.   Therefore, G",q is finite.

Theorem 4.6.   For n/2 < q < 2«/3, An,q is a finitely generated abelian group

whose torsions are tangential homotopy complex projective spaces, and

rankA"-« = rankí0(7<n-9).

Definition 4.7.   A free S1 action (22n_1, S ) is decomposable if there is a

diffeomorphism / of  Kn,q, for some q, such that (22"~  , S1) is equivalent to

(2(/),S1).

It is clear that A"A"   l'2¡ ¡s the set of all decomposable S1 actions on homo-

topy (2« - l)-spheres.

Theorem 4.8.   There is a natural group structure on the set of all decomposable

free S    actions on homotopy (2« - l)-spheres which is a finitely generated abelian

group whose torsion subgroup consists of all tangential homotopy complex projec-

tive spaces and rankAn,^n+l^2' = [n/4] - e where e = 1  if n ml (mod4), or e = 0

otherwise.   Furthermore s2, : A"'"-"     '2' —« P2,   are homomorphisms.

5. Applications.   Let s2, : hSiCP") —» P2k be the splitting invariants.   Then

s7, (0) consists of all free S    actions on homotopy (2« + l)-spheres with charac-

teristic (2& + l)-spheres.   By Theorem 4.8 and Proposition 3.7 we have the

following:

Theorem 5.1.   There are infinitely many topologically inequivalent free S

actions on homotopy (2n + l)-spheres with characteristic homotopy (2^ + l)-spheres

for n > k > 3 and (a) » > 6 if « is even, (b) « > 5  if both n and k are odd, and

(c) « > 7  if n is odd but k is even.

Remark 5.2.   Similar results have been obtained by H. T. Ku [5] in the case

k = even and « > 10 using the techniques of W. C. Hsiang [4].   See also [3], [9].

Remark 5.3.   Theorem 5.1 was first proved by using Theorem 3.6, Theorem

3.8 and Proposition 4.5, which was announced in [10].

Remark 5.4.   We have omitted the analogs of S^ actions.   Similarly, one can

show the rank of the group of decomposable S^ actions on homotopy i4n + 3)-

spheres is equal to [« - 1/2].

Recall the following.

Theorem 5.5 ([9]).   A free S* action on homotopy (4« + 3)-spheres is decom-

posable if and only if its restriction to S    is decomposable.
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Theorem 5.6.   For « > 1, there are infinitely many topologically inequivalent

free S1 actions on homotopy (4« + 3)-spheres which are not extendible to free

S*   actions.

Proof.   Note that the rank of the group of decomposable 5    actions on homo-

topy (4« + 3)-spheres is equal to [« + 1/2].   Hence the theorem follows from

Remark 5.4   and Theorem 5.5.
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